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VARIATIONAL AND NUMERICAL ASPECTS OF A SYSTEM OF ODES
WITH CONCAVE-CONVEX NONLINEARITIES

OSCAR AGUDELO, GABRIELA HOLUBOVA, MARTIN KUDLAC

ABSTRACT. We study a Hamiltonian system of ordinary differential equations under Dirichlet
boundary conditions. The system features a mixed (concave-convex) power nonlinearity with a
positive parameter A. We show multiplicity of nonnegative solutions for a range of the parameter
A and discuss the regularity and symmetry of nonnegative solutions. Besides, we present a
numerical strategy aiming at the exploration of the optimal range of A for which multiplicity
of positive solutions holds. The numerical experiments are based on the Poincaré-Miranda
Theorem and the shooting method, which have been lesser explored in the context of multiple
positive solutions of systems of ODEs. Our work has been motivated by the results in Ambrosetti
et al. in [4] and Moreira dos Santos in [I8].

1. INTRODUCTION
We study the system of ordinary differential equations (ODEs for short)
—u” = N[ to + [P~ in (0,1),
—v"” =|u/T 'y in (0,1)
with Dirichlet boundary conditions
u(0) =u(l) =0 and v(0)=v(1)=0. (1.2)

Here A is a positive parameter and the exponents p, ¢ and r are assumed to satisfy
1 1
0<r<- and p>max{l,-}. (1.3)
q q

Systems of equations such as those in appear in the study of population dynamics, fluid
dynamics and stellar structure in astrophysics. Related systems of equations have been explored
since the nineteenth century to study for instance the density of a gas sphere (see e.g. [13] 24]).

System features concave-convex polynomial nonlinearities. When 0 < r < 1 < p, the
nonlinearity in the first equation of is concave near the origin and convex at infinity. When
0 < g <1 < r, the nonlinearity in the first equation of stays convex while concavity appears
in the second equation of . We refer the reader to [I1] for the study of qualitative properties
and the classification of radial solutions to some problems related to 7 which appear in the
modeling of thermal structures of static configurations, and in which the transfer of energy takes
place entirely by thermal conduction. The nonlinearities in [11] involve concave and convex terms,
accounting for heat radiation and heat generation, respectively.

In [, the authors study existence, nonexistence and multiplicity of nonnegative solutions of
the single equation

—v" = X|" to 4 [w[P~ v in (0,1) (1.4)
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with Dirichlet boundary conditions

v(0) =v(l) =0 (1.5)
and with respect to the nonnegative parameter A, assuming that 0 < r < 1 < p < 4+00. Actually,
the study in [4] treats mainly the higher dimensional case, where technical issues related to the
non-compactness of certain Sobolev embeddings arise. In [I8], the author studies system —
exclusively in higher dimensions. The spirit of the results in [I§] is similar to the one in
[]. In [I8], the range of values A for which existence and multiplicity of positive solutions of
(L3)-(T.2) hold, is not optimal and we remark that the techniques in [I8] differ from the ones in
[]. In [2], the authors discuss the existence of minimal solutions for a related Hamiltonian system
of equations. Nonexistence of solutions is also discussed. We refer the reader to the surveys [16]
and [28] and references therein for a description of some of the known results related to systems
of differential equations and the techniques used to treat them.

Motivated mainly by [4] and [18], we explore in dimension one the existence and multiplicity
of nonnegative classical solutions of (L.I)-(1.2) with respect to the parameter A\. By a classical
nonnegative solution of (L.I)-(1.2) we mean a pair (u,v) of functions such that u,v € C%(0,1) N
C[0,1], u,v > 0in (0,1) and (1.1 and being satisfied point-wise. Our main result reads as
follows.

Theorem 1.1. There exists a positive constant Ay such that for any X € (0, \o), system (L.1)-(1.2)
possesses at least two distinct nontrivial nonnegative classical solutions.

We now explain briefly the strategy of the proof of Theorem Based on the method of
reduction by inversion (see e.g. [14, 23]), and proceeding as in [18], we reformulate (L.I)-(L.2)) as
a single fourth order ODE with Navier boundary conditions (see BVP (3.3)-(3.4)). This fourth
order BVP has variational structure (for the corresponding energy functional see (3.6))). Following
partly the approach in [4], we apply the Ambrosetti-Rabinowitz Mountain Pass Theorem and a
local minimization argument to the associated energy functional to prove the existence of two
distinct solutions for sufficiently small A (see Propositions and respectively).

We remark that in contrast with the fibering method used in [I8], this variational approach
easily adapts to study existence of nonnegative solutions of BVP of the type — with more
general nonlinearities. For instance, one may consider nonlinearities with similar mixed polynomial
growth, but such that this feature does not come from autonomous terms. For the sake of clarity
and emphasis of the main ideas in our exposition, we work directly with the BVP (L.1)-(L.2).

In addition to discussing existence and multiplicity of classical solutions, we prove the regularity
of weak solutions of the associated fourth order BVP (see BVP — and Proposition and
provide a lower estimate of the optimal value of \g. We finish our theoretical discussion by using
the method of moving planes to prove symmetry of the solutions of - (see Proposition
51).

Although we use quite standard functional analytical tools, the nonlinear terms in require
a fine and careful treatment. Due to the techniques and restrictions of the Sobolev embeddings
used in [I8], the results concerned with existence of solutions for the higher-dimensional version
of system do not directly translate into the one-dimensional setting. Nonetheless, as in [I8],
the variational techniques used in this work do not provide the optimal quantitative information
concerning the range of values A for which existence and multiplicity of nonnegative solutions hold
true. Its analytic description (depending on the parameters p, ¢, r) remains to be open. In this
regard, recently in [3] the authors explore the theoretical aspects of the questions posed herein,
but for a slightly more general system of equations.

Thus, we further explore this matter using a numerical implementation motivated by a com-
bination of the standard shooting method and the heuristics of the Poincaré-Miranda Theorem.
One of the first numerical explorations in this direction is carried out in [27], where a basic im-
plementation of the shooting method is developed to study BVPs mainly for linear systems of
equations. On the other hand, relying on different versions of the Intermediate Value Theorem,
the shooting method has been greatly exploited to study multiplicity of sign-changing solutions of
BVPs in different contexts. In this regard, we refer the reader to [8 @] 10} 12 [15] and references
therein.
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To the best of our knowledge, this strategy has been rarely explored to study multiplicity of
positive solutions of systems of the type — and hence we believe the numerical illustration
presented in Section [ is a novel, insightful and versatile approach that easily adapts to more
general systems of ODEs.

In particular, in line with the statement of Theorem [I.I] we obtain a bifurcation diagram
showcasing the dependence of the L*°(0,1)-norm of the v-component of a solution of —
with respect to the parameter A (see Figure [1f).
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FIGURE 1. Bifurcation diagram for the parameter A\. Here, p = 3, ¢ = 3/2,

r=1/3

Borrowing some terminology from the Bifurcation Theory, our results suggest the following:
there exists Apis > 0 such that for A € [0, Api¢) there are at least two solutions — a stable one vy
and the unstable one v*. At the point of bifurcation A = Ay, the solutions vy and v* coincide.
We remark that, as shown in [2] Theorem 1.3], when 0 < r < % < 1 < p, there exists Ay € (0, 00)
such that for any A > Ag system has no nontrivial nonnegative solutions. It is expected that
the smallest of such Ag coincides with Apit.

This article is organized as follows. Section [2]introduces preliminary results and notion required
in subsequent sections. In Section [3| we set the functional analytic framework to study problem
-. This section also discusses the regularity of solutions. To carry out the proof of the
main result, Sections 4| and [5| provide existence of two weak solutions of the fourth order BVP (see
—) via the Mountain Pass Theorem and a local minimization argument for the associated
energy functional (see ), respectively. Section |§| deals with compactness properties of approx-
imating sequences of solutions, namely, the Palais-Smale condition. The proof of Theorem is
carried out in Section [7] Section [§]is devoted to the proof of Proposition describing symmetry
of the solutions. The last section presents various numerical illustrations with detailed description
of our numerical strategy.

2. PRELIMINARIES

Let s € [1,00] and let I be a bounded open interval. In what follows, L*(I) denotes the Lebesgue
space of measurable functions w : I — R endowed with the norm

(Jylwlds)™", s € [1,+0),
[wlls 1) =
esssup,es |w(z)|, s=+4o0.

When I = (0,1) and for k € N, we also consider the Sobolev space W*:*(0, 1), which consists
of all functions u € L*(0,1) such that for any i € {1,...,k} the i—th weak derivative of u, u(*),
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belongs to L*(0,1). The space W**(0,1) is endowed with the norm
k
Ls(0,1) T Z [ ll 25 (0,1)-
i=1
Recall that the Sobolev space W##(0,1) is a Banach space. Furthermore, W#*(0, 1) is separable
for s € [1,00) and reflexive for s € (1,00) (see [I, Theorems 3.3 and 3.6, p. 60-61]).
Let s > 1 and let W,*(0,1) denote the closure of C!(0,1) in W*(0,1) with respect to the
norm |[.|[w1.5(0,1)- A convenient description of the space Wy(0,1) is the following (see [7, Th.
8.12, p. 217)): for any u € Wh5(0,1),

u € Wy*(0,1) if and only if u = 0 on 1.

||UHW’€~S(0,1) = [|ul

Lemma 2.1 (Morrey’s inequality revisited). Ifu € W25(0,1) N Wy*(0,1), then

||UHL°°(O 1) > =(0,1)-

Proof. First, notice that if w € L*°(0, 1), then for any z,y € (0,1) with z < y, we estimate

[wllze @) = / |w]? ds < (y = )|l o a.)- (2.1)

Also, if w € W15(0, 1), then for any x,y € [0, 1] with 2 < y, w € WH*(2,y). Even more, from the
Morrey’s inequality (|20, Th. 4, p. 280)),

_1
w(y) —w(@)| < (y— )" |[w]| Lo (2p)- (2.2)
Finally, if w € W,7(0,1) with ¢ > 2, then, for any z € (0,1), (2.2) implies

w(@)]” < 27 Hw'l|fe g0 and |w@)]” < (1 =2)7Hw||Fo g0

Multiplying the left inequality by (1 — z)°~! and the right inequality by #°~! and adding these

terms yield
(1 =2)7 2771 Jw(@)|” < 211 = 2)7 || T .1
Applying Jensen and Arithmetic-Geometric mean inequalities, we obtain
1
lw(z)| < S llw'||Le0,1)- (2.3)
Now, let u € W?25(0,1) ﬂVVol’S(O7 1), s> 1. Thenu € Wol’U(O, 1) with any o > 2 and thus (2.2)),
(2.3), and Rolle’s Theorem (see [30} p. 215]) yield
1 1 1
[l (0,1) < §||u'||L0(0,1) < Slullzee o1y < 5llullzs0.1),
in other words the statement of this lemma. O

Next, let us fix ¢ > 0 and introduce
X = W2 (0,1) N W, K (o 1). (2.4)

Observe that u € X implies that u € Ca+1 0,1), w’ € L*T 7 (0 1) and u(0) = u(1) = 0.
It is readily verified using Lemma [2.1] that

et = ([ s an) ™

is a norm in X. From now on (unless stated otherwise), we endow X with this norm.

Remark 2.2. Notice that Lemma implies the following. If u € X, then for any s € (1, 0],
u € L*(0,1) and

1
o) < 5 lullx. (25)

Moreover, the linear embedding
i: X — L°0,1), i(u):=u (2.6)
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is continuous in X and [i| < 3.

Lemma 2.3. The normed space X has the following properties:

(a) the norms || - ||x and ||| , a+2 are equivalent in X,

w7 (0,1)

(b) the space X is Banach,

(c) the space X is reflexive,

(d) the space X is compactly embedded into C1[0,1].

Claims (a)—(c) are thoroughly proved in [25], the last property of X is obtained by iterating of

compact embedding of Wl’%(O7 1) into C10,1] (see [7, Th. 8.2, p. 204]).

3. FUNCTIONAL ANALYTIC SETTING

In this section we discuss several formulations of — and concepts of its solutions. Recall
that p, ¢ and r satisfy .

First of all, to capture nonnegative solutions, instead of working directly with -, we
consider the system

—u" = Avs)" + (v4)" in (0,1),
—v" =|u/T 'y in (0,1), (3.1)
u(0) = u(1) = v(0) = v(1) = 0,

where ¢4 := max{t,0} for t € R. Indeed, let u,v € C*(0,1) N C[0, 1] be such that the pair (u,v) is
a classical solution of , that is, all the identities in hold in point-wise sense. First notice
that if the pair (u,v) is not the trivial vector function (0,0), then both v and v are nontrivial.
Next, from the first equation in (3.I)), u is concave in [0,1]. Moreover, since u(0) = u(1) = 0, u
is nonnegative in [0,1]. Arguing in a similar manner with the second equation, using that u > 0
in (0,1), the same holds for v. In conclusion, any classical nontrivial solution (u,v) of is
such that u and v are positive in (0,1) and hence it is also a solution of (1.1)-(1.2]). Clearly, any
classical solution (u,v) of with w > 0 and v > 0 in [0, 1] solves also

Also, from the second equation in we have

u=—p"|i " € C?(0,1). (3.2)
Plugging (3.2) into the first equation in (3.1)), system (1.1)-(1.2]) reduces to the fourth order

equation

d2

= (I3 1") = A + 0% in (0,1) (3.3)
with the Navier boundary conditions
v(0)=v(1)=0 and ¢"(0)=2"(1)=0. (3.4)

A classical solution of (3.3))-(3.4)) is a function v € C2[0, 1] such that |v”|%_1v” € C?(0,1)NCI0, 1]
and (3.3)-(3.4) are satisfied point-wise. Observe that nonnegative classical solutions of system
(1.1)-(1.2) are in correspondence with classical solutions of BVP ([3.3])-(3.4)).

Besides the classical setting for solutions, we will use the concept of weak solutions. We consider
the space X defined in (2.4)). By a weak solution to (3.3)-(3.4) we mean a function v € X such
that for any ¢ € X,

1 1
/0 Wi W da = /0 (M7 +0h) pda. (3.5)
In the following statements we show that weak and classical solutions of BVP (3.3)-(3.4)) coincide.
Proposition 3.1. Ifv € X is a weak solution of (3.3))-(3.4), then v is also a classical solution of

B-3-B9.

Proof. Let v € X be a weak solution of (3.3)—(3.4). We write w := \v”ﬁ_lv” and h := Al + oY)
a.e. in (0,1). Observe that w € L971(0,1), h € C[0,1] and from (3.5)) for any ¢ € X

1 1
/ wy' do = / hpdz.
0 0
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Let w € C?[0, 1] solve the BVP
Ww'=h in (0,1), w(0)=w(l)=0.

We prove that w = w a.e. in (0,1). Once this is proven, we would conclude that |v”|%_1v” €
C?0,1].
To prove the claim, we write ¥ := |w — w|?"}(w — w) a.e. in (0,1). Since w € LIT1(0,1), we

have ¥ € L™ (0,1). Let ¢ € W™ (0,1) solve the BVP

P =10 in(0,1), (0)=p(1)=0.

Observe that ¢ € C[0,1] and from the boundary conditions for ¢ we find that ¢ € X. Using ¢
as a test function in (3.5)), we obtain

1 1
/ lw — w|Tdr = / (w—w)ddz (definition of ¥)
0 0
1
= / (w—w)y"dz  (choice of @)
0

1 1
= / we dz — / w"pdz  (integration by parts)
0 0

1 1
:/ hgodx—/ hpdz = 0.
0 0

Thus, w = w a.e. in (0, 1) and this proves the claim. Since v” = |w|? 1w in [0, 1], then v" € C0, 1].
Consequently, v € C2[0, 1]. This completes the proof. O

For an alternative proof of Proposition (under slightly stronger assumptions on the exponent
g, motivated by the arguments presented in [21I]), we refer the reader to [25]. The following
corollary is a direct consequence of Proposition [3.1}

Corollary 3.2. Let v € X \ {0} be a nonnegative (weak) solution of (3.3)-(3.4) and set v =
—|’U”“I YW a.e. in (O, 1). Then u,v € C?[0,1], u,v > 0 in (0,1) and the pair (u,v) is a classical

solution of (1.1 . — .

Summarizing the above results, classical nonnegative nontrivial solutions to — are in
correspondence with the nontrivial weak solutions of (3.3)-(3.4). As we have already announced,
we will use a variational approach to find them.

Let us consider the energy functional J : X — R defined by

1 1
= + — / [v"] Tdr - —— )\vfrl do — m/ ot da (3.6)
0

From Remark J is well-defined. It is also standard to verify that J € C(X) with

1 1
= / |v”|%*1v"gp”dx - / (M + o) pdz for v, ¢ € X. (3.7)
0 0

Thus, DJ(v) = 0 if and only if v is a weak solution of (3.3)—(3.4). We refer the reader to [25] for
details.
For convenience, we write J(v) as

A - 1
o r+1 ”U*”Ltil(o,l) H +||Lp+1(0 1) (3.8)

I = el

In the following sections, we examine the critical points of J.
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4. MOUNTAIN PASS SOLUTION

In this section, we use the Mountain Pass Theorem to show that for A > 0 small, f
has at least one solution. In what follows, X* denotes the topological dual space of X with the
topology induced by the norm in X. Recall that p, g, r satisfy .

First, we remark that the functional J satisfies the Palais-Smale condition (PS-condition for
short) in X, i.e., for any ¢ € R and for any sequence {u,}, C X such that

J(un) = ¢ and || DJ(up)||x+ — 0, (4.1)

there exists a subsequence {un, }x C {un}, that converges strongly in X (see e.g. [19]). The
detailed proof of this fact is postponed until Section [6]

Next, we verify that the functional J has the Mountain Pass geometry. That is the scope of
the following lemmas.

Lemma 4.1. There exist positive constants T and Mg = \o(T, p,q,r) such that for all X € (0, \g)
there exists C = C(T, p,q,r,\) so that for any v € X satisfying ||v||x =T, J(v) > C > 0.

Proof. Observe that for any v € X, vy < |[v] in (0,1). Using (3.8) and (2.5) from Remark [2.2] we
estimate

q o A +1 1 +1
J > 7 r+1 _ P
(U) = q+1||UHX 2r+1(7._|_ 1) HU”X 2p+1(p+ 1) HUHX
r+1 q %_7" A 1 p—r (42)
> ol (ol = s — g IR
q+1 2rtl(r+1) 2r+li(p+41)

Consider the function
1, 1
M= ot e
A direct calculation yields that
1_,_1(1—gqr -7
W(t)=ta 1( q+q1 - zpﬁ(pH
Using we find that the only two possible points of local extrema of h(t) are
2P (1 —qr)(p+ 1)\ 7aet
(¢+1)(p—r) ) '
Again, inequalities in yield h(0) = 0, lim;_, o h(t) = —o0, and ' is positive for ¢ < 1. Thus,
to is a point of global maximum of h and h(tz) > 0. We denote T := t5.
Let v € X satisfy ||v||x = T. Inequality for v now reads as

T > 0.

)t ) for t > 0.

t1:0 and t2:<

A
>TT+1(hT—7 . 4.
J(v) > ) = 51,571) (4.3)
We denote
1
Mo i= 27 (4 1) (LT - s T) = 2 (e (T 44
0 (T+ ) q+1 2p+1(p+1) (T+ ) ( ) ( )
and let A € (0, A). Setting C := (1 — 3-)T"+'h(T), we observe that
1 A
—ret (Lo 2 e A )
¢ (q—l—l ¥ (p+1) 2+ (1 1)
It follows from (4.3) and (4.4) that for v € X with |jv]|x =T,
J(v)>C >0,
which proves the claim. O

In what follows, T > 0 and A9 > 0 are the constants stated in Lemma Let By C X denote
the closed ball centered at the origin with radius 7', that is,

Br={ue X :||u||lx <T}.
Lemma 4.2. For any given A > 0, there exists e € X \ By such that J(e) < 0.
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Proof. Let ¢ € X be an arbitrary, but fixed function such that ¢ € 9By and ¢ > 0 in (0,1).
Using (3.8)), for ¢ positive
q o

a+1 A
J(tp) = ——t"a - Oyt
(t) = 5t el — St el

and from (1.3 we have

1

+1
fvril(O,l) - mthrl”(p”I[),erl(on (4'5)

lim J(tp) = —oc0.
t—o0
Therefore for a sufficiently large ¢ > 1, the function e := tp is such that e € X \ Br and
J(e) < 0. O
Now we are in a position to prove the existence of a first solution to (3.3)—(3.4).

Proposition 4.3. Let Ay > 0 be as in Lemma . For X € (0, \), there exists a nontrivial weak
solution v1 € X of (3.3)(3.4). Moreover, J(vy) > 0.
Proof. Observe that J € C1(X,R) and satisfies the PS-condition (see Section @ Also, J(0) =0

and from Lemma [1.1] for A € (0, Ay), infyepp, J(v) > C > 0. Finally, from Lemma [4.2] there
exists e € X such that |e||x > T and J(e) < 0. Let

c:= inf max J(v(s)),

where " := {y € C([0,1]; X) : 7(0) = 0 and v(1) = e}. The Mountain Pass Theorem (see [19]
Theorem 6.4.5] with F' = J and R = T) yields the existence of v; € X such that
Jwi)=c and DJ(vy)=0 in X" (4.6)

The definition of ¢ yields that J(vy) > C > 0. From (4.6), v; is a nontrivial weak solution of
(3-3)—(3.4). This completes the proof. O

5. LOCAL MINIMUM SOLUTION

We recall again that p,q,r satisfy . In this part we show that for A\ > 0 small enough,
(3-3)-(3.4) has a nontrivial second solution which is a local minimum for J near the trivial solution.
We use the notations and conventions introduced in Section [d] Let T', Ao and C be as in the
statement of Lemma [4.1] and recall that By is the closed ball in X centered at zero with radius T'.

Lemma 5.1. Let A € (0, \y). There exists v € X \ {0} such that ¥ € int By and J(0) < 0.
Proof. Let ¢ € X be an arbitrary, but fixed function such that ¢ € 9By and ¢ > 0 in (0,1).
Then, using ([4.5), for ¢ € (0,1) and A > 0,

_ gr+1 %77’ iq1 _ A r4+1 _ 1 p—r p+1 )
Tog) =17 (gt el = gl — gt el )

Since % >1r >0, A€ (0,A) and since T > 0 does not depend on A, we may select t = O(AT=a" )
small enough such that ¢ € (0,T) and J(tp) < 0. Finally, if we denote © :=t ¢, then ¢ € By and
J(0) < 0. This completes the proof. O

The existence of another solution is stated next.

Proposition 5.2. Let T' > 0 and Ao be as in Lemma . For all A € (0,)), there exists a
nontrivial weak solution ve € int By of (3.3)—(3.4). In addition, J(vs) < 0.

Proof. Consider the minimization problem

my = inf J(v). (5.1)

We claim that m) is attained. To prove this we proceed as follows. Recall that X is reflexive (see
Lemma and thus, using Kakutani’s Theorem (see [, Theorem 3.17, p. 67]), By is sequentially
weakly compact. It suffices to prove that J is sequentially weakly lower semicontinuous in Br.
Once this is proven, the existence of vy € Br such that J(v2) = my will follow from [29, Theorem
1.1], and the corresponding comments. In particular, m) € R. Also, Lemma and Lemma
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guarantee that vy € int By with J(v2) < 0. Consequently, vs is a nontrivial weak solution of
B3)-B-).

Now we prove the sequential weak lower semicontinuity of J in Br. Let {v,}, C Br be
arbitrary and such that v, — v weakly in X. Since Br is sequentially weakly compact, v € Brp.
We prove that

< limi .
J(v) < liminf J(v,)
Notice that X is continuously embedded in WL%A(O, 1) and hence compactly embedded into
C[0,1]. Thus, the sequence {vy, }, converges uniformly to v in [0,1]. In particular, (v,)+ — v+
uniformly in [0, 1]. Since the norm || - | x is sequentially weakly lower semicontinuous in By [7}
Prop. 3.5 (iii), p. 58], we estimate

q o) !
liming J(vn) > —L o]l 5 — lim (/ ()7 )
qg+1 0

n—0co r+1n-o00
1 1
oA (/0 (a5 dx) (5.2)
4 1 1
_ qf’l ol — ri : (/0 Wt dx) - I%(/o vf;“dx)
= J(v).
This proves the last claim and completes the proof. O

6. PALAIS-SMALE CONDITION

Lemma 6.1. The energy functional J satisfies PS-condition.

Proof. Let us consider a sequence {v,}, C X satisfying (4.1) with ¢ € R. This implies that there
exists K > 0 such that

J(vp,) <K VneN (6.1)

It also implies that for any ¢ > 0 there exists ng € N such that for all n € N with n > ng and
for all ¢ € X we have

[DJ(vn)ep| < elleollx- (6.2)

First we prove that {v,}, is bounded in X. Passing to a subsequence of {v,}, (which for
simplicity we denote the same), arguing by contradiction, we assume that ||v,|x — +oo.

Using (6.1) and (6.2), we estimate

€ 1
K >J ——-DJ .
==l 2 I(w) = = DI(wn)o,
Assumption pg > 1 and Remark (using, for simplicity, a weaker estimate [|i|| < 1) yield
3 q 1 o+l A A 1
Kbl 2 (- Yl (A A gt s
ol 2 (5 - )l + (53 - g ) el (63

Since {v,, }, is assumed to be unbounded, for all n sufficiently large ||v,||x > 0. Therefore we can

q+1
divide both sides of (6.3) by ||v,||y" , which gives
K c q 1 A A 1
) ) ) e

atl 1 h - 1_
O D GRS V1 T AR R Ak KA S N
From (|1.3)), we know that all the powers of ||v,||x in (6.4) are positive and
1
R N
g+1 p+1
Thus, taking the limit as n — oo in (6.4)) yields a contradiction and hence {v, }, is bounded.

0.
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We pass to a subsequence, denoted for simplicity as {v, },. From Eberlain-Smulyan’s Theorem
(see [19, Th. 2.1.25, p. 67], and from Lemma[2.3] and since X is compactly embedded into C[0, 1],
there exists v € X such that

v, v in X, (6.5)
vy — v in LT (0 1). (6.6)

We now prove that {v,}, converges strongly in X. Since (6.5) holds and X is a uniformly
convex space, it follows from [7, Prop. 3.32, p. 78], that it suffices to show that |Jv,||x — ||v|x-
We denote

en = ||DJ(vp)||x+ := sup |DJ(vy) ¢l
llellx=1

Observe that ¢, > 0 and lim,,_, €, = 0. Choosing ¢ := v,, — v for any n € N, (6.2 reads as
|DJ(vn)pl

1
/ |v”\ ! (! — ") dx — / ()\(vn)’jr Yon (v —v) + (vn)ﬂ_lvn(vn — v)) dx
0

<enllelx-

Using the triangle inequality, we estimate

1 1
|/ |vg|§_1vg(v" v") dz| — |/ (0n) M op vy — v) dz| — |/ (Un)z_:__lvn(vn —v) dz|
0 0 (6.7)

< EnHUn - UHX'

Using that (v,)". < |v,|" and the Holder inequality for the conjugate exponents % and ¢ + 1

yields
|/ (vn) + ”Un Un — U)dff| < |)\|||”n\|2r<q+1>(o,1)||’Un - ’U||L<q+1>/q(o,1)-

Since {vy, }n is a bounded sequence in X, from Remark and , we obtain

1
lim Avn) v (v, — v) dz = 0. (6.8)

n— oo 0

Arguing in a similar manner yields
1
lim [ (va)5 "on (v, —v)dz = 0. (6.9)

n—oo 0

We recall that {v,}, is bounded in X and &,, — 0. Therefore, expressions (6.7)), , and
imply

1
lim / /[ ! (v — o) dz = 0. (6.10)

n— oo 0

In addition, the weak convergence stated in (6.5)) yields

1
lim / |’U”|%_1v"(vz —v")dz =0 (6.11)

n—oo 0

and hence subtracting the terms in ) and (| and using the Holder inequality yields

0= hm (HUn”X / |,U//|7—1U// /Ide / |’UN|7 1@// /Idx—f—HU”X )
. g+1
> tim (lloally — llonll ol — ol lonllx + ol )

1 1
Tim (Jloall ¥ = 01¥) (Jonllx = Iolx).

Since the function z — x7 is strictly increasing,

. 1 1
0 1im (flonll¥* = JolY?) (loallx = llollx) = 0;
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thus, necessarily,
[onllx = [lvo]lx- (6.12)

Assertions (6.5 and (6.12)) prove the statement. O

7. PROOF OF THEOREM [L.1] AND RANGE OF \

We continue the theoretical discussion with the proof of our main result.

Proof of Theorem[1.1 Let X\ be as in Lemma and let us consider A € (0, \p). Then it follows
from Propositions and that there exist two weak nontrivial solutions v, vy € X of 7
(3-4). Moreover, since J(v1) > 0 > J(va), the weak solutions are necessarily distinct. Using
Proposition we verify that vy, vo are classical solutions of f. Expression yields
the corresponding nontrivial smooth functions wy, us such that the pairs of functions (ug,v;) and
(ug,v2) solve . As it was described at the beginning of Section |3] all these functions are
necessarily nonnegative. In conclusion, for A € (0, o), the pairs (u1,v1) and (ug, v2) represent two
distinct nontrivial nonnegative classical solutions to -. This concludes the proof. O

Theorem [I.1] states the existence of at least two distinct solutions of for A € (0, \g). This
means that in the bifurcation diagram, we find at least two branches of solutions for small positive
values of \. A natural question concerns with the maximum value of A for which Theorem [T.1]is
still valid.

As we will see in Section@ when p = 3, ¢ = 1.5 and » = 37!, the numerical illustration predicts
the existence of the upper and lower branches for A\ € (0, Apif), where Api ~ 49. For the same
values of the parameters p, ¢, and r, relation provides us with

Ao ~ 2.21 < Apit-

This means that the theoretical results herein describe the system only in a narrow interval for A.
In part, this non-optimality for the range of X is because the constants in the embeddings stated
in Lemma [2.1] and Remark [2.2] are also not optimal.

To extend the range of values of A for which Theorem is still valid, we track up the energy
estimates in the proof of Lemma At this point it is reasonable to use the optimal constant
for the embedding X < L*(0,1) (see inequalities in (2.5)) in Remark For instance, similarly
to the well-known result for the Laplace operator, it is readily verified that the infimum

llull x

-l . S [ |
weX, w20 |[ull fa+1)/a (0,1

emb "

(7.1)

1

is a positive number and that it is attained. It can also be shown that C__, corresponds to the

m
principal eigenvalue of the problem
d2

3oz (W77 u") = Ml u, w e (0,1),

u(0) = u(1) =" (0) =u"(1) = 0.

We do not know the exact value of this principal eigenvalue, however, in [5] it is proved that

B2 g /ATG) N AT L\
mb < Kemb := - = ) - = ) 2
Cemb < Kemb 2 mm{(l"(v-i-%) 7) (F(W’—&-%) ’y’> } (7.2)
where v = %, v =1 and I'(z) = 0+oo t*~le~tdt.

Let us now improve the estimate on Ag. Since gr < 1, for any v € X

vt llzrio,ny < vllzro,n) < Vil na+n/a,n

and using ([7.1)) and (7.2]), we obtain that

logllzr+100,1) < Kemn V]l x- (7.3)
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From ({3.8) we estimate

AKTH 1
J() > " emb r+1 v p+1
(v) > q+1H I o1 vl 72,,“(“1)” 5% -
r+1 :
> o H’““( ol A o)
- X r+1  2etli(p+1)" X

If we replace ([4.2)) by (7.4) in the proof of Lemma we obtain (for the definition of T', see
the proof of Lemma

r+1 q 1_ 1 -
Ao = LT T, 75
O K (q +1 27+1(p+ 1) (7.5)

When p =3, ¢ = 1.5, and » = 371, we approximate this updated value of g as Ao ~ 16.02. Even
though the previous procedure improves the value of \g, the estimate is still far from optimal.

One of the reasons is that the optimality was used only for the embedding X L%(O7 1) to
treat the term with L™t -norm. The term with LP*!-norm was treated as before. Another reason
is that solutions predicted in Proposition have positive energy, but numerical simulations in
Section [J] indicate there exist solutions of Mountain pass type with nonpositive energy.

8. SYMMETRY OF SOLUTIONS
Our next result states symmetry properties of solutions of ([L.1])-(|1.2).
Proposition 8.1. Let A > 0 and let (u,v) be a classical solution of system (1.1)-(1.2) with u,v > 0
n (0,1). Then,
(i) uw and v are symmetric with respect to the vertical line x = 1/2;

(il) w(1/2) = llull = (0,1 and v(1/2) = [[v]lL=(0,1);
(i) @ =1/2 is the only critical point of u and v.

The proof of Proposition follows the (by now) standard method of moving planes (see
[6, 22] and [I6, Section 9]). Nonetheless, we present a self-contained proof, adapted to the one
dimensional case treated in this work.

We remark in advance that we only require the monotonicity of the nonlinearities and hence
in this part it is enough to assume 0 < r,p, ¢ < 400 and A to be nonnegative. Since we deal with
the one dimensional case, the proof proceeds with an ad-hoc procedure described by a series of
lemmas. The core idea is based upon the classic method of moving planes (see [17, 22]).

Lemma 8.2. Let —00 < a < b < 400 and w € C?(a,b) be such that w" does not vanish in (a,b),
then w has at most one critical point in (a,b).

The proof of the above lemma follows directly by a direct application of the Mean Value Theorem
to w'.

Lemma 8.3. Let —00 < a < b < +oo and w € C%*(a,b) N C'[a,b]. Then
(i) w” <0 in (a,b), w(a) =0 and w(b) > 0 implies that either w =0 in [a,b] or
w>0 in (a,b) and w'(a)>0.
(ii) w” >0 in (a,b), w(a) =0 and w(b) < 0 implies that either w =0 in [a,b] or
w<0 in(a,b) and w'(a)<O0.

Proof. We only prove (i), since (ii) is analogous. First, let zo € (a,b] be arbitrary, but fixed.

Consider z(z) = w(z) — zsji“a) (x —a) for z € [a,z0]. Observe that 2" = w” < 0 in (a,z9),
z(a) = w(a) = 0 and z(zg) = 0. The concavity of z implies that z > 0 in (a,zo). Thus,
w(z) > %(x —a) in [a, zo]. In particular, from the definition of derivative, w’(a) > %

Proceeding similarly one can show that w(zx) > w(b) — %ﬁ(wo)(b —x) > 01in [zg,b] and

w'(b) < %Z;(z‘)) < 0. Taking xy = b, we conclude that w > 0 in [a,b]. Now, let zo € [a,b]
such that w(zo) = [[w| g (). If w(zg) = 0, then w = 0 in [a,b]. Otherwise, zo € (a,b] and
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w(zg) > 0. The above developments imply that w(x) > %(m —a)>01in (a,zg), w'(a) > wlzo)

a To—a

and w(z) > w(b) — %;’yo)(b —z) > 0in [z, b]. This completes the proof. O
Remark 8.4. From the proof of Lemma [8.3] in the case that w” < 0 in (a,b), w(a) = w(b) =0
and [|w|| e (q,5) > 0, we have w’(a) > 0 > w'(b).
Next, consider the space
Xo == C?0,1) N {w € C'0,1] : w(0) = w(1) =0}. (8.1)

For w € Xy with w/(0) > 0 and w’(1) < 0, we set

Ay =sup{a € (0,1) : w' >0in (0,a)}

B, = inf{b €(0,1) : w' <0in (b,l)}.
Observe that A,,, By, are well defined and A,, € (0,1] and B,, € [0,1). Since w € Xg, Ay, By €
(0,1).
Lemma 8.5. Let w € Xg be as above. Then A, and B,, are critical points of w.

Proof. By the approximation property of the supremum and the infimum, we find that w’(A4,,) > 0
and w'(B,,) < 0. If w'(4,) > 0, the continuity of w’ yields that for some § > 0 small, w’ > 0 in an
interval of the form (0, A,, +9), thus violating the definition of A,,. We conclude that w'(A,) = 0.
Similarly, we prove that w'(B,,) = 0. O

Proof of Proposition[8.} Let u,v € C?(0,1) N C[0,1] with u,v > 0 in (0,1) and such that the
pair (u,v) is a classical solution of (1.1))-(1.2]). Let § € (%, 1) be arbitrary, but fixed. Observe that
0<26—1<1. We write

us(z) ;== u(26 —z) and ws(z):=v(20 —x) forzxz € [20—1,1].
Notice that us and vs are the reflections of u and v respectively, with respect to the vertical line
x = 6. Also, us and v solve the system (1.1) in (26 — 1, 1).
Now we define
ws(x) == us(x) —u(x) and zs(z) :=vs(x) —v(z) for x €26 —1,1].

In view of Lemma and Remark for 6 € (%, 1) close enough to 1, u, v are strictly decreasing
in (26 — 1,1). Consequently, ws, zs > 0 in (d, 1]. We set

5, = inf{6 €(1/2,1) : 2s>0 in (5,1)}.

We claim that
6. =inf {6 € (1/2,1) : ws >0 in (6,1)}.
To prove the claim, let § € (%, 1) be such that zs > 0 in [4,1]. Using (1.1)),
—w§ =ANvy —v") +vf —oP >0 in (4,1).
Since ws(6) = 0 and ws(1) = u(28 — 1) > 0, Lemma [8.3] implies that ws > 0 in (§,1). This proves
that ws > 0 in (9, 1), whenever z5s > 0 in (4, 1).
Proceeding similarly, z5 > 0 in (d,1), whenever ws > 0 in (4,1). Since § € (%, 1) is arbitrary,
the previous discussion proves the claim.
Now, from the definition of 4.,

ws, ((5*) = Z5, ((5*) =0.

We prove next that §, = % Assume by contradiction that é, > % and notice that ws, , zs, > 0 in
(04, 1).

Also, since ws, (1) = u(20, — 1) > 0 and z5,(1) = v(20, — 1) > 0, Lemma yields that
ws, 25, > 0 in (0x,1). The continuity of the family of functions {ws}s and {zs}s in C*[0, 1] with
respect to the parameter J, allows us to find ¢ € (1/2,d,) such that wg,z; > 0 in (d,1). This
contradicts the definition of J, and proves that §, = 1/2.



14 0. AGUDELO, G. HOLUBOVA, M. KUDLAC EJDE-2025/92

Since wi () = u(l —x) —u(z) 2 0 and z1(z) = v(1 — ) —v(z) = 0 for every x € [1,1], we
find that u(1 — ) > u(z), v(1 — x) > v(z) for any = € [3,
u(l—z) > u(z), v(1 — z) > v(z) for any = € [0, 3] and consequently for z € [0,1].

Now notice that u(1 — z),v(1 — z) also solve (L.I)-(T.2)). Since (ui)r =wand (vi)s = v, we
may argue as above to find that u(1 —z) < u(z), v(1 —z) < v(z) for any = € [0,1]. Thus, u,v are
symmetric with respect to x = %

Now, let x,, z, € [0,1] be such that

1]. A similar argument shows that

u(zy) = ||U||L°°(0,1) and  v(w,) = HU”L‘X’(OJ)-

Since u(z,) = max{u(z) : = € [0,1]} and «/(0) > 0 > /(1) # 0, 2, € (0,1) and consequently
u'(x,,) = 0. Similarly, x, € (0,1) and v'(z,) = 0.

From Lemmas and and the symmetry of v and v, A, = B, = x, = % and A, = B, =
Ty = % and completes the proof. O

9. NUMERICAL ILLUSTRATION

To support the theoretical results in this paper and to obtain wider intuition about behavior
of our system, this section discusses the numerical strategy for obtaining visual description of our
system.

Let us begin with the strategy for the implementation. First, we transform the system
into the associated first order system (of four equations)

u'(z) = w(z),

V(@) = 2(x),

W/(2) = ~Mus (&))" — (04 (). o
' (x) = —u(z)|*™" u(z),
and consider this system with the initial conditions
u(0) =0, ©v(0)=0, w(0)=dug, =2(0)=duvy, (9.2)

where dug and dvg are considered as free parameters. Let us assume that the initial boundary value
problem (9.1)-(9.2) is such that for (dug,dvo) in a rectangle R C (0,+00) x (0,+00), existence,
uniqueness and continuity of solutions with respect to the parameters (dug,dvg) hold in [0, 1].
Then given (dug, dvy) € R, the functions u, v, w and z are continuous in [0, 1] and we write

u(z) = u(x,dug,dvg) and v(x) = v(x, dug, dvg).
We are therefore interested in the zeroes of the continuous mapping ® : R — R? defined by
B (dug, dvg) = (u(1),v(1)). (9.3)

Analyzing the sign changes of the components of ®, with respect to the values of dug and dvg, we
locate numerically two solutions for a wide range of values A. As mentioned in the Introduction
such implementation is motivated by a combination of the standard Shooting method and the
heuristics of the Poincaré-Miranda Theorem.

The strategy is as follows.

e Choose duy and dvy appropriately, i.e., so that existence and uniqueness in [0,1] and
continuity with respect to initial conditions holds.

e Compute the corresponding solutions (u,v,w, z) of — in the interval [0, 1].

e Extract the values u(1) and v(1). Observe that for certain values of dug and dvg the
corresponding pair of functions (u,v) is a solution to provided u(1) = v(1) = 0.

e Given a tolerance € > 0, the numerical calculations of u and v yield an admissible numerical
solution to provided |u(1)[, [v(1)] < e.

o It is more efficient to track simultaneously the different regions where either |u(1)| > € or
|v(1)] > e. This can be interpreted as tracking the sign-changes of the values u(1), v(1) as
the parameters dug and dvg vary.
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A reader can imagine the process as if two football players kick simultaneously two balls from
the ground (zero height) on the left border of the field, each of the kicks performed with a given
initial slope. The trajectory of the kicked balls are ruled by the equations in . The football
players aim at a bin located on the right border of the field. To hit the bin with a ball it is
necessary to choose the initial slope of the kick so that the ball descends to a zero height exactly
on the right border of the field. Since each of the football players may kick with different strength,
the required slopes for the football players need not be the same.

The implementation initially uses a “coarse” grid of different parameters dug, dvg to roughly
locate the sign-changes. Then, an adaptive strategy is employed in order to improve the grid
density. This strategy iterates the values of the parameters dug and dvg, computes again the
corresponding solutions of and tracks the regions of the corresponding changes of sign.

We implemented the idea of the experiments as a set of scripts in Matlab, see [26] for the
implementation. The scripts are optimized to provide the results in reasonable time and accuracy.

<numerical.m>:
Define algorithm settings and values of the parameters p, ¢, r.
Define the initial range for duy and dvyg.
Define the range for the parameter .
Iterate through the range for A\ and do the following:
<for cycle>:
Run shooting.m with desired settings.
<shooting.m>:
Represent dup-dvg plane by coarse (A = 0.1) and dense (A = 0.005) grids.
Iterate vertices of the coarse grid and run shootandsolve.m.
<shootandsolve.m>:
Run ode45.m (Runge-Kutta method for ODEs from Matlab library) for
— and any given initial condition
(u(0),w(0),v(0), 2(0)) = (0, dug, 0, dvg).
Compute the solution and calculate the residues u(1) and v(1).
Return the residues as the return value.
</shootandsolve.m>:
Based on the residues for a pair (dug, dvg), assign the pair a color using the
following scheme:

u(l) >0, w»(l)>0 — green;

u(l) >0, w»(1)<0 — yellow;

u(l) <0, o(l)>0 — blue; (94)
u(l) <0, v(1)<0 — red

Plot the colors in a dug-dvy diagram and save them into a variable for the coarse
grid.

The pair (dug, dvg) such that (u,v) is also a solution of can be located
exactly at the point where all colors meet, in other words, where both residues
are zero.

Iterate through the vertices of the coarse grid and choose only the points which
have a neighbor of a different color (we target edges between two colors).

In the dense grid, proceed only with the vertices corresponding to the chosen
points in the coarse grid.

Run /shootandsolve.m for the vertices in the dense grid.

Plot the colors in the dug-dvg diagram and save them into a variable for the
dense grid.

Explore neighbourhood of the points in the dense grid and check whether all
colors are present in the neighbourhood (if so, assume there is a solution in the
neighbourhood).
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Approximate the values of (dug,dvg) corresponding to the solution — denote
them by (solU, solV)) — and mark them in the graph with a black circle.
Return (solU, solV') — or (Inf, Inf) if no solution was found.
< /shooting.m>:
If the return value is (Inf, Inf) (solution not found), exit the “for” cycle.
Run showsolution.m, pass (solU, solV') as a parameter.
<showsolution.m>:
Compute the solution using (solU, solV) and ode45.m.
Plot [|[v|| Lo (0,1) Vs A, where v is the component v found above, i.e., the numerical
solution of
Return L°°-norm of the plotted function.
< /showsolution.m>:
Save the value of X and the corresponding ||v|| - (0,1) of the solution v into a text file.
Considering the development of the results for the previous values of A, automatically
adapt the ranges of dug and dvy for the next iteration (for the optimization, it is
necessary to use the narrowest range of the parameters as possible).
< /for cycle>:
Load results for the whole range of A from the text file.
Vizualize dependancy of the L*°-norm of the solution on the parameter A — plot the
bifurcation diagram.
</numerical.m>:

The grid is rectangled and uniform, and the distance (in either direction dug and dvy) between
two neighboring vertices is A. The results are computed only in the vertices of the grid. For
instance, consider the rectangle [a,b] x [¢,d] C (0,00) x (0,00) for selecting the pairs (dug, dvo).
The corresponding grid of vertices reads as

{(a+z’A,b+jA)€[a,b]>< ed: i=0,1,..,2°% ; d_c}.

=0,1,...
A ?.7 077 ,A

As an example, if b—a,d — ¢, A~! € N, then for any unit square in dug-dvg plane, the coarse grid
contains 102 vertices and the dense grid contains 200% vertices.

The use of a coarse grid first and then a denser one in the implementation saves significant
amount of time and memory. In the graph, the optimized script skips parts of the domain where
the results cannot be located (from the coarse grid’s point of view), thus the script leaves blank
rectangles in the graph.

Next, we discuss our numerical findings in more detail. Recall that we have set p = 3, ¢ = 1.5,
and r = 1/3. Nevertheless, for small positive values of A, the numerical experiments anticipate
existence of a nontrivial solution as it can be seen in Figure [2]

Figure [2b] shows a narrow red protrusion coming from the red area at the bottom-left corner of
the diagram. At the point where the protrusion touches the green area, all four colors connect at
the pair (dug, dvg) corresponding to a nontrivial numerical solution.

As the value of X increases, the red protrusion is visible for higher and higher values of duy and
dvg, as shown in Figure [3al

If we fix A = 10, besides the solution illustrated in Figure [3a] with dug ~ 1 and dvy = 0.03,
the experiments found another solution for dug ~ 44, dvg ~ 16.5, as illustrated in Figure
Also, Figures show that the L°°-norm of the solution for lower initial slopes dug, dvg
(corresponding to the diagram in Figure is lower than the L°°-norm of the other solution. The
numerical experiments yield a similar scenario when \ = 1.

The numerical results discussed above strongly suggest the existence of two branches in the
bifurcation diagram; the lower branch (closer to the trivial solution — in the view of the L°°-
norm) and the upper branch (farther from the trivial solution). Based on the presented results,
the branches are also getting closer to each other with increasing A, presumably colliding when
A = Apit-

With this assumption, we let the script explore the range 1 < A < 50. The results confirmed
the assumptions that the branches meet at some point Ay =~ 49. The results also confirmed



EJDE-2025/92 ODES WITH CONCAVE-CONVEX NONLINEARITIES

0.8@ [ ] [ ] e L] L L L] L] [ ]
0.7@ L] [ ] [ ] L] L] L [ ] [ ] [ ]
0.6@ L] [ [ ] L] L L L] L] L]
0.50 L] L] L] L] L L L] L] L]
0.4@ L] L] L] L] L L] L] L] L]
duy

0.38 L ] [ ] [ ] L] L] L ] [ ] [ ] [ ]
028 L] [ ] ® L] L L] L] [ ] ®
0.19 L] [ ] [ ] L] L L L] [ ] [ ]

® e e o [ ° o e e °
0.18 g L @ * ® ® ® * ®

02 01 0 01 02 03 04 05 06 07

g

(A) Diagram for A =1 (coarse grid)

duy

dug

(B) Diagram for A = 1 (dense grid). The
pair of parameters corresponding to a so-
lution is marked by a black dot

FIGURE 2. dug-dvy diagram for A = 1 and both coarse and dense grid

dug

05 1 15
ey

(A) duo-dvo diagram for
A =10, duo = 1, dvo = 0.03

102

0 01 02 03 0.4 05 086 07 08 09 1
T

(¢) Lower branch solution for
A = 10 corresponding to Figure @

(B) dug-dvo diagram for
A =10, duo = 44, dvo =~ 16.5

(D) Upper branch solution for
A = 10 corresponding to Figure@

F1GURE 3. Numerical experiments for A = 10

17

(numerically) that beyond Api, no solutions could be found. This behavior is summarized in the
bifurcation diagram in Figure [[] Further illustrations can be found in Figures [4] and
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