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A NOTE ON SUFFICIENT CONDITIONS FOR THE REAL JACOBIAN
CONJECTURE IN R2

XIULI CEN, KANGNONG HU, YUZHOU TIAN

ABSTRACT. The real Jacobian conjecture in R? claims that if F = (f,g) : R? — R2? is a
polynomial map such that det DF(x,y) # 0 for all (z,y) € R?, then F is globally injective.
However, it is known that there exists a counterexample on this conjecture. Since then, various
sufficient conditions have been proposed to ensure that the real Jacobian conjecture holds. In this
article, we generalize a result in [26] to the quasi-homogeneous case. Moreover, we provide several
examples to illustrate the relationships between some existing sufficient conditions regarding this
conjecture.

1. INTRODUCTION AND MAIN THEOREM

In 1939, Keller [19] proposed the Jacobian conjecture in C*: If F = (f,g) : C> — C? is a
polynomial map such that det DF(x,y) is a non-zero constant for all (z,y) € C?, then F is
globally injective. See [4, 25| 27, 28] for further progress on this conjecture.

In 1983, Randall [23] raised the real Jacobian conjecture in R*: If F = (f,g) : R? — R? is
a polynomial map such that det DF(z,y) # 0 for all (z,y) € R2, then F is globally injective.
As noted in [I3] 27], it is beneficial to study the real Jacobian conjecture for understanding
the Jacobian conjecture. Regrettably, Pinchuk [22] gave a counterexample to the real Jacobian
conjecture in R?. As a result, a natural problem is to find sufficient conditions such that the real
Jacobian conjecture holds. Based on algebraic and analytical methods, many results have been
obtained, see [Bl [7), 10} 14 [16], [18].

Cima et al. [I2, [13] established a sufficient condition for the n-dimensional real Jacobian con-
jecture based on the structure of polynomial maps. When their finding is applied to the two-
dimensional case, the result is as follows.

Theorem 1.1 ([13]). Assume that the polynomial map F = (f,g) : R?> — R? satisfies F(0,0) =
(0,0) and det DF (z,y) # 0 for all (x,y) € R?. If there exists a weight exponent s = (s1, s2) € N3
such that the higher s-quasi-homogeneous part of F' only vanishes at the origin in R2, then F is
injective.

Sabatini [24] and Gavrilov [I7] presented a global dynamical condition related to the real Jaco-
bian conjecture in R2. Based on their result, a variety of sufficient conditions for this conjecture
have been obtained via the qualitative theory of dynamical systems, see [, @] 11} 21, 26]. One
nice result is described as follows.

Theorem 1.2 ([8]). Assume that the polynomial map F = (f,g) : R? — R? satisfies F(0,0) =
(0,0) and det DF (z,y) # 0 for all (z,y) € R2. If the higher homogeneous terms of the polynomials
ffe+ 99z and ffy, + gg, do not have real linear factors in common, then F is injective.

Braun et al. [§] also put forward an open problem that whether Theorem 1.1 implies Theorem
1.2. However, they only solved this problem for some special cases. Liu and Tian [20] gave a
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positive answer and obtained a more general result for quasi-homogeneous type in R™. When
their result is restricted to the two-dimensional case, the theorem is stated as follows.

Theorem 1.3 ([20]). Assume that the polynomial map F = (f,g) : R?> — R? satisfies F(0,0) =
(0,0) and det DF(x,y) # 0 for all (x,y) € R%2. Let H(z,y) = (f% + ¢*)/2. If there exists a
weight exponent s = (s1,82) € Nf_ such that the higher s-quasi-homogeneous part of vector field
(—0.H,—0,H) only vanishes at the origin in R?, then there exists a weight exponent 8 = (1, $2) €
Ni such that the higher §-quasi-homogeneous part of F only vanishes at the origin in R2.

Following Theorems 1.1 and 1.3, a direct corollary can be obtained.

Corollary 1.4. Assume that the polynomial map F = (f,g) : R> — R? satisfies F(0,0) = (0,0)
and det DF(z,y) # 0 for all (z,y) € R?. If there exists a weight exponent s = (s1,s2) € N4 such
that the higher s-quasi-homogeneous terms of the polynomials f f. +gg. and f f, + gg, only vanish
at the origin, then F is injective.

Tian and Cen [20] presented a sufficient condition such that the two-dimensional real Jacobian
conjecture holds through the Newton diagram. For the definition of the Newton diagram, see
Section 2.

Theorem 1.5 ([26]). Consider a polynomial map F = (f,g) : R? — R? such that F(0,0) = (0,0)
and det DF (z,y) # 0 for all (x,y) € R%2. Denote by b(X) the Bendizson compactification of the
Hamiltonian vector field X = (—ffy — 99y, [ fx + 992), and by N(b(X)) the Newton diagram of
b(X). For each bounded edge of type t in N(b(X)), if its associated Hamiltonian does not have
any factor of the form v™ — Au' with t = (t1,t2) € N2 and X € R\ {0}, then F is injective.

It was also proved that Theorem 1.5 implies Theorem 1.2.

Theorem 1.6 ([26]). Consider a polynomial map F = (f, g) : R — R? such that F(0,0) = (0,0)
and det DF (z,y) # 0 for all (z,y) € R%. Denote by b(X) the Bendizson compactification of the
Hamiltonian vector field X = (—f fy—99y, f f++99z), and by N(b(X)) the Newton diagram of b(X).
If the higher homogeneous terms of the polynomials f f. +gg. and f f,+ggy do not have real linear
factors in common, then for each bounded edge of type t in N(b(X)), its associated Hamiltonian
does not have any factor of the form v'* — \u'> with t = (t1,t2) € N3 and X € R\ {0}.

In this article, we generalize Theorem 1.6 to the quasi-homogeneous case.

Theorem 1.7. Consider a polynomial map F = (f,g) : R? — R? such that F(0,0) = (0,0)
and det DF (z,y) # 0 for all (x,y) € R%2. Denote by b(X) the Bendizson compactification of the
Hamiltonian vector field X = (—f fy—99y, [ fz+99z), and by N(b(X)) the Newton diagram of b(X).
If there exists a weight exponent s = (s1,82) € Ni such that the higher s-quasi-homogeneous terms
of the polynomials f [, + gg. and ffy, + gg, only vanish at the origin, then for each bounded edge
of type t in N(b(X)), its associated Hamiltonian does not have any factor of the form vt — \ut?
with t = (t1,t2) € N3 and X € R\ {0}.

Theorem 1.7 tells us that the condition in Theorem 1.5 is weaker than the condition in Corollary
1.4. Now, we are intrigued by the relationships between the sufficient conditions for Theorems 1.1,
1.2, 1.5 and Corollary 1.4. Combining with the existing results, we illustrate the relationships by
some examples, as shown in Figure 1.

This article is organized as follows. In Section 2, we provide some preliminary results. In Section
3, we give a proof of Theorem 1.7. Finally, some examples are presented to show the relationships
between the sufficient conditions for Theorems 1.1, 1.2, 1.5 and Corollary 1.4 in Section 4.

2. PRELIMINARIES

2.1. Bendixson compactification. Consider a Hamiltonian vector field

X =(=ffy— 99y, ffo +992) = (2(2,y), ¥(z,y)). (2.1)
Let dy = max{deg ®(z,y),deg ¥(x,y)}. We introduce the Bendixson transformation,
u v
TTere YT e
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Corollary 1.4

FIGURE 1. Relationships between the sufficient conditions for Theorems 1.1, 1.2,
1.5, and Corollary 1.4.

and denote by b(X) the Bendixson compactification of the Hamiltonian vector field X' given in
(2.1). Then the explicit expression for b(X) is

c 2 ovdo (2 2 u v v Y
u=(u +U)O[(U _u)(ID(uz—1—1)27u2—&—1)2>_QUU\Ij(u?i—&-U?’u27-i-v2)}7

S 2 2\d 2 2 u v u v
0= (u"+v7) "[(u —v )\P(u2+v2’ u? +v2) _QUU(I)(UQ + 2’ u2+v2)]
For more details about Bendixson compactification, see [3] [15].
Let f(x7y) = Z?:l fz(‘r,y)v g(x7y) = Z;n:l gj(xay) and d = max{n,m}, where fz(xvy) and
gj(z,y) are homogeneous polynomials of degree i and j, respectively. From equation (2.2), the
expression for b(X) can be written as

(2.2)

d d
U= Z Z(UZ + 0?2 (WP = 0?) (fi(u,0) Fiy (w,0) + giu, 0)gjy (u,0))
- 2uv(fi(u7 v)sz(u, U) + gi(ua v)gjz(uv ’U))],

d d
0= Z : (u® + U2)2d_i_j [(u® — UZ)(fi(U,U)fjm(u, v) + gi(u,v)gjz(u,v))

+ 2uv(fi(u, v) fiy (u, ) + gi(w, 0)gjy (u, 0))]-

Note that fjm(uv v) = fju(u7 U)v ij(ua 'U) = fjv(ua 'U), gjx(uv 1)) = gju(ua U) and gjy(uv U) = gjv(ua U)~
The vector field b(X') can be rewritten as the sum of its homogeneous components

d
1
b(X) = B Z}—4d+172i + Z Fad+1—i—js (2.3)
i=1

1<i<j<d

where

7 (@@ P[P = 0?)0, (fif s + 9i95) — 2uvdu(fifj + 9i95)] ’ (2.4)
i (u® + 0?2 [(w? = 0)0u(fif + 9195) + 2000y (fif5 + 9:95)]) '

2.2. Newton diagram. Let s = (s1, $2) # 0 with $1, 52 € N coprime. We say that a polynomial
R(x,y) is quasi-homogeneous of weighted degree k with respect to weight exponent s = (s1, $2)
if RO\, A\*2y) = A\*R(z,y) for all A > 0. Denote by P§ the vector space of quasi-homogeneous
polynomials of weighted degree k with respect to weight exponent s = (s1,s2). If Peys, € Pp,
and Q+s, € Pr,,,, then the vector field 2} = (Pgtsy, Qk+s,) is called quasi-homogeneous of
weighted degree k with respect to weight exponent s = (s1,s2). Denote by Q5 the vector space
of the quasi-homogeneous polynomial vector fields of weighted degree k with respect to weight
exponent s = (s1, s2).

We introduce the Newton diagram briefly, see [2, [6] for more details. Consider the vector field
X = (P(z,y),Q(z,y)). Let yP(z,y) = > aijz'y?, 2Q(x,y) = Y bija'y’ and R(z,y) = > ¢;jz'y’.
The support of 2" is

supp(27) = {(i, 1) | (aij, bij) # (0,0)} C R?.
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The vector (a;j, b;;) is called the vector coefficient corresponding to (4, j) in the support. Similarly,
the set
supp(R) = {(i.j) | c;j # 0} CR®
is called the support of the polynomial R(z,y).
The boundary of the convex hull for the set

Ui, gyesupp(2) ((6:.) + Ri)

includes two open rays and a polygonal line that may be just a single point. This polygonal line
with the rays that do not lie on a coordinate axis, when they exist, is called the Newton diagram
of the vector field 2". The Newton diagram of the polynomial R(z,y) can be defined similarly.

The line segments and their endpoints of the polygonal line are the edges and vertices of the
Newton diagram, respectively. A vertex is classified as an exterior vertez if it lies on a coordinate
axis; otherwise, it is called an inner verter. The exponent of a bounded edge | in the Newton
diagram is defined as a positive rational number ¢5/t1, which equals the reciprocal of the absolute
value of the edge’s slope. The pair ¢ = (¢1,t2) is called the type of the edge I.

For each bounded edge of type t = ({1,¢2), we can define a quasi-homogeneous Hamiltonian
vector field Zk = (Pitty, Qktt,) € Qg. The associated Hamiltonian for this vector field is as
follows

7(t11‘Qk+t2 - tgypk+t1) S ,P]E_Htl, |t| = tl + tg, (25)
see [1] for more details.

2.3. Properties of the Newton diagram.

Lemma 2.1 ([26]). Assume that R(x,y) € P} and the vector field 2% = (Pitt,, Qktt,) € Qk.
Then supp(Zy) lies on the straight line t1x 4 toy = k + |t|, and supp(R) lies on the straight line
ti1x 4 toy = k.

Lemma 2.2 ([26]). Consider the vector field 2 = Y, Z; with 2; € Qt. Let Vi; and Va; be
the vertices of the Newton diagram of Z;. Then the vertices of the Newton diagram of Z are
contained in the set U;{V1;, Va;} C supp(Z).

Lemma 2.3 ([26]). Consider the vector field
Y= ((2* —y*)0,H — 2xyd.H, (22 — y*)0uH + 22y0,H),

where H = H(z,y) is a homogeneous polynomial of degree k in the variables x and y. Then the
Newton diagram of the vector field Y and the polynomial (¥ + y?)H(x,y) have the same vertices.

3. PROOF OoF THEOREM 1.7
We first give the following lemma.

Lemma 3.1. Assume that the higher s-quasi-homogeneous term of the polynomial H(z,y) with
respect to the weight exponent s = (s1, $2) has the form

Ho(z,y) = a12™ + agy® + Y cija'yy,
i>1,j>1
where a1 >0, ag > 0, ¢;; € R, k1 € Ny, ky € Ny, and the equality k151 = kasa = is1 + jso holds.
If 51 < s, then the higher homogeneous term of H(x,y) is a1z, while the highest degree term
with respect to y in H(x,y) is asy*?, and the inequality ke < i+ j < ki holds.

Proof. Since k1s1 = kasa and s; < sz, then k1 > ka. Let ap—y 2™ 'y (I > 1) be a term of
degree m in H(x,y). If m > ky, we have (m —[)s; + lsa > ms; > kis1. This contradicts the fact
that a;2* is the higher s-quasi-homogeneous term of H(x,%). Therefore, m < k; and the higher
homogeneous term of H(x,y) can only be a;z*. Similarly, we can verify that the highest degree
term with respect to y in H(z,y) is agy*2.

Now, we prove i+j > ko by contradiction. If i4+j < ko, then we have is1+jso < (i+7)s2 < kaso.
This is in contradiction with is;4+7js2 = koss. Hence, ko < i+j < k1. This completes the proof. [
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Proof of Theorem 1.7. Let f(x,y) and g(z,y) be the polynomials of degree n and m, respec-
tively. Assume that f(z,y) = Y72, ff(z,9), g(z,y) = X% ¢5(z,y), d = max{n,m} and
ds = max{ns,ms}, where f7(r,y) and gj(z,y) are quasi-homogeneous polynomials of weighted
degree 7 and j with respect to weight exponent s = (s1, s2), respectively. Then

2 2 2ds
j=2

2

where Hjs(x,y) is a quasi-homogeneous polynomial of weighted degree j with respect to weight
exponent s = (s1, 82).

According to the condition of Theorem 1.7, there exist the s-quasi-homogeneous terms Hy (z,y)
and Hy (z,y) in H(x,y) such that 9,H; and J,H;, only vanish at the origin. Without loss of
generality, we can assume that 2ds = r; > 19 and s1 < so. Consequently, our proof can be divided
into the following two cases.

Case 1: r; = ro = 2ds. In this case, the higher s-quasi-homogeneous terms of the polynomials
ffz+ 992 and ff, + gg, only vanish at (0,0) if and only if 0y H3, and 0,HS3,; only vanish at
(0,0). This means that (0,0) is the unique real zero of H3; (z,y), see [20, Corollary 1].

Suppose that H5; (r,y) has the general form

H3y (z,y) = Az™ + By" + > Cigjot™y", (3.1)

i081+jos2=2ds,i0,j0>1
where
k181 = kosa = ips1 + joS2 = 2ds. (32)

Since HS, (x,y) = ((f5,)*+(¢5,)?) /2 > 0, we conclude that Hj, (0,y) = By* > 0 and
H3, (z,0) = Az*t > 0. If either A = 0 or B = 0, then it would contradict the fact that
(0,0) is the unique real zero of H3, (z,y). Therefore, A > 0, B > 0 and k; and ks are even inte-
gers. According to Lemma 3.1, the higher homogeneous term in H(z,y) is Az*. Thus, k; = 2d,
and Haq(w,y) = Axz??. Moreover, let ky = 2ds, it follows from the equality (3.2) that s; = ds/d,
s = dg/ds, and

iodo + jod = 2dds. (33)
It is clear that the Hamiltonian H(x,y) has the form

2d
1 1
H(l"y) = 5 (H2d(xay) + +Hk(w7y) +- +H2d2(xay) +o —‘ng(iU,:lj)) = 5 E Hl(x7y)a
=2

where 2ds < k < 2d, and H;(x,y) is a homogeneous polynomial of degree [ for | = 2,3,...,2d.
By Lemma 3.1, the degree of each term with respect to y in Hy(z,y) is less than 2ds, and the
polynomial Hag, (z,y) takes the form

Hoa,(z,y) = By*™= + Y bya'y. (3.4)
i+j=2d,j<2d2

Moreover, the higher s-quasi-homogeneous terms in H3; (z,y) cannot appear in all H;(z,y) with
By equation (2.2), the expression of b(X) is given by
12
= 3 Z(uQ + 032 (u? — v?) Hy, (u, v) — 2uvH) 4 (u,v)],
1=2
2d
0= = Z(u2 + 032 (u? = v?) Hy oy (u,v) + 2uvHy oy (u, v)],

=2

(3.5)



6 X. CEN, K. HU, Y. TIAN EJDE-2026/12

where H; ,(u,v) and H;,(u,v) represent the partial derivatives of H;(u,v) with respect to u and
v, respectively. Let

_ (WP 0?2 (6 = 0?) Hyy (u,v) — 2uvHi gy (u, 0)] (1,1)
Faari- = <(u2 o224 [(u2 — o)y (u,0) + 2uvHy o(u,0)] ) € Qadri-e (36)
for 1 =2,3,...,2d. Then
supp(b(X)) = ULy supp(Fags1-1)-

By Lemma 2.1, the support of Fy441-; lies on the straight line L4441 : 2 +y =4d+2—1 for
l=2,3,...,2d. Additionally, from Lemma 2.3, we know that the Newton diagrams of Fyqy1-;
and (u? + v?)24T1=U ) (u, v) have the same vertices for | = 2,3, ...,2d.

Recall that Hog(z,y) = Az??. Thus, for | = 2d, we have (u? 4+ v?)Haq(u,v) = Au?d(u? + v?).
Consequently, the vertices of the Newton diagram of Foqy1 are

Vvl’gd = (2(d + 1),0) and va’gd = (2d, 2)

For | = 2d,, from the expression of Hayy, (z,y) given by (3.4), the Newton diagram of Fyqi1-24,
has an exterior vertex

Va,2d, = (0,2(2d — dy + 1)).
Note that V5 24 and V3 24, lie on the straight line
Lo:(2d — do)z + dy = 2d(2d — do + 1). (3.7)
For 2ds < 1 < 2d, two cases are considered.

(i) If H;(x,y) includes the higher s-quasi-homogeneous term C;, joaci”yjo, then it can be expressed

as
Hl (xay) = Oiojo'xioyjo + Z hz_]zly]7
i+ji=1,5<jo
where ig = [ — jg. Consequently, one of the vertices of the Newton diagram of Fyqy1_; is given by
Vo = (i0,2(2d +1 = 1) + jo).
Recall that igdy + jod = 2dds, see (3.3). It is easy to verify that
(2d — dy)io + d(2(2d + 1 — 1) + jo) = 2d(2d + 1) — (iods + jod) = 2d(2d — dy + 1).

This implies that the vertex V5 lies on the line £y given by (3.7).
(ii) If H;(z,y) does not contain the higher s-quasi-homogeneous term Cj; ;, 2y’ then

0Jo
Hi(z,y) = Z hijz'y’.
i+j=1,j<jo
Let j* be the maximum degree of H;(z,y) with respect to y and ¢* = [—j*. Therefore, i*ds+j*d <
2ddy. As a result, one of the vertices of the Newton diagram of Fyg41-; is

Vo, = (i*,2(2d + 1 — 1) + 5%).
Note that
(2d — do)i* +d(2(2d +1 —1) +j*) = 2d(2d + 1) — (i*ds + j*d) > 2d(2d — dg + 1).

This shows that the vertex V5 ; is located to the right of the line L.

Owing to the above analysis, we obtain the configuration of the support for the vector field
b(X), see Figure 2(a). By Lemma 2.2, the Newton diagram of b(X) has two exterior vertices V; 24
and V5 24,, and an inner vertex Vs o4, and it includes two edges of type (2d — dz,d) and (1,1), as
illustrated in Figure 2(b). The vector fields associated to the vertices Vi 24, V2 24 and Va 94, are
(0, Adu?*1), (—=2Adu?dv, — Adu??=1v?) and (—Bdgv*d=242F1 (), respectively.

For the vector field b(X), the lowest-degree homogeneous terms with weight exponent (1, 1) are

1 1( <uz—u2>(H2d,v(u,v>—guszd,u(u,v»)T:( Ad(_zAdu% >T

5}—2d+1 b (u? — v?)(Hagu(u,v) + 2uvHag, (u, v)) u? — v?)y2d-t
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PR d)
2(2d - d,+1) =

— dyv* 2 442, iy 4d 20,
STerp ] CURES Y i y ;{:M[C,Ju v

Va2, Vaou

Adu* ;
an 2 2
hawy 2(d+1)(u +v?)

(a) (b)

FIGURE 2. (a) Configuration of the support of b(X'), (b) Newton diagram for b(X).

By (2.5), the Hamiltonian associated with the edge of type (1,1) is

(1)1) o Adqu 2 2
h2(d+1) = m(u + v )

It is clear that h%i)z does not contain any factor of the form v — Au with A € R\{0}.
The lowest-degree quasi-homogeneous terms with weight exponent (2d — ds,d) for the vector
field b(X) are

o 2d, 1 o N ig 0 dd—2i0—jo+1 4d—2da+1N\ T
( 2 Q%O?Jijod:l%@ Ciojo (o + ZioJutv io—1, 4d—2i Bdgv >
_ - _ 1 ; .. a0— —2i0—Jo+ .
Adu v 2 Zi0d2+j0d:2dd2 i9Cigjou’ ™ v

By (2.5), the Hamiltonian associated with the edge of type (2d — da,d) is

2
(2d—dz,d)  _ dav 2d 4d—2d o i, 4d—2ig—j
Paazi-dz+1) = 3054 — dy 11 (A“ BUTEE A ) ﬂz{; . Ciogau'® o™ O)'
toad2Tjoa= 2

Note that s = (s1,s2) = (d2,d) and

H, (x,y) = Az** + By*® + > Ciojoy”  (see (3.1))
i0d2+j0d:2dd2,i0,j021

only vanishes at the origin. Thus the Hamiltonian

2
(2d—ds,d) dav s 2d—dy
hsa2d—dzt1) = 22d—dy+1) 1)H2ds (u,v 73 )
has no factor of the form v24=9 — \u? with A # 0. Otherwise, the higher s-quasi-homogeneous

term H3, (x,y) will vanish at y% — Az? = 0.
Case 2: ry = 2dg > ro. In this case,
1 S S S S S
H(x,y) = 5 (H2ds($) + Hk:(x) + -+ HT2+1($) + HTQ(x’y) + 4+ H2(J?,y)) ) (38)

where H}(z) = Apz®™, k=ro+1,...,2ds, and H}(x,y), k = 2,3,...,ry are quasi-homogeneous
polynomials of weighted degree k with weight exponent s = (s1,5s2). The polynomial H (z,y)
has the form

HS (z,y) =By’ + Y bya'y! + Ay,a,
is1+js2=r2

where b;; € R and A,, € R. It follows from

1 1
3, (@) = 5 ((72)" + (63,)°) = 3A2a,™% 2 0
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that Asg, > 0 and asg, = 2d. By Lemma 3.1, it is easy to verify that the term By is the highest
degree term in H(x,y) with respect to y. Therefore,

£2(0,9) + ¢%(0,)
2
This implies that B > 0 and b is even. Thus, ry = bsy is also even. Since H5, (z) and H},(z,y)
only vanish at (0,0), we have B > 0. For convenience, we denote a,, = d; and b = 2d.
By Lemma 3.1, H(x,y) can be arranged in descending homogeneous order as follows

H(z,y) — % (Hoa(2)+ . -+ Ha (2) 4+ .+ Ha, (&) & ..+ Hoa, (2, 9)+ .+ Ha(z, )

1
= 5 (Asg, @™ - Agz™ oo b Apyz® - By - H(2,y))

1
= H(0,y) = 5(By" + -+ H3(0,9)) > 0.

Similar to the computation in Case 1, we have that (u?+v?)24T 1= H) (u, v) = (u?4+0?)24T1=1 A !
and the vertices of the Newton diagram of Fy41_; are

Vii=(202d+1)—1,0) and Vi, = (1,2(2d+1—1))

for i =dy,dy +1,...,2d. Note that V5 lies on the straight line L; : 2z +y = 2(2d + 1).
For | = 2dy, the Newton diagram of Fy44+1-24, has an exterior vertex

Vooa, = (0,2(2d — dy + 1)).

Note that the segment V3 4, V5 24, lies on the straight line Ly : 2(dy —dg)z+d1y = 2d1(2d+1—ds),
while the segment V5 24V2 24, lies on the straight line L3 : (2d — da2)z + dy = 2d(2d — d2 + 1).
Moreover, the slope of Lj is larger than that of L owing to —(2d — d3)/d = —2 + dy/d > —2.
For 2dy < [ < dj, our analysis from Case 1 shows that the vertices of the Newton diagram of
Fuaq+1—1 are either on the line Lo or to the right of the line Lo. Thus, we obtain the configuration
of the support for the vector field b(X), as shown in Figure 3(a). And the Newton diagram of
b(X) includes two exterior vertices V1 24 and V5 24,, an inner vertex V3 24, and two edges of type
(2d — dg,d) and (1,1), as illustrated in Figure 3(b).

2 dy,d dyv® 24 24
\ /— RGGa Dy = Mi—;],ﬂ(Az,,_u-’-%—Bv” 22)

Ao du®
a,n . “22d, 2 2
hz(,l»l)—z(d+1)(" +v?%)

Vaoa @

(b)

FIGuRrE 3. (a) Configuration of the support of b(X), (b) Newton diagram for b(X).

Based on Case 1, we can directly conclude that the Hamiltonian associated with the edge of
type (1,1) is

R Agg, du

AdHD) " 2(d+1)

And the Hamiltonian associated with the edge of type (2d — da, d) is

(u? + v?).

2
(2d—da,d)  _ dav 2d td—94
Madaiisi) = g gy g 1) et BV,
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It follows that the Hamiltonians hgii)Q and hg;é; ddf’i) 1) have no factor of the form v** — Au’? with

A # 0.
For s; > sg, similar results can be obtained only by interchanging x and y. This completes the
proof. O

4. RELATIONSHIPS BETWEEN THE EXISTING THEOREMS

From the known results, we conclude that

(i) Theorem 1.1 implies Theorem 1.2 and Corollary 1.4 by Theorem 1.3,
(ii) Theorem 1.5 implies Theorem 1.2 by Theorem 1.6,
(iii) Theorem 1.5 implies Corollary 1.4 by Theorem 1.7,
(iv) Corollary 1.4 implies Theorem 1.2.

However, we cannot determine the relationships between Theorems 1.1 and 1.5. The following
examples will illustrate the relationships between Theorems 1.1, 1.2, 1.5 and Corollary 1.4. We
can see from the examples that Theorems 1.1 and 1.5 have their own strengths. Nevertheless,
there still exist examples which cannot be solved by both theorems.

In the next example, Theorems 1.1, 1.2 and Corollary 1.4 do not work. The polynomial map
F is injective by Theorem 1.5.

Example 4.1. Consider the polynomial map F = (f,g) = (y + 3%,z + 2y?) with det DF(x,y) =
—1—4y% - 3y* <0.

Obviously, there does not exist a weight exponent s = (s1,s2) € Ni such that the higher s-
quasi-homogeneous part of F only vanishes at the origin in R?. Therefore, Theorem 1.1 does not
work.

Consider the Hamiltonian vector field

X = (=ffy— 99y, [fo +992) = (—y — 22°y — 4y — 22°y® — 3y°, x + 22y® + zy*).

The higher homogeneous terms of ff, + gg. and ff, + gg, have the real linear common factor
y with multiplicity 3. Consequently, Theorem 1.2 also does not apply. Moreover, there does not
exist a weight exponent s = (s1,82) € Ni such that the higher s-quasi-homogeneous terms of
ffe+ g9 and ff, + gg, only vanish at the origin in R?. It follows that Corollary 1.4 is invalid.
The Newton diagram of the Bendixson compactified vector field b(X') is shown in Figure 4.
There exist two bounded edges in the Newton diagram, and by (2.5) the associated Hamiltonians

1,1 1,2 . e
are hé - %114(u2 +v%)? and hgz’ ) = %u‘*(u4 + v%)2, respectively. Hence, F is injective by
Theorem 1.5.

A A
12 ¢
10 & R{D = gv‘(u2+v2)2
8 e 8 ¢ /
) (1.2>:L 4 4 2)2
6 sty=12 ¢ 7= gt @)
4 4
2 2
2 4 6 8 10 12 2 4 8 12 -

FIGURE 4. (a) Configuration of the support of b(X), (b) Newton diagram for b(X).
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In the next example, Theorems 1.1, 1.2 and Corollary 1.4 do not work. The polynomial map
F' is injective by Theorem 1.5. Moreover, the Newton diagram in this example is more complex
than that in Example 4.1.

Example 4.2. Consider the polynomial map F = (f,g) = (z + 23y?,y) with det DF(z,y) =
1+ 322y > 0.

Obviously, there does not exist a weight exponent s = (s1,$2) € Ni such that the higher s-
quasi-homogeneous part of I only vanishes at the origin in R2. Therefore, Theorem 1.1 does not
work.

Consider the Hamiltonian vector field

X = (=ffy— 99y, [fo + 99:) = (—y — 22ty — 22%3 2 + 42%y® + 32%y*).

The higher homogeneous terms of f f, +gg. and f f, + gg, have the real linear common factor z,y
with multiplicity 5, 3, respectively. Consequently, Theorem 1.2 also does not apply. Moreover,
there does not exist a weight exponent s = (s1, s2) € N2 such that the higher s-quasi-homogeneous
terms of ff, + gg. and ff, + gg, only vanish at the origin in R2. It follows that Corollary 1.4 is
invalid.

The Newton diagram of the Bendixson compactified vector field b(X) is shown in Figure 5.
There exist three bounded edges in the Newton diagram, and by (2.5) the associated Hamiltonians
are computed as follows.

1 ) 1
hg)’?’) = — 5wl + o), h%’” = 2 uSvt(u? + v?), h%?’) = ¥ (u® +0?)2,

20 12 20
Hence, F' is injective by Theorem 1.5.
A A
20 & 20
Y = Lvs (u®4v™)
Tz + 3y =60 20
z+y=12 5

V= ﬁuﬁv*(u2+vz)

1 5 1 oy
0 = %us(ub-kvz)z

2 4 6 8 10 12 14 16 18 20 6 8 14 20

(a) (b)

FIGURE 5. (a) Configuration of the support of b(X), (b) Newton diagram for b(X).

In the next example, Theorems 1.2, 1.5 and Corollary 1.4 do not work. The polynomial map
F is injective by Theorem 1.1.

Example 4.3. Consider the polynomial map F = (f,g) = (2® + 4® + x,y) with det DF (z,y) =
1+3z2 > 0.

It is easy to verify that for any weight exponent s = (s1,s2) € Ni with s; > so, the higher
s-quasi-homogeneous part of F' only vanishes at the origin in R?. Hence, F is injective by Theorem
1.1.

Consider the Hamiltonian vector field

T
X = (=ffy— 99y, F fx + 99:) = ( —y = 3zy? = 3y* (v + ) (@? — 2y + ¢?) )

x+ 423 + y* + 322 (z + y) (2® — 2y + y?)
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The higher homogeneous terms of ff, + gg. and ff, + gg, have the real linear common factor
x 4+ y. Therefore, Theorem 1.2 does not work. Moreover, there does not exist a weight exponent
s = (s1,82) € Ni such that the higher s-quasi-homogeneous terms of ff. + gg, and ff, + gg,
only vanish at the origin in R2. It follows that Corollary 1.4 is invalid.

The Newton diagram of the Bendixson compactified vector field b(X) is shown in Figure 6.
There exists only one bounded edge in the Newton diagram, and by (2.5) the associated Hamil-
tonian is

3
hél’l) = g(u +v)2(u® 4+ v?) (u? — uv + 0?2
Obviously, it has a factor v + u. Consequently, Theorem 1.5 also does not apply.

A A
12 o
| >
10 | e z+y=8 3 ) o )
9 . hé"l)ZE(u+v)2(u2+vz) (u? —ww +v?)*
8e 8 /
7 e \
6 o [§
5 . LN 5
4 RN .
5 . e 3 N
2 ® n \\\ 2 N .
1 S AN
oo > AN >
12345678 9101112 2 3 5 6 8

(a) (b)
FIGURE 6. (a) Configuration of the support of b(X), (b) Newton diagram for b(X).

In the next example, Theorem 1.2 and Corollary 1.4 do not work. The polynomial map F' is
injective by Theorems 1.1 and 1.5.

Example 4.4. Consider the polynomial map F = (f,g9) = (27 + 2%y®> + xy® + z,y) with
det DF(z,y) = 1+ 72% + y? + 322y > 0.

It is easy to verify that for any weight exponent s = (s1,s2) € Ni with s; > so, the higher
s-quasi-homogeneous part of F' only vanishes at the origin in R2. Hence, F is injective by Theorem
1.1.

Consider the Hamiltonian vector field

X = (~ffy— 99y ffr + 99:)

. —y — 222y — 2zty — 2223 — datyd — 228y — 22843 — 2210y r
( x + 2xy? + 423y + oyt + 423yt + 827 + 325yt + 827y? + 102992 + 7x13)

The higher homogeneous terms of ff, + gg, and ff, + gg, have the real linear common factor x
with multiplicity 10. Consequently, Theorem 1.2 also does not apply. Moreover, there does not
exist a weight exponent s = (s1,s2) € Ni such that the higher s-quasi-homogeneous terms of
[ fe+ 99: and ff, + gg, only vanish at the origin in R?. It follows that Corollary 1.4 is invalid.

The Newton diagram of the Bendixson compactified vector field b(X) is shown in Figure 7.
There exist four bounded edges in the Newton diagram, and by (2.5) the associated Hamiltonians
are as follows.

1 1
hé?é’l) _ —v22(u2 +U6), h%l) _ —u2v14(u2 _1_04)2,

28 13
3,2 7 1,1 7
hfm ) = Eu6v2(u4 + %), h§6 ) = EuM(u2 +0?).

Hence, F' is injective by Theorem 1.5.
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B = g (ut + o)

hig V= 113 oM (u? +v')?
/ hig? = %u"v’"(u te®)?

28 9 ~3a+y=28 28
2 /_

2 4 6 8 10 12 14 16 18 20 22 24 26 28 2 4 6 10 14 16

() (b)

FIGURE 7. (a) Configuration of the support of b(X), (b) Newton diagram for b(X).

In the next example, Theorem 1.2 does not work. The polynomial map F is injective by
Theorems 1.1, 1.5 and Corollary 1.4.

Example 4.5. Consider the polynomial map F = (f,g) = (z + 22,y + 2?) with det DF (z,y) =
14 32% > 0.

It is easy to verify that for any weight exponent s = (s1,82) € Ni with so > 251, the higher
s-quasi-homogeneous part of F' only vanishes at the origin in R?. Hence, F is injective by Theorem
1.1.

Consider the Hamiltonian vector field

X = (=ffy— 99y, [ 2+ 992) = (—y — 2°, & + 2zy + 62° + 32°).

The higher homogeneous terms of ff, + gg, and f f, + gg, have the real linear common factor x
with multiplicity 2. Therefore, Theorem 1.2 does not work.

However, for any weight exponent s = (s1, s2) € N%_ with 2s; < s9 < 451, the higher s-quasi-
homogeneous terms of ff, + gg, and ff, + gg, only vanish at the origin in R?. Hence, F is
injective by Corollary 1.4.

The Newton diagram of the Bendixson compactified vector field b(X') is shown in Figure 8 .
There exist two bounded edges in the Newton diagram, and by (2.5) the associated Hamiltonians

are

2 6
M = L 00, B =2 02,

respectively. Hence, F' is injective by Theorem 1.5.

In the next example, Theorems 1.1, 1.2, 1.5 and Corollary 1.4 do not work. The polynomial
map F is injective by [I§].

Example 4.6 (|21]). Consider the polynomial map F = (f,g) = (2® + 3> + 2,23 + y3 + y) with
det DF (z,y) = 1+ 3(z% + %) > 0.

Obviously, there does not exist a weight exponent s = (s1,$2) € Ni such that the higher s-
quasi-homogeneous part of F' only vanishes at the origin in R?. Therefore, Theorem 1.1 does not
work.

Consider the Hamiltonian vector field

X = (=ffy— 99y ffx + 99z)

B —y — 3ay? — 28 — dy® — 623y% — 65\
- x + 423 + 32%y + y* + 62%y> + 625
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12 ¢

v

2
/ h:(l'?i‘:” — E (u“ + ’Um)

6
4D = 3%(”2_,_1]2)

N
'S
o
—~ ¢
—
o
—
15
=)
[’

a) (b)

FIcuRrE 8. (a) Configuration of the support of b(X), (b) Newton diagram for b(X).

. T
_( y—2t = 3ry® — 4y — 6y (z +y) (2 —xy +yP)
x4+ 423 + 32%y + y3 + 622 (v + y) (2 — 2y + y?) )

The higher homogeneous terms of ff, + gg. and ff, + gg, have the real linear common factor
x + y. Consequently, Theorem 1.2 also does not apply. Moreover, there does not exist a weight
exponent s = (81,82) € Ni such that the higher s-quasi-homogeneous terms of ff, + gg, and
[ fy + 9gy only vanish at the origin in R?. It follows that Corollary 1.4 is invalid.

The Newton diagram of the Bendixson compactified vector field b(X) is shown in Figure 8.
There exists only one bounded edge in the Newton diagram, and by (2.5) the associated Hamil-
tonian is

p) = §(u +0)?(u? +v?) (u? — uv +v?)?
8 4 :
Note that it has a factor v + u, therefore Theorem 1.5 also does not work. Although all these
methods have failed, it is injective by [18].

A A
12e
10e e ‘
‘ s4y=38 hd “:%(u+u)2(u2+v2) (u® —ww +v?)*
8o e e 8 ¢ /
6 . 6
. . 5
A . Y
o o 3
2 o s e 2
2 4 6 8 10 12 o 23 56 8 o

FIGURE 9. (a) Configuration of the support of b(X), (b) Newton diagram for b(X).

To summarize the findings above, the relationships between Theorem 1.1, Theorem 1.2, Theo-
rem 1.5, and Corollary 1.4 are presented in Figure 10. Owing to Example 4.6, additional sufficient
conditions remain to be discovered.



14

X. CEN, K. HU, Y. TIAN EJDE-2026/12

Ezample 4.3 Corollary 1.4

Ezample 4.1

Ezample 4.2
Ezample 4.4

Ezample 4.5

Ezample 4.6

FiGURE 10. Relationships between the sufficient conditions for Theorems 1.1,
1.2, 1.5, and Corollary 1.4.
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