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THERMOELASTIC PLATES WITH TYPE I HEAT CONDUCTION WITH
SECOND GRADIENT

JAIME MUNOZ RIVERA, ELENA OCHOA OCHOA, RAMON QUINTANILLA

ABSTRACT. This article studies the qualitative properties of thermoelastic plates modeled by
the second-gradient theory with a Type I heat equation. We establish the exponential stability
of the solutions. Our main contribution is to prove that the semigroup is non-differentiable
when the bi-Laplacian operator appears in the heat equation. Additionally, we analyze the case
where the elastic parameter is negative, demonstrating the uniqueness and instability of the
solutions. Finally, in the one-dimensional quasi-static case, we demonstrate the existence and
exponential decay of the solutions under specific conditions.

1. INTRODUCTION

Extensive research has been conducted on the asymptotic behavior of thermoelastic plates in
bounded domains. When the mechanical component is conservative and the thermal dissipation
is parabolic, the solutions are guaranteed to be exponentially stable and semigroup analytic, as
demonstrated by the referenced sources [I5], 16, [I7]. However, such regular behavior cannot be
expected in the case of the Lord-Shulman type of dissipation, in which both exponential stability
and analyticity are lost [22]. Similarly, in the Green-Lindsay case, analyticity is absent, though
exponential stability can still be ensured [23]. Recent studies have also investigated plates with
mechanical dissipation and thermal conservation, yielding different results [2, [19]. When the plate
occupies the entire space, alternative results have been obtained [23].

It is commonly assumed that dissipation induces a regularizing effect, suggesting that coupling
with a regularity property in the solutions will be preserved or even enhanced with increased
dissipation. However, recent studies have challenged this intuition by revealing cases in which it
does not align with the mathematical analysis. Notably, introducing the bi-Laplacian operator
into certain couplings has been shown to eliminate the exponential stability that would otherwise
be present [18]. Furthermore, these effects have only been examined in the context of second-order
equations with respect to the time variable.

Recently, there has been a growing interest in studying the impact of higher-order spatial
derivatives on various thermomechanical issues. These equations are well-established in the con-
text of the elastic component and have been studied for several years. However, there has also
been an increased focus on incorporating these terms into equations that governing porosity and
heat transfer. The interest in heat equations may be driven by phenomena observed in various
gases. Furthermore, including gradient effects in thermomechanical models has been shown to
be significant [4]. The work of Tesan [8, [9] 10 11, 2] is particularly noteworthy in this regard.
Building on the framework of Green and Naghdi formulation [5, [ [7], Tesan has developed distinct
theories that incorporate second-gradient effects into the heat equation.

This article focuses on analyzing the qualitative properties of thermoelastic plates under the
second-gradient theory of the Type I heat equation. This theory, is derived from the framework
proposed in [9], and can be is obtained by restricting the considered independent variables, since
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Type I theories are known to be a sub-class of Type III theories. The system of equations that
governs this problem is expressed as follows:

Py = —cA%u +nAb, (1.1)
afy = bAO — dA?0 — nAuy. (1.2)

In this system, u represents the displacement, 6 denotes the temperature, p is the mass density, a
is the heat capacity, c is the elasticity coefficient, b is the thermal conductivity, 7 is the coupling
constant, and d is a novel parameter introduced in the higher-order theory. All parameters are
assumed to be constant, with p, a, b, ¢ and d taken as positive, while 7 is only required to be
nonzero, except in the final setting, where we assume ¢ < 0.

We study the problem governed by this system in a bounded domain 2 with a smooth boundary
in an n-dimensional Euclidean space. To fully define the problem, we must specify the appropriate
boundary conditions

u(x,t) = Au(x,t) = 0(x,t) = Ad(x,t) =0, x€9Q, t>0, (1.3)
as well as some initial conditions
u(x,0) = u’(x), wui(x,0) =2"(x), 6(x,0)=60%x). (1.4)

In this article, we prove the well-posedness of the proposed system, and its initial and boundary
conditions, in the Hadamard sense. We prove the existence of a contraction semigroup that govern-
ing the solutions, and we demonstrate their exponential stability. The primary novel contribution
of this work is the proof that the semigroup is non-differentiable, and thus non-analytic, despite
the analyticity of the semigroup when d = 0, as established in [I5]. This loss of regularity due
to additional dissipation is unexpected. Notably, this is the first instance of such a phenomenon
observed in a first-order equation in the time variable of the heat equation. Nevertheless, we show
that the only solution that vanishes on a set of positive measure is the trivial solution, thereby
confirming the uniqueness of solutions for the backward-in-time problem.

This manuscript is organized as follows: Section 2 establishes the existence and uniqueness
of solutions for the model. Section 3 proves exponential stability. Section 4 demonstrates the
non-differentiability of the semigroup. Section 5 addresses the impossibility of localization. In
Sections 6 and 7, we analyze the case where ¢ < 0, confirming the uniqueness and instability
of solutions. It is relevant recalling that the elasticity coefficient can be negative in the case for
pre-stressed materials (see [13]). Therefore, this assumption is compatible with the usual axioms
of thermomechanics. However, for the one-dimensional quasi-static case, we prove the existence
and exponential decay of solutions under specific conditions.

To investigate the dissipative properties, we construct the energy functionals. To this end, we

multiply the equation (|1.1)) by u; and equation (|1.2)) by 6, yielding

1d
—— [ (plu¢* + c|Aul? )dQ = —77/ VOVu, dS2,
1i/ a|9|2dﬂ+/(b|v9|2+d|A9|2)dQ=n/ VOVuy dS.
Thus we see that
1d

2dt

In short, we can write

/(p|ut|2—|—c|Au|2+a|0|2)dQ: —/(b|v9|2+d|Ae|2)dQ.
Q Q

B() +/tD(s) ds = E(0), (1.5)
0
where
B() = 5 [ (ol + A + aloP) a2,

D(t) = /Q(b|V9|2 + d|A0)?) dQQ.
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2. EXISTENCE AND UNIQUENESS
We consider problem (|1.1)—(1.4) in the Hilbert space
H = Hi(Q) N H*(Q) x L*(Q) x L*(Q),

where H}, H?, and L? are the usual Sobolev spaces. The elements of this space can be written as
U = (u,v,0). We can consider the inner product associated with the norm

U135, = ellAull* + pllv]|* + all6]>.

Note that this norm is equivalent to the usual norm in H. Therefore, we can write our problem
in the form

U =AU, U(0) = (u’,0°,6°), (2.1)
where the operator A is defined by
v
AU = 2 (—cA%u + nAb) . (2.2)

%(bAG — dA%0 — nAv)
Here we consider the domain of this operator as
D(A) = Hi(Q) x [H*(Q) N Hy(2)] x HI(9), (2.3)
where
HX(Q) = {u € H*(Q); Au = u = 0 at the boundary}.

It is not difficult to see that D(A) is a dense subspace of H. Moreover the operator A is dissipative,
that is

Re(AU,U) = —/Q(b|V6\2 +d|A0)?)dQ2 <0, YU € D(A). (2.4)
Let us consider U = (u,v,0)" € D(A) and G = (g1,92,93)" € H. The resolvent equation
iwlU — AU = G in the terms of its component can be written as
iwu—v =g, €H? (2.5)
ipwv + cA%u — nAd = g, € L2, (2.6)
iawf — bAG + dA%0 + nAv = g3 € L.
From and the resolvent equation iwU — AU = G we obtain

/ b(| VO + d|A0?) dQ = Re(U, G) . (2.8)
Q

Theorem 2.1. The operator A, defined by equations (2.2) and (2.3)), generates a C°-semigroup
of contractions on the Hilbert space H.

Proof. To show that A is the infinitesimal generator of a contraction semigroup, it is sufficient to
show that 0 belongs to the resolvent of the operator. Indeed, let us take G = (g1, g2, g93) € H we
want to find U = (u, v, 0) such that —AU = G. In terms of the components (w = 0) we have
U= =01,
A(—cAu+nld) = —pga,
A(bY — dAO — nv) = —ags.

By definition we have v € Hi N H?. By substituting v into the next two equations, we arrive at

A(—cAu+ nb) = —pga, (2.9)

A(bO — dAO) = —ags — nAg;. (2.10)

Using the Lax-Milgram’s Lemma it is easy to show that for any g3 € L?(2) and any g; € H?(Q) N
H}(Q) there exists only one solution § € H?(Q) N H}(Q) which is a weak solution to (2.10). Using
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equation (2.10) and the elliptic regularity we conclude that 8 € H2(Q). Since equation (2.9) and
equation (2.10]) are decoupled we consider 6 as a data in equation (2.9). So we have

cA%u = —nAb + pgs € L*(Q).

Using the Lax-Milgram’s Lemma and the elliptic regularity again, we conclude that there exists
only one solution v € HZ(Q2). In summary we proved that for any G € H there is only one solution
U = (u,v,0) € D(A) verifying AU = G and also

U3 < ClIG I,

hence zero belongs to the resolvent set o(A). O

In particular we have the following result.

Theorem 2.2. There is only one solution to the Cauchy problem (2.1) which depends continuously
on the initial data. Moreover if Uy € H, there exists only one solution U verifying

U(t) € C([0,00); H).
if Uy € D(A), then the solution has the regularity:
U(t) € C1([0,00);H) N C([0, 00); D(A)).

3. EXPONENTIAL STABILITY

In this section, we will prove that the solutions to the problems studied in the previous section
decay exponentially. Our main tool is the following result by Pruess [21].

Theorem 3.1. Let S(t) be a contraction Cy-semigroup, generated by A over a Hilbert space H.
Then, there exists C,~vy > 0 verifying

1S(t)]| < Ce ™ < iR C o(A) and ||(iA] — A) "z < M, VAER. (3.1)

Our first step in proving exponential stability is to show that the imaginary axis is contained
at the resolvent set o(A).

Lemma 3.2. The operator A defined by (2.2)) and (2.3) verifies iR C o(A).

Proof. Since the domain D(A) is compactly embedded in the phase space H, it suffices to show
that A has no imaginary eigenvalues. We proceed by contradiction. Suppose there exists a non-
zero U # 0 such that AU = iwU. Given G = 0, equation implies A8 = A%0 = 0. Combined
with the boundary conditions, this yields § = 0. From equation , we obtain Av = 0, and
applying the boundary conditions, we conclude that v = 0, which further implies v = 0. Thus,
U = (u,v,0) = (0,0,0), contradicting the assumption that U # 0. This completes the proof. O

Under the above conditions we have the following theorem.

Theorem 3.3. The semigroup S(t) generated by the operator A is exponentially stable. That is,
there exist two positive constants M and € such that

1Tl < MeH|T(0) 13-

Proof. We need to prove that the resolvent operator is uniformly bounded over the imaginary axis.

Using the equations ([2.7) and ([2.5) we obtain
iawl — bAO + dA%0 + niwAu = nAg, + g3 € L?,

and dividing by iw we obtain

b d 1
0 — —AO+ —A%0+nAu = —(nAgy + g3).
iw w

W
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Multiplying the above equation by Au we obtain

/77|Au|2dx _ f/ nu+ 2 [ noma— [ Lavgma+ ,i/(nAgl + o) Bu
Q [¢) w Jo Q Ww w Jo
_ _ 1 _
=— [ 6Au+ i A@Au—i/ AOAZy + — / (nAg1 + g3)Au - (32)
Q W Ja W Ja W Jq
=1 <E UG

Using equation (2.6) we obtain

d
Ji=—— [ Ab(ipwv — nAb — go)d)
Q

w
:dp/ A96d9+i/ n|A9|2dQ+i/ A6gGzdS.
Q w Jo w Jo

So, we arrive at

\Jﬂgb}/ |A9|2dQ+e/ ]2 0 + 2 GI12,.
Q Q

Hence by using (2.8)),
1] < ENU Gl + € / o[22 + 3G

Substituting this into (3.2) we obtain
[ 18uP a0 < 2 UGl + € [ 1o a2+ 2GR, (53)
Q Q

where we have used the Poincaré inequality type ||6]| < ¢||A#]|. Finally, multiplying equation (2.6))

by u we find that
ip/wvﬂdﬂ—i—c/ |Au|2dQ—n/A6‘ﬂdQ:/ggﬂdQ.
Q Q Q Q

Using equation ([2.5)) we obtain

p/ |U|2dQ:—p/UgTdQ—|—c/ |Au\2dQ—n/A9EdQ—/ggﬂdQ.
Q Q Q Q Q

The above inequality implies
/Q w2 de < c/Q Aul? d0 + c/Q A2 d + Z U131 G .
Using and we obtain
[0 2 < U Gl + 21 Gl
for € small. The above inequality implies that
1013 = /Q (W + [ Auf” +10]%) dQ < E[|U ]| Gl + 2l Gl

Therefore, there exists a positive constant M such that ||U]3 < M||G||% and the proof is complete.
U
4. LACK OF DIFFERENTIABILITY

In this section, we show that the semigroup associated with system (|1.1))-(|1.4)) is not differen-
tiable [20] (not immediately differentiable [I4]). To see this, we recall the following results.

Theorem 4.1. Let S = (S(t))i>0 be an immediately differentiable semigroup on the Banach space
X, then S(t) is an immediately norm-continuous semigroup (see [14], Definition 4.17 page 112).

Proof. If S(t) is immediately differentiable then S(¢) is immediately differentiable with the uniform
norm of £(X), for any ¢ > 0. This implies that the semigroup is immediately norm-continuous. O
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Theorem 4.2. If A is the generator of an immediately norm-continuous exponentially stable

semigroup then
lim ||(GA — A)7Y = 0.

A—+too

For a proof of the above theorem, see [14, Corollary 4.19 page 114].
Theorem 4.3. The semigroup S = (S(t))i>0 defined by system (L.1)-(1.4) is not differentiable

Proof. To show that the semigroup is not differentiable we only need to prove that there exists a
sequence w, of real numbers such that

lim || (i T A7 > o. (4.1)

We now consider G,, = (0, ¢,,0), where ¢,, are the unitary eigenfunctions of the Laplace operator
with homogeneous Dirichlet conditions on the boundary of €. That is —A¢, = M\,¢,. Let
Upn, = (Un, vy, 0,) € D(A) the unique solution of the equation

(iwn I — AU, = G,,.
In terms of the components of the system we have
Wply — UV, =0
ipwn Uy + A(cAun, —nb,) = ép
iawnbn + A(dAG, — b0, + nv,) = 0.

To solve the above system we look for the solutions of the form
Up = Apndn, Vn = iwnAndn, O = Bydn.
Substituting (uy,, vy, 0,) into the above system yields

ipwn(iwnAn(bn) + A(CAnA¢n - an¢n) = qj)ny
tawn By on + A(dABn¢n —bB,o, + niwnAn¢n) =0.

The above system is equivalent to
An(eX2 — pw?) + Bynh, =1, (4.2)
—inwnAn Ay + By (iaw, +dX\2 4+b\,) =0 (4.3)

where )\, are eigenvalues corresponding to the eigenfunctions ¢,,. We recall that A\, — oo (as

n — 0o). Taking
Wn = :i:\/E)\n.
p

We have that B, = (n\,)~!. Substituting B,, into (4.3)) yields
| lawy + dA\2 + b,

A, =
A/ c/p

Hence we have
Un = (unv Uns en) = (An¢m twn An@n, Bn¢n)

Therefore,
2 2 2 2 2
2 2 Nawn+(d)‘n+b)‘ﬂ) 2 d
1Unllz = llvnllz> =~ POVE n i 0.
Since U,, = (iw, —.A) G, we see that condition (4.1]) holds. O

Remark 4.4. We also note that the semigroup is not analytic. This is a bit surprising when
compared to the results obtained in [I5].
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5. IMPOSSIBILITY OF LOCALIZATION

Although the semigroup is not analytic, we can employ alternative arguments to demonstrate
that the only solution that is identically zero on a set of non-zero measure is the trivial solution.
To this end, it is sufficient to prove the uniqueness of solutions for the backward-in-time system

Py = —cA%u 4+ nAb,
afy = dA%0 — bAO — nAuy.

with homogeneous Dirichlet boundary conditions (|1.3)).
To show the uniqueness of the solutions to this problem, it is sufficient to show that the only
solution for the problem with the null initial conditions

u(x,0) = ug(x,0) = 0(x,0) =0, Ve

As usual, we will use the argument from the Lagrange identities. First, we consider the functions

1
Zi(t) = §/§2(p|ut|2+C\Au\2+a|9\2)d§2,

1
D (t) = 3 /Q(P|Ut|2 + c|Aul? — a|6]?) dQ.

We obtain
AW :/(b|V9|2+d|A9|2)dQ,
Q

() = —/Q(b\V0|2+d|A9\2)dQ+2n/ﬂutA0dQ.

To obtain an alternating expression to the definition of the function %5 (t) we consider the following
relations

/0 t /Q pan(8)us (2t — 5) 2 ds + /0 t /Q cAu(s)Auy (2t — ) A9 ds
/Ot/QnAG(s)ut(Qts) 40 ds,
/Ot/gputt(%—s)ut(s) des—&-/Ot/QcAu(%—s)Aut(s) dQ ds
_/Ot/QnAQ(Qt—s)ut(s) d ds,
/Ot/ﬂaet(s)ﬁ(?t—s) dQ ds
:/Ot/QdAH(s)AG(Qt—s) des—F/Ot/QbVH(s)VH(Qt—s) 40 ds
—/Ot/QnAut(s)G(%—s) dQ ds,
/O t /Q al,(2t — $)0(s) A9 ds
:/(:/QdAQ(Qt—S)AQ(S)des—i—/ot/QbVG(Qt—s)VQ(s) dQds
_/t/ DA (2t — $)0(s) A ds.
0 Q

By combining this equalities with alternate signs, integrating with respect to time, and taking into
account the initial conditions, we find that

/(a|9\2—|—c|Au|2)dQ:/p\ut\QdQ.
Q Q
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Going to the definition of the function % (t) and considering this previous equality we find that
Lo(t) = / o| Aul? do.
Q
Therefore, if we selected € < 1 and consider
L) = L(t) + e (1),
we see that

2L(t) = —(l—e)/(b|v9|2+d\A9|2)dQ+2n/ uy AG d§)
Q Q

gk/|ut|2dﬂ, k>0,
Q

after using Holder’s inequality. As € > 0 we can also see that

Z(t) <k Z(),
where k* is a calculable constant. It then follows that
ZL(t) < Z(0) et =0,

as Z(0) = 0. Therefore, we obtain that Z(t) = 0 for every ¢ > 0 and we can conclude the
following.

Theorem 5.1. Let (u,a) be a solution to the problem determined for the backward in time system
with null initial conditions. Then (u,0) = (0,0) for every t > 0.

6. UNIQUENESS AND INSTABILITY

In this section, we analyze the system defined by equations and in the case where
¢ < 0. In this scenario, the problem is not expected to be well-posed in the sense of Hadamard,
because of its instability. Nevertheless, we prove the uniqueness of solutions.

To study the problem, it is convenient to integrate equation with respect to time, yielding

af = bAa — dA%a — nAu + af(0) + nAu(0), (6.1)

where .
alx,t) = / 0(x,s)ds.
0
We note that if ®(x) is the solution to the equation
bAD — dA%D = af(0) + nAu(0),
with null Dirichlet boundary conditions on 2, we can write equation (6.1]) as
af = bAY — dA?T — nAu,
where ¥ = a + &. We define the function
t
Z(t) = / pu A9+ / /(b|V\I/\2 + A|AT[2) dds + W (E + to).
Q 0 Jao

Here w and ¢y are two nonnegative constants that will be selected later. We have

t
F(t) =2 / puy dSY + 2 / / (bVEUVO + dATAG) d ds
Q 0 JQ

+ / (b|V®|? + d|AP*)dQ + 2w(t + to),
and ’
F(t) = 2/ (plue|? + puayy)dQ + 2 / (BVUVO + dAVAG) d + 2w (t + to).
We note that ? ?
/Q(puutt +bVIVO + dATAL) dQ2
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= f/(c|Au|2+a|9|2)dQ
Q

t
/ plud2d9 + 2/ /(b|V9|2 + d|A02)dQds — E(0),
Q 0 Q

where the second equality follows from (1.5). We obtain

t
F(t) = 4/ pludl? A2 + 4/ / (B[VOP2 + d|AB2) d2 ds — 2(E(0) — w).
Q 0 JQ
The Schwarz inequality implies
F(O)F(t) — (F(t) —v)* > =2(w + E(0))F (t) (6.2)

where

v= /(b|v<1>|2 + d|A®|?) dQ.
Q

Now, we can obtain the uniqueness of the solutions from (6.2). We know that to prove the
uniqueness it is sufficient to show that the only solution to null initial conditions is the null
solution. In this case we have that E(0) = v = 0 and if we take w = 0 we obtain

FMF(t) 2 (F(t)?
This inequality brings to the estimate. See [T} 3]
F(t) < ZO) "V zt) ' 0<t<t.
As #(0) = 0 we conclude that .#(t) = 0 for 0 < ¢t < ¢; which shows that u = § = 0 for every
0 <t <t;. And the uniqueness result is obtained.
To prove the instability of the solutions we use (6.2) and select w = —F(0). We also select tg
large enough to guarantee that % (t) > 2v. We see that
Z(0).F(0 Z(0) — 2 Z(0
r > ZOF0 PO -2y, 20
Z(0) — 2 Z(0) Z(0) — 2
which guarantee the exponential instability. A similar estimate can be obtained when E(0) = 0
but #(0) > 0.
Theorem 6.1. For the problem determined by system (1.1)), (1.2) with the homogeneous Dirichlet
boundary conditions in the case ¢ < 0, we have

(1) There exists at most one solution.
(2) When E(0) <0 or E(0) =0 but % (0) > 0 the solution is exponentially unstable.

7. QUASI-STATIC CASE

We continue assuming that ¢ < 0, but we restrict our attention to the one-dimensional quasi-

static case. Our system becomes

CUgprrr = nemxv

aby = b0y — dOrpyea — Nugzt-
We study this system in the interval [0, 1] with the boundary conditions
w(0,t) = Uz (0,8) = u(1,t) = uze(1,¢) =0,
0(0,t) = 0,.(0,t) =0(1,t) = 0,,(1,t) =0, ¢>0.

and the initial condition

0(x,0) = 6°(x).
We can integrate the first equation with respect to the spatial variable to obtain

c(Ugzr — Uzzz(0)) = (0 — 0:(0)),
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At the point = 1, we have u,, (1) = 6(1) = 0. Therefore, cuy..(0) = n0,(0) and

Clgzy = Nb.
After a time derivation we have
2
NUgxt = let
c

Going back to the second equation of this section, we find that

2
(a+ ”?)at = 00y — By (7.1)

In the case a > —%, the study of equation is well known. We can obtain the existence of an
analytic semigroup that provides solutions and the exponential stability. At the same time we can
guarantee that if 6; € L? then 6,, € L? for every t > 0. Then, going back to the first equation of
this section we can obtain u € H2. To provide an estimate for the behavior of u(z,t) we see that

1 1 1 1/2 1 1/2
—c/ U |2 d = —n/ Oz < k(/ |9|2dx) (/ |um|2dx) .
0 0 0 0

Then we see that

1 1 1
—c/ |2 die < k(/ |0\2d:n> < k(/ |90\2dz) exp(—wt),
0 0 0

which gives the exponential decay of u in the H2-norm.

Theorem 7.1. The problem determined by the one-dimensional quasi-static solutions in the case
2
that a > —"L- satisfies

(1) There are solutions for every initial data in L2, and these solutions are analytic with
respect to time.
(2) The solutions decay exponentially.

8. CONCLUSIONS

In this article, we have analyzed the system of equations that governs the thermoelastic defor-
mation of a plate, where heat conduction is modeled by the Green-Naghdi Type I theory with
higher-order spatial derivatives. Assuming standard conditions on the constitutive coefficients, we
have established the following qualitative properties:

(1) Existence of a semigroup that defines the solutions in an appropriate Hilbert space.
Uniqueness of solutions is also satisfied.

(2) Exponential stability of the solutions.

(3) Non-differentiability of the semigroup, implying non-analyticity.

(4) Impossibility of localizing the solutions.

Later, we considered the case when the elastic parameter is negative and we showed:

(1) Uniqueness and instability of solutions.
(2) For the one-dimensional quasi-static problem, existence and exponential stability of solu-
tions, provided specific parameter conditions are satisfied.

It is instructive to compare these results with those for the classical case, where higher-order
derivatives in heat conduction are absent. Properties 1, 2, and 4 align closely with the classical
setting; however, property 3 marks a significant difference. Notably, the introduction of stronger
dissipation unexpectedly leads to a loss of solution regularity, a phenomenon that merits further
attention. Properties 5 and 6 are novel, even in the absence of higher-order derivatives.
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by Fondecyt project 1230914.
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