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EXISTENCE OF SOLUTIONS WITH PRESCRIBED FREQUENCY FOR
PERTURBED SCHRODINGER-BOPP-PODOLSKY SYSTEMS IN BOUNDED
DOMAINS

DANILO GREGORIN AFONSO, BRUNO MASCARO

ABSTRACT. In this article, we show that the Schrédinger-Bopp-Podolsky system with Dirichlet
boundary conditions in a bounded domain possesses infinitely many solutions of prescribed fre-
quency, for any set of (continuous) boundary conditions, provided that the Schrodinger equation
is perturbed with a suitable nonlinearity. Our approach is variational, and our proof is based
on a symmetric variant of the Mountain Pass theorem.

1. INTRODUCTION

In this article, we analyze the existence of solutions to the so-called Schrédinger-Bopp-Podolsky
system,

1
—§Au+¢u—g(aj,u) =wu in (1)
—Ap+ A% =4mu? in Q,

where ) is a smooth bounded domain in R3, g is a suitable nonlinearity and A2¢ = A(A¢) is the
bi-Laplacian operator. We consider Dirichlet boundary conditions, i.e.,

u=0 onoN
¢=hy ondQ (1.2)
A¢p =hs  on 09,

and assume, for simplicity, that hy, he € C(9Q). We refer to [§] for a discussion of appropriate
boundary operators for higher-order elliptic problems in bounded domains.

The system of equations models the (stationary) interaction of a charged particle with an
electromagnetic field with the ansatz that the wave function is of the form

() = u(@)e™,

where u plays the role of the amplitude of the wave and w is the frequency. To our knowledge,
the first variational analysis of this kind of system appeared in [7] (see also [15 [I0]) in the case
of the whole space R3. In fact, is a refinement of the much more studied Schrodinger-
Maxwell system, introduced in [5] (see also [12, [IT], 13] and the references therein), where the
second equation is just —A¢ = 4ru’. Besides the physical motivation, which consists of trying to
overcome the so-called infinity problem of classical Maxwell theory (we refer to [7] for more on the
physical aspects of the problem), the addition of the bi-Laplacian in the second equation gives rise
to many interesting mathematical phenomena also when one considers boundary value problems
in bounded domains, see e.g. [1].
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The main approaches developed to treat (1.1)) are variational, and a choice is to be made. One
can consider a normalization condition of the type

/uzdmzl,
Q

in which case the parameter w appears as a Lagrange multiplier (as done, e.g., in [Bl, 13| [d]), or
one can perform a parametric analysis on the values of w for which the free problem has a solution
(see [12]).

In this work, we follow the second approach. We are able to show that, provided that we perturb
the Schrodinger equation with a suitable nonlinearity, then for any prescribed frequency w and
any set of continuous boundary conditions h; and hs, the system — possesses infinitely
many solutions (u, ¢) (see Theorem [3.7)).

This work is organized as follows. In Section[2]we collect the main notations and definitions, and
recall an important result that will be useful in our proofs. Section [3|is devoted to the variational
analysis of the perturbed problem and the proof of our main result, Theorem We address the
question of non-existence for the unperturbed problem in Section [4

2. PRELIMINARIES

2.1. Notations and definitions. Throughout the paper, Q is a smooth, bounded domain (con-
nected open set). For 1 < p < oo, || - ||, denotes the L? norm (whether on © or 92 will be clear
from the context). As usual, we denote by Hg () the completion of C2°(Q) with respect to the
Sobolev norm W12(Q). However, we consider H}(2) with the equivalent norm

lull = IVull2, e Hy().

Its dual space is denoted by H~1(Q).
The eigenvalues of —A in H} () (counted with multiplicity) are denoted by Ay, with k € N.
The corresponding eigenspaces are denoted by Hy.
The Sobolev space W22(Q) is, as usual, denoted by H?(2). We also consider the functional
space
H(Q) == H*(Q) N Hy(Q)

endowed with the equivalent norm

el = 1A¢ll2; @ € H().

Recall that a C! functional J defined in a Banach space E is said to satisfy the Palais-Smale
condition if any sequence (u,)nen for which (J(up))nen is bounded and J'(u,) — 0 as n — oo
possesses a convergent subsequence.

In our proofs, we perform some estimates and denote by c;, j € N, some positive constants
appearing in these estimates and whose exact values are not of interest.

For the nonlinearity g € C(Q x R) appearing in we use the following assumptions:

(A1) g is anti-symmetric: g(z, —¢) = —g(z, &) for all z € Q, € € R;

(A2) g satisfies

=0 uniformly in z;

lim g(wé £)

£—0

(A3) there exist constants aj,as > 0 and p € (4, 6) such that for any = € Q and £ € R it holds
l9(2, €)| < a1+ azf€P

(A4) there exist r > 0 and p > 4 such that for any £ € R with |¢| > r and any = € Q it holds
0 < pG(x,8) < &g(x,8),

where

3
G(m,{):/o g(x,t)dt.
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2.2. An abstract critical point theorem. Here, we recall a version of the Mountain Pass
Theorem for functionals that are symmetric with respect to the action of the group Zs = {—id,id}
that will be useful in our proof.

Theorem 2.1 ([I4, Theorem 9.12]). Let E be an infinite-dimensional Banach space, J € C*(E)
be an even functional such that J(0) =0 and J satisfies the Palais-Smale condition. Suppose that
E=V & X, where V is finite-dimensional and J satisfies

(1) There exist constants p,a > 0 such that

JB,nx > @;

(2) for each finite dimensional subspace E of E, there exists an R = R(E) such that J <0 in
E\B R(E)-
Then I possesses an unbounded sequence of critical values, and therefore there exist infinitely many
critical points.

3. EXISTENCE OF SOLUTIONS

3.1. Variational framework. To perform a variational analysis of the problem, it is convenient
to slightly modify our system so as to make all boundary conditions homogeneous. To this aim,
we consider the auxiliary problem:

~Ax+A%’% =0 inQ
X ="h1 onoQ (3.1)
Ax = he on 0.
Lemma 3.1. Let hy, hy € C(Q). Then there exists a weak solution x € H*(Q) to (3.1)). Moreover,
X € CHQ)NC(Q).
Proof. Notice that substituting § = Ay we obtain
~Ax+ A’ =A0-0=0 inQ.
Now, by well-known results of linear elliptic equations (see, e.g., [6]), the problem
—Af+0=0 inQ
0 = hy on 0N

admits a (unique) weak solution § € H'(2). Moreover, standard regularity estimates (see, e.g.,
[9]) yield & € C?(2) N C(Q). It is also well-known that the problem

—Ax =6 inQ
x =hi1 on 0

admits a unique weak solution y € H'(2). Moreover, regularity theory yields x € C*(Q) N C(9Q).
The proof is complete, since x thus found satisfies (3.1]). O

Next, we make the change of variables
p=¢—X
Then we write the system in the variables (u, ) as
1
—iAu +(p+x)u—g(z,u) =wu in
—Ap+ A% =471u? in Q
u=0 on dN (3:2)
©=0 on df)
Ap =0 on 0.
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Let us consider the functional F,, : H}(Q) x H(Q) — R given by

1 1
Fw(u7go):Z/Q|Vu\2d;v+i/ﬂ(gp—l—x—w)tﬁdx—/QG(x,u)dx

1 2 1 2
- — de — — A dx.
lﬁﬂ/gw . 167T/Q| o de

All terms of this functional, except for fQ G(z,u) dx, are linear or quadratic forms in the variables
u and ¢, and thus are of class C* (see []). Moreover, also [, G(z,u)dz is of class C', due to
the subcritical growth assumption (A2) (see, e.g, [14, Appendix B]). Therefore F,, € C1(HE(Q) x
H()). Straightforward computations yield the following expressions for the partial derivatives:

aﬂ(u,g@)[v] :1/VuVUdm—&—/(cp—i—x—uJ)uudx—/g(m,u)vdw, v e Hy(Q), (3.3)
8u 2 Q Q Q

OF, 1, 1 1

%(u,w)[n] = z/ﬂnu dx 87T/QV<PV7I 87T/9As0Andx, n € H(Q). (3.4)

From the expressions of the partial derivatives, we readily obtain that

Proposition 3.2. The pair (u,¢) € HL(Q) x H(Q) is a weak solution to (3.2) if and only if (u, )
is a critical point of F,, in H(2) x H(Q).

Observe that the functional is strongly indefinite both from above and from below. More
precisely, for every fixed pair (u,¢) € H} () x H(S2), we have F,(tu,p) — +00 as t — +00, be-
cause the gradient term “wins” against the LP-subcritical terms (due to the Sobolev embeddings).
Similarly, F,(u,ty) = —oo as t — 400, because of the quadratic terms with negative sign.

Because of this fact, standard variational methods do not apply directly, as was already noticed
in [B]. Indeed, a key idea of the argument presented in [5] (and successfully employed by many
other authors) is to perform a suitable “substitution” in the system, thereby reducing the study
to an analysis of a functional of a single variable.

The procedure goes as follows. For each u € HE(Q), we consider the unique weak solution
®, € H(Q) of the problem

—Ap+ A% =471u® in Q
=0 on 9N (3.5)
Ap =0 on 09,
which can be shown to exist by a slight modification of the argument presented in the proof of
Lemma [3.1] In this way, we can define a map
d:uc HY Q) — D(u) = D, € H(Q).
Observe that the map ® is implicitly defined by the equation
oF,
—(u,p) =0, € H(Q), 3.6
e =0, ¢ M) (36)
which is nothing more than the weak formulation of (3.5)).
Observe that @ is even and ®(0) = 0. Moreover, we have the following result:

Lemma 3.3. The map ® is of class C' and bounded. Moreover,
@)l < Clul? 3.7)
for some C > 0.

Proof. To show that ® is of class C!, we use the implicit formulation (3.6)). Note that the deriva-
tives of aa% are given by

9%F,
D00 (u, p)[n,v] = /Q uno dz,
O%F,,

T wolnd =~ ([ vaved+ [ anacas),
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which are readily seen to be continuous. Therefore ® is of class C! (see, e.g., [3]).
Next, we use (3.5) and the Sobolev embeddings to show that ® is bounded in H{(£2). Indeed,
multiplying (3.5) by ®(u) and integrating by parts twice we obtain

/Q|VCI)(u)|2d9:+/Q|A<I>(u)|2dx:47r/ﬂ<l>(u)u2d:1:

Therefore, by invoking well-known Sobolev embeddings, we have

12(w)l[3) < 4nl@()2llu?llz < erl| ()]l lulli < call®(w)llp@llull®,
which completes the proof. O

With the map ® at hand, we can define the reduced functional
Jo:u € H3(Q) = F,(u,®(u)) € R,

/|Vu|2dx—|— /(X w)u? dx—/Gqud

which can be written as

(3.9)
/ VO (u)|* dx + —/ |AD(u)|? d.
By using the chain rule together with -, we obtain
OF, OF,
()] = 52 (w @@)o] + (52w, 0(w)) 0 @'(w) )]
du 44 (3.10)

=— | VuVvdz + / (P(u) + x — w)uvdr — / g(z,u)vdx.
2 Ja Q Q

The next result tells us that the problem (3.2) can be studied through the functional J,.

Proposition 3.4. The pair (u,p) € HE(Q) x H(Q) is a critical point of F,, if and only if u is a
critical point of J, and ¢ = ®(u).

Proof. Suppose (u, ¢) is a critical point for F,,. From (3.6, it follows that ¢ = ®(u), and then it
follows from that J/ (u) = 0.

Conversely, if ¢ = ®(u) then aaF (u, =0 by (3.6), and 8F (u, ®(u)) = 0 since J,(u) =0
(taking into account and ) O

3.2. Analysis of the reduced functional. We begin by showing that the reduced functional
J., defined in (3.9)) satisfies the Palais-Smale condition.

Lemma 3.5. The functional J,, defined in satisfies the Palais-Smale condition.
Proof. Let (un)nen be a Palais-Smale sequence, that is,
|J(un)| <M Vn €N, and some M > 0, (3.11)
J(up) =0 in H' as n — oc. (3.12)

As usual in this type of argument, the first step is to show that the sequence (u, )nen is bounded.
To this aim, we take r as in (A4) and use ) to obtain

1 1
1/|Vu|2dx+§/(x w)u dx—l——/|V<I> \2da:+—/|A<I> )|? dx
Q

<M +/ G, un)| da +/ Gz, un)| da
{z€Q : |un(z)|<r} {zeQ:|uy (z)|>r}

X (3.13)
< M; + f/ g(x, up )uy dz
{z€Q:||un (2)|2r}

1
§M2+f/g(x,un)unda; Vn € N,
HJa

where M; and M, are suitable positive constants.
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On the other hand, since

Lt = |5 [ Ve s [ @) +x - a - [

Q
> || [ stauyunda| =[5 [ [Funao+ [ @)+ x - g aa|
Q 2 Ja Q
Z/g(%un)undx—‘l/ |Vun|2dx—|—/(<1>(un)+X—w)uidm‘,
0 2 Ja 0

from (3.12) we obtain that there exists some positive constant Msz such that |J/ (un)[un]| <
Ms||uy]|, and therefore

1
/ g(, up )y do < Mz||ug|| + = / |Vun|2 dx + / (P(un) +x — w)ui dx
Q Q

g(z, un)uy, d:v’

1
=M3||Un||+§||un||2+/ XUidx—WIlunllgﬂLle@(un)llz-
Q 7
Substituting this into (3.13)), we obtain
1 1
Z-/|Vu|2dx—|—f/(x w)u dm+—/|V<I> \2dx+—/|A<I> )|? dx
Q
< My + — (M3||un||+ a2 + /Q i di — wlunll§ + =18 ?)

1
< Ma -+ - (Ml + gl + (oo = )l + - [B(un)lP) Vo €

Since p > 4, we have
L ()| - i(/ |V<I>(un)|2dnc+/ A, dar) <0,
A 167\ Jo Q

and therefore

w—2 M;
ﬂ(”%”2 = (Ixllos = w)llunll3) < Mo + 7\\%” Vn € N. (3.14)

If || ]| oo —w < 0, we readily obtain that (u,)nen is bounded. If, instead, it holds || x|lcc —w > 0,
then from (3.14]) we infer that
E 2 2 - 2

c3
Junl3 > ("2 =2 un | — M)
"2 = e —w i

2 C4||Un||2 - C5||un|| —cg VYneN.

Now, should the sequence (uy,)neny be unbounded in H}(Q), we would obtain |u,||3 — +oo as
n — oco. However, from assumption (A4) we deduce that there exist constants by, bs > 0 such that
for any z € 2 and ¢ € R it holds

G(z,€) = ¢ -

But then, since ® is bounded, we have

1 1 1
Jo(un) < S llunll® + 5 (Ixlloo = w)llunllz — bl/ [n || dz + b2| Q] + | ®(u)||*
4 2 0 167

< crllun|® + eslluallz — b1 / | dzx + b2|Q + co|unll3
Q
— —00 asn — 00,

since p > 4. This contradicts (3.11]), and therefore we conclude that (uy)nen is bounded also in
case ||x]loo —w > 0.
Since (un)nen is bounded, then there exists u € H}(Q) such that

u, —u weakly in Hy(Q) as n — oo.

We now proceed to show that the convergence is, in fact, strong in H{ ().
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To this aim, we apply (3.10]) and obtain
1
*§Aun = JL:)(un) - (p(un)un + (X - w)un + g(x, un)a (315)

where this equality is understood in H~'(Q2). Now, since the resolvent operator (—A)~! :
H=1(Q) — H}(Q) is compact, to conclude our proof it suffices to show that the right-hand
side in (3.15]) is bounded.

By assumption, J/ (u,) — 0 as n — 00, so {J,(uy)}nen is bounded. Since g is continuous and
has subcritical growth, the Nemitski operator

u € Hy(Q) = g(x,u) € H(Q)
is compact (see, for example, [2, B]) and therefore, since (uy)nen is bounded, also {g(z, un)bnen
converges in H~1(Q). Furthermore, since H{ () is reflexive, then H~1(Q) is reflexive. Since

(X — w)un, — (x — w)u in the weak-* topology of H~1(Q), then {(x — w)un }nen is bounded in
H~1(Q). Finally, Holder’s inequality together with (3.7) yields

3/2 3/2 3/2 3/2 3/2
1 (w1575 < 1P ) 372 [[un[57% < cxoll@(n) P2 [lunl3? < crnllunl®lunlly. (3.16)

Hence {®(uy)un bnen is bounded in L3/2(Q), which is continuously embedded into H~1(£2), be-
cause H{(Q) is continuously embedded into L3((2).

Hence all terms in the right-hand side of are bounded, and since (—A)~! is compact, it
follows that the sequence (uy,)nen converges strongly in H} (). O

Proposition 3.6. For each w € R, the functional J,, defined in (3.9) has infinitely many critical
points in H}(Q).

Proof. Our aim is to apply Theorem to the functional J,. Since J,, is even (because so is @),
Jw(0) = 0 and J,, satisfies the Palais-Smale condition (Lemma , it remains only to prove that
the geometrical conditions of Theorem [2.1] hold.

We begin by recalling from the proof of Lemma [3.5] that

1 1
Tofw) < 1P + 5O =)l = by [l do + el + Jg- @@ = —o

as |lul| = +oo, since 1 > 4. Therefore, condition (ii) in Theorem [2.1]is satisfied.
Now, suppose that

1
Illoe +@ < A1, (3.17)

where \; is the first eigenvalue of —A in H{ () (see Section. In this case, we can take V = {0}
and X = HE (). Indeed, J, has a strict local minimum at v = 0. This can be proven as follows.
From (A2) and (A3) we deduce that for every e > 0 there exists Cc > 0 such that for any = € Q
and ¢ € R it holds
€
G, 6] < €+ O,

for p € (4,6).
Let us fix a number ¢ such that |[x|lec +w < ¢ < A1. Since H}(Q) < LP(Q), by Poincaré
inequality we obtain

1 1 1
o (u) > 7/ |Vu|2dx—f\|x||oo/uzda:—fw/ugdac—/ G(z,u)dx
4 Ja 2 Q 2 Ja Q

1 €
> *(IIUIIQ = 2(|Ixlloo +w)lull3) — §||u||§ — Cc|lulp

1)\1

\/

Jluf? - IIUH2 Cillull” Vu € Hy (),

which is positive for ||u|| =pifpis sufﬁc1ently small. So condition (i) of Theorem [2.1] is satisfied
in the case when ([3.17)) holds.
Next, we assume that

1
5)\1 < xlloo +w (3.18)
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and let ¢ € (31, [x]loc +w). Set
k, :==min{k € N: [[x]loo +w < Ag},

and consider the following splitting
Hy(Q) =V, @ X,
where
Vi =@ Hey, X =Vt =877, H.
Then, since
lol* > Ae,[lol* Vo € X,

(by the variational characterization of the eigenvalues of —A in H}(Q)), we have

1 1 1

Jo(u) > f/ |VU|2dJZ—*HX||Oo/UQdZ‘—*w/qua?— G(z,u)dx
4 Jo 2 Q 2 Ja Q
1

€
> 71l = 2(xlloo + ) ull3) = 5 llulls = Ceflully
1A, —c 2 3 2 ,
P - — Cl|ul)? Vu € X,
1l = gl = el Vo

so that J,, is positive in small spheres of X.
We can therefore apply Theorem [2.1] to conclude the proof. O

Theorem 3.7. Let Q C R? be a smooth, bounded domain. If g € C(Q x R) satisfies (A1)—(A4),
then for every triple (hy, ha,w) € C(ON2) x C(ON) x R there exist infinitely many weak solutions
(u, ) € HE(2) x H?(Q) to the problem

1
—iAu +ou—g(z,u) =wu in
—Adp+ A% =4mu® in Q
u=0 on N
¢=hy on o
A¢p =hy on 0f.
Proof. The statement of the theorem follows by combining Propositions and O

Remark 3.8. The physical meaning of Theorem is that, as happens in the case of Maxwell
electrodynamics ([12]), if the Schrodinger equation is perturbed with a suitable nonlinearity, then
for any prescribed frequency w there exist (infinitely many) stationary solutions with that fre-
quency.

4. NON-EXISTENCE OF SOLUTIONS FOR THE UNPERTURBED PROBLEM

Lemma 4.1. Let hy,hy € C(9R) be such that hy — ha >0 on Q. If ¢ € H?(QQ) satisfies
—Ap+A2p>0 inQ
¢="h1 on0Q
A¢p =hy on 09,
in the weak sense, then ¢ > 0 in 2.
Proof. Notice that
—A(¢p—A¢) >0 inQ,
so that the maximum principle yields
¢ —A¢p>0.

Another application of the maximum principle yields the claim. O
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Proposition 4.2. If h1 —hy >0 and w < %, then there are no solutions to the problem

f%Aqugbu =wu N
—Ap+ A% =4mu® in Q
u=0 on N
¢="h1 ondQ
A¢p =hy on 0N.

Proof. By Lemma ¢ > 0 in Q. Multiplying the first equation by u and integrating by parts,

we

wh

obtain

1
w/qux>f/ |Vu|? dz,
Q 2 Jo

ich, by the variational characterization of the eigenvalues of —A in H}(Q), can only hold if

A
w > S O
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