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ALMOST AUTOMORPHIC SOLUTIONS TO NON-AUTONOMOUS
DYNAMIC EQUATIONS WITH STEPANOV-LIKE ALMOST AUTOMORPHIC
FORCING TERMS ON TIME SCALES

FENG-XIA ZHENG, HONG-XU LI

ABSTRACT. In this article, we generalize the concept of Stepanov-like almost automorphic func-
tions on time scales and present some properties including the composition theorem. Based
on it, some results on the existence and uniqueness of almost automorphic solution to non-
autonomous dynamic equations with Stepanov-like almost automorphic forcing terms on time
scales are established. In our results, we do not need to assume the uniform Lipschitz con-
dition of the nonlinear forcing term and do not need to assume that the Green’s function is
Bi-automorphic directly. Finally, an application to Lasota-Wazewska model on time scales is
provided.

1. INTRODUCTION

The theory of time scales was introduced by Stefan Hilger in his PhD thesis [14]. This theory
unifies continuous and discrete analysis, which is a powerful tool for applications in population
models, economics, quantum physics among others [2, [7, @] 16l 17, 29]. The study of dynamic
equations on time scales can avoid proving results twice. It can also be applied to investigate
continuous-discrete hybrid process.

Li and Wang [I9, 20] introduced the concept of almost periodicity on time scales and after
that, the concept of almost automorphy on time scales was introduced by Lizama et al. in [24].
Furthermore, many generalized types of almost periodicity and almost automorphy have been
introduced on time scales, such as pseudo almost periodic function and pseudo almost automorphic
function. The almost automorphic and almost periodic type solutions to dynamic equations on
time scales have been widely investigated (see, e.g., [I, 15, 2] 23] 25 26, B0, BI, B2] and the
references therein).

In 2015, Wang and Zhu [22] introduced Stepanov-like almost periodic functions on time scales
avoiding Bochner transform. Then Tang and Li [27] introduced Stepanov-like almost periodicity
on time scales by using Bochner-like transform and based on it, some results on the almost periodic
solutions to the following non-autonomous semilinear dynamic equation

u®(t) = A(t)u(t) + f(t,u(t)), teT, (1.1)

were presented, where T is a time scale and the nonlinear term is Stepanov-like almost periodic.
Furthermore, Tang and Li [28] studied the Stepanov-like pseudo almost periodic functions on time
scales, with applications to dynamic equations with delay. Subsequently, Es-saiydy and Zitane
[13] extended this to weighted Stepanov-like pseudo almost periodicity on time scales, applying
it to some classes of nonautonomous dynamic equations involving weighted Stepanov-like pseudo
almost periodic forcing terms on time scales. On the other hand, [24] established the results on
the almost automorphic solutions to dynamic equation , where the nonlinear term is almost
automorphic. Es-saiydy and Zitane [I1] introduced Stepanov-like (pseudo) almost automorphic
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functions on time scales by using Bochner-like transform and based on it, some results on the
pseudo almost automorphic solutions to the semilinear dynamic equation

uA(t) = Au(t) + f(t,u(t)), teT,

were obtained, where A is the generator of a Cy-semigroup and the nonlinear term is Stepanov-
like pseudo almost automorphic and continuous. However, we note that the convergence in the
definition of Stepanov-like almost automorphy on time scales is uniform, which does not include the
case of T = R. Lots of papers using this definition, such as [10, [12]. In addition, the composition
theorems are established under uniform Lipschitz condition.

Motivated by the above works, in this paper, we investigate the existence and uniqueness of
almost automorphic solution to dynamic equation , where the nonlinear term is Stepanov-like
almost automorphic. We generalize the concept of Stepanov-like almost automorphic functions on
time scales including the case of T = R by using pointwise convergence, and present some basic
properties for Stepanov-like almost automorphic functions on time scales. Especially, we construct
the composition theorem of Stepanov-like almost automorphic functions. Then combining the
composition theorem and the Banach fixed point theorem, some results on the existence and
uniqueness of almost automorphic solution to dynamic equation with Stepanov-like almost
automorphic nonlinear term are established without assuming the uniform Lipschitz condition
for the nonlinear forcing term. In addition, we do not assume that the Green’s function is Bi-
automorphic directly.

The paper is organized as follows. In Section 2, we present the concepts and properties of
almost automorphic and Stepanov-like almost automorphic functions on time scales. In Section 3,
we prove the composition theorem of Stepanov-like almost automorphic functions. Some sufficient
conditions on the existence and uniqueness of almost automorphic solution to dynamic equation
with Stepanov-like almost automorphic nonlinear term are given in Section 4. Finally, we
provide an application in Section 5.

2. PRELIMINARIES

Let T be a time scale. The forward and backward jump operators o,p : T — T are defined by
o(t) :=inf{s € T: s >t}, p(t) :=sup{s € T : s < t}, respectively. The graininess p : T — [0, 00)
is defined by p(t) := o(t) — ¢. Points that are called right-scattered, left-scattered and isolated
if o(t) > t, p(t) <t and o(t) >t > p(t), respectively. Points that are called right-dense, left-
dense and dense if o(t) = t, p(t) = t and o(t) = t = p(t), respectively. For a,b € T, we define
[a,br := {t € T,a <t < b}, [a,b)r := {t € T,a <t < b}. Denote T¥ = T — m if T has a
left-scattered maximum m. Otherwise, T*¥ = T. Moreover, we assume that (X, |- ), (Y] - ||) are
two Banach spaces.

Definition 2.1 ([5, [6]). (i) A function f : T — X is said to be rd-continuous if it is right
continuous at each right-dense point, and there exists a finite left limit at all left-dense points.
Denote by C4(T, X) the space of all such functions.

(ii) A function f : T — X is said to be continuous if it is continuous at each right-dense point and
each left-dense point. Denote by C(T, X)) the space of all such functions.

Definition 2.2 ([5,[6]). (i) A function p: T — R is said to be regressive if
1+ u(t)p(t) #0, te Tk

We denote by R = R(T) = R(T, R) the space of regressive and rd-continuous functions.
(ii) A matrix-valued function A : T — R™*™ is said to be regressive if

I+ u(t)A(t) is invertible, t € T*.

Denote by R = R(T) = R(T, R"*™) the space of regressive and rd-continuous matrix-valued
functions.

Let p,q € R(T,R). p® q and ©p are defined as follows:
(p® q)(t) := p(t) +q(t) + u(t)p(t)e(t), teT",
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—p(t) k
ep)(t) = ——————, teT".
DO = T onm
Clearly, (R(T, R),®) is an Abelian group. For more details, see [5] [6].
Definition 2.3 ([5,[6]). Let f: T — X and t € T*. f2(¢) (provided it exists) is said to be the
delta derivative of f at ¢ if for any € > 0, there is a neighborhood U of ¢ such that
I1f (o) = f(s)] = AW (t) = s]ll < |o(t) —s], s € U.

If u is delta differentiable, then u(o(t)) = w(t) + p(t)u™(t).

We remark that the definition of A-integrable functions on T is similar to normal Lebesgue
integration, and all the theorems of normal Lebesgue integration theory are also true for A-
integrals on T. For more details, see [3| 4} 5] 6, 8]. We denote by L} (T, X) the space of all locally
LP A- integrable functions.

Definition 2.4 ([I9, 24]). A time scale T is said to be invariant under translations if
MI:={a€eR:stacT,secT}+# {0}
Lemma 2.5 ([27]). Let T be a time scale invariant under translation and K := inf{|a| : a €
II,a # 0}. Then
K=0«< T=R,
K>0 < T#R,

q_ /B T=R
 |KZ, T#R.

In the following, we always let T be a time scale invariant under translation.

Definition 2.6 (|24]). An rd-continuous function f : T — X is said to be almost automorphic
(abbrev. as a.a.) if for any sequence {£],}22; C II, there exist a subsequence {&,}52; of {£,}52,
and a function f such that

lim f(t+¢&,) = f(t)

n—00

is well defined for all ¢t € T, and B
lim F(t— &) = £(1)
n oo
for all t € T. We denote by AA(T, X) the space of all such functions.

Definition 2.7 ([22]). Let 1 < p < oo. A function f € L} (T, X) is said to be Stepanov-like
bounded (abbrev. as SP-bounded) if

1/ 1/p
sup | = f s)||IPAs < 00,
(¢ o, )

1, T=
]C p— b R,
K, T+#R,
with K defined in Lemma We denote by BSP(T, X) the space of all such functions, equipped

with the norm ) Y
P
fllsp :=sup —/ f(s)||PAs :
I9lsr i=sup ([ Wr@lras)

Definition 2.8. A function f € BSP(T, X) is said to be Stepanov-like almost automorphic (ab-
breviated as SP-a.a.) if for any sequence {£/,}52, C II, there exist a subsequence {&,}>2; of
{&,}52, and a function f € LY (T, X) such that

loc

. 1 i
lim (E /WWT 1£(s + &) = Fs) As) —0,

where

) ~ 1/p
Jm ([ 16— = f1ras) ™ =0
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for all t € T. We denote by SPAA(T, X) the space of all such functions.

Remark 2.9. (i) Definition is different from [I0, 11} 12]. In fact, the convergence in the
definition of Stepanov-like almost automorphy on R is pointwise (not uniform). So our Definition
2.8l includes the case of T = R.

(ii) f € BSP(hZ) if and only if f € I°°(hZ). Indeed, we note that K = h if T = hZ. Then

1 1/p
sw (5 [ Ielras) " = swp 0] < .
[t,t4h)z tehz

tehZ

(iii) f € SPAA(hZ,X) if and only if f € AA(hZ,X). Indeed, if f € SPAA (hZ,~X), for any se-
quence {&,}5° , C II, there exist a subsequence {&,}5°; of {¢/,}°° , and a function f € L (hZ, X)

loc
such that
1 ~ 1/p
G [ s+g)=Fepas) " o
[t,t+h)T

as n — 0o. Then ||f(t+&,) — f(t)] = 0 as n — oo since
(G [ Ie+e) - F@iras) " =15 +&) - fol. 21)
b ity

Similarly, we deduce that ||f(t — &,) — f(t)|| = 0 as n — oo if

G [, V=g smpas)” ~o

as n — oo for each t € hZ. Conversely, if f € AA(hZ, X), we can deduce that f € SPAA(hZ, X)
in view of (2.1)).

Definition 2.10. A function f : T x X — Y is said to be SP-almost automorphic in ¢ € T for
each x € X if for any sequence {&],}5°, C II, there exist a subsequence {£,}52; of {£/,}52; and a
function f(-,x) € LY (T, X) such that

loc

~ 1/
lim (—/ ||f(s+£n,x)—f(s,g;)\|PAs) p:O for (t,x) € T x X,
K Jitt410)s

) 1 - 1/p
i (g [ = o)~ fen)lPas) =0 for (tn) € T X.
[t,t—HC)q]-

We denote by SPAA(T x X,Y) the space of all such functions.

Definition 2.11. For each compact subset K C X, a function f : T x X — Y is said to be
SP-almost automorphic in ¢ € T uniformly in « € K if for any sequence {£,}72; C II, there exist
a subsequence {&,}5°; of {¢/,}5°, and a function f(-,z) € L¥ (T, X) such that

loc

1 < 1/p
lim (—/ sup || f(s+ &n, ) — f(s,aj)”PAs) =0 forteT,
IC [t

n—00 A+K)p zEK
i 1 7 1/p

im (5 [ swllfts - gue) — £, 01as) =0 torvem

n—=00 \KC J11 44K)r e K

We denote by SPAAK (T x X,Y) the space of all such functions.

Lemma 2.12. The following statements hold:

(i) Let f: T — X be a.a. Then f is bounded.

(ii) Let {f»} be a sequence of a.a. functions such that lim,,_, fr(t) = f(t) converges uniformly
fort € T. Then f is a.a.

(i) Let f: T — X be a.a. and ¢ : X — Y be a continuous function. Then the composition
function po f: T =Y is a.a.

(iv) Let f,g: T — X be a.a. Then fg defined by (fg)(t) = f(t)g(t) is a.a.

(v) Let f: T — R be a.a. and f #0 on T. If% is bounded, then % is a.a.

(vi) Let f: T — X be a.a. and g : T — X is SP-a.a. Then fg is SP-a.a.
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Proof. (i)-(v) have been established in [24]. It remains to prove (vi). Since f is a.a. and g is
SP-a.a., for any sequence {&},}52, C II, there exist a subsequence {&,}52; of {£],}22; and two
functions f, g such that

lim f(t+ ) = f(t) forteT,

~ (2.2)
lim f(t—¢&,) = f(t) forteT,
n—0o0
1 1/p
lim (— / llg(s + &) — g(S)HPAs) =0 forteT,
n— oo ’C [t,t+l€)’ﬂ‘ (2 3)
1 1/p '
lim (— / lg(s —&n) — g(s)||pAs) =0 forteT.
n— oo [t,t+’c)’ﬂ‘

Using Minkowski’s inequality, we have

! TRV 1/p
(E /[mm 1f(s +&)g(s + &) — F(9)3(s) As)
1 F0 N A ([P 1/p
S(K[;H%|uw+50fw»mgnAg
! ~ p 1/p
+ (E /WK)T 1£s + &) (gls + &) = 3(s))|72s)
= In + Jn.

Notice that I, < 2|f]loollglls»- By Lebesgue’s dominated convergence theorem and ([2.2)), we
obtain

i 1, (g [ i 7+ 60— F6)ae)Pas) =0 forie,
[t

n— oo ,tJrIC)T n—oo

Using ([2.3]) and the boundedness of f, we obtain

n— oo n—oo

. . 1 . 1/p
lim J, < lim (—/ llg(s +&n) — g(5)||pAs) [fllo =0 forteT.
K Jit i)
Thus,

n—oo

- /P
lim (é/{mm ||f(s+§n)g(s+£n)—f(s)g(s)HpA5>1 —0 forteT.

Similarly, we can show that

n—oo

i l Fro o B » 1/17:
i ([ 1= &its — &) — Fg1as) T =0 torte

That is, fg is SP-a.a. O

3. COMPOSITION THEOREM

Lemma 3.1. Let K C X be compact and f € SPAA(T x X,Y) with f the limit function in
Definition[2.10, Assume that f satisfies the hypothesis

(A1) There exists a nonnegative scalar function L € SP AA(T, R) with L the limit function in
Definition 2.8 such that

£t z) = ft, )l < L@z —yl, zyeX, teT. (3.1)
Then for z,y € K, t € T and a.e. s € [t,t + K)r,
1£(s,2) = F(s,0)ll < L(s)]lz — yl,

where L € BSP(T, R).
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Proof. Since f € SPAA(T x X,Y) with f the limit function in Definition and L € SPAA(T)
with L the limit function in Definition it follows that for any sequence {{;,}72, C II, there
exists a subsequence {&,}52, of {£/}52, and two functions f, L such that

n—oo \ JC

. 1 ~ » 1/p
lim (— 1f(s+ &) — f(s,2)] As) =0 for (t,z) e Tx X,
[t,t4+KC)r

~ 1/
lim (l/ IL(s + &) — L(s)||ms) "0 forteT.
[t,t+K)T

n=ro0
Thus

nl;néo f(s+&n,x) = f(s,z) for (t,x) € T x X and ae. s € [t,t+ K)r, (3.2)

nh_)rr;o L(s+¢&,)=L(s) forteTandae. s€l[tt+K)r. (3.3)

Then for 2,y € K, t € T and a.e. s € [t,t + K)r, we have

1£ (s, )= F(s,9) | < N1F(s,2) = F(s+ & )|+ |1 f (54 nr @) = F(s+En ) | + 11 F(5,9) = (s +En, w)]-
Taking limits as n — oo on the above inequality, by (3.1)), (3.2) and (3.3]), we obtain that

1f(s,2) = F(s,9)]l < lim_L(s + &)z — ]l = L(s)]lz — .

Moreover, by (3.3)) and Fatou’s Lemma, we obtain for ¢ € T,

1 - 1
- |L(s)|[PAs = — I im L(s + &n)|[PAs
K Jit.t410)0 K Jiriye - nee
1
- — liminf ||L(s + &,)||PAs
C [t,t+K) n—oo
1
< liminf = / |L(s + &) As
n—oo [t,t+K)T
< |ILl%»,
which means that L € BS?(T, R). -

Lemma 3.2. Let K C X be compact and f € SPAA(T x X,Y). Assume that condition (Al) in
Lemma/[3.] holds. Then f € SPAAK(T x X,Y).

Proof. Since f € SPAA(T x X,Y), for any sequence {&;}72; C II, there exist a subsequence
{&n}22, of {&,}22, and a function f: T x X — Y such that

n=1

n—oo

lim (%/ [ f(s 4 &, x) — f(s,2)||PAs Big)/? =0 for (t,z) € T x X. (3.4)
[t,t-‘rK:)'ﬂ'

Thus

lim f(s+&n,x) = f(s,z) for (t,z) € T x X and a.e. s € [t,t+ K)r,
n—oo

Moreover, by Lemma there exists a nonnegative scalar function L € BSP(T, R) such that for
all z,y € K, t € T and a.e. s € [t,t + K)rT,

1 (s.2) = f(s,9)ll < L(s)|lz — yll. (3.5)

For € > 0, there exists a finite subset {z;,7 = 1,2,...,k} such that K C Ule B(z;,€), where
B(z;,e) denotes a neighborhood with x; € K as the center and ¢ as the radius. Let t € T, by
(3.4), there exists an integer N = N (t,¢) such that

! z 1/p
(% /W,C]T 15 + €ns i) = F(s,m0)[PAs) < e/k (3.6)
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forn > N, i=1,2,...,k. Let z € K, there exists ¢ € {1,2,...,k} such that x € B(x;,¢).
Combining (3.5) and (3.6), under condition (Al) in Lemma we obtain that for n > N and
a.e. s € [t,t + K)r,

sup ||f(8 +€n7$) - f(S,iU)H
rzeK

< sup || (s + &, x) = f(s+ &y )| + sup | f(s,25) — f(s, )| + max [ f(s + &, i) — fls,0)]
xeK reK RS

k
< L(s +&)e + L(s)e + ) 1 (s + &y i) — f(s,2).

i=1
(3.7
Since
1 1/
(—/ IIL(s + §n)5\|pAs) 3 <||L||gre forn €N,
K Jitt4x)s
1 ~ 1/p -
(2 [ 1epas)” < | Llse,
[t,t4+/C)7
1 b ~ 1/p k
(—/ ZHf(s—i—fn,xi)—f(s,xi)||pAs) §Zs/k‘:5 for n > N,
K [tt+)r ;=1 i=1
we deduce from (3.7) that for n > N,
1 ~ 1/p -
(IC / sup || f(s + &n, x) — f(S’x)HpAS) < (ILlls» + [ Lllse + 1)e,
[tt+K)r 2€K
which implies
i (¢ [ £+ &no2) — Fls)?as) " =0 forteT
im (— sup ||f(s + &n,x) — f(s,x s = or .
n—oo \ [t,t+K)r z€K
Similarly, we obtain
i (¢ [ sw s~ g - £0s oPas)” =0 fortert
n—oo \ JC [t,t+K)r z€EK " ’ '
That is f € SPAA(T x X,Y). 0

Theorem 3.3. Let f € SPAA(TxX,Y) and condition (A1) in Lemmal[3.1| holds. Ifx € AA(T, X),
then f(-,z(-)) € SPAA(T,Y).

Proof. From condition (A1) in Lemma [3.1] it follows that
17z lse < A1FC2()) = FC0)se +(1F(50)se
< Lllsellzlloo + 1F (5 0)lsr < oo

That is, f(-,z(:)) is SP-bounded. Since z € AA(T, X), for any sequence {£)/}2° ; C II, there exist
a subsequence {¢&/,}°2 ; of {£/}22 ; and a function & such that

li_)m z(t+¢,)=2(t) forteT,
. ~ /
Jim 2 (t = &)

Let K = {x(t):t € T}, then K is compact and (t) € K for t € T. By Lemma we have
feSPAAK(T x X,Y), and a subsequence {&,}52; of {£,}52, and a function f such that

(3.8)

x(t) forteT.

i 1 ; 1/p
o (7/ sup || f(s +&n, ) — f(&x)”pAS) =0 forteT,
K [t t+K)r z€K (3 9)

~ 1/
lim (l/ sup Hf(s—fn,x)—f(s,x)HpAs) 20 forteT.
]C [t

A+ €K
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Let t € T, by Minkowski’s inequality and Lemma we have

(]é/[ttﬂc) [f(s+&n,x(s+ &) — f(s,j(s))”pAs)l/p

<(f [0, Mot Gunto &) - floats + c)lPas)

+ (% /[t . 1f(s, (5 + &n)) — f(s,j(s))HPAS)l/p

F /p
- <’1C /[t,tMC)T 5161}1; 1 (s + &n, ) = f(3’$)||pAs>1
: L ~ 1/p
# (i [y, PO+ &) a6l s)
=+ In.

Notice that I,, < 2||z|/e||L||s». By Lebesgue’s dominated convergence theorem and (3.8), we
obtain

lim 1, < (ilc/[t lim LP(s)||(x(s + &) — :z(s))ums)l/p —0.

n— oo 7t+K:)'[r n— oo

Meanwhile, (3.9) implies lim,,_, o J, = 0. That is,

lim (% /[\t’t{»)c)—[ ||f(3 +€n71'(5 + gn)) - f(S,i’(S))HpAS)l/P =0 forteT.

n—oo

Similarly, we obtain

. 1 ~ ~ 1/p
Tim. (’C/[mm 175 = €nri(s = &) = S(s,2(s))[[PAs) " =0 for t € T.

Therefore, f(-,z(-)) € SPAA(T,Y). O

Remark 3.4. We note that to get the composition theorem we do not assume the uniform
Lipschitz condition. Instead, we use condition (A1) with a Lipschitz coefficient function L(t).

4. A.A. SOLUTIONS

Now we consider the non-autonomous dynamic equation
uB(t) = A(t)u(t) + f(t,u(t)), t € T. (4.1)
We first recall some concepts which will be used to obtain our main results.

Definition 4.1 ([5,[6]). Let p € R(T, R). The exponential function is defined as

»(t,s) = exp /fM(T) AT) s,t €T,
with
Llog(1+ zh), h#0,
En(z) = {Z 8 b7

where Log is the principal logarithm function.

Lemma 4.2 ([5,[6]). If p € R and ¢,s,7 € T, then
(i) ep(t t)=1.
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Lemma 4.3. Let a > 0, g > 1 be two constants and t,s € T. Then

(1) (e@a(tv S))q < €o(qa) (t, 3), t>s.
(i) Fort > o(s), 2,5, Fj(t) is uniformly convergent. Moreover,

—eaen\1/
oS Gl WO
J - 1

etk _1\1/q
j>1 1—(1+qak)—1/4 ( qo ) ;T 7é R,

1/q
where F;(t) = (f[t_j,c,t_(j_l);cﬁ(eea(t,U(S)))QAS) ‘
(ili) Fort < o(s), >2;51 Ej(t) is uniformly convergent. Moreover,

1 1—e22\1/q B
Spo<{toln ) . T8
721 1—(14+qak)—1/4 ( qo ) ) T# R7

1/a
where E;(t) = (Lf[t+(j_1)K,t+jK)T(e@a(o(s),t))qu) .

Proof. (i) If () =0, for 7 € [s, t]T,

(ecal(t,s))? = exp (q /:(—a)AT) = eo(qa)(t; ).

If u(t) # 0, for 7 € [s, t]T, according to the definition of exponential function, we have

(ecalt,s))? = exp (/ét u(qT) log(1 + M(T)(@Oé))AT)

< oxp ([ s tos(1 + ) (©(a0) )

= e@(qa) (t, 8).

1/q
(ii) Let F;(t) = (f[tfle tf(j71))c)T(€9a(t"7(5)))qu) . If T = R, by a simple computation,
we obtain

ZFj(t) = _1e_a (1 - efqo‘)l/q.

Q
> q

If T+#R,since o(t) <t+K,teT,

exp (/:HC % log(1 + u(T)qa)AT)

p(7)

is decreasing in u(7) € [0,K],7 € [t,t + K], then according to the definition of exponential
function, we have

eogalt,t+ K) =exp (/HK u(lT) log(1 + u(T)(@qa))AT)

t
S exXp (/ © g,u(’r):O(eqooAT)
t+

= ek,
Also, since

exp ( - /:K ﬁ log(1 + u(T)qa)AT)
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is increasing in u(7) € [0,K], 7 € [t,t + K], according to the definition of exponential function,
we have
|

iy o8l () (200 )

es(qa)(t,t — K) = exp ((/t

! 4.3
< exp (/ fu(‘r):lC(@qa)AT) ( )
t—K
= (14 qak)™ "
Using that eg4a)(t — jK,t = (j — 1)K) = eg(qa) (t; 1+ K) ([28, Lemma 4.5]), we deduce from (4.2)
that

Co(ga) (t = K.t = (j = DK) < et* (4.4)
Moreover, by Lemma [4.2] (iii) and (4.3), we have
(g (t,t — JK) = (ea(qa)(t + K, 1)) < (14 qak) ™. (4.5)

Combining (£.4) and (4.5, by (i) and Lemma[£.2] (iii) and (v), we obtain
1/q

ZFj(t) < Z (/ es(qa) (t, U(S))As)
>1 j>1 [t—ikt—(—-1))r

_ean: 4)1/(]

= Z (1@(T.¢)(1 + qa/C)_]

Jjz1

1 edk _ 1\ 1/q
z (=
1—(1+qgak)-1t/a

The proof of (iii) is similar to that for (ii); we omit it. O

qo

Definition 4.4 ([I9, 24]). Let A : T — R™ ™ be a rd-continuous matrix-valued function, and
X (t) be a fundamental matrix of the homogeneous equation of (4.1):

u®(t) = A(t)u(t), t € T. (4.6)

We say that (4.6) has an exponential dichotomy with parameters («, ¢, P) if there exists a projec-
tion P, which is commutable with X (¢), and two positive constants ¢, & such that

ceounl(t,o(s)), t>o(s), t,seT,
16 o)l < {ceiia(s;g, t< UES;, t,s i T, (4.7)
with
Gt o(s) = {X(t)PX—l(o(s)), t>o(s),
—X(t)(I - P)X Yo(s)), t<o(s).
The matrix G is called the Green’s function of .
IftP=1, is exponential stable with parameters (o, ¢, I) which means
|U(t,0())| < ceonlt,o(s)) forallt>o(s), t,s €T,
where U (¢, 0(s)) = X(t) X (o (s)).
Definition 4.5 ([24]). If v : T — R" satisfies

ut) = [ Glt.o(o)f(suls)as, teT
T
with G(t,0(s)) defined as (4.8), then u is called a solution of (4.1).

Definition 4.6. A rd-continuous function G : T x T — R™*" is said to be Bi-almost automorphic
(abbreviated as Bi-a.a.) if for any sequence {£/,}22; C II, there exist a subsequence {£,}>2 ; of
{&,15%; and a function G such that

n=1
lim G(t+&n,s+6,) =G(t,s), lim G(t — &,y s — &) = G(t,s)
n— oo n—00
for all (¢,s) € T?. Denote by BAA(T x T, R"*™) the space of all such functions.

(4.8)
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Remark 4.7. Let G(t,s) = g(t — s) for some rd-continuous function g : T x T — R™*", then it
is easy to verify that G € BAA(T x T, R™*™).

Now we present some results on a.a. solutions to . We use the following assumptions:

(A2) A e R(T,R™™"™)N AA(T, R™*™) such that {(I —|— wu(t)A(t))~t : t € T} is bounded.
(A3) (4 ) has an exponential dichotomy with parameters (o, ¢, P).
(A4) { is exponentially stable with parameters (o, ¢, I).

(A5) f € SPAA(T x R",R"™) and satisfies condition (A1) in Lemma [3.1]

Remark 4.8. Assume that (A2) and (A3) hold. Then G(t,0(s)) is Bi-a.a. Indeed, if A is a
rd-continuous matrix-valued functions, then A is A-integrable. By [24] Theorems 4.6,4.7.4.8],
X (t) and X ~1(t) are continuous which yields that X (¢)X ~!(o(s)) is rd-continuous in t, s, that is,
G(t,o(s)) is rd-continuous. This together with [24] Lemma 5.5] leads to the conclusion.

Lemma 4.9. If f € SPAA(T,R") (1 < p < o0) and there is a Bi a.a. function G(t,o(s)) such
that (4.7) holds, then the function

u(t) = /TG(t,a(s))f(s)As

belongs to AA(T, R™).
Proof. Let

g<t)=/( | Gtol) )85, teT

X(t):/[t : G(t,o(s))f(s)As, teT.

Then u(t) = o(t) + x(t),t € T. We only prove o(t) € AA(T, R"), since x(t) € AA(T, R™) can be
obtained similarly. Let

5,0 = [ G(t,0()f(3)As,
[t—iKt—(—-1)K)
for each t € T and j = 1,2,3,.... Then o(¢t) = 2121 ¢;(t). Now we can complete the proof by

the following 3 steps.
Step 1. We prove that o(t) = Zj>1 ¢;(t) is uniformly convergent on T. Let ¢ > 1 be such that

% + 2 = 1, using Holder inequality, it follows that for t € T, j € {1,2,3,...},

lo; (0 < /[ e, eI LI A5
t—gK,t—(j T

1/q
o/ (centtatsyas) ([ 17(s) )
[t=iKt=(G—1)K)r [t—iKt=(G—1)K)r
1/q
o [ (conlt,o())125) " KY7) fl5r
[t—iKt=(—1)K)r

By Lemma (ii), we know that

1/p

IA

IA

q 1/q
/ (cenlt.o(s))"As)
>1 [t—jKt—(j—1)K)r

JZ

is uniformly convergent. Then we deduce that o(t) = >, ¢;(t) is uniformly convergent.
Step 2. We prove that ¢ is rd-continuous on T. Let ¢t € T be any right-dense point. For any
sequence {t + h,,} C T such that h,, > 0, h,, — 0 as m — oo,

Indeed, for j = {1,2,3,...}, we deduce from (4.7)) that
165 (t + hm) — ¢5(0)]|
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- H/ G(t+ b, 0(s))f(s)As
[t—(G—D)Kt+hm—(G—-1)K)r

‘/ _ Gt hm,a(s) f(s)As

[t—GKC,t+hm —jK)T

+/ _ , (G(t-i-hm,a(s))—G(t,a(s)))f(s)ASH
t—iK,t—(G—1)K)r

5 as+e [ I (s) s

< C/
[t—(G—1)Kt+hm—(G—1)K)r [t K t+hm =)

+“/ (Gt hsa(s) = Gt 0(5)) f(5)As|
[t=iKt=(G=1)K)x

=18 + 12+ T
Note that

1/p
i< ent/o( [ 1£)PAs) " < el ) s
[t—=G =D t+hm—(G—1)K)r

by using Holder inequality. So we have I}, — 0 as h,, — 0. Similarly, we have 12, — 0 as h,, — 0.
Now we show that J,,, — 0 as h,, — 0. Since G(¢,0(s)) is Bi-a.a., then G(t, o(s)) is rd-continuous.
Thus

|G(t 4 hm,o(s)) — G(t,0(s)))]| =0
as h,, — 0, which yields
(G (t + b, 0(s)) = G(t,0(5))) f(s)| = 0 (4.9)
as h,, — 0. From , it follows that
[(G(t + him,0(s)) = G(t,0(s))) f(s)| < 2| f ()], t,s €T.
Then

T < 20 / 1£(s)llAs < 26K £ 150
[t—iKt—(j—1)K)r

By Lebesgue’s dominated convergence theorem and 7 we obtain J,, — 0 as h,, — 0. That
is, ¢; is right continuous for each right dense point ¢ € T. Similarly, we can prove that the left
limit of ¢; exists at each left-dense point ¢ € T. So ¢; is rd-continuous for t € T, j =1,2,3,....
Therefore, the uniform limit o = > i>1 ®; is rd-continuous on T.

Step 3. We prove that ¢ € AA(TJ%"). Since f € SPAA(T,R") and G € BAA(T x T, R"), for
any sequence {t/,}5% | C TI, there exist a subsequence {t,}22; of {t/,}°° | and two functions f,G
such that

(6] Wltat9)=Flras) " =0 asn o
[t,t+K)r (410)

1 5 1/p
(2] W=t = slras) " =0 asn o
IC [t’t+’C)T

for each t € T. And

—G(t,o(s))]]| =0 asn— oo, (4.11)
—G(t,o(s))]]| =0 asn— oo,

|Gt + tn,o(s) +tn)
||C¥(t —tn,0(8) —tn)
for each t,s € T. Let j € {1,2,3,...}. We set

&:(t) = / Glt,o(s))f(s)As, teT.
[t—iKt—=(G-1)K)r
Then using that o(s +t,) = o(s) + t,, ([25, Lemma 3.3]), we deduce from (4.7)) that

16t + 1) — &5 ()]l < / IG(t + tn, o(s) + ) (f(s +ta) = f(s)] As

[t—iK,t=([G—1)K)r
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+ / 1(G(t + a0 (s) + 1) — G(t,o(s))) F(s)]| As
[t—gKt—(G—-1)K)r
<e / 17(s + ta) — F(3)]1 As
[t—gKt—(G—1)K)r

+/ (G (t+ tn, 0(s) + tn) — G(t,0(5))) f(s)[|As
=K 4=~ 1K)z
1 ~ 1/p
<ek(g [ 1F(s 4 1) — Fl)P2s)
=K 4=~ 1K)z
+/ (G(t+ tn, 0(s) + tn) — G(t,0(5))) f(s)[|As
[t=iK,t=(G—-1)K)r
=1, + Jy.
Using (4.10]), we obtain I, — 0 as n — oo for t € T. From (£.7) and (4.11)), it follows that
(Gt +tn, 0(5) + tn) — G(t,0(5))) f(s)]| < 2¢l| F(s)]]-
Then
1< | I£(s)14s < 26K .
[t—iK,t=(G-1))r

By Lebesgue’s dominated convergence theorem and , we obtain J, — 0asn — oo fort € T.
Thus
5 (t +tn) — 6 (t)]| = 0
as n — oo for ¢t € T. Similarly, we can easily get that
165 (t = tn) = 6;(t)]| = 0O
asn — oo fort € T. That is, ¢; € AA(T, R") for j = 1,2,3,.... So the uniform limit o = ., ¢;

is almost automorphic by Lemma (ii). O
Theorem 4.10. Assume that (A2)—(A4) hold. If
2c —lij_ema2\—1/q
(1—6*"‘ ) ( a ) ’ T= R’
IL]ls» < ! (4.12)

(14gak)~Ha41 ¢(e?2F —1)\ -1
<1—(1+q0¢7C)—1/‘1 qa ) , T 7& R,

where zl) + % =1, then equation (4.1)) has a unique a.a. solution given by

u(t) = /TG(t,U(s))f(s,u(s))As, teT (4.13)

with G(t,0(s)) defined in (4.8).
Proof. Let u € AA(T, R"). From (A5), it follows that f(-,u(-)) € SPAA(T, R™) by Theorem [3.3
From [27, Theorem 3], we know that

uB(t) = A{t)u(t) + f(t), teT (4.14)
has a unique solution satisfying . Consider operator I" defined on AA (T, R™) as

(Tu)(t) = /qr G(t, () f(s,u(s))As, teT.

By Remark we know that G(t,0(s)) is Bi-a.a. under conditions (A2) and (A3). Then we
deduce from Lemma (.9 that
I': AA(T,R™) — AA(T, R").
If T = R, by using Hélder inequality and Lemma (ii) and (iii), we obtain that for any u,v €
AA(R, R"™),
t

ITu(t) = To@)] < / ce” | f(s,u(s)) — f(s,0(s))llds

— 0o
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[ e I )~ fsyo(s) s
t
t o0
< c(/ e =) L(s)ds + / e_o‘(s_t)L(s)ds> lu — v]|0o
— 00 t

t—k+1
= CZ/ e =) L(s)ds||u — v||s

=1tk
t+k
+CZ/ e~ =D L (5)ds|lu — v]mo
k>1 7tk
t—k+1
< ([ e s - vl
i1 Ntk
t+k 1/q
+eY / e=0=0ds) Ll o fu — o]
k>1 t+k—1
2c

1 —e 9%\ 1/q
<——( ) IElsell = vl, e R
—e qo

If T # R, by using Holder inequality and Lemma (i) and (iii), we obtain that for any u,v €
AA(T, R™),

IPut) - ot
<[ ceoaltot)IF e u(s) - TS

(—o0,t)r

# [ ecaulo(e) 0l (s.u(s) = Fls.0() 145
gC(Alumkeeaaﬂns»Lu»As+1A;wﬁeeaw(@,@L@gAs)Wi_v|w
=c eoal(t,o(s))L(s)As||lu — v|s

g;[;ﬂﬁ%FhmTe<t<>><> Ju ol

te / con(0(5), ) L(s)As]lu — v]lmo
i>1 t+(G -1 t+5iK)r

1/q
<> (/ (ecalt.o())25) KV Lo fu — vl
=7 MKt (G- DK

j>1

1/q 1
+c (eea(a(s)vt))qA'S) KP(Ll|se |lu = vlloo

jzl A*F(jl)/C,tﬁ*j’C)T
_ (L4 gak) Va4 Le ek —1)
11— (1+qak)"Y4

[Lllsellu = vlloo, €T

Hence, the mapping I' is a contraction by assumption (4.12)). By Banach fixed point theorem, I
has a unique fixed point in AA(T, R"). Thus equation (4.1)) has a unique a.a. solution. O

If (4.6) is exponentially stable, from the proof of Theorem we obtain the following result
immediately.

Corollary 4.11. Assume that (A2), (A3), (A5) hold. If

(=) (=) T=R,
||L||Sp < 1 c(eqo"C_l) 1 T R
1—(14+qakK)—1/4 qo ) ’ 7& ’
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where ]% + % =1, then equation (4.1)) has a unique a.a. solution given by

u(t):/(_ ) U(t,o(s))f(s,u(s))As, teT.

Remark 4.12. (i) Theorem shows that we extend the result of [24, Theorem 6.3]. With-
out assuming the uniform Lipschitz condition of the nonlinear forcing term, the existence and
uniqueness of almost automorphic solution to dynamic equation with Stepanov-like almost
automorphic nonlinear term are established in our results. Moreover, we do not need to assume
that the Green’s function is Bi-a.a. directly in view of Remark

(ii) Comparing with [27, Theorem 4] and [28, Theorem 4.10], based on Lemma the con-
traction conditions in Theorem and Corollary are different.

5. APPLICATION
Consider the following Lasota-Wazewska model on time scales:
uB(t) = —Bu(o(t) +n(t)e MO, teT, (5.1)

where u represents the number of red blood cells, § > 0 is the rate of death of a red blood cell,
while > 0 and v > 0 are the parameters related to the rate of production of a red blood cell.
For more details about this model, see [I§].

If p € R, then the dynamic equation u®(t) = p(t)u(t) is called regressive.

Lemma 5.1 ([5]). Let u®(t) = p(t)u(t) be regressive and ty € T. Then ey(t,to) is a solution to
the initial value problem

u?(t) = p(t)u(t), wulto) =1

on T.

Lemma 5.2. Let 8: T — R such that B = infier 3(t) > 0. The equation
u®(t) = (SB)(t)u(t) (5-2)

is exponential stable.

Proof. Let X (t) be a fundamental matrix of (5.2). It is clear that X (t)X~1(s) = egp(t,s) by
Lemma [5.1] If p(7) = 0, for 7 € [s, ]r,

t t
eos(t,s) = exp ( - / 5(7’)AT> < exp ( - / éAT) = eeé(t, s).
If () # 0, for 7 € [s,t]r, by Definition [.1} we have

eon(t,s) = exp / ﬁlog(l—!—u(T)(@ﬁ)(T))AT)

<o ( [ s os + ar)©)7)

7)
= egp(t,s).
So
X)X o(s))| < ecp(t,o(s)) forallt>o(s), t,s€T.
That is, admits exponential stable with parameters (8, 1,1). O

Theorem 5.3. Suppose that 3, are positive a.a. with 3 = inficr B(t) > 0, F = sup,cpy(t) > 0,
1 is positive SP-a.a. for 1 <p < oco. If

—1 _e—aB8\—1
(1_i—ﬁ) (1 qp ) /q’ T= Ra

1 (X _1)\—1
(17(1+q§16)*1/q aB ) , T#R,

Inlls»7 <
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where ]% + % =1, then equation (5.1)) has a unique a.a. solution given by

u(t) = / eop(t,s)n(s)e VU As t e T.
(=o0,t)r

Proof. Using the formula u(co(t)) = u(t) + u(t)u®(t) and the definition of ©4, (5.1]) can be trans-
formed into the equation

WP (1) = (©B) (Hult) + ——

- - —y(t)u(t)
e et

By a simple computations, we have
1
1+ p(t)(eB8)(t) = EOED)

That is, ©8 € R(T, R). Note that u is non-negative a.p. (|24, Theorem 3.4]). By Lemma
(iv)-(v), it is easy to get that ©f is a.a. since 3 is positive a.a. Moreover, {(1 + u(t)(©8)(t)) " :
teT}={1+pu()p(t) :teT}is bounded. That is, ((A2) holds. Then it follows from Lemma
b2 that

>0

u®(t) = (©B)()u(t)

is exponential stable with parameters (3, 1,). That is, (A4) holds.
Let f(t,u) = mn(t)e’“t)“. Since 8, p and v are a.a. and 7 is SP-a.a., by Lemma [2.12

(iii)-(vi), we deduce that

f(-,u) € SPAA(T, R).
and

|f(t’u) - f(t,v)\ < L(t)|u - Ul
with L(t) = Wﬁ(th(t). Clearly, L € SPAA(T) by Lemma [2.12 (iii)-(vi). That is, (A5)
holds. Moreover,
ILllse < [|mlls»7-

Thus all conditions of Corollary are satisfied, which yields that equation has a unique
a.a. solution given by

wh= [ eostto@g

L+ p(s)B(s)

= [ st
(—o0,t)T

n(s)e*V(S)"(S)As

O
Example 5.4. Consider the equation
uA(t) = — (2.1 + sin(v3))u(o (1)) + n(t)e” T1TeosV20)u®) -y e, (5.3)
with
n(t) = {0.25| sin mL te(n—0.02n+0.02),ne Z,
0, otherwise.

Obviously, B(t) = 2.1 + sin(v/3t) and y(t) = 1.1 + cos(V2t) are positive a.a. with g = 1.1 > 0,
5 = 2.1 > 0, n is positive SP-a.a. for p = 2. Note that ||n||s»7 < 0.05%2.1 = 0.105. If T = R, then

q =2 and
1 ~1/1—e B\ ~1/q
%10494> Y.
(17(3@) ( 25 ) s>y

IfT=Z7then K=1,¢g=2and

1 (e98% 1)\ -1
~ 0.1209 p7y.
(1 —(1 +qﬁ]c)—l/q 4B ) > |Inlls»7

By Theorem equation (5.3]) has a unique a.a. solution (see Figures [l| and .
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