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MIXED LOCAL AND NONLOCAL CRITICAL
SCHRODINGER-KIRCHHOFF-POISSON TYPE SYSTEMS WITH
LOGARITHMIC PERTURBATION

SHENGBING DENG, GUORONG ZENG

ABSTRACT. In this article, we consider the mixed local and nonlocal critical Schrodinger-Kirchhoff-
Poisson type system with logarithmic perturbation

—M(/ IVul? de) Au + a(—A)*u + Adu = nlul?2ulnul? + [u[*u, inQ,
Q

—A¢p=u? inQ,
¢=u=0, inR>\Q
where Q C R3 is a bounded domain with smooth boundary, 0 < s < 1,4 < g < 6, A\, > 0 are

two parameters, M (t) = a + bt and a, b are nonnegative constants. With the help of variational
methods, the existence of a non-trivial ground state solution is obtained.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

In this article, we consider the mixed local and nonlocal critical Schrédinger-Kirchhoff-Poisson
type system with logarithmic perturbation

7M</ |Vul? d:r)Au +a(—=A)°u + Apu = nlu|!*uln |u® + |u*u, in Q,
Q

—A¢p =u?, inQ, (1.1)
p=u=0, inR>\Q.

where  C R? is a bounded domain with smooth boundary 99, 0 < s < 1,4 < ¢ < 6, A\, > 0 are
two parameters, M (t) = a + bt and a, b are nonnegative constants.
When a =1 and b = 0, problem (|1.1)) reduces to the boundary value problem

—Au+ (—A)’u+ Apu = f(z,u), inQ,
—A¢ =u?, inQ, (1.2)
p=u=0, inRY\Q.

We emphasize that operators of the form —A + (—A)® are referred to as mixed operators, com-
bining both local and nonlocal characteristics as well as different orders of differentiation, and
this operators, derived from the superposition of the classical Laplacian —A and the fractional
Laplacian (—A)? for a fixed parameter s € (0, 1) which, up to a normalization constant, is defined
by

u(x) — u(y)

(=A)°u(z) = lim s

e—0+ RN\ B (z) ‘I —
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As we know, the operators from the superposition of two stochastic processes with different
scales, such as a classical random walk and a Lévy flight. Furthermore, the investigation of
mixed operators is a very topical subject of investigation, arising naturally in several fields. For
more information, one can see [I3] 22] 23] and the references therein. The mixed operators have
attracted the attention of many mathematicians. From the viewpoint of mathematics, there is a
lack of scale invariances, which may produce unexpected complexity. More specifically, Lin et al.
[19] concerned the mixed local and nonlocal Poisson system

—Apu+ (=A)Su+ AV (2)[ulP?u + du = a|ulP® =2y 4 Blu|?@® =2y, in Q,
—A¢p=uP, inQ,
p=u=0, inRV\Q.

here N > p, Q C R¥ is a bounded domain, V(z) is a potential function, p(x),q(x) are variable
exponents. They investigated the multiplicity of solutions for A > 0 and the concentration and
multiplicity of solutions for A — oo. Biagi et al. [7] showed the mixed Sobolev inequality and
investigated the optimal constant. In [4, [6] 8 25], the authors proved strong maximum principle,
regularity theory, eigenvalues theory and existence results.

In , if s = 1, then system is reduced to the classical Laplace Schrodinger-Poisson
system, which has been widely studied. It is widely known that the existence of solutions for
system can be studied using variational methods, provided that appropriate assumptions are
made. For instance, one can see [T}, B 2], 17, 2T], 24] and the references therein.

Then, considering solely the first equation in with the potential set to zero, we obtain the
problem

—(a u? de)Au+ a(=A)*u = f(z,u), in
(+b/Q dr)Au + a(—A) fla,u), 2, (1.3)

u=0, inRY\Q

which was proposed by Kirchhoff (see [II]) as a generalization of well-know D’Alembert wave
equation

0%u (PO | ) 0%u 0.

o2 \hn 2L oz

For mixed operators involving the Kirchhoff function, only Wang et al. [31] considered equation

with f(z,u) = ([, I‘j:(f’y)‘li dy) [ulP~2u + Alu|7%u, 1 < ¢ < 2 < 2p,0 < < N, employing the
non—smooth variational principle to prove the existence of solutions. For s = 1, i.e. the system
reduces to the Laplace operator with Kirchhoff function, which has been extensively investigated
by many researchers using variational methods, see [14] 20, 28| [I8]. Moreover, some studies of
Schrodinger-Kirchhoff-Poisson type system with the Laplace operator can be referred to [26], [30]
and the references therein.

In recent years, equations with logarithmic nonlinearity have attracted increasing interest,
mainly due to their wide application in modeling various phenomena in the physical sciences.
The main challenge presented by logarithmic nonlinearity arises from its characteristic of sign
change, which means it does not conform to the standard of monotonicity, nor does it follow the
Ambrosetti-Rabinowitz conditions. Therefore, studying problems involving logarithmic nonlinear-
ity presents a challenge. In the past few years, a significant amount of research work has focused
on this area. For example, Deng et al. [I2] considered the equation

—Au =+ pulnu® + [ul* 2u, inQ,
u =0, in 09,

where 2* := % is the critical Sobolev exponent. By using Mountain Pass Lemma they showed

that the problem admits at least one nontrivial weak solution under some appropriate assumptions
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on A and p. Li et al. [I8] studied the critical Kirchhoff problems with logarithmic nonlinearity,

—(a+ b/ |Vul? de)Au = Nu|??uln [u)® + [ul*u in Q,
Q (1.4)

uw=0, in 09,

where Q C R? is a bounded domain with smooth boundary 09, 4 < ¢ < 6, A > 0 is a parameter,
a > 0,b > 0 and they investigated the existence of a solution. Additionally, many fascinating
studies have been performed on problems involving logarithmic nonlinearity. Among the wide
range of such studies, we refer readers interested to [27, [32, [33] and the related references for
further exploration.

Motivated by the results mentioned above, the aim of this paper is to consider the existence
of nontrivial ground state solution for problem . Under some natural assumptions, by using
the concentration-compactness principle and the mountain pass theorem, we obtain the existence
result of nontrivial ground state solution. To the best of our knowledge, there is little literature
which essentially attacks the Brezis-Nirenberg problem for mixed local and nonlocal operators
critical Schrodinger-Kirchhoff-Poisson type system with logarithmic nonlinearity. Now, we are
ready to state the main result of this paper.

Theorem 1.1. Assume that a > 0. If ¢ € (4,6), then problem (L.1) has at least one nontrivial
ground state solution provided that either

(1) s <3 and \,n >0, or

(2) s> 3, A€ (0,)\) and n > n..
Corollary 1.2. Assume that a = 0. If ¢ € (4,6), then problem (1.1 reduces to the Laplace

degenerate Schrodinger-Kirchhoff-Poisson type system, which admits at least one nontrivial ground
state solution for all A\,n > 0.

Corollary 1.3. Assume that b = 0. If ¢ € (4,6), then problem reduces to the critical
Schrodinger-Poisson type system, which admits at least one nontrivial ground state solution pro-
vided that either

(1) s<1/2 and \,n >0, or

(2) s>1/2, A€ (0,)\,) and 5 > i,.

To prove Theorem [I.I} which is the critical case, we face a complication due to the non-
compactness of the embedding of X(2) < L5(£2), the standard variational techniques do not ap-
ply in a straightforward way. The lack of compactness of this problem is expressed by the fact that
the functional does not satisfy the Palais-Smale condition in all the energy range (—oo, +00). To
surmount this challenge, we attempt to recover compactness through the concentration-compactness
principle. Moreover, there is a Kirchhoff term in , which will affect the functional satisfies
the Palais-Smale condition in some range.

The rest of this article is organized as follows. In Section 2, we introduce the functional setting
of and some necessary definitions and preliminary lemmas are given. In Section 3, we prove
Theorem [[.11

2. PRELIMINARIES AND VARIATIONAL SETTING

We denote by | - |, the usual LP-norm. Let s € (0, 1) the fractional Sobolev space is

2
H*(Q) = L*(Q [uz) — u(y)I* dxd
() {uE /RB/RS \a?— |3+2 xy<+oo},

which is endowed with the semi-norm

[u(@) —u@)? 12
// |x— MESE v)

which is called the Gagliardo seminorm of u. The Sobolev space H(2) is defined as the Banach
space of weakly differentiable functions u : Q — R equipped with the following norm

||U||H1(Q) |ul3 + [Vaul3.
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The space H'(R?) is defined similarly.

We define the homogeneous Sobolev space Hi () as the completion of the space C§°(2) under
the norm |ju|| = |Vul;. However, to address the boundary condition specified in equation (L1)), it
becomes necessary to extend our consideration to functions that are defined over the entire space
R3. For this, H}(Q2) is not enough and we consider the functional space

Xo(Q) ={ue H'(R®) :ulq € Hj(2) and u = 0 a.e. in R*\ Q}
endowed with the norm
9 9 1/2
lullx, = (190l + [u?2) .

It is well known that Xo(Q) is a real separable and uniformly convex space. Also, we have the
following relation between the gradient seminorm and the Gagliardo norm.

Lemma 2.1 ([9, Lemma 2.1]). Let @ C R® be bounded domain, there exists a constant C =
C(s) > 1, such that

[uls < Cllullai), Yue HY(Q).

Lemma 2.2 ([I0, Proposition 2.2]). Under the same hypothesis of Lemma there exists a
constant C' = C(s,) > 1, such that

Ju(z) —u(y)? ) )
< Hy(Q
/RS/]R3 |x—y|3+25 drdy < C Q|CU| dr, Yu € Hy(Q)

From Lemmas and [2.2] it is easy to know that norms |[u and |lul|x, are equivalent, when
u € Xo(9). Since € is a bounded domain, we have Hg(2) < LP(£2) continuously for p € [1,6] and
compactly for p € [1,6). Naturally, we define S,, as the best Sobolev constant for the embedding
H}(Q) — L%(Q), then
S - fR3 |Vu|? dz
" ueHE®\{0} (fgs |ul® da)l/3

Because the norms ||lu|| and ||u|x, are equivalent, we can obtain X(2) — L¥(Q) continuously
for p € [1,6] and compactly for p € [1,6). Moreover, we have the following result.

Lemma 2.3 ([7, Theorem 1.1]). Let Sy, s as the best Sobolev constant for the embedding Xo () —
£5(Q). Then

s e B g
' ueXo(@\{0} |ul?

Definition 2.4. We say that u € X () is a weak solution of problem (1.1)), if
a/ Vu.Vv+b||uH2/ Vu.Vera/ / )(Z(i)iv(y)) dz dy
Q Q R3 |95 —y[H
+)\/ puv dx (2.1)
Q

:77/ |u| % uw In |ul? d:L'+/ lul*uv dx
Q Q

for all v € X}(Q).

The following result is well known.

Lemma 2.5 (see [1l 21I]). For each u € Xo(Q2), there exists a unique element ¢, € Xo(R2) such
that —Ag¢, = u?, moreover, ¢, has the following properties:

a) there exists ¢ > 0 such that ||pyll < cl|ull? and
(a)

[ VouPds = [ 6o < clul (2.2)
Q Q

(b) ¢y >0 and ¢y, = t2¢y, Vt>0;
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(¢) if up = u in Xo(Q), then ¢y, — ¢y in Xo(Q) and

lim /qﬁu u dm—/¢uu dx. (2.3)

n—-+oo

By the above lemma, (u, ) € Xo(Q) x H}(Q) is a solution of (1.1) if and only if ¢ = ¢, and
u € Xo(Q) is a solution of the problem

—M(/ |Vul? dx)Au +a(=A)u + Apyu = nulT *uln [u|® + Ju/*u, in Q,
Q

u=0, inR*\Q.
We define the energy functional associated with problem (|1.1]) by

a b A 2n n 1
I(u) = 5”“”%{0 + Z||u||4 + 1 /Q ou® dx + ?Mg - 5 /Q |u|?1n |u|2d:c - 6|u|g (2.4)

Since 4 < ¢ < 6, it is easy to prove that the functional I(u) is well defined and is a C'! functional
in Xo(€). Naturally, u is a weak solution to problem (1.1)) if and only if u is a critical point of I.

3. PROOF OF MAIN RESULT
Firstly, we prove that I(u) possesses a kind of mountain-pass geometrical structure.

Theorem 3.1 (see [29]). Let X be a real Banach space and J € C*(X;R) with J(0) = 0. Suppose
that

(i) there exist p, > 0 such that J(u) > « for all u € X, with||ul|x = p;
(ii) there exists e € X satisfying ||el|x > p such that J(e) <0

DefineI' = {vy € C’l([O, 1];X) :(0) =1,v(1) = e}. Then

= >
=m0 ze

and there exists a (PS). sequence (uy,), C X.

To use Theorem we show that the functional E satisfies the mountain pass geometry (i)
and (ii).

Lemma 3.2. The functional I has a mountain pass geometry shown as:

(i) there exist a, p > 0 such that I(u) > « for |Jul||x, = p;
(i) there exists w € Wy (Q) such that I(w) < 0.

Proof. Using the well-know vector inequality
1 1
[t7Int| < —, Ve (0,1), t?lnt < —5#1*5, vt > 1, (3.1)
eq e

where § > 0 is chosen to satisfy ¢ + § < 6, we obtain |u|?1n |u|? < eq + Zjulr.

By applying (3.1)) with ¢ +J < 6 and using the Sobolev embedding inequality, one has
a b A 2n n 1
I0) = Gl + gl + 5 [ éwido+ g =2 [ ulrnfuf? do - Glulg
1
> Sl =2 [ ulin ol do = Gl

a Py _
> S lullk, = Cllu 155" — *5 *lull%,

5—2
HUIIXO(* — Ol = *S *lull’,)-
Then there exist positive constants «, p such that
I(u) < a, forall |lul|x, = p.

From this, (i) is proved.
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To prove (ii), we fix v € Wy () \ {0} and t > 0. According to (2:2)), we have

nt
n|uw+—w|ﬁ+——/¢v%z+ oty =22 [ oo e — 1ol

217t
4 q _
2 o+ 2 g -

I(tv)

IN

at
7”””%{0 +THU||4+ \v\g,

From ¢ < 6, we deduce that there exists t; > 0 large enough such that ||t1v]|x, > p and I(t1v) < 0.
Taking w = tyv, (ii) also holds. O

As the functional I(u) does not meet the (P.S). condition for every value of ¢, we will restrict
¢ to a range where the (PS). condition holds true. The primary method employed for this is the
concentration-compactness principle of Lions (see [15] [16]).

Lemma 3.3. Let {u,} C Xo(R2) be a Palais-Smale sequence for I(u) at the level ¢ with ¢ < c¢(A),
where c(A) := 2A+ A% — ég‘s with A = Snt VPSS, b2sg+4as , that is I(uy) — ¢ and I'(u,) — 0 as
n — 0o. Then there exist a subsequence of {un} and au€ XO(Q) such that uy, — u in Xo(Q2) as
n — oo.

Proof. First, we claim that {u,} is bounded. From I(u,) — ¢ and I'(u,) — 0 as n — oo, we
obtain, for n large enough, that

¢+ 1+ o0(1)]un|

zfmn—éwwmwm

11 1 ! 11
=3~ g)allunIIXO (7~ 7)(b\lunll4 + A/ P, Uy, dz) + 2l (- &) lunls
11 , 101 .
>(z—- ——=)b nil >
2 (5 = el + (7 = Dbllun|

according to the assumption that a +b > 0 and 4 < ¢ < 6, which implies that {u,} is bounded in
Xo(Q). If ||un|| — 0 as n — oo, the proof is complete. Thus, we assume that ||u,|| 4 0 as n — oo,
up to a subsequence, we may assume that

u, = u  weakly in Xo(Q),
u, — u strongly in LP(2)(1 < p < 6),
Up — U a.e. in
|V, |* — pand |u,|® — v,

where p and v are a nonnegative bounded measures on Q. Then, by concentration compactness
principle, there exists some at most countable index set J such that

v=|ul®+ Z Vjbz;, v >0, (3.2)
JjeJ

p= |Vl + 3 poe,, 1y >0, (3:3)
jeJ

Savt”® <y, (3.4)

where d,; is the Dirac measure mass at z; € Q.
Takew( ) € C§°(9) such that 0 < ¢ <1,

_ if x € B(xj, p)
Vie) = {0, if x € Q\ B(z;,2p)

and |[Vi)|eo < 2.
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For p > 0, we define ¢} = ¢(**), where j € J. Since I'(u,) — 0 and (¢)uy)n, is bounded,
<I'(un),wjun) — 0 as n — oo, that is,

(@ blul?) [ (VunPigdota | /R |$7 |3+25 b g dy A [ o0ty o

—(a + bljul|?) /Q U Vi VI de — G (tn, ¥ un ) (3.5)

—|—17/ |un|qu1n|un|2dm+/ \un\ﬁz/)de—i—on(l),
Q Q

where

Gz(un,%biun) = a/R3 /]R3 (un(®) = un(y))un(x)(t/if,(ﬂc) — Wp(y)) dzx dy.

o=y

It is easy to prove that

Un
lim lim / / | Ol z/de dy > 0. (3.6)
p—0n—oo Jps Jps |x—y|3+23
By (2.3), we have
lim lim / Pu, upt) dz = lim Py dx = 0. (3.7)
p—0n—00 Jo p—0 B(x;,2p)

Note that the Holder inequality implies
|G2 unu n)|

_ J N
/ / [tn () = wn (y)][un (2)][3 () wp(y)|dxdy
r3 JR3 |17 y\3+25
1/2 n I( 2 1/2
//|un i) ([ [ M O
rsJrs |z —y \3+25 R3 JR3 |z — y|3+2s

|tn () |? |9 () — W( )P\ 172
<C /Rs/Rs |z — y[3+2s ) '

With the same argument as in the proof of [34] Lemma 3.4], we have

- Jun ()10 (x) — 3 (y)
g, i, /R /R = |3+2€ -0 3.8)

It follows that lim, o lim, o0 |G2(tn, 1%%1)\ = 0. Using the Holder inequality again, we have

) . 1/2
lim unVuan)f) dr < lim C(/ ‘u"v¢z|2 dx)
n— 00 Q

n—oo Q

' 12 (3.9)
<c( [ juPivepis)
B(x;,2p)
so we can get lim, o lim, fQ unVunV@/Jf; dx = 0.
On the other hand, since u,, — u a.e. in  as n — 0o, we obtain
wg|un|q In |u,|* — 1/)£|u|q In|ul?, ae.in Qasn — oo, (3.10)
With the help of (3.1), (3.10) and Lebesgue’s dominated convergence theorem, we obtain
lim W\un|q In|u,|? dz = / wZ\u|q In |ul? dz,
n—0o0 0
which then guarantees that
lim lim / P! un | In up, |* dz = lim ¢! ul?In [ul? dz = 0. (3.11)
p—0n—oco p—0 B(z;,2p)
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Since 17 has compact support, letting n — oo, p — 0 in (3.5)), we deduce from (3.3)), (3.6)-(3.9)
and (3.11)) that
(a+buj)p; < vj. (3.12)
Next, we prove that p1; = v; = 0. Otherwise, combining (3.12)) with (3.4), we have
P2 =835 —aS3 >0 and  S,(v)*)? —0S30)% —aS? >0,
which yields

Hj Z A, vy > (313)

:‘8\ ”

3 2 as:
where A : w satisfying A% — bS2A — aS3 = 0. Then, from I(u,) — ¢ and

I'(uy) — O as n — oo, letting n — oo, p — 0 on both sides of the above inequality and in view

of -7 we have

c=1I(uy,) — 2<Il(un),un> +o(1)
= (5~ Dallunll, + G = DOllunl 4 [ 6o, da) + Zunly+ = Slunlf +o(1)
> (5 = PalalP + G = Dbl + (¢ = lunlé + o)
> (5 = Dy + (5= Db+ (= vy
> (2o é)aA+ G- o+ (G- H
3

where we use that fact in the above equality that A% — bS2A — aS3 = 0. This contradicts the
assumption that ¢ < ¢(A). Thus, p; = v; = 0 and we obtain

lim/|un|6d:c:/ u|® da. (3.14)
Q Q

n— oo

Now, we are ready to show that {u,} converges strongly to u in X¢(Q2) as n — oco. Let us write
VU, = Un — U, hence, by the Brezis-Lieb Lemma, we have

lun|* = llvonl® + [lull* + o(1),
lunll* = llonl* + [lull* + 2llval*[lull* + o(1), (3.15)

[un]} = [va]3 + [u]? + o(1),
by (2.3) and (3.11)), we obtain

/qﬁunuidm:/gﬁuqum—&—o(l),

Q Q
/|un|qln|un|2dx:/ ] In [u? dz: + o(1).
Q Q

If v, = up —u and [vy]s < ||on|| — 0, the proof is complete. Otherwise there exists a subse-
quence (still denoted by v,,) such that lim, o [vn]s = I,lim, 0 ||vn]| = k, where [, k are positive
constants.

Thus, from (3.15)), (3.16) and I'(u,) — 0, it follows that
o(1) = (I'(un), u)

:a||u||§(0 +b||un||2Hu||2+)\/Q¢uu2d:cfn/ﬂ|u|qln\u|2 dxf/ﬂ|u|6dx+0(1) (3.17)

(3.16)

a||u||§(0+bk2Hu||2+b||uH4—|—)\/Q¢)uu2dx—n/Q\u|q1n|u|2dx—/Q|u\6dx+o(1).
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By (3.14)), (3.15), (3.17) and recalling that {u,,} is bounded in H{(£2), we obtain
0(1) = (I'(un), un)
— a||un||§(0 + b||un||4 + )\/nguu2 dx — 77/Q |u|?1n |u|2 dx — /Q \u|6 dx
= allullk, +allvallX, + bllull* + bllvall* + 26]v, | [lul®
+ /\/ byu? dx — 77/ Ju|?1In |u|? dz — / |u|® dz + o(1)
Q Q Q

= (I'(un), u) + allvn |5, + blloall* + bllva|?[Jul + o(1)
= ak® + al® + bk* + bEk?||u||® + o(1),

which implies that k =1 = 0, so u,, converges strongly to u in X,(€2). The proof is complete. O

According to above Lemmas, we know that there exists a sequence {uy}, € Xo(€) such that
I(u,) — c and I'(u,) — 0, where

e=inf max I(+(t)) with T ={y€C"([0.1:X):7(0) = 1.(1) = e}.

To better align with our aim, as illustrated in reference [29], we can employ the following equivalent
definition of ¢, which is provided by

c¢= inf I(u) = inf max I (tu),
ueN u€Xo(Q2)\{0} t>0

where the Nehari manifold A associated to I is defined by
N = {u € Xo(@)\ {0} : (I'(u), u) = 0}

Fixed u € Xo(€2) and define the function of the form J, : t — I(tu) for ¢ > 0, such map is
famous in bifurcation theory. And the maps are closely related to the Nehari manifold defined by

N ={ue Xy(Q): J,(1) =0}.
We split A into three parts:

Nt ={ueN:J/1) >0},
N™={ueN:J!1) <0},

N ={ueN:J/(1) =0}

which corresponds to local minima, local maxima and points of inflexion of the fibering maps. It
is well known that each nontrival solution to problem (|1.1)) belongs to N. Furthermore, we have
the following lemma.

Lemma 3.4. N =N~
Proof. For each fixed u € N, we have
To(1) = alll, + ol + % [ o dz = [ fuft i uf do =
and
Ji(1) = allull%, + 3bllull* + 3)\/ puu® dx — 2nful? — (q — 1)77/ |u? In |u]? dz — 5|ulg
Q Q
= ~[(a=2allli, + (0= Ol + (a = [ 6 e+ 2nlaly + 6~ )l < 0.

which holds because A\, > 0 and 4 < ¢ < 6. Hence, u € N~ and the proof is complete. O

Remark 3.5. Since any critical point of I belongs to N, if u is a critical point of I, it must be
a ground state solution to problem (|1.1)).
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Lemma 3.6. Assume that a > 0. If 4 < q < 6, then there exists a u* € Xo(Q) such that

sup I (tu*) < c(A), (3.18)
>0

where c(A) is the positive constant given in Lemma

Proof. Let U(z) = % Then we know from [5] that U is a minimizer of S,,. Assume that

Bs C Q C Bas and let w € C§°(Q) be such that 0 < w < 1, w(z) = 1 in Bs and w(z) = 0 in R3\ Q.
For € > 0 we define
Uc(z) := 671/2U(§) and  ue := w(x)Uc(x).
€

Then from [I§], we know that as e — 0,

uel? = S3/2 + O(e), (3.19)
lucl = S3/2 + O(%), (3.20)

O(e1/?), 1<q<3,
lueld = § O(e?/?|Ine]), q=3, (3.21)

0(63_%), 3<qg<6,
[u] = O(e272%%), (3.22)

and

/Q ue|?In |uc|? do = C®~3 lng 4+ 0(¥73) + O(e9? Ine). (3.23)

Now we consider the following two cases:

Case 1. s < 1 Given the definitions of the functions I(u) and J,(t), it is evident that lim;_,q Jy,, () =
0 and limy o Jy, (¢) = —oo. This behavior is consistent across all e values in the interval
(0,€9), where ¢y is a positive number that is sufficiently small but fixed. Thus, there exist
0 < t; <ty < 400, independent of ¢, such that

I(tue) < c(A), Vte (0,t1]U [ta, +00).

For t € [t1, 2], we have

a b A 2nt4
Itu) = Gl + 3l + et [ o do+ i ju;

1 16
— %/Qmﬁ\qln |tu€|2 do — €|u5|g

a b A 2n
< StPluellX, + 7t luel* + St clolucl3z + S5t ucld
2 1 1 2Ty
. (3.24)
- ﬂtq/ [ue|? In [tue|? do — =t%|u|S
q Q 6
Ay 2 2n n / 2
< max g(t) + StYoelsue)dz + rtfucl? — 119 [ fu|?In|tu[?d
< Jax 9(8) + 781 clsluclTy + T3t lucly = 77 | Juel*Inftucl” dz
< max g(t) + C1|¢clo|ue 2%2 + Colue|d — 03/ [ue|?In |uc|? da,
Q
where
a b 1
o(t) = 2P0l + el — Shucld
Since lim; 0 g(t) = 0 and lim; ;. g(t) = —oo, so there exists a unique t. > 0 such that

max;so g(t) = g(te) and ¢'(¢t.) = 156(a||u6H§(0 + bt2||uel|* — t2|ucl8) = 0, where

o Ul /B2l + ol e
< 2|uclg .
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Using the estimates in (3.19)-(3.22)), combining 1 < 2 — 2s, we have |lue|x, = |lue]| as € — 0.
Hence, one sees that as e — 0,

blluell® + /02 e 12 + daljue |, el

teluelk, =

2‘“6@
bS3 + \/b258 + 4453 (3.25)
= 5 + O(e)
— A+ 0(),
and
oo bl SR + dallud X, el 5
te|U€|6 = ( 4 )
2|uelg
bS2 + \/b2S4 + 4aS, 3 2
- ( R R Z0) (3:26)
A3
It follows from (3.25)), (3.26)) and the definition of g(¢) that
Iilfg(g(t) =g(te) = c(A) +0(e), ase—0. (3.27)
From (3.21)), (3.23), (3.24) and (3.27), we have that
I(tue) < ¢(A) 4+ O(e) + O(e) + O(€* %) — Ce* 2 In o, O(e"?Ine), ase— 0, (3.28)
€
for ¢ € [t1,t2]. Since 4 < ¢ < 6, we see that 3 — 2 <1 < 2, together with
. -3
lg% "7 1n % =0
shows that o
O(e) + O(e) + O(¥72) — Ce* "2 In —+ O(e”?Ine) < 0 (3.29)
for suitably small e. Fix such an € > 0. It then follows from (3.28) and (3.29) that
I(tue) < c(A), Vt € [t1,ta].
Case 2. s > 1/2 Since lim;_,¢ J,,_(t) = 0 and lim;_, J,,_(t) = —o0, so there exists t, verifying
I(tyue) = maxy>o I (tue). Hence
af2 e %, + bt et + Até/ﬁd)ueuf dr — 77/Qt§17|u6|qln|t,,ue|2 dr — 15]uclg = 0,
so we have
at2 |||, + bti[luc]|* + At} /Q Gu u? dz + ‘n/ﬂ e[ In [byuc]* | >t fues,
which implies that ¢, is bounded. We claim that
t, =0, asn— oo. (3.30)

Arguing by contradiction, we can assume that there exists tg > 0 and a sequence 7, with 7, — oo
such that ¢, — 0 as n — oo. Consequently, there is M > 0 such that

2
aty,,

Ue HAZXO + bt%n

uc||t + )\t%” / by uldr < M asn — oo,
Q
for A < 0o and so

nn/ th ue|?In |t te|? dz — t?]n|u6|g =00 asn— oo,
Q
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which is absurd. Indeed, by combining (3.24)) with (3.30), we have

0< Igig{[(tue) = I(tyuc) = 0 asn— oo,

and this readily implies the existence of 7, > 0 such that
max I(tue) < c¢(A), for all n > n,

provided that ¢ > 0 is small enough but fixed. Taking u* = u, we see that (3.18]) is valid. The
proof is complete. O

Proof of Theorem[1.1, By combining Lemmas and we have that there exists a u €
Xo(£2) such that u is a weak solution to problem . Furthermore, from Remark we know
that the mountain pass type solution u is a ground state solution to problem This proof is
complete. O

The proof of Corollary is similar to Theorem [1.1) we omit it here.
The proof Corollary is similar to Theorem we omit it here.
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