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NONLINEAR STABILITY AND OPTIMAL DECAY RATES OF INVISCID
MAGNETIC BENARD FLUIDS

HAO LIU, RUIXIN ZENG, CHENGRONG ZHANG

ABSTRACT. This article studies the nonlinear stability of two-dimensional (2D) incompressible
magnetic Bénard fluids near hydrostatic equilibrium in the absence of viscosity. We prove the
global well-posedness in Besov space by utilizing a frequency decomposition approach, based
on the potential hyperbolic structure. Furthermore, under appropriate additional conditions on
low-frequency part. We derive a Lyapunov-type differential inequality and establish the optimal
temporal decay rates for the global solution, in the sense that the obtained decay rates coincide
with those of the associated linear heat semigroup and therefore cannot be improved in general.
Compared with the results in [30], our findings not only provide the precise decay rates but also
demonstrate faster decay than those previously obtained.

1. INTRODUCTION

Magnetic Bénard fluids describe the dynamic phenomenon of the interaction between velocity
field and magnetic field in conductive fluids, which plays a crucial role in thermal convection
problems [8][38]. In this article, we study the stability of 2D magnetic Bénard fluids, described by
the following system:

uy +u-Vu+ VP —nAu=(0,9)" + B- VB,
Bi+u-VB—uAB =B - Vu,
Y +u- VI — kAY =0,
divu =divB =0,
where u := u(x,t), B := B(x,t), P := P(z,t) and ¥ := ¥(z, t) represent the velocity field, magnetic
field, pressure and temperature of the fluid, respectively. The constants n, ;4 and « denote the
coefficients of viscosity, magnetic diffusivity and thermometric conductivity, respectively. The
term (0,9)T represents the buoyancy force acting due to the temperature variation.

The magnetic Bénard fluid is a classical model for studying heat convection in the presence
of a magnetic field, and it plays a crucial role in Rayleigh-Bénard convection. This system has
broad applications in both physics and geophysics [I0, B4]. Significant progress has been made
in understanding the global stability and large-time behavior of solution for viscous, thermally
and electrically conducting fluids, as demonstrated in [5 [IT], 211, 25] 28] 39, 45]. In particular,
the well-posedness of the system under partial dissipation has been extensively studied in various
settings, such as in [6] [7, (15} 23] 24] 28] [30, 311, [37].

When ¢ = 0, equation reduces to the classical MHD system. The global well-posedness
of this system has been widely studied [1l 20, [36], particularly for the inviscid and non-resistive
case (n = p = 0), as discussed in [4, 9, 22]. Initiated by Lin and Zhang [33], many papers
[2, @, 17, 26], 27, 32] 35l 40, 46] have focused on the global well-posedness of the MHD system
with dissipation but without magnetic resistivity (n > 0, = 0). For the inviscous and resistive
MHD equations (n = 0, > 0), the global regularity problem has attracted attention. Under the
certain symmetry assumptions, Zhou-Zhu [47] studied the global existence of classical solutions
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near an equilibrium state in the periodic domain. Utilizing the assumption that fT‘Z bodz = 0,
Wei—Zhang [41] proved the global well-posedness of the system without a non-trivial background
magnetic field in H*. Later, Ye-Yin [43] conducted small solution with lower regularity in H*(s >
2). Assuming the initial magnetic field is close to a background magnetic field satisfying the
Diophantine condition, Zhai [44] and Chen—Zhang—Zhou [14] proved the global well-posedness in
the periodic domain T? and T3, respectively. Based on these researches, all globally well-posed
results have been established in bounded domains. However, constructing a global solution for this
inviscid system, even with small initial data, in the whole space remains an extremely challenging
open problem.

The goal of this article is to address this issue within the context of Besov spaces. When
the inviscid fluid is coupled with the temperature through the magnetic Bénard system ,
which involves a thermal damping term instead of thermal diffusion, this paper aims to provide
a new mathematical result in Besov spaces. Specifically, it shows that the temperature enhances
dissipation and contributes to stabilizing the fluid. A previous study by Lai et al. [30] demonstrated
the global existence and stability of the system in the Sobolev space H3. Furthermore, they
also established large-time behavior for the solutions:

l(u2,0)||z2 — 0, ast— oo,
1(Vu, Vb, VO |2 < (1 + 1)~ V2.

However, important questions regarding large-time behavior, such as explicit decay rates for the
solution itself and for its high-order derivatives, remains unresolved. The primary objective of this
paper is to establish optimal decay rates for the solutions of the 2D magnetic Bénard problem
, which align with the decay rates of the heat semi-group.

The purpose of this paper is to study the asymptotic stability near an equilibrium state. We
note that if a solution 6, (z2) satisfies 0., (z9) < 0 for some 2§ € R, which implies that fluid with
a higher temperature lies below that with a lower temperature, then the system is unstable-the
Rayleigh-Bénard instability occurs, as discussed in [12] [19] 25], among other. Therefore, we focus
on the opposite case, where ¢/, (x3) > 0, implying that the fluid with lower temperature lies below
the fluid with higher temperature. More specifically, we consider the equilibrium state

L 5

B. = (0, 1)T’ Ve =13, Pe= §LE2.

The perturbations around this equilibrium state are defined by

b=B-B., 0=9-49., p=P—P,.

(1.2)

The evolution of the perturbations (u, b, ) is governed by the following inviscid system of equa-
tions:

ug +u-Vu+Vp=(0,0)T +b- Vb4 b,
by +u-Vb— pAb=1>b-Vu+ Osu,
0 +u-VO+ vl = —us,
divu =divb = 0.
The corresponding initial conditions are
u(z,0) = uo(x), b(x,0)=bo(x), 0O(x,0)=0(x). (1.4)
Before presenting our main results, we clarify the decomposition into low-frequency and high-
frequency components. For any v € S’, we define its low-frequency part u” and high-frequency
part u’ via the Littlewood-Paley decomposition as

UL = Z Aju, ’LLH = ZA]"LL.

i<—1 3>0

(1.3)

To measure separately the contributions of low and high frequencies in Besov norms, we use the
following notation:

lullf, = 1@ 1Aullr);<0

o Nl = 1@ 1Aullze) 51

iy
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lellby s, )= 1@ 1Agullcacomicollrs ullfy s, )= NP IAzulzaoe))is -1l

For additional background on Besov spaces and related notation, we refer the reader to Section 2.
Now we state the nonlinear stability result of the magnetic Bénard problem.

Theorem 1.1. Let (ul, bk, 0F) € Bg)l(Rz) and (udl, blt, 0) € B%)l(RQ), with divug = divbg = 0.
Then, there exists a constant eg > 0 such that if the initial data satisfies

&o = ||(Uo,boa90)||LBg1 + H(uovbov90)|\g§1 < o, (1.5)
system and admit a unique global solution with
(u",b",0%) € C(Ry; B ) N LY (Ry; B3 ),
b € C(Rys B,) N LM (R BY ), (1.6)
(ull,07) € C(Ry; B2,) N LI (R ).
Moreover, for all t > 0, the solution (u,b,0) satisfies

[l (w, b, 9)”%00(33)1) + | (u, b, 9)”?;;0(3%,1) + [[(u, b, 6)”211/(3;1) + ||(u79>||f%(35’1) + Hb”ffl/(gg’l)

1.7
<& (1.7)

Remark 1.2. If the fluid is unaffected by temperature and magnetic field, the system reduces
to the 2D incompressible Euler equation, where the vorticity gradient can grow double exponen-
tially over time [I8 [29] [42]. However, when considering the interaction between temperature and
the magnetic field, the system becomes stable.

Remark 1.3. Theorem shows that if the initial data is sufficiently small in Bgy1 and B%ﬁl,
then system admits a global solution. Since H*(R?) < B2,(R?) for s > 2, we can replace
BY, and B3, with H*. This existence result can be found in [30], and here we extend it to the
homogeneous Besov spaces.

Then we also obtain the optimal temporal decay rates of the solution obtained in Theorem [I.1]

Theorem 1.4. Assume that the initial data (ul,bl,0k) € B;;(RQ)(O < o < 1). Then, the
corresponding solution (u,b,8) obtained in Theorem satisfies the following optimal temporal
decay rates for allt > 0:

IA® (u, b, 0) |22 S (1+8)7 5%, (1.8)
where the pseudo-differential operator A = (—A)Y/? and s € (—0,0].
Remark 1.5. The temporal decay rates given in (|1.8) are optimal in the sense that they coincide

with that of the heat semi-group. In contrast to the large time behavior ||(ug, 8)(¢)||rz — 0 as
t — oo described in [30], our result provides a precise decay rate.

If the damping term v6 in (|1.3)) is replaced by the thermal diffusivity term xA#@, then (1.3)) can
be written as
w4+ u-Vu+Vp=(0,0)T +b-Vb+ b,

by +u-Vb— pAb=1>b-Vu+ dsu,
O: +u- VO — kA = —ug, (1.9)
divu =divb =0,
u(z,0) = up(x), b(z,0)=0bo(z), 0(x,0)=0(x).
For the system in , the stability result and optimal temporal decay rates still hold. The
proof of Theorem [I.6]is similar to that of Theorem [I.1] and so we omit it here.

Theorem 1.6. Let (ul, bk, 0F) € ngl(]l@) and (udl,blt, 6) € 35,1(11@), with divug = divbg = 0.
Then, there exists a constant eg > 0 such that if the initial data satisfies

80 = ||(U0,b0,00)||1é31 + H(u07b0700)”g§1 < €0, (110)
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then system admits a unique global solution with
(u®,b",6%) € C(Ry; By y) N L (Ry; B3 ),
ul € O(Ry; Bgl) N Ll(RJr;B%,l)? (1.11)
",0") € C(Ry; Bgl) NL'(Ry; Bgl)

In addition, if the initial data (ul, bk, 0k) € BQ_ZO(]RQ) with 0 < o < 1, then the following optimal
temporal decay rates hold for all t > 0:

1A (u,b,0) L2 S (1 +8)7 7 (1.12)

Now we outline the main idea of the proof. The key to proving the global existence of the
solution is to establish uniform a priori estimates. A significant challenge arises in controlling the
convection term u - Vu due to the absence of viscosity in the system. To overcome this, we exploit
the potential hyperbolic structure of the system. By applying the Leray-Helmholtz projection
P:= I — VA~!div to the first equation of 7 we obtain the system

8,3111 + 8182A_19 — 82[)1 = P(b . Vbl —Uu- Vul),
Orug — OPATH0 — Ooby = P(b- Vby — u - Vuy),

where I represents the identity matrix. If the temperature is neglected, differentiating (|1.3)) with
respect to time and making several substitutions, using (|1.13]), we have

5‘ttu1 — uatAul — Ggul = Ml,
8ttu2 — u@tAug — 8§u2 = MQ, (1.14)
Db — pd Ab — 92b = Ms,

(1.13)

where
My = (8t — MA)]P)(Z) -Vb, —u- Vul) + (92(() -Vu, —u- Vbl),
M2 = (8t - ,LLA)]P)(ZJ . ng —Uu- VUQ + 9) + 32(b . V’U,Q —Uu- ng),
Mz :=0i(b-Vu—u-Vb) + 0P(b-Vb—u-Vu+(0,0)T).

Leveraging the hyperbolic smoothing effect of the above equations, we observe that the magnetic
field captures a vertical dissipation effect on the velocity (see (3.8]) for details), that is, dyu.
Similarly, if the fluid is not affected by the magnetic field, differentiating (1.3) with respect to
time and making several substitutions, we also obtain

(“)ttul + UatU1 + BfA_lul = M4,

Opug + vOiug + 8%A71’UJ2 = Ms, (115)

&gtﬁ + 1/8159 + afA_lﬁ = MG,
where
My = (at + I/)P(b -Vby —u-Vuy + 82[)1) + 8132A71(u . VG),
Ms = (E)t — V)P(b -Vby —u-Vug + 82[)2) — 8%A_1(u . V@),
Mg = ]P’(u -Vug —b- ng) + (9t(u . V@) — Oobs.

This system also suggests a potential construction of a hyperbolic structure. It shows that the
temperature contributes a horizontal dissipation effect on the velocity (see (3.6) for details), that is,
O1u. Based on the above observations, to handle the nonlinear terms, we employ the technique of
high and low frequency decomposition, separating the solution (u,b,8) into its low-frequency and
high-frequency parts. For the low-frequency part, we focus on ensuring the minimal regularity
requirement, i.e., (u” bl 0%) € B9 ,. For the high-frequency part, we control the nonlinear
interactions using appropriate product and commutator estimates. This leads to the functional
framework (uf,b# 6H) € B3 . Finally, by applying interpolation inequality and negative Besov
norms, we derive a Lyapunov-type differential inequality, which leads to the optimal temporal
decay rates.



EJDE-2025/17 INVISCID MAGNETIC BENARD FLUIDS 5

This article paper is organized as follows. In Section 2, we introduce the Littlewood-Paley
decomposition, Besov spaces and other essential tools. In Section 3, we prove Theorem and
in Section 4, we establish the proof of Theorem

Notation. For 1 < p < +oo, we simplify [, ||fllzere) and B?,(R?) as [, ||f||z» and BE,
respectively. For a Banach space A, we use the shorthand notation ||(f, )||A = [flla+ HgHA
The symbols C and C; (i = 1,2, 3,4) represent generic positive constants, which may vary from
one line to another. For a uniform constant C, we write f < g to mean f < Cg, and f =~ g to
indicate both f < Cg and g < Cf. For two operators X and Y, we define the commutator as
[X,Y]=XY —YX. F (F1!) is the Fourier (inverse Fourier) transform operator.

2. PRELIMINARIES

In this section, we introduce the Littlewood-Paley decomposition, the definition of Besov spaces
and some useful properties. For further details, we refer to [3].

Let x be radial function such that y = 1 in {¢ € R? : |¢| < 3/4} which supported in {£ € R? :
|€] < 1}. Then ¢ := x(&) — x(2¢) is supported in the annulus {¢ € R? : 3/4 < |¢| < 8/3} and
satisfies

O+ p(277¢) =1, VEeR?
§=0

> 277 =1, vEeR?\{0}.

JEZ

The homogeneous dyadic blocks Aj are defined by
Aju:= (279 D)u = 2% /h(QJy)u(x —y)dy, VjeZ,

where h := F~ 1. For tempered distribution u € S’, we have the decomposition
JEL

According to the above decomposition, we have the definition of the homogeneous Besov spaces.
Definition 2.1. For s € R and 1 < p,r < 0o, then the homogeneous Besov space B;)r is defined
as

B, ={ueS :||ullg. <oo},

oo

where o

lull s = 121 Azulle)jezllir-

Next, we present Berstein’s inequalities, which will be used frequently.

Lemma 2.2. For any r € (0, R), nonnegative integer k and pair (p,q) € [1,00]? with p € [1,q],
there exists a constant C' > 0 for w € LP such that

supp Fu C {€ € R? : |¢§] < AR} = sup [|0%ul|r« < CR+1\k+2(5 - )||u||Lp,

|| =k

supp Fu C {£ € R2:\r < €] < AR} = C™ k= 1)\k||u||Lp < sup [[0%u]|Lr < Ck+1)\k||u||Lp.

ler|=
Lemma 2.3. Assume s € R and 1 < p,r < oo, then we have the following properties:

(1) Embedding: for any 1 < r<ooandl <p<p<oo, it holds

BS,T(RQ)%B?( (RQ) BS,l(RQ)%L”(RQ), B2 (R?) < L=(R?). (2.1)

(2) Interpolation: for any 0 < 6 < 1 and s1 < sa, then it holds that

lll gaaoeaa-o) < Il ull2z (2.2)

c o1 1 .
10ton(1-0) < S Yl
Hu||B}),119+ 20T 83 — 81 (9 + 1-— H)HUHBp,loo‘

(2.3)
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(3) Derivatives: for any integer k, then it holds that

sup 10

lel=

~ ull geen- (2.4)
Next, for the sake of time integration, we provide the following mixed Besov space about time
and space, which was introduced in [13].
Definition 2.4. Assume s € R, ¢t >0 and 1 < p, q,r < oo, the space L7(0, t; B;T) is defined as
L9004 B5,.) i= {u € L9(0.:8'(B) : [[ul 75, < o0},
where
lullzo s = 127 1Asulgom)sezle-
Remark 2.5. One easily from Minkowski’s inequality check that

||u||L;1(BI§ ) X ||UHLG(BS W) if r < q,

(2.5)
lellzoss ) < lullpgss ) fa<r
For any s’ > 0, one observes that
P T A
il p,T
Hy < (2.6)
s, < o
Finally, let us recall some product estimates and commutator estimates.
Lemma 2.6. We have the following product estimates:
o Forany 1l <p,r <ocoands >0, it holds that
Ifolls; < B;mngnm 5 Il (2.7)
e For any s1 < %, Sg < 2 5 51 + 59 >0 and 1 < p < oo, it holds that
£l prirad S S sz, gl sz, - (2.8)
e For any s1 < %, S9 < 2 5 81 4+ 59 >0 and 2 < p < 00, it holds that
1f9ll . grad S S I llse gl sz, - (2.9)

Lemma 2.7. For1 < p < oo and a vector field X = (X1, X2)T', we have the following commutator
estimates:

° For—7<s 1+7, one has
> 2NAL X Vifllee S 1fllss XL (2.10)
JEZ pyl

e For s >0, one has

> 2°NA; X VISl S Ifllgs  IVX L + 1 X5 1V 1]z (2.11)

JEL

° For—%gsgl—&—%, one has

> 20[A, X - VIf e S 1y X2 (2.12)

JEL p,1
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3. PROOF OF THEOREM [I.1]

In this section, we prove the existence of global solutions to system , that is, Theorem (1.1
Combining the local well-posedness with some a priori estimates, and then employing a standard
continuity argument to extend the local solution to a global one. The proof of local existence for
equations is standard, and we omit the details here. Interested reads are referred to [106], 43].
With the local existence result in hand, the key step is to prove uniform a priori estimates of the
solution, as stated in . To do so, we introduce the energy functionals

E(t) = lI(w b, 0) 1 + 1(w,0,0)l|55

(3.1)
Dt) = (b, 0) 15 + 1 O+ 162y
First, we focus on the uniform stability estimate for the low-frequency part of (u, b, ).
Lemma 3.1. It holds that
t
105,00 g + 10OV sy 5 N bonb)ly + [ E@D)s. (32

Proof. Applying the operator A;(j € Z) to (T.3) yields
3,5Aju + Aij - Aj (0, G)T - Ajagb = Aj./\/l,
8tAjb - MAA]b — Ajag’u, = A]‘NQ, (33)
8tAj9 + Z/Aje + Aj’dg = _AjN37
where
N :=b-Vb—u-Vu, No:=b-Vu—u-Vb N3:=u-Vb.
Taking the L? inner product with Aju, Ajb and AJH to the first three equations of (3.3)),
respectively, then using integration by parts and summing up the resulting equality, we obtain
1d
2dt
_ / (AN Ayut AN - Agb— A NGA0) da,

1A u, Db, Aj)I72 + ul VABIIZ2 + ]| 4,07 )
3.4

where we have used the cancelation that
/Aj(Vp —(0,0) — dob) - Ajudx — /Ajaw - Ajbdz + /AjugAdex =0.
So as to get the horizontal dissipation of u, applying the operator AjV to the second component

of the momentum equation 1 and 3 lead to
atAjw% + Ajva%p - Ajvp - Ajvaﬂ?2 = A;VNE, 35)
0 A; VO +vA; VO + AjVus = —A; VN3,

where N7 stands for the second component of Nj.
Noting that divu = 0, then we have ||A;01u|| 2 = ||A;Vug| g2. Thus, multiplying (3.5), and
B:5), by A;VO and A;Vus in L?, respectively, we find that

%/Ajm LA, VOde + | A0l 2 — 1A, V0] 12
+/ (4;V02p — 4,050 ) - A;V0dz + V/Ajve - A;Vugda (3.6)
- / (AjVNE - A;V0 = A;VNG - A0, ) da.

To control the term [ Ajvagp . AjVHdm, applying the operator div to (1.3));, by 4 we check

that
Ap=Vb:Vb—YVu: Vu-+ 00. (3.7
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Next, we aim to obtain the vertical dissipation of w. Taking L? inner product of (3-3); and
(3-3), with A;02b and —A;0su, respectively, we obtain

%/AJU . Ajagbdx + ||Aj82u||L2 — HAj&QbHLz — /AJHA]agbzdx + V/AA]b . Ajaguda:
(3.8)
= / (Ale . Ajagb - A]‘NQ . Ajﬁgu)dx,

where we have used [ A;Vp-A;dsbda = 0.
Then combining (3.4)), (3.6]), (3.7) and (3.8]), for a large constant C; we can obtain the estimate

%g% + 'ZS% =] /Aj./\/l . A]Udl‘ + 1 /A]'NQ . Ajbdx - Ch /Aszg . Aﬂdx

- /Aj/\/2 .Ajazudx+/Aj(vu : Vu — Vb : Vb)A;8,0dx,
where
£ .= %Cln(Aju,Ajb, A;0))2, +/Ajqu - Ajvader/Aju-Ajagbdx,
D} = Cuul|VA;b)172 + Crvl|A;0]|72 + 1401072 + 1A 02ull7= + || A;020]17 2
— 14090122 — |A; V0|2, — /Ajvazb2 : Ajvedx+u/Ajvo.Ajvu2dx

—/AJQA]aQdeZ'-f—I//AA]bAjaQUdSL'

By using Berstein’s inequality, for j < 0, one has
IVA; fllze S 204 fllz S 1A fze.
Then taking C7 large enough and using the above result, we have
Ef = |I(Aju, Ajb, A;0)17-, (3.10)
D} ~ [[(VAju, VA, Aj60) 172 2 2% (Aju, Ajb, A;6)||Z:.

Integration by parts,and using Holder’s inequality and Berstein’s inequality, for j7 < 0, (3.9) and
(13.10) we have

d - . . . ) ) -
@5% + 278 < (AN, AjNa, AjN3, Aj(Vu: Vu — Vb : Vb)) 1261,
which together with HAJ (Vu:Vu—Vb: Vb)) < HA N2 yields
t
EL(t) +22J‘/ Er(s)ds < EL(0 / (AN, AjN2, AjN3)| L2 ds. (3.11)
0

Summing over j < 0, together with (3.10)) one obtains

||(u7b7 9)”[”/;0 BO + H(u b 9)||L1(B2 )
(3.12)
< (0, bo. 60 / (NG, A, Al ds.

Now, we estimate the nonlinear terms in the right-hand side of (3.12) . According to ([2.4)), (2.6)
and (2.8]), we obtain
I V- Vb, V)|, S ulgg IV b0)ll 5y, S el g 10.0)] 52, S EDD(), (313)
and

CSEMD). (3.14)

16 9b.b- Vu)llhy < bl sy, IV )llsy, < 6050 100,52
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In summary, putting the nonlinear estimates (3.13]) and (3.14) into (3.12]), we obtain the desired
estimate (3.2). The proof is complete. O

Then we begin to control the stability estimate for the high-frequency part of (u,b, ).

Lemma 3.2. It holds

0. O g + 10 O+ 100
t (3.15)
< o b o)y + [ E(D(s)as,

Proof. Multiplying (3.3),, (3.3, and (3.3]); by —AAju, —AAjb and —AAJH in L?, respectively,
by integrating by parts, the fact that

/AJ(82b + (0,9) - Vp) . AA]"LLCL’IJ + /Ajagu . AAde.’E - /AJUQAAJGCLT = 0,

and summing up the resulting equality, we have

S (VA0 VAL VA 3+l ABZ: +VIVA0]2 o
= / (VAN - VAju+ VAN, - VAL~ VAN; - VA;6) da. '
Multiplying by a large constant Cy and adding to , and 7 we obtain
S&y+ Dy
= CQ/VAJNI -VAjudercz/vAjNQ VA bdz — cg/vAjNg -VA,0dax
(3.17)

+/AJVN12 . AJVQdI — /AJVN3 . AjVU2d$+ /Aj./\/l . A](?gbdx

- /AjNQ-AjawdH/Aj(vu : Vu — Vb : Vb)A;8,0dx,

where
E% = %c2||(vAju,vAjb, VA;0)|2. +/Ajvu2 - Ajvedx+/Aju-Aja2bdx7
D}y = Cop||AAD| 72 + Cov|[VA;0)1 72 + | 400072 + | Aj02ull72 + [|A;0:0] 7

- ||A]82b||2L2 - ||AJV9||%2 — /Ajvagbg . AJVGdI + I//AJVQ . AjV’U,QdI

- /AJHAJBQdex—l— V/AAJZ) Ajagudl'
By Berstein’s inequality, for j > —1, we have
18, fllz2 S 277 IVA; fllze S VA, £z (3.18)
Taking C5 large enough, then using (3.18]) and Young’s inequality, it follows for j > —1 that
Ehr =~ [(VAju, VA;b, VA;0)||7,
D% ~ |(VAju, AA;b, VA;6)| 2., (3.19)
Dy 2 I(VAju, VA;b, VA;0) | 12| (VAju, AA;b, VA;0)]| 1.
Noting that
/vAj/\/l : vAjudx+/vAjN2 - VA;bdz — /vAjNg - VA,;0dzx

= /A]—(V(Z%V)b)~AjVudx+/Aj(V(b~V)u)~Aijdx7/Aj(V(u~V)u)oAjVudx
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f/Aj(V(u'V)b)~Aijdmf/Aj(V(u~V)0)'AjVdeJr/[Aj,bV]Vb~AjVudx
+/[Aj,b~V]Vu-Aijdx—/[Aj,u'V]Vb-Aijdx—/[Aj,u-V]Vu-AjVudx
—/[Aj7u.V]v9-Ajv9dx

and

/Aij/f -A;Vodzr — /Ajw\/3 - AjVuydz
= /AjV(b-VbQ)~Ajv9dx—/Aj(V(u~V)ug)-Ajvedz
(3.20)
f/Aj(V(u.V)a).AjVUdef/[Aj,u.quz-Ajvodz
—/[Aj,u.V]w.Ajvude,
then by Holder’s inequality, (3.17)-(3.20), for j > —1, one has
igH +EuDy < (HA (Vb - Vb, Vb - Vu, Vi - Vi, Vi - Vb, Vi - VO) | 12
+I([4;,b- VI(Vb, V), [Aj, u- VIV, Vu, VO))|| 2 + ||(AlevAjN2)||L2)gH,

which gives

En(t) + / " Bur(s)ds
0

t
gsH(0)+/ (||Aj(Vb-Vb,Vb~Vu,Vu-Vu,Vu-Vb,Vu-V@)HLz (3-21)
0
+1(1A5,b- VI(Vb, Vu), [Aj, u- VIV, Vu, V0)) 12 + [ (AgN7, ApNa)l 12)ds

By using the Calderon-Zygmund inequality, (2.4), (3.19) and summing inequality (3.21)) over
j = —1, we have

1t 0, Ol e 3y + 1 Oy 1y + BN 35

< o, bo. )2, + / (s

+ ) YI([A;,b- VI(Vb, V), [Aj, u- VI(Vb, Vu, V6))|| 2
ji>-1

+1[(Vb- Vb, Vb - Vau, Vau - Vau, V- Vb,Vu~V9)||lel>ds

(3.22)

Next we turn to estimate the nonlinear terms of (3.22]) in sequence. First, by (2.7) and (2.1J),
we obtain

(Vb - Vb, Vb -V, V- Vi, V- Vb, V- V8) | 35

< Vbl (V0 V) 5y, + [Vl (D, T, VO gy | + [ V6 [Tl 5

< (v, Vu,vmn%;l (3.23)
< 1. 0) %

< EWD).
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For the term concerning the commutator, we use ) and . to obtain

> V([ b- V](Vb, V), [A;, u- V](Vb, Vu, V6))|| 2
jz-1
S Vb, Vu, VO) || 1 [[(VE, Vu, VO) |1

S (Ve Vu, VO)IIE, | (3.24)
S [CE
S E()D().
For the last term, it follows from ([2.8)) and . ) that
[N Ny S B U)IIB;‘III(Vb, Va)lpy, SO Wl [10,u,0) 5 S EGODE).  (3.25)

Thus, inserting the estimates (3.23))-(3.25]) into (3.22), we obtain (3.15]) immediately, and complete
the proof. O

Proof of Theorem[I.1 Here T* denotes the life-span (maximal existence time) of the local solution
(u,b,0). Next, we need to proof that (I.7) holds and T* = oo. It infers from (3.2) and (3.15) that

/D )ds < C3&) + Cy sup E(s D (3.26)

0<s<t

where & is defined in ((1.5)).
For any ¢ € (0,7*), we have

1
sup £(s) < —.
ogslit (s) 20y
Then (3.26) yields
1 t
0

Finally, choosing sufficiently small ¢, by using the local existence result together with a standard
continuity argument (sometimes referred to as a bootstrapping argument), we have T* = oo. This
completes the proof. O

4. PROOF OF THEOREM [ 4]

This section is devoted to proving the optimal temporal decay rates for (u,b,6) in Theorem
First, we prove that the negative Besov norms of (u, b, #) in low-frequency are bounded along
time evolution.

Lemma 4.1. Assume o € (0,1] and (ul,bf,0%) € 32 o5 for any t > 0, one has
[ (u, b, 9)||B o S H(UO,boﬁo)HB o +&o. (4.1)
Proof. Just as we have done in the proof of - that for j <0
d - . . .
6L S AN ANz, AjNG) | 1z,
which gives rise to
(b O o, b, ) +/ (M N, N3 5 ds. (12)

To estimate the right-hand side of (4.2, it follows from , and . that
(- V- Vb, 96) 50 S [l o (Vs O, ve)HB;,l < ||u|\3;go I b O, (43)

and
16~ 9bb-Vu)l s < Il (V0 V)l sy S [0l o 1052 (44)
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Noting that
1w, D)l 55 S ||(uvb)||é;; + ||(u,b)||§£;
S DG + [l -+ bl
§||(u,b)||L-,,, +IIUI|H2 +||bHBs ;

then puttmg , and above inequality into ), together with ., and ., we
obtain 1mmed1ately

Proof of Theorem[1.]} For the low-frequency part, following a similar approach to the proof of

(3-9)-(3.11), and using (3.10]),, we obtain the result for j <0,
d - . . . .
agL + 2781 S IIA N, AjNa, AjNG) | 2,

where £, and N;(i = 1,2,3) are defined in (3.9) and (3.3), respectively. Summing up on j < 0,

by and one has
d .
S et b0, < ||<N1,N2,N3>||LBSJ. (45)

§<0

Next let us bound the nonlinear terms N;(i = 1,2, 3). Thanks to , - . ) and ., we
find that

- Vu,u- Voo VO, < lullly IV (wb.0)G, S lulby (b0 < elbo)5 .
and
L L L L L L
(090, Vu) 5 < 10l IVl < 105 10.u)l5 < coll(usb,0)I% -
Then, for suitable small €y, (4.5 implies
d 5 L
& ZgL + H(U” b70)||3;1 5 0. (46)

<0

For the high-frequency part, a similar way as the proof of (3.17)-(3.21)), by (3.19) and j > —1, we
derive

d -~ ~ .
&EH + D SJA(VL- Vb, Vb - Vu, Vu - Vu, Vu - Vb, Vu - VO)|| 2
+ 1[4, VI(VD, V), [Aj,u - VI(VD, Vu, VO)) |12 + [[(AjN1, AjNG) |z,

which, by summing over j > —1, yields

d ~
D IR (2 Olgy, +Ibl1%;

j=z-1
S (Vb- Vb, Vb - Vu, Vu - Vu, Vu - Vb, Vu - V)| %, (4.7)

NNy + D 1Ay, b VI(VD, Vu), [A;, - VI(Vh, Vu, V)| 2.

i>—1

Similar to r 3. 25 the nonlinear terms in can be estimated as follows. For the first
(2.8) and (2.4

term, by , we infer that
1(Vb - Vb, Vb Vu, Vu - Vu, Vu - Vb, Vu - V6) |,
< Vb, V)|, (V5. Vu, Vo),
SN, 10w ),

= 60(”““22;1 + ||b‘|g§ 1)'
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For the term concerning commutator, by using (2.10) and (2.4), we obtain
> (A b VI(Vb, V), [Aj - VI(Vh, Vi, V6)) | 2

iz—1
S Vb, Vu, V)[4 9 II(b U)II

< .0, 16001
< €o(||(U79)||g21’1 ¥ ||b||g§,1>.
For the last term, it follows from ([2.§ and (| . ) that
1NN | S 10wl H(Vb VU)II SN wlEy 10.wlE, | S eollullgy  +1B1E; )-

For suitable small ¢, puttlng the above three results into , it gives

d & H H
S5 Eutlw Ol + 10, S0 (48)
jz-1
Combining (4.6) and (4.8]), we obtain
d ~
& 1,05 + 10w o)z, +IblF <0, (4.9)

where &, 1= (ngo &L+ Zj>_1€H).
It is easy to check that

e b0y o > En = l(wb0)F, - (4.10)
J<0 jz—1
By the interpolation inequality (2.3]) and , one finds that
2 a
240 2+o
b0l (M b, 05 )™ (Iw,b,0) 15, )
which gives
I 1+§
(1B 0) 5 )" S N0, 0)%, (4.11)

By the same method, we also have

[ORRIT A (||(u b, 9)\\*’ )“L"(Il(u b 9)II§;M)”%

< (I b o)1, ) (b0t )
< (w0017, )T
which implies that

142
(0,011, )7 S b, 0)1E, (412)
Thus, (4.9)-(4.12)), we conclude that the Lyapunov-type inequality holds

2

Lew+(&m) " <o

GE0+(&m) 7 <o
Furthermore, solving this differential inequality and using (4.10)), we deduce that

I(u, b,0) [ %0+ 1I(u, b,0)[15, < (141)7/% (4.13)
2,1 2,1
By using (2.6]), (4.13]) and (2.1), we obtain (1.8) for s = 0. Next, for —o < s < 0, making use of
(2.3), (2.6]), (4.13)) and (L.7]), we derive the inequality
1.b,0)] 5.

< (15,01 5< ) o (I, ,0) IIBg,l)HG

s
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s

o

—s/o 1
S (Wb, O + 1w, O+ 11, ) (b, 0%+ 0,01, )

75/‘7 o+ts

(b O)5 o + M O)I, +1lE, ) Q-+

_o+s
2 .

A

S(1+1¢)

The above inequality, combined with the embedding inequality BY(R?) < L*(R?) and (2.4),
leads to (1.8) for —o < s < 0. This completes the proof. O
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