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EXISTENCE AND BOUNDEDNESS OF THE CLASSICAL GLOBAL
SOLUTION TO 2D CHEMOTAXIS-FLUID SYSTEM WITH DOUBLE
CHEMICAL SIGNALS

SHENGQUAN LIU, DONGPU LI, JIASHAN ZHENG

ABSTRACT. This article concerns the chemotaxis-fluid system with double chemical signals,
ng+u-Vn=An—xV-(nVec)+£EV - (nVo) + f(n), z€Q,t>0,
ct+u-Ve=Ac—ne, €, t>0,
vet+u-Vo=Av—v+n, x€Q, t>0,
ur =Au+ VP +nVe, ze€Q, t>0,

V-u=0, z€Q,t>0,
in a smooth bounded domain Q C R? with no-flux/no-flux/no-flux/no-slip boundary conditions.

Here f(n) is a given sub-logistic source function satisfying f(s) > (s for small s > 0, where
¢ € R, and the growth condition
L Ins
hsrggéf{ — f(s)s—Q} =p € (0, 00].
We obtain the existence and uniform-in-time boundedness of classical global solutions to the
corresponding initial-boundary value problem. We assume that the initial data and the physical
coefficients satisfy
< 1
4
2CeM

)

+
(2 + X%+ € +4lleol| T oo () +4ChlIcoll 0 () VBl F 00 () — #)

where M is a constant,
sup{f(s) +ns:s> 0}

n K
CgN > 0 is the Gagliardo-Nirenberg constant, and C}, the Poincaré constant. This result reveals
that the sub-logistic source plays a crucial role in preventing blow-up phenomena within the
chemotaxis-fluid system with double chemical signals.

M := Ql inf
InollL1(qy + 1 \1;1;0

1. INTRODUCTION

This article concerns the initial-boundary value problem of the chemotaxis-fluid system with
double chemical signals and sub-logistic source, which is formulated as follows:
ng+u-Vn=An—xV-(nVe)+£V - (nVo) + f(n), xe€Q,t>0,
¢ +u-Ve=Ac—ne, x€Q,t>0,
vp+u-Vo=Av—v+n, z€Qt>0,
w=Au+VP+nVe, V-u=0, z€Qt>0, (L.1)
on  Jdc  Ov
—=—=—=0,u=0 o,t>0
ov Ov Ov n  BEOLL >,
n(z,0) = ng(x), c(z,0) = co(z), v(z,0) = vo(z), u(z,0) =up(z), =z €.
Here, Q C R? is a bounded domain with smooth boundary 9, and v is the unit outward normal
vector to 0€). The unknown function n(x,t) denotes the density of cells, ¢(x,t) the concentration
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of oxygen, and v(x,t) the concentration of the chemical signal secreted by the cells. w(z,t) and
P(z,t) stand for the fluid velocity field and its associated pressure, respectively. In addition, ¢ is
a given potential function satisfying

¢ € C'™(Q) for some k > 0, (1.2)

and f(n) is a sub-logistic source depending n, which satisfies the condition below. The
physical constants y and & quantify the interaction strengths between the cell and its environment:
x > 0 denotes oxygen as an attractor to the cell, while x < 0 signifies repulsion; £ > 0 indicates
that chemical signals secreted by the cell act as repellents, whereas £ < 0 defines them as attractors.

In this article, we aim to prove the global boundedness of the classical solutions to subject
to the initial data (ng, co,vo, up) satisfying

0<ngeC(Q), 0<cy, wvoe€Wh>(Q),

1 (1.3)
ug € D(A”) for some « € (57 1),

where A is the Stokes operator A := —PA, with domain
D(A) := W22(Q) N Wy 3(Q) N L2(Q).
Here, L2(f2) represents the space of square-integrable divergence-free vector fields,
L) :={p e L*(Q) | V- ¢ = 0},

and P stands for the Helmholtz projection from L?(2) onto L2 () (see [32]).
To state our main theorem, we first recall some key developments related to system (1.1) and
its variations.

Keller-Segel-type chemotaxis system. Chemotaxis is a biological phenomenon characterized
by the oriented movement of cells in response to chemical signals. The movement towards a higher
concentration of the chemical substance is termed positive chemotaxis, and the movement towards
regions of lower chemical concentration is called negative chemotaxis. The interesting phenomena
in diverse biological processes has attracted a lot of attention from the biological and mathematical
communities (see [I0]). Among these chemotaxis models, the general minimal chemotaxis system

ng=An— £V - (nVo) + f(n), x€QCRY t>0,
w=~Av—v+n, z€QcCRY t>0,

has been extensively studied. For f(n) = 0, Keller and Segel [I5] [16] first proposed system
in the 1970s. Since their classical work, the Keller-Segel model and its variants have been
widely investigated by numerous researchers, with substantial advances made in understanding
the global existence and uniform boundedness of solutions. When the space dimension N = 1,
all the solutions are global and bounded (see [27]). However, if N = 2 or N > 3, the solution to
the system exhibits a remarkable feature of finite/infinite time blow-up, which arises from
the competitive interplay between the diffusion term and the aggregation term —V - (nVwv). For
N = 2, there exists a threshold: if the mass fQ ng is less than this threshold, the solution is global
and bounded (see [6} 25]); conversely, if [, 7o exceeds this threshold, the system may admit a
solution that blows up in finite/infinite time (see [11, B1]). For N > 3, if [, ng > 0, the solutions
to the system blow up in finite time for some given radially symmetric positive initial data
(see [8, Bl 24]). For more relevant results, we may refer to [4, [0, [42] and the references therein.
On the other hand, the blow-up phenomena can be ruled out if a suitable logistic source f(n) is
introduced. Indeed, taking f(n) = an —bn? with a,b € R in the system , all the solutions are
global and uniformly bounded for arbitrary b > 0 on N = 1,2 (see [14] 28]). For N > 3, Winkler
[47) found that the Neumann boundary value problem of the system admits a global bounded
classical solution provided that b > by for some sufficiently large constant by > 0. Later, Xiang [51]
improved the result in [47] by giving an explicit expression of the low bound as by = 9x/(1/10 — 2)
in some non-convex domains. Recently, in the case of f(n) = an — bn®, Winkler [48)] established
the global existence of generalized solution for arbitrary « > 1. For the sub-logistic source f(n)
satisfying and , Xiang [50] proved that the sub-logistic source can prevent blow-up in

(1.4)
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2D settings, which indicated that the logistic damping is not the weakest damping that ensures
boundedness for the model (|1.4)).

Keller-Segel-(Navier-)Stokes system with production of chemosignal. Numerous cells in
natural environments reside in viscous fluids and engage in significant mutual interactions with
the surrounding fluid flow. Since fluid motion is governed by the incompressible (Navier-)Stokes
equations, Tuval et al. [34] proposed a coupled chemotaxis-fluid model:

ng+u-Vn=An—£eV-(nVo)+ f(n), z€QcRY t>0,
wtu-Vo=Av—v+n, z€QcRY, t>0,
u + k(u-Viu=Au+VP+nVo+g, z€QCRY t>0,
Vou=0, zeQcRY, t>0.

(1.5)

This model can be used to describe the dynamics of swimming aerobic bacteria, Bacillus subtilis,
in water droplets. The coefficient k > 0 is related to the intensity of nonlinear fluid convection.
Specifically, k = 0 means that the fluid flows slowly, and the resulting system is called incom-
pressible chemotaxis-Stokes system. If f(n) = 0 and g = 0 in (L.5), Li and Xiao [20] proved the

global existence of the bounded classical solution provided that the initial mass |[ng||11 (o) < %.
Taking f(n) = —n? and g = 0 in (L5)), Espejo and Suzuki [5] first gave the global existence of
weak solution with x = 0 in the whole space R2. Jin [I3] further derived the existence of strong
solutions and analyzed their large-time behavior with £ = 1 in a bounded domain Q C R2. In [53],
Zhang obtained the existence and uniqueness of weak solutions with x = 1 in R? by employing
the Fourier localization technique.

Tao and Winkler [37] proposed a Keller-Segel-Navier-Stokes system of the form with
logistic damping f(n) = rn — pun? and g # 0 in a smooth bounded domain 2 C R3. They proved
that this system admits a global bounded classical solution provided that g > 23 and r > 0.
Moreover, they also gave the large-time behavior of the solutions: when r = 0, ||n||p=q) — 0,
el Lo (@) — 0 and [Jul| (o) — 0 as ¢ — 0. Later, Winkler [49] showed that system admits
at least one global weak solution under the explicit hypothesis p > ‘/%T (ry = max{0,7}). In
addition, these solutions were proven to stabilize toward a spatially homogeneous steady state as
time tends to infinity. For the 2D case, Tao and Winkler [36] found an interesting phenomenon
that logistic damping f(n) = rn—un? (u > 0 and r > 0) can prevent the blow-up of the solutions.
Furthermore, Jin and Xiang [I3] refined the results in [36] by giving how the upper bounds of
solutions qualitatively depend on x and u. They also derived the large-time asymptotic behavior

of the solutions under the assumption r = 0.

Keller-Segel-(Navier-)Stokes system with consumption of chemosignal. Another chemotaxis-
(Navier-)Stokes system, different from the model (1.5), with consumption of chemosignal was
proposed and is formulated as

ng+u-Vn=An—V-(x(c)nVe)+ f(n), z€QCRY, t>0,
¢t +u-Ve= Ac— h(c)n, zeQCRY, ¢t>0,
u + K(u-Vu=Au+VP+nVey, zcQcCRY t>0,
Vou=0 z€QcRY, t>0,

(1.6)

where the concentration-dependent function h(c) represents the oxygen consumption rate. We first
recall some results related to the system in the case f(n) = 0. In [], it was demonstrated
that the chemotaxis-Stokes system admits globally defined classical solutions in the whole
space R3, provided that the initial data ||no,co, uoll g3 is suitable small. Liu and Lord [21]
continued to establish the global existence of the weak solution of the full chemotaxis-Navier-
Stokes system only under certain structural conditions governing the relationship between x(c)
and h(c) in the whole space R?. For h(c) = ¢, x(c) = x > 0 and £ = 0, the system reduces
to the chemotaxis-fluid model, which is proposed in [34]. Due to the dissipative structure —nc, a
new energy functional that incorporates the logarithmic entropy fQ nlnn should be introduced.
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This constitutes a crucial step in deriving the global dynamical behavior of solutions, and it
applies equally to scenarios involving both the Stokes equation and the Navier-Stokes equation
in [43] 44, 45, 46]. In a series of seminal works, Winkler investigated the case x(¢) = 1 and
h(c) = ¢, establishing the following sharp results: for N = 2, the full chemotaxis-Navier-Stokes
system admits a unique global classical solution; for N = 3, the simplified chemotaxis-Stokes
system (with k = 0) possesses a global weak solution at least.

For the case f(n) # 0, x(¢) = x > 0 and h(c) = ¢, the model has been studied by
many authors. The results concerning the case where the source term takes the common logistic
form f(n) = n(l —n) are established in [T, 19, B9]. In particular, Baghaeia and Khelghatib [I]
investigated the global existence and boundedness of solutions to the chemotaxis model under
conditions x > 0 and

1 d; di—1 [2(N+1)
oo < —y | ——M -9 t ]
collz Q) = Va2V [7T arctan > a

Additionally, Xiang [50] demonstrated that a sub-logistic source is capable of preventing blow-up
in two-dimensional settings. Ma [23] proved the global existence and uniform-in-time boundedness
of the solutions of the 2D chemotaxis-fluid model (with Neumann initial-boundary conditions),
where the source term f(n) has weaker damping source than the standard logistic source.

Chemotaxis-fluid models with double chemical signals. In many natural biological pro-
cesses, cells are influenced by more than one chemotactic signal, each of which may act as an
attractant or a repellent, giving rise to a variety of intricate patterns (see [29]). In light of this,
Kozono, Miura and Sugiyama [I7] proposed a chemotaxis-(Navier-)Stokes system with two differ-
ent types of chemical attractants, formulated as

ng+u-Vn=An—xV-(nVec)+£&V - (nVo), z€QCRY, ¢t>0,
c4+u-Ve=Ac—ne, z€QcRY, t>0,
vwtu-Vo=Av—v+n, ze€QcRY t>0, (1.7)
ug + k(u-V)u=Au+VP+nVe, zcQcCRY, t>0,
V-u=0 ze€QcRY, t>0.

This system presents a lot of the significant mathematical challenges due to its nature as a coupling
of systems and . In [I7], by using the implicit function theorem, Kozono, Miura and
Sugiyama constructed the unique global mild solution to the corresponding Cauchy problem in
RY (N > 2) and its asymptotic behavior under some restrictive assumptions on the initial data.
In the case where x and £ are positive constants, Ren [30] proved the global existence of the
chemotaxis-Navier-Stokes system . Recently, Xie and Xu [52] established that the chemotaxis-
Navier-Stokes system admits a global classical solution under conditions x > 0, £ < 0,
HnOHLl(Q) < min{m, Eﬂi} and ||C()HL00(Q) < i

Inspired by the aforementioned works, we examine the chemotaxis-Stokes system with double
chemical signals and sub-logistic source as presented in . We demonstrate that for any given
real constant y € R and ¢ € R, system admits a globally unique bounded classical solution.
This result indicates that the sub-logistic source can prevent blow-up arising from the chemotaxis-
Stokes system. Below, we state our main result.

Theorem 1.1. Let Q C R? be a bounded smooth domain, x,& € R, and let (ng, co, vo, ug) satisfy
(1.3). Suppose further that the potential function ¢ satisfies (1.2), and the source function f €
;00

W, o2 (RT) satisfies f(s) > (s for small s > 0, where { € R, and the growth condition
L Ins
hsrglorgf ( - f(s)?) =p € (0,00]. (1.8)

If it holds that
1

< W’ (19)

+
(243 + €+ leollf < 0 +4C3 ol 0 IVl 3 (0 — 1)
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where Cgn > 0 denotes the Gagliardo-Nirenberg constant and C, the Poincaré constant for 1,
and

sup{f(s) +ns:s> 0}

n
then the initial-boundary problem (1.1)-(1.3)) admits a unique global-in-time solution (n,c,v,u, P)
satisfying

M = Q| inf 1.1
Inollzr (o) + | |71]I;0 (1.10)

n,c,v,u € C°(Q x [0,00)) N C*HQ x (0,00)), P € CH0(Q x (0,00)). (1.11)
Moreover, there exists a constant C' > 0 independent of t such that

[n( D)llzee @) + e, ) llwree @) + ([0 D lwre @) + ul D)llpe@) < C forallt>0. (1.12)
Remark 1.2. For sub-logistic sources like f(n) = n(a — ln’YE)++l)) with a € R,b> 0,7 € (0,1) or
fln) = n(a - m(lnlziz-s-e))) with a € R, b > 0, one can easily compute from that p = 400 and
SO holds trivially.

To the best of our knowledge, Theorem [I.I] provides the first rigorous mathematical result
concerning the double-chemical-signal chemotaxis-Stokes system with a sub-logistic source.
This theorem also extends the existing results, for instance, those in [23] where v = 0 in , by
providing an explicit condition that quantifies the relationship between p (characterizing the
sub-logistic source) and the physical coefficients (e.g., X, &).

In contrast to existing results for chemotaxis-Navier-Stokes systems with nonlinear diffusion
(see [22]), where An is replaced by V - (D(n)Vn) and f(n) =0 (cf. (L.1))), our result in Theorem
does not rely on the signs of x and £ (under the condition ) Furthermore, we establish
not only the global existence but also the uniform-in-time boundedness of the classical solution,
which constitutes an improvement over the aforementioned works.

This article is organized as follows. In Section 2, we recall some well-known lemmas, facts and
inequalities that will be frequently used in the subsequent proofs. In Section 3, we first derive

a series of a priori estimates for the local solution (n,c,v,u) (whose existence is guaranteed by
Lemma 7 and finally establish Theorem by applying the continuity method.

2. PRELIMINARIES

In this section, we recall some preliminary lemmas that will be used frequently hereafter. Firstly,
we recall the well-known Gagliardo-Nirenberg inequality (see [26]).

Lemma 2.1. Let Q C R? be a bounded smooth domain and let p > 1, r > 0.
(i) For any q € (0,p), there exists a positive constant Can = C(p,r,) such that
llellrro) < CGN(”V‘:DH%?(Q)H‘p”lL;(eQ) + llllrr () for all o € H'(Q) N LY(RQ), (2.1)
where § =1—1€(0,1).
(ii) For some q,1,s > 1, j,m € Ny and 0 € [#, 1] satisfying
L, (1 my, 120
p 2 l 2 q
Then there is a positive constant C' such that
1D lliaa) < CUID™ 0l e 1150, + ]
holds for all o € W™!(Q) N L*(Q).

To apply the integrability condition [nlnn| € L'(Q) for deriving further estimates (see the proof
of Lemma , we need the following logarithmic version of the generalized Gagliardo-Nirenberg
inequality (see [35]).

(@) (2:2)

Lemma 2.2. Let Q C R? be a bounded domain with smooth boundary, and let ¢ > 1 withr € (0, q).
Then, for each € > 0 there exists a constant C; > 0 such that

I aicy < ElVllErmy o1 ol ) + Cellpl oy + C (2)
holds for all p € H(Q) N L"™(Q).
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Next, we present two inequalities that are special cases of the trace theorem (see [18]).

Lemma 2.3. Let Q C R? be a bounded smooth domain and let o € C?(Q) satisfy the Neumann
boundary condition g—f =0 on 09.

(i) Then
0
5, Vel < RVl (2.4)

where R is an upper bound on the curvature of 0N2.
(ii) Moreover, for any e > 0 there is Cc > 0 such that

IVellza0) < ellApll2@) + Cellell L @)- (2.5)

To derive some preliminary time-independent estimates, we recall an auxiliary lemma on bound-
edness of solutions to a linear differential inequalities, which was established in [33].

Lemma 2.4. LetT > 0,7 € (0,T), a > 0 and b > 0. Suppose thaty : [0,T) — [0,00) is absolutely
continuous and satisfies

y'(t) + ay(t) < h(t) for a.e. t € (0,T).
If the nonnegative function h € L}, ([0,T)) satisfies

t+7
/ h(s)ds <b forallt€[0,T — 1),
t
the following uniform bound holds for all t € (0,T)
b
y(t) < max {y(0) + b, o +2b}.

In view of the central importance of semigroups in the following analysis, we recall some key
estimates for the Neumann heat semigroup (e2);>¢ in the following lemma, the proof of which
can be found in [2] 12| [42].

Lemma 2.5. Let (€!®);~¢ be the Neumann heat semigroup on a bounded smooth domain 2 C R2,
and let \y > 0 denote the first nonzero eigenvalue of —A in Q) under Neumann boundary condition.
Then, there exist two constants N1 > 0, No > 0, and N3 > 0, depending only on 2, such that:

(i) For each 1 < g < p < o0, the estimate
_1_(1_1)\ _
Ve 2wl iy < Ny (14757673 ) e ull o) (2.6)
holds for all t > 0 and for any w € L1(Q).
(ii) For each 2 < p < oo, the estimate

Ve 2w o0y < Noe™ || V|| 1o () (2.7)

holds for all t > 0 and for any w € W1P(£2).
(iii) For each 1 < ¢ < p < oo, the estimate
[V - wl oy < No(1+ 757G ) e full ooy (2.8)
holds for all t > 0 and for any w € (WHP(Q))".

Similarly, we need to introduce a semigroup to deal with the velocity w in our system . To
this end, we first recall the Helmholtz projection operator P, which maps the space L?(2) onto
its closed subspace

LE2(Q):={p e L*(Q)|V-9p=0 inD'(Q)}.
The Stokes operator A := —PA with domain D(A) = W2P(Q) N WP (Q) N L2(Q) is sectorial
in L2(Q). Consequently, it generates the analytic Stokes contraction semigroup (e~*4);>o and
admits densely defined fractional powers A for any o € (0,1) (see [7, B2]). Among the standard
embedding and regularity estimates for A, we highlight the following lemma, whose proof can be

derived by a minor modification of the three-dimensional counterpart presented in [41, Lemma
3.1-3.3].
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Lemma 2.6. There exists a constant A > 0 such that for allm > 0 and t > 0, the estimate
A7 Al @y < OOl oo (2.9)
holds for all p € LE(S2).

Finally, we state the local solvability and extendibility criterion for the chemotaxis-growth
system . These results can be rigorously established via an appropriate fixed-point argument
combined with standard parabolic regularity theory (see, e.g., [38, 47]). For the sake of brevity,
we omit the detailed proof.

Lemma 2.7. Let x, & € R be any given constants, and let Q C R? be a bounded domain with smooth
boundary. Suppose that the initial data (no, co,vo,ug) satisfy (1.3), the potential ¢ satisfies (1.2)),

and the source function f € Wllo’coo(Rﬂ, There exists a maximal existence time Tiyax € (0,00] and

a unique classical solution (n,c,v,u, P) to system such that
n € C%N x [0, Tmax)) N C*H(Q x (0, Tmax)),
¢ € Ng>2C°([0, Tinax); WH(Q)) N C*H(Q X (0, Tinax)),
v € Nyg=2C°([0, Thnax); WH(2)) N CH(Q % (0, Trnax)),
u € Nae(x,1yC7([0, Tiax); D(A%)) N CHHQ X (0, Tinax); R?),
andn >0, c>0andv > 0inQx (0, Tiax). Moreover, for all o € (%, 1), the following extendibility
alternative holds: either Ty .x = +00 or

lim sup([|n(-, 1) || Lo @) + [le(s Dllwre @) + (- Dllwre@) + 1A%l 1)l L2 (@) = oo

t—Tmax
3. PROOF OF THEOREM [L 1]

In this section, we focus on the existence and boundedness of global solutions to system . To
this end, we shall derive a series of a priori estimates. We first establish the L'-estimates for n and
v. These estimates are particularly crucial due to the strong nonlinearity of the equation governing
n; the low integrability of L! introduces considerable challenges to the subsequent analysis.

Lemma 3.1. Under the conditions in Theorem |1.1|, we have
In(, )l i) <M for allt € (0, Tiax),
o t)llzr) < llvollzi) + M for allt € (0, Tinax),
where the constant M is given in .

Proof. To prove (3.1]), we first analyze the source term f(n). By the definition p in (1.8)), there
exists a positive constant § > 1 such that

—~
[N
~—

2
f(s) < —/llfl—s for all s > 3, (3.3)

where /i = § if 0 < p < oo and /i can be chosen as any constant greater than x if 1 = co. For any

n > 0, it holds that
f(s)+ns < fﬂé +ns forall s > 3. (3.4)
This, together with the fact f is bounded on any finite interval, yields for any n > 0,
M, :=sup{f(s) +ns:s>0} < 0.

Integrating ([1.1]); over 2 and using the homogeneous Neumann boundary conditions, we obtain

that for any n > 0,
d
—/n:/f(n)g—n/n+Mn|Q|, (3.5)
dt Jq Q Q

which, together with (1.10]), implies that

M
/ng/n0+—"|m§M.
Q Q n
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This is the desired estimate (3.1]).
Since V - u = 0, by integrating (1.1))3 and using (3.1)), we have

d

— U+/U:/7’LSM fOI'aHtE(O,Tmax)~
dt Jo Q Q

Solving the above differential inequality directly yields
/ v < |lvol|lr) + M for all t € (0, Tinax),
Q

which is exactly estimate (3.2). This completes the proof. O

Next, we apply the parabolic smoothing property of the momentum equation (|1.1))4 to establish
LP-estimate of u.

Lemma 3.2. For any r € [1,2), there exists a positive constant Ky such that

[ Du(-,t) L) < K1 for all t € (0, Thax)- (3.6)
Furthermore, for each p € [1,+00), there exists a positive constant Ko such that

|u(, )l ey < Ko for all t € (0, Thax)- (3.7)

Proof. Based on the conditions and the L'-estimate for n, estimate is a direct
consequence of [40, Lemma 2.5]. Furthermore, by the Sobolev embedding theorem W17 (Q) —
LP(Q) (valid for r € [1,2) and any p € [1,400) in two dimensional domains), one easily obtains
estimate (3.7)). This completes the proof. O

By the non-negativity of n and ¢, we derive the next LP-estimate for c.

Lemma 3.3. Let 1 < p < oo. Then

leC,)llLr@) < llcollr)  for allt € (0, Tiax). (3.8)
In particular, it also holds that
leC, )= (@) < llcollLe(o) for all't € (0, Tiax)- (3.9)

Proof. For any p > 1, we multiply (1.1 by ¢?~! and integrate the resulting equation over (.
Using integration by parts and the homogeneous Neumann boundary condition, we obtain

1d
Z— cp:f/cpflu'Vch/c”*lAcf/ncp
pdt Jo Q Q Q

:l/chwa(pfl)/cp*Z\Vc\Qf/nc”. (3.10)
pJa Q Q

Recalling that n > 0, ¢ > 0 and the incompressibility condition V - u = 0 in Q X (0, Thyax), We

deduce from (3.10) that
4 / c? <0.
at Jo  —

Integrating the above inequality with respect to ¢ immediately yields estimate (3.8). Furthermore,
letting p — oo in (3.8)), this is the desired estimate (3.9)). The proof of Lemma [3.3|is complete. O

Lemma 3.4. There exists a constant K3 > 0 such that for all t € (0, Tinax)
Intnn( 6)ls@ + 196 Dl + V00Dl @) + lul,0) 22y < Ka. (3.11)

Moreover, there exists a constant K4 such
t+t1
/ / (|an/2|2 + |Ac? + |Av|* + |Vu\2) <Ky Yt € (0, Tmax — t1), (3.12)
t Q

where t1 := min {1, %Tmax}.
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Proof. We multiply (1.1); by Inn 4+ 1 and integrate the resulting equation over Q2 to see that

i/nlnn—l—él/ |Vnl/2?

/u V(nlnn) +X/VnVc—§ VnVU+/(lnn—|—1)f(n)
Q Q Q (313)
:—X/nAc—Ff/nAv—F/(lnn—Fl)f(n)
o

gi/(\Ac|Q+\Av| o+ & /n +/ (Inn +1) f(n),

where we used Young’s inequality and the fact V-u = 0 in Q x (0, Tinax). Following an analogous
approach to the derivation of (3.13]), we multiply (1.1)2 by —2Ac and integrate the resulting
equation by parts over . This, together with (| , gives

/|Vc|2—|—2/ |Ac|2—2/ncAc+2/u VcAc
/\Ac| +4||co||L,X,(Q)/n —|—2/u VcAc.

To proceed further, we need to bound the last term on the right hand of (3.14). Using the
incompressibility condition V - u = 0, the fact u - Ve = V - (uc), and the boundary condition, we
obtain after using integration over 2 and Young’s inequality that

2/ u-VcAc:QZ/ 8j(ujc)8iic:22/ 0;(ujc)0ijc
& ij S ij S
:22/ c&iujaijc—i—QZ/ Ujaicaijc
ij S ij S

:2/cD20:Vu—/V-u|Vc|2+/ Vel - v
Q Q 0

1
:2/ cD%c:Vu < 2||60H%oo(m/ |Vul? + /|D2c|2
Q

Next, we estabhsh a priori bound for f |D%¢|? in terms of fQ |Ac|?. Using integration by parts
over Q . and ., we obtain, for all € > 0 and some Cy, Cs > 0, that

1

- D2c2:f/A02 / Ve|?

S [0 =5 [ 1ad 219

1

7/ \Ac\2+6’1/ Vel

2 Jo o0

1

f/ \Ac\Q—l—C’ls/ |Ac|2+CE/c2
2 Jo Q Q

1
(§+Cl€)/ |AC|2+CQ.
Q

(3.14)

(3.15)

IN

(3.16)

IN

IN

Putting (3.14), (3.15) and (3.16) together, and taking e satisfying Cie = 1, we obtain

d
G [ Ivel+ [ 18P <l [ 0+ 2l [ VaP+C @D
Q Q Q Q

We multiply (1.1)3 by 2Av in L? and using integration by parts and Young’s inequality to
deduce that

i/ |Vv|2+2/ |Vv|2+2/ |Av|2:f2/nAv+2/Av(Uon)
dt Jo Q Q Q Q
§/|Av|2+/n2+2/Av(u.Vv).
Q Q Q

(3.18)
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Using (2.2)), (3.2), (3.6) and Young’s inequality, we have

/Avu Vo) —22/8u38v8v+/\VU|VU

i,j=1

< Gs[|Vul| IVl 7100

JAT(D)
2 28 2
< Cu (I3 o 1801 32 ) + 10131 )

1
< *HA’UH%z(Q) + 05.

(3.19)

Then, substituting the above inequality into - ), yields

£/9|Vv|2+2/9|Vv|2 /|Av|2 /n2+06. (3.20)

Next, we multiply (1.1))3 by 2v and use integration by parts and Young’s inequality to deduce the

differential inequality
v2+2/|Vv|2+2/02:2/nv§/n2+/v2. (3.21)
Q Q Q Q Q Q

Putting (3.21) and (3.20) together leads to
d 1
pn (v + |Vu|?) + / (§|Av\2 + 4|Vo]? + v2> < 2/ n? + Cs. (3.22)
Q Q

Again, we multiply 4 by u in L? and use integration by parts and Young’s inequality to
deduce the differential inequality

d
@/u2+2/ \VU\Z :2/ nVao - u < 2||Vo| Lo ||ul| L2]|n| 2
Q Q Q
< [ VUl + C2IT6l3 oy [
Q Q

where we used Poincaré inequality to estimate ||u||z2 as

(3.23)

|wl[r2 < Cp||Vw||p2for w € Wy (Q),

where (), is the Poincaré constant.

Then, we multiply (3.23)) by 4HC()||iOO(Q) and sum the resulting inequality with (3.13)), (3.17)
and (3.22)). This combination yields the key differential inequality

d
i ), (nlnn —n414|Ve]2 + | Vo> + 4||co||2Loo(Q)u2 + v2>
+/( |Av|2+4|Vv|2+v +4/ |Vnl/?? + /|Ac|2+2\|co||Loo(Q)/ |Vu? (3.24)

< (2+X2+§2+4||Co||%oo(9) +4C3[coll7 e (o) VN 7 () /Qn2+/ﬂf(n)lnn+07,

where (3.5]) is also used. By (1.8)), for any € € (0, 1) there exists a constant §y > 1 such that

2

f(s) < —(n— 6)1181—8 for all s > §o. (3.25)

Then we have
24X + & + 4ol T () +4C3lIcoll 7 (VBT e () )57 + f(5) In s
<@2+x*+E+ 4||00H%oo(9) + 403”00”%00(9)||V¢||%°°(Q))S2 —(n—e)s®

+
< (2 + X%+ & + 4lcollF e ) + 4CEIcollT oo () IV Bl F < 0y — u) 52 +es? for all s > 3.
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This, together with (3.24]), leads to

d
— (nlnnfn+1+|Vc|2+|Vv|2+4||co||2Lm(Q)u2+f02)
dt Jq

1 3
o [ (G180R+avo +0%) 4 [ 19n2R + T [ 1A + Al [ V0P
Q Q

< /{ o [+ dlal o +4C ol ) V0l o) + F ) I
n<so
- /{ y [(24 X+ + ol ) + 4C2coll IV 13 ) ) 02 + (1) Inm] + C
n>3so

2 2 2 2 2 9 + 9
<[22 +€ +llcol ) + AC2Neo |3 ) I VSN ey — 1) +¢] [ wt

(3.26)
where we have used the assumption f(s) > (s for small s > 0, where ¢ € R, to deduce that

/ fn)Inn < Cy,
{n<s0}
for some positive constant Cy.

Using (2.1), (3.1), (3.8) and Young’s inequality, we obtain

1
IVe®)lF20) < CrollAct)ll 2@ )|z @) + Crolle®)172(q) < il\AC(t)lliz(m +C,  (3.27)
and

1/2 1/2
/Q n? = [n'2[[ 11y < Cen (VR3[| a0 I /2 oty + 102l o))

< 8CéN(M||vn1/2”L2(Q) + M?),
because (a + b)* < 8(a* + b*) for all a,b > 0. Next, noticing that

(3.28)

nlnn<en?+ L., L.= Sup{slns —es? s> 0} < 00,
we conclude from (3.28) that for any € > 0
/nlnn < 85MC’éN/ |Vn2|? + Cia. (3.29)
Q Q
Then, summing (3.26)), (3.27), (3-28) and (3.29)), and using Poincaré inequality, we obtain
d

pn Q(nlnn—n—l—1—|—|Vc|2+|Vv|2+v2+4||coH2Loo(Q)u2)—l—/Q(nlnn—n—i—l)

1 1
+/ |Vc|2+f/ |Ac|2+/ (3180 + 470 +47)

llcollF (@
+7>/| ul? + [leol|3 o 0 /|Vu|2+4(1—20GNM[(2+X e

(3.30)

+ ol @y + 4G 0l V0l g =) +2¢]) [ [9i/2p
< Cis.

Thanks to condition (1.9)), we can fix a positive constant ¢ in ((3.30)) by setting

1 1 N
e = qmin {1, s = (24X + €+ dllcolFe ) + AC2 ol m 0y | VOl — 1) } >0,

4 2MChy
where the positivity of ¢ is guaranteed by ([1.9). This, together with (3.30)), yields that
d
—/ (n Inn—n+1+|Vef> + Vo] + v + 4Hco||%oo(ﬂ)u2)
dt Jq

1
+ min {1, 4—02} /Q (n Inn—n+1+|Vef> + Vo] + v + 4”60”%00(9)’(1,2) < Cys.
p
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Then, applying Lemma [2.4] to above inequality leads to
/ (n Inn—n+14+|Vef2 + Vo> + v + 4||co||%oo(mu2> < Cya.
Q

This, together with the fact —slns < e~! for s > 0 and (3.1]), immediately leads to (3.11)).
By (3.11)), integrating (3.30]) with respect to time leads to

t+ty
/ / (|Vn1/2|2 +|Ac]? + |Av|* + \Vu\2) < Cy5 forallt € (0, Tax — t1)- (3.31)

t Q
This is the estimate given in (3.12). The proof is complete. O

Now, we are in a position to improve the integrability of n by the above lemma.

Lemma 3.5. There exist two positive constants K5 and K¢ such that

/Q (n*(,t) + [Ve(, )" + [Vo(, t)|*) < K5 for all t € (0, Tax), (3.32)

t+t1
/ / (IVnl? + VIV + [VIVU]??) < Ke  for all t € (0, Trax — t1), (3.33)
t Q

where t1 := min{1, t Tiax}-

Proof. We multiply (1.1); by 2n, then integrate by parts over Q and apply Young’s inequality to
deduce that
d

2 2
— | n +2/ Vn

:2x/QnVn~Vc—2§/QnVn-Vv+2/an(n) (3.34)

g/ |Vn|2+€_1/2/n3+015/ |Vc|6—|—02€/ |Vv|6+2/nf(n).
Q Q Q Q Q

After applying the gradient operator V to ((1.1))3 and taking the L?-inner product of the resulting
equation with 4|Vv|?Vv, we obtain

1d

f—/ |Vv|4=/ [Vu[*Vo - V(Av—v+n—u-Vv)

1
:f/ |Vv|2A|VU\2—/ |Vv|2|D21)|2—/ |Vl
2 Ja Q Q
—/nV- (IVo[*Vv) —l—/(u-Vv)V- (IVov*Vo)
Q Q

_ 1 2|2 4 212,12
5 1919l = [ 19elt = [ wuipa 539
2
+1/ |Vv\28|vv| —/n|Vv|2Av—/an~V\Vv|2
2 Jog v Q Q

—|—/(u-Vv)|Vv\2Av+/(u~Vv)Vv-V\VU|2
Q Q

5
1/ 212 / 4 / 21 12,12
=—— [ |V|Vv — Vo|* — Vul*|D*v|* + I,
5 Q| [Vo[?| Q\ | Q| *| D% ;:1

where the fact 2Vv - VAv = A|Vv|? — 2|D?v|? is used. Next, we proceed to estimate each term

on the right hand of (3.35). By (2.4)), (2.5]), and (3.11]), we obtain

1/ 4
— Vo
) BQI |
1 2
< E/ IVIVu)? + Cs (/ |V1}|2>
Q Q

I

IN

A
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1

<= 22 .
< 16/QW\W| Ce

Next, by the facts |Av| < v/2|D?v|, |V|Vv|| < |D?v|, together with Hélder inequality and Young’s
inequality, we obtain

Ig+13:—/n|Vv|2Av—/nVU-V|VU|2
Q Q

< Cs (IIVo]|D*0lll L2 0) + IVIVVP L2 @) 12l Le @) IVl Lo o)

ol

< Cs (H|VUHD2U|HL2(Q) =+ HV|VU|2||L2(Q)) ||”||L3(Q) (||V|V”|2HL2(Q) + 1)
1 1
< f/ |Vv|2|D2v|2+—/ |V\Vv|2|2+(]7/ n® + Cs,
2 Ja 16 Ja Q
where we have used the estimate

3 2 3
/Q Vol® = |||vv‘2||L3(Q) < Gy HVWU‘QHH(Q) H'VU|2HL1(Q) +Cho HWU|2HL1(Q)

(3.36)
S 011/ |V‘V’U|2|2 + Cu,
Q
because of (2.1)) and (3.11). Similarly, using (3.7)) and (3.36]), we derive I, and I5 as
I, = / (u - Vv)|Vo*Av
Q
< \/5/ lu - Vo| [Vo|? | D?v]
Q
< Cua|[Vol|D?0]|| 2o [ Vol Fo oy 1l o ()
2
< C'14|||VUHD2U|||L2(Q) (||V|VU|2HL2(Q) + 1) 3
1 1
< Z|||V”||D2”|||%2(Q) + EHV|VU|2”%2(Q) + Cis,
and
fi = [ (V)90 VIV < Cual V196 2@ 90 oyl
1
< T6||V\VU|2||2Lz(Q) + Cur.
Substituting the above estimates for I;—I5 into (3.35)), we obtain
d
7/ |Vol* +/ |V|Vol?|? +/ |Vo?| D] + 4/ |Vol* < 018/ n3 + Cho. (3.37)
dt Jo Q Q Q Q

Applying the gradient operator V to (1.1])> and multiplying the resulting equations by 4|Vc|?Ve,
we obtain after integrating by parts over Q that for all ¢ € (0, Tinax)

i/ |Vc|4:4/ |Ve|?Ve - V(Ac—ne—u-Ve)

_ _4/ \Vc\2|D20|2+2/ |Vc|2A\Vc|2+4/ n(V|Vel2Ve + |VePAc)
Q Q Q

, (3.38)
— 4/Q |Ve|*Ve-V(u-Ve)

3
= —4/ Vel D% + ) i,
Q2 i=1
where we have used the fact

2Vv - VAv = A|Vv|? — 2|D%v]?,
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74/ |Ve|?Ve - V(ne) = 4/ en(V|Ve*Ve + |Ve|?Ac).
Q Q
Firstly, using integration by parts and the same calculation procedure as that for I;, we obtain
d|Vc|?
=2 [ [VePAveR = 2 [ [ViepR 2 [ v oel

Using that [Ac| < v/2|D?%c|, Hélder inequality, (2.1), (2-3), (3-1), (3-9) and (3.11), we obtain
Jo = 4/ en(V|Vel? - Ve + |Ve|* Ac)
Q

<—f/ \V|V | |2+020

< Alellz @ Inllza@ | Vel o) (IVIVe* [ 2 (@) + Vel Acl|2(q))

1
< Z/ (|V|Vc|2|2+|vc|2|p2c|2)+g—1/z/n3+0215/ Ve[S + Coo.
Q Q Q

Using (3.11)) and applying the same calculation procedure as that for Iy and I5, we obtain

J3 = —4/ |Ve|*Ve - V(u-Ve)
Q
:4/(U’VC)|VC|2AC+4/(U~VC)VC‘V|VC|2
Q Q

1
< / |Ve|? |D?c|* + f/ |V|Ve|?|? 4 Cys.
0 2 Ja
Then, substituting J;—J3 into (3.38)), we obtain

d 11
/\Vc|4 /|V|Vc\2|2+—/ |Ve|?|D%c|? §5_1/2/ n3+Cg4s/ |Ve|® + Cos. (3.39)
dt Q 4 Jo Q Q

Putting (3.37)), (3.34), and (3.39) together leads to

a (n2+|VU|4+|Vc|4)+/ |Vn|2+/ V|22
dt Jq Q Q

+/ Vo[2| D202 +4/ Vot +/ V|Vl 2 +/ V2 D22 (3.40)
Q Q Q Q
< (25_1/2 + Clg)/ n3 + 0265/ |VC|6 + 0278/ ‘V’U|6 + 2/ nf(n) + Cag.
Q Q Q Q
On the other hand, using (3.1)), (2.3) and (3.11)), for any ¢ € (0, 00) we obtain
[0 < el Il @ + Celinl e, + C-

(3.41)
S EOQQHV’I’L”QLQ(Q) + 030.

Using (3.3) and that f is bounded on finite interval [0, §], there exists a constant Cs; such that
I+2
<0 s2>35,
Slf(S) S I”L Ins =
slf(s) <Cs1 s<3,
with [ € {1,2}. This, together with (3.11f), yields that
Then, substituting (3.41)) and (| - (I=1) into (3.40) and taking e suitable small lead to

dt
1
+/ |Vv|2|D2v|2+4/ |Vv|4+f/ |V|Vc|2|2+/ |Ve|?|D%c)? < Css,
Q Q 2 Q Q

1
(n + Vol + [Vel') 5/ \Vn\2+§/ VIVol*?
@ @ (3.43)
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where we also used the estimate (3.36)) to deal with || Vo] s and ||V¢| . Using Poincaré inequality,
(3-1), and (3.11]), we obtain
1V el720) < CoIVIVEPIIL2(q) + Caa,
201720y < CallVRl72) + Css.
Substituting the above two inequalities into (3.43]), we obtain that

%/ﬂ (n® +|Vol* + V¢!

1
+ min {1, 402}/ (n® +|Vo[* + |Ve|* + |[Vol*| D*0|* + |Ve*| D?c|?) (3.44)
P Q

4
Applying Lemma[2.4] to the above inequality immediately yields the desired uniform boundedness

estimate (3.32)). Using the estimate (3.32)), and integrating the inequality (3.44)) with respect to
(3-33

time lead to the second desired estimate (3.33]) in this lemma. Now, we complete the proof of this
lemma. O

1
+ —/ (IVn]* + V|V |? + [V|V?) < Cae.
Q

Lemma 3.6. Let a € (%, 1). Then there exist two positive constants K7 and Kg such that
| A“u(-, )| L2y < K7 for allt € (0, Tiax), (3.45)

and consequently

lu(-, )| o) < Kg  for allt € (0, Trax)- (3.46)

Proof. First of all, we derive the variation-of-constants formula for u from the equation (1.1)) as

t
u(z,t) = ey +/ e~ E=DADP(V (-, 5))ds  for all t € (0, Tnax)-
0

Applying the operator A% to the above identity and taking the L?-norm, one obtains
t
[l A% (-, t)HLz(Q) < ||Aa€_tAuO||L2(Q) + / ||Ao‘e_(t_s)A7?(anb(-, S))HLZ(Q)dS. (3.47)
0

Next, we shall use the properties of Stokes operator (see Lemma [2.6)) to deal with the two terms
on the right hand of (3.47)). Firstly, using (2.9) and the fact ug € D(A®), there exists positive
constant C; such that

||Aa€7tAuO||L2(Q) < HeitAAaUOHLQ(Q) S ||Aau0||L2(Q) S Cl for all ¢ € (O,Tmax). (348)

Since the Helmholtz projection P is a linear operator from L?() to L2(£2), we obtain

t t
[ 1A APl ) V6 pagoyds < Ca [ (¢ =57 0T g ds
0 0

e i, (3.49)
< Callnll 21V e (e / (— 5) e
0

S CSv

because of the inequality (2.9)), (3.32)), the boundedness of V¢, and o € (%, 1).
Substituting (3.48)) and (3.49) into (3.47), we conclude that there exists a positive constant Cy
such that

AU, )| 2y < Cy forall t € (0, Tinax),

which is exactly the estimate (3.45]).
Finally, since the domain D(A®) is continuously embedded into L>°() for 1 < a < 2 (see e.g.
[32]), the estimate (3.45)) immediately implies that

|, 8)|| Loy < C5  for all t € (0, Tnax)-
This is (3.46]). The proof of Lemma is complete. 0
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Lemma 3.7. For each 2 < q < oo, there exists a constant K9 > 0 such that
Ve, )l pa) + IV, D) ey < Ko for all t € (0, Tiax), (3.50)

Proof. We first derive the variation-of-constants formulas for ((1.1))2 and (L.1)s, respectively, which
read

c(-,t) = etPey — /0 B2 u(-, 5) - Ve(-, s) +n(-,8)c(-, s)]ds  for all t € (0, Tax), (3.51)
v(-,t) = ety — /t e u(-, 5) - Vo(-, s) +v(-,8) —n(-, s)]ds for all t € (0, Tmax). (3.52)
0

Next, we estimate the L4-norm of Ve. By applying the gradient operator V to (3.51]) and taking
the L%-norm, together with (2.6) and (2.7), we obtain for any 2 < ¢ < oo that

Vel D)]lLao)

< Ve eollpaga) + _/Ot Vet 2 u(-, 5) - Ve, 8) +n(-, 5)e(, )| Loy ds
< C1[|Veollpaa) + Co /Otu +(t=8) D) M ul, s) - Vel 8)|| 2oy ds
4y /Ot(l + (=) eI (- s)e(-, 5)l| L2 ds
<Gt € [ 0 =D Il )l 19t
+C;5 /Ot(l +(t =) 020 le(e, 8)| ooy I 8) | 12(ds  for all € (0, Tina),

where C; (i = 1,2,3,4) and \; (j = 1,2) are some positive constants. Using (3.9), (3.11)), (3.32)
and (3.46)), one obtains that

t
IVe(,t)||La) < Ca+ 05/ (14 (t— )" Fa)e M t=9)gs
0

t 1 3.53
+ C’G/ (14 (t —s) M Ta)er2(t=5)gs (3:53)
0

< Cy forallt € (0, Tmax)-

By a similar argument as that applied to the c-equation (3.51)), we deduce from ([3.52) for all
t € (0, Tinax)

[Vo(-, t)l| Laco)

< [|Ve Lol paga) + /Ot Ve =% u(-,s) - Vo, 8) +v(-, 8) = n(-, 8)]|| Lagayds

< Cs[|Vvo| o) + Co /Ot<1 +(t— ) )0 Jul,5) - Vol 8) 2oy ds
+ Cho /Ot(l +(t— S)_1+%)67’\4(t78)(||v('a s)llz2e) + [In(- 8)l|L2(0))ds

< Ci+Co /O t(l +(t—5) D) I ul, )| Lo @) IV 5) | 2 () ds

t
+ 010/0 (14 (=) Fa)e (o, )] 20y + (- 5) |20 s,
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where C; (i =8,9,10,11) and \; (j = 3,4) are some positive constants. Using (3.11), (3.32) and
(3.46), one obtains that

t
IVu(, t)||Lac) < Ci1 + 012/ (14 (t - 5)71+%)6_M(t—s)ds
0

+ Cig / (1t (= 81 Ma-9) g (3.54)
< Ciy foOr all t € (0, Trnax)-
Then follows from and . This completes the proof. O
Lemma 3.8. There exists a constant K19 > 0 such that
In(,t)llLs) < Ko for all t € (0, Tinax)- (3.55)

Proof. We multiply both sides of 1 by 3n? and integrate the resulting equation by parts to
deduce that

d

dt n B

S—6/n|Vn|2—|—6x/nQVn-Vc—Gg/HQVn~VU+Cl

Q Q Q

§—2/n|Vn|2+2/ \n|4+02/ |Vc|8—|—C'3/ Vol® + Cy
Q Q Q Q

< —2/ n|Vn|* + 2/ \n|4 +Cy forallt e (0, Tmax),
Q Q

3/V (Vn — xnVe+ EnVo)n —&-3/Q 2f(n)

(3.56)

where we have used Young’s inequality, (3.50) and (3.42) (taking ! = 2). Using (3.32)), we turn to
estimate the second term on the right hand of (3.56|) as

8/3
Il Eeay = 1R300
R 4/3 R 4/3 8/3
< Cs (V2135 o) Im2/21 S gy + 1072155 (3.57)

1
< 7/ n|Vn|* + Cs.
4 Jo

Substituting (3.57) into (3.56) and using the fact that ||n[|3; < |[n||7. + ||, we obtain

d
pn n +/ n® < C; forall t € (0, Tinax)- (3.58)
Applying Lemma to (3.58)) 1mmed1ately yields
(- t)|[Ls) < Cs  for all t € (0, Thax)- (3.59)
This completes the proof. O

Lemma 3.9. There exists a constant K11 > 0 such that
||C(',t)||W1,oo(Q) =+ HU('7t)||W1,OO(Q) S K11 fOT‘ CL” t e (t17Tmax)7 (360)
where t1 := min {1, %}

Proof. We first derive the variation-of-constants formulas for ((1.1)2 and (L.1)s, respectively, which
read

c(.,t)_e“tl)%(-,tl)/teﬁS>A[u(.,s).vc(.,s)+n(.,s)0(-,s)]ds Vt € (t1, Tmax), (3.61)

t1

v(-,t) = et71)A v(~,t1)—/t e u(-, s) - Vo(-,8) +v(-,8) — n(-,s)]ds Yt € (t1, Trmax)-
' (3.62)



18 S. LIU, D. LI, J. ZHENG EJDE-2026/10

By applying the gradient operator V to and taking the L°°-norm, together with and

usmg . 3.46), (3.50) and (3.55)), Weobtam

t
IVe(t)]| o) < IV % t1)]| e (0 +/t Ve (- Ve)(s)|| Lo o) ds
1
t
+/ HVe(t_s)A(nc)(s)HLoo(Q)ds
t1

t
< Cy(1+172) e 1) L1 () + Ca / (14 (t = 5)"1)e [ (u- Ve)(s)]| s () ds

t1

t
+ Cg/ (L+ (t—s5)76)e =9 (nc)(s)|| Ls o ds

ty

t
<Cot Ca [ (W (6= 9) e us) o) 9605 aconds

ty

t
yer / (1+ (t - )~ 8)e 509 ln(s) | ey 1e(5) | o () 5

t1
< Cs forallte (t1,Tmax)-

By a similar argument as that applied to (3.61)) and using Poincaré inequality, we deduce from
(3-62) that

IVu(t)] Lo ()

t
< Vet 130 ()| ey + / Vet (u - Vo) (5) | o s
Vet I2 g (8)] e s + / 1Vt (5) | g

t1

t
S Cs(L+72)lv( t)l Lo +C7/ (14 (t =) )e M| (u- Vo)(s)l| () ds

t1
' _5y he(t—s) (3.63)
+CS/ (14 (t =) 0)e I |u(s) | s () ds
t1
t
+ Cs/ (14 (t = 5)7%)e ™= n(s)|| L2y ds
t1
t
< Cy+ 07/ (T+(t— 8)_1)e_>‘7(t_5)||U(8)HL00(Q)||VU(5)||L4(Q)d3
ty

t1

t
+ 010/ (1 + (t — 5)7%)67)‘8@73)HV’U(S)”LS»(Q)dS +C11 <(Cip forallte (tl7Tmax)~
Combining ([3.63)) and ( -7 we obtain

HVCHLoo(Q) + ||VU||LOO(Q) < Cy3 forall t € (t1, Tmax)-

This, together with (3.1]) and (3.2)), leads to (3.60). Now, we complete the proof .

Lemma 3.10. There exists a constant K15 > 0 such that

(- t)||Le(oy < K12 for allt € (0, Tiax)- (3.64)
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Proof. By the fact that V - u = 0, we derive the variation-of-constants formula for n from (1.1));.
For each t € (0, Tiax), this formula reads

n(-,t) = e(tftO)An(-,to) — x/ et=9)Ay . (n(-,s)Ve(-, s))ds

to

+5t:at@Av-ow»@vU@s»ds (5.65)

—/ e(t—SmV-(n(-,S)U('aS))der/ IR (n(,5))ds

tl t()

=n1(,t) +n2(,t) + (e, t) + na(e, t) + ns (-, 1),

where to (t —1)™. Next, we proceed to estimate each of the five terms on the right-hand side
of one by one. First, by the maximum principle for the Neumann heat semigroup, we can
estimate

[n1( D)L (0) < lInollpe (o) for all ¢ € (0,1],

whereas if t > 1, then standard LP — L9 estimates for the Neumann heat semigroup provide
C1 > 0 such that

[n1 (- 0)|[ e () < Crt —to) M In(:, to) |21 () < Cillnllzi@) < C1M for all t € (1, Tax],
holds because of (3.1). Thus, we obtain for any ¢ € (0, Tiax)
[1(-, )| Loe (@) < Coa. (3.66)

Then, using , (13-55)), - ) and Holder inequality, one applies the known smoothing prop-
erties of the semigroup (2.8)) to obtain for any ¢ € (0, Tiyax) that

t
Iz ey < Ca [ (14 (6= 5) 5y (e s) Vel ) soyds
o (3.67)
s%/u+m&ﬁrﬂtwm>m®wmmmmws%

to

t
Im3(- )| Lo () < C5/ (1+(t— s)_g)e_>‘1‘)(t_“”)||n(~7 5)Vu(-, 8)|ls()ds
to

t (3.68)
< s [ (1 (= 9) Bl 8) 1300y 909l s < G,
to
and
t
4 )l e () < C?/ (14 (=) 8)e I In(, s)ul, )| s ds
o (3.69)
< C?/ (14 (=) ) I (., 8) | ooy [ul-, )| Lo @) ds < Cs,
to
where A\; > 0 (j = 9,10,11) denotes the first nonzero eigenvalue of —A under homogeneous

Neumann boundary condition. Finally, by virtue of the assumptions on the sub-logistic term f(s),
it is easy to check that there exists a constant Cg suchu f(s) < Cy for all s € RT. Using the
maximum principle once more, we have for any ¢ € (0, Trax)

t
n5(~,t) S / e(tis)AngS = Cg(t - to) § Cg. (370)

to
Combination with (3.66)—(3.70]), we obtain for any ¢ € (0, Tiax)
5

[n(sD)llL () = Supn(rc t) < Zsugnz(x t) < Cyo.
1= 1z€

This is the desired estimate (3.64]). The proof is complete. O

With the above estimates in hand, we are in a position to show Theorem [1]
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Proof of Theorem[1.1, Combining (3.45)), (3.60) and (3.64)), we can obtain the time independent
boundedness for |[n(-, )| 5 ) + llc(, t)[[wiee) + [[v( ) [[wiee ) + [|A%u(-,t)||L2(q). By the
extendibility alternative in Lemma we thus infer that T* = oo, i.e., the solution (n,c,v,u, P)

is global in time. Furthermore, in view of (3.46[), (3.60) and (3.64), we directly verify that the
boundedness assertion in (1.12)) holds true. This completes the proof. O
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