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MULTIPLE NORMALIZED SOLUTIONS FOR FRACTIONAL
(p,q-LAPLACIAN EQUATIONS IN RY

LIHONG BAO, LIBO WANG, MIN LI

ABSTRACT. In this article, we consider the multiplicity results of normalized solutions of the
fractional (p, ¢)-Laplacian equation

(~A)5u+ (~A)gu = AulP~2u + h(ex) f(u) + g(u) in BV,

/ |ulPdx = aP,
RN

where e, > 0,0 < s<1<p<gq sq <N % and A € R is a unknown Lagrange
multiplier, h is a continuous positive function, f and g are also continuous and satisfy some
growth conditions. When ¢ is small enough, we show that the number of normalized solutions
is at least the number of global maximum points of h according to the Ekeland’s variational
principle and the concentration compactness principle.

1. INTRODUCTION

This article focuses on the existence of multiple normalized solutions in X := W*P(RY) N
W#4(RY) for the fractional (p, q)-Laplacian equation
(~A)u+ (~A)gu = Aul’u + h(ex)f(u) + g(u) in RV (1.1)

under the restriction
/RN |ulPdz = aP, (1.2)

where 6,4 > 0,0<s<1<p<gq,sq<N < Sp‘é(qgl) and A € R is a Lagrange multiple which is

unknown. The fractional p-Laplace operator (—A)? and the fractional ¢-Laplace operator (—A)3

P q
are defined along a smooth function (up to a normalizing constant) u : RY — R by
— p—2 —
(- A)(e) =2 g ) — w00 —ul)
e=0 JRN\B, (z) |z — y|NFsp
and 2
Ay = 21im ) ~ w2 o) ~u(w) g
e—0 RN\ B, (z) |$—y| +sq

respectively. The continuous functions f, g, h satisfies the following conditions:

(A1) f is odd and lims ¢ lt“{,ff),‘l = a3 > 0 for some my € (p, min{p + %,m*}), where m* =
Ngq(p—1).

1+ p(N—sq)’ )

there exist constants C;,C2 > 0 and mo € (p,ming + >+, m such that t) <
A2) th i 4, C 0 and i 511\’,‘1 * h th f

C1 + Caot|™ =1, vt € R;

orallt >0, qF(t) < f(1)t, F(t) is non-decreasing, where F'(t) = s)ds.
A3) forallt >0, ¢F f(Ot, F(t) i d i here F o f(s)d

< hog =Inf cpyv h(x) < max,cry A(T) = Amax;

Ad) O0<h inf crn b crN h h
(A5) heo :=lim |y o0 h(2) < hmax;
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(A6) h™1(hmax) = €1,€2, -+ ,e; with e; = 0 and e; # ey when j # k.

(A7) g is odd;

(A8) there exist ¢ < f < min{q + £, m } such that 0 < qG(s) < g(s)s < BG(s), Vs € R.
(A9) G(t) is non- decreasmg, where G fo

Because of the restriction 7 we are seekmg a normahzed solution to (1.1]), which is equivalent
to ﬁnding the critical point of the functional

u(y)| /
d d ————dady — h F(u)dx — G(u)d
‘//]RZN |93 — y|N+Sp vty //]RzN |I — y|N+S‘1 vy RN (ELU) (’LL) o RN (U) “

on the sphere
S(a) :={u € X := WP(R¥)nW=4RN) : lulp) = / |ulPdz = P}, (1.3)
zERN

where | - |, denotes the usual norm on L™ (RY) for 7 € [1,+00). Here the fractional Sobolev space
WeP(RY) and W*4(RY) are defined for any p,q > 1 and s € (O 1) by

S,p RN _ P RN — /] U( )| 1/p
WP(RY) := {u € LP( sp S |x— -+op ————>dxdy)"/? < oo}
and
WoIRN) = {u € LIRY) : [u], 7// @) = w)l § 17 < o
(BY) = fu € L7( v ([ ey e < o),

with the norm
lullwen@yy = (ulf + [u]? )7
and
[wllws.amyy = (Juld + [U]g,q)l/q-
Moreover, we set |lul|x = |ullws»@y) + [[u]wea@y). It is well known that I. € C*(X,R) and

I ) — w2 () — uw) o) — o))
o) = / /R N dedy

|z — y|NFsp

[ ) =) ) = )
R2N

|z —y|NHsa

- [ henseds~ [ gwgda

RN R
for all u,p € X.

The study of problems involving fractional Laplace operators has garnered significant attention
in recent years. This growing interest stems not only from its natural extension of the classical
Laplace operators but also from its capacity to model numerous novel phenomena through its
distinctive nonlinear integral structure, see [8 15 [I8]. Maya Chhetri, Petr Girg, and Elliott
Hollifield [13] systematically studied a class of nonlinear partial differential equations involving
the fractional Laplacian operator of the form

(=A)°u=Af(x,u) inQ,
u=0 inRVM\Q,
where f : 2 x R — R is a Carathéodory function. They established a method of subsolutions
and supersolutions without monotone iteration, proving the existence of positive weak solutions
for various types of sublinear nonlinearities, including logarithmic-type terms. Significant research
efforts have also been devoted to understanding the multiplicity of normalized solutions for frac-

tional Laplace operators, see [23] 24, 29| [38]). In [9], employing the Mountain Pass Lemma, the
authors obtained the existence results of the problem

(=A)* u(z) + (—A)%2u(z) + Iu(z) + V(z)u(z) = g(u(z)), =eR9,
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[ lu@)Pds =a.
Rd

where 0 < 51 < 59 < 1,251 <d< 822‘91%521, a > 0. Function g satisfies the following conditions:
(A10) g is continuous and odd;
(A11) there exits (a, 8) € R2 satisfying
2d
d—2sy’

4
2+%<a<6<
such that

aG(s) < g(s)s < BG(s), VseR, with G(s) = /OS g(t)dt;

(A12) let G : R — R and G(s) = @ — G(s).; there exists G’ and
G'(s)s > aG(s), VseR.

In recent years, fractional p-Laplace operators have been extensively studied, see [3 4 22| 30,
30]. Additionally, a significant contribution was made by Vincenzo Ambrosio and Teresa Isernia
[1], who analyzed the problem

e (—A)pu+ V(@) |ulP~2u = f(z,u) in RV,
u € WHP(RY),
u(r) >0 xRV,

where ¢ > 0 is a parameter, s € (0,1), 1 < p < oo, N > sp. In the subcritical case, the
authors established existence, multiplicity and concentration results for positive solutions, with
small parameters through variational methods combined with Ljusternik-Schnirelmann theory. In
case of critical nonlinearity, they obtained existence and multiplicity of solutions of the equation

(—A)su+V(ew)|uf2u = f(u) + [uf* 2u in RV,
u € WP (RY),
u(z) >0 xRV,

Several researchers have done a great deal of research in the multiplicity of normalized solutions
of fractional Laplace operators, see [27), 3T, 39]. In [40], the following equation was considered,

(—A);u + Z(ka:)|u|p_2u = Mul[P~2u + [ ]|u|q_2u +olu p:_zu, z e RV,

| N9 fuf

/ fu()Pdz = a?,
RN

where k& > 0 is small parameter and Z : RV — [0,00) is a continuous function. The authors
establish the existence of multiple normalized solutions through a combination of minimization
techniques, truncation methods, variational approaches, and Lusternik-Schnirelmann category
theory. In particular, the fractional p-Laplace operator, which reduces to the standard p-Laplacian
when s = 1, has been extensively studied, see [7], [19] 25, 12]. Moreover, in the special case that
s =1 and p = 2, the operator coincides with the classical Laplacian, see [16, [32] 33].

Recently, research on fractional (p, ¢)-Laplacian equations has attracted a great deal of atten-
tion, see [10} [34) [41]. Vincenzo Ambrosio and Teresa Isernia [2] consider the equation

‘u p:(a)72u .
(-A)pu+ (-A)ju= ———— + Af(z,u) inQ,

q m|o¢

u=0 inRV\Q,

where 0 < s < 1,1 <¢g<p <& 0<a<sp, and pi(a) = pJ(VN_;Z) is Hardy-Sobolev critical

exponent. They use the concentration-compactness principle and the mountain pass lemma to
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show that infinitely many solutions to the equation exist and that these solutions all tend to zero
when A belongs to a suitable range.
Additionally, Divya Goel, Deepak Kumar and K.Sreenadh [21] studied the problem

(A u+ (=A)Pu = Aa(x)|ul’ 2w+ b(z)|u)""%u  in Q,
u=0 inRV\Q,

Wherel<(5§q§p<r§p§1:nslp,0<32<51<1 n>p51,anda€Lré(Q)
b € L>(Q) are sign changing functions. They showed the existence and regularity of multiple
weak solutions to the convex-concave problem. To the best of our knowledge, the work concerning
the normalized solutions for the fractional (p, q)-Laplacian problem in RY has not been seen, see
[14] for the (p, ¢)-Laplacian problem, and [37] for the discrete fractional (p, ¢)-Laplacian problem.

Motivated by the above works, this paper aims to study the existence of multiple normalized
solutions for problem and by employing variational approaches and the concentration-
compactness principle from [T}, [T7]. However, our analysis faces two main difficulties: the first is the
nonlinearity of the fractional (p, ¢)-Laplace operator, and the second is the lack of compactness,
since the problem is set on RV

The main result of this paper reads as follows.

Theorem 1.1. Assume (A1)-(A9) are satisfied. Then there exists €9 > 0 such that (1.1)) and
(1.2) has at least I pairs of weak solutions (uj, ;) for 0 < e < eg. Moreover, \; < 0 and I.(u;) <0
forj=1,2,...,1.

This article is organized as follows. In Section 2, we prove the compactness theorem for the
autonomous case. In Section 3, we use the compactness theorem to study the non-autonomous
case. We prove the existence of multiple solutions in Section 4 and Section 5.

2. AUTONOMOUS CASE

Firstly, we consider the existence of the normalized solution (u,\) € X x R, of the equation
(—A)pu+ (=A)qu = AufP~u+ uf(u) + g(u),
(2.1)
/ |u|Pdx = aP,
RN

where a, > 0, A € R and f satisfies (A1)-(A3), and ¢ satisfies (A7)—(A9). It is well known that
a critical point of the functional

()| /
) =T ey e dady — F(u)dz— d
//]RQN "T_ |N+sp *y //RQN ‘Jj— |N+€q rdy —p RN (’LL) €z RN G(U) xz

is a solution to problem (2.1)), which is restricted to the sphere S(a). Next, we will show that
problem (2.1)) has a normalized solution.

Lemma 2.1. The functional J,, restricted to S(a) is bounded from below.
Proof. From conditions (A1) and (A2), we deduce the existence of constants C1, Co > 0 such that
|F(t)] < Chlt|™ + Calt|™2, VteR.
From (A8), there exists a constant C5 such that
GO < G5 + 117), veeR.
By the fractional Gagliardo-Nirenberg inequality [28], we have

fuly < ClalSJuls6,  Yu e WHI(RY) n LP(RY) (2:2)
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Ng(l—p _ Nq
WJE(WJS) qs—N : ,

// fulz) = wly) 4 qy + 1 // [ulz )|qddy
B e o g

7"15m1

_ (1=&m )ml )|qd d q
CC’la 1 //Rw |£L‘ _y‘N—&-sq y)

m2Eme
_ (1—&m )mz (W) 2 A9 qed a
CCaa 2 /[RzN |:L‘— |N+sq y)

a€q

_ (1- £q)q )|qd du) ©
CCsa //R?N |x—y|N+Sq y)

—CC4 a(1=¢s)8 // )|qudy)@
R2N |JC— |N+Sq ’

for a positive constant C' > 0, where fl

(2.3)

asmy € (pa m1n{p+ 2 , T }) and ma, q, 5 € (pv mln{Q+ 9;0(1 *}) Clearly mlgmu m2£m27 nga

B&s < q. This ensures that Jy, is bounded from below.
The above lemma ensures that M,(a) := 1151{ )Ju(u) is well-defined.
uesS(a

Lemma 2.2. Let u, a >0, then M,(a) <0.

Proof. By (Al), we infer that lim;_,q Tl() = o > 0, which implies that, for some § > 0,

mF(t) o

tm T2
for all ¢ € (0,6]. From (A8), we can introduce the existence of a constant C5 such that
Csmin{|t|?, |t|®} < G(t) < Cs5(|t|? + |t[®), VteR.
Let 0 < ug € S(a) N L=(RY), we set
H(ug,r)(z) = e%uo(erx), vz e RN, vr e R.

It is easy to see that

/RN |H (uo, ) (x)[Pdz = aP.

Furthermore, a straightforward calculation leads to

/ F(H(ug,r)(z))dz = e_Nr/ F(e s ug(x))de,
RN

G(H (ug,r)(x))dz = e N7 G(e7 ug(x))dz.
RN RN

Then, for » < 0 and |r| big enough, we have
0< e%uo(x) <6, VzeRV,
Moreover, by (2.4, we obtain

« Nr(mjy—p)
[ Pt @) > S5 [ @),
and by , we have
/N G(H (ug,r)(z))dz > e N"Cyminfe 7 / lug ()] %dz, e 7 / luo(z)[Pdz).
R R R

Note that

|H (ug, r)(x) — H(ug,r)(y)[? // luo(e"x) — ug(e"y)[P
dzdy = dzd
/éw [ — [N For N | T e The Y
[uo () — uo(y)[?
— "oP 1Mor®) — YY) qzd
//]R?N |z — y|N+sp Y

O
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and
| H (ug, ) (%) — H(uo,7)(y)|? // [ug(e"x) — ug(e"y)|?
dzdy = dzd
//Rw & — y[NHsa S ) W Py E R
luo(x) — uo(y)|?
= e"% ———"2 dxdy.
//]R?N |z — y|NFsa Y
So,

|[uo(x) — uo(y)/”
Ju(H(uo.1)) < //RN S luole) — w4,

o () — uo(y)]?
— 77 _dad
// |x— y|Nrsa Y

_ Lal i / |ug ()™ da
2m N
1 R

e*Nrcgmin{e¥/ |u0(x)|qu,e%ﬂ/|u0(x)|ﬂdx}.

Since 0 < s <1, my € (p, min{p + &~ 7m *}) and mg, o, B € (p,min{q + &L, m*}), r is less than
0 and |r\ is large enough, we have

|uo () — uo(y)|” |uo () — uo(y)|?
———————dad ———————dxd
oo — gV Y N
—&ENT(WE p>/ |uo ()™ dz — NTCnglIl{e Pa/|u0 )|“dz, e e /|u0 )|Pda}
2m1 RN
=A, <0.
Then J,(H (ug,r)) < Ay < 0. Hence M, (a) < 0. O

Lemma 2.3. If p > 0,a > 0, then

(i) a— M,(a) is a continuous mapping;
(ii) if a1 € (0,a) and ag = (a? — a®)*/P, then M, (a) < M, (a1) + M, (az).

Proof. (i) Let a > 0 and {a,} C (0,+00) such that a,, — a. From the definition of M,,, there
exists u, € S(a,) such that M, (a,) < Ju(un) < My (a,) + L for every n € NT. By Lemma
M, (ay,) < 0. Moreover, from (2.3), {u,} is bounded in X.

Now consider vy, := ;-u, € S(a). From the boundedness of {u,} and a, — a, we have

Mu(a)<J( n)

|un () — un(y)[? // [un () — un(y)|
———————dzdy ——— 2 dxd
p ab //R2N |x—y|N+SP + R2N |x—y\N+5q Y

[ ) =P Cru)da+ [ (G - G(aun»dx + ()
= Ju(un) +on(1).

Let n — +o0, we can get M, (a) < liminfMM(an). Let {wy} be a bounded minimizing sequence
n—-+0o0o

of M, (a) and z, := “»w, € S(a), repeat the above process we have
M, (an) < Ju(zn) = Ju(wn) +0,(1) = liszrupM“(an) < M,(a),
n—r+00

so we have M, (a,) = M,(a).
(ii) For any fixed a; € (0,a), we prove that

M, (0a1) < 6" M, (ay), V0> 1. (2.6)

Indeed, if {u,} € S(a;) be a minimizing sequence for M, (a;), then u,(0~¥z) € S(fa;). Since
6 > 1 and p(N]\;sq) < p(NIG‘gp) < p, we have

My (8ar) — 67, () < Ty (un (0 ¥ ) — 677, (1)
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p(N sp)

|t () — un (y)|?
— — 7 7 dad
// |x— |N+sp vy

p(N sq)
— 6P n
// [un(@) = wn W) 0 <
RN |7 — y|N+Sq

As a consequence, M, (6a1) < 07 M,(a1).
If M, (0a1) = 6PM,(a1), then [u,]t , — 0 and [u,]?, — 0 as n — oo, which indicate that

Jon F(up)dz — 0 and [pn G(uy)dz — 0 by inequality (2.2)). Hence

0> M,(a1)
= L Jultn)
|un () — un(y) | // |un () — un(y)|?
- el P dad li ol L dad
pnirfoo//w |x— |N+sp v qnilfoo RaN \x— |N+sq Y
_ ngr}rloo . wF (uy)de — ngrfoo o G(up)dx =0,

which is a contradiction. So we have M, (6a1) < 0P M, (a1). Perform the same steps again, we can
get

MH(QGQ) < QPMN(G/Q), Vo > 1. (27)
Finally, applying (2.6 with 6 = o >1land (2.7) with 8 = 20 > 1 respectively, we obtain
al a ab a
M(a) = ;;Mu(;lal) + ;iMM(;Q@) < My (a1) + My(az).

O

Lemma 2.4. Suppose that {u,} C S(a) is a minimizing sequence of M,(a). Then for some
subsequence either
(i) {un} is strongly convergent, or
(ii) there exists a sequence vn(-) = un(- + yn) with |y,| — +o0o and (y,) C RY, which is
strongly convergent to a function v € S(a) with J,(v) = M,(a).

Proof. By Lemma it is easy to see that {u,} is bounded. Then there exists a subsequence
u, — w in X, which is still denoted as itself. Assume w # 0 and |u|, = b, we can infer that
b € (0,a]. For the case of b € (0,a), by fractional Brézis-Lieb lemma [I], we have

[un —ulf ), = [unl? ) — [ulf , + on(1)
and

[Ur, — u]d \q [“n] [u]g,q + 0, (1).
Furthermore, under the assumption of f and g, we obtain

/RN F(up)dz = /RN F(u)dz + /RN F(u, —u)dx + 0,(1)

. G(uy)dz = /N G(u)dz + /N G(up —u)dx + o, (1).
Let v, = u,, — v and ﬁ/ﬂp =d, —d, vae have a? = bﬂj’ + d? and d,, € (0,a) for n big enough. So,
My(a) + on(1) = Ju(un) = Ju(u) + Ju(vn) + 0n(1) = My(dn) + M (b) + 0n(1).
By the continuity of a — M, (a), we obtain
M, (a) = M, (d) + M (b).

and

This contradicts the conclusion of Lemma [2.3| (i), where a? = b? 4+ dP. Hence |u|, = a.
Combining with |uy|, = |u|, = @ and u,, — u in LP(RY), we obtain

u, —u in LP(RY). (2.8)
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Combining inequality (2.2, (A1) and (A2), we have

/ F(uy)dx — F(u)dz. (2.9)
RN ]RN
Similarly,
/ G(uy)dx — G(u)dz. (2.10)
So
M (a) = Ju(un) + on(1) = Ju(u) + Ju(vn) 4 0n(1)
> {onlZ + [onlf + Mule) + 0, (1),

This implies that [v,]} ,, [va]¢ , < 0n(1). So we have v, — 0 in X, which means u, — u in X.

Assume u = 0, i.e. u, — 0 in X. Then, for some (;,r; > 0 and y,, C RY, we have
/ unPdz > ¢1, Yy, € RY. (2.11)
Bry (yn)

Otherwise by [1, Lemma 2.1] we have u,, — 0 in L¥(R¥) for all k € (p, p?)U(q, ¢¥). Let 71 € (p, q}),
and taking p; € (p,p%) with p < r; and ¢1 € (¢,¢*) with g1 > r1. Now let ¢ € (0,1) be such that
=tp1 + (1 — t)¢q1, by the Holder inequality we can write

t (1—t)
/ |y | :/ |t PP 11, | A O A < (/ |un|p1d;v) (/ |un|Q1dx) — 0.
RN RN RN RN

Hence u,, — 0 in L™ (RY), Vr; € (p,q%), which implies F(u,) — 0 and G(u,) — 0 in L*(RY).
However, this contradicts the fact that

0> Mlt(a) + On(l) = Ju(un) > — F(un)dx - G(un)dz
RN RN

Hence holds. Combining with v = 0, the inequality and Sobolev embedding, we
deduce that {y,} is unbounded. Consider v,(-) = up(z + yn), it is easy to verify that {v,} is
also a minimizing sequence of M, (a) and {v,} C S(a). As a result, it holds v, — v in X, where
v € X\{0}. By an argument analogous to that used above, we can deduce v, — v in X. (]

Lemma 2.5. Assume (A1)—-(A3), (A7)—(A9) hold with > 0. Then, problem (2.1)) has a positive
radial solution u and A < 0.

Proof. According to the definition of J,,(u), we have J,(|u|) < J,(u). In addition, we can also get
|u| € S(a). Then, we deduce that

My(a) = Ju(u) 2 Ju(lul) = My(a),

and we obtain J,(|u]) = M, (a). Thus, instead of |u|, we can use w. If u* is the fractional Schwarz’s
Symmetrlzatlon of u ([6l, Section 9. 2]) we obtain

ju* () — u (y)|?

d dy > —— 77 dad

// |x—y|N+sp // |x—y|N+sp v
ju* () — u* (y)]

d dy > 7 7 dad

// |x—y|N+sq // |x—y|N+sq v

and by [26] section 3.3],
/ |u|Pda = / |u*|Pdex,
RN RN

/]RN G(u)dz = /RN G(u*)dz,

/RN wF(u)dz = /]RN pF(u*)de.

It is easy to prove that u* € S(a) and M, (a) = J,(u*). Thus, we replace v by u*.
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From [20], u € C*(RY) for some a € (0,1). Now we show that u(z) is positive for all z € RY.
Assume by contradiction that there exists some zo € RY satisfying u(zo) = 0, and there exists
r; € RY satisfying u(z;) > 0 since u # 0. Thus, we can find a ball of sufficiently large radius
Ry > 0 such that xo, 21 € Bg,/2(0). Then, combining this with the weak Harnack inequality [11],
we deduce that there exists a constant Cg > 0 such that

sup  u(y) <Cs inf  wu(y),

yEBRI/z(O) yeBRl/Q(O)
which contradicts the fact that
sup  u(y) > u(x;) >0 and inf  w(y) =u(zg) =0.
yE€BR, /2(0) yEBR, /2(0)

This implies that there is a positive radial solution w.
Next, we show that A < 0. By Lemma[2.2]we can assume that there exists a bounded minimizing
sequence {u,} € S(a). Hence, we can obtain that there exists a constant A € R such that

J! (u) =A\0'(u) in X', (2.12)
where W(u) := [px [u|Pdz. Then, from (2.12),
(=A)u+ (=A)ju = )\\u|p_2u +pf(u) +g(u), =eRN

u(y)|? /
d dy ——— 7 dxd A Pq
//}Rw |:E7y|N+sp +//R2N |x7y|N+sq Yy — N|u| x
—u

f(u)udx — / g(uw)udz = 0.
N RN
By (A3), (A8), and that M, (a) =J ( ) < 0, we have

ok [
0> Jy( //}RN |z7 ‘N+spdd +//sz |x7 |N+Sqddy )] ude
_M/ f(u)udx—/ g(u)udzx)
_r.1 // [u(z) —u(@)l dy+5/ |u|pdx+ﬁ/ Fluude —p [ Flu)ds
R2N |x— |N+Sp q JrN q Jry RN
1
+*/ g(uw)udx — G(u)dx
q Jry

RN
1

Z - )\|u|pdz,
q JrN

this implies that A < 0. O

and

From Lemma [2.5] we obtain the following lemma.

Lemma 2.6. Fiza >0 and let 0 < py < po. Then, M,y < My, (a) <0.

3. NON-AUTONOMOUS CASE

We will state some properties of the functional I, which is restricted to S(a). Firstly, we define
Thax, Ioo : X — R as

(W)l
max d d d d
// |x— |N+w T // |x— |N+sq Y

7/ hmax F (u)dz — G(u)dz
RN

RN

u(y)
d d ———————dad
= I st [ e

and



10 L. BAO, L. WANG, M. LI EJDE-2026/14

- /]RN hoo F'(u)dz — /RN G(u)dz.

Moreover, by Lemma [2.2] we know that

My (a) = inf Io(u), Mc(a)= inf I.(u), Mpnax(a)= inf Inax(uw).

u€S(a) ueS(a) ueS(a)
Then, by Lemma [2.6] and hoo < hmax, we can immediately obtain
Mmax(a) < Mo (a) < 0.
Now, we fix 0 < p; = %(Moo(a) — Mpax(a)).

Lemma 3.1. lim, o+ M.(a) < Myax(a), and there exists e > 0 such that M.(a) < M.

all 0 < e < gg.
Proof. Let ug € S(a) satisfying Imax(ug) = Mmax(a). A simple calculation leads to
M.(a) < I(

uo(z) — uo(y) // |uo () — uo(y)|*
//]RZN |1‘7 |N+Sp d d+y R2N |:c— |N+5q T g Nisq drdy
—/ h(zsx)F(uo)da?—/ G(up)dx
RN RN

Letting € — 0 and applying (A6) we can obtain
limsup M, (a) < lim I.(ug) = Imax(to) = Mmax(a).
e—0t

e—0+

According to (3.1), we have M. (a) < My (a) for & small enough.

O

The following two lemmas will be used to prove the (PS). condition for I. at certain levels.

Lemma 3.2. Assume that {u,} C S(a) is a minimizing sequence with I.(u,) — ¢ and ¢ <

Muax(a) + p1 < My(a). If uy, — u in X, then u # 0.

Proof. Firstly, we assume that the conclusion is not true, i.e. w = 0. Then, we obtain

c=M.(a) =I.(up) + 0on(1) = Ino(un) + /RN (hoo — h(ex))F(uy)dz + 0, (1).

From (A5), for any arbitrary number (3 > 0, there exists some constant Ry > 0 such that

heo > h(z) — (2, |z| > Ra.
Then
¢ = I.(un) + 0,(1)

> I (un) + /B (e = HER) P~ @/ Flun)dz + on(1).
Ry/e

R /5(0)

Since {u,,} is bounded in X, then for some constant Cg > 0, we have

— q m1&my
F(u,)dx < C (1£m)m1// Add 7
/RN (up)dx 1a 1 o |:1: _y|N+sq xdy)

q mo&mo
C (1— §m2 m2 // )| A A Qaed
+ za o |x — y‘N+Sq xdy) ™ a

< Cy.

From the fact that u, — 0 in L* (Bry<(0)) when k; € [1,q5), we have
c= Is(un) + On(l) Z Ioo(un) - CQC9 + On(l) 2 Moo(a) - 4209 + On(l)

This together with small enough (s > 0, we obtain ¢ > My (a). This contradicts ¢ < Mpax(a) +

p1 < Moo (a). Therefore, we can obtain u # 0.

O
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Lemma 3.3. Assume that {u,} C S(a) is a (PS). sequence of I. satisfying u, — us in X where
¢ < Muyax(a) + p1 < M(a), that is, as n — +00,
I(un) = ¢ and ||L[gq)(un)llxr — 0.

Then

lim inf |u,, — u.|? >
n—>+oo| n 5|p_61a

where u, 4 ue in X and B > 0 independent of € € (0,&q).
Proof. Firstly, define the functional I'(u) = %fRN |u|Pdz. We can see that S(a) = T'~1(a?/p).
According to [35 Proposition 5.12], there exists {A,} C R such that

112 (un) = AT (un)|[x — 0

as n — +o00. Since I, is bounded from below and I,y is forced, it follows that {u,} is bounded in
X. This ensures that {\,} is bounded, up to a subsequence, we may assume \,, — A. as n — +o0.
Now we prove that

I'(us) = AT’ (ue) =0 in X/, (3.2)
112 (vn) = AT (0n) | x» — 0 as n — +o0, (3.3)

where v, = u,, — ue. Since ||IL(un) — AL (un)||x» — 0, to prove (3.2), it is sufficient to prove that
for all ¢ € X,

] ko) = 05— ) 010) =00
R2N |$ - y|N+Sp (3 4)

Jue () — ue(y) P2 (ue (2) — ue(y))(6(x) — 6(y)) '
— //RQN P dzdy,

[t (@) — un ()7 (un(2) — un(y))(d(z) — (y))

/.. o — v o 55)

|ue(2) — ue(y)|7? (ue(2) — ue(y))(¢(z) — 6(y)) '
7 //sz |z — y|NHea drdy.

h(ex) f(un)pde — h(ex) f(ue)pde, (3.6)

RN RN

/R glun)gdz /R gluc)ods, (3.7)

)\n/ |un|p72un¢dx—>)\g/ lue|P~2u pd. (3.8)
RN RN

We first prove (3.4) holds using the technique in [5]. From u, — u. in X, u, — u. in L{ (RY)
for all t € [1,¢}). For any ¢ € C=°(RY), define

¢(x) — o(y)

N+4sp

€ LP(R*Y),
v~y 7

O(z,y) =

We also define

Un(m; y) _ ‘un (gj) _ un|(y)|p|2151izlp(x) — un(y)) c Lp' (RQN)’
T —y| *

Uutawy) = y”pisﬁif‘””) !
z—yl *

where p’ = SE5. It is easy to see that {Uy,} is bounded in LP' (R2N). Since LP (R2VN) is reflexive,

there exists a subsequence, still denoted by {U,}, such that U, — U; in L (RN, hence

// Un(z,y)®(x,y)dedy — // Uc(z,y)®(x, y)dzdy.
R2N R2N
Consequently, we obtain (3.4]). Using the same technique it can be shown that (3.5 holds.
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Next we prove that (3.6]) holds. By the condition of h we know that h is bounded, then we only
need to prove

[ () = fu)ods o, (39
From conditions (Al) and (A2) we know that
[F)] < Calt]™ ™ + Calt|™
then there exists a constant C7g such that
[f(un) = f(ue)l < Crolun]™ " + un| ™71 + Juc™ 71 + Jue ™27,

To prove (3.9), we divide the interval of integration into two parts, i.e. for a sufficiently large
R3 > 0 independent of N,

/ (F(um) — f(ue))éde = / (F(un) — (uz))ddz + / (Fun) — (uz))dde.
RN Brg R

N\Bry

(i) For integrals within Br,. Using Holder’s inequality we have

| (f (un) = f(uc))¢dz| < / |f(un) = f(ue)l|pldz

BR3 BR3
NN o\ 7F
< ([ 1) = F@ )T ([ ap)
BRS BR3
where q% + ﬁ = 1. Because of u, — u in X, = W*P(Bg,) N W*9(Bg,), and Xp, ——

Lk2(Bp,), where ko € [1,q7), it follows that u,, — u in L*2(Bg,). Also by the condition (A2) and

the continuity of f it follows that f € C(L¥*(Bg,), L93)'(Bg,)), and fBR |f(un)— fus)] ) de —
3

0, hence

/ (f (un) = f(ue))pdz — 0.
Bn,

1) For integrals outside the Br,. By Holder’s inequality we have
(ii) For integral ide the Bp,. By Holder’s i li h
’ 1/Pl 1/p
[ ) = fapode] < ([ i) - swr'a) ([ o)
RN\ Bp, RN\Bp, RN\Bp,
/ 1/p' 1/
<Cul([ .t an) T (f jepras)
RN\Br, RN\BRr,
’ 1/17, 1/p
+ (/ |0 ) (/ oldz)
RN\Brg RN\Bry
’ 1/1’7/ 1/p
+ (/ |72 d (/ o1
RN\ Bp, RN\Bp,
(ma—1) ’ 1/}7/ 1/p
+( N joirdz) ],
RN\Bpgy RN\B Ry

where %—I— 1% — 1. By (A1) we have p < (m; —1)p’ < ¢, then {u,} is bounded in L™ ~1? (RN),

Therefore, there exists a large enough R3 > 0, such that

/ |t |~V Az < .
RN\ Br,

From the definition of ¢ it follows that ¢ is bounded in X, i.e. there exists a constant M > 0 such
that |¢|, < M. Hence,

’ l/p/ 1/1’
( / =7 ) / odz) " < <.
RN\BRr, RN\Br,
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For the same reason,

Y v
(/ e |17 dz ) ’ (/ olrdz) YoM
]RN\BRg ]RN\BR3

y (A2) and repeat the above steps, we have

’ 1/1)/ 1/p
( / |ty | (2= D)P d:z:) ( / |¢|pdx) <eM,
RN\Bpg, RN\Bp,
’ 1/1” 1/p
(/ |ug |2 P dx) (/ \¢|pdx> <eM.
RN\BRr, RN\Brg

Hence, | fRN\BR3 (f(un) — f(ue))pdx| < 4eM. By the arbitrariness of €, we have

/ﬁqwu—ﬂ%»Mx:/ me—fwmwu+/ (F(un) — f(ue))éddz > 0.
RN By,

RN\Bp,

Summarizing, we have (3.6)). Carry out the same method once more, we can obtain ([3.7)).
To prove (3.8), let A(uy,) = |un|P~2u,. It follows from the boundness of {u,} in X, there exists
a constant Cq1 such that

[A(un)| Lo = Jun|"~ 2un|LP/ = |un|p ! < C

Then for each €; > 0 there exists a compact support function ¢, such that for every ¢ € X with
| — 1|Le < &1, we obtain

/ (A(uy) — A(ue))pdz < |A(u,) — Aue)| Lo |é — 1| e +/ (A(un) — A(ue))prdz
RN RN

<aCﬁl+/ (A(un) — A(ue)pnde.
RN

By the arbitrariness of €1, we have

/]RN (A(un) — A(ue))pdz — 0.

Hence (3.8)) holds.
From (A3), we have

0> Mmax(a) + p1>cCc= hmmfIE(un)

n—+oo

= lim inf (7. (u,) — é([é(un),u,ﬁ + é)\na”)

n—-4oo

1
“\aP,

this implies
M
limsup A\ < 1(Mmax(a) + p1)
e—0 aP
Then, there exists a constant A* independent of € that satisfies A\. < A* < 0, so

ose) = 0aF gy, [[ L) 2nlol [
//R2N \x— |N+SP BT L RN |x_ |N+sq T —pNtee 92y — A |on[Pd

= h(ex) f(vp)vpde + /RN g(vn)vpdx 4+ 0, (1)

RN

|vn () — va(y // vy, (2 vn(y)]? /
d d ————2"dad A n|Pd
S, e [ ey o [ s

< /RN h(sa:)f(vn)vndx—k/ﬂw g(vp)vpdx + 0, (1).

<0.

and
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According to (A1) and (A2), we have |f(t)| < Cy[t|™ ! + Cy|t|™2~! for all ¢t € R. Then

fononda < [ |f(on)onlde

RN
: / (Cilva]™ ™1 + Calva|™ ™) [vn|da
RN
< C’l/ |, | de + C’g/ |vp|™2dx .
RN RN
From (A8), we have |g(t)| < Cs(|t|97! + [¢t|?~1) for all ¢ € R, hence

/|wmmms%/|muwwm:@/|mww@/\w%w
RN RN RN RN

So, we have

d d d d C nlPd
[éw |x—|Nﬂp UH ] fon |x—|NHq y+Co | fonlde

< Nimax f(vn)vnd:ch/ g(vn)vndz
RN RN

gClhmaX/ |vn\m1dx—|—C2hmax/ |vn|m2dx+03/ |vn|qu—|—C3/ |vn|’6dx+on(1)
RN RN RN RN

for some constant Cy = —A* > 0 independent of € € (0,¢p). Since v,, /4 0 in X, we can assume
that limJiranvnHX > C* > 0. Thus, for some constant C12 > 0, by (2.2)), we infer that
n—-+0oo

< . . q
Cis < EET;EOU"‘ + [vnlmz + [vn|d + ‘Un|3)

< liminfCi3([vn]s 1E’"1| Up, ;nl(l*gml) + [Un]m2§m2| vn zw(lffmg)
o 1 (3.10)
+ [on] % |0, | 2080 (]2 0, |7 400y

< liminf C13K1 (Jvnlp m(1=Emy) + v m2(1 €my) + |vn|g(1—fq) + |vn|g(1*£3)>

n—+00
where K; > 0 is independent of € € (0,g¢) with [v,]s,4 < K7 for all n € N. Since my € (p, min{p+

sp *}) mQ,Q,ﬂ S (pamln{Q+ qu *})7 then ml(ligm,l)v m2(175mz)7 q(lffq% ﬂ(ligﬁ) <p,
hence

hmlnf [vn|h > Cis (3.11)
n—)
for a constant Ci5 > 0. This complete the proof. O

Next, we consider 0 < p < min{2, 22} (M, (a) — Myax(a)).

p’ aP

Lemma 3.4. Assume that 0 < & < g9 and ¢ < Mmax(a) + p. Then, I. limited to S(a) satisfies
the (PS). condition.

Proof. By Lemma [2.2] {u,,} is bounded. Let {u, } C S(a) be (PS). sequence of I. with u, — u.,
where u. # 0 by Lemma and ¢ < Myax(a) + p. Set v, = up — ue. If v, = 0in X, then the
proof is complete. If v, # 0 in X and |uc|, = b, by Lemma [3.3] we obtain

liminf v, [b > B (3.12)

n—-4oo
for some 1 > 0 which is independent of ¢ € (0, g).
Let |vy|p =dp — d > B P, by Brézis-Lieb lemma [35], we have a? = b + dP. From d,, € (0, a)
for n large enough, we have
c+on(1) = I (up) = I (vy) + I (ue) + 0 (1) > Moo(dp) + Mmax(b) + 0n(1).
By Lemma (i) and (2.5)), letting n — 400, we have

dP bP
Mmax(a) +p>c> Moo(d) + MmaX(b) > CTPMOO(Q) + JMmaX(a)'
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Then p
p> D (Moe(0) — My (@) > 2 (Mo (@) ~ M (@)

This contradicts p < %(Moo(a) — Mpax(a)). Hence, v, — 0 holds in X, i.e. u, = u. in X. This
implies that u. € S(a) and

(_A);us + (_A>f]u€ = >\€|u6|p_2u6 + h(8x>f(u6) + g(ua)a HANS RN' O

4. MULTIPLICITY RESULT

In the following, we will discuss some technical issues. Let pg, ro > 0, e; defined in (A6),
satisfy

B,y (e;) N By, (ej) =0 for i # j andi,j € {1,...,l}
Ui—1Bp (€i) C Bry (0);
o Kuw =Ui_, Ba(es).

We set k : RY — RY with

( ) x, if |I| < To,
k(x) = .
ro“;—l, if |z| > ro.

Now, we consider the function G, : X\{0} — R" defined by
Jan K(ex)|ulPda
Jan lupdz

Then, by the next two theorems, we can obtain the existence of the (PS) sequence I restricted to

S(a).

G.(u) ==

Lemma 4.1. Reducing €q if necessary, there exists a positive constant dy < p such that
Ge(u) € Koo, Ve € (0,e0),
where u € S(a) and I.(u) < Muyax(a) + 0g-

Proof. We assume that the conclusion is false, and hence there exist §, — 0,u, € S(a) and
€n — 0, such that

I, (un) < Miyax(a) + 0y,
and Ge, (un) ¢ Keo. Firstly, we have

Mupax(a) < Inax(un) < Ic, (un) < Myax(a) + 6y,
then
Imax(un) — Mmax(a), as n — oQ.

We will analyze the following two cases by means of Lemma
(i) up, = win X, where u € S(a). According to Lebesgue convergence theorem, we can deduce

that

S~ E(EnT)|un [Pde fRN 0)|ulPdx
fRN |t [Pda fRN |u|Pdx

which contradicts to Ge, (un) ¢ Keo for n large.

=0¢€ Kso,
2

G., (uy) =

(ii) There exists a sequence v, (-) = Uy, (- +y,) with |y,| — +oo and {y,,} C RY which converges
to v € S(a) in X. Then, we can also study the following two cases:
When |e,yn| — +00, We can infer that

v (2 v (y) // [vn (2 vn (y)]?
n) = d d /7 7 dad
I, (u //R2N |x7 |N+5p zrdy + — . |x7 |N+sq rdy

- / h(enx + enyn) F(vy)da — G(vp)dx
RN

RN
— I (v).
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Since I, (un) < Mpax(a) + dp, it holds
Mmax(a) Z Ioo(v) 2 Moo(a)>

which contradicts to (3.1)).
When ¢,y, — y for some y € IR{N we have

[0 (&) — 0 ()7 L o (&) — v ()]
e, (un) = // |x— S dadut o [ |x— =T dady

- h(enx + enyn)F (v,)dx — G(vy)dx
RN RN
— Ih(y) (’U),
then we have
My,(yy(a) < Mnax(a). (4.1)
Since h(y) < hmax, Lemmaimplies that My, (a) > Mmax(a), which contradicts (4.1)). There-
fore h(y) = hmax holds, i.e. y = ¢; for some i = 1,...,l. Then we have
G (uy) = fRN K(en)|uplPdz f]RN k(en® + enyn)|vn|Pde
A Jan lun[Pdz Jan |vnlPdz
for rloPds _
S~ |v[Pdz 2
which contradicts to Ge, (un) & Kz for n large. O

Next, we introduce some symbols:

02 = {u e Sla) |Ge(u) = e < pol,
90; :={u € S(a) : |G<(u) — e = po},
775 : lnquOZ I, ( )7

e = infyeppi I-(u).

Lemma 4.2. Let 0 < §p < p < mln{p S (Moo (a) — Mmax(a)). Then
Nt < Mpax(a) +p and 0t <7, Ve e (0,&).
Proof. According to Lemmas [2.4] and [2.5] we set

Mmax(a/) = Imax(u)7 Ir/nax( ) - 0’
where u € S(a). Let ul : RY — R be ui = u( —e;ife)for1 <i <l By direct calculation we have

u(y)]?
//R |x—y|N+sp o ey //R |x—y|N+sq o g Nres T

_ h(ex + €;)F(u)dx — /RN G(u)dz,

RN
which implies that
limsup I (u’ (7)) < Inax (1) = Myax(a). (4.2)

e—0
If ¢ — 01, then

Jaw wleR)[ulPde [ k(ex + e;)|ulPdz
Jon luk|Pdz S lufpda
We can deduce that ul € 62 when ¢ is small enough. Moreover, according to (4.2),

GE(UE) = — €;.
i do
Ie(ug(2)) < Mimax(a) + 7, Ve € (0,&0).
Hence, reduce g¢ if necessary,

; 1)
7]; < Mmax(a/) + ZO’ Ve € (0,80).
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Then
Ne < Muax(a) +p, Ve € (0,¢9).
If there exists u € 90L, i.e.
uw€ S(a) and |Ge(u) —e;| = po > %,
then G.(u) & K%O. In conjunction with Lemma we obtain

S ,
I.(u) > Muyax(a) + 50, Yu € 962, Ve € (0,¢0),

and so,
; ]
’Tﬁ: > Mmax(a) + 50, Ve € (0,60).
From this, it can be seen that 1! < 7% for all € € (0, p).

5. PROOF OF THEOREM [L.1]

17

According to Ekeland’s variational principle, we there exists a sequence {u%} C 6 (C S(a))

such that } 4
I (up,) — 2
and

. 1 . , ,
Ig(v)—Is(uZl)Z—ﬁHv—u;H, Vv e 6l with v #uy,

for each ¢ € {1,...,1}.

Then, getting u’, € §:\00: for sufficiently large n by Lemma Given v € Ti S(a) = {w €

X [on |ub[P72ulwde = 0}, We can define the path o : (=£1,&1) — S(a) with

) (u; + tv)
g = QT
|uf, + tol,’

where & > 0. It is clear that o € C1((—£1,£1), S(a)), and

o(t) € 0:\00L, Vte (—£,6), o(0)=u) and o/(0)=w.

Then we have 4 ) 4
Le(o(t) = Le(up) 2 ——llo(t) — upl
for t € (—&1,&1), this means that
L(o(t)) = I(0(0)) _ I(o(t)) — Lc(uy)

t t _
- t
=220 e 0.6,

Taking the limit of ¢t — 07, we obtain
. 1
(I2d), ) >~ o]
Then, instead of v, we can use —v to derive

sup{|(/Z(uz,), v)] « oll <1} <

S|

which implies that

I(ul) —n. and 1 els(ay (un)ll = 0 as n— oo,

which means {u;,} C S(a)is a (PS),: sequence of I.. Combining Lemma and 0! < Mpax(a)+p,

we can deduce that there exists u’ such that u!, — u’ in X,

u' €0, I.(u') =n" and Ig|g(a)(ui) = 0.
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ording to our assumptions, we have

Gs(ul) € BPO (ei)v Gs(uj) € BPO (ej)

B,y (e;) N By, (ej) =0 fori+#jandi,je{1,...,1},

which means u* # w’ for i # j while 1 < i, < I. Thus, for any ¢ € (0,2¢), I has at least [
nontrivial critical points (u?, \;), i.e

—APut + (—A)Sut = M|l |P 20t + h(ex) f(ul) 4+ g(ub), Vie {1,2,...,1},
P q

which means

i () — i (y) P /] () — i ()] [
— %7 dady + — %7 dady — Ai|lu*|Pdx
//Rw g W [ Ty ey = [ A

- h(ex) f(u")u'de — /RN g(uu'de = 0.

RN

Combining with I, (u") < 0, we have

|u'(x) — u'(y) P // |ui () — ul (y)]? / _
d d d d i zpd
0> I( //R?N |33— |N+sp xdy + o |x— |N+Sq Yy — RN/\|u| T
*/R wf (u )ZdIE*/N (u')u'dz)
Lo u' () — w'(y)|” 1/ .
> T nge, dzdy + - Ailu'[Pdz
p //Rzzv |x—y|N+9p Y ¢ Jan |u’|
+1/ h(sx)f(ui)uidx—/ h(ex)F(u)da
RN RN
"‘*/ g(u')u'dx — G(u')dx
q JrN RN

1 .
> 7/ Ai|ut|Pde,
q Jr~

which implies A; < 0. This proves the expected result.
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