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ASYMPTOTIC BEHAVIOR OF KIRCHHOFF TYPE PLATE EQUATIONS
WITH NONLOCAL WEAK DAMPING, ANTI-DAMPING AND
SUBCRITICAL NONLINEARITY

LING XU, YANNI WANG, BIANXIA YANG

ABSTRACT. In this work we study the global well-posedness, dissipativity and existence of global
attractors for Kirchhoff type plate equations with nonlocal weak damping and anti-damping,
when the nonlinear term g(u) satisfies a subcritical growth condition. Firstly, we show the
global well-posedness of this system by the monotone operator theory with locally Lipschitz
perturbation. Secondly, we construct a refined Gronwall’s inequality and then apply the barrier
method to prove the dissipativity for this system. Lastly, the asymptotic smoothness by taking
advantage of the energy reconstruction method, we deduce the existence of a global attractor
for this system.

1. INTRODUCTION

This paper discusses the existence of global attractors for nonlinear Kirchhoff type plate equa-
tion with nonlocal weak damping and anti-damping,

uge + kl|ue|[Pue + A% = m(||Vul*) Au + g(u) = h(z) + | K(z,y)u(y)dy, =€Q, t>0,
Q

w(z,t) = Au(z,t) =0, z€dQ, t >0, (1.1)
u(z,0) = ug(x), ue(z,0) =ui(z), z€Q,

where 2 C R™ is an open bounded domain with the smooth boundary 99, k|ju;||Pu; is a nonlo-
cal weak damping term, k,p are positive constants, h(x) € L?(2) is the external forcing term,
Jo K (x,y)us(y)dy is the anti-damping term and K € L*(Q2 x Q), and the assumptions on m(-)
and ¢(-) will be given in Section 2.

In 1950, Woinowsky-Krieger [20] firstly constructed the mathematical model of a class of ex-
tensible beams with transverse deflection of u(z,t) in the one-dimensional case

EI H EA
Ut + 7u£x:cx - |Uw‘ dx ng, =0,

where H = FAA/I is the axial force of the beam, l is the length, A is the cross-sectional area
of the beam, and p is the density of the beam, E is the Young’s modulus, I is the second-order
moment on the cross section of the beam. If H > 0, it represents the tension of the beam at rest.
Especially, he also proposed a class of scalable beam models

uy + A%u — (o + B||Vul|*)Au = f.
The Berger equation with Kirchhoff type term was studied in [1]:

utt+A2u_(Q+/ |Vu|2d$)Au:p(u,ut,m)7
Q
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where () denotes the plane force acting on the plate, p is the transverse load, and the degree of the
load depends on the velocity u; and the displacement w. In 2012, Ma [13] studied the long-term
behavior of an extensible beam model with nonlinear boundary dissipation

L
Utt + Uggaer — M(/ |uz|2d$)uzm = h7
0

where 0 < 2 < L, t >0, M > 0 is a non-decreasing function of C''. Subsequently, the asymptotic
behavior of the plate equations with weak damping du;, the damping term (—A)%u;(0 < 6 < 1),
and nonlinear damping g(u:) have been extensively studied, one can refer to [2| [8, 4 [TT] 12} [16]
18|, 211, 24, 25] and references therein. There exists a wealth of papers that focus on the long-time
dynamical behavior of hyperbolic equations with non-local damping and a nonlinear source term.

Ma and Narciso [T4] discussed the existence of bounded absorbing sets and global attractors
for nonlinear beam equations with nonlinear damping

ug + A%u— M( [ [Vul’dz)Au+ f(u) + g(u) = h,
Q

where (2 is a bounded domain of RY, M is a nonnegative real function, and h € L?(). Recently,
Zhao et al[26] studied the existence of global attractors for wave equations with nonlocal weak
damping and anti-damping

Ut — A’LL + k/’”UthUt + f(u) == /QK(JT,?J)Ut(ﬁU)dy + h(l‘),

where k and p are positive numbers, K € L?*(Q x Q), h € L?(Q2). f € C}(R) and the polynomial
growth index ¢ satisfies the growth condition of the subcritical index: 0 < ¢ < n%z if n > 3 and
0<q<ooifn <2 In [27], the author studied the existence of global attractors for the beam
equation with nonlocal weak damping in a bounded smooth domain

uge + A% — m(||Vul|?) Au + [Jug||Pus + fu) = h, (1.2)

when f satisfies subcritical growth, where p > 0, m(-) are nonlocal coefficients, h € L?(£2) is the ex-
ternal forcing term. In [23], the existence of a compact minimal forward attractor is demonstrated
for non-autonomous strongly damped wave equations with asymptotically vanishing damping

uy — Auy — Au+ ¢z, )uy + f(u) = g(x, t).

This work introduces innovative integral conditions for external forces, offering fresh insights into
degenerate damping problems.

Based on the above series of works, our main goal in this paper is to investigate the well-
posedness and the long-time dynamics for Kirchhoff type plate equation with nonlocal weak
damping and anti-damping when the nonlinear term g(u) satisfies the subcritical growth condition.
In our opinion, the main difficulties and innovations are presented in the following:

(i) The nonlocal coefficient k||u||? reflects the effect of kinetic energy on damping in physics.
Different from many other works in the literature, we cannot use the standard Fatou-Galerkin
method to prove the well-posedness. The reason lies in that when estimating the energy bounded-
ness, we can only obtain the boundedness of u; in the L?(2)-norm, then we can only get the weak
convergence of u; in the L?(2)-norm, this is insufficient to ensure that the nonlocal coefficients
||ug||P converge to the same limit. Besides, when the velocity u; is very small, the nonlocal damping
is weaker than the linear damping, and it is more difficult to obtain the asymptotic smoothness by
utilizing the decomposition of semigroup or contractive functions method than in the case of linear
damping u;. In particular, we don’t impose any restriction on the growth index p of the coefficient
in the nonlocal coefficient k|ju:||?, which creates special obstacles to prove the dissipation of the
system and the existence of the global attractor.

(ii) The term [, K (x,y)us(y)dy is an anti-damping because it may provide energy. The presence
of anti-damping term leads to energy along the orbit is not gradually weakened, and the effect of
energy supplement brought by the anti-damping term needs to be overcome by the damping, which
makes it invalid to prove the dissipation by constructing the commonly used Gronwall inequality.
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(iii) when k = 1, K(z,y) = 0, the equation degenerates into the equation , SO we
proceed to further extend the results associated with it.

To overcome these problems, we first prove the global well-posedness of the solution is es-
tablished by the monotone operator theory with locally Lipschitz perturbation. Secondly, by
constructing a refined Gronwall’s inequality and then using the barrier method to prove the dissi-
pation of the system. Afterwards, the asymptotic compactness of Kirchhoff type plate equations
is obtained by taking advantage of the energy reconstruction method given by Chueshov and
Lasiecka [6]. Finally, the existence of a global attractor is obtained when f is of subcritical growth
condition.

The layout of this paper is as follows. In Section 2, we provide the concepts and hypothesis used
in this paper. The global well-posedness result of problem is established in Section 3. The
existence of bounded absorbing sets of problem is discussed in Section 4. In Section 5, we
prove the asymptotic smoothness of the dynamical system. In Section 6, we obtain the existence
of the global attractor for this system in the natural energy space H2(Q) N H}(Q) x L*().

Throughout this paper, we use the symbol C' to represent a normal number, and the symbol C
in the same line may also represent different normal numbers. Simultaneously, C(-) still represents
a normal number, and its value depends on the amount in parentheses.

2. PRELIMINARIES

Let H = L*(Q), D(AY?) = H*(Q) N H}(Q), and denote the corresponding inner products and
norms by

(u,v)z/ﬂu(x)v(x)dx, | = (/Q|u(;v)|2dx)1/2, Vu,v € H,

((u,0)) = /QAU(:U)Av(x)dx, A = (/Q |Au|2dx)1/2, Vu, v € D(AY2).
In general, for for s € R, H* = D(A?) is a Hilbert space with the inner product and the norm
(u,v) s = (A% 4, A *0) = /QAS/4u - A yde,
lullZre = (uw)me = A .

Unusually, D(A) = {u€ H: Au€ H} = {u € H*:u,Au € H}}, D(A°) = H, D(AY*) = H}(Q),
where A = A%, A/2 = —A. Then, the norm of the space W = D(A'/?) x H is defined as

1w, o)y = [[Au]? + [Jo]>.
Finally, by the Poincaré inequality, we obtain
18wl > M fJull?, [Aul? > A2 [Vul?,  Yu e D(AY?), (2.1)

where Ay > 0 is the first eigenvalue of A.
Now, we introduce assumptions on the functions m(-) and f(-) as follows:

(A1) The Kirchhoff coefficient m € C*(R™) and satisfies
1
m(s) >0, m(s)s> §M(S) — 0s, (2.2)
where 0 < 0 < %)\1/27 M(s) =[5 m(7)dr.
(A2) The nonlinear function g € C1(R), without loss of generality, g(0) = 0 and satisfies
9(6)] < O+ sl (2.3
Wherelgq<ooifn§4and1§q<ﬁifn>4.

liminf ¢'(s) > — Ay, (2.4)

|s|—o0
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where A\; > 0 is the first eigenvalue of the bi-harmonic operator A? with boundary condi-
tion (L1)2. Note G(s) = [, g(7)dr, there is

A+ A

[ s> =252 c. (2.5)

Q 2

for some A > A;.
(A3) 6 and X satisty

A 20
-—— - —=2>0 2.6
NI (2.6)
We assume that (X, ] -||) is a real Banach space, and X* is its dual space. The following gives

some relevant conclusions used in proving well-posedness (see [26], 27, 17, 9], [5, 221 6], 15, 3] [10]).

Definition 2.1. A mapping A : X — X*, it is said to be
(i) strongly and weakly continuous, if x,, — x in X implies Az,, = Az in X*;
(ii) quasi-weakly continuous, if ¢ — (A(x + ty), ) is continuous on [0, 1], for all z,y, z € X;
(iii) bounded, if A maps any bounded set in X to a bounded set in X*;
(iv) mandatory, if lim, -0 % = +o0.
Definition 2.2. Let A: X — X* be a mapping. If © # y implies (Az — Ay,x — y) > (>)0, and
for all z,y € X, then A is said to be monotonic (strictly monotonic).

Corollary 2.3 ([17]). Let X be a reflexive Banach space, A : X — X* is quasi-weakly continuous,
monotone and bounded, then A must be strongly and weakly continuous.

Corollary 2.4 ([9]). Let X be reflexive Banach space, A : X — X* is quasi-weakly continuous,
monotone and coercive, then A must be a surjection.

In the following, we introduce some conclusions of accretive operators on a Hilbert space.

Assume that H is a Hilbert space, and A is a binary relation on H, that A is a subset of H x H.
The domain of A is D(A) := {z : [z,y] € A}, the range of A is R(A) := {y : [z,y] € A}, and the
inverse of is A= := {[y, ] : [x,y] € A}. Here, due to the binary relations on space H, the linear
operation is defined as follows

A ={[z,\y] : [x,y] € A}, VAR,
A+ B={[z,y+ 2] : [x,y] € A, [z,2] € B},
then
D(AA) =D(A), N#0,
D(A+ B)=D(A) ND(B).

Definition 2.5. Let H be Hilbert space, A is said to be

(i) accretive, if (wy — wa, 21 — 22)g > 0, for all [x1, wq], [x2, ws] € A;

(ii) maximal accretive, if A is accretive and there is no accretive binary relation on H that

really contains A;
(iii) m-proliferative, if A is proliferative and satisfies R(I + A) = H.

Lemma 2.6 ([I7)). If A, B are operators on H, A is m-accretive and B is accretive and Lipschitz,
then A+ B is m-accretive.

Lemma 2.7 (Gronwall inequality [19]). Let y(t) be a nonnegative absolutely continuous function
on [0,t]. If y(t) satisfies the inequality

y'(t) +yy(t) < h(t),
where h > 0, v > 0, then

In particular, if h(t) = C, then
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Corollary 2.8 ([5]). Suppose that A:®D(A) C H — H is a m-accretive operator, B : H — H s
locally Lipschitz continuous and 0 € AQ. The initial value problem
ur + Au+ Bu 3 f,

u=ug € H, (2.7)

(i) has a unique strong solution u on the interval [0, tmax), if tmax < +00, ug € D(A) and
feWbh0,t; H) for all t > 0;

(ii) has a unique generalized solution u € C([0,tmax); H), if uo € D(A) and f € L*(0,t; H)
for allt > 0.

In both cases we have limy_y;___ ||u(t)||gr = oo provided tmax < 00.

max

Now we give some theorems and concepts on the existence of global attractors in autonomous
dynamical systems.

Definition 2.9. Let {S(¢)}+>0 be a continuous semigroup on space X. If there exists a bounded
set By C X such that S(t)B C By(Vt > tp, tp > 0) for any bounded subset B C X, then By is a
bounded absorbing set or {S(t)};>o is called bounded dissipative.

Definition 2.10. Let {S(¢)}:>0 be a continuous semigroup on a complete metric space X. A C X

is called a global attractor of {S(t)}:>0, if

(i) (compactness) 2 is a compact set;

(ii) (invariance) S(t)A = 2, Vvt > 0;

(iii) (attractivity) dist(S(¢)B,2) — 0 ast — oo, for each bounded set B C X, where dist(A, B)
denotes the Hausdorft semi-distance define as

dist(A4, B) = sup inf dist(x,y).
zcAYEB

Theorem 2.11 ([22]). Let u, : K — X(n = 1,2,3,---) be a measurable function sequence (K
is a finite real number interval). If lim, oo u,(t) = u(t), a.e. t € K and there exists a Lebesque
integrable function g : K — R such that ||u,(t)|| < g(t) for alln > 1, a.e. t € K, then the
function w is Bochner integrable on K and lim,_,o [ un(t)dt = [ u(t)dt. Furthermore, there is

im0 [ic [lun(t) — u(t)||dt = 0.
Theorem 2.12 (Arzela-Ascoli theorem [6]). Suppose X is a Banach space. A set F C C(a,b; X)
is relatively compact if and only if
(i) F(t) :={f(t): f € F} is relatively compact in X for each t € [a,b];
(ii) F is equicontinuous; that is, for all € > 0, there exists 6 > 0 such that
lf@) = f(s)llx <e, VfE€EF, VtseE]labl and|t—s| <.

Theorem 2.13 ([27]). Let (X,S(t)) be a dynamical system on the complete metric space (X, d).
Assume that for any bounded positive invariant set B C X , for each € > 0, there exists T > 0, a
continuous non-decreasing function ¢: RT™ — R™ and a pseudometric P:EF;,E on the C(0,T; X) such
that

(1) ¢(0) =0 and q(s) < s for s > 0;

(ii) the pseudometric pgg is precompact (with respect to X ) in the following sense: any se-
quence {x,} C B has a subsequence {x,,} such that the sequence {y,} C C(0,T,X) of
elements yr, = Srxy, s Cauchy with respect to Pg,e;

(iii) the following inequality holds

d(Sty1, Sty2) < Q<(1 +e)d(y1, y2) + Pg,e({sfyl}v {Sfyz}))a

for every y1,y2 € B, where S;y; C C(0,T,X), yi(1) = Sry;.
Then (X, S(t)) is an asymptotically smooth dynamical system.

Theorem 2.14 ([3,[10]). Let {S(t)}i>0 be a continuous semigroup on a complete metric space X .
{S(t)}+>0 has a global attractor A in X if and only if
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(1) {S(t)}t>0 has a bounded absorbing set in X, and the positive orbit of the bounded set is
ultimately bounded;
(ii) {S(t)}e>0 is asymptotically smooth on X.

3. WELL-POSEDNESS

In this section, we discuss the well-posedness of solution for problem (|1.1). Firstly, we give the
definition of solution.

Definition 3.1 ([7]). A function u € C([0,T]; D(AY?)) N C'([0,T]; L?(£2)) possessing the prop-
erties u(0) = ug and u;(0) = wy is said to be a strong solution to on the interval [0, 77,
if

o uc Whi(a,b;D(AY?)) and u; € Whi(a,b; L2(Q)) for any 0 < a < b < T}

o kllugl|Pus + A%u € [L2(Q)] for almost all ¢ € [0,T7;

e the problem is satisfied in [L?(Q)]’ for almost all ¢ € [0, T.
A generalized solution to on the interval [0, T, if there exists a sequence of strong solution
{u;} to with initial value (u;o,u,1) instead of (ug,u1) such that

lim max]{|8tu(t) — Ovu;(t)] + |AY2 (u(t) — u;(t))|} = 0.

j—o0 te[0,T

And a weak solution to (1.1) on the interval [0, T], if

/Qut(t, x)p(z)dz

_ /Q w(z)de + /0 t [ /Q M@)o+ [ K yu(ry)ol)drdy -

—/AwnmAmwm—kmmwh/mwmw@m
Q Q
—nﬂHVun>[;Vuvuwv¢@a¢v—/Qg@mnx»¢cwd4dn

for every ¢ € D(AY?) and for almost all t € [0, T).

Now we give the well-posedness results for problem (1.1).

Theorem 3.2. Let T > 0 be arbitrary. Under conditions (A1) and (A2) the following statements
hold:
(i) for all (ug,u1) € D(AY?) x D(AY?) such that k|juy ||Pus +A%ug € L*(R2), then the problem
has a unique strong solution u on [0,T] which satisfies
(ug, uge) € L0, T3 D(AY?) x LA(Q)), u; € C([0,T]; D(AY?)),
uge € Cr([0, T); L2(2)), K||ug]|Pus + A%u € C-([0,T]; [L2(Q)]),
where C. is denoted the space of Tight continuous functions;
(ii) for each (up,u1) € D(AY?) x L*(Q), there exists a unique generalized solution, which is

also a weak solution to (1.1f);
(iii) the generalized solution and weak solution satisfy the energy relation

X (u(t), ue(t)) +k/0 [[ue (1) [P2dr

(3.2)

¢ (3.3)
= X(uo, 1) + / K (z,y)uy(7,y)ue (7, x)dydadr,
0 JOxQ

where

(), u(0) = 5l + 51 (@) + LM (Vu?)

—}—/QG(u(t?x))dm—/Qh(x)u(t,x)dx.
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Proof. This is done three steps. The first step is to prove the local well-posedness of the problem
(1.1). First of all, the equation (1.1]) is written as a first-order equation. So A: D(A) CW — W
is introduced, where W = D(A'Y/?) x L?(Q). Let U = (u,v)T, v = u;. We define

0 -1
A= (A2 kHva) ) (3.4)
and
D(A) = {(u,v)" € D(AY?) x D(AY?) | k|v|[Pv + A%u € [L*(Q)]'}.
Then the original problem (|1.1)) is equivalent to the problem

d
U TAU=B(), t >0,

U(O) = UO = (’U‘U;ul)Tv
where B : W — W is defined as

_ 0
B = (fg K (2. y)ur(y)dy + h(z) — glu) + m<||w||2>Au) :

for all U = (u,v)T € W.
The following proves that the operator A is accretive. For each vy, vs € L?(Q), we note that

(orllPor = [Joz]|Po2, 01 — v2)

= [loalP(lvs ]I = (1, v2)) + o2l ([Jv2]l* = (v1,v2))

1 1 3.6
> [lor[P{loall* = S lonll® + ozl + loalIPllva 1 = 5 (oall + [lv2]1*)] (3.6)
1
= 5 (llvrl* = llwal ) (loa |7 = [le2]P) > 0.
And for each Uy = (uy,v1)T and each Uz = (ug,v2)T € D(A), we obtain
(AU — AU2, Uy — Us)w
. Vo — U1 Uy — U2
A\ \A%u — A%ug + kljv1|[Por = Elva|Pva ) "\ o1 =2 ) ),
(3.7)

= (A(v2 —v1), A(ur —u2)) + (A(ur — uz), A(vr — v2))
+ (kl[v1[[Pv1 = Elv2[[Pv2, v1 — v2)

= (klloa[[Pvr = Kl|va|[Pvz, v1 — v2) > 0.

Therefore, the operator A is accretive.
Next, we verify that the accretive operator A is maximal; that is, R(I + A) = W, namely the
following equation has a solution

. —v+u (90
(A+I)U— <A2u+k||v|pv—|—v> = (91>7 (3.8)

for all (go,g1)” € W such that U = (u,v)? € D(A). Removing u from (3.8, we obtain
A%y + E|v]|Pv 4+ v = g1 — A%gy € [D(AY?)]. (3.9)

For all u € D(AY?), we define E : D(A'Y/?) — [D(A'/?)]" and denote as E(u) = A?u+ k||u||Pu+u.
Then, for any uy,us € D(.Al/ 2), there exists that a continuous function of the real variable \ is
(E(Ul + )\UQ),UQ) = (AQ(ul + )\UQ) + k||u1 + AUQHp(ul + )\UQ) + uyp + )\’LLQ,UQ)

3.10
= (A(U1+/\UQ)7A’LL2)+(1+I€HU1 +)\u2||p)(u1 —‘r)\UQ,’U,Q). ( )
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We infer from (3.9)), for any u1,us € D(AY?) such that
(E(Ul) — E(UQ),’UQ — UQ) = (A2U1 + k||u1||pu1 + Uy — AQUQ — kHUQHPUQ — U2,U] — Ug)
= (AQ(ul — Ug) + k:||u1Hpu1 — ij'UQHpUQ + up — U, Uy — UQ)

= | Aur — u2)|? + k(lua]Pus — [Juz||Pug, ur — uz) + [ug — ugl* > 0.
(3.11)
In addition, if ||Aul| — oo, then

(E(u).w) _ [[Au] + K2 + u]?
X ]

In summary, F is quasi-weakly continuous, monotone and coercive. From the Corollary we
can obtain that E is surjective and R(I + A) = W holds. From and R(I+ A) =W, we
deduce that A is a m-accretive operator.

We prove that B(U) is locally Lipschitz. For any u;,us € D(AY?), we derived from (2.2)

oo -sea) 0]
/ /01 g (ug + I (ug —u2))(ug — UQ)d'l?:| de}l/Q
L 2
< /ﬂ / C(1+ |ug + 9 (ur — u2)|?)|us — uQ|d19} da:}

{/ [ [ur]? + luz|? + 1)[ug — uz|]2dx}1/2 (3.13)
1/2

— +o00. (3.12)

1/2

IN

c{ [ -+ JusPr + Dlun — s}
Q

C (/Q|u1|2q\u1 —uQ\de)lﬂ—!— (/Q|uQ\2’1|u1 —U2|2dm)1/2
+ (/Q |uy 7u2|2dm)1/2}.

When n > 4, we take r = ﬁ m, then by ¢ < —= 4, it is clear that %—i— % =1,
2 2n

2qr < 77 and 21 < =4. When n < 4, we take r = 7 = 2. So, for any n € N*, we obtain
D(AY?) — L27(Q) and D(AY?) < L¥ (). And for any U = (u1,v1)T, Uy = (ug,v2)” € W,
there exists a positive constant # such that |U;|lw < 7, i = 1,2. Thus

2 11/2
[ [ (otun) = gtwa)) "]
Q
SC /|u1|2qrd:17 /|u17u2| dx)i?
/2
/|“2|2qrdx /|U1—U2|2Td$ /|u1—u2| dq: }

< C([[Aur||? + [|Aug||* + D Aur = us)]|
< L(A)[|A(ur = ug)]-

Similarly, using the assumption (A1), the mean value theorem and Sobolev embedding theorem
(D(A'Y?) — H}(Q)), we obtain

Im(|[Vur|*) Aur = m([|[Vuz|[?) Aus |

= [[m(|Vur[|*) Aur = m([|[Vur [|*) Aug + m(||Vur|[*) Aug — m([|[Vuz||*) Ausg

< lm(IVur|*)Aur = m([ Ve [[}) Ausg || + [[m([[Vu[|*) Aug — m([|[Vuz|[*) Aus | (3.15)
CA(ur —u2) || + C(P)V (w1 — ua)|

< L( A —u2).

IA

and 7 =

(3.14)
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In addition, from Holder’s inequality, we obtain

1/2

| [ 5 —ww] ={ [ ([ 5w - ww) )

< {/Q [(/S)K2(x,y)dy)l/2||v1—v2|rdx}1/2 (3.16)

) 1/2
< K (w,y)dﬂcdy} [v1 — val],

[ QxQ

for all vy, vy € L*(Q2). We deduce from (3.14)-(3.16) that B(U) is locally Lipschitz continuous. So
far, we have proved that A is a m-accretive operator, B(U) is locally Lipschitz continuous, and
W = W. Therefore, from Corollary there exists tax < 400 such that the problem
has a unique strong solution on the interval [0, tmax) and satisfies (3.2)), for any (ug,u1) € D(A).
Meanwhile, the problem has a unique generalized solution (u,u;) € C([0, tmax); W), for any
(up,u1) € W. Further, the strong solution and generalized solution have the following properties:
if tmax < 400, then

lm  ||(w,u)||lw = oo. (3.17)

t—tmax

The second step is to prove the global well-posedness for problem (1.1)). Let
1 1 1
X () ) = 3l (Ol + 518u® + 5MAVal) + [ Gutt.o)de = [ h@yutt,z)da

and

(1) = 5 w0 + 1 Au(t)|

Using (2.5) and Poincaré inequality, we have

A+N

[ Gtz -2 - 0> -2
Q 4

+ A
o L Au|? - C. (3.18)

Combining Poincaré inequality, Young inequality and Hoélder inequality, we deduce that

| [ el < ]l
Q

4 1

< A2 4+ — (A1 — N)|Jul? 3.19

< S+ O = (3.19)
1 A

<—(1-= 20

<=1 Al)||Au|| +C

According to assumptions (A1), (3.18]) and (3.19)), we know that

2(u(t),u(0) 2 5l + S Au(@) + 5 M(Tul)

A+ A 2 1 A 2 (3.20)
— ———JAu||* = C — —=(1 — )| Au|* - '
I Aul? - 0 - - 2)8ul? - ©
>vI(t) - C,

where 0 < v < 1. By (2.3), we have
|G(s)| < C(s* + |s|7T?), VseR. (3.21)

Using the range of ¢ in condition (2.3) and Sobolev embedding theorem D(A'/?) < L1+2(Q), we
have

| /Q Glu)de| < /Q G(u)lde < /Q O + |ul"2)de < C(|Aul? + [|Au|?).  (3.22)
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Combining (3.19) and (3.22)), we obtain

X(u(t), () < 5l + F1Au@I + 5M([Tul?)
1

A
+ C(|Aul + [[Auf™2) + 7=(1 = =)l Au]* + C
1

< Clluel® + [|Aul® + | Aul]F? + 1).
Multiplying (1.1)) by u; and integrating on 2 yields

d P2
GO, w(0) = <Kl + [ Kl e)duda,

where t € [0, tmax). Using the similar calculation method in (3.16)), we deduce that

K(a:,y)ut(y)dyH = [/ﬂ (/QK(x’y)ut(Z/)dedx} 1/2

<[ ([ w2 enan) ) ad] "

1/2
<([  Kz.y)dedy) "l
QxQ

I,

= ||K||L2(Q><Q)||Ut||~

Furthermore,

| K(x,y)u (y)ut(x)dydx|
QxQ

< ([ ([ e oma)ae) " ( [ wiear)
= (/ﬂ <(/QKQ(x’wdy)l/z(/QU%(y)dy)l/Q)de)l/2|ut2

2 1/2 2
<([  Kz.y)dedy) " ul
QxQ

= ||K||L2(Q><Q)||ut”2'
When ¢ € [0, tmax), from (3.24)), (3.26) and Young inequality, we conclude that

d
&X(U(t)aut(t)) < —kllue||PY? + 1K | 2 oxeyllue ]|

p+2

<kl + 3 (al?) 5 + OOK o)
< —klu|PT? + g||ut||er2 +C<C.

Integrating on [0,t], we have
X(u(t),us(t)) < X(ug,uy) + Ct.

If tmax < 400, applying (3.20)), (3.23)) and (3.28]), we obtain

1Cu(t), we () < X (u(t), u(t))
< X(ug,u1) + Ct

< C(lluall® + | Auo|* + [| Auo |2 + 1 + tmax) < +o0.

EJDE-2025/84

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

According to the definition of generalized solutions, is still valid for generalized solutions.
Thus, the global well-posedness of strong solutions and generalized solutions are obtained.

In the third step, we prove that every generalized solution of is also a weak solution. Let
u(t) be a generalized solution of the problem . By the definition of the generalized solution,



EJDE-2025/84 KIRCHHOFF TYPE PLATE EQUATIONS 11

there exists a sequence of strong solution {u;} to problem ([1.1)) with initial value (u;o, u;1) instead
of (ug,u1) such that

lim max {|8u(t) — du; (t)] + [AV2(u(t) — u;(t)]} = 0 (3.30)

j—o0 te[0,T]

in C([0,T); W). Now, we deduce that

[ wtt.o)ota)da

= [wnowaz+ [ [ [ m@owae+ [ Koy s

— [ 8w )aole)de — HusIP [ wrin)o(wyts
Q Q
+m(HVUH2)/QVuj(T,:z:)V(b(x)dxf/Qg(uj(T,x))qﬁ(a:)dz}dT,

for all ¢ € D(A'Y/?) and for almost all ¢ € [0, T7.

We define the mapping D : L?(Q) — L?(Q2) as v — ||v||Pv, such that ||D(u;)|| = [Jw]|P™* < C
for every u; € L?(), ||ug]] < g1 (u1 > 0), then we conclude that D is quasi-weakly continuous
and bounded, and D is monotonic from . From the Corollary we infer that D is strongly
and weakly continuous and

lye (77 /uﬁ r.2)6(z)dz — |[uy(r )||p/Qut(T,x)¢(m)dx (j = 00). (3.32)

By (3.30), there is J € N such that max, e[ 7 [|uj¢(7)|| < max,ep 7y [|us(7)] + 1, for all j > J,
which implies
p+1
e [ wser)o@ae] < (max fae(o)l)” ol
1 (3.33)
< ((max Ju(n)ll+1)" foll < C.

T€[0,T]
Applying the Lebesgue Dominated Convergence Theorem, we infer from (3.32)) and (3.33)) that

t

o | e ()11 /Q wjo(7, 2)(x)dzdr = /0 t [lue(r) 1 /Q w(r,x)p(@)de]dr.  (3.34)

J—=+

Let j — oo with (3.31)), combining (3.30) and (3.34]), we obtain that w(¢) holds in (3.1) and u(t)
3-3)

is a weak solution. On the other hand, it is easy to conclude the energy equation (3.3). The proof
is complete. O

4. EXISTENCE OF BOUNDED ABSORBING SETS

In this section, we study the dissipativity of the semigroup {S(¢)}+>0 corresponding to problem
(1.1, that is, we prove that it has a bounded absorbing set.

Theorem 4.1. Assuming that conditions (Al) and (A2) hold. Then the dynamical system
(W, S(t)) generated by is dissipative in the space W = D(AY?) x L*(Q). That is, there
exists R > 0 such that for any bounded set B in W, there is to = to(B) with ||S(t)y|lw < R for
ally € B and t > to(B). In particular, the set

By = {(u,v) € Wi||(w,v)|w < R}
is the bounded absorbing set of system (W, S(t)).

Proof. Let
Qg()**”ﬂt”z f||Au||2+ M(||Vu|| /G dxf/hudx+a/utudfc
Q
H(t) = 5l + 3 18l + 5 M(|Vul?) / Glu +c).
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Obviously,
1
H(t) > 5 ([l + | Aul?), ¥t >0.

EJDE-2025/84

(4.1)

Applying Poincaré inequality, Young inequality and Hélder inequality, we can find a oy > 0 such

that

o (1 9 1 9
<—(z —|A
< = (Gl + 518u?)

1 A

—(1—— 2 4 || Aul?
< 75 (1= ) Gl + 12w,

for all o < gg. The hypothesis o € (0, 0¢] is always true.

By (2.5), (3.19), (4.2) and Poincaré inequality, we infer that

3
Q< 2w+ o
and
Qu(t)> $(1— ) H() ~ C
7 — 4 A1 '
Multiplying (1.1)) by u¢ + ou and integrating L?(Q2), we have
d
a@a(t) < _kHUt”p—|r2 + K (2, y)ui(y)us(r)dydz
QxQ

+ 0[||Ut||2 = Kl /Q upudz — || Aul® = m(|[Vul?)|[Vul
f/g(u)uder/ hudz + K(z,y)u(y)u(z)dydz|.
Q Q axQ
Using (2.4)), we know that there exists N > 0 such that
A
G(s) < g(s)s+ =s*+C,|s| > N.

2

Combining Poincaré inequality and (4.6)), we arrive at

—/ g(u)udz < 7/ G(u)deré/ququC
Q Q 2 Jo

1
< —(/ G(u)dz + )\1+/\/u2dx+C) +—(@+1)||Au||2+20.
Q 4 Q

4\

Using Young’s inequality and Hoélder’s inequality, we obtain
[ = bl [ weuca] < OBl |30
Q

1

= Chlur]["** | Aul| 77 + =

A
1— =)l Aul®.
(1= 2)laul
We conclude from (3.25]) that

| K (2, y)ue(y)u(z)dyde| < || K| z2@xollul[[ul

QxQ
1
< \/T—l||K||L2(Q><Q)”ut””AuH
< L - 2180 + Clu?
— 12 A1 B el

(4.5)

(4.6)

(4.7)

(4.9)
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Because m € C1(R*) and m(s) > 0, combining (3.18)), (3.19), (3.26), (4.1), @.3), (4.4), (.7)-(4.9)

and Young inequality, we deduce from (4.5)) that

d » k
Qo) < —klue72(1 = Coll Al #7) + S ur |72 4 €

[1 (1 - f)(I\AUHQ + luel*) = m( V)|Vl

A1+ A
/G(u)dx+ Lt /uzdx—FC’)] (4.10)
Q 4 Q
1 P
< — kg2 [f - CU(ZH(t))2<p+1>} rO- (1 - i)aH(t)
A
» 2 A
< - p+2 0 | — 2 (1 - 2 i
el 2[5 = Co(Qq(t) + ) ¥1] = 2 (1= )aQu(t) + C
To find an upper bound for Q. (¢ ) such that £Q,(t) < 0, we have
5 — Co(Q,(t) + )T >0, (4.11)
2 A
fh-2 <0. .
3(1 /\1>0Qg(t)+c_0 (4.12)
We deduce from (4.11)) and (4.12)) that, for each s > 0 we have
ety 2ptD) 3 A _
Qo(s) < (20)~ o — 5(1 - AT) 0o~ — C = p(0). (4.13)
By (4.11) and (4.13)), we have
Q. () < (20) 565 0 =y(0), VE>s>0. (4.14)

Actually, because of Q,(s) < ¢(0) < ¥(o) and the continuity of Q,(t), there exists T' > s such
that Q,(t) < ¥(o) for all ¢ € [s,T). Let T" = inf{t > s| Qo (t) > ¥(0)}. Apparently, there is
T > s. If T" < +o00, then

Qo(t) <¥(0), Vte s T, (4.15)
and
Qo(T") = ¥(0). (4.16)
Combining (4.10) and -, we obtain
2 A
—Q,(t) < —=(1 — —)oQ,(t , Yt 1. 4.1
Qe < =21 )00 () +C. vt € [5. T (417)
Using the Gronwall lemma in (4.17), we have
Q. (1) < e—%<1—%>a<t—S>Qc,(s) + ;(1 - %)*10(;*1, vt € [s,T']. (4.18)
1
Applying t =T to and -, we obtain
3 A
Qo(T) < Qu(s)+=(1—=)tCo™?!
2 A
< lo) +5(1- 2)7 0o (1:19)
2 A1
= (o).
The above formula contradicts (4.16)). So 77 = 400, so we obtain (4.11)).
The above results show that if ||(ug, u1)|w < R, then
1 1
§H(u(t)»ut(t))||3v = §(||Au||2 +Juel*) < H(t) < C(R), Vvt >0, (4.20)

for some R > 0. Actually, since ||(ug,u1)|w < R, by Poincaré inequality and (3.22]), we obtain

1 2 2
H(0) < 5 [l + [ Auo | + \/AAm@
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AL+ A
2 q+2 2
+ [0 (1auol* + 12w |742) + T Augl* + €
< C(RT™ + R* + R? + 1),
recombining (4.3)), we arrive at
Q,(0) < gH(O) +C<CR™ +R*+R?+1). (4.21)

By (4.13), we obtain

¢'(0)=—0"" {(20)_% 2(1); l)o_¥ - ;(1 — A)_IC},

this means
>0, o€ lo1,+00),
¢'(0) [
< O, o e (0,0’1),

(p+1) —vhs
N } " In addition, when o — +o0, ¢(c) — —C

where o1 = [%(1 - %)_10(20) » 72(1311)
holds, and when ¢ — 0, ¢(0) — 400 holds. Therefore, there exists a constant oo > 0 such that
¢(o2) = 0 and (o) > 0 for 0 € (0,02). Then, the function ¢ limited to the interval (0,02) is

strictly decreasing, and there is an inverse function that is denoted by ¢~!. Let

o =min{og, o H(C(RT™? + R* + R* +1))}. (4.22)

Using([4.21)) and ([4.22), we know ¢(0) > C(R?"2 + R* + R + 1) > Q,(0), which is found when
s =0in (4.13). Hence, based on above conclusions, we have

Qo () < (o) = Y(minfoo, o~ (C(RT2 + R* + R2+1))}), ¥t > 0. (4.23)

Combining (4.4) and (4.23)), for all ¢ > 0, we have
Ay -1
Ht) <4(1-5) (@) +C)

A
=< 4(1 - %1) _1[w(min{oo, ¢ HC(R™ + R* + R* +1))}) + C] (4.24)
= C(R),

that is (4.20]) holds.
The inequality [|(uo,u1)[[w < R holds. Let ¥(¢) = min{og, o' (3¢ + C)}. Obviously, ¥ is

continuously decreasing. For any s > 0, assuming o = U(H(s)) and recombining (4.3), we obtain
p(o) > %H(s) + C > Qs(s), this means that (4.13]) holds. Besides, there is o < og. Therefore,
according to the above conclusions, (4.11)) is true. Substituting o = ¥(H(s)) and (4.11)) into

(4.10), we arrive at

d 1 _p 2 A
Q) < M2 |5 — Co(Qq (1) + O)57 | — (1= - )oQo(t) + C

) \ (4.25)
<—(1—— ¥ (H .
<3 (1= ) PHEQ0) + . Vi e s o)
Employing the Gronwall lemma to (4.25]), for any ¢ € [s, +00), we infer that
-1
Qult) < e HITSMHOE0g () 1 2 (1 ) o (s) (4.26)
1
Applying (4.3), (4.4) and (4.26]), for all t > s > 0, we obtain
1 (1 _ A)H(t) L O < 3O EHE) () [?H(S) L C]
4 M 3 N 2 (4.27)
S(1- = v -
t5(-5) cleEE)

Because ¥ is decreasing, by (4.20)), we obtain
U(H(s)) > ¥(C(R)), Vs > 0. (4.28)
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Substituting (4.28) into (4.27)), for all ¢ > s > 0, we obtain

3(1 - %)H(t) — O < e 3UTRUC@)(t=s) EH(S) + C] + ;(1 - %)_10[\1/@(5))]*1, (4.29)

we conclude from (4.29) that

1 A —301-2)w(E@m) (-5 3

7<1—>\—) sup Hit)—-C<e 3 ™ [f sup H(s)+C
L7

4 woyur)lw< R 2 |l(uosur) lw<R

(4.30)
3 AL
+5(1—+) C[¥( sup  H(s)) Y,
2< M) (o ) lw<R
for all £ > s > 0, this indicates that
1 A . 3 -1 —1
e (1 - 7) limsup  sup  H(t) - C < 7(1 - 7) Olw(  suwp  H(s)™, (4.31)
4 AL/ totoo (o, un)lw<R 2 (o un) lw <R
for all s > 0.
Using the continuity of ¥ and(4.31]), we derive that

-1
1(1 - i) lim sup sup H(t) < §(1 - %) C[¥(lim sup sup H(s))|™t +C.

4 AL/ =00 (w0, un) [w<R T2 1 s=+00 [|(ug,u)lw<R
(4.32)
Suppose that
3 A= -
FOV) = sl =) ) +1
W )
so that (4.32) can be rewritten as
1 A
f(limsup sup H(t) > = (1 - —)C_l. (4.33)
torkoo | (uosun) [w <R 1A
Although, by definition we have
31— et EW+O) T 41
lim f(W)= lim 21 =5 le” (5 )
W—+o0 W—+oo w (4.34)
= lim %(17%1)71€+1 _ .
s=too Rp(e™!) - 0)
By (4.33)) and (4.34]), there exists Ry > 0 (independent of R) such that
lim sup sup H(t) < Ry. (4.35)

t—=+40o ||(ug,u1)lw<R

Also, since 1||(uo,u1)||3, < H(t), the dynamical system generated by the problem (L.I]) is dissi-
pative, which completes the proof. O

5. ASYMPTOTIC SMOOTHNESS

In this paper, the asymptotic smoothness of the dynamical system is proved by using the
energy reconstruction method of Chueshov and Lasiecka (see[7]). Heretofore, a priori estimate is
established.

Lemma 5.1. Under assumptions (Al) and (A2), w(t) and v(t) are strong solutions of problem
(1.1) corresponding to (w(0),w:(0)) = (wo,w1), (v(0),v:(0)) = (vo,v1) with different initial values,
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then there exist Ty > 0 and a constant C > 0 (independent of T') such that

NMH+AT%@&
<om{ [l [ Qulra - oo
b [ lhodeec— v [ 19itacs [ a [ edrar
w [Cat [ 1miaeiar +| [ oeomou] +| [ oo
w| [ [ 0w+ | [t s +] [ ) g0

+ ‘ /OT & /tT(g(w) —g(v), u(r))dr

where 1(t) = w(t) —v(t), N(u) = [o K(z,y)e(y)dy, (wo,w1), (vo,v1)) € D(AY?) x D(AY?) and

b VI,

In(t) = %(HLt(t)HZ HIAUDO? +m([Vw|*)[Ve®)]]*)-

Proof. According to Theorem and m € CH(R'), there exists a constant C(R, |Vwyl|) such
that

m([[Vwl*)[[Vel|* < C(R, [[Vwol)[| Vel
where «(t) = w(t) — v(t). Applying interpolation inequality, we deduce
IVell® < (1A + el

where c is a positive constant, then

%(Htt(t)ll2 HIVe)]?) = L(t) < In(t) < C(R, [[Vwo|*)L(2),

and
1
I () ~ 1,(t) = §||(L(t)7bt(t))||3/v~ (5.2)

Since ¢(t) = w(t) — v(t) satisfies the equation

v+ A% = m(||[Vw|?)Ar = (m([|[Vw|*) —m(]|Vo]|*) Av

+ k([[we][Pwe = [[oe]|Pve) + g(w) — g(v) (5.3)

:N(Lt).
Multiplying by 1(t) on L?(R) yields

(et te) + (A%, 1) = (m([|V0[[*) At 1) + (B([Jwe]|Pws = [|ve|[Pve), ee)

(5.4)
= ((m((IVw]?) = m([Vo[[*) Av, ) = (9(w) = g(v), 1) + (N (20), t0)-
Also
1d
(m(|Vw|*)Ac, ) = —gam(HVwHQ)IIVLII2 —m/([Vw|*)|Ve|*(Aw, w,).
Substituting the above formula into (5.4)), we have

1d
5 3 IO + 1AW +m([Vel)IVel?) + (R(lwd|Pw, = [[od][Per), o)

= —m/([[Vwl®) | Ve|*(Aw, we) + ((m([Vwl®) = m([[Vo]*) Av, ) (5:5)
= (g(w) = g(v), 12) + (N (12), 1e)-
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Then integrating on [¢t,T] by (5.5)), we obtain

T
Im(T)+k/ (lwelPws = [[o][Por, )dr = L () — / ! ([l | Ve|2(Aw, wp)dr
t

T
+ [ OulI9ulP) — m(veP)svaar (66)
t
T T
/ Lt)dT—l—/ (N (er), 14)dT.
t
Multiplying by «(t) on L?(Q), we arrive at
L el + 1202 + m (VP Ve?) + 2 Ler,0)
g\ 2dt "
1 1
= el = (ol Pe ~ loclPees o) + 5 (m(IVwl?)  m([Vo]?)) A0, (5.7)

— 5 (9(w) = g(0), ) + 5 (N (), o)
Integrating on [0, 7] by (5.7)), we have
T - T ) T
2/0 L ()t + (10, 0) [ = 2/0 a2t — k/ (llwel[Pwn — [fon]Poe, o)t
T
+ / (m([Fwl]?) — m(|[Vo]2)Av, o)t (5.8)
0
T T
- / (g(w) - g(U), L)dt + / (N(Lt), L)dt
0 0

Applying Sobolev embedding theorem (D(A'/?) < L?(Q2)), Poincaré inequality, Young inequality
and Holder inequality, we conclude that

[(et, )] < eelllle]l < (||bt||2 +[1e]]?) < CLy(t). (5.9)
Substituting (5.9) into (5.8), we obtain
T T T
2/ L (t)dt < C(In(0) —Im(T))+2/ ||Lt||2dt—k/ (lwelPwe — o [Por, 1)t
0 0 0
T
+/ (m(|Vw[*) = m(||Vv[|*))Av, )dt (5.10)
0
T T
- [ 6w - g 0de+ [V
0 0
In , letting t = 0, we obtain
T
I,(0) = I,(T') + k/ (lwel|Pws — [Jvg][Pvg, v )dt
0

+ / (Tl Vel (A, )
. (5.11)

- / m([Vwl?) — m([Vo]?) Ao, u)dt
)

(
((m
T T
; / (9(w) — (o), 1r)dt — / Vi), o)t
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Integrating on [0, 7] by (5.6), we deduce from the monotonicity of the damping operator that

T

TL(T) < / f)dt — / i / ! (| Vo ]2) [ V22 (Aew, w,)dr

+ [ at [ (nI9el) - meei) v, s (5.12)

/dt/ Lth+/ dt/

0
Combining (5.10)-(5.12), we derive

T
TI.(T) + / L, (t)dt
0
T T
<Clk [ (unllw = oo et + [ (19l |70 Ao, )
0
T
(m(IVw]2) = m(|o]2)Av, e0)dt + / (9(w) — g(v), L)t
T T
Wl edt] +2 [ ulPdt =k [ (ol or]Por, e
0 0
T

(m(IVw]?) = m(|Vol?) Av, o)t — / (g(w) — g(v), o)t

T T
(N(Lt),b)dt—/ dt/ ! (|Vw 2 [ Ve (Aw, ws)dr

!
»ﬂ

+

/dt / m(IVwl?) — m(|Vo|) A, 1)dr

T T
/ dt Lth-i-/ dt/
0 t

(=)

T (5.13)
<c{ [ ulPar+k / (el P — oo, )l
0 0
T
k[ Gl = e at + | [ nQ190l) - mOwolpavoa]
0
T T
] [ vy = m(Topav. o]+ | [ w90l V0 A0,
T T
| [t [ onl19wlP) = m(volP)av, war]
0 t

T

=+ /Tdt/ m'(||[Vw|?)|| Vel (Aw7wt)d7_‘

+ /OT (ee); ee) dt) ‘/ (¢t) vb)dt’
+/0Tdt/tT (ut) Lth‘—F’/ Ltdt‘
+ /OT( (w) dt‘ ‘/ dt/ Lt)dT‘}

According to Theorem and the boundedness of %||(u, u¢)|[3y, then when ||(u(0),u¢(0))[lw < R,
we have

o

lac(®)? + | Au(®)|? < C(R), ¥t > 0. (5.14)
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Combining m € C*(R™), (5.14), mean value theorem and Sobolev embedding theorem (D(AY/?) —
H(£2)), we know

m(||Vw|*) < C(R), (5.15)

[ (|| Vw|*)[[Ve]|* (Aw, we)| < C(R)|IVe]%, (5.16)

m([Vwl®) = m([[Vo]*)] < C(R)[IV], (5.17)

|(m([Vwl*) = m([|Vol*))(Av, )] < C(R)|[ V], (5.18)

((m([Vwl?) = m([Vol*)(Av, )] < C(R)[Vell]lee])- (5.19)

Therefore, by (5.13) and (5.15)-(5.18) we obtain (5.1)). The proof is complete. O
Lemma 5.2. Let u,v € H, (-,-) and || - ||z denote the inner product and norm of Hilbert space

H, respectively. Then there exists a p dependent constant C), such that

C HU*UHP p>2
(Il = ol 0, — o) >{ ez
Pulla+lollm)z7> + =P =2

Proposition 5.3. Suppose that (A1), (A2) hold. Then the dynamical system (W, S(t)) generated
by (L.1) is asymptotically smooth in the space W.

Proof. Tt is known from Theorem that By is a bounded absorbing set in the dynamical system
(W, S(t)). By definition, there exists to > 0 such that S(¢t)By C By for any ¢t > tg. Let B =
Ut>75 S(t)By, then B is a closed bounded positive invariant set of the system. Since for any
bounded set B makes S(t)B C B for any ¢t > ¢(B), B is also absorbing set of the system. Let the
two weak solutions of the problem be w(t) and v(t), which correspond to two different initial
values in B, namely

(w(t), w: (1)) = SB)yo,  (v(t),v:(t)) = Sy1, Yo, v1 €B. (5.20)

Since B is a bounded positive invariant set of the system, it follows that

[(w(®), we () lw < C, [l(0(t), ve(8))[w < C, (5.21)

for all ¢t > 0, yo, y1 € B.
Note that ¢(t) = w(t) — v(t), N(u(t, ) = [, K (@, y)u(y)dy and o(t) satisfies

et + A2 — ([ uw|?) Ad — (m([| daw]2) — m(| Vo) A
+ k(P — erlfPer) + g(w) — g(o) (5.22)
:N(Lt).
Similar to (5.6) of method, for any ¢ € [0, 7], we have
T
1,(T) + & / (lwellPwe — lfoelPoe, ee)edr
t

T T
=Im(t)—/t m’(IIVsz)IIVLIIQ(Aw,wt)dT+/t (m(IVw]*) = m([Vol|*) Av, i) (5.23)

T T
- / (9(w) — g(v), u)dr + / (N (10), e0)dr.
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The first step is energy reconstruction. Let

Orw.) = | L ar+ / Car / ") ar
v [ [ 1wnliear+| [ Tw(bt),bt)dt]
+ / (1), dt‘ ‘/ dt/ ), )] (5.24)
; /Tu ) dtM/ ~ g(v). )t
+ / dt/ Lt)df‘

Substituting (5.24) in (5.1)) yields

T T T
TIm(T)+/ Im(t)dth(R){/ HLtH?de/ (lwrliPee — [foePoe, o)t
0 0 0
. (5.25)
e [l oo )l + Or (o) ).
0
By definition of Or(w,v), we know
T T
Or(w.o) < c{ [ IViac+ [ 190ufar
0 0
T T
[ Il + [Nl (5.26)
0 0

+ [ atw) = a(@llehat + [ atw) - a(w)lafar}.

By Young inequality, Cauchy inequality and (D(AY/2) <s—s D(A2~7) <3 D(AY4)), we obtain
that there is a minimal constant 0 < v < i such that

T T T T 1 c
/ IVal2dt + / Vel lleeldt < / IVt + / (= Vel + =[]t
0 0 0 0o 2¢ 2

T N T
< C/ ||A§‘7L||2dt+s/ L, (t)dt.
0

According to Theorem 4.1 u and the growth condltlon of assumption (A2) and if n > 4 | we
take r = (n74)q and 7 = m then when ¢ < = 0bv10usly there is - + - =1,ifn < 4 we
take r largely enough and use Sobolev embedding theorem to deduce that

lotw) = g)* = [ lo(w) = g(0)Pda
:/Q[/O (v+79(w7v))Ld19rdx

< C’/ (1 + v+ 9w + v)]|9)?|e|*dx
Q

(5.27)

(5.28)
< C/(l + [w]?? + o) |o|2dz
Q

< c[/(1+ w4 o) dz] /| )

< CR)||elf2r (o)
< C(R) A2,
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where 0 < ¥ < 1 and 7 is a properly small constant. By (5.28)), we arrive at
T T
| atw) = g@llelae+ [ atw) - gty
T T
< C’/ llg(w) — g(v)||*dt + 5/ I, (t)dt (5.29)
0 0

T . T
< C’/ ||A§*"L||2dt+s/ L, (t)dt.
0 0

Using Holder inequality, we infer that
2
INGOI = | [ Ky

= [ ([ Kot a

1/2 2
< / ([ K2 mdy) )] de (5.30)
Q Q
< [ Kay)dedy- ful?
QxQ
2
3
< S lul®

Furthermore,

T T
/OIIN(Lt)IIHLtHdH/O 1AV Cee) el

2 (7 2 e [T 2 e [T 2
<2 [V IvGoar+ S [ ular e S [ juPar (5.31)
e Jo 4 /o 4 /o

T . T
gc/ ||Ar5u2dt+e/ L, (t)dt,
0 0

where (8 is a properly small positive constant. Combining (5.27)), (5.29) and (5.31]), we take
71 = min{~, n, 8} such that

T T
Or(w,v) < O(T)/ ||A%*’7L||2dt+3s/ In(t)dt,e > 0. (5.32)
0 0

According to Lemma we write

—2

So(s) = Cf T s72, p>0.

It is also known that Sy(s) is a strictly increasing concave function and Sy € C(RT), Sy(0) = 0,
then

Sol(lw + 0[P (w +v) — [lw][Pw, v)] > So(Cy[lolP*?) = [|v]|*,  w,v € D(AY?). (5.33)

Combining this with the Jensen inequality, we have
T T
|l < [ Sl = oo )
0 0
1 T
<780( [l = oo, o)) (5:34)
0

T
= o [ (walPun = uulPee ),
0
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where Sp(s) = TSO(%) Using Lemma (5.25)), (5.32) and (5.34), when ¢ > 0 and small
enough, we infer that

T (T) + % /0 (di
< c{(so n M)(/OT(met - Hvt”p@hbt)dt) (5.35)

T T
+ k/ [(JJw |[Pwr — ||oe]|Poe, ¢)|dE + C’/ HA%_”LHth}, YT > T.
0 0

In addition, using the Cauchy inequality and Sobolev embedding theorem, we know that there
exists a suitable small constant 0 < o < % such that

(el = 7o) = | [ (el = ol o

1/2
< ([ QrwrlPwn = Jeafpeaz) el
Q

2 2 2 2y1/2 (5.36)
< O(lwel PP we | + [loe |2 loel )2 el
< Cllef
< O Az
Inserting ([5.36)) into (5.35)), we arrive at
1 (T T
TIm(T)+§/ L(t)dt < c{(50+k1)(/ (lwel[Pr — [fr][Por )
0 - 0 - (5.37)
+k/ ||A%*‘1L||dt+C/ ||A%’ﬁb||dt}, VT > Tp.
0 0
The second step is the treatment of damping. Let & = min{a, 77}, and rewrite (5.37) as
T T
L(T) < C(So+kl)(/ (lwelPer — [fr[Per, o)) +c/ A5 dt
0 0 (5.38)

T
< c@+hD( [ (il = JulPe u)de) + € sup [A4F].
0

t€[0,T]

Let Yo(s) = (So + kI) 7' (55), and Yo(s) is a strictly increasing concave function. For Vs > 0, we

gain (Sp + kI)~!(s) < s. By (5.39),

YO(Im(T))
L La(T)
_ 1fZm
= (So+ kD)~ (25
g ’ p p 1 i-a
< So+ kDS (So + k([ (welPwn = lfoelPvr,e)dt) + 2 sup [lAb=2 )
2 0 2 tefo,1) (5.39)
1 ! p p 1 -1 1_4&
<o [ (lwelPwe — [Joel|Pog, ee)dt + = (So + k1) sup [ A2~%}
2 Jo 2 t€[0,7]
1

T
1 15
*/ ([lwel[Pwe — [[ve][Poe, ee)dt + 5 sup [[AZ7%].
2 Jo 2 tefo,1)

Thus, substituting(5.39)) into (5.38)), we conclude that

In(T) + 2kYo (I (T)) < I, (0) + C sup ||A2~%|| + C(T). (5.40)
t€[0,T]
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Combining the interpolation inequality and (5.15), C' > 0 and ¢’ = %, we have
m(|[Vw?)[Ve®)> < Cllac)]” )]~
< 2l AD) + Cu(r) P (5.41)
< ellADIP +C sup [|AZ (D).
te[0,T]

Then according to the definition of I,,,(¢), we have

I (T) + 2kYy (I, (T)) < (1 +€)1,(0) + C up A2 =% (1)]]. (5.42)
telo,T

Since «(t) is uniformly bounded in D(.A/?), and there exists a tight embedding relationship
(D(AY2) < D(A2~%) < L2(12)), once more we use interpolation inequality to obtain

A2~ %)) < A @) < CR)||ut)]|* =", 61 € (0,1). (5.43)
Substituting (5.43)) into (5.42)), for some 2 € (0, 1], we have
Ln(T) + 2kYy (In(T)) < (1 +€)L(0) + C sup |le(1)]|. (5.44)
te[0,7)

And because
1
I(t) = §(||Lt(t)||2 + [|A®)]?) = 15Ty — S(T)y2l5y < Im(t).
It follows that

IS(T)yr = S(Tyyalldy < 201+ 26%0] 7[5+ 9)lys = w22 +C sup [Ju(®)]1*]

reloT] (5.45)

= N

<27+ 20 [5 (W +9) 2l = el + € sup o)) |
€10,

where 63 € (0, 3]. By (5.45),
1 274 1/2
IS(T)y = S(T)yallw < VE{IT+26Y0) 7[5 (A 4+8) 2l —p2ll+C sup u®)]®) ]}, (5.46)
t€[0,T]

namely,
IS(T)y = STalw < a1+ 2y = wall + pE(ASron} {Smae})), (5.47)

1/2
where q(s) = V2(IT + 2k%]7(5)) " and p§(Sran, Srm) = Comprego ()%, Thus, the
function ¢(s) satisfies all the conditions in Theoremm Denote by Fp 1 the set of all solutions in
the equation (1.1f) on [0, T] with the initial value on B. Next, we only need to prove that the pseudo-
metric p% is quasi-compact in the set F 7. In the space C([0,T]; D(AY2)) N C ([0, TT; L*(2)),
for any bounded set G has the constant C' such that

[Au()]| + lue ()] < C, Vu(t) € G(t) = {ult) : u € G}. (5.48)
Applying the compact embedding theorem (D(A'/?) << L2(1)), we obtain from that G(t) is
relatively compact in L2(£2), for any 0 < t < T. Additionally, for any ¢ > 0,u € G, we have
t
Jut) =t < [ () e

< (t_tl)l/Z(/t ||ut(7)\|2d7-)1/2 (5.49)

< C(t—1)'? < Ce,

for any 0 < t < t; < T satisfies |t — 1] < €2, according to the Ascoli theorem, it is deduced that
G is uniformly equicontinuous. Furthermore, there is a tight embedding relationship

C([0, T]; D(AY?) N CH ([0, TT; L*(2) € C([0, T]; L*(%2)).
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Therefore, the pseudo-metric pg is quasi-compact on the set Fg . According to Theorem
we obtain that the asymptotic smoothness of (W, S(t)) in space W. The proof is complete. [

6. EXISTENCE OF GLOBAL ATTRACTORS

Theorem 6.1. Under assumptions (Al), (A2) (Fy) — (F3), the dynamical system (W, S(t)) gen-
erated by the problem (1.1 has a global attractor.

The above theorem follows from Theorem [.1] and Proposition
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