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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR
FRACTIONAL p-LAPLACIAN KIRCHHOFF TYPE PROBLEMS

SHUWEN HE, SHIQING ZHANG

ABSTRACT. In this article we study the fractional p-Laplacian Kirchhoff type problem in R,
Ju(z) —u(y)P A 2
(avo [ [ R dody) (~A)gu-+ AV @Il = o) + 9o,

where s € (0,1),2 < p < 00, N > sp, a,b,A\ > 0 are parameters. Under suitable assumptions
on V, f and g, if b is sufficiently small and A is large enough, we show that the existence of at
least two different nontrivial solutions by combining the variational methods and the truncation
technique. At the same time, we explore the asymptotic behavior of solutions as b — 0 and
A — co. We also obtain the nonexistence of nontrivial solutions when a is large enough.

1. INTRODUCTION

The aim of this article is to study the fractional p-Laplacian Kirchhoff type problems with steep
potential well and concave-convex nonlinearities,

R2N Tr —

ue WeP(RY),

where s € (0,1),2 < p < 0o, N > sp,a,b, A > 0 are real parameters, V, f and g are continuous
functions, (—A)$ is the fractional p-Laplacian which (up to normalization factors) is the nonlinear

(1.1)

P
nonlocal operator defined on smooth functions by
_ p—2 _

=0 JRN\ B, (z) |z — y|NFsp

where u € C§°(RY), Be(z) := {y € RV : |y — z| < €}. Nonlocal fractional operators come from
many different contexts, such as finance, quantum mechanics, game theory and so on, see for
example [B] [14] [15] 18] and the references therein. One of the main reasons of considering is
related to the equation

E

o= (3451 |, e ) = ),

which was proposed by Kirchhoff in [I3] as an extension of the classical D’Alembert wave equations
for free vibrations of elastic strings. This model takes into account the changes in length of the
string produced by transverse vibrations. For more mathematical and physical background on the
Kirchhoff type problems, we refer the readers to [, 4] and the references therein.

In recent years, when parameters a,b, A > 0, V and f satisfy some appropriate conditions, the
general Kirchhoff type problem

—(a + b/ |Vu|2dx) Au+ NV (z)u = f(z,u) inRY,
RN
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u € H'(RY)
has been widely studied by many researchers, they obtained the existence, concentration, and
multiplicity of solutions to this equation through variational methods and analytical techniques
see [10, 16} 23, 27, [30, [34] and the references therein.
More recently, Xiang et al. [31] investigated the nonlocal fractional p-Laplacian Kirchhoff type
problem

//R?N u(y)|PK (x — )dxdy)ﬁ’;(u:f(amu) in €,

u=0 in RV \Q,
where M is a continuous function, £%. is a nonlocal operator with singular kernel K. When
Carathéodory function f is sublinear growth or superlinear growth, the authors obtained the
existence nontrivial solutions separately. Additionally, when p = 2, Fiscella and Valdinoci [§]
established the existence of nontrivial solutions to problem (1.2)) with a critical growth term. In

particular, a typical example for K is given by singular kernel K(z —y) = |x — y|_(N +5P) and
V(m)|u\p_2u, g(z) are added to (1.2)) defined on the unbounded domain R¥. In this case, problem

1.2) becomes

//RQN = y|N+S)p|p dx dy)(—A);u + V(@) |ulP~2u = f(z,u) + g(x) inRY. (1.3)

(1.2)

If g(x) € L7 1 (RYN) is a nonzero perturbation term and V and f satisfy the following assumptions
(1) infepny V() > Vo > 0 for the positive constant Vp;
(2) there exists R > 0 such that lim,_, [{z € Br(y) : V(z) < d}| = 0 for every d > 0,
where | - | is the Lebesgue measure in RY;
(3) there is p > p such that

t
u/ f(z,7)dr < f(x,t)t for all (z,t) € RY x R.
0

Pucci et al. [19] proved that problem (1.3)) admits at least two nontrivial solutions. Subsequently,
Torres Ledesma [26] also obtained the existence of two nontrivial solutions to problem (1.3) when
f satisfies

there exist g € (p, p;) an T) € , with lim,| o A(2z) = 0 such that
4) th i : dh C(RN, Rt ith lim h 0 h th
|f(z,t)] < h(z)[t|7 1 for all (z,t) € RN x R.

Recently, when f(z,u) + g(x) = Aw(z)|u|""2u — h(x)|u|?"2u, where h(x) is a nonnegative
function satisfying some ratio of integration with w(x), 1 < r < g < oo, Pucci et al. showed the
existence and multiplicity of entire solutions for problem in [20]. Later, for the critical case of
flz,u)+g(x) = P: =2y + Br(x)|u|9"?u, Wang and Zhang [28] showed the existence of infinitely
many solutions which tend to zero under the appropriate positive parameters o and 8. For more
results on different forms of problem , readers can see [9, 17, 25, B2] [B5] and the references
therein. However, there seem to be few articles studying fractional p-Laplacian Kirchhoff type
problems with steep potential well and concave-convex nonlinearities. We note that, when the
concave-convex term presents as f(z)|u|?%u + g(x)|u|""?u with 1 <7 < p < g < p¥, Xiong et al.
[33] explored the existence and multiplicity of nontrivial solutions to problem . Specifically,
if p=2, g(z,u) = pg(z)u? for all A > 0 and 0 < ¢ < 1, Shao and Chen [2I] also obtained the
existence and multiplicity of two nontrivial solutions for problem .

Motivated by the works mentioned above, especially by [16] 19 2] [33], the purpose of this
paper is to study the fractional p-Laplacian Kirchhoff type problem involving steep potential
well and more general concave-convex nonlinearities. More precisely, we follow the variational
methods and use an interesting truncation technique as e.g. in [I6] to prove the existence and
asymptotic behavior of the nontrivial solutions for problem . Furthermore, we also obtain
the nonexistence result of nontrivial solutions to this problem. It is significantly different from
the previous works. When dealing with problem (L.1)), we may encounter several difficulties as
follows:
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(1) We cannot directly generalize minimum and sufficient for research problem with
fractional p-Laplacian Kirchhoff type due to the set 2 x € is strictly contained in R?Y \
(Q2° x Q°), so we need to introduction a new fractional space as [9, 22] BT] to solve this
difficulty;

2) Note that V, f and g are not required to be radial and He.t) may not be increasing in
[t[P=T
(=00,0) and (0,+00) hinders us from borrowing Nehari manifold and fibering methods

such as following [9], 24], 27], we will use the truncation technique to overcome it;
(3) Another difficulty is the presence of nonlocal term ([ [pon lu@—u@)” g, dy)(—A)3u and

[o—y[NF<p P
the lack of compactness, which means that using the variational method directly in a
standard way is not feasible. Then we can restore compactness by constructing some

effective inequalities for b — 0 and A\ — oo.

To state our main results, we assume that V satisfies:

(A1) V(z) € C(RY,R) and V(x) > 0 on RY;

(A2) there exists Vp > 0 such that the set {V < Vp} := {z € RN : V(2) < Vy} is nonempty
and has finite Lebesgue measure; -

(A3) Q = intV~1(0) is a nonempty open set and has smooth boundary with Q = V~=1(0).

Considering that F(x,t) fo x,7)dT and G(x,t) fo x,7)dr are the primitives of f and g
respectively, we assume the followmg conditions:
(Ad) f € CRYN xR,R) and f(z,t) = o[t|P~2t) as |t| — 0 uniformly for z € RY;
(A5) there exist constants C > 0 and g € (p,p}) such that |f(x,t)] < C(1 + [¢t|77!), where
pi= N]\i L S is the fractional critical exponent;
(A6) there exists u > 0 such that f(x,t)t > pF(x,t) >0forall p < p < pfandt e R\ {0};
(A7) g € C(RY x R,R) and there exists h(z) € L7 7 (RN, RT) such that |g(z,t)| < h(z)|t]"
for all r € (1,p);
(A8) there existé v E) (1,p) such that vG(x,t) > tg(x,t) > 0 for all t € R\ {0}.
Now, on the existence and asymptotic behavior of nontrivial solutions for problem we
provide the following theorems.

Theorem 1.1. Suppose that (A1)-(A8) hold. Then for each ﬁxed a >0, there exist b, A, I > 0
such that b € (0,b), A > A and 0 < |h|p,r < II, problem (1.1) possesses at least two different

nontrivial solutions “1(712\ (i=1,2).

Theorem 1.2. Let ul(fz\ (1 = 1,2) be two solutions of problem (L.1)) given by Theorem . Then

for each b € (073) and ugl)A — ugl) in WP(RN) as \,, — oo up to a subsequence, where ub1 #+ ul()2)
are two nontrivial solutions of

p
R2N —
u=0 inRV\Q.

(1.4)

Theorem 1.3. Let a =1 and ul(jz\(i = 1,2) be two solutions of problem (1.1)) given by Theorem
. Then for each fized A > A and ul()i) N ug\i) in WSP(RYN) as b, — 0 up to a subsequence,

where ug\l) =+ uf\z) are two nontrivial solutions of

(—A)pu+ AV (@)[ulP"2u = f(z,u) + g(z,u) in RY,

u e WHP(RY). (15)

Theorem 1.4. Let a = 1 and ul(fz\(z = 1,2) be two solutions of problem (1.1)) given by Theorem
. Then for ug\i) — ) in WSP(RN) as A — oo and b — 0 up to a subsequence, where u") # ()
are two nontrivial solutions of

(=A)u = f(z,u) +g(x,u) in,
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u=0 inRV\Q.

Next, we investigate the nonexistence of nontrivial solutions.

Theorem 1.5. Suppose that (A1)—(A8) hold. If a > a; = Q:\mp; and for each fixred A > 0,
then there exists a constant ag > 0 such that for all b > 0 and a > max{a1, az}, problem (L.1) has
no nontrivial solution.

Remark 1.6. Analysis of conditions and regularity of solutions:

(i) (A1)—(A3) were first proposed by Bartsch and Wang in [2], where AV (z) represents a steep
potential well with a bottom of V~1(0), and its depth is controlled by A. (A4) and (A5) imply
that for any € > 0, there exists C. > 0 such that

(@, )] < eltfP™ + Ceft] 7. (1.6)

(ii) Combined with the regularity theory for the fractional p-Laplacian equations established by
Lannizzotto et al. [IT},12], the kernel function of the operator (—A) satisfies standard singularity
and meets the structural requirements of the regularity theory. Under assumptions (A1l)—(A3),
the potential V' ensures the local boundedness of the coefficients in the equation. Furthermore,
(A4)—(A8) guarantee that f and g satisfy the requirements of local boundedness and controlled
growth for nonlinear terms in the theory. Consequently, all nontrivial solutions (denoted by w)
obtained in this paper are globally Hoélder continuous for i = 1, 2:

e the solutions u( ) in Theorem [1.1{and uE\i) in Theorem [1.3|satisfy u € C2_(RY) with some
a € (0, s];
e the solutions ul()i) in Theorem and %Y in Theorem u satisfy u € C%(Q) with some
a € (0, s], and %) attain the optimal exponent o = s;
e trivial solutions (the nonexistence case in Theorem naturally enjoy C°°(R") regular-
ity.
(iii) In the present paper, our main results complement and develop the relevant results on frac-
tional p-Laplacian Kirchhoff type problems in [19] 26, B3], [33] by assigning more general conditions
to the nonlinear terms f and g.

The rest of this article is arranged as follows. In the next section, we present some definitions
and useful results. In Sections 3 and 4, we provide proofs for Theorems and finally in
Section 5 we prove Theorem

2. PRELIMINARIES

In this section, we will construct a variational framework and provide preliminary propositions.
Before that, we need to some notations. C,C,Cq,Ca,--- denote positive constants (possibly dif-
ferent), | - |, is the usual norm of the space LY(R¥) for all 1 < v < co. If the subsequence of
sequence {uy, } is taken, it will be denoted again as {u,}. o(1) denotes any quantity which tends
to zero when n — oo. Moreover, define the fractional Sobolev space

WHP(RN) = {u € LP(RY) : [u]s, < 00}
endowed with the norm
[wllwsr@yy = ([u]’s’,p + |ufh)

= //Rmv |£L'* |N+Sp * y) '

Now we recall the embedding relationships of the fractional Sobolev spaces into Lebesgue spaces.

Lemma 2.1 (see [5]). Define D*P(RY) as the closure of C§°(RYN) with respect to [u]s,. Let s €
(0,1) and p € [1,00). Then there exists the optimal Sobolev embedding constant € := €(N, s,p) > 0
such that

for

lulp. < €ulf,

for every u € D*P(RN). Moreover, W*P(RN) is continuously embedded in LI(RN) for any q €
[p,p:] and compactly in L] (RN) whenever q € [1,p?).
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Set

X = {u € W P(RY) : / V(@)|ulPda < oo}

RN
with the norm

1/p
Jull = (alulz, + [ Ve)apdz) .
RN
For A > 0, we also need to provide the following norm
1/p
fuls = (alulz, + [ V@)
RN
If A > 1, then ||u|| < ||lul|x. Define Xy = (X, |Jul|»), it follows from (A1) and (A2) that

UV < Vo) T 41 1
[0y gy < mae{ X 7
then X is continuously embedded in W*?(RY). Let A} = ————%———. As in the idea of [23],

CVo[{V<Vo}| *5
for any k € [p, p%], we also have

&\ ~/p pir

/ ulde < (5)1V < Vo) T ully for all A > A, (2.1)
RN a

Furthermore, we give additional definitions about fractional space, for more details see [5], 9] 22} B1].

Set Q C RY be an open bounded set with smooth boundary, Q¢ = RY \ Q, O = (Q¢ x Q°¢) C RV
and Q = R?N \ O. Tt is defined in the usual fractional space W*P({2) endowed with the norm

|u(z) — uy)|” 1p
[ /I— (/Qxﬂmdxdy—&— Q|u\pdx) :

The fractional space E is defined by
E = {u c Lp(Q) : |U(SC) _;va(y” e LP(Q)},
|z —y|» "

and endowed with the norm

ju(x) — ufy) v
lulle = ([ S drdy+ [ )

Moreover, let Eg = {u € E: u =0 a.e. in Q°}. Then we have the following results.

Lemma 2.2 (see [9, BI]). The following claims are established:
() v € B, then v € W(Q) and [o]lwery < lloll 5
(ii) if v € Ey, then v e WP(RY) and ||v]|w=r() < [v]lwsr@y) < vle;
(iii) there exists a constant € := €(N,s,p) > 0 such that for any v € Ey,

|U|Z;Jp§ (Q) S Q:[,U]g,p;

(iv) there exists a constant ¢ = E(N, $,p,82) > 1, such that for any u € Ey,

|u(z) — u(y)| u(z) — u(y)l”
|

P ~ |
p
o |w—yNter dody < ||ulp < Q:/Q w — y[N+sp dz dy,

i.e.
u(z) — u(y)[ 1/p
lullz, = ( o Jz— gVt dxdy)
18 a norm on FEy and is equivalent to the norm on E;
(v) (Eo,|l - llE,) is a reflexive Banach space;
(vi) let {u,} C Eg be a bounded sequence. Then, there exists u € LI(RYN) such that up to a
subsequence, u, — u in LY(RY) as n — oo for every q € [1,p?).

Proceeding as in [30, Lemma 1] and Lemma 2.2 in [34], it is easy to verify the validity of the
following lemma.
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Lemma 2.3. Suppose that (A1)—(A5), (A7) are satisfied. Then

(i) (F = [on f(z,u)vde and F' : X\ — X} is weakly continuous;
(ii) (g'(u) = Jan 9(z, u)vdm and Q’ Xy — X is weakly continuous, where F(u) :=
f]RN x,u)vdx and G(u fRN x,u)vdx. In partzcular if up, — u in Xy, we have
lim (2, un) — g(x,u)|7 Tdz = 0.
n—roo RN

As a consequence, related to problem (l.1)) we have the energy functional J; 5 : X — R given
by

1 b
Toa(u) = =[|ullf + = [u]?", f/ F(x,u)dx f/ G(x,u)dz.
D 2p- RN RN

For all u € X, and v € C§°(RY), it is easy to see that J, » € C1(X,,R) and

u(z) — u(y)|P?lu(z) —u v(x) —v
(a1 = (o ) [ [ )M le) ) )]

|z — y|N e

+/ )\V(m)\u|p_2uvdx—/ f(x,u)vdac—/ g(x,u)vde.
RN RN RN

Clearly, if w € X is a critical point of [, 1, then u is a solution of problem (L.1]).

Next, we introduce a variant of the Mountain Pass Theorem [7] which is considered the Cerami
condition. Let B be a Banach space and J € CY(B,R). If a sequence {u,} C B is said to
be a Cerami sequence (in short (Ce). sequence) at the level ¢ € R when J(u,) — ¢ and (1 +
[lun BT (un)||g+ — 0, where B* denotes the dual space of B.

Theorem 2.4 (see [7]). Let B be a real Banach space. Suppose that J € C1(B,R) satisfies

max(7(0). 7)) <p<n< inf J(w)

for some n > p,p >0 and e € B with |le||g > p. Let ¢ > n be characterized by

= inf
= luf gy T00)

where I' = {r € C([0,1], B) : v(0) = 0,v(1) = e} is the set of continuous paths joining 0 and e.
Then there exists a sequence {u,} C B such that

T (un) = ¢ =n and (1+ [[un]|8)[| T (un)l[5+ = 0.

3. EXISTENCE OF NONTRIVIAL SOLUTIONS

In this section, we study the existence of two nontrivial solutions for problem and provide
a proof of Theorem For this, we borrow the truncation technique. As in [16], define the cut-off
function ¢ € C1([0,00),R) satisfying p(t) = 1 if t € [0,1], 0 < o(t) < 1if t € (1,2), p(t) = 0 if
t € [2,00), maxsso |¢ ()] < 2 and ¢'(t) <0 for any t € (0,00). Furthermore, set

 (u Al e "\
@:7’” foreach5>(TP
pr (A Vo)r/» 2pp®)
with © = %. We move to consider the truncated functional \715 \ 1 X\ — R defined by
[[ulX
i) =l + e (A~ [ P [ 6w
RN RN

where ¢ is a smooth cut—off functlon such that
pr 0, [ullx > 2/78.
It is easy to see that jbﬁ/\ is of class C'. In addition, for all u,v € X we find that

u(x) — u( P2y () —u v(x) —v
(= (o [ [ =) o) o),

|z — y|[NEeP
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+/R )\V(x)\u|”_2uvdx) [1—&— %9@ (”;Qi)[u]?p]
(Ll [ [ =) gt~

EETIAE

- f(ﬂc,u)vdx—/ g(z,u)vdx.

RN RN

Now we check that the truncated functional jf \ satisfies the mountain pass geometry.

Lemma 3.1. Suppose that (A1)—(A7) are satisfied. Then for all A > A4,
(i) there exist 111, p,n > 0 (independent of B,b and \) such that for all 0 < |h|p% < Iy,

inf{]b’@A(u) cu € Xy with |ul|x=p}>mn;

(i) there exist b >0 (mdependent of B and X\) and e € C§°(Q) with |le|]]x > p such that
ij( ) <0 for all b € (0,b).

Proof. Set € = M. We can use (1.6, (2.1), (A7) and Holder inequality to obtain

1Hu||§f/ F(Q:,u)d:c—/ G(z,u)dx
RN RN

1 1
> ~fluf? - = / |u\pdxf—C€ / lulda — ~ / h(z) " da
p p RN T JrRN

TP\ () >

%

1 p  Ce@ya/p Ll B

> (1= SV <l s)nunx—;(g) {V < Vol ¥ lull§
hl 2 ¢

~ 2 (Y < vl i

1 Cavy senalp, Py lhl 2, 1 \r/p
_ P _ ) ~ Ps—P q _ p—T T
= o, Il = —= (%) (m%) lul ~ == (yr) Il

1 _r _
= Jull§ (g Il — Al o)
Caw

. (g)q/%cz\?%)% and Bil(Allvo)r/p'

By simple calculation, for each ¢ > 0, we can obtain that ¥(¢) := %tp " — At?7" admits a unique

where

A:

1
. . - a—p . . .
maximum point at tg = (%) and its maximum is

p—r

q—p p—r a—p
r?;é{\l/(t) = ¥lto) = 2p(g—1) (QAp(q - r)) >0

Therefore, it is easy to deduce that there is tg := p = ||ul|» > 0 such that

Tiw) = =15 (Wito) = Blb| ) >0,

provided that

q— p— Py —a)(p 7‘)+,

a )r;(q(p—r))r;(@\l%)m

2€p(q — ) CAlTVO a

Bl 2. < Ty = r(g —p)

which completes the proof of (i).
To prove (ii), we define the functional Zy : X, — R by

Ih(u) = %Hu“’;\ - /RN F(z,u)dx — o G(z,u)dz
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By (A4)-(A6) and (AB), there exist positive constants C;(i = 1,2,--- ,4) such that
F(z,t) > Ci|t|* — Calt|P and G(z,t) > Cslt|” — Cy (3.1)

for all (z,t) € RY x R. Let ¢ € C5°(Q) be a fixed smooth positive function. Using (3.1)), then one
sees that

6@) =W [ [
nie) = - [ R ey | Faieyie [ Gioya

P — p
< %dmdy—(ﬁl”/ |¢|“dw+Cglp/ |¢\de—cgz”/ 6|V dz + CalQ
p Jo |z —y/Ntep Q Q Q

— —o0  as | — 4oo.

Then, there exists e € Cg°(Q) with ||e|[x > p such that Zy(e) < —1. Then there exists b > 0 such
that

|| Hp le(z) — e(y)] 2
jb{)))\(e) =T\(e) + / |9c = |N+5p da: dy)
b |€( ) — e’
for all b € (0,3). This completes the proof. O

Now we define the mountain pass value

= I 1y Fa (00

where I' = {y € C([0,1], X)) : 7(0) = 0,7(1) = e}. Then by Lemma [3.1] and Theorem [2.4] we
deduce that for all A > Ay and b € (0,b), there exists a (Ce)cf«X sequence {u,} C X such that

Tialun) = cp =0 >0 and (14 Jun|) () (un)llx; = 0. (3.2)

In the following lemma, we provide an estimate on the upper bound of cf » Which plays a key
role in the use of truncation technique.

Lemma 3.2. Suppose that (A1)—(A6), (A8) are satisfied. Then for all X > Ay and b € (073),
there exists M > 0 (independent of B,b and \) such that cf’)\ <M.

Proof. For each 0 < e € C§°(Q2), we have

bt tP|le|}
B 2 lell? 2p —
Ty a(te) = H 5+ o ( 5o )[e] 5 / F(z,te)dx - G(z,te)dx
at? [ le(z) —e()l” fz” /\ 2
<— | ——————dzxdy+ — d d
= Jo Ty v o)

- Clt“/ le|*dz + C’gtp/ le|Pdx — Cgt”/ le|”dz + C4|€2.
Q Q Q
Consequently, there exists a constant M > 0 such that

cha < max Ty (te) < M.

This completes the proof. O

Next, up to a subsequence, we show that the sequence {u,} given by (3.2) satisfies ||u,|[x < 3
for the selected appropriate 5 > 0 which is defined at the beginning of this section.

Lemma 3.3. Suppose that (Al)f(AS), (A6)—(A8) are satisfied, and let 5 = (Mﬂ)l/p If {u,} C
X\ is a sequence satisfying (3 , up to a subsequence, then there exists Iy > 0 such that for all

be (0,b) and 0 < |h| _< Hg, we have |[uy||x < B8 for all X > Ay.
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Proof. We first prove that ||u,||x < 2'/?3 as n — oo. Suppose by contradiction that, there exists
a subsequence of {u,}, still denoted by {u,}, such that ||u,|[x > 2'/?3. We introduce the function
® : [0,4+00) — R defined by ®(t) = OtP — or.

A direct calculation shows that there exists a unique number to = (:%)ﬁ > 0 such that
ming>o ®(t) = ®(to). Thus, using (A6)—(A8), (2.1) and Holder inequality lead to

(T () )

=i (G- 1 2 (Ml Y hualt + (2 - 2o (P2 iz,

— /]RN (F(x,un) — %f(x,un)un>dx — /]RN (G(x,un) — %g(x,un)un)dx]

p—p b rllunlRN 2 p b= 1) (llualBy, o
b (T a2, — 2 (L 2

cbﬁ’A = lim [jbg(un) —

n—oo

Y
g.

. p=—p bl b2p — ) (lunlXN, 2
> _ P p_ P
_nh—>ngo{ D 2uﬂpg0( v )[Un]s’p)HunHA 2up W( p )[un}s,p
e () ]
ur A1V0 nlla
. n—0p p (M—‘r’l")lh|ﬁ r b ! ||un||l>’\ 2 P
= 1 _— n e n - nsp n
s s e (VB
b(2p—p) (lunlSN, 12
 2up <p( pgr )[u”]sﬂ’}
3 1 ~/2(M+1)\"/?
> =z - ok Skl B
220+ 5+ |5 -8(=—) ]
>2M+g,

provided that

W# <y = min{ pr [2A1Vo(u—p) ]r/p 2up(M + 1) Al‘/o(u,—p)}T/p},

w1 LB (M + 1) pt+r L2up(M+1)

which is a contradiction by Lemma [3.2

To finish the proof of the lemma, let us argue by contradiction. Assuming that there is no
subsequence of {u,} which is uniformly bounded by 8. Then we infer that § < |lu,|x < 2'/78
as n — oo. Using a calculation method similar to the above and borrowing the fact that ¢ is
non-increasing, we know that

= Jim [T ) = (T ). )
> Jim [P~ S D
— ! (L) 2 — 2 (Ml
> it [E P g~ O g M2y ]
> 05— 6(2/78)" - W (21/%)2”
- g+ [3-0(e) ™ - 2R (R
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provided that 0 < |h| < Ily, there exists a constant b > 0 such that for each fixed a > 0 and

be (0,3), this is a contradiction by choosing b as small enough. This completes the proof. O

P
p—r

Remark 3.4. If the sequence {u,} C X is obtained in Lemma [3.3] then {u,} is also a bounded
(Ce) sequence of Jp » satisfying ||u,||x < 8. By the definition of the truncation function ¢, one
can see that

Tolun) = ¢y and (14 [|unlln) [T 2 () x5 = 0.
Lemma 3.5. Suppose that (A1)—(A3), (A6)—(A8) are satisfied. Let k € [p,p%) and {u,} be a
bounded (Ce) s sequence. Then there is a subsequence again denoted as {u,} such that for each
b, A
€ > 0, there exists R. > 0 such that for all R > R.,
lim sup/ |un|dr < e,
Bn\Br

n—oo
where By = {x € RN : |z < k}.
The proof of the above lemma can be found in [I5], so we omit it here.
Lemma 3.6. Suppose that (A4) and (A5) are satisfied. If u,, — u in W*P(RYN) and v, := u, —u,
then
im [ [f (2, un) = f(2,0n) = [z, w)]¢|de = 0

n—oo JpN
uniformly in 1 € WP(RN) with ||¢|lywsp@yy < 1.

Proof. The proof is similar to the proof in [6]. For the convenience of readers, here we provide the
process of proof. Let & : [0, +00) — [0,1] be a smooth cut-off function satisfying &(¢) = 1 if |¢| < 1
and £(t) = 0 if [t| > p. We define @, (z) = 5(%)1&1) Obviously,

[En —ullx =0 asn— oo. (3.3)
Going if necessary to a subsequence, define w, = u — @,. It follows from (3.3) and any ¢ €
WP (RN) that

lim sup [f(z,1n) — f(z,u)lpdz = 0. (3.4)

nee ”w”WS«P(]RN)Sl RN
Moreover, by (A4), (A5), Lemma[3.5] and [I5, Lemma 3.3], a standard argument shows that
i swp [ () = Fo - 0,) - o a))ds =0, (35
nroo H’l/)HWs,p(]RN)Sl RN

Next, we prove that

lim sup / [f(z, v + wy) — f(z,v,)|bdz = 0. (3.6)
RN

nTroeo Hw”ws,p(ml\’)gl

We define F(z,0) = 0 and F(z,t) = ‘{ff_’?t ift # 0. By (A4) and (A5), F is continuous at ¢ = 0 and
|F(z,t)| < Cy(1+]t]27P) for all (x,t) € RN xR. For any o > 0, weset AZ = {x € RN : |v, ()| < o}

and B = RY \ A9. Then the Lebesgue measure

1 C
\BZ|§—/ |vn|qdac§—2—>0 as o — 00.
ol B ol
Hence, for some ¢ > 0 and any € > 0, by (A4), (A5), Holder inequality and the boundedness of
{wy,}, we have

‘ /E[f(xavn +wy) — flx,vn)|0de| < e (3.7)

uniformly in |||y sp@yy < 1. By the uniformly continuity of F on RN x [~7,5], there exists
§ :=d(e,5) > 0 such that |w| < § and

|F(x,t +w) — F(x,t)| <e forall (z,t) € RN x [~7,5]. (3.8)
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Similarly, we set CS = {z € RN : |w,(x)] < §} and D} = RN \ CS. Since |[A7 (D3| — 0 as
n — 0o, it is easy to know that there exists N; € N such that n > N; and

’/arwd (@, 00+ wn) = £ (@, va)|0da| < e (3.9)

uniformly in [|¢[|ye»@yy < 1. By using (3.3)), there exists No € NT ensures that both |w,|, < &
and |wy|, < € hold for any n > Ny > Nj. Thus, from (3.8) we infer that

[ PGt w) = Pl onds]| < Cae (3.10)
Znos

uniformly in [[9[|ys»@~) < 1. Based on (3.8)-(3.10), the boundedness of {v, } and {w,}, Holder

inequality and the inequalities
la+b|* < Callal® +[b]%), a € (0,+00), (311)
la]*"2a — [b|*72b] < Callal + [B))*?la = b], «a € (2,+00), '

one has

| [ o+ ) = sl
< \n/m (v +wn) = (o, va)
t] o 1 ) = S ]
<| [, ) S
+ \ / e [F(, v, +w,) — Fx, vn)]\vn|p_2vnwdx’
+ \ /% o F(,0n 4 wn)[|vn + wnlP 72 (0n 4+ wn) — |va [P0 ]0da
<|/ ) = e e
+| / , g P ot wn) = F vn)llonl?~2vptpda)

+ 04/ (L4 |vn + wn|q_p)(|vn|p_2‘wn| + |wn‘p_1)|w|dx
RN

<e+Cse+Csle+ei™! +eP7! 077
uniformly in [|¢[|yys»r~y < 1. This, together with (3.7), implies that (3.6). Hence, it follows from
(3.4)—(3.6]) that Lemma holds. O

We are now preparing to prove the following compactness conditions of J3 ».

Lemma 3.7. Suppose that (A1)—(A5), (A7) are satisfied, and let f = (%)UP. Then there
exists A > 0 such that, for each b € (O,B) and A > A, if {u,} C X\ is a sequence satisfying ,
then {un} has a convergent subsequence in Xy.
Proof. By Lemma and Remark we see that the bounded (C’e)cgA sequence {u,} satisfying
|lunl|x < B. Then there exist u € X and L > 0 such that

U, — u weakly in X,

u, —u strongly in L _(RY) for all k € [p,p}),

12
up — u  ae. in RY, (3.12)

2, < lim fu]2, = 17
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Since X is continuously embedded in W*P(RY), there exists a constant C' > 0 such that
|tn || (ery < CB. Then, u, — u in WP(RY) implies that

, [tn () — un (W)1P2[un(2) — un(y)]lv(2) — v(y)]
lim //RM dx dy

n—oo ‘x — y|N+5P
, (3.13)
u(y)"*[u(z) — u(y)][v(z) — v(y)]
dx dy..
R2N |x — y|N+sp
Combining Lemma [2.3] and Holder inequality, for all v € X, we obtain
lim [z, un vd:c—/ f(z,u)vde, (3.14)
n—oo RN
lim g(x,uy)vda :/ g(x,u)vdx. (3.15)
Then, by (8.12)-(3.15)), for any v € C§°(RY), we have
o(1) = <k7b A(un),v
u()|P?[u(z) — u(y)[v(z) — v(y)]
bLP) dx d
@+ / / [ — gV o
+/ AV (2)|ulP~2uw dx—/ flz,uw)vdr —/ glx,u)vdx asn — oo,
RN RN RN
which yields
[ully + bLP[u]f , — / flx,u)udr — / g(z,u)udz = 0. (3.16)
' RN RN
Set v, = up — u. By |Jun|lx < B one has
[[ullx < liminf [[u, | < 8,
n—oo
leading to
[vnllx = [lun —ullx < 28 (3.17)
From the Brézis-Lieb Lemma [3] we know that
[onl} = lluallf = l[ull} + o(1). (3.18)
Moreover, in view of (A2), (3.12)) and Holder inequality, for any & € [p,p%), one has
/ |vp|Pdz = / |vp |Pda Jr/ |vp [Pdx
RN {Vv>Wo} {V<Vo}
1 e P
< —— | AV|u|Pde + {V < Vo}| = / vn|"dz) "
7 Jo AVl <Vl ([ i)
1
< 3= loall + o)
This implies
p(p%—q) p%(a—p)
/ 0|9 = / (lonl 77 o] 757 )da
RN RN
L T
< ([ toaraz) 7 ([ oapian) T
P ps(a—p) (319)

ps(a—p)

1\ 5=t 3=y
W)pq p< )pps P ” nHiI\JFO(l)'

(
e el (e [, e deay) ™ 1 o)
(

IN
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By Lemma vp, — 0 in WHP(RY) and v, — 0 in L& _(RY) for all x € [p, p?), we obtain

/ (@ un)un — (o, uylde = / (@) — (@ vm) — £, w)un)da
RN

RN
+/ [f (2, vn)vn + f(x,vn)u+ f(2,u)v,]dx (3.20)
RN
= f(z,v) v, dx + o(1).
RN

Based on (|1.6)), (2.1), (3.17), (3.19), Holder inequality and let ¢ = %, one has
/ flx,vp)v, dx
RN

AV
! 0/ \vn|pdac+C’A1v0/ |vp|Ydx
RN 2 JRN

A =
< Vo / |vp [Pda + Cayvg (/ |Un‘qu) (/ |1)n|qd$>
2 RN 2 RN RN

< g0 (29 (5) 7 (D) i) oot

Furthermore, by applying Lemma [2.3] we obtain

/ [g(xaun)un —g(l‘,u)u]dm
RN

<

, (3.21)

= /RN g(z,u)(uy, — u)dz + /RN [9(z,un) — g(x, u)uy,]de (3.22)

p—1

< [ sawmndot ([ loteuw) - gl w]#Tde) T
RN RN
—0 asn — oo.
Observe that (7 y(un),un) = o(1), then from (3.12), (3.16)), (3.18) and (3.20)—(3.22)), we have

o(1) = [unll? + bL* — bLP[ul?, /RN (2, Y — £, w)ulda
- /]RN [g(xvun)un - g(x,u)u]d.%' =+ 0(1)

> ol = [ L) = F(o e+ o(1)

Pi—a ps(a—pP) q—p p(ps—a)

- [3-a (@ () (FFF) ¥ i) i ot

which yields that there exists

a(p%—p)

(28) 7
Ao =22
¥ Vo

such that v, — 0 strongly in X for all A > A := max{1, Ay, Ao}. This completes the proof. O

a(p}—p) ¢ pa(p}—p)+p%(a—p)?

p(py—p) — E — S
PR (20A1V0> (a—p)(PE—a) (7) p(a—p) (Pt —q)
2 a

HV < W}

Let Ju.2(u)|g, be a restriction of J; » on Ejy, that is

_a [ |u(z) —uly)P b
Toa(w)| g, = b )o o=y dx dy + 2p(

—/QF(x,u)dxf/QG(x,u)dx.

S inf t
¢ ilelftrél[aaﬁ]%,/\mo@( ))s

|u(z) — u(y)|”

2
o oy )

(3.23)

We define
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where
F={y€C(0,1), Fo) : 7(0) = 0,5(1) = e}.
Indeed, it is easily seen that Eis independent of A. Furthermore, if (A4)- (A8) hold, then similarly

to the d1scuss1on of Lemmas and Remark . 4 there exist constants b II5 > 0 such that for
all b € (0,b) and 0 < hl 2. < H3, using Theorem [2.4)and Ey C X for all A > 0, we can conclude

that 0 < n < cb’)\ <ec for all A > Aq. Now, we can choose M > ¢. Thus
0<n<cy,<e<M forall A>A. (3.24)

Proof of Theorem[I.1} Let ( be defined as in Lemma [3.3] By Lemmas and Remark
there exist constants 11 := min{II;, Iy, I3}, b > 0 such that for all b € (0, b) and 0 < ‘h|ﬁ < II,

Jb.x possesses a (Ce) sequence {u,} C X at the mountain pass level 657/\ for all A > A4, after
passing to a subsequence, {u,} satisfying

sup [unllx < 8, Joa(un) — cpa and (1 [unl 1Ty 5 (un)llx; — 0.

neN

So by Lemma [3.7] we can see that there exists A > 0 such that {u,} has a convergent subsequence
in X for all A > A and b € (0,b). We may assume that u,, — u,()i as n — 0o, and thus

0<[lugdln < B, Toa(upl) =cj, and Jj,(u) =0.
Consequently, u,()lg\ is a nontrivial solution for problem ([1.1)).
The second nontrivial solution of problem (|L.1)) will be constructed by the local minimization.
Now we show that there exists 1 € X such that J »(l¢) < 0 for all [ > 0 small enough. By (3.1)
and (3.23), take ¢ € Ey with [, [¢|"dz > 0, we obtain

al? [ [Y(x) —P(y)lP bi*P [Y(x) — P (y)” 2
Jb,)\(lw) - de d + %( de!ﬂdfy>
/lewdx—/lew
(@) — o) bI*P (@) — ()P 2 (3.25)
< e s S ([ e e )

—clzﬂ/ |1p|“dx+02l”/ \w\de—cgz”/ | da + Ca|
Q Q Q

<0 asl—0.

Then we can deduce that the minimum of the (weakly lower semi-continuous) functional 7, » on
any closed ball in X with center 0 and radius ¢ < p satisfying Jp x(u) > 0 for any u € X with

[lu]la = o is achieved in the corresponding open ball and thus draw out a nontrivial solution u,(,z))\

of problem (1.1)) satisfying jb,A(UZ(f/)\) < 0 and ||u,()2;H < p. In addition, (3.25) means that there
exist lp > 0 and o < 0 (independent of A) such that Jp x(lo®)) = o and ||lp?|| < o. Then it is clear
that

ij( )<a<0<n<cb/\—\7b>\( 1)) (3.26)

for all b € (0,b), A > A and 0 < |h| _ <IL The proof is complete. O

4. ASYMPTOTIC BEHAVIOR OF NONTRIVIAL SOLUTIONS

In this section, we discuss the asymptotic behavior of the desired solutions in Theorem [T.1] and
provide the proofs of Theorems [[.2HIT.4]
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Proof of Theorem[1.3 If ugzg\(z = 1,2) are two different nontrivial solutions of problem (|L.1)) given
by Theorem For each fixed b € (0,3), then for any 0 < |h|__ < II and sequence X\, — oo, up

to a subsequence, let ugf) = uz(;l)x be the critical points of Jp x,,, by (3.24]) and (3.26]), we obtain

Toor, W) Sa<0<n<c), =Ty, (wd) < M. (4.1)
By using Theorem [I.I] there exists a constant C > 0 independent of \,, such that
0 < |ul?|[x, <C for all n. (4.2)

Hence, passing to a subsequence, we assume that
ugf) — ul(f) weakly in X,
ul — ul(f) strongly in L (RY), for all s € [p,p}), (4.3)
ugf) — ul()i) a.e. in RV,
By using Fatou’s lemma and (4.2, we reach

) (@) |p
/ V(@) Pdz < limint / V(@)u® P < timing 172 _ )
RN n—oo  [pN A

n—oo n

which yields ugi) =0 a.e. in RV \ V-1(0), and u(i) € Ep by (A3).
Below we show that u(z) ( ) strongly in L”(IRN) for any p < k < p¥. Otherwise, by Lions’
vanishing lemma (see [29]) there exist § > 0, Ry > 0 and z,, € RY such that

/ ul® — ugf)|pdx > 0.
BRO ($n)

Let @, — oo, then |Bg,(z,) N{V < Vu}| — 0. By (4.3) and Holder inequality, one has

lim lul®) — u,(f)|pdm =0.
n—oo Bry(zn){V<Vo}

Consequently, we can deduce that

15, = At | o
BR() (ZEW)Q{VZVO}

= )\nV0</ |ul® — ul(f)|pdﬂc + / |u£i)|pdx) +o0(1)
BRO("EH)Q{VZVO} BRO ($71)O{VZVO}

[ [l e [ 0 — uf? Pde] + o(1)
BRO(IH) BR()(ITL)H{V<V0}

— 00 as n — 00,

which contradicts (4.2)). Furthermore, applying (3.20)), (3.22]) and u? = ul()i) in L*(RY) for any
[p, p¥), we obtain

lim f, ululD) de = f(z, ul(f))ul(f)dx, (4.4)
n—oo RN RN
li_>m gz, u)ul da :/ g(x, ub ) ()dx (4.5)
n—oo RN RN
We next prove that ul}) — I()i) in W*P(RYM). Since (T a, (u (z)) ug)) = (Ty, (ug)),u,(f” =0,
then we have
[l ||p + blu ()2‘" —/ f (@, ul)uld) dx—!—/ gz, ul)ul) da (4.6)
RN

and

of jui? (@) = i )P 20s? (@) — e s @) = e w))
R2N

|lw —y|NHop
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+/ AV () |[ul® P20D ) dae

(1 (2) -2y, (1) (4) (4) (#)
) — un (WP un’(2) — un (Y)llwy”(2) —w, ()]
Up, ’p//]RZN d dy

|z —y|NHep
/ f(z,uld) (Z)dx—i—/ g(w,uff))ul(f)dw.
RN

Combining this with (4.4)-(4.6) and ul? = 0 a.e. in RV \ V=1(0), it is easy to check that

[u$P 15+ bluld)? —/ F,ul)u “dx+/RN g(z,u$u" da + o(1) (4.7)
and
Huz(;i)Hp + blul) 15 . / flz ub ()dx+/ g(x, ul(f)) ,(f)derO(l). (4.8)
Passing to subsequence if necessary, there exist constants Ly, Ly > 0 such that
[uSO 1R, = Lo, [uP], = Lo, (4.9)
[us"?, < liminflu]? , = L. (4.10)

Thus, by (4.7)-(4.10), we infer that

Ly 0L = [lug” [P 4+ DLaluyJ2,, < [y P + LS.
Then L; < ||ul(f)||p. In addition, weakly lower semi-continuity of norm implies that
lug”? [P < lim inf [[ul® 7 < limsup [l ||” < lim [[u?[§, = L1 (4.11)

Therefore, uld — ul(f) in X, and so uld — u,(f) in WP(RY). Since (T a, (u (l)), @) =0, it is easy
to check that

p—2r, @ @) _
(oo @)~ /|ub Pl @)~ w)lio) 0w,

X — ‘N+5p |$* ‘NJrsp

:/f(srj,ubz )(;de—F/ g(z, ub )gzﬁdx
Q Q

for any ¢ € C§°(2), that is, ul(f) are two solutions of problem (1.4) by the density of C5°(£2) in
Xo. Moreover, from (4.1) and «,n are independent of A\, we deduce that

@)~ o )l W,
L e e g ([ M )

—/F(xmbl))dx—/Gmub Ydz >n>0
Q Q

and
2 2 2
[ @) = I s 2 |u< @) —w Wl , )
Ix—y\N+$p Ix—le“” Y
/ xub dm /Gmub dr < a <0,
which implies that ub) # 0 and ubl) #* ub . This completes the proof. O

Proof of Theorem[T.3 Let a =1 and for each fixed A > A. Then for all b, € (0,b) small enough,
let ul) = u,(;)A(z = 1,2) be the critical points of J;, » given by Theorem we have

0 < |uld|[x <C forall n.
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Going if necessary to a subsequence, we may assume that u( D u( Y in X. Since Jb /\( ) =0,

we can obtain that u( RN uE\) in X, similar to prove Lemma Moreover, it follows from

f and ( Jb A uSP),v) = 0 that
- ., [0 () — ) () P2 [ () — o) W) [o(2) — 0()]
lim (7, 5 ( = //RZN dx dy

n— 00 n |x7y|N+sp

+ )\V(x)|ug\z)|p_2u§f)vdx—/ f(x,ug\i))vdx—/ g(x, uA )vdm =0,
RN RN RN

which, together with the proof idea of Theorem implies that uf\l) #* uE\Q) are two nontrivial
solutions of problem (|1.5)). This completes the proof. O

The proof Theorem [1.4]is similar to that of Theorem so we omit it here.

5. NONEXISTENCE OF NONTRIVIAL SOLUTIONS

In this section, we argue by contradiction to prove the nonexistence result of nontrivial solutions
for problem (1.1 as a is large enough.

Proof of Theorem[I.3, We define V,, = {z € RN : V(z) < 25} with + < Vo. Then V41 C V,
for any n € N*. Observing that condition (A2) yields |V;| = [{z € RY : V(z) < I-%If < Vo}| < o0.
Then it is easy to see that lim, oo |Vs| = |lim, 00 Vi|. Using (A3), we have lim, . V;, = Q.

p— ps p—
Therefore, lim, o |V, | = [©2]. Thus, by virtue of a > a;, we can choose € = ()<~ — [Q], there
exists ng € NT such that B
Vol — |9 <e for all n > nog,

3
which means that [V;,,+1] < (§)?:~7, so one can infer that

%
F5 with K ! (5.1)
Ps—P w1 = .

T o+ 1tk

As shown in [23], for any A > 0 and & € [p,p%], it follows from ([5.1]) that

[ tutrde < (max { e 817 ()l
RN )\QKO ¢ a

a>C{xeRYN :V(z)

(5.2)
e (Aa) Ps—p (g)“/pHan
S \e a »
where A := max{ Ml( ,1} Let u be a nontrivial solution of problem (I.1)) and ¢ = % Combining
(A4)—(A8) ., and Holder inequality, we reach
0= (Tpa(u),u)
= [Jul[} + blu / f(z u)udm—/ g(z,w)udz
RN
> Julf — = Pde - C Idx — h "d
> fulf - = / Jupds = [ uptds = [ n@llrdo 653

1 r/p
> - P_Ca Idx — P p
> < ull} Of/ jul"da |h|ﬁ(/RN|u| dz)

1 Aay 5= €\ a/p ~. ,
> 5||uw; -ou (T ) T(E)" g~ KA
On the other hand, from and (5.3)), we obtain positive constants C;(i = 1,2, ...,5) such that

Sl O (Aa)“”(%)”puu||q Kol

¢
- %(a[u}gp + /]R i AV (@)ulPdz) - C 1 (A@a) R (%)q”’ (alu,, + /R i )\V(x)|u|de)q/p
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~ r/
— Ar/p|h|L (a[u]p + / )\V(x)|u|pd:1:) 8
p—r RN

S,pP

> (aful2, + /R ) AV (@)lulrdz) — K/710] e Cs [(aful2 )"/ + ( N AV(:U)de)” p}

o3 (%) (0" [otugy o ([ v

a

T Py
a Aa\ 3%

1 Bt
— TP - Pdr — C sTPea/P, [y)e

5P

Aa L ¢ q/r  ~
— 1 - Pg—P 4 -~ P _ T‘/p » - r/p Id
ES cg(a/RN W (@)uffde) "~ KP|h o Cra

$,P

~ r/
—A/h| o O (/ AV (@)|uprdz)
p—r P RN

M pi—a

= % +Ci — Cga”%%p — Csars—» » C’4ar/p —C5 >0,

provided that a > as by choosing ay > 0 sufficiently large. This contradicts (5.3]) and completes
the proof. O
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