Electronic Journal of Differential Equations, Vol. 2026 (2026), No. 08, pp. 1-18.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, DOIL: 10.58997/ejde.2026.08
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ABSTRACT. In this article we characterize the least energy nodal and semi-nodal solutions to
some Schrodinger system as the minimum on constrained Nehari sets of codimension 4 and
3, respectively; thus allowing to compute their Morse index and the exact number of nodal
domains. Next the focus is on the symmetry properties of the sign-changing solutions. We
show that, even though the domain is a ball, ground states are not radial, and produce other
non-radial solutions with the given symmetry.

1. INTRODUCTION

We study the Schrodinger system
—Au+ M = g |[u*T?u+ Blu|?3v|%  in Q,
—Av + Aov = po|v[*2v + Blul9|v]7 2w in Q, (1.1)
u=v=0 on Jf,

where A, A2 > 0, p1, 12 > 0, Q is a bounded smooth domain in RY (N = 2,3), and 2 < ¢ < g,
(g2 = 00, g3 = 3). The parameter 8 measures the coupling of the system: we are interested in
B < 0 (competing system) or 8 > 0 but “small” (weakly cooperative system).

A Schrédinger system of type (1.1) arises as a model for various physical phenomena, in particu-
lar in the study of standing waves for a mixture of Bose-Einstein condensates of two states, see for
example [9]. From a mathematical viewpoint, it has been so extensively studied that narrowing
down the most significant works is necessarily reductive. The most extensively studied case is
q = 2, also known as Gross-Pitaewskij equation, in particular concerning existence and multiplic-
ity of positive solutions; we mention [14, 4, 15], among others. More recently, sign-changing and
semi-nodal solutions have attracted the attention of many mathematicians. When 5 > 0 is suffi-
ciently small, radially symmetric sign-changing solutions with any given number of nodal domains
were constructed in [16] on RN for ¢ = 2, and a similar result for N = 3 and 2 < ¢ < 3 was proved
in [23]. As for bounded (non spherically symmetric) domains, the existence of infinitely many
sign-changing and seminodal solutions has been proved in [5] in the weakly cooperative regime,
and in [6] and [13] in the competitive regime. These contributions address the case ¢ = 2 and
investigate appropriate constrained problems by means of the notion of vector genus introduced
by [22]. We also mention [19, 7, 20] for some related systems of d > 2 equations.

Here we focus on least energy nodal and semi-nodal solutions, and we characterize them as
constrained minima on a Nehari type set of codimension 4 and 3, respectively. The solutions display
the usual inf-sup characterization of mountain-pass type solutions, with the paths interpreted here
as 4- (respectively 3-) dimensional surfaces rather than curves. To manage the complexity of the
four (or three) dimensions, we impose the additional condition ¢ > 2. In that way, the problem
is subcritical only for N < 3. A similar assumption was also made in [15, 23]. Even though some
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technical details differ if 8 < 0 or 5 > 0, the competitive and weakly cooperative regimes can be
handled simultaneously.

This approach allows to easily compute the number of nodes and the Morse index of least
energy solutions, in particular we see that nodal least energy solutions have Morse index 4, and
each component has exactly two nodal zones (Proposition 3.7). Likewise, semi-nodal solutions have
Morse index 3 and their components have respectively two and one nodal zones (Proposition 3.10).
Furthermore, the Nehari construction can be adapted to subspaces of functions with pre-assigned
symmetries: we give here two examples.

When € is a ball, it is easy to show the existence of a pure vector (resp., a nodal or a semi-
nodal) solution with radial symmetry, which has the least energy among all radial and nontrivial
(resp., nodal or seminodal) solutions and has radial Morse index 2 (resp., 4 or 3). Observe that
the radial Morse index can be less than the Morse index. The question is whether this provides
new solutions or, rather, a symmetry property of the least energy solutions.

For the scalar Schrodinger equation corresponding to 5 = 0, this fact is well understood. The
least energy solution on the ball (which has fixed sign) is radial by the celebrated result by Gidas,
Ni and Niremberg [11]. Conversely, comparing the information on the Morse index one sees that
any sign changing radial solution is not the least energy one in the whole set of sign changing
solutions, see [1]. Though, the least energy nodal solution inherits some symmetry property of the
domain, precisely it is foliated Schwarz symmetric, because its Morse index is not greater than IV,
see [18].

For cooperative Schrodinger systems, a similar sufficient condition for Schwarz symmetry has
been established in [10]: it applies to pure vector ground states, but not to sign changing solutions
in dimension 2 and 3. The estimation of the Morse index of radial solutions is, in turn, a delicate
issue, and warrants further study. We limit ourselves here to a perturbative approach, which
provides a result concerning small interaction parameter.

Theorem 1.1. Let € be a ball in dimension N = 2 or 3, and 2 < q < qn. There exist by,by > 0
such that sign-changing (resp., semi-nodal) ground states are not radial when || < by (resp.,

18] < b2).

If g is any subgroup of the orthogonal group O(NN) one can address to the subspace of g-invariant
functions and easily prove the existence of pure vector, nodal and semi-nodal g-invariant solutions
which minimize the energy in the respective families. Though, as any radial function is g-invariant,
all these g-invariant least energy solutions could coincide with the radial ones. Comparing Morse
indices can yield insights into the multiplicity of solutions, but this relies on knowing not only
the precise Morse index of the radial solution, but also the symmetry features of the associated
eigenfunctions. Studies in this direction have been carried out in the papers [2] and [12], concerning
the Schrodinger equation. In particular [2], relying on a singular eigenvalue problem, provides a
decomposition of the spectrum according to spherical coordinates that naturally extends to systems
without substantial modifications, see also [3]. The paper [12], by means of a fine asymptotic study
of radial solutions to the Lane-Emden problem in the disc, computes the exact Morse index and
deduce a multiplicity result. Their result carries over to systems of type (1.1) with small interaction
parameter, thanks to a stability argument.

To state the obtained result, we assume that 2 is a disc in R?, write » and 6 for the usual polar
coordinates,

2
Hy, := {(u,v) € (H&(Q))2 :uw and v are even and %-periodic w.r.t. 6}
for every k € Z, and call k-symmetric any function in Hy.

Theorem 1.2. Let Q C R? be a disc and \y = Ao = 0. There exists ¢* > 2 such that for
every q¢ > q* and |B| < B(q) the sign-changing k-symmetric least energy solution is not radial for
k=1,...5.

We also mention that in higher dimension, and for 8 < 0, nonradial solutions with a different
kind of symmetry have been produced in [7].
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The paper is organized as follows. In Section 2 we describe the variational structure and
recollect some facts about ground state solutions (with fixed sign). Next in Section 3 we introduce
the constrained nodal Nehari set (3.1), describe its geometric properties and prove the existence
(Theorem 3.5) and some further properties (Subsection 3.3) of sign-changing solutions, including
the computation of their Morse index and of the number of nodes, in full details; moreover in
Subsection 3.4 we apply similar reasoning to produce a semi-nodal least energy solution. Section
4 is devoted to symmetric solutions and proves Theorems 1.1 and 1.2.

2. PRELIMINARY REMARKS ON THE VARIATIONAL SETTING AND FIXED-SIGN SOLUTIONS

Henceforth we let  be a bounded smooth domain in RY, N > 2 and

400 for N =2,
aqN =

% for N > 3.

For i = 1,2 let By = H}(Q) equipped with the inner product

(w,6) 5, = /Q VWVe + /Q w

and the induced norm ||w||%, = (w,w)E,, which is equivalent to the standard one. Both E; and
E5 compactly embed into L2 for 1 < g < qx. We denote by E the product space F; x Ey with
the natural inner product and norm.

Problem (1.1) has a variational structure and the related energy is Z : E — R,

1
I(u,v) = /QIW+ Vol + A+ dov® - 5 /leuﬁumw+2/3|uv|q. (2.1)

Note that weak solutions are critical points for Z. A ground state solution attains the minimum
of Z among all solutions (except the trivial one u = v = 0), i.e. realizes

e = inf{Z(u,v) : (u,v) € B\ {0}, Z'(u,v) = 0}.

As 1 < g < qu, it is completely standard producing ground state solutions by minimizing Z on
the Nehari set

Nian = {(u,v) € E\ {0} : I'(u,v) (u,v) = 0}. (2.2)

But this procedure can lead to a so called semi-trivial solution of type (u,0) or (0,v), where u
and v are the least energy solutions of the single equations obtained letting 8 = 0. It happens, for
instance, if the parameter 8 is negative or positive but small, see for instance [4].

In this range, though, nontrivial or “pure vector” solutions, i.e. with u # 0,v # 0, do exist. In
particular, there is a nontrivial ground state, which attains

c=inf{Z(u,v): (u,v) € E, u,v # 0, I'(u,v) = 0}, (2.3)

and can be characterized as the minimum in a constrained Nehari set
v =inf {Z(u,v) : (u,v) € N'}, (2.4)
N = {(u,v) € E:u,v#0, IT'(u,v)(u,0) = Z'(u,v)(0,v) = 0}. (2.5)

Proposition 2.1. Let N = 2,3 and 2 < q < qn. There exists B > 0 such that ¢ =~y is attained
by a function (u,v) € N which solves (1.1), for every 8 < 3. Moreover

. 1
=7 (LS Tl )
with
{(u,v) € B2 mllullillvlE, > Bluvl3lul,,
A=S mllilulg, > Blluwl3lvl, } fq=2and0 < <pB,
E\ {0} otherwise.
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In the case ¢ = 2, the proof of Proposition 2.1 consists in a mere rearrangement of the arguments
employed in [14, Section 2]. Modifications are necessary to handle the case ¢ > 2, that we do not
report here because they are explained in detail in the following section about sign-changing
solutions.

Starting from the characterization of the ground state as a minimum on the Nehari set, one can
compute the Morse index and the number of nodal zones. We recall that, as the energy functional
T is of class C? on E, the Morse index of any solution (u,v) is the maximal dimension of a subspace
of E where the quadratic form related to Z"(u, v) is negative defined.

Proposition 2.2. For q € [2,qn) and B < B, a nontrivial ground state has Morse index 2.

Proof. The set N is a regular manifold of codimension 2 in E, hence the Morse index of any
solution is at most 2. On the other hand, one sees that the Morse index is at least 2 by showing
that the quadratic form associated to Z'(u,v) is negative on the 2-dimensional space spanned by
(u,0) and (0,v). For every (t,s) € R? (¢,s) # (0,0) we have

(T (1, 0) (b, s0), (b, 50)) = £ (Jlullf, = 2a—)mllul3] - Ba—1)]uv]2)

2
+ 52 (ol — 2a—Dpallol3s — Bla—1)uvll?) — 2Bqts]uv]f
= —2(g— 1) (Pllul%, + 2 Nell3,) + Ba(t — 52 lul,

since (u,v) solves (1.1).
When 5 < 0 the above quantity certainly is negative. When 5 > 0, instead, using again that
(u,v) solves (1.1) we write

(Z" (u, v)(tu, sv), (tu, sv))
=—2(q— 1)/Q (1t [u*? + pos®|v*?) — (B(g — 2)(t* + s*) + 2Bqts) /Q |uv|4
—~2¢-1) [ (Altal’ - V7ol
Q
~Bla =2t~ 5)? [ fuol? ~ 4(q - 1) (Vimralts| + 5ts) [ fuol? <0,
Q Q
because 3 < f < N{TTTR (]

We remark that for large positive values of 5 the ground state solution which realizes the
minimum on ANy is nontrivial and has Morse index 1, see [15].

Knowing the Morse index, some qualitative properties follows. First, the components of a least
energy nontrivial solution have fixed sign (note that if (u,v) is any solution to (1.1) then also
(£u, £v) solve (1.1)).

Corollary 2.3. For q € [2,qn) and B < B, a nontrivial ground state (u,v) is (component-wise)
sign definite, i.e. +u >0 and £v > 0 on .

Proof. Assume by contradiction that neither 4+ nor u~ is identically zero. Then the quadratic
form associated to Z"(u, v) is negative defined on the three-dimensional space spanned by (u™,0),
(u™,0), (0,v). The computations are very similar to the ones in the proof of Proposition 2.2 and
we do not repeat them (see also Proposition 3.7 later on). But this contradicts the fact that (u,v)
has Morse index 2. Hence £u,+v > 0, and using Hopf boundary Lemmas it is easy to show that
fu,+v >0 on Q. O

When the set 2 is radially symmetric, a ball or an annulus, then the nontrivial ground state
inherits some symmetry property of the domain, at least in the cooperative regime. Recall that
(u,v) is said foliated Schwarz symmetric if there exist a unitary vector p in RY such that u(x)
and v(z) depend only on r = |z| and ¢ = arccos(x - p/|x|) and are nonincreasing in 6. Applying
[10, Theorem 1.1] gives the following result.
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Corollary 2.4. Under the assumptions of Proposition 2.1, if 8 > 0, then a nontrivial ground
state is foliated Schwarz symmetric. Moreover if it is not radial, it is (component-wise) strictly
decreasing in the angular variable.

See also the example in [10, Section 4].

3. NODAL SOLUTIONS

Given a function w we write wt and w™ for its positive and negative part, i.e. wt =

max{+w,0}. We will say that (u,v) is (component-wise) sign-changing, or nodal, if u* and

v® are all non-trivial, and write Epnoq for the subset of E made up by sign-changing functions, i.e.

Eioq = {(u,U) cFE: ui,fui 7§ O}

A function (u,v) € Epoq which solves (1.1) is said a nodal least energy solution if Z(u,v) is equal
to

Cnoa = Inf {Z(u,v) : (u,v) € Fyoa,Z'(u,v) =0}.
One can not expect to produce a nodal neither a semi-nodal solution by minimization in the
standard nodal Nehari set

M={(u,v) € E: (u”,07) #0, (u,v7) #0, T'(w,v)(u",v") = T'(u,v)(u",v7) = 0}.

Indeed, if (@, ) is a nontrivial least energy solution, then (||, —|9]) is itself a least energy solution
and belongs to M, but none of its components are sign-changing.

Here we produce a nodal least energy solution by minimizing the energy functional on a con-
strained set of codimension 4. This section is organized as follows. First we introduce the nodal
Nehari set and describe its geometrical properties, next in Subsection 3.2 we adapt the standard
Nehari technique to produce a least energy nodal solution, and in Subsection 3.3 we deduce some
further properties. At last we illustrate how to obtain similar results for semi-nodal solutions in
Subsection 3.4.

3.1. Nodal Nehari set. We define the nodal Nehari set as
NMiod = {(u,v) € Fuoa : T'(u,v)(u™,0) = T’ (u, v)(0,vF) = O}
= {(4,0) € Enca : [lu*|%, = ml[uF )32 + BlluFo|lZ, [[vF||%, = peollv®(52 + Blluv®||2}.

To describe the geometric properties of Nyod, we fix (u,v) € Enoq and define the function 6 :
[0,00)* = R

(3.1)

9(a7b7 ¢, d) = I((I%u+ — b%ui,célfk _ dévi)

1 1 3.2
- §W-(a%,b?c%,d%)—?M(a,b,c,d)-(a,z>7c,d) (3.2)
q

where
W =W(u,v) = ([u*llE,, luIE,, o715, lo71IE,) . (3-3)
|t 13 0 Blutv* |7 Bllutv|
0 pallullzg  Bllumv™[Il7 Bllu=v=[|g
M = M(u,v) = o ! ! 34
R I | A e A .
Blluto= |17 Bllu=v~ | 0 pzllv[l5g
Let
Ey = {(u,v) € Eyoa : M(u,v) is positive defined}. (3.5)

This set is nonempty because it contains any couple (u,v) € Epoq such that « and v have disjoint
support. Furthermore the following holds.

Lemma 3.1. If |8] < /u1uz/2, then Ey = Enoa. If B <0, then Ey contains any (u,v) € Fyod
such that

pallut (32 + Bluol|d >0, paflvE (32 + Blluvt|? > 0. (3.6)
In particular Npog C Ep.
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Proof. For every (u,v) € Eyoq and (a,b,c,d) € R*\ {0} we have
M (u,v)(a,b,c,d) - (a,b,c,d)
= p|[wt(|380% + p u”||5067 + pallvt |I3¢ pa v [[50d°
+ 25||u+v+||gac +28||lutv™ ||Zad + 25||u‘v+Hgbc +28||lu" v~ ||gbc
and Holder’s inequality implies
> pllut58a” + pallu” (1300 + pol|o* 1306 oo™ |[50d>

=218 (Il I3 l0 " 134 lacl + lwF 115 o™ 134lad] + llu™ 13, [0 [151bel + l[u[13, o™ 113,1bd])
1 +|¢ +1129 > 1 +|9 112914 2
> 5 (VilluTlizglal = vVizllvTllyglel ) + 5 (Vinllu™lizglal = vhzllv™llzld]

1 _ 2 1 _ _ 2
+ 5 (VA= 1,16l = Vil 321el ) + 5 (Valu~ 3,16l = vilv~li31d])” = o,
if 2|8| < \/pipz. Otherwise, if 8 < 0 and (u,v) satisfies (3.6), then

M (u,v)(a,b,c,d) - (a,b,¢c,d) > —5(||U+U+HZ(G =0 + o ||i(a — d)* + uT v [|3(b — c)?

+ llu o136 - 4)2) > 0.
O

Lemma 3.2. Let q € (2,qn) and B < \Ju1pi2/2, or ¢ =2 and § < 0. Then for every (u,v) € Ey
the function 6 has a unique mazimum point in (0,00)* characterized by the condition (a%u“‘ —

béuf,c%er — d%v*) € Muod- In particular (u,v) € Nuoa if and only if 6 achieves its mazimum at
(1,1,1,1).

Proof. From the representation in (3.2), and the fact that M is positive defined, it follows that
0(a,b,c,d) — —oo if a + b+ c+d — +oo. Hence § has a maximum point (a,b,c,d) € [0,00)%.
Furthermore 6(a, a,a,a) > 0= 6(0,0,0,0) for sufficiently small a, hence the maximum point does
not fall in the origin.
Let us check that it is an interior point. If, for instance, a = 0, then
1 1 2=q f3
- _ +12 +o,t +—
0> hlin& 7 [0(h,b,c,d) —6(0,b,¢,d)] = hlir)(f)lJr §||u |Z,h e — g[c/Q lutot|? —|—d/Q |uTw ‘Q}’

which implies that either ¢ < 2 or ¢ = 2 and 8 > 0.

So under the present assumptions @ attains its maximum at some (a,b,c,d) € (0,00)*, and
Vé(a,b,c,d) =0, ie.

2—q _ 2—q 2—q _ 2—q
(et 1, a™5" ™ 3,077 o e o1, 7 ) = M(a,bie,d),

which is equivalent to (a%u"‘ —bau—,civt — dév_) € Nuod by a trivial computation.
There are no other critical points because 6 is a strictly concave function. Indeed for every
(a,b,c,d) € (0,00)* we have

q2

2(1 2(1—q)

2 . ) B 21
diag (Jlut 0”7 Ju” [E,67 7 o e

—D%(a,b, c,d) = L

—q) 2(1—q) 1

ol T PR EE TS
q

O

Note that Proposition 3.2 ensures that N.q is not empty. Proposition 3.2 does not hold for
g = 2 and § > 0 because there are functions (u,v) € Ey for which 6 attains its maximum at the
boundary of [0,00)*. We therefore argue in the subset

O = {(u,v) € By : M~'W € (0,00)*}. (3.7)
where M and W are defined by (3.3), (3.4).
Lemma 3.3. The set O is nonempty and Nooq C O.
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Proof. Take wi,ws, 21,20 any smooth nonnegative functions with disjoint supports and define
w=w; —Ws, z =21 — 2. Now M(w, z) is diagonal and it is clear that (w, z) € O.
Next, for every (u,v) € Enoq we have

M1, 1,1,1) = (| + Bl ollf, a4+ Bll ol

o 4+ Bl 3, mallo™ I + Blluv™ )
So (u,v) € Nyoa if and only if M(1,1,1,1) = W, which implies (u,v) € O. O

Lemma 3.4. Let ¢ =2 and 0 < 8 < /u1p2/2. Then for every (u,v) € O the function 6 has a
unique mazimum point in (0,00)* characterized by the condition (v/aut —Vbu~,/cvt —vdv™) €
Nnod'

Proof. Now V@(a,b,c,d) = W — M(a,b,c,d), hence for (u,v) € O the function 6 has an unique
critical point (a, b, c,d) = M~1W € (0,00)*. Such critical point is a global maximum by concavity.
Furthermore W — M(a, b, ¢,d) = 0 is equivalent to (vaut — vVbu™,/evt — Vdv~) € Npoa. O

In particular, AV,oq is nonempty also when ¢ =2 and 0 < 8 < /1 ji2/2.

3.2. Existence of a least energy nodal solution. Let
Cnod = Inf{Z(u,v) : (u,v) € Fnoq, I'(u,v) =0}, (3.8)
Yod = inf{Z(u,v) : (u,v) € Nyod }- (3.9)
Of course Ny0q contains every sign changing solutions of (1.1), hence Y04 < ¢noa. Here we show
that Ynod = Cnod 1 attained by a least energy sign changing solution.
Theorem 3.5. For every q € [2,qn), there exists By > 0 such that for every B < fq the infimum

Tnod 18 attained by a (componentwise) sign changing function which solves (1.1). In particular
Cnod = 7nod-

By going through the proof, it becomes clear that Sy can be taken as %, /i g for g > 2.

Proof. We begin by noticing that for (u,v) € Nyoq we have
g—1 2 2 g—1
Zlu,0) = L5 [l + allolg + 28 woll] = L5 Tully, + o] >0. (3.10)
hence ynoq > 0.
Step 1: Convergence of a minimizing sequence. Let (u,,v,) a minimizing sequence. By standard
compactness arguments, up to a subsequence, (u,,v,) converges strongly in (L2?())? and weakly

in E to some (u,v) € E. In particular uf, v converge strongly in L27(f2) to u®,v* and
g—1 2 2 .
Tq[MIIUHQZ + p2||vllag + 28]lwvllg] = lim Z(un,vn) = nod; (3.11)
. 2
3, < lim 3, = olla® 22+ B, (3.12)
. 2
o1, < tim (o3, = pallo 2 + Blluo* 2 (3.13)

Furthermore there exists a constant B not depending by £ such that
+ +
[t ll2g; vy ll2g < B (3.14)
for every n. To check (3.14), take wy, ws, 21, 22 any smooth nonnegative functions with disjoint
supports. It is clear that (w; — wa, 21 — 22) is in Ep, and also in O when ¢ = 2 and 8 > 0. Then,

let w = awy, — bws, z = cz1 — dzo, where a, b, ¢, d are chosen according to Propositions 3.2, 3.4 in
such a way that (w,2) € Nyoq. So

1 M1 2 H2 2
Ynod < I(w,z) = 5”(“’72)”]25‘ - 27q||wH2Z - ZHZHQZ =B.

If B8 > 0, (3.14) readily follows by (3.11). If 8 < 0, instead, using also (3.10) gives a bound for
lu®| &, , |lvt| &, and (3.14) follows by Sobolev immersion.
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Step 2: The limit function belongs to Ey for every 5 < %\/m if ¢ > 2. If ¢ = 2, there exists
Bo € (0, 3/p1p2] such that the same holds true for every 8 < f.

First we show that (u,v) € Eyoq: we only check that u™ # 0, u™,v* # 0 follow similarly. Let
C1 be the best constants of the Sobolev embedding of E; into L?(£2). Now

1 2
allﬂflléq < I, = palluz 134 + Blluzvallze
2
< o luzy[l2g

< [l |14, G llun |G, + 2687 B)  (by (3.14)).

+ B+||uf|\gq||vanq (by Holder’s inequality)

where 8+ = max(B,0). If ¢ > 2, then clearly [lui||2, can not vanish. But also for ¢ = 2, there
exists By > 0 such that ||u;f||4 is bounded away from zero for 8 < f3.

If 2|3| < \/Hzfiz there is nothing left to prove. Otherwise (3.12) and (3.13) ensure that (u,v) €
Ey, thanks to Lemma 3.1.

Step 3: the limit function belongs to N,0q and achieves its minimum. The proof differs if ¢ = 2
or g > 2, so we split it in two.

Step 4: For ¢ = 2, if 8 is positive it is needed to first check that (u,v) € O. Assume by
contradiction that MW ¢ (0,00)%, to fix idea that its first component is nonpositive. By
computations

My [[u* B, + Mallu™ |5, + Ms|v" ||, + Malv™ [, <0, (3.15)
where

My = pap3 |l 510510715 = w220 N3 lle™ o713 = paB? o (13l v 12

> (1= 22 Y ot 1411
> s P 4 4 45
My = oo Hlut o™ [3llu™v |13 + paBlv™ e ot I3 ]lu vt |3 > 0,

Mz = B2 llu* v [3llu”v™ (I3 = B2l o3l vt I3l v — papaBlleT Il 3l o3

B - -
> —puapaf (1 Yt Rl I
M = B I I — 8% e o1 — sl I
s - -
> —pur (1 4+ = ) [l Il 140
H1p2
Here we have used repeatedly Holder inequality. Now (3.15) implies that
232 _ _
pa (1=l o I,
1H2 (3.16)

B - - - -
< B0+ LY Pl W 13 (o130, + o 130 1,)
H1p2
Concerning the right-hand side of (3.16), using (3.13) and Holder inequality gives
lo* 1%, < pello® I3 (%113 + —||u||4) <m(1+2 )Bn )3,

thanks to (3.14). Eventually estimating from below the left-hand side of (3.16) by means of the
Sobolev inequality and simplifying all the repeated terms yields

2 2
61‘1 (1—5112) g2ﬂ(1+£ﬂ2)(1+i—f) (3.17)

It leads to a contradiction, possibly after choosing a smaller (.
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Afterwards Proposition 3.4 ensures that there exist a, b, ¢, d > 0 such that (y/au™—vbu~, /cv™—
Vdv~) € Npoa, and as V(a, b, ¢, d) = 0 we have M(a,b,c,d) = W, that is,
pallu™ (|3 + Bellutot |3 + Bdluto |3
= [lu*|E,
< puflut (|3 + Bllutot 3 + BllutoT |3 (by (3.12)),
pbllu” |5 + Bellu™v™ |13 + Bdluv™ |13
= [lu” %,
< pafluT |3+ Bllu™o 3 + BlluvT |5 (by (3.12)),
pzcllvt |13 + Ballut o™ || + BblluTv ™3
= lvTII%,
< p2flot 13+ Bllutot |3+ BluTo b3 (by (3.13)),
pad|v” |1 + Ballu™v™ |13 + Bdlu v~ |13

(3.18)

= [lv7 %,

< pollo |5+ BlluTo |3 + Bllu

o713 (by (3.13)).
Then
Ynod < Z(vaut —Vbu~,/evT —vdv™)
1 _ _
=1 [/naQHuJFHZl + b [u” |3+ pac® 0T (|5 + pad® (v |3
+ 2Bac|ut o5 + 2Bad||ut v |15 + 28bcllu” vt |3 + 28bd|lu v ||§]
1 _ _
<3 [a/~L1||u+||ZL + b lu” (|3 + cpallvT I3 + dpsllo™ |13+ Bla+ o) luto™3

+ Bla+ Dt [+ B+ v I3 + B0+ d)luv T3] (by (3.18))

1
< 5 (mllull3 +28]uvl3 + pollvflz) ~ (by (3.18))
= Toa (by (3.11)).
It follows that (3.18) are indeed equalities, that is M(a,b,c,d) = W = M(1,1,1,1) and since the
matrix M is nondegenerate, it follows that a = b= ¢ =d = 1. It is thus proved that (u,v) € Nyoq
and Z(u, v) = Ynod-
Step 3: For ¢ > 2, let

On(a,b,c,d) = I(aéui - b%u;,cév:{ - dév;)

1/ 2 2, 2 2,
= (@bl I, + b luz I, + et i I, + d o7 |%,)
1

2 —12 2 — 112
= 5 (i 135+ b i 135+ o o 33+ o 5)

(3.19)

B - - o
— (el 3 + oo 5 + bellug 1 + bl v 5).

We remark that
0, (a,b,c,d)
1 2 2 _ 2
=% pa(qas — a®)|lut (138 + pa(gba — 0%)|luy 152 + pa(ges — ¢)[lof 1532
(3.20)
2 _ 2 2 2 2 _
+ pa(gdc — d?) vy 132 + (qat + qes — 2Bac) [ufvl |2+ (gat + gda — 28ad)||ut v, |2

+ (gb® + qei — 28b)||luy v |19+ (qbs + qdi — 25bd)|uy, v, |2
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because (uy,v,) € Nnoda- From the representation (3.20) and the strong convergence of u,, v, in
L?1(Q), 6,, converges pointwise to the function # defined by substituting «® and v* to ut and v
in the law (3.20). Notice that

_ 1 9 , .
’ q(a * (uallut og + Bllutolly) — (apalu® 134 + eBllu* o™ |17 + dBllut v |19),
2-gq 2 _ - o
b (w5 + Bllu~ollg) = (bpa [lu” (138 + eBllu™v™|[§ + dBllu~v™[|2),
sy

2 —
7 (pallo* |5 + Blluv*[19) = (cuzllo™ 132 + aBllu* o™ (14 + bBllu™v*[9),

A7 ([l 1130 + Blluv™[1g) — (duz\lv 12 +aﬁllu+v_||3+bﬁ||u_v‘||3)),

= (uallut 135 + Bllut ol
(pllu Iz + Blluvll
¢ (N2||U+||2 + Blluot g
AT (a0~ 138 + Bllue~ 9)

Then @ is strictly concave and has an unique maximum point at (1,1, 1, 1), With é(l 1,1,1) = Ynod-
Furthermore from the representation (3.19), the weak convergence of uf, v in qu (), (3.12)

and (3.13), it follows that 0(a, b, ¢,d) > 0(a,b,c,d) = I(afluijbflu ,cq vt—div 7). If (ap, bo, Co, do)
is the maximum point of 4, then

2(1 q)

diag 2(1 @

P

)
Dzéziq_Q )
’ )

1

1 1 1 _ _
Ynod < Z(adu~biu,cdvT —divT) = 0(ap, b Cordo) < O(ag, bos Coydo) < 0(1,1,1,1) = Yyoa

by (3.11). Therefore a, = b, = ¢, = d, = 1, which yields at once that (u,v) € Nyoq and
Z(u,v) = Ynod-

Step 4: The limit function solves (1.1). It is needed to check that Z’(u,v) = 0, and one can
not use Lagrange multipliers because Nyoq is not a differentiable manifold, hence we rely on a

deformation argument, see for instance [8]. Assume by contradiction that Z'(u,v) # 0, so there is
= (¢,v) € E such that Z'(u,v)® = —2. For & > 0, let

Ax= (Ll 5)™ 7 Be = (1 eu™|5) ™7
C4+ and DL defined accordingly with u replaced by v,
Q=[A_, AL] x [B-, B4] x [C—,C4] x [D—, D],
W =(U,V):Q — FE defined by the law
W= (U,V)= (aézﬁ _biu,crot — d%v*).
By continuity, we can take € small so that
I'(W(a,b,c,d) + r®)® < —1 for all (a,b,c,d) € Q and r € [0,¢]. (3.21)

Next, we take 1 : @ — R a smooth function such that 0 <n <e,n=00n9Q and n(1,1,1,1) =¢
and define H : Q — R4,

H = (T(W +3®)((U +16)*,0),T' (W +®)((U +16)",0),
(W +n®)(0, (V +m) "), /(W +n@)(0, (V + 1) 7).
We remark that on 0Q the function 1 vanishes, so
= (qad,0, —qbdy0, qc0.0, —qd040) .
In particular for a = A, we have
qA10,0(AL,b,c,d)

2 —
= ALt 3, - A2 lull2g — BAvelluo™|[§ — BAdlluTv™|]
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and because (u,v) € Myoq

2(¢g—1) q=2 q=2

[ (1= AT )38 = 81— AT ) w3 — A1 — AT d)uto ]
=2 q=2

[ = el g, + 81— AT e)Jutot|lg + A1 - AT d)uto” ]

But

1- A?zc <1-C_=1-(1- s|\v+||;qq)ﬁ <ellotly,
because ¢/2(q — 1) < 1. Similarly 1 — A?d < ¢ljv™ ||y, and using Holder inequality we end up
with )
qA+940(As b, c,d) < eAL|lu™ (|3, [~ +26] < 0
for g < 8. Similarly one sees that
qB10y0(a, By, c,d), qC+0.0(a,b,Cy,d), ¢gD;+946(a,b,c,D1) <0
and
qA_0,0(A_,b,c,d), ¢B_0p0(a,B_,c,d), ¢qC_0.0(a,b,C_,d), ¢D_040(a,b,c,D_) > 0.

In that way, the classical Miranda Theorem [17] ensures that there is (a,b,¢,d) € @ such that
H(a,b,c,d) =0, i.e. W +n® € Myoq. Eventually

n
Z(u,v) = Ynod < IZ(W +0®) =Z(W) + / T'(W +r®)®dr <IZ(W) —1n
0
thanks to (3.21). Here we have omitted to specify that W and n are computed at (a,b,c,d) to
simplify notations. Besides Z(W (a,b,c¢,d)) = 0(a,b,c,d) < 6(1,1,1,1) = Z(u,v) = Ynod, therefore
n(a,b,c,d) = 0 and 6(a,b,c,d) = Z(u,v). But then the uniqueness of the maximum point for
# in Propositions 3.2, 3.4 implies that a = b = ¢ = d = 1 and then, in turn, the contradiction
n(a,b,c,d) =e¢. O

3.3. Further properties of the least energy solutions. If A is any subset of F, we introduce
the minimax value
m(A) = inf{ sup I(a%qu — b%u*,déqﬁ — d%qﬁ) s (u,v) € .,4}.
a,b,c,d>0

Taken together, Theorem 3.5 and Lemmas 3.2, 3.4 yield the following characterization of the nodal
least energy

m(Enoa) if ¢ € (2,qn) and |B] < \/pi1fi2/2 or ¢ =2 and —\/pip2/2 < 3 <0,
Cnod = Ynod = { M(Eo)  if ¢ € [2,qn) and B < — /1 p2/2,
m(O) ifg=2and 0 < < fy.

Indeed, it is easy to prove the following result.

Corollary 3.6. We have ¢nod = Ynod = M(Enod) for every f < /uipz/2 if ¢ € (2,q9n), or for
every B <0 if g = 2.

Proof. 1t is only needed to address negative values of 3, and it is already known that cpoq =
m(Ey) > m(Epoa). Let (un,v,) be a sequence in Eyn,q and define 6,(a,b,c,d) = I(a%ujl‘ -
béu;, d%vf{ —das vy, ) I supjg ooya On — M(Enoa), in particular 6, must be bounded and recalling
the representation (3.2) one see that the matrix M (uy,,v,) must be positive defined. Hence
(un,v,) € Ey, so that m(Freq) > m(Eg) and the proof is thereby complete. O

Both the Morse index and the number of nodal zones of least energy nodal solutions can be
computed, though Mg is not a manifold in F, relying on the arguments in [4]. We sketch the
proof for the sake of completeness.

Proposition 3.7. Any least energy nodal solution has Morse index 4, and both its components
have ezactly two nodal zones, meaning that the supports of u™ and v are connected.



12 A. L. AMADORI EJDE-2026/08

Proof. Let G : Enoq — R%,

s
Glw) = | T v) (0,00 |
I’ (u,v) (0,v7)

and H := EN (HQ(Q))2 Now Nuod N H = {(u,v) € Eyoa N H : G(u,v) = 0} and G is a C*

function on H with

G'(u,v)(4,¢)
Jrusoy —Aud + VuVeo + 2\ ué — q [o, (201 [ul?772 + Blul 2 [v|?) ut ¢ + Bluv|Puutvi)p
Jinoy ~Aud + VuVo + 2ayud — g f (2 ful®~2 + Blult2loft) w6 + Blusl?2uu-vi
Jiomoy ~ 00 + V0V + 200 — g fo Blunlt2uvot6 + (2ualo=2 + Bulto]a=2) oo |
f{v<0} —Av) + VoV + 20 — g fQ Bluv|?2uvv= ¢ + (2;@\1}\2‘1_2 + ﬁ|u|q|v|q_2) vy

see [4, Lemma 3.1].
Furthermore for (u,v) € Nyoa N H, G'(u,v) is a surjective operator from H to R*. Indeed

(G (u,v)(u",0), G (u,v)(u™,v), G (u,v)(u,v"), G (u,v) (u,v7))

llut(|%, 0 0 0
0 Julz 0 0
-2 —1 1
@=D1 0 I, 0
0 0 0 v 1%,
and u*,v* can be approximated by functions of H?(2). In this way Nyoq N H is a C* manifold

of cod1mens10n 4in H.

If (u,v) is a least energy nodal solution, then (u,v) € Nyoa N H by elliptic regularity, and by
minimality the quadratic form associated to Z"(u,v) is nonnegative on T, the tangent space of
Naoa N H at (u,v). Since T has codimension 4 in H and H is dense in E, it follows that the Morse
index is at most 4.

On the other hand, one can see that the Morse index is at least 4 Proposition ??7. by showing
that the same quadratic form is negative on the 4-dimensional space spanned by (u*,0) and
(0,v%). For every (a,b,c,d) € R*\ {0} we have

(I"(au™ +bu™,cvt +dv7), (aut +bu", cvT +dv7))
= a? (Iu* (1%, = gV lu™ 13 = Bla—1)ut o]
+0% (lu™ 1%, — (2a= D llu” 135 = Bla=Dllu~v]3)
+ (It - Ca—Dpsllo* 13 - Bla—1)lluv*2)
+ & (I[o™ I3, — Ca—Dpallv™ 132 — Ala—1)lluv™[12)
— 28q (ac||u+v+|\g+ad||u+v_Hg+bc||u_v+||g+bd||u_v_||g)
and since (u,v) solves (1.1)

= —2(q = 1) (@®[utlfE, + 6 |lu”|IE, + vt IR, + d*llvTIE,)
+Bq ((a—o)*|uv™[|7 + (a — d)* [ o7 + (b — ) ™0™ [T + (b — d)*[u”v7[|7) -

When g < 0 this quantity certainly is negative.
When g € (0, /u1p12/2), instead, using again that (u,v) solves (1.1) we write

(T"(au™ +bu,cot +dv), (au™ +bu", cvt +dvT))

g 1) [ el 4 bl P a4 oo
Q
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(g 2)5/0((12 + Aot + (0 + d)uto ]9+ (02 + Aot |+ (0 + d) o |
—20q /Q aclu™vT |7 + adluTv 7|9 + belu” v |9 + bd|u v |2

<—(¢-1) /Q (Velallut|* = yimlel[v*|7)” + (Velal[ut|* = vizld|lo~]7)?
—(¢— 1)/Q (Varlbllu|* = yamlellot|9)* + (Vlbllu~|” = Visld|l~]7)®
—(g— 2)ﬁ/9(|al = leD?lutot |+ (laf = [d))?[uto™ |7+ (1b] = [e)*|u"ot |7+ (o] = |d])?[u"v™ |9

+2(26~ (¢~ DR [ laclluto*]7 + fod]ut o[ + [belluo* 1+ bd] 07| <.
Q

As for the number of nodal regions of u and v, assume that the support of ut splits into two
sets A and A, which are the closure of open disjoint sets. Then letting uf and uQL the restrictions
of u to the sets A; and As, respectively, and repeating the previous computations one sees that
the quadratic form Z”(u,v) is negative on the 5-dimensional space spanned by (uj,0), (ug,0),
(u=,0) and (0,vF), contradicting the fact that the Morse index is 4. O

3.4. Semi-nodal solutions. Least energy semi-nodal solutions can be produced in a very similar
way. We seek for a solution (u,v) with u sign-changing and v sign-definite, which attains the
infimum
Cen = Inf{Z(u,v) : (u,v) € E, u* #0, [v] >0, T'(u,v) = 0},
and works on the Nehari type set
Non = {(u,v) € B :u® v #0, I'(u,v)(u*,0) = Z'(u,v)(0,v) = 0}. (3.22)

Precisely we characterize the seminodal least energy solution by the constrained minimization
problem
Ysn = Inf {Z(u,v) : (u,v) € Non}.
The converse case (u sign-definite, v sign-changing) can be handled with the obvious adjustments.
Notice that Myeq C N, therefore establishing that 7, is attained does not suffice to ensure
the existence of a semi-nodal solution.
We mimic the reasoning of Section 3 and introduce the auxiliary function

O(a,b,c) = I(a%u+ —biu, c%v)7
and the sets
Ey = {(u,v) € E: M(u,v) is positive defined},
O = {(u,v) € Eg: M~'W € (0,00)"},
where now M is the matrix
| 58 0 Bllutvll

q q

12 —
M= 0 pllu”|lzg  Blluol|d

_ 2
Bllutolld  Blu=olld  pallvllzg
The arguments of Lemmas 3.1-3.4 give the following result.

Lemma 3.8. For |B] < \/pip2/2, Eo = {(u,v) € E : u*,v # 0}. For B <0, Ey contains any
(u,v) € E such that

pa llu (|58 + Bllu*vl|d > 0, pallv]|32 + Blluv||l > 0,
and in particular Nyn C Ey.
Forq=2 and 0 < 8 < \/p1p2/2, O is nonempty and Ny, C O.
For g € (2,qn) and B < \/u1p2/2, or g =2 and B <0, if (u,v) € Ey then the function 6 has

. . S 3 . . 1 1 1
a unique mazimum point in (0,00)3 characterized by the condition (aau™ —bsu™,civ) € Ny,
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If =2 and 0 < B < \/u1p2/2, the same holds true provided that (u,v) € O.

Next, repeating the reasoning of Theorem 3.5 one shows the following proposition.

Proposition 3.9. Let g € (2,qn), for every f < \/pi1i2/2 the infimum s, is attained by a
function which solves (1.1). If ¢ = 2, there exists By > 0 such that the same holds true for every

B < Bo-

The solution we just constructed is not necessarily semi-nodal, because also v could change
sign. Next statement ensures that it is not the case.

Proposition 3.10. If (u,v) € Ny, realizes the minimum cg,, then it has Morse index 3, u has
exactly two nodal zones and v has fized sign.

Proof. Letting H := EN (H? (Q))2 and using the function G : Eg, — R3,

7' (u,v) (u™,0)
G(u,v) = [ ' (u,v) (v=,0) | ,
7' (u,v) (0,v)

one sees that Ny,NH is a C' manifold of codimension 3 in H. So the same arguments of Proposition
3.7 yield that (u,v) has Morse index 3. Furthermore u®,v # 0 by assumption. If v changes sign
or u has more than two nodal zones, it follows that the Morse index is at least 4, and it ends the
proof. O

Because Nyoqa C Nagn € N C N, a noteworthy consequence of this line of reasoning is that
all these inclusions are strict and we have the statement.

Theorem 3.11. cpu < ¢ < Csn < Cnod -

4. SYMMETRY BREAKING AND MORE SOLUTIONS WITH PRE-ASSIGNED SYMMETRIES

Henceforth we take that Q@ = Br(0) is a ball. The constrained minimization considered in the
previous sections may be restricted to the subspace consisting of radially symmetric functions

Eraa = {(u,v) € E: u(z) = u(|z]), v(z) = v(|z|) for all z € O},

and produces a pure vector, a nodal and a seminodal radial solutions, which have respectively
radial Morse index equal to 2, 3 and 4. By radial Morse index of a solution (u,v) we mean the
maximal dimension of a subspace of F;,q where the quadratic form related to Z' (u, v) is negative.
Observe that the radial Morse index can be less than the Morse index.

It remains to determine whether this provides genuinely new solutions or rather a symmetry
property of the least energy solutions. One can find an answer, and observe symmetry breaking,
by computing the exact Morse index of radial solutions. The issue is by itself interesting and
deserves a detailed study. Here we argue by perturbation and present an estimate in the case 3
close to zero.

Proposition 4.1. Let N = 2,3 and 2 < q < qn. There exist by, by > 0 such that

(1) if |B] < b1, a radial sign-changing least energy solution has Morse index greater or equal
to 2N + 2.

(2) if |8 < b, a radial seminodal least energy solution has Morse index greater or equal to
N +2.

Comparing these estimates with Propositions 3.7 and 3.10 proves the symmetry breaking stated
by Theorem 1.1 .

Before proving Proposition 4.1, we check the uniform convergence of solutions when [ vanishes.
To this end, we take A;, p; and ¢ as fixed, and emphasize the dependence by § by writing Zg for
the functional introduced in (2.1) and (ug,vg) for a solution of (1.1). Recall that when 5 = 0
system (1.1) decouples and gives rise to two Lane-Emden problems

—Au+ My = ppul*u in Q,

4.1
u=0 on 0f, (4.1)
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and
—Av + Av = po|v[?T %y in Q,

4.2
v=0 on 0fN. (4.2)

Lemma 4.2. For § # 0, let (ug,vg) a nodal (respectively, semi-nodal) least energy radial solution
to (1.1). There are ug and vg, nontrivial radial solutions to (4.1) and (4.2), such that ug — g
and vg — vg uniformly as B — 0, up to an extracted sequence. Furthermore if (ug,vg) are nodal
(resp., semi-nodal), the same holds for ug and vy.

Proof. We take that for every 8 # 0, (ug,vg) is a radial sign-changing least energy solution. By
Proposition 4.3 we know that (ug,vg) € Nyod N Eraq and

Iﬁ(ugf)d, vg‘)d) = min {Zg(u,v) : (u,v) € Nnod N Erad} -

The arguments used in the proof of Theorem 3.5, to obtain (3.14), proves that there exist C' not
depending by S such that

[usllags [[vp]l2g < C, (4.3)
and since (ug,vg) € N it follows readily that

luslle, s lvslle, <C (4.4)

for |3] < b. Therefore by standard arguments ug and vg converge weakly in Hg, strongly in
L?9(Q) and pointwise a.e. to radial solutions ug and vy of (4.1), (4.2). Reasoning as in the step
2 of the proof of Theorem 3.5 one deduces from (4.3) that ug vg are sign-changing (in particular,
non-trivial).

If (ug,vg) are semi-nodal, let us say that ug are sign-changing and vg > 0 on 2, the same
reasoning yields that uy changes sign and vy is not identically zero. Eventually vg > 0 by the
pointwise convergence, and Hopf’s boundary Lemma assures that vg > 0 on €.

It remains to see that the convergence is uniform, indeed. First we point out that radial weak
solutions to (1.1) are indeed classical and integrating the equation in (1.1) gives

1 "N _ -

() = —mmp [0 Gl P12 Bl = M) o (45)
1 "N _ -

v'ﬁ(r):‘m/o PV (malosl =% + Blus|vs "% — Aa) vadp, (4.6)

R R
usr) = = [ utslop, vsr) = [ i) (47)

Estimating (4.5) and (4.6) by Holder’s inequality and (4.3) gives

[y ()], ()] < Ot =N (vdi 4 V) (4.8)

If N = 2, inserting (4.8) inside (4.7) yields |ug(r)|, |vg(r)| < C, which in turn, together with (4.5)
and (4.6), ensures that [uj(r)], [v(r)| < C and concludes the proof.
If N = 3, instead, it is needed to start a bootstrap argument by the so called Radial Lemma
due to Strauss [21]: if w is any radial function in HE(Q), then
[Vwlly w2

[w(r)| < WT_T' (4.9)

To simplify notations, we write p = 2¢ — 1. Estimating (4.5) and (4.6) by (4.9) and (4.4) gives

[w(r)], s )] < O (1471705 (4.10)

If1 —p% > —1, the proof ends as for N = 2. Also when 1 —p% = —1, that is p = ﬁ, by
plugging (4.10) into (4.7) we obtain

ug(r)]; lvg(r)] < C (1 +logr),
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and going back to (4.5) and (4.6), we ave
)] < (14 [V tog pl 2 dp) < €.
0

which ensures uniform convergence. Otherwise if 1 — p% < —1, we put (4.10) into (4.7) and
obtain

[up(n)l, oa(r)| < € (14727257 (4.11)
which in turn implies

lug (r)], lvs(r)] < C (1 + 7,,1+2P_p2¥) .

If1+2p— p2¥ > —1 the proof ends like in the previous step, otherwise we iterate the argument
and end up with

lug(r)], ls(r)| < C (1 + rl+2p+2p2_?3¥) .
In that way, after n steps we get

s ()], [0 (r)| < C (14771,

for
n
N -2 2 N -2 2
n:2 k _ . n+l :( _ )n—&-l_i

g kZ:Op p 5 P 5 )P PRt

and the proof is concluded if ~,, > 0 after a finite number of steps. But this must hold because
2 1 N—2

=== = 2 > S22 O
p—1 g—1 2

Proof of Proposition 4.1. We prove in full detail part (1). Using the same notations of Lemma
4.2, it is know by [1, Theorem 1.1] that ug (resp., vg) has Morse index greater or equal to N +1, as
a solution to (4.1) (resp., (4.2)). This means that there are N + 1 linearly independent functions
¢; € H}(Q) that solve

—Adi + Mdi = (2¢ — D luo** ¢ + vigh (4.12)
in Q, with 1 <wvy--- <wyy1 < 0and N + 1 linearly independent functions v; € H () that
solve

— A + Aoty = (2q — 1) palvo[*7 i + 03¢ (4.13)
in Q, with o7 < o9+ <ony1 <O0.

Let Wy, Ws be the (N + 1)-dimensional subspaces of H}(Q) spanned by ¢1,...¢n41 and
Y1,...9YN+1, respectively.

The claim follows by checking that, if |3| is small, then the quadratic form related to Zj(ug, vs)
is negative on W; x Ws. Recall that by (4.12) and (4.13) we have
62, < 20— D [ o267 + v 6] for every o € Wi,
Q
[0l < (20— i [ JooP*2% + ow a0l for every v € Wa.
Q

Hence

(T4 (ug, vs)(9,), (,9))
= l6lI%, + 1%, — (2¢ — D / Jus 217262 — (2 — Dz / [vg 4%y
Q Q

—(q— 1)5/Q (lusl"2|vsl?¢” + |ug|?|vp?*¢?) — QQ5/Q lugvs|?Pugvadrp
< vnill8l3 + onsllvll3 + (2 — 1)#1/Q (Juo|*972 = Jug|*—?) ¢?

+(2g - 1)#2/Q (o2 = Jog**=2) v* — (g - 1)ﬁ/Q (lugl™|vs170? + |up|?vs|*~*¥?)
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- 21]5/ lugvs|T*ugvagy
Q
and thanks to the uniform convergence in Lemma 4.2

< (max{pnr1, 0841} +0(1) ([013 + 1¥13)
where o(1) — 0 as 8 — 0. O

4.1. Other type of symmetries and multiplicity of solutions. Here 2 C R? is a disc. We
write r and 6 for the usual polar coordinates, and for every k € Z, we introduce the set of
k-symmetric functions

2
Hy == {(u,v) € (Hé(Q))2 : w and v are even and %—periodic w.r.t. 0}.

For a k-symmetric solution, we denote by my, its k Morse index, i.e. the maximal dimension of a
subspace of Hy where the second derivative of 7 gives rise to a negative defined quadratic form.
By constrained minimization in the symmetric Nehari set NV, oq N Hy, it is straightforward to check
the following.

Proposition 4.3. Let Q C R? be a disc, ¢ > 2, then there exist B, > 0, such that for f < By
the problem (1.1) has a (component-wise) sign-changing k-symmetric solution which has the least
energy among all sign-changing and k-symmetric solutions and has k Morse indez 4.

Relying on the convergence in Lemma 4.2 and the results about Lane-Emden equation in [12]
we can estimate the k-Morse index when [ is close to zero, thus proving Theorem 1.2.

Proof of Theorem 1.2. If a sign-changing k-symmetric least energy solution to (1.1) is radial, then
it has to be a sign-changing radial ground state, because the set of component-wise radial functions
is contained in Hy. We prove this cannot happen by showing that the & Morse index of a sign-
changing radial ground state is at least 6, provided that ¢ is large and 3 is close to 0. To this aim,
we denote by (ug,vg) a sign-changing radial solution. For 8 — 0, Lemma 4.2 states that ug and
vz converge uniformly to ug and vy, which are sign-changing radial solutions to (4.1) and (4.2),
respectively. It is known by [12, Proposition 6.5] that the & Morse index of both ug and vy (as
solutions of (4.1) and (4.2), respectively) is not less than 3 when ¢ is large. Hence reasoning as in
the proof of Proposition 4.1 one sees that the quadratic form related to Zj(ug, vs) is negative on
a subset of Hj, of dimension 6, if 3 is close to 0. O
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