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EXISTENCE AND MULTIPLICITY OF SOLUTIONS TO
TRIHARMONIC PROBLEMS

QIFAN WEI, XUEMEI ZHANG

ABSTRACT. The authors consider the triharmonic equation
(=A)3u 4 c1 A%u + coAu = h(x)|[ulP~2u + g(z, u)

in Q, where p € (1,2), subject to Navier boundary conditions. Based on the least action
principle, the Ekeland’s variational principle and a variant version of mountain pass lemma, we
analyze the existence and multiplicity of nontrivial solutions to the above problem. In addition,
we obtain the first eigenvalue of triharmonic operator and consider its structure. The conclusions
are illustrated with several examples.

1. INTRODUCTION AND MAIN RESULTS

Let Q C RY (N > 7) denote a smooth bounded domain. The purpose of this article is to study
the sixth-order elliptic problem with combined nonlinearities
(=A)3u + 1 A% + coAu = h(z)|[ulP2u + g(z,u) in Q,

1.1
u=Au=A>u=0 ondQ, (1.1)

where (—A)3(-) = —A((—=A)?(+)) stands for the triharmonic operator; c1, ¢y € R satisfying ¢; > 0
and c3 — c1py < p? (py is the first eigenvalue of (—A, H}(Q)); h(zx) is a weight function satisfying
h(z) € L>=(2) and there is a positive measure subset H C 2 satisfying h(z) > 0in H; p € (1,2)
and g(z,u) € C(Q x R,R).

A function v € H3(Q) is a weak solution to problem if

/ (VAuVAp + c; Aulp — coVuVyp)dr = / h(z)|ulP~ o da + / g(z,u)pdr
Q Q Q
for all ¢ € H3(Q), where
H3(Q) :={uec H*(Q): Alu=0on 99 for j < %}
with the scalar product
(u,v) = / (VAuUV A + c; AulAv — caVuVo) dx
Q
and the equivalent suitable norm
2 2 2 1/2
lully = (/ (IVAU + 1| Auf? = 2| Vul?) da)
Q

Thus solutions of (|1.1)) correspond to critical points of the energy functional

1

E(u) = f/(|VAu|2+01|Au|2—02|VU\2)dx—1/ h(x)|u|pdx—/G(x,u)dx, (1.2)
2 Jq P Ja Q
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where G(z,u) is the primitive of g(x,u).

Higher-order elliptic boundary problems have abundant applications in physics and engineering
[36] and have also been studied in many areas of mathematics, including conformal geometry
[9], some geometry invariants [7] and nonlinear elasticity [I1]. Moreover, different higher order
problems are associated with distinct applications. For instance, the fourth-order problems can
describe static deflection of a bending beam [27] and traveling waves in suspension bridges [13].
The sixth-order problems appear in the study of the thin-film models [5]82], the phase field crystal
models [3] [10], fluid flows models [39] and geometric design models [30} 46].

The fourth-order problems have been extensively investigated in the previous four decades (see
[0, 8, 14, 15l 211 22 25] 26l 28] 35, B8, 4], 43] and the references cited therein). In particular,
by using a variant version of the mountain pass lemma, Hu-Wang [29] obtained the existence of
nontrivial solutions for the following fourth-order problem

A?u+ aAu = f(z,u) in Q,
u=Au=0 on 09,

where A%(u) = A(Au) stands for the biharmonic operator, @ C RY (N > 4) is a smooth bounded
domain, and « < pp is a parameter, where p; is the first eigenvalue of (—A) in H}(Q).
Pu-Wu-Tang [37] studied the fourth-order problem

A?u+ BAu = a(z)|ul*2u+ f(z,u) in Q,
u=Au=0 on 99,

where @ C RY (N > 4) is a smooth bounded domain, 8 < u1, a(x) € L®(Q), s € (1,2) and
f € C(2 x R,R). The authors established, by using the least action principle, the Ekeland’s
variational principle and the mountain pass lemma, the existence and multiplicity of solutions
for problem . On further results of biharmonic problems, we wish to bring the articles
[2, 12, 18, 19, 20, [33, [40, [42, [43] [44] [45] [47] to the readers attention.

On triharmonic problems, naturally hope that the excellent results of biharmonic problems
can be generalized. However, such an extension will encounter essential difficulties. In fact,
the triharmonic operator is negative, which fundamentally distinguishes it from the biharmonic
operator and cannot be directly derived. In fact, unlike the biharmonic case, which often relies on
established tools such as comparison principles and spectral theory, these methods are generally
inapplicable to triharmonic equations. Moreover, the properties of the nonlinearities h(x)|u|P~%u
and g(x,r) have a more significant impact on the nature of the solution. Comparing with the
biharmonic problems, for which there have been a great many achievements, there seems only a
few results on the triharmonic problems. For example, in [I], Abdrabou and El-Gamel developed
a numerical scheme to provide an approximate solution of the following triharmonic problem

—A3y = f(z,u) inQ,
ou  0*u
uzazsz on 012,
where (2 stands for the rectangular domain denoted by

(1.3)

(1.4)

Q:i={(z,y) a1 <z <ag, a3 <y < as}.

Motivated by the above results, the main objective of this paper is to study the existence and
multiplicity of nontrivial solutions to problem . We begin with demonstrating the existence of
the first eigenvalue of ((—A)? + 1A% 4+ oA, H3()) that will be used in the subsequent sections.
For the eigenvalue problems, it is worth mentioning that Liu-Wang [34, Lemma 2.3] provided a
detailed discussion of the first eigenvalue for the biharmonic problem

Ay = f(z,u) in Q,
u=Au=0 on 0.
Let Ay = inf{ [, |Au[*dz : v € H*(Q) N Hy(Q), [, [u]* dz = 1}. Then they proved that A is the

first eigenvalue of (1.5)) with a positive A;- eigenfunction. Recently, Hu-Wang [29] obtained similar
results for problem (|1.3) by using the method of Liu-Wang [34]. While for sixth-order problems,

(1.5)
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this trick fails since the triharmonic operator cannot be directly derived from the Laplace operator.
For this reason, we need to introduce a new technique to study the structure of the first eigenvalue
to problem (see the demonstration of Lemma for the details).

In addition, comparing with [I], this article possesses the following features.

Firstly, ¢; > 0 and ¢; € R are considered.

Secondly, h(z) # 0 is investigated, and the combined nonlinearities are studied in problem (1.1).

Thirdly, we study the existence and multiplicity of nontrivial weak solutions to problem
via the least action principle, the Ekeland’s variational principle and a variant version of mountain
pass lemma, which is not used in [I]. Tt is probably the first time that these techniques are to be
used to deal with triharmonic problems.

Our main results are stated in the following theorems, here we assume several hypotheses of
g(w,7):

(H1) limyp -0 M > —oo uniformly in z € Q;

(H2) lim,|—eo gl(:\,: ) = 0 uniformly in z € €, where s denotes a certain constant and s €
(1420,
'y N—6/°

(H3) Lm0 @ = k1 < pu1(p? + c1p1 — c2) uniformly in z € Q.
Theorem 1.1. Let condition (H1) hold. In addition, we suppose that the function g(x,r) satisfies

(H4) there is a constant ky satisfying limj,|_, o sup M < ko < p1(p? + c1p1 — c2) uniformly
inx e
Then problem (1.1) admits a nontrivial solution.

Theorem 1.2. Let condition (H1) hold. In addition, we suppose that the function g(x,r) satisfies

(H5) limjp oo g(fjr) = p1(p? + c1pn — c2) uniformly in x € Q;
2G (z,7) —p1 (2 eq g —eo)r? < kg < — |7 ]] oo

[r|® P

(H6) there is a constant k3 satisfying lim|, . sup
uniformly in x € Q.
Then problem (1.1) admits a nontrivial solution.

Theorem 1.3. Let conditions (H2) and (H3) hold. In addition, we suppose that the function
g(x,r) satisfies
(HT) limy oo 227 = ky € (i (3 + crpn — c2), +00) uniformly in o € Q and ky # pi(u? +
c1; — ca), where p; is the eigenvalue of (—A, H3(2)) and i is a positive integer.
Then there is 0 < & € R such that problem (1.1)) admits two nontrivial solutions for ||h||s < @.

Theorem 1.4. Let conditions (H2) and (H3) hold. In addition, we suppose that the function
g(z,r) satisfies
(H8) lim, o0 g(f,’r) = p; (P2 + c1pi — c2) (i # 1) uniformly in x € ;
(H9) there is a constant ks satisfying lim,|_, o inf W > ks > (% —1D)||hllco uniformly
inx e Q.
Then there is 0 < & € R such that problem admits two nontrivial solutions for ||h|lc < @.

Theorem 1.5. Let conditions (H2) and (H3) hold. In addition, we suppose that the function
g(x,r) satisfies

(H10) limj,| 00 M = 400 uniformly in x € Q;
(H11) there is a constant ke satisfying lim|,|_, sup W > ke > 0 uniformly in z € QQ,
where max{¥ (s — 1),p} < r < 2.
Then there is 0 < @ € R such that problem (1.1)) admits two nontrivial solutions for ||h|e < @.
Remark 1.6. It is not hard to show that there are some elementary functions that satisfy the
assumptions of Theorems [[.IHI.5] For instance,
(1) g(x,r) = Pi(x)r + Ql(x)lj_%, where Pj(z) and Qq(z) are continuous functions with
SUP,eq(P1(2) + Q1(x)) < pu(pi + i — c2);
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[Allo

(2) gla,r) = (i + cipn — c2)r + pulr[P=2 + svlr[*~?r, where p < —'5>=, v > 0 and
0<s<p;
(3) g(x,r) = ur + ﬁ;f;r, where p > ki and p € (p1 (43 + crpun — ¢2), +00);

(4) glr,r) = pr + £, where > 0 and i # i
(5) g(z,r) = rsinr +r2.
Throughout this paper, || - ||o denotes the norm of L?(Q). By using the Sobolev embedding
theorem, there exists 0 < § € R such that

2N
lull o < Sllully for 1 <6 < —

Particularly, if 8 = 2, then we have
2 1 2
lellze < - llulls-

The organization of the article is the following. In Section 2, we prove several preliminary
results to be used in the subsequent sections. Section 3 will be devoted to the proof of Theorems
The main tools here are the least action principle, the Ekeland’s variational principle and
a variant version of mountain pass lemma.

2. PRELIMINARIES
In this section, we verify several preliminary conclusions.
Lemma 2.1. Let
A1 = inf { / (IVAuP + c1|Aul* — co|Vul?) dz : uw € H3(Q) and / lu? dz = 1}
be the first eigenvaluge2 of the triharmonic eigenvalue problem ’
(—=A)3u + 1 A%+ coAu = \u in Q,
u=Au=Au=0 on R,
and
pq = inf {/ |Vul?dz : u € Hy(Q) and / lu? dz = 1},

where py is the first eigenvalue (i}(—A, H}(R)), then A = ,ulg(l,u% +cpr — c2).
Proof. If ¢1 > 0 attains uq, then o1(x) is a solution to

—Au = pyu in Q,

u=0 on 0.

According to [29, Lemma 2.2], we know that 1 € H2(Q) N HE(Q). As H3(Q) C H3(Q) ¢ HY(Q)
and C% C C3, we obtain u € H'(Q) and 9Q € C3. Since (—A) is strictly elliptic in  and
coefficients are constants, it follows from [24) Theorem 8.13] that p; € H3(Q) (i.e. k=1 in
Theorem 8.13). Then for every ¢ € H3(£2), we have

/ (VAQ1 VAY + c1 Ap1 A — oV V) da
Q
:—/ A A%y dx + A<p1VA1/11/dS—|—cl/ A(plAwdx—CQ/ V1 Vi do
Q o0 Q Q
:—/ Ag@lAQz/}dercl/ A(plAz/)dx—CQ/ V1V dx
Q Q Q
:,(,M)/ ¢1A2wdz+c1/Ag01A1/)dx—02/ Vi1 Vip da
Q Q Q
:pl[/ AgplAwdx+/ (p1 VAYY — Vi1 Ayr) dS]
Q 20

—l—cl/ AgolAwdx—CQ/Vgolvwdm
Q Q
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:pl/ AcplAwdercl/ A@lA'IZJdﬂU*CQ\/ V1V da
Q Q Q
— it [ ordode = e [ p1avds - com [ orida
Q Q Q
— 1| Aprwdo+ [ (196w = Virw)ds] - cuml | e da
Q aQ Q
+/ (p1 Vv — Vor9v) dS] —czm/ p1da
a0 Q
= —M%/ A@de*‘cllﬁ/ sﬁllbdff—czul/ p1pde
Q Q Q

= M‘;’/ p1de + Clﬂ%/ p1Ydr — copn / P19 de,
Q Q O
which indicates
/ (VA1 VAY + 1 Ap1 Ay — oV Vi) de = ,ul(u% + cipr — ¢2) / p1 de. (2.1)
Q Q

Hence, considering the previous definition we obtain that ¢1 € H3(Q) is a solution to
(—Au+ 1 A%+ coAu = p(p? + ey — co)u in Q,
u=Au=A%u=0 on dN.

For the purpose of proving the conclusion of this lemma, we only need to show that A\; =
pi(pf + cipn — cg). Taking ¢(x) = ¢1(z) in [2.1)), we have

/(VA%VA% + c1Ap1Apy — V1 Vir ) do = py (uf + crpn — 02)/ o} da.
Q Q

According to the definition of A\; we deduce that
AlSi/UVA¢ﬂ2+CﬂA@ﬂ2—Cﬂvwﬂ%deMﬂuﬁ+qu1—Cﬂ.
Q

In what follows we prove the other part by a similar method used in [31]. Assuming that
v € H3(Q) is the Aj-eigenfunction of ((—A)? + ¢1A? + oA, H3(Q)) and [, [v]*de = 1. Tt is
worth mentioning that A\; and g in this paper are essentially equivalent to the I'(Q2) and A\(Q2)
in reference [31]], respectively. By making use of an integration by parts and two Cauchy-Schwarz
inequalities, we find that for each 1 < k < 3,

2
(/ \Vkv|2dx) S/ |Vk_1v|2dx-/ |VEFLy)? da. (2.2)
Q Q Q

Letting v = [, |VFv|2 dz, then we can rewrite the inequality as
v < Vk—_1Vkt1.
Therefore, we use recursion to prove that the sequence (vg )y follows the rule
vhF . <wvik vg forall 1 <k <3,
where (pg)r and (qx)x are defined by (p1,q1) = (2,1), and for every k > 1,
Pe+1 = 2Pk — Gk, Qk+1 = Dk

The sequence (pg, ¢k )k>1 forms a constant-recursive sequence of order 1, the solution of which is
(pk,qx) = (k+ 1,k). Take k = 1 and we can obtain that

v} < vjvs,

(/Q|Vv|2dx)3 < (/Q|v|2dx)3</ﬂ|VAv|2d>. (2.3)

which indicates
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It follows from (2.3]) that

/|VAv\2dm—|—cl/ \Av|2dx—62/|Vv|2dx
Q Q Q

> (/Q|Vv|2dx)3+cl(/Q|Vv|2dx>2—CQ/Q|VU|2d;v.

We define G = [, [Vv|? dz, then we have G > yi;. Therefore,
A >G4 e1GE =G > i+ cpd — copn (ca — e < ).
So the proof of this lemma is complete. O

Remark 2.2. Based on Lemma we derive \; = m(ﬂf +cp; — o) for i = 1,2,..., where
0<pn <po<--<pk<...arethe eigenvalues of (—A, H}(Q)).

Lemma 2.3. Let conditions (H2) and (H3) hold. Suppose that lim|,|_, g(f_’r) > \1. Then there
is 0 < & € R such that £ satisfies the following results provided ||h||oo < @:
(a) there are positive constants o and B satisfying E(u) > B > 0 for all u € H3(Q) with
[ully = o;
(b) there is a function v € H3(QY) with |||l > o satisfying E(v) < 0.

Proof. (a) It follows from g € C(Q2 xR, R) and conditions (H2) to (H3) that for 7y = £(A1—k1) >0
there is a1 > 0 satisfying

glx,r)r < (A —71)r? + oq|r|*Tt for every (z,7r) € Q x R.

Thus, we obtain

G(z,r) = /01 g(z,vr)rdv

1
S/ (A1 = m)or? 4+ av®[r[*T) do (2.4)
0
AL—TL o a1
< 5Tt ol

for every (z,r) € Q2 x R.

We define az = 4. Using the definition of € given in (1.2), together with (2.4) and the

Sobolev inequality, we deduce that

1 hllo _
£(u) > fuun?g—u/ |u\pda:—/ uquz—/ag\uPHdz
2 Q o 2 Q

p
1 Al —T 2 ||h||008p s+1 s+l
> 5 (1 25l - e L N (25)
1 BlleeS” iz ger et
> (G = Tl = oS )l

We define

- T1 s—1 _ T1
7= (4)\10[283+1) raT 8)\18p0-p—2'
So, if ||A]lee < @ and ||u|lg = o, then an application of yields
T1 2
E(u) > 87)\10 .
Hence part (a) follows.
(b) According to lim,|_, @ > )1, there are constants § > 0 and R > 0 satisfying

g(x,r)r > (A + 6)r?
for every |r| > R and a.e. z € §, which indicates that

1
G(z,r) = / g(z,vr)rdv+ G(x, %)

TrT
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1
> / M+ S)vr? dv + G(x, %)
Trl

> /\1+67“2— A+ 6
- 2 2
It follows from the continuity of G that there is ag > 0 such that
A +9
12+ 7‘2 _

for each (z,7) € Q x R. Without loss of generality, we assume that ¢; > 0 denotes a A;-
eigenfunction and r > 0. Combined with (2.6]), we can infer that

r2 9 TP
Sl == [ hale do~ [ Gla,ren) da
P Ja Q

R2—|—G<x,%).

G(z,r) >

Qs (2.6)

E(ren)

A

r? 9 TP » r? 9
< Slalls == [ h@lalde =5 [ (u+ 86t do + sl
b Ja Q

r? 9 TP
—5/5<pldm——/h($)|<p1\pdx+a3|Q|.
Q P Ja

Therefore, taking ro > 0 sufficiently large such that ||v|l¢ = ||[rop1lls > o, this gives the proof of
part (b). O

For the sake of completeness, we present the (Ce). condition and a variation of mountain pass
lemma which we will be used.

Definition 2.4 (Pu-Wu-Tang [37, Def. 2.1]). Let £ € C'(X,R). We say that £ satisfies the
Cerami condition at the level ¢ € R ((Ce). for short) if any sequence {u,} C X with

E(up) — c and (1 + [Jupl|9)E (un) — 0
possesses a convergent subsequence in X, £ satisfies the (Ce) condition if £ satisfies the (Ce).

condition for all ¢ € R.

Lemma 2.5 (Costa-Miyagaki [23, Theorem 1]). Suppose that X is a real Banach space and
€ € CYX,R) satisfies
max{£(0),E(u1)} <a<b< Hirl‘1££€(u)

for some a <b, € >0, and u; € X with ||u1] > &. Let ¢ > b be characterized by

c= inf max £(y(t)),

where

I'={yeC([0,1], X) : 7(0) = 0,7(1) = w1 }
denotes the set of continuous paths joining 0 and uy. Then, there is a sequence {u,} C X such
that

E(uy) & ¢ > b,
(L + llualDlE (un)llx+ = 0,

where X* denotes the dual space of X.
Furthermore, if assume that £ satisfies condition (Ce).., then c is a critical value of £.

In what follows, we introduce the Ekeland’s variational principle in order to find a local mini-
mum.

Proposition 2.6 (Ekeland [I0, theorem 1]). Suppose that W denotes a complete metric space
and F : W — RU {400} is lower semicontinuous, bounded from below. For every e > 0, there
exists a certain point w € W with

F(w)gi‘glva—l—s and F(u)> F(w) +ed(w,u) forallue W.



8 Q. WEI, X. ZHANG EJDE-2025/86

3. PROOF OF MAIN RESULTS
3.1. Proof of Theorem From condition (H4), we obtain that for 7o = £(A; —k2) > 0, there
is R > 0 satisfying
glz,r)r < (A — m)r?
for every |r| > R and a.e. x € Q. It follows from the continuity of G that there is ay > 0 satisfying
for every (z,7) € Q x R,

1
A1 —
)= [ glawnrav s 6(e 0) < M2 g,
= |7"| 2
which yields
1, ., 1
E(w) = Slully — [ @) dz— [ Glru)da
2 P Ja Q
Lo [lS? A=
> Sl = =l - [ 2R — o
2 |7l 0o SP
> T2l — M= — a0,
21

So, we know that & is coercive. Because € is coercive and weakly lower semicontinuous in H3 (),
we derive that u; is a global minimum of £. In fact, combining the assumptions on h(z) and Lusin’s

Theorem, there is a close subset H C K such that h(x) is continuous in H and meas(K \ H) <

% meas K. Therefore,

1
meas H = meas K — meas(K \ H) > §measK >0

and
& = inf h(xz) > 0.
z€H
For each § > 0, there is an open set G satisfying meas(G \ H) < 6. Let n(z) € C3(Q) be a
function satisfying

nx)=0 z€0N\G,
0<n(@)<l zeG\H,
nz)=1 x€H.
It follows from h(xz) € L>=(Q) that there is My > 0 satisfying
h(z) > My (x € G\ H).

Therefore,
/ h(a)nl? dz = / W)l dz
Q G
- / h(@)nl? dz + / W@l da
H G\H
> a[H| - My|G\ H|

> Y1K| - My,

|9

which indicates that for 6 > 0 small enough, we obtain

/ h(z)|n|P dz > 0.
Q

According to condition (H1), we have that there is M > 0 such that
gz, r)yr > —Mr?
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for every |r| small enough and a.e. z € Q, which yields

1
G(x,r) :/ g(x,nr)rdn > —%73
0

for every |r| small enough and a.e. x € Q. Thus, we conclude that for r > 0,
P

limsup E(rn)r P = hmsup (—HnHﬂ - 7O—/ h(x)|n|P dz 7/ G(z,mn) dx)r*p
b Ja Q

t—0
Mr?p
Sy =2 [ w@la e+ M0 [ par) <o
b Ja Q

which yields £(u1) < 0 and u; is a nontrivial solution of problem ([1.1J).

2

< limsup (
r—0

3.2. Proof of Theorem Let G(z,r) = %7‘2 +G(z,r) and g(z,r) = Air+ g(x,r). It follows
from conditions (H5) and (H6) that

lim %2,1") =0 and limsup Gla,r) = ks.
|r|—o00 T |7|—o00 |7~|p
Therefore, for 0 < § < —% — ks, there is R > 0 satisfying

G(z,r) < (ks +9)|r|P (3.1)

for |[r| > R and a.e. z € Q. Without loss of generality, we may suppose that {u,} C Hj3(2) is a
sequence such that

ltnly = +o0 as n — oo,
E(un) < ap for some as € R.

We define
D, ={z € O, |up,(x)] >R}, D, ={xecQ, |u,(z)] <R}
An application of the continuity of G yields that there is a constant ag > 0 satisfying

[ G(z,r)dzr < . (3.2)

In addition, it follows from the definition of D,, and h(x) € L°°(f2) that there is a constant a; > 0
satisfying

1
7/ h(z)|up|P dz < az. (3.3)
P Jb,
We define
Up
Wy, = T,
[[ten |2

which yieldd that {w,,} is bounded in H3({2). By extracting a subsequence (still denoted by {wy, }),
we suppose that

w, —w in H3(Q),

0
wy, »w in L°(Q) (1§9<N_6),

w, = w a.e. x €.
From the definition of {u,}, we deduce that
o E(un)

lun 3~ lunll

v

1 1 )\ wn 2 G 1‘7“'@
> Q_piHu HQ_p h(av)|wn|pdac—/Q 1‘2 | dar—/Q”(u ”2)da:
n n 19
1 2
2 pllualy? D, luallg D, lunll}
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Combining (3.1)) and (3.2)), we obtain

1 h A 2 ks — 0
0452 > 7_%/ |wn\pda:—/ 1|wn| dx + 3 2_p/ |wn\”da:— 0662.
lunlls — 2 pllually o 2 [unlly™ /D, l[un 1

Because ——r— — 0 as |lu,||9 — +00, we obtain

[Jn |
h 5
_ Ml /| P da / o [P dz — 0.
pllunll” || n||

/ A |w|?dz > 1.
Q

It follows from the weak semicontinuity of norm and the Sobolev inequality that

//\1|w|2dx§ Hw||129§1§/)\1\w|2dx.
Q Q

Therefore,

Obviously, the inequalities truly reduce to equalities. As the norm of w in H3(Q) is 1 and w,, — w
in H3(Q2), we have

{wp} — win H(Q),

[ Auluf? do < ul
Q
An application of the variational characterization of the first eigenvalue in [I7] yields
w=gy Oor w=—Yi.
Thus, we find that
|tn ()] = Jwn(2)] - ||unllo = 00 ae. z €.

In what follows, we show that for all 6 > 0, there is a subset 5 C ©Q with meas(Q\ Qs5) < ¢

satisfying
|tn (2)| = oo uniformly as n — oo for each x € Q.
We may restrict our attention to the case in which |u,(z)| — 0o as n — oo for all € Q. Given
any IC > 0 and every integer n > 0, let
Q[n, K] = ﬂ;?;n_;,_l{l‘ € Q, |un(z)| > K},

which implies Q[n, K] is measurable and Q[n, K] C Q[k, K] when n < k. Since |uy,(z)] — oo for
every z € (), we conclude

Q=02 ,Q[n, K].
By using the properties of the Lebesgue measure, it follows that

meas ) = lim meas Q[n, K],
n—0o0

which yields that
lim meas(Q\ Q[n, K]) =
n—oo

Consequently, for each 4, one can find an integer n; such that

meas(Q \ Q[n;, 1)) < 5
Let
Qs = N2, Qny, 1],
which indicates that
meas(Q2 — Qs) = meas (Q \ 07?219[”7‘,12-])

= meas U?il (Q \ Q[nul])

< Z meas(2\ Qpp, i)

i=1
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<i%:5.
1=1

Moreover, |u,(z)| — oo as n — oo uniformly for every x € Q5. For arbitrary K > 0, selecting
ip > K yields Q5 C Q[n;,,i0]. Consequently,
for every n > n;, and x € {s.

In view of (3.1]) and (3.3]), we conclude that
2 by 2 1
as > E(uy) = ICAE —/ tfn| dz — 7/ h(z)|u,|P dz —/ G(z,uy)dz
2 o 2 P Jo Q
(7]

—7/ |tn P de — a7 + (ks — 6)/ |tn |P dz — a6
p D, D,

> (—%—kg—(S)/ |un|P dz — a7 — ae.
p D

n

Y%

As —k3 < —% + 6, one can find a constant ag > 0 such that

/ lun [P do < as.

n

Furthermore, based on the definition of D,,, we infer that

/\un\pde/ Iunlpdx+/ [un|? dz < ag
Q2 Dy, Dn

with some ag > 0. This contradicts that |u,(z)| — oo as n — oo uniformly for all z € Qg, which
confirms that & is coercive on H3 ().

Given that £ is coercive and weakly lower semicontinuous in Hf,’(Q), it achieves a global min-
imum w;. Applying assumption (H1) and the argument used in Theorem |1.1| we obtain that
&(u1) < 0. Hence, we obtain that u; is a nontrivial solution of (L.I).

3.3. Proof of Theorem In this subsection, we shall prove the multiplicity of solutions of
(1.1) under the assumptions of Theorem using the Ekeland’s variational principle and a variant
version of mountain pass lemma. To this end, we first derive that £ satisfies the (Ce) condition.

Lemma 3.1. Under the hypotheses of Theorem the functional £ satisfies the (Ce) condition.

Proof. Let u, C H3(2) be a (Ce), sequence corresponding to some a > 0 such that £(u,) — «
and

(1 + [Junl9)E (un) — 0 as n — .
Considering the definition of £, we obtain

(E (up),up) = Huang — /Q h(z)|un|P de — /Qg(x,un)un dz — 0 (3.4)

and
/ (VAu,VAp + c1 Aup,Ap — coVuy, - Vo) da
Q
(3.5)
7/ h(x)|un\p*1cpdx — / g(z,un)pdx — 0
Q Q

for every ¢ € H3(£2). We begin by declaring that the sequence {u,, } is bounded in H3(€2). Suppose,
to the contrary, that there is a subsequence {u,} (also denoted as {u,}) such that ||u,l|s — oo.
We define

el
It is evident that the sequence {wy} is bounded in H3(£2). Thus, we may assume the existence of
some w € H3(Q) such that

Wn,

wy, —w in H3(Q),
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;)

w w m ( ) ( <

w, —w a.e. x €.

In addition, by applying [4, Theorem 1.2.7] again, we deduce that there is wo € L%(f2) satisfying
for each n,

|wp| <wy  a.e. in Q. (3.6)
It follows from conditions (H3) and (H7) that there is a constant M; > 0 such that
2T < g, (3.7
for every (z,7) € Q x R. In addition, we can find a constant M > 0 such that
G(z,r)
| r2 | < M (3.8)

for every (z,7) € Q x R. Then we declare that w 7é 0. Suppose to the contrary that w = 0. Then
it follows that w,, — 0 in LG(Q). By dividing (1.2)) by ||u,||%, we derive that

5(%3 =3 /h )|w, [P dz — /7(”“ Un) 12 4z = o (1),
lunlly 2 pllunII :

From (3.8, we deduce that

1 n 1
,:/ G(L;L)wgdx+72_p/h(z)|wn|pdx+on(1)
2 Ja pllunlly

Un,

SMg/widm—i— _MAllee /|wn\pdx+on() 0,
o pllunlly”

leading to a contradiction. Thus, w # 0 holds.

We turn to prove that
/ Mwnvdx — / kqwv dz. (3.9)
Q Q

Unp
Set
= {zcQu(x) =0}, &={zecQu()#0}.
It follows from Holder’s inequality and that

|/ Mwnvdxlg/ ’MHwnHvldI
P Unp [} Unp,

< Ml/ | [o] da
i3]

1/2 1/2
< M /w 2dz /vzdx .
o fnl? ) (] Jof?dz)
As w, — w in L*(Q) and

(/b|wn—w|2d:c)1/2 < (/Q|wn—w|2dx)1/2,

it follows that w, — w in L?(Q2). Thus,

/ Mwnvdx — 0= / kiwvdz.
P Un, o}
Based on ) and ., we have

|g(x,un)

wn| S leo.
Un

An application of the dominated convergence theorem yields

lim Mwnvdx:/ lim Mwnvdx.
)

n—oo [ Unp, 5 N—>00 Un
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Because ||u, ||y — +00, we obtain |u, ()| = |wn ()| - |un|ls — oo for z € ®. Consequently,
/ lim Mwnv dx = / kqwv dx,
& |lun|—+o0 Up, £y
which leads to (3.9).

Dividing both sides of (3.9) by ||un|ls yields

/ (VAw,VAv + c1 Aw, Av — coVw, Vv) dx
Q

. o) (3.10)
- T/ h(x)|wn\p71vd$7/ = P w,vde — 0.
lunlly™ Jo Q Un
Given that W — 0 as ||up|ly = +00, we derive that
1

ﬁ/ﬂh(a:)\wﬂp*lv dz — 0.

”un”
It follows from (3.9)) and - ) that

/ (VAWVAp + et AwAp — coVwVy)de = / kqwep dz.
Q Q

Hence, we conclude that w is a nontrivial solution to the problem
(fA)?’w + 1 APw + o Aw = kgw.

This contradicts that kg # (2 — ¢k —ca). Therefore, the assumption that ||u,||s — 400 must
be invalid. Consequently, the sequence {u,} is bounded in H3 ().

Owing to the boundedness of u,, and the reflexivity of H3(f2), we can extract a subsequence
{un} (still denoted by {u,}) and a function u € H3(f2) such that

u, —u in H3(Q),

. 2N (3.11)
U, —u in LY(Q) (1§0<N76)'

In addition, one can find a constant M3 > 0 such that
[unllo < Ms. (3.12)
In view of , we derive that
(& (up),un —uy =0 and (E'(u),u, —u) — 0.
Therefore,

(&' (un) — E'(u), up — u)
— = w3 — /Q h(@) [ty — ul? dz — /Q (9(@, 1) — gz, ) (tn — 1) dz — 0.

It follows from (H2) and g € C(2 x R, R) that there are constants ayg > 0 and ay; > 0 satisfying

(3.13)

lg(z,7)| < aaolr]* + anr
for every (z,t) € Q x R. Applying Holder’s inequality, we deduce that

|/ Z, Up)( u) dz| </ lg(@, up)||tn — u|dx
S/ (r0lun|®|un — ul + @11|uy, — u|) de
Q

§/a10|un|s|un7u|dx+/a11|un7u\dx
Q Q

Ls+1 + 0411|Q|ﬁ ||un — u|

< aol|un || s flun — ul Lo+t

s
ST Hun — u||Ls+1.

< oS Jun|llun — ul|psr + 11|
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Combining(3.11)) and (3.12)), we obtain

/ gz, un) (wy, — u) dz| < @108 M ||un — ul|porr 4+ a11]|Q57 [ty — ul| gt — 0,
Q
which indicates that
| / g(x,u)(un — u) dz| — 0.
Q
Consequently,
[ (9w wn) = ) (a — ) 0.
Q
Analogously, it follows from Hélder’s inequality and (3.11]) that
/ h(z)|un — ulP dz — 0.
Q
Furthermore, an application of (3.13)) yields
tn, — ul|3 — 0.
Hence, we conclude that u, — u in Hj(), which implies that the (Ce) condition holds. O

Given o > 0 as given in Lemma (i), let
By = {u€ Hy(Q),|lulls <o}, 9B, ={ue Hj(Q),|uly =0},
which is a complete metric space endowed with the distance
dist(u,v) = [lu —v|ly for u,v € B,.

According to Lemma we have that £(u)|gp, > B > 0. It is obvious that £(u) € C1(B,,R)
and £(u) is lower semicontinuous. Hence, £(u) is bounded from below on B,. In fact, following
the same approach as in the proof of Theorem there is a function n(x) € C3(2) such that

/ h(z)|n|? dz > 0.
Q

An application of (H3) yields

k
g(z,r)r > 517"2

for every |r| small enough and a.e. = € Q, which implies

1
G(z,r) :/ g(x,vr)rdv > %rz
0

for every |r| small enough and a.e. z € Q.
Given r > 0, we infer that

2 P
lim sup € (rn)r~P = lim sup (T—||77H§ - T—/ h(z)|n|P dz — / G(z,rn) dx)rfp
t—0 r—0 2 P Ja Q

2—p

t 1 kyr2—P
<timsup (5 3 - 2 / W) e — " / P dz) <.
r—0 2 P Jo 4 Q

We define

a = inf{&(u)|u € B,},
which implies & < 0. It follows from Proposition [2.6] that for each k > 0, there exists a sequence
{ug} such that

&< Eu) Sat

We now show that ||ux|ls < o for k large enough. Suppose, on the contrary, that ||ux|ls = o for
infinitely many k. For simplicity, we take ||ug|l9 = o for every k > 1. An application of Lemma

yields that
E(ug) > B >0.
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Taking k& — oo, we obtain the inequality 0 > & > 8 > 0, which leads to a contradiction. Indeed,
for arbitrary u € H3(Q) with |lully = 1, we define

W = U + ru,
for each fixed k£ > 1. Then it follows that
lwllo < llukllo +r,
which yields that wg € B, for 7 > 0 small enough. Hence,
E(wn) = E(ur +1u) = E(ur) — T |lull,

which indicates that
E(ug + ru) — E(ug) 1

& (u) = lim > ——
r—0t+ T

£ (up) = lim E(ug —ru) — E(ug) < 1
r—0+ T k

It follows that

1
€ ()| < £ =0,

E(ug) > a as k — oo,

which implies that {uy} is a (Ce)4 sequence. According to Lemmal[3.1] & fulfills the (Ce) condition.
Therefore, there exists a function u; € H3 (1) satisfying & (u;) = 0. So we conclude that u; is a
nontrivial weak solution of and E(up) = a < 0.

Using Lemma [2.5] the second critical point ug for £ can be found satisfying

E(uz) = inf max E(¢(r)),

$EB re(0,1)

where B = {¢ € C°([0,1], H3(Q)),$(0) = 0,¢(1) = e}. It follows that E(uz) > B > 0, which
completes the proof of Theorem [T.3]

3.4. Proof of Theorem We start by showing that £ fulfills the (Ce) condition under the
assumptions of Theorem

Lemma 3.2. Under the hypotheses of Theorem the functional € satisfies the (Ce) condition.
Proof. Let {u,} C H3(2) be a sequence that satisfies the (Ce), condition for a > 0,
E(up) =

and
(1 + |Junllo)E (un) — 0 as n — oco.
Thus, we obtain

(E (up),up) = Hun||§ — /Q h(z)|un|P dz — /Qg(x,un)un dz = 0,(1) (3.14)
and
E(un) = %HunH% - %/Qh(x)mn\”dz - /Q Gz, un) da = ¢+ on(1). (3.15)

Next, we demonstrate that the sequence {u,} is bounded in H3(f2). If not, there exists a subse-
quence (still denoted by {u,}) satisfying

lunllo — 00 asn — oco.
It follows from condition (H8) that, for arbitrary given ¢ > 0, there is a constant Ry > 0 satisfying
gz, m)r < (A +e)r? (3.16)

for every |r| > Ry and a.e. z € Q. An application of condition (H9) yields that for 0 < § <
ks — (1% — 1)||h]|co, there is a constant Ry > 0 such that

g(x,r)r —2G(z,r) > (ks — §)|r|? (3.17)
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for every |r| > R and a.e. x € Q. Let R = max{R1,Ra}, and assume that

D, ={z € Q,|u,(x)| >R}, D,={zxecQu,(z) <R}
It follows from the definition of D,, and h(x) € L*°(Q) that we can find a constant a;s > 0
satisfying
[ h@lunlar < as. (3.18)
Dy

In addition, employing the continuity of ¢ and GG, we obtain that there is a constant a3 > 0 such
that

|/D (9(x, un )y — 2G(2,up)) dz| < anz. (3.19)

According to (3.14) and (3.15)), we infer that

2 P — .U x
2 +0,(1) = (1- ) /Q h(@)unl? da + /Q (9(, wn ) — 2G (2, 0,)) da.

Based on (3.18)) and (3.19)), it follows that

2 » 2
et on)2 (1= 2) [ h@al?dr (1)

+ / (9(x, up)up — 2G(x, uy)) dz — ass.

n

Therefore, we can find a constant ay4 > 0 satisfying
2
o > (1-25) / h(z)|u,|P dz —|—/ (9(z,un)un — 2G(x, uy)) dz.
p° Jp, D,
From (3.17), we deduce

2
o= (1=2) [ h@unpdot [ (- Sl do
D,

n

2
> (1= 2) bl + 15 =0) [ funP s

n

As (1- %) Ih]|oo + k5 — & > 0, we have that there is a constant a5 > 0 satisfying

/ |un P dz < ags. (3.20)
Dy

It follows from the definition of D,, and g € C(€2 x R,R) that there is a constant a;g > 0 such
that

’/ 9(x, Uyt dx‘ < aig.
Dn
Owing to (3.14), we derive

Junlls = 0aV) = [ B@unl? @+ [ ) o

: ¢ (3.21)

< ||h‘|ooa15+0412+0516+/ g(x, uy)u, dz.
Dn

An application of (3.16) yields

/ g(x, up)u, doe < (A + 6)/ u? dz.
D,

D,

Because p < 2, we can choose t = ¢ (e=2N__ ¢ (0,1) satisfying 1 = % + %. Combining

N—6)p—2N
Hélder’s inequality and (3.20)), we obtain

2(1—r) r(N—6) 2(1—1)

/uidxﬁ(/ \un|pdx) ! (/ |un|%dx) " <aps? Junl*an
D D D LN=6

n n n
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Utilizing the Sobolev embedding theorem, we find that

2(1—7)
/ W2 de < S%ays7 [un]2
D,

2(1—mr)
Letting aq7 = (A +€)S* ;57 , and based on (3.21]), we conclude that
unll5 — 0n(1) < [|hllsots + o1z + 16 + arr|u |3

It follows from r < 1 that the assumption is invalid. Therefore, we obtain that {u,} is bounded
in H3(9).

Given that g(x,r) is subcritical according to condition (H2), and employing the compactness
of the Sobolev embedding and the same approach as in the proof of Lemma [3.1] we have

Up, —u  in H3(Q).

Therefore, £ fulfills the (Ce) condition. O

It follows from Lemma[2.3|that the mountain geometrical structure exists. Then, an application
of Lemma yields that £ satisfies the (Ce) condition. Consequently, by a similar method as in
Theorem [I.3] we obtain two nontrivial solutions.

3.5. Proof of Theorem First we prove a relevant lemma.
Lemma 3.3. Under the hypotheses of Theorem the functional £ satisfies the (Ce) condition.

Proof. Suppose that the sequence {u,} C H3j(Q) satisfies the (Ce), condition for a positive
constant a,
E(up) =
and
(1 + |Junllo)E (un) — 0 as n — oco.
It follows that

(& (un), un) = ||unl|? — /Q h(z)|u,|? dz — /Qg(m,un)un dz = 0,(1) (3.22)
and
1 1 P _
E(uy) = §||un||129 5 /Q h(z)|un|P dz — /Q G(z,up)dz = c+ on(1). (3.23)

Next, we prove that the sequence {u,} is bounded in H3(f2). Suppose, for contradiction, that
there exists a subsequence (still denoted by u,,) such that ||u,|9 — +00 as n — oco. According to
(H2), for every € > 0, one can find Ry > 0 satisfying

glx,r) <elr)® (3.24)

for each |r| > Ry and a.e. z € Q. In view of assumption (H11), for 0 < § < kg, the re is a constant
R> > 0 such that

g(z,m)r —2G(x,r) > (k¢ — 0)|r|" (3.25)
for each |r| > Rq and a.e. x € Q. Let R = max{R1,R2}, and define

D, ={x € Q,|Jup(x)] >R}, D,={xecQ|u,(z)] <R}
It follows from the definition of D,, and h(z) € L°°(£) that there is a constant a;g > 0 such that

/D h(z)|un|P dz < ais. (3.26)
Furthermore, using the continuity of g z:nd G, we can find a constant aj9 > 0 such that
‘ /D (g(z, up)un — 2G(z,uy)) dx‘ < aqg. (3.27)
According to and (3.23)), \jve derive

2 P — T, U T
2+ 0,(1) = (1- ) /Q B unl? de + /Q (9(, wnYn — 26 (2, u,)) do.
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Based on (3.26)) and (3.27)), it follows that
2 2
e+ 0a(1) 2 (1= )bl [ funl? dot (1= 2 )ans
p D p

n

+ /D (9(z, un)ty — 2G(z,uy)) dz — aqg.

n

An application of (3.25) yields that there is a constant agy > 0 such that

azo > (1—f)||h< >||OO/D Iunl”dx+/ (ks — 6 unl* da.

n

It follows from Holder’s inequality that

p/K
a2 (L= elDal' 5 ([ ol az)™ 5 [ ks =

Owing to % >1, ks —6 > 0and 2 <1, there is a constant az; > 0 such that

/ [un|® de < ag. (3.28)

n

Utilizing the definition of D,, and g € C(£2 x R,R), one can find a constant asy > 0 satisfying
!/ 9(2, un)un dz| < ags.
D'Il
From ([3.22)), we deduce that
llwnll3 — on(1) = / h(z)|un|P dz —|—/_ g(x, up)u, dz +/ g(x, up)u, de
Q D, D

n

< llooSP Jun || da + oo +/ gz, up)u, dz.

n

Substituting € < 1 into (3.24)), it follows that

/g(x,un)undxg/ |, |1 daz.
D, Dy

Considering that & cls—1) <y +6s < s+ 1, we divide the discussion into the following two cases.

Case 1: k> s+ 1. Applying Holder’s inequality, we have

N—-6

N6
/ |un|1+s dr < (/ ‘un|n d:L') 2N (/ |un|2N(1+§\?:éN+6)n d:L') N .
D, D, Dy,

Owing to the fact that k >

s, we obtain

2N(1+s)— (N +6)k - 2N
N -6 N -6’

N+6

which implies

/ |, M4 da < (/ |un|"dx) ’
D D

n n

N—

6 N+6
([ 1ual#5a0) ™ < gt Shuall.
D

n

+6

Therefore,
ltal3 = 0a(1) < llsoSP unllh + Cis + 0™ Sllua o,
which yields that ||u,|l¢ < C.
Case 2. ¥ (s—1) <k <s+1. As kK < s+ 1, one can choose r € (0,1) satisfying
I 1—s+(N—6)r
s+1 & 2N
An application of Holder’s inequality yields

r(s+1)(N—6)

A-r)(s+1)
/ | [T da < (/ |un\”dx) " (/ |t | F70 dx) 2N
Dn D D

n n
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A—r)(s+1)
<ay - ST(SJrl)HUn||:9(S+1).

Then it follows that

(A—r)(s+1)
13 = 0n(1) < [AllooSP lunlhy + Ca 4 agy = 8"l 5.

Since k > & (s — 1) implies 7(s + 1) < 2, this contradicts our assumption. It follows that {u,} is
bounded in H3().

Given that g(z,r) is subcritical according to condition (H2), and employing the compactness
of the Sobolev embedding and the same approach as in the proof of Lemma [3.1] we infer that

Up — u  in H3(Q).
Therefore, £ satisfies the (Ce) condition. O

It follows from Lemma [2.3] the existence of the mountain geometrical structure. Hence, an
application of Lemma yields that & satisfies the (Ce) condition. Consequently, by a similar
method to the one in Theorem we can obtain two nontrivial solutions.

Remark 3.4. We believe that the results in Theorems are also valid for the higher-order
elliptic equation

(=A)™u + QA" Mt e Au = h(x)|u|p_2u + g(z,u) in Q,
u=Au=---=A""1y =0 on 0Q,

where m > 2 is a positive integer, (—A)™(-) = —A((=A)™"1(-)) denotes the polyharmonic
operator; Q C RN (N > 2m+1) stands for a smooth bounded domain; ¢; € R fori € {1,2,...,m—
1}. But we can not verify them right now.

Acknowledgments. This work is sponsored by the National Natural Science Foundation of
China under Grant 12371112, and by the Beijing Natural Science Foundation, China under Grant
1232021.

REFERENCES

[1] A. Abdrabou, M. El-Gamel; On the sinc-Galerkin method for triharmonic boundary-value problems. Comput.
Math. Appl. 76 (2018), 520-533.
[2] Y. An, R. Liu; Ezistence of nontrivial solutions of an asymptotically linear fourth-order elliptic equation.
Nonlinear Anal. 68 (2008), 3325-3331.
[3] R. Backofen, A. Rétz, A. Voigt; Nucleation and growth by a phase field crystal (pfc) model. Philos. Mag. Lett.,
87 (2007), 813-820.
[4] M. Badiale, E. Serra; Semilinear Elliptic Equations for Beginners: Existence Results via the Variational
Approach, Universitext, Springer, London, 2011.
[5] J. W. Barrett, S. Langdon, R. Niirnberg; Finite element approximation of a sizth order nonlinear degenerate
parabolic equation. Numer. Math., 96 (2004), 401-434.
[6] T. Bartsch, T. Weth, M. Willem; A Sobolev inequality with remainder term and critical equations on domanins
with topology for the polyharmonic operator. Calc. Var. Partial Differential Equations, 18 (2003), 253-268.
M. Benalili, H. Boughazi; On the second Paneitz-Branson invariant. Houston J. Math., 36 (2010), 393-420.
E. Berchio, A. Farina, A. Ferrero, F. Gazzola; Fxistence and stability of entire solutions to a semilinear fourth
order elliptic problem. J. Differential Equations, 252 (2012), 2596-2612.
9] S.-Y. A. Chang; Conformal invariants and partial differential equations. Bull. Am. Math. Soc., 42 (2005),
365-393.
[10] M. Cheng, J. A. Warren; An efficient algorithm for solving the phase field crystal model. J. Comput. Phys.,
227 (2008), 6241-6248.
[11] P. G. Ciarlet; Mathematical elasticity Volume II Theory of Plates, Elsevier, 1997.
[12] H. Chen, M. Feng; Positive solutions of biharmonic elliptic problems with a parameter. Anal. Math. Phys., 14
(2024), 1.
[13] Y. Chen, P. J. McKenna; Traveling waves in a nonlinear suspension beam: theoretical results and numerical
observations. J. Differential Equations, 135 (1997) 325-355.
[14] J. Davila, L. Dupaigne, K. Wang, J. Wei; A monotonicity formula and a Liouville-type theorem for a fourth
order supercritical problem. Adv. Math., 258 (2014), 240-285.
[15] F. Ebobisse, M. O. Ahmedou; On a nonlinear fourth order elliptic equation involving the critical Sobolev
exponent. Nonlinear Anal., 52 (2003), 1535-1552.
[16] I. Ekeland; Nonconver minimization problems. Bull. Amer. Math. Soc., 1 (1979), 443-474.

7
8



20

Q. WEI, X. ZHANG EJDE-2025/86

17] L. C. Evans, Partial Differential Equations. 2nd Edition, American Mathematical Society, 2010.
Y.
[18] M. Feng; Positive solutions for biharmonic equations: existence, uniqueness and multiplicity. Mediterr. J.

Math., 20 (2023), 309.

[19] M. Feng, H. Chen; Positive solutions for a fourth order elliptic problem: Ezistence and nonexistence. Electron.

J. Differential Equations, 2023 (2023) no. 52, 1-16.

[20] M. Feng, Y. Lu; Positive solutions for a fourth order elliptic problem: Ezistence, uniqueness and nonezistence.

Proc. Indian Acad. Sci. (Math. Sci.), 134 (2024), 38

[21] M. Feng, Y. Lu; Triple positive radial solutions arising from biharmonic elliptic systems. J. Fixed Point Theory

Appl., 26 (2024), 42.

[22] M. Ferrara, S. Khademloo, S. Heidarkhani; Multiplicity results for perturbed fourth-order Kirchhoff type elliptic

problems. Appl. Math. Comput., 234 (2014), 316-325.

[23] N. Ghoussoub; Duality and Perturbation Methods in Critical Point Theory. Cambridge University Press, 1993.
[24] D. Gilbarg, N. S. Trudinger; Elliptic Partial Differential Equations of Second Order. Springer-Verlag, Berlin,

1998.

[25] Z. Guo; Further study of entire radial solutions of a biharmonic equation with exponential nonlinearity. Ann.

Mat. Pura Appl., 193 (2014), 187-201.

[26] Z. Guo, Z. Liu, F. Wan; Asymptotic expansions for singular solutions of conformal Q-curvature equations. J.

Geom. Anal., 32 (2022), 193.

[27] C. P. Gupta; Ezistence and uniqueness theorem for the bending of an elastic beam equation. Appl. Anal., 26

(1988), 289-304.

[28] S. Heidarkhani; Ezistence of mon-trivial solutions for systems of fourth order partial differential equations.

Math. Slovaca, 64 (2014), 1249-1266.

[29] S. Hu, L. Wang; Existence of nontrivial solutions for fourth-order asymptotically linear elliptic equations.

Nonlinear Anal., 94 (2014), 120-132.

[30] S. Kubiesa, H. Ugail, M. J. Wilson; Interactive design using higher order pdes. Vis. Comput., 20 (2004),

682-693.

[31] R. Leylekian; FEzistence of an optimal shape for the first eigenvalue of polyharmonic operators. Calc. Var.

Partial Differential Equations, 64 (2025), 78.

[32] C. Liu; A sizth-order thin film equation in two space dimensions. Adv. Differ. Equ., 20 (2015), 557-580.
[33] X. Liu, Y. Huang; On sign-changing solution for a fourth-order asymptotically linear elliptic problem. Non-

linear Anal., 72 (2010), 2271-2276.

[34] Y. Liu, Z. Wang; Biharmonic equations with asymptotically linear nonlinearities. Acta Math. Sci., 27B (2007),

549-560.

[35] A. Mareno; Mazimum principles and bounds for a class of fourth order nonlinear elliptic equations. J. Math.

Anal. Appl., 377 (2011), 495-500.

[36] V. G. Mazya, G. M. Tashchiyan; On the behavior of the gradient of the solution of the Dirichlet problem

for the biharmonic equation near a boundary point of a three dimensional domain. Sib. Math. J., 31 (1990),
970-983.

[37] Y. Pu, X. Wu, C. Tang; Fourth-order Navier boundary value problem with combined nonlinearities. J. Math.

Anal. Appl., 398 (2013), 798-813.

[38] E. D. Silva, T. R. Cavalcante; Fourth-order elliptic problems involving concave-superlinear nonlinearities.

Topol. Methods Nonlinear Anal., 59 (2022), 581-600.

[39] A. Tagliabue, L. Dede, A. Quarteroni; Isogeometric analysis and error estimates for high order partial differ-

ential equations in fluid dynamics. Comput. Fluids, 102 (2014), 277-303.

[40] W. Wang, A. Zang, P. Zhao; Multiplicity of solutions for a class of fourth elliptic equations. Nonlinear Anal.

[41]
42]
(43]
44]
(45]

[46]
[47]

70 (2009), 4377-4385.

X. Wang, J. Zhang; Existence and regularity of positive solutions of a degenerate fourth order elliptic problem.
Topol. Methods Nonlinear Anal., 59 (2022), 737-756.
Y. Yang, J. Zhang; Ezistence of solutions for some fourth-order nonlinear elliptic problems. J. Math. Anal.
Appl., 351 (2009), 128-137.
J. Zhang, S. Li; Multiple nontrivial solutions for some fourth-order semilinear elliptic problems. Nonlinear
Anal., 60 (2005), 221-230.
G. Zhang, S. Liu; Some existence results for a class of fourth order elliptic equations with nonsmooth potential.
Rocky Mountain J. Math., 40 (2010), 1729-1743.
J. Zhang; Infinitely many nontrivial solutions for a class of biharmonic equations via variant fountain theo-
rems. Electron. J. Qual. Theory Differ. Equ., 9 (2011), 1-14.
J. Zhang, L. You; Fast surface modelling using a 6th order pde. Comput. Graph. Forum, 23 (2004), 311-320
J. Zhou, X. Wu; Sign-changing solutions for some fourth-order nonlinear elliptic problems. J. Math. Anal.
Appl., 342 (2008), 542-558.

QIFAN WEI

SCHOOL OF MATHEMATICS AND PHYSICS, NORTH CHINA ELECTRIC POWER UNIVERSITY, BEIJING 102206, CHINA

Email address: weiqifan0924@163.com



EJDE-2025/86 SOLUTIONS TO TRIHARMONIC PROBLEMS

XUEMEI ZHANG
SCHOOL OF MATHEMATICS AND PHYSICS, NORTH CHINA ELECTRIC POWER UNIVERSITY, BEIJING 102206, CHINA
Email address: zxm74@sina.com

21



	1. Introduction and main results
	2. Preliminaries
	3. Proof of main results
	3.1. Proof of Theorem ??
	3.2. Proof of Theorem ??
	3.3. Proof of Theorem ??
	3.4. Proof of Theorem ??
	3.5. Proof of Theorem ??
	Acknowledgments

	References

