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MULTIPLE NORMALIZED SOLUTIONS FOR FRACTIONAL

(p, q)-LAPLACIAN EQUATIONS IN RN

LIHONG BAO, LIBO WANG, MIN LI

Abstract. In this article, we consider the multiplicity results of normalized solutions of the
fractional (p, q)-Laplacian equation

(−∆)spu+ (−∆)squ = λ|u|p−2u+ h(εx)f(u) + g(u) in RN ,∫
RN

|u|pdx = ap,

where ε, a > 0, 0 < s < 1 < p < q, sq < N <
spq(q−1)

q−p
and λ ∈ R is a unknown Lagrange

multiplier, h is a continuous positive function, f and g are also continuous and satisfy some
growth conditions. When ε is small enough, we show that the number of normalized solutions

is at least the number of global maximum points of h according to the Ekeland’s variational
principle and the concentration compactness principle.

1. Introduction

This article focuses on the existence of multiple normalized solutions in X := W s,p(RN ) ∩
W s,q(RN ) for the fractional (p, q)-Laplacian equation

(−∆)spu+ (−∆)squ = λ|u|p−2u+ h(εx)f(u) + g(u) in RN (1.1)

under the restriction ∫
RN

|u|pdx = ap, (1.2)

where ε, a > 0, 0 < s < 1 < p < q, sq < N < spq(q−1)
q−p and λ ∈ R is a Lagrange multiple which is

unknown. The fractional p-Laplace operator (−∆)sp and the fractional q-Laplace operator (−∆)sq
are defined along a smooth function (up to a normalizing constant) u : RN → R by

(−∆)spu(x) = 2 lim
ε→0

∫
RN\Bε(x)

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+sp
dy, x ∈ RN

and

(−∆)squ(x) = 2 lim
ε→0

∫
RN\Bε(x)

|u(x)− u(y)|q−2(u(x)− u(y))

|x− y|N+sq
dy, x ∈ RN ,

respectively. The continuous functions f, g, h satisfies the following conditions:

(A1) f is odd and limt→0
|f(t)|

|t|m1−1 = α1 > 0 for some m1 ∈ (p,min{p + sp2

N ,m∗}), where m∗ =

1 + Nq(p−1)
p(N−sq) ;

(A2) there exist constants C1, C2 > 0 and m2 ∈ (p,min{q + spq
N ,m∗}) such that |f(t)| ≤

C1 + C2|t|m2−1, ∀t ∈ R;
(A3) for all t > 0 , qF (t) ≤ f(t)t, F (t) is non-decreasing, where F (t) =

∫ t

0
f(s)ds.

(A4) 0 < h0 = infx∈RN h(x) ≤ maxx∈RN h(x) := hmax;
(A5) h∞ := lim|x|→∞ h(x) < hmax;
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(A6) h−1(hmax) = e1, e2, · · · , el with e1 = 0 and ej ̸= ek when j ̸= k.
(A7) g is odd;
(A8) there exist q ≤ β < min{q + spq

N ,m∗}, such that 0 ≤ qG(s) ≤ g(s)s ≤ βG(s), ∀s ∈ R.
(A9) G(t) is non-decreasing, where G(t) =

∫ t

0
g(s)ds.

Because of the restriction (1.2), we are seeking a normalized solution to (1.1), which is equivalent
to finding the critical point of the functional

Iε(u)

=
1

p

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

1

q

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy −

∫
RN

h(εx)F (u)dx−
∫
RN

G(u)dx,

on the sphere

S(a) := {u ∈ X :=W s,p(RN ) ∩W s,q(RN ) : |u|pp =

∫
x∈RN

|u|pdx = ap}, (1.3)

where | · |τ denotes the usual norm on Lτ (RN ) for τ ∈ [1,+∞). Here the fractional Sobolev space
W s,p(RN ) and W s,q(RN ) are defined for any p, q > 1 and s ∈ (0, 1) by

W s,p(RN ) := {u ∈ Lp(RN ) : [u]s,p := (

∫∫
RN×RN

|u(x)− u(y)|p

|x− y|N+sp
dxdy)1/p <∞}

and

W s,q(RN ) := {u ∈ Lq(RN ) : [u]s,q := (

∫∫
RN×RN

|u(x)− u(y)|q

|x− y|N+sq
dxdy)1/q <∞},

with the norm

∥u∥W s,p(RN ) = (|u|pp + [u]ps,p)
1/p

and

∥u∥W s,q(RN ) = (|u|qq + [u]qs,q)
1/q.

Moreover, we set ∥u∥X = ∥u∥W s,p(RN ) + ∥u∥W s,q(RN ). It is well known that Iε ∈ C1(X,R) and

⟨I ′ε(u), φ⟩ =
∫∫

R2N

|u(x)− u(y)|p−2(u(x)− u(y))(φ(x)− φ(y))

|x− y|N+sp
dxdy

+

∫∫
R2N

|u(x)− u(y)|q−2(u(x)− u(y))(φ(x)− φ(y))|
|x− y|N+sq

dxdy

−
∫
RN

h(εx)f(u)φdx−
∫
RN

g(u)φdx

for all u, φ ∈ X.
The study of problems involving fractional Laplace operators has garnered significant attention

in recent years. This growing interest stems not only from its natural extension of the classical
Laplace operators but also from its capacity to model numerous novel phenomena through its
distinctive nonlinear integral structure, see [8, 15, 18]. Maya Chhetri, Petr Girg, and Elliott
Hollifield [13] systematically studied a class of nonlinear partial differential equations involving
the fractional Laplacian operator of the form

(−∆)su = λf(x, u) in Ω,

u = 0 in RN\Ω,

where f : Ω × R → R is a Carathéodory function. They established a method of subsolutions
and supersolutions without monotone iteration, proving the existence of positive weak solutions
for various types of sublinear nonlinearities, including logarithmic-type terms. Significant research
efforts have also been devoted to understanding the multiplicity of normalized solutions for frac-
tional Laplace operators, see [23, 24, 29, 38]. In [9], employing the Mountain Pass Lemma, the
authors obtained the existence results of the problem

(−∆)s1u(x) + (−∆)s2u(x) + λu(x) + V (x)u(x) = g(u(x)), x ∈ Rd,
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Rd

|u(x)|2dx = a,

where 0 < s1 < s2 < 1, 2s1 < d < 2s1s2
s2−s1

, a > 0. Function g satisfies the following conditions:

(A10) g is continuous and odd;
(A11) there exits (α, β) ∈ R2

+ satisfying

2 +
4s2
d

< α < β <
2d

d− 2s1
,

such that

αG(s) ≤ g(s)s ≤ βG(s), ∀s ∈ R, with G(s) =

∫ s

0

g(t)dt;

(A12) let G̃ : R → R and G̃(s) = g(s)s
2 −G(s).; there exists G̃′ and

G̃′(s)s ≥ αG̃(s), ∀s ∈ R.

In recent years, fractional p-Laplace operators have been extensively studied, see [3, 4, 22, 30,
36]. Additionally, a significant contribution was made by Vincenzo Ambrosio and Teresa Isernia
[1], who analyzed the problem

εsp(−∆)spu+ V (x)|u|p−2u = f(x, u) in RN ,

u ∈W s,p(RN ),

u(x) > 0 x ∈ RN ,

where ε > 0 is a parameter, s ∈ (0, 1), 1 < p < ∞, N > sp. In the subcritical case, the
authors established existence, multiplicity and concentration results for positive solutions, with
small parameters through variational methods combined with Ljusternik-Schnirelmann theory. In
case of critical nonlinearity, they obtained existence and multiplicity of solutions of the equation

(−∆)spu+ V (εx)|u|p−2u = f(u) + |u|p
∗
s−2u in RN ,

u ∈W s,p(RN ),

u(x) > 0 x ∈ RN .

Several researchers have done a great deal of research in the multiplicity of normalized solutions
of fractional Laplace operators, see [27, 31, 39]. In [40], the following equation was considered,

(−∆)spu+ Z(kx)|u|p−2u = λ|u|p−2u+ [
1

|x|N−q ∗ |u|q
]|u|q−2u+ σ|u|p

∗
s−2u, x ∈ RN ,∫

RN

|u(x)|pdx = ap,

where k > 0 is small parameter and Z : RN → [0,∞) is a continuous function. The authors
establish the existence of multiple normalized solutions through a combination of minimization
techniques, truncation methods, variational approaches, and Lusternik-Schnirelmann category
theory. In particular, the fractional p-Laplace operator, which reduces to the standard p-Laplacian
when s = 1, has been extensively studied, see [7, 19, 25, 12]. Moreover, in the special case that
s = 1 and p = 2, the operator coincides with the classical Laplacian, see [16, 32, 33].

Recently, research on fractional (p, q)-Laplacian equations has attracted a great deal of atten-
tion, see [10, 34, 41]. Vincenzo Ambrosio and Teresa Isernia [2] consider the equation

(−∆)spu+ (−∆)squ =
|u|p∗

s(α)−2u

|x|α
+ λf(x, u) in Ω,

u = 0 in RN\Ω,

where 0 < s < 1, 1 ≤ q < p < N
s , 0 ≤ α < sp, and p∗s(α) = p(N−α)

N−sp is Hardy-Sobolev critical

exponent. They use the concentration-compactness principle and the mountain pass lemma to
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show that infinitely many solutions to the equation exist and that these solutions all tend to zero
when λ belongs to a suitable range.

Additionally, Divya Goel, Deepak Kumar and K.Sreenadh [21] studied the problem

(−∆)s1p u+ (−∆)s2q u = λa(x)|u|δ−2u+ b(x)|u|r−2u in Ω,

u = 0 in RN\Ω,

where 1 < δ ≤ q ≤ p < r ≤ p∗s1 = np
n−s1p

, 0 < s2 < s1 < 1, n > ps1, and a ∈ L
r

r−δ (Ω),

b ∈ L∞(Ω) are sign changing functions. They showed the existence and regularity of multiple
weak solutions to the convex-concave problem. To the best of our knowledge, the work concerning
the normalized solutions for the fractional (p, q)-Laplacian problem in RN has not been seen, see
[14] for the (p, q)-Laplacian problem, and [37] for the discrete fractional (p, q)-Laplacian problem.

Motivated by the above works, this paper aims to study the existence of multiple normalized
solutions for problem (1.1) and (1.2) by employing variational approaches and the concentration-
compactness principle from [1, 17]. However, our analysis faces two main difficulties: the first is the
nonlinearity of the fractional (p, q)-Laplace operator, and the second is the lack of compactness,
since the problem is set on RN .

The main result of this paper reads as follows.

Theorem 1.1. Assume (A1)–(A9) are satisfied. Then there exists ε0 > 0 such that (1.1) and
(1.2) has at least l pairs of weak solutions (uj , λj) for 0 < ε < ε0. Moreover, λj < 0 and Iε(uj) < 0
for j = 1, 2, . . . , l.

This article is organized as follows. In Section 2, we prove the compactness theorem for the
autonomous case. In Section 3, we use the compactness theorem to study the non-autonomous
case. We prove the existence of multiple solutions in Section 4 and Section 5.

2. Autonomous case

Firstly, we consider the existence of the normalized solution (u, λ) ∈ X × R, of the equation

(−∆)spu+ (−∆)squ = λ|u|p−2u+ µf(u) + g(u),∫
RN

|u|pdx = ap,
(2.1)

where a, µ > 0, λ ∈ R and f satisfies (A1)–(A3), and g satisfies (A7)–(A9). It is well known that
a critical point of the functional

Jµ(u) =
1

p

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy+

1

q

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy−µ

∫
RN

F (u)dx−
∫
RN

G(u)dx

is a solution to problem (2.1), which is restricted to the sphere S(a). Next, we will show that
problem (2.1) has a normalized solution.

Lemma 2.1. The functional Jµ restricted to S(a) is bounded from below.

Proof. From conditions (A1) and (A2), we deduce the existence of constants C1, C2 > 0 such that

|F (t)| ≤ C1|t|m1 + C2|t|m2 , ∀t ∈ R.

From (A8), there exists a constant C3 such that

|G(t)| ≤ C3(|t|q + |t|β), ∀t ∈ R.

By the fractional Gagliardo-Nirenberg inequality [28], we have

|u|l ≤ C[u]ξls,q|u|1−ξl
p , ∀u ∈W s,q(RN ) ∩ Lp(RN ) (2.2)



EJDE-2026/14 FRACTIONAL (p, q)-LAPLACIAN EQUATIONS 5

for a positive constant C > 0, where ξl =
Nq(l−p)

l[Nq−p(N−sq)] , l ∈ (p, q∗s ), q
∗
s = Nq

N−sq . Hence,

Jµ(u) ≥
1

p

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

1

q

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy

− CC1a
(1−ξm1 )m1

(∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy

)m1ξm1
q

− CC2a
(1−ξm2

)m2
( ∫∫

R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy

)m2ξm2
q

− CC3a
(1−ξq)q

(∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy

) qξq
q

− CC3a
(1−ξβ)β

(∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy

) βξβ
q ,

(2.3)

as m1 ∈ (p,min{p+ sp2

N ,m∗}) and m2, q, β ∈ (p,min{q+ spq
N ,m∗}). Clearly m1ξm1

, m2ξm2
, qξq,

βξβ < q. This ensures that Jµ is bounded from below. □

The above lemma ensures that Mµ(a) := inf
u∈S(a)

Jµ(u) is well-defined.

Lemma 2.2. Let µ, a > 0, then Mµ(a) < 0.

Proof. By (A1), we infer that limt→0
m1F (t)
tm1

= α1 > 0, which implies that, for some δ > 0,

m1F (t)

tm1
≥ α1

2
(2.4)

for all t ∈ (0, δ]. From (A8), we can introduce the existence of a constant C3 such that

C3 min{|t|q, |t|β} ≤ G(t) ≤ C3(|t|q + |t|β), ∀t ∈ R. (2.5)

Let 0 < u0 ∈ S(a) ∩ L∞(RN ), we set

H(u0, r)(x) = e
Nr
p u0(e

rx), ∀x ∈ RN , ∀r ∈ R.
It is easy to see that ∫

RN

|H(u0, r)(x)|pdx = ap.

Furthermore, a straightforward calculation leads to∫
RN

F (H(u0, r)(x))dx = e−Nr

∫
RN

F (e
Nr
p u0(x))dx,∫

RN

G(H(u0, r)(x))dx = e−Nr

∫
RN

G(e
Nr
p u0(x))dx.

Then, for r < 0 and |r| big enough, we have

0 < e
Nr
p u0(x) ≤ δ, ∀x ∈ RN .

Moreover, by (2.4), we obtain∫
RN

F (H(u0, r)(x))dx ≥ α1

2m1
e

Nr(m1−p)
p

∫
RN

|u0(x)|m1dx,

and by (2.5), we have∫
RN

G(H(u0, r)(x))dx ≥ e−NrC3 min{e
Nrq
p

∫
R
|u0(x)|qdx, e

Nrβ
p

∫
R
|u0(x)|βdx}.

Note that∫∫
R2N

|H(u0, r)(x)−H(u0, r)(y)|p

|x− y|N+sp
dxdy = eNr

∫∫
R2N

|u0(erx)− u0(e
ry)|p

|x− y|N+sp
dxdy

= ersp
∫∫

R2N

|u0(x)− u0(y)|p

|x− y|N+sp
dxdy
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and ∫∫
R2N

|H(u0, r)(x)−H(u0, r)(y)|q

|x− y|N+sq
dxdy = eNr

∫∫
R2N

|u0(erx)− u0(e
ry)|q

|x− y|N+sq
dxdy

= ersq
∫∫

R2N

|u0(x)− u0(y)|q

|x− y|N+sq
dxdy.

So,

Jµ(H(u0, r)) ≤
erps

p

∫∫
R2N

|u0(x)− u0(y)|p

|x− y|N+sp
dxdy

+
erps

q

∫∫
R2N

|u0(x)− u0(y)|q

|x− y|N+sq
dxdy

− µα1

2m1
e

Nr(m1−p)
p

∫
RN

|u0(x)|m1dx

− e−NrC3 min{e
Nrq
p

∫
R
|u0(x)|qdx, e

Nrβ
p

∫
R
|u0(x)|βdx}.

Since 0 < s < 1 , m1 ∈ (p,min{p+ sp2

N ,m∗}) and m2, α, β ∈ (p,min{q + spq
N ,m∗}), r is less than

0 and |r| is large enough, we have

erps

p

∫∫
R2N

|u0(x)− u0(y)|p

|x− y|N+sp
dxdy +

erps

q

∫∫
R2N

|u0(x)− u0(y)|q

|x− y|N+sq
dxdy

− µα1

2m1
e

Nr(m1−p)
p

∫
RN

|u0(x)|m1dx− e−NrC3 min{e
Nrα

p

∫
R
|u0(x)|αdx, e

Nrβ
p

∫
R
|u0(x)|βdx}

= Ar < 0.

Then Jµ(H(u0, r)) ≤ Ar < 0. Hence Mµ(a) < 0. □

Lemma 2.3. If µ > 0, a > 0, then

(i) a 7→Mµ(a) is a continuous mapping;

(ii) if a1 ∈ (0, a) and a2 = (ap − ap1)
1/p, then Mµ(a) < Mµ(a1) +Mµ(a2).

Proof. (i) Let a > 0 and {an} ⊂ (0,+∞) such that an → a. From the definition of Mµ, there
exists un ∈ S(an) such that Mµ(an) ≤ Jµ(un) < Mµ(an) +

1
n for every n ∈ N+. By Lemma 2.2,

Mµ(an) < 0. Moreover, from (2.3), {un} is bounded in X.
Now consider vn := a

an
un ∈ S(a). From the boundedness of {un} and an → a, we have

Mµ(a) ≤ Jµ(vn)

=
1

p
(
ap

apn
− 1)

∫∫
R2N

|un(x)− un(y)|p

|x− y|N+sp
dxdy +

1

q
(
aq

aqn
− 1)

∫∫
R2N

|un(x)− un(y)|q

|x− y|N+sq
dxdy

+

∫
RN

(µF (un)− µF (
a

an
un))dx+

∫
RN

(G(un)−G(
a

an
un))dx+ Jµ(un)

= Jµ(un) + on(1).

Let n → +∞, we can get Mµ(a) ≤ lim inf
n→+∞

Mµ(an). Let {wn} be a bounded minimizing sequence

of Mµ(a) and zn := an

a wn ∈ S(a), repeat the above process we have

Mµ(an) ≤ Jµ(zn) = Jµ(wn) + on(1) =⇒ lim sup
n→+∞

Mµ(an) ≤Mµ(a),

so we have Mµ(an) →Mµ(a).
(ii) For any fixed a1 ∈ (0, a), we prove that

Mµ(θa1) < θpMµ(a1), ∀θ > 1. (2.6)

Indeed, if {un} ∈ S(a1) be a minimizing sequence for Mµ(a1), then un(θ
− p

N x) ∈ S(θa1). Since

θ > 1 and p(N−sq)
N < p(N−sp)

N < p, we have

Mµ(θa1)− θpJµ(un) ≤ Jµ(un(θ
− p

N x))− θpJµ(un)
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=
θ

p(N−sp)
N − θp

p

∫∫
R2N

|un(x)− un(y)|p

|x− y|N+sp
dxdy

+
θ

p(N−sq)
N − θp

q

∫∫
R2N

|un(x)− un(y)|q

|x− y|N+sq
dxdy ≤ 0.

As a consequence, Mµ(θa1) ≤ θpMµ(a1).
If Mµ(θa1) = θpMµ(a1), then [un]

p
s,p → 0 and [un]

q
s,q → 0 as n → +∞, which indicate that∫

RN F (un)dx→ 0 and
∫
RN G(un)dx→ 0 by inequality (2.2). Hence

0 > Mµ(a1)

= lim
n→+∞

Jµ(un)

=
1

p
lim

n→+∞

∫∫
R2N

|un(x)− un(y)|p

|x− y|N+sp
dxdy +

1

q
lim

n→+∞

∫∫
R2N

|un(x)− un(y)|q

|x− y|N+sq
dxdy

− lim
n→+∞

∫
RN

µF (un)dx− lim
n→+∞

∫
RN

G(un)dx = 0,

which is a contradiction. So we have Mµ(θa1) < θpMµ(a1). Perform the same steps again, we can
get

Mµ(θa2) < θpMµ(a2), ∀θ > 1. (2.7)

Finally, applying (2.6) with θ = a
a1
> 1 and (2.7) with θ = a

a2
> 1 respectively, we obtain

Mµ(a) =
ap1
ap
Mµ(

a

a1
a1) +

ap2
ap
Mµ(

a

a2
a2) < Mµ(a1) +Mµ(a2).

□

Lemma 2.4. Suppose that {un} ⊂ S(a) is a minimizing sequence of Mµ(a). Then for some
subsequence either

(i) {un} is strongly convergent, or
(ii) there exists a sequence vn(·) = un(· + yn) with |yn| → +∞ and (yn) ⊂ RN , which is

strongly convergent to a function v ∈ S(a) with Jµ(v) =Mµ(a).

Proof. By Lemma 2.1 it is easy to see that {un} is bounded. Then there exists a subsequence
un ⇀ u in X, which is still denoted as itself. Assume u ̸= 0 and |u|p = b, we can infer that
b ∈ (0, a]. For the case of b ∈ (0, a), by fractional Brézis-Lieb lemma [1], we have

[un − u]ps,p = [un]
p
s,p − [u]ps,p + on(1)

and

[un − u]qs,q = [un]
q
s,q − [u]qs,q + on(1).

Furthermore, under the assumption of f and g, we obtain∫
RN

F (un)dx =

∫
RN

F (u)dx+

∫
RN

F (un − u)dx+ on(1)

and ∫
RN

G(un)dx =

∫
RN

G(u)dx+

∫
RN

G(un − u)dx+ on(1).

Let vn = un − u and |vn|p = dn → d, we have ap = bp + dp and dn ∈ (0, a) for n big enough. So,

Mµ(a) + on(1) = Jµ(un) = Jµ(u) + Jµ(vn) + on(1) ≥Mµ(dn) +Mµ(b) + on(1).

By the continuity of a 7→Mµ(a), we obtain

Mµ(a) ≥Mµ(d) +Mµ(b).

This contradicts the conclusion of Lemma 2.3 (ii), where ap = bp + dp. Hence |u|p = a.
Combining with |un|p = |u|p = a and un ⇀ u in Lp(RN ), we obtain

un → u in Lp(RN ). (2.8)



8 L. BAO, L. WANG, M. LI EJDE-2026/14

Combining inequality (2.2), (A1) and (A2), we have∫
RN

F (un)dx→
∫
RN

F (u)dx. (2.9)

Similarly, ∫
RN

G(un)dx→
∫
RN

G(u)dx. (2.10)

So

Mµ(a) = Jµ(un) + on(1) = Jµ(u) + Jµ(vn) + on(1)

≥ 1

p
[vn]

p
s,p +

1

q
[vn]

q
s,q +Mµ(a) + on(1).

This implies that [vn]
p
s,p, [vn]

q
s,q ≤ on(1). So we have vn → 0 in X, which means un → u in X.

Assume u = 0, i.e. un ⇀ 0 in X. Then, for some ζ1, r1 > 0 and yn ⊂ RN , we have∫
Br1

(yn)

|un|pdx ≥ ζ1, ∀yn ∈ RN . (2.11)

Otherwise by [1, Lemma 2.1] we have un → 0 in Lk(RN ) for all k ∈ (p, p∗s)∪(q, q∗s ). Let r1 ∈ (p, q∗s ),
and taking p1 ∈ (p, p∗s) with p < r1 and q1 ∈ (q, q∗s ) with q1 > r1. Now let t ∈ (0, 1) be such that
r1 = tp1 + (1− t)q1, by the Hölder inequality we can write∫

RN

|un|r1dx =

∫
RN

|un|tp1 |un|(1−t)q1dx ≤
(∫

RN

|un|p1dx
)t(∫

RN

|un|q1dx
)(1−t)

→ 0.

Hence un → 0 in Lr1(RN ), ∀r1 ∈ (p, q∗s ), which implies F (un) → 0 and G(un) → 0 in L1(RN ).
However, this contradicts the fact that

0 > Mµ(a) + on(1) = Jµ(un) ≥ −
∫
RN

F (un)dx−
∫
RN

G(un)dx.

Hence (2.11) holds. Combining with u = 0, the inequality (2.11) and Sobolev embedding, we
deduce that {yn} is unbounded. Consider vn(·) = un(x + yn), it is easy to verify that {vn} is
also a minimizing sequence of Mµ(a) and {vn} ⊂ S(a). As a result, it holds vn ⇀ v in X, where
v ∈ X\{0}. By an argument analogous to that used above, we can deduce vn → v in X. □

Lemma 2.5. Assume (A1)–(A3), (A7)–(A9) hold with µ > 0. Then, problem (2.1) has a positive
radial solution u and λ < 0.

Proof. According to the definition of Jµ(u), we have Jµ(|u|) ≤ Jµ(u). In addition, we can also get
|u| ∈ S(a). Then, we deduce that

Mµ(a) = Jµ(u) ≥ Jµ(|u|) ≥Mµ(a),

and we obtain Jµ(|u|) =Mµ(a). Thus, instead of |u|, we can use u. If u∗ is the fractional Schwarz’s
Symmetrization of u ([6, Section 9.2]), we obtain∫∫

R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy ≥

∫∫
R2N

|u∗(x)− u∗(y)|p

|x− y|N+sp
dxdy,∫∫

R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy ≥

∫∫
R2N

|u∗(x)− u∗(y)|q

|x− y|N+sq
dxdy,

and by [26, section 3.3], ∫
RN

|u|pdx =

∫
RN

|u∗|pdx,∫
RN

G(u)dx =

∫
RN

G(u∗)dx,∫
RN

µF (u)dx =

∫
RN

µF (u∗)dx.

It is easy to prove that u∗ ∈ S(a) and Mµ(a) = Jµ(u
∗). Thus, we replace u by u∗.
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From [20], u ∈ Cα(RN ) for some α ∈ (0, 1). Now we show that u(x) is positive for all x ∈ RN .
Assume by contradiction that there exists some x0 ∈ RN satisfying u(x0) = 0, and there exists
x1 ∈ RN satisfying u(x1) > 0 since u ̸= 0. Thus, we can find a ball of sufficiently large radius
R1 > 0 such that x0, x1 ∈ BR1/2(0). Then, combining this with the weak Harnack inequality [11],
we deduce that there exists a constant C8 > 0 such that

sup
y∈BR1/2(0)

u(y) ≤ C8 inf
y∈BR1/2(0)

u(y),

which contradicts the fact that

sup
y∈BR1/2(0)

u(y) ≥ u(x1) > 0 and inf
y∈BR1/2(0)

u(y) = u(x0) = 0.

This implies that there is a positive radial solution u.
Next, we show that λ < 0. By Lemma 2.2 we can assume that there exists a bounded minimizing

sequence {un} ∈ S(a). Hence, we can obtain that there exists a constant λ ∈ R such that

J ′
µ(u) = λΨ′(u) in X ′, (2.12)

where Ψ(u) :=
∫
RN |u|pdx. Then, from (2.12),

(−∆)spu+ (−∆)squ = λ|u|p−2u+ µf(u) + g(u), x ∈ RN

and ∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy − λ

∫
RN

|u|pdx

− µ

∫
RN

f(u)udx−
∫
RN

g(u)udx = 0.

By (A3), (A8), and that Mµ(a) = Jµ(u) < 0, we have

0 > Jµ(u)−
1

q
(

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy − λ

∫
RN

|u|pdx

− µ

∫
RN

f(u)udx−
∫
RN

g(u)udx)

= (
1

p
− 1

q
)

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

λ

q

∫
RN

|u|pdx+
µ

q

∫
RN

f(u)udx− µ

∫
RN

F (u)dx

+
1

q

∫
RN

g(u)udx−
∫
RN

G(u)dx

≥ 1

q

∫
RN

λ|u|pdx,

this implies that λ < 0. □

From Lemma 2.5, we obtain the following lemma.

Lemma 2.6. Fix a > 0 and let 0 < µ1 < µ2. Then, Mµ2(a) < Mµ1(a) < 0.

3. Non-autonomous case

We will state some properties of the functional Iε, which is restricted to S(a). Firstly, we define
Imax, I∞ : X → R as

Imax(u) =
1

p

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

1

q

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy

−
∫
RN

hmaxF (u)dx−
∫
RN

G(u)dx

and

I∞(u) =
1

p

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

1

q

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy
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−
∫
RN

h∞F (u)dx−
∫
RN

G(u)dx.

Moreover, by Lemma 2.2 we know that

M∞(a) = inf
u∈S(a)

I∞(u), Mε(a) = inf
u∈S(a)

Iε(u), Mmax(a) = inf
u∈S(a)

Imax(u).

Then, by Lemma 2.6 and h∞ < hmax, we can immediately obtain

Mmax(a) < M∞(a) < 0. (3.1)

Now, we fix 0 < ρ1 = 1
p (M∞(a)−Mmax(a)).

Lemma 3.1. limε→0+ Mε(a) ≤ Mmax(a), and there exists ε0 > 0 such that Mε(a) < M∞(a) for
all 0 < ε < ε0.

Proof. Let u0 ∈ S(a) satisfying Imax(u0) =Mmax(a). A simple calculation leads to

Mε(a) ≤ Iε(u0)

=
1

p

∫∫
R2N

|u0(x)− u0(y)|p

|x− y|N+sp
dxdy +

1

q

∫∫
R2N

|u0(x)− u0(y)|q

|x− y|N+sq
dxdy

−
∫
RN

h(εx)F (u0)dx−
∫
RN

G(u0)dx.

Letting ε→ 0+ and applying (A6) we can obtain

lim sup
ε→0+

Mε(a) ≤ lim
ε→0+

Iε(u0) = Imax(u0) =Mmax(a).

According to (3.1), we have Mε(a) < M∞(a) for ε small enough. □

The following two lemmas will be used to prove the (PS)c condition for Iε at certain levels.

Lemma 3.2. Assume that {un} ⊂ S(a) is a minimizing sequence with Iε(un) → c and c <
Mmax(a) + ρ1 < M∞(a). If un ⇀ u in X, then u ̸= 0.

Proof. Firstly, we assume that the conclusion is not true, i.e. u ≡ 0. Then, we obtain

c =Mε(a) = Iε(un) + on(1) = I∞(un) +

∫
RN

(h∞ − h(εx))F (un)dx+ on(1).

From (A5), for any arbitrary number ζ2 > 0, there exists some constant R2 > 0 such that

h∞ ≥ h(x)− ζ2, |x| > R2.

Then

c = Iε(un) + on(1)

≥ I∞(un) +

∫
BR2/ε(0)

(h∞ − h(εx))F (un)dx− ζ2

∫
Bc

R2/ε
(0)

F (un)dx+ on(1).

Since {un} is bounded in X, then for some constant C9 > 0, we have∫
RN

F (un)dx ≤ C1a
(1−ξm1 )m1(

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy)

m1ξm1
q

+ C2a
(1−ξm2

)m2(

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy)

m2ξm2
q

≤ C9.

From the fact that un → 0 in Lk1(BR/ε(0)) when k1 ∈ [1, q∗s ), we have

c = Iε(un) + on(1) ≥ I∞(un)− ζ2C9 + on(1) ≥M∞(a)− ζ2C9 + on(1).

This together with small enough ζ2 > 0, we obtain c ≥ M∞(a). This contradicts c < Mmax(a) +
ρ1 < M∞(a). Therefore, we can obtain u ̸= 0. □
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Lemma 3.3. Assume that {un} ⊂ S(a) is a (PS)c sequence of Iε satisfying un ⇀ uε in X where
c < Mmax(a) + ρ1 < M∞(a), that is, as n→ +∞,

Iε(un) → c and ∥Iε|′S(a)(un)∥X′ → 0.

Then
lim inf
n→+∞

|un − uε|pp ≥ β1,

where un ̸→ uε in X and β1 > 0 independent of ε ∈ (0, ε0).

Proof. Firstly, define the functional Γ(u) = 1
p

∫
RN |u|pdx. We can see that S(a) = Γ−1(ap/p).

According to [35, Proposition 5.12], there exists {λn} ⊂ R such that

∥I ′ε(un)− λnΓ
′(un)∥X′ → 0

as n→ +∞. Since Iε is bounded from below and Imax is forced, it follows that {un} is bounded in
X. This ensures that {λn} is bounded, up to a subsequence, we may assume λn → λε as n→ +∞.
Now we prove that

I ′ε(uε)− λεΓ
′(uε) = 0 in X ′, (3.2)

∥I ′ε(vn)− λεΓ
′(vn)∥X′ → 0 as n→ +∞, (3.3)

where vn = un−uε. Since ∥I ′ε(un)−λnΓ′(un)∥X′ → 0, to prove (3.2), it is sufficient to prove that
for all ϕ ∈ X, ∫∫

R2N

|un(x)− un(y)|p−2(un(x)− un(y))(ϕ(x)− ϕ(y))

|x− y|N+sp
dxdy

→
∫∫

R2N

|uε(x)− uε(y)|p−2(uε(x)− uε(y))(ϕ(x)− ϕ(y))

|x− y|N+sp
dxdy,

(3.4)

∫∫
R2N

|un(x)− un(y)|q−2(un(x)− un(y))(ϕ(x)− ϕ(y))

|x− y|N+sq
dxdy

→
∫∫

R2N

|uε(x)− uε(y)|q−2(uε(x)− uε(y))(ϕ(x)− ϕ(y))

|x− y|N+sq
dxdy,

(3.5)

∫
RN

h(εx)f(un)ϕdx→
∫
RN

h(εx)f(uε)ϕdx, (3.6)∫
RN

g(un)ϕdx→
∫
RN

g(uε)ϕdx, (3.7)

λn

∫
RN

|un|p−2unϕdx→ λε

∫
RN

|uε|p−2uεϕdx. (3.8)

We first prove (3.4) holds using the technique in [5]. From un ⇀ uε in X, un → uε in Lt
loc(RN )

for all t ∈ [1, q∗s ). For any ϕ ∈ C∞
c (RN ), define

Φ(x, y) =
ϕ(x)− ϕ(y)

|x− y|
N+sp

p

∈ Lp(R2N ).

We also define

Un(x, y) =
|un(x)− un(y)|p−2(un(x)− un(y))

|x− y|
N+sp

p′
∈ Lp′

(R2N ),

Uε(x, y) =
|uε(x)− uε(y)|p−2(uε(x)− uε(y))

|x− y|
N+sp

p′
∈ Lp′

(R2N ),

where p′ = p
p−1 . It is easy to see that {Un} is bounded in Lp′

(R2N ). Since Lp′
(R2N ) is reflexive,

there exists a subsequence, still denoted by {Un}, such that Un ⇀ Uε in Lp′
(R2N ), hence∫∫

R2N

Un(x, y)Φ(x, y)dxdy →
∫∫

R2N

Uε(x, y)Φ(x, y)dxdy.

Consequently, we obtain (3.4). Using the same technique it can be shown that (3.5) holds.
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Next we prove that (3.6) holds. By the condition of h we know that h is bounded, then we only
need to prove ∫

RN

(f(un)− f(uε))ϕdx→ 0. (3.9)

From conditions (A1) and (A2) we know that

|f(t)| ≤ C1|t|m1−1 + C2|t|m2−1,

then there exists a constant C10 such that

|f(un)− f(uε)| ≤ C10(|un|m1−1 + |un|m2−1 + |uε|m1−1 + |uε|m2−1).

To prove (3.9), we divide the interval of integration into two parts, i.e. for a sufficiently large
R3 > 0 independent of N ,∫

RN

(f(un)− f(uε))ϕdx =

∫
BR3

(f(un)− f(uε))ϕdx+

∫
RN\BR3

(f(un)− f(uε))ϕdx.

(i) For integrals within BR3 . Using Hölder’s inequality we have

|
∫
BR3

(f(un)− f(uε))ϕdx| ≤
∫
BR3

|f(un)− f(uε)||ϕ|dx

≤
( ∫

BR3

|f(un)− f(u)|(q
∗
s )

′
) 1

(qs∗)′
(∫

BR3

|ϕ|q
∗
s

) 1
q∗s ,

where 1
q∗s

+ 1
(q∗s )

′ = 1. Because of un ⇀ u in XR3
= W s,p(BR3

) ∩ W s,q(BR3
), and XR3

↪→↪→
Lk2(BR3), where k2 ∈ [1, q∗s ), it follows that un → u in Lk2(BR3). Also by the condition (A2) and

the continuity of f it follows that f ∈ C(Lk2(BR3
), L(q∗s )

′
(BR3

)), and
∫
BR3

|f(un)−f(uε)|(q
∗
s )

′
dx→

0, hence ∫
BR3

(f(un)− f(uε))ϕdx→ 0.

(ii) For integrals outside the BR3
. By Hölder’s inequality we have

|
∫
RN\BR3

(f(un)− f(uε))ϕdx| ≤
(∫

RN\BR3

|f(un)− f(uε)|p
′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p

≤ C10

[( ∫
RN\BR3

|un|(m1−1)p′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p

+
(∫

RN\BR3

|uε|(m1−1)p′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p

+
(∫

RN\BR3

|un|(m2−1)p′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p

+
(∫

RN\BR3

|uε|(m2−1)p′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p]

,

where 1
p +

1
p′ = 1. By (A1) we have p < (m1 − 1)p′ < q∗s , then {un} is bounded in L(m1−1)p′

(RN ).

Therefore, there exists a large enough R3 > 0, such that∫
RN\BR3

|un|(m1−1)p′
dx < ε.

From the definition of ϕ it follows that ϕ is bounded in X, i.e. there exists a constant M > 0 such
that |ϕ|p < M . Hence,(∫

RN\BR3

|un|(m1−1)p′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p

< εM.
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For the same reason,(∫
RN\BR3

|uε|(m1−1)p′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p

< εM.

By (A2) and repeat the above steps, we have(∫
RN\BR3

|un|(m2−1)p′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p

< εM,

(∫
RN\BR3

|uε|(m2−1)p′
dx

)1/p′(∫
RN\BR3

|ϕ|pdx
)1/p

< εM.

Hence, |
∫
RN\BR3

(f(un)− f(uε))ϕdx| < 4εM . By the arbitrariness of ε, we have∫
RN

(f(un)− f(uε))ϕdx =

∫
BR3

(f(un)− f(uε))ϕdx+

∫
RN\BR3

(f(un)− f(uε))ϕdx→ 0.

Summarizing, we have (3.6). Carry out the same method once more, we can obtain (3.7).
To prove (3.8), let A(un) = |un|p−2un. It follows from the boundness of {un} in X, there exists

a constant C11 such that

|A(un)|Lp′ = ||un|p−2un|Lp′ = |un|p−1
Lp ≤ Cp−1

11 .

Then for each ε1 > 0 there exists a compact support function ψ1 such that for every ϕ ∈ X with
|ϕ− ψ1|Lp < ε1, we obtain∫

RN

(A(un)−A(uε))ϕdx ≤ |A(un)−A(uε)|Lp′ |ϕ− ψ1|Lp +

∫
RN

(A(un)−A(uε))ψ1dx

< ε1C
p−1
11 +

∫
RN

(A(un)−A(uε))ψ1dx.

By the arbitrariness of ε1, we have∫
RN

(A(un)−A(uε))ϕdx→ 0.

Hence (3.8) holds.
From (A3), we have

0 > Mmax(a) + ρ1 > c = lim inf
n→+∞

Iε(un)

= lim inf
n→+∞

(Iε(un)−
1

q
⟨I ′ε(un), un⟩+

1

q
λna

p)

≥ 1

q
λεa

p,

this implies

lim sup
ε→0

λε ≤
q(Mmax(a) + ρ1)

ap
< 0.

Then, there exists a constant λ∗ independent of ε that satisfies λε < λ∗ < 0, so∫∫
R2N

|vn(x)− vn(y)|p

|x− y|N+sp
dxdy +

∫∫
R2N

|vn(x)− vn(y)|q

|x− y|N+sq
dxdy − λε

∫
RN

|vn|pdx

=

∫
RN

h(εx)f(vn)vndx+

∫
RN

g(vn)vndx+ on(1)

and ∫∫
R2N

|vn(x)− vn(y)|p

|x− y|N+sp
dxdy +

∫∫
R2N

|vn(x)− vn(y)|q

|x− y|N+sq
dxdy − λ∗

∫
RN

|vn|pdx

≤
∫
RN

h(εx)f(vn)vndx+

∫
RN

g(vn)vndx+ on(1).
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According to (A1) and (A2), we have |f(t)| < C1|t|m1−1 + C1|t|m2−1 for all t ∈ R. Then∫
RN

f(vn)vndx ≤
∫
RN

|f(vn)||vn|dx

≤
∫
RN

(C1|vn|m1−1 + C2|vn|m2−1)|vn|dx

≤ C1

∫
RN

|vn|m1dx+ C2

∫
RN

|vn|m2dx .

From (A8), we have |g(t)| ≤ C3(|t|q−1 + |t|β−1) for all t ∈ R, hence∫
RN

|g(vn)vn|dx ≤ C3

∫
RN

|vn|q + |vn|βdx = C3

∫
RN

|vn|qdx+ C3

∫
RN

|vn|βdx.

So, we have∫∫
R2N

|vn(x)− vn(y)|p

|x− y|N+sp
dxdy +

∫∫
R2N

|vn(x)− vn(y)|q

|x− y|N+sq
dxdy + C0

∫
RN

|vn|pdx

≤ hmax

∫
RN

f(vn)vndx+

∫
RN

g(vn)vndx

≤ C1hmax

∫
RN

|vn|m1dx+ C2hmax

∫
RN

|vn|m2dx+ C3

∫
RN

|vn|qdx+ C3

∫
RN

|vn|βdx+ on(1)

for some constant C0 = −λ∗ > 0 independent of ε ∈ (0, ε0). Since vn ̸→ 0 in X, we can assume
that lim inf

n→+∞
∥vn∥X > C∗ > 0. Thus, for some constant C12 > 0, by (2.2), we infer that

C12 ≤ lim inf
n→+∞

(|vn|m1
m1

+ |vn|m2
m2

+ |vn|qq + |vn|ββ)

≤ lim inf
n→+∞

C13([vn]
m1ξm1
s,q |vn|

m1(1−ξm1 )
p + [vn]

m2ξm2
s,q |vn|

m2(1−ξm2 )
p

+ [vn]
qξq
s,q |vn|q(1−ξq)

p + [vn]
βξβ
s,q |vn|

β(1−ξβ)
p )

≤ lim inf
n→+∞

C13K1(|vn|
m1(1−ξm1

)
p + |vn|

m2(1−ξm2
)

p + |vn|q(1−ξq)
p + |vn|

β(1−ξβ)
p )

(3.10)

where K1 > 0 is independent of ε ∈ (0, ε0) with [vn]s,q ≤ K1 for all n ∈ N. Since m1 ∈ (p,min{p+
sp2

N ,m∗}), m2, q, β ∈ (p,min{q+ spq
N ,m∗}), thenm1(1−ξm1

), m2(1−ξm2
), q(1−ξq), β(1−ξβ) < p,

hence

lim inf
n→+∞

|vn|pp ≥ C15 (3.11)

for a constant C15 > 0. This complete the proof. □

Next, we consider 0 < ρ < min{ 1
p ,

β1

ap }(M∞(a)−Mmax(a)).

Lemma 3.4. Assume that 0 < ε < ε0 and c < Mmax(a) + ρ. Then, Iε limited to S(a) satisfies
the (PS)c condition.

Proof. By Lemma 2.2 {un} is bounded. Let {un} ⊂ S(a) be (PS)c sequence of Iε with un ⇀ uε,
where uε ̸= 0 by Lemma 3.2 and c < Mmax(a) + ρ. Set vn = un − uε. If vn → 0 in X, then the
proof is complete. If vn ̸→ 0 in X and |uε|p = b, by Lemma 3.3, we obtain

lim inf
n→+∞

|vn|pp ≥ β1 (3.12)

for some β1 > 0 which is independent of ε ∈ (0, ε0).

Let |vn|p = dn → d ≥ β1
1/p, by Brézis-Lieb lemma [35], we have ap = bp + dp. From dn ∈ (0, a)

for n large enough, we have

c+ on(1) = Iε(un) = Iε(vn) + Iε(uε) + on(1) ≥M∞(dn) +Mmax(b) + on(1).

By Lemma 2.3 (i) and (2.5), letting n→ +∞, we have

Mmax(a) + ρ > c ≥M∞(d) +Mmax(b) ≥
dp

ap
M∞(a) +

bp

ap
Mmax(a).
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Then

ρ ≥ dp

ap
(M∞(a)−Mmax(a)) ≥

β1
ap

(M∞(a)−Mmax(a)).

This contradicts ρ < β1

ap (M∞(a)−Mmax(a)). Hence, vn → 0 holds in X, i.e. un → uε in X. This
implies that uε ∈ S(a) and

(−∆)spuε + (−∆)squε = λε|uε|p−2uε + h(εx)f(uε) + g(uε), x ∈ RN . □

4. Multiplicity result

In the following, we will discuss some technical issues. Let ρ0, r0 > 0, ej defined in (A6),
satisfy

• Bρ0
(ei) ∩Bρ0

(ej) = ∅ for i ̸= j andi, j ∈ {1, . . . , l};
• ∪l

i=1Bρ0
(ei) ⊂ Br0(0);

• K ρ0
2
=

⋃l
i=1B ρ0

2
(ei).

We set κ : RN → RN with

κ(x) =

{
x, if |x| ≤ r0,

r0
x
|x| , if |x| > r0.

Now, we consider the function Gε : X\{0} → RN defined by

Gε(u) :=

∫
RN κ(εx)|u|pdx∫

RN |u|pdx
.

Then, by the next two theorems, we can obtain the existence of the (PS) sequence Iε restricted to
S(a).

Lemma 4.1. Reducing ε0 if necessary, there exists a positive constant δ0 < ρ such that

Gε(u) ∈ K ρ0
2
, ∀ε ∈ (0, ε0),

where u ∈ S(a) and Iε(u) ≤Mmax(a) + δ0.

Proof. We assume that the conclusion is false, and hence there exist δn → 0, un ∈ S(a) and
εn → 0, such that

Iεn(un) ≤Mmax(a) + δn

and Gεn(un) ̸∈ K ρ0
2
. Firstly, we have

Mmax(a) ≤ Imax(un) ≤ Iεn(un) ≤Mmax(a) + δn,

then

Imax(un) →Mmax(a), as n→ ∞.

We will analyze the following two cases by means of Lemma 2.4.
(i) un → u in X, where u ∈ S(a). According to Lebesgue convergence theorem, we can deduce

that

Gεn(un) =

∫
RN κ(εnx)|un|pdx∫

RN |un|pdx
→

∫
RN κ(0)|u|pdx∫

RN |u|pdx
= 0 ∈ K ρ0

2
,

which contradicts to Gεn(un) ̸∈ K ρ0
2

for n large.

(ii) There exists a sequence vn(·) = un(·+yn) with |yn| → +∞ and {yn} ⊂ RN which converges
to v ∈ S(a) in X. Then, we can also study the following two cases:

When |εnyn| → +∞, We can infer that

Iεn(un) =
1

p

∫∫
R2N

|vn(x)− vn(y)|p

|x− y|N+sp
dxdy +

1

q

∫∫
R2N

|vn(x)− vn(y)|q

|x− y|N+sq
dxdy

−
∫
RN

h(εnx+ εnyn)F (vn)dx−
∫
RN

G(vn)dx

→ I∞(v).
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Since Iεn(un) ≤Mmax(a) + δn, it holds

Mmax(a) ≥ I∞(v) ≥M∞(a),

which contradicts to (3.1).
When εnyn → y for some y ∈ RN , we have

Iεn(un) =
1

p

∫∫
R2N

|vn(x)− vn(y)|p

|x− y|N+sp
dxdy +

1

q

∫∫
R2N

|vn(x)− vn(y)|q

|x− y|N+sq
dxdy

−
∫
RN

h(εnx+ εnyn)F (vn)dx−
∫
RN

G(vn)dx

→ Ih(y)(v),

then we have

Mh(y)(a) ≤Mmax(a). (4.1)

Since h(y) < hmax, Lemma 2.6 implies that Mh(y)(a) > Mmax(a), which contradicts (4.1). There-
fore h(y) = hmax holds, i.e. y = ei for some i = 1, . . . , l. Then we have

Gεn(un) =

∫
RN κ(εnx)|un|pdx∫

RN |un|pdx
=

∫
RN κ(εnx+ εnyn)|vn|pdx∫

RN |vn|pdx

→
∫
RN κ(y)|v|pdx∫

RN |v|pdx
= ei ∈ K ρ0

2
,

which contradicts to Gεn(un) ̸∈ K ρ0
2

for n large. □

Next, we introduce some symbols:

• θiε := {u ∈ S(a) : |Gε(u)− ei| ≤ ρ0},
• ∂θiε := {u ∈ S(a) : |Gε(u)− ei| = ρ0},
• ηiε := infu∈θi

ε
Iε(u),

• η̃iε := infu∈∂θi
ε
Iε(u).

Lemma 4.2. Let 0 < δ0 < ρ < min{ 1
p ,

β
ap }(M∞(a)−Mmax(a)). Then

ηiε < Mmax(a) + ρ and ηiε < η̃iε, ∀ε ∈ (0, ε0).

Proof. According to Lemmas 2.4 and 2.5, we set

Mmax(a) = Imax(u), I ′max(u) = 0,

where u ∈ S(a). Let uiε : RN → R be uiε = u(x− ei/ε) for 1 ≤ i ≤ l. By direct calculation we have

Iε(u
i
ε(x)) =

1

p

∫∫
R2N

|u(x)− u(y)|p

|x− y|N+sp
dxdy +

1

q

∫∫
R2N

|u(x)− u(y)|q

|x− y|N+sq
dxdy

−
∫
RN

h(εx+ ei)F (u)dx−
∫
RN

G(u)dx,

which implies that

lim sup
ε→0

Iε(u
i
ε(x)) ≤ Imax(u) =Mmax(a). (4.2)

If ε→ 0+, then

Gε(u
i
ε) =

∫
RN κ(εx)|uiε|pdx∫

RN |uiε|pdx
=

∫
RN κ(εx+ ei)|u|pdx∫

RN |u|pdx
→ ei.

We can deduce that uiε ∈ θiε when ε is small enough. Moreover, according to (4.2),

Iε(u
i
ε(x)) ≤Mmax(a) +

δ0
4
, ∀ε ∈ (0, ε0).

Hence, reduce ε0 if necessary,

ηiε ≤Mmax(a) +
δ0
4
, ∀ε ∈ (0, ε0).
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Then
ηiε ≤Mmax(a) + ρ, ∀ε ∈ (0, ε0).

If there exists u ∈ ∂θiε, i.e.

u ∈ S(a) and |Gε(u)− ei| = ρ0 >
ρ0
2
,

then Gε(u) ̸∈ K ρ0
2
. In conjunction with Lemma 4.1, we obtain

Iε(u) > Mmax(a) +
δ0
2
, ∀u ∈ ∂θiε, ∀ε ∈ (0, ε0),

and so,

η̃iε > Mmax(a) +
δ0
2
, ∀ε ∈ (0, ε0).

From this, it can be seen that ηiε < η̃iε for all ε ∈ (0, ε0). □

5. Proof of Theorem 1.1

According to Ekeland’s variational principle, we there exists a sequence {uin} ⊂ θiε (⊂ S(a))
such that

Iε(u
i
n) → ηiε

and

Iε(v)− Iε(u
i
n) ≥ − 1

n
∥v − uin∥, ∀v ∈ θiε with v ̸= uin

for each i ∈ {1, . . . , l}.
Then, getting uin ∈ θiε\∂θiε for sufficiently large n by Lemma 4.2. Given v ∈ Tui

n
S(a) = {ω ∈

X :
∫
RN |uin|p−2uinωdx = 0}, We can define the path σ : (−ξ1, ξ1) → S(a) with

σ(t) = a
(uin + tv)

|uin + tv|p
,

where ξ1 > 0. It is clear that σ ∈ C1((−ξ1, ξ1), S(a)), and
σ(t) ∈ θiε\∂θiε, ∀t ∈ (−ξ1, ξ1), σ(0) = uin and σ′(0) = v.

Then we have

Iε(σ(t))− Iε(u
i
n) ≥ − 1

n
∥σ(t)− uin∥

for t ∈ (−ξ1, ξ1), this means that

Iε(σ(t))− Iε(σ(0))

t
=
Iε(σ(t))− Iε(u

i
n)

t

≥ − 1

n
∥σ(t)− uin

t
∥

= − 1

n
∥σ(t)− σ(0)

t
∥, ∀t ∈ (0, ξ1).

Taking the limit of t→ 0+, we obtain

⟨I ′ε(uin), v⟩ ≥ − 1

n
∥v∥.

Then, instead of v, we can use −v to derive

sup{|⟨I ′ε(uin), v⟩| : ∥v∥ ≤ 1} ≤ 1

n
,

which implies that

Iε(u
i
n) → ηiε and ∥Iε|′S(a)(un)∥ → 0 as n→ ∞,

which means {uin} ⊂ S(a) is a (PS)ηi
ε
sequence of Iε. Combining Lemma 3.4 and ηiε < Mmax(a)+ρ,

we can deduce that there exists ui such that uin → ui in X,

ui ∈ θiε, Iε(u
i) = ηiε and Iε|′S(a)(u

i) = 0.



18 L. BAO, L. WANG, M. LI EJDE-2026/14

According to our assumptions, we have

Gε(u
i) ∈ Bρ0

(ei), Gε(u
j) ∈ Bρ0

(ej)

and
Bρ0(ei) ∩Bρ0(ej) = ∅ for i ̸= j and i, j ∈ {1, . . . , l},

which means ui ̸= uj for i ̸= j while 1 ≤ i, j ≤ l. Thus, for any ε ∈ (0, ε0), Iε has at least l
nontrivial critical points (ui, λi), i.e.

(−∆)spu
i + (−∆)squ

i = λi|ui|p−2ui + h(εx)f(ui) + g(ui), ∀i ∈ {1, 2, . . . , l},
which means∫∫

R2N

|ui(x)− ui(y)|p

|x− y|N+sp
dxdy +

∫∫
R2N

|ui(x)− ui(y)|q

|x− y|N+sq
dxdy −

∫
RN

λi|ui|pdx

−
∫
RN

h(εx)f(ui)uidx−
∫
RN

g(ui)uidx = 0.

Combining with Iε(u
i) < 0, we have

0 > Iε(u
i)− 1

q
(

∫∫
R2N

|ui(x)− ui(y)|p

|x− y|N+sp
dxdy +

∫∫
R2N

|ui(x)− ui(y)|q

|x− y|N+sq
dxdy −

∫
RN

λi|ui|pdx

−
∫
RN

µf(ui)uidx−
∫
RN

g(ui)uidx)

= (
1

p
− 1

q
)

∫∫
R2N

|ui(x)− ui(y)|p

|x− y|N+sp
dxdy +

1

q

∫
RN

λi|ui|pdx

+
1

q

∫
RN

h(εx)f(ui)uidx−
∫
RN

h(εx)F (ui)dx

+
1

q

∫
RN

g(ui)uidx−
∫
RN

G(ui)dx

≥ 1

q

∫
RN

λi|ui|pdx,

which implies λi < 0. This proves the expected result.
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