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NEW COST TERMS THROUGH HOMOGENIZATION OF AN OPTIMAL
CONTROL PROBLEM UNDER DYNAMIC BOUNDARY CONDITIONS ON
MICROSCOPIC PARTICLES

JESUS ILDEFONSO DIAZ, TATYANA A. SHAPOSHNIKOVA, ALEXANDER V. PODOLSKIY

ABSTRACT. This article concerns optimal control problems in a heterogeneous body with a
periodic structure of particles depending on a small parameter e. We study the asymptotic
behavior, as € — 0, of the optimal control functional and of the optimal state when the initial
problem is of parabolic type. We assume a dynamic condition and the effect of some controls for
some of the particles on the boundary. In the so-called “critical case”, we show the appearance of
some new non-local in time “strange terms”, in the limit parabolic equation and in the limit cost
functional. Microscopic localized controls generate peculiar terms in both the limit equation and
the cost functional that do not appear when controls are applied to the entire set of particles,
or when the boundary condition on the particles is of Robin type.

1. INTRODUCTION

The problem we consider here arises in many fields. For instance, it is well-known that many
problems in chemical engineering lead to the optimization of some cost functionals [22 29]. The
same thing happens in porous media theory in which the word “particle” must be replaced by
“perforation” (see, e.g. [l [l 16 17, 18, 19, 23, 27] and many other references quoted in the
monograph [6]). Simplified models in Climatology can be also modeled in terms very close to the
ones we will study in this paper (see [11]).

The main goal of this article is to illustrate how the homogenization of some optimal control
problems may give rise to new non-local in time “strange terms”. This also happens in the limit
parabolic equation and in the limit cost functional, assuming a dynamic boundary condition and
the actuation of some controls on some subset of the particles. We will do that for the so-called
“critical case”, that is characterized by the relation between the structure’s period, the diameter of
the balls, and the growth coefficient in the particles’ boundary condition. In this way, microscopic
localized controls generate peculiar terms in both the limit equation and the cost function that do
not appear, for instance, in the case of the Robin type boundary condition on the particles.

We give a detailed presentation of the heterogeneous domain 2. in the next section. At the
moment, we outline that since in the most of the cases it is impossible to act over the entire
spatial domain 2., the control is applied only on the boundary of the particles contained in a
small portion of the domain (w such that @ C Q). Thus, the set of boundaries of the internal
particles is constituted in the form S. = SI1US2, where S? is the set of boundaries of the controlling
particles G2 and S! is the set of boundaries of the particles G to which no control is implemented.

2020 Mathematics Subject Classification. 35B27, 35K20, 49K20, 93C20.

Key words and phrases. Homogenization; critical case; optimal control; strange term,;
dynamic boundary condition; homogenized cost functional.

(©2026. This work is licensed under a CC BY 4.0 license.

Submitted October 17, 2025. Published February 25, 2026.

1



2 J. 1. DIAZ, T. A. SHAPOSHNIKOVA, A. V. PODOLSKIY EJDE-2026/18

The state of the control problem is given through
Opue(v) — Auc(v) = f,  (z,t) € QF,

e 0w (v) + Opus(v) = Txgrv, (2,1) € ST
ue(v)(2,0) =0, z€Q-US,
ue(v)(z,t) =0, (x,t) €TT,

where f € L*(QT) and v € L?(S27) is the control. Here, we are using the notation (considering
0<T <)

(1.1)

Q. =Q\G., S.=0G., 09.=5.U000 QF=0qQ.x(0,7),
I =00x(0,T), SI'=5.x(0,T), QT=Qx(0,7),

which will be described in detail in the next section. We note that G. is the set of small particles
(e-periodically distributed and homothetic to a unit ball Gg) in an open bounded regular set 2 of
R"™, n > 3. By xg2.r, we denote the characteristic function of the set S27 = S2 x (0,T) that lies

(1.2)

entirely in the set w! defined below
we=wnNQ, wl'=w:x(0,7T), w'=wx(0,T).

The parameter v > 0 plays a crucial role since in this paper we consider the so-called “critical

case” governed by the size of particles that are translations of a small particle a.Gy, where Gy is

the unit ball with radius a. = Coe?, v = "5, and Cj is some positive constant.
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FIGURE 1. Perforated domain. The control is implemented only on S2, the
boundary of some of the internal balls: the ones collected under the GZ.

Notice that since problem (|1.1)) is linear, by some obvious change of variable, we can also
consider the case of a non-zero initial datum. To finalize the statement of the optimal control
problem, we introduce the cost functional J. : L(0,T; L?*(S?)) — R,

Je(v)

, (1.3)

1 1 e N
= 5IVuran + 5 [ 0@ T+ S [ ) s+ e ol o,

where N > 0. Then, the optimal control v, is

Je(ve) = veL2(o%“1;fL2(S§)) Je(v). (1.4)

In what follows, we will abuse the notation and simply write u. instead of u.(v.). By applying
different results in the literature (see, e.g., [21] [14] 28] [15]), it is well-known that there exists a
unique optimal control v. € L2(0,T; L?(S?)).
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We point out that the consideration of a non-zero target function ur € L?(€.), a given profile
observed at the final time 7', can be reduced to the above case of uy = 0 by a suitable change of
variables, at least for a dense set of ur in L?(f2) (see Remark below).

The main goal of this article is to apply a homogenization process to the above optimal control
problem when ¢ — 0. As in many other formulations, the kind of the limit problem strongly
depends on the size of the particles’ radii Coe®, Cy > 0 (see, e.g. [I, 27] and the exposition made
in [0]). Here, we consider the critical case in which a = v = n/(n —2). For different elliptic
and parabolic problems, it is well-known that this critical choice leads to the emergence of a new
local “strange” term (the naming is due to [3]) in the effective partial differential equation (see
[3, [, 18, 20, [30]).

It is well-known that the introduction of a dynamic boundary condition on the particle boundary
causes the aforementioned “strange” term to become a “ non-local” operator, derived by solving
a suitable ordinary differential equation (we refer to [5] 3], for the case of an elliptic Poisson
equation for the state). Also, it was shown that in the framework of optimal control problems
there appear some new terms in the limit cost functional (in contrast with previous results in the
literature for related formulations, (see, e.g., [7, &, @, 12l 24, 25 B1l, 26] for the case of distributed
controls appearing in the state equation). One of the major new features we will demonstrate
in this article is that when the controls act on the boundary of some particles, some new terms
appear in the cost functional, the non-local terms in time are of a different nature and some new
non-local in time operators must be introduced.

To state the homogenization results, we need to introduce several auxiliary problems. On the
uncontrolled particles, we use non-local operator M (y), arising in previous studies (see [12]), that

is defined as a solution to
OM(p) + B, M(p) =, t€(0,T),

1.5
M($)(0) =0, =
where B,, = (n —2)Cy ' and ¢ € L?(0,T) is a given function, and its adjoint operator M*,

M*(p)(T) = 0.

A similar non-local operator, G(y¢), and its adjoint operator G*, must be defined on the con-
trolled particles
0G(p) + By + N"HG(p) = o, t€(0.7), 7)
G(¥)(0) =0, '
and
—0iG™(9) + (Bn + NTHG () =, t€(0,7),
G*(p)(T) =0.
Besides that, we will need to define some new operators H and H*, coupled with G* and G,
respectively, by the problems

—0:H*(¢) + (B, + N"H)H* ()

(1.8)

—~N"YB, + N"HG(H* () =, tec(0,T), 19)
H*(p)(T) =0, '

and
O H (o) + (Bn+ N ""H(p) = N ' (B, + N"HG*(H(p)) = ¢, te(0,T),

H(p)(0) = 0.
Notice that the operators G, M, G*, and M* can be explicitly written. For instance

t
Gle)(t) = / e~ (BatNTDE=9) o) g,

which show the non-local in time nature. Some useful properties of these operators will be shown
later (see Section 4).

Although the detailed statements of our results will be presented later, we summarize now that
we will prove the convergence of the optimal controls vexgz.r — vox,r strongly in L?(wT), the

(1.10)
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convergence of the corresponding states (extended to ) @. — ug weakly in L2(0,7T; H (£, 08))
and Oyl — Opug weakly in L2(QT), and in some sense, that will be indicated later, the microscopic
optimal control v. converges to the macroscopic optimal control vy € H'(0,T; L?(w)), with the
limit state problem given by

Orug(v) — Aug(v) + An (ug(v) — B H (ug(v))) X0t
+ Ay (uo(v) — BnM (uo(v)))x(@\m)x (0,1)
= f+ A Boox,r, (x,t) € QT (1.11)
uo(v)(x,0) =0, z€Q,
uo(v)(z,t) =0, (x,t) e TT,

where A, = (n — 2)Cg 2w, v € H(0,T; L*(w)) with v(z,0) = 0 and the limit cost functional

Jo(v)
= §HVU0(U)||%2(QT) + 5”“0(”)(%T)||%2(Q) ToON wT(atG (H (uo(v))))? dz dt
A, B, A,
+ 7/ |M(u0(v))(z,T)|2d:17 + — luo(v) — BnM(uo(v))|2 dx dt
2 Jow 2 J@w@)x(0.1)
AnB, An 1.12
+ 5 / |H (uo(v))(x, T)|*dx + 7/ |uo(v) — BpH (ug(v))|? da dt ( )
N N N1
+ 7'/42”8” / (Opv)? da dt + Aan(lzn i ) / v%(x, T)dz+
2 -1
+ N.Aan(l;n +NT) / v2 dz dt.
of the optimal control problem
Jo(vg) = min Jy(v), (1.13)

vEU 4

where the set of admissible functions is now
Uaa = {¢p € H'(0,T; L*(w)) ¢ (x, 0) = 0}.

It can be seen that the first two terms and the last term of Jy clearly correspond to the three
terms present in J,, but the rest of the terms of Jy are, in some way, unexpected. The terms of Jy
which are related to the final evaluation at time T' are new, and two of them are actually non-local
in time since they involve the operators M and H, respectively. The terms of Jy which contain
the operator M are integrals extended on the complementary of w, and they are a consequence
of the microscopic control v. being applied only at the boundary of some particles, S?, and not
at all of them. The unexpected terms of .Jy appear as a consequence of several implicit relations
that are justified in the proof of the Theorem below. The last set of the terms that affect time
derivatives of a function of uy and the control v are very surprising since nothing suggests their
appearance when observing the expression for J..

To prove of these convergence results, we will use the extension of the Pontryagin’s method to
the case of boundary controls (see, e.g., [2I]). In Section 2, we give the details of the formulation
of the direct problem and of the coupled system arising in terms of the adjoint optimal state p.:
we will show that the optimal control is given by v, = —N " !p.x §2.T- The a priori estimates allow
passing to the limit in the couple (u.,p.) (and thus in the controls v.) are obtained in Section
3. Some detailed statements of the main theorems of this paper are collected in Section 5, but
before that, we present in Section 4 some properties of the auxiliary non-local in time operators G,
H and M defined above. The proof characterizing the limit couple (ug,pg) from the microscopic
couple (ue,pe) is given in Section 6. Finally, the identification of the limit cost functional Jy(v)
from the microscopic cost functional J.(v) is obtained in Section 7.
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2. PROBLEM STATEMENT AND THE ADJOINT PROBLEM

Let Q be a bounded domain in R™, n > 3, with a smooth boundary 9€2. We denote the unit
cube (—1/2,1/2)™ centered at the coordinates origin as Y. Let G be a ball of radius Cy such that
Go C Y. Next, given a set B of R", by 6B, § > 0, we denote the set {x € R*|6 2 € B}. For
e > 0, we define Q. = {z € Q|p(z, Q) > 2}, where p is the Euclidean distance. Let a. = Coe®,
where Cy is a positive constant and a = 5. We define sets GI = a.Gy + j, where j € Z",
Z" is the set of vectors in R™ with integer coordinates. Now, we introduce the set of indices
Y.={j€Z":(a:Go+¢ej)N Q. +# (0}, note that the cardinal of Y. satisfies that |T.| & de™™ for
some d = const > 0. Finally, we define the set

Gs - UjGTEGg'
Now, if we define YJ = Y +¢j, P/ = ¢j, where Y = (—1/2,1/2)", then it is easy to see that

GZ C Y7 and the center of the ball GZ = a.G + € coincides with the center of the cube Y.
In the formulation of the optimal control problem, we will consider only some controllable region
w, W C £, in the whole domain 2. Thus, we split indices of T into two subsets T2 = {j € T, :

YZ C w} and T = Y.\ T2. Based on these sets, we will use the following notations
Gl = UjeriGl, G2 =UjersGl, S1=0G!, S?=0G2
Further, we introduce the sets
Q. =0Q\G., 0Q.=0QUS., S.=Sus?
and, for 0 < T < oo, we define
QI =Q. x(0,7), w'=wx(0,T),
ST =8.x(0,T), Si=8x(0,T), i=12.

Now, we are in a position to formulate optimal control problem. Let v € L?(0,T;S5%). By
u(v), we denote an element of L2(0,T; H(Q.,d9)) with the time derivative satisfying dyu.(v) €
L2(0,T; L3(Q.)) N L3(0,T; L*(S.)) and u(x,0) = 0 for x € Q. U S., that is a solution to the
parabolic problem with the internal dynamic boundary condition. By H'(f.,9Q), we denote
the closure with respect to the norm H!(€.) of the set of infinitely differentiable in Q. functions

vanishing near the boundary 0. As a solution of (L.1)), we will consider a function wu.(v) with
the above-mentioned properties that satisfies the integral identity

Orucp dx dt + VuVopdrdt+e7 Opuepds dt
QT QT sr

= fapdxdt+s*7/2Tvgodsdt
QT Se

(2.1)

for an arbitrary function ¢ € L2(0,T; H*(.,09)). We consider now the optimal control problem
stated in the Introduction (see (1.4])).

Remark 2.1. Our approach can be easily extended to the case of a non-zero target ur € L?(£2),
at least for a dense set of up in L2 (), i.e. the cost functional will be

1 ) 1
1) = 1900 aqr) + 5 [ (o) T) — ) ”
e '

N
+ 5 [ @)@, T)ds+ 77|l

2
2 Js. L2(s2y’

Indeed, let us assume that ur € L%() is such that there exists a converging as ¢ — 0 sequence of
functions V. € L%(0,T; L?(€.)), i.e.

V. = Vo weakly in L*(QT), for some V; € L*(Q7T), (2.3)
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such that for the unique solution U, of the auxiliary problem
OU: — AU = Ve, (x,1) € QF,
e 70U. +0,U. =0, (a,t) € SgT,
Ue(2,0) =0, 2€Q.US;,
Uz, t) =0, (x,t)eTT,

(2.4)

we have
U. = Uy weakly in L?(0,T; H} (),
o,U. — 9,Uy weakly in L*(QT),
and
Uo(z,T) = ur(xz) a.e. xz€q.
Then by defining the change of variables
we(v) = ue (v)-Uk,

where now wu. (v) is the optimal control associated to the cost functional (2-2)), we find that w.(v)
is the optimal control associate to the previous cost functional with up = 0. Finally, by the
arguments of Remark 7.1 of [I2] (or Theorem 4 of [II]), it is easy to prove that the set of final
data ur € L?(Q) satisfying the above mentioned conditions is a dense set of L?(2). Then, the
perturbed equation satisfied by w,(v), i.e.

Owe (V) — Awe(v) = f — V¢,
does not add any difficulty, once we know that holds.
To obtain a characterization of the optimal control, we consider the adjoint problem
—0pe — Ap. = —Au., (z,1) € QF,
dype — e V0yp. = Oyue, (x,t) € ST,
pe(x,T) = uc(x,T), x€QUS,
pe(z,t) =0, (x,t)eTT.

We say that a function p. € L?(0,T; H'(Q2.,09)), with 9;p. € L*(0,T; L*(92.))NL?(0, T; L*(S.)),
is a weak solution to (2.5)) if p.(z,T) = uc(x,T) for a.e. z € Q. and a.e. x € S, and if it satisfies
the integral identity

— /QT Orpetp dx dt + /QT VpVodrdt —e™7 /ST Oipepds dt = /QT Vu:-Vdzdt, (2.6)

(2.5)

for any test function ¢ € L2(0,T; H'(Q.,09Q)). For a given u. (with the regularity of the weak
solutions of ) it is well-known that there exists a unique solution to the problem (see,
e.g., [2] and its references).

The following theorem gives a characterization of the optimal control v, in terms of the adjoint
state pe.

Theorem 2.2. Let the pair of functions (us(ve),ve) be an optimal solution of the problem (1.4)),
then v, = —N’lpEXSQ,T, where p. is the solution to (2.5)). The converse is also true.

Proof. Let v be an arbitrary function in L?(S>T) and A > 0. By u?2, we denote the solution of

£
(T.4) with the control v. + Av, i.e. u2 = u.(ve + A\v). We use u. = u.(v:) to simplify the notation.
Then we have

JE(UE + )\’U) — JE(Ue)
1 1 -
= 51V lar) + 5@ Dlifrcay + 5 ld@ Dilfacs,

N 1 1
te 7;””& + AU”iz(SgT) - §||Vus||i2(Qg) - §||Ue($aT)||%2(QE)
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€ _ N
- T||U5($7T)||%2(SE) — £ "/EH’UEHiz(SgyT)

1 1
=3 / V(ud — ue)V(ud + ue) d dt + 3 / (u — u)(z, T)(ud + ue)(x, T)dx
T Q.

N
+— / (u — u) (e, T)(ud + ue)(x, T)ds + 5775 / (2Xv-v + A\20?) ds dt.
Se s T

We define the function 0. = (u2 — u.)/\. It is easy to see that 6. is the unique solution to the
problem

00, — A0 =0, (x,t) € QT

e100: + 0,0. = xg2re v, (w,t) € ST,
Oc(2,0) =0, z€Q.US,,
0.(x,t) =0, (x,t)elT.

Using the definition of 6., we have
JL(ve)v = lim (Jo(ve + M) — Jo(ve)) /A
A—0
= VO.-Vu, dx dt + / O (x, Tue(z, T)dx
QZ Qe

Jrsfv/ Oc(z, T)u.(x,T)ds Jr&:*“’N/ vev dsdt.

S, g2 T

Now, we use the definition of p. and derive from the last expression the identity

J(v)v=¢"" /2 _pevdrdt + <€_"’N/2 L vevdsdt.
5% 52

As v, is the optimal control, we should have J.(v.)-v = 0 for all v € L?(0,T; L*(5?)). Hence,
ve = —N~1p_ for a.e. (z,t) € S>T. This completes the proof. O

In consequence, by Theorem the optimal control problem is characterized through the
coupled system
Orue = Due = f,  (,1) € QL

~0pe — Ape = —Aue,  (z,t) € QF,
Oue + e VO, = —E_’YN_lxsg,Tp57 (z,t) € ST,
Oype — e 1Oype = Opue, (x,t) € ST, (2.7)
ue(2,0) =0, x€ Q. US,
pe(x,T) = uc(x,T), z€QUS,
ue(z,t) = pe(x,t) =0, (z,t) € rt.

3. A PRIORI ESTIMATES

In this section, we obtain several a priori estimates of the state and adjoint state. Taking p. as
a test function in the integral identity for u., we obtain

/ Oruepe dr dt +e77 / Orucpe ds dt + / Vu:.Vpe dzdt
QT ST QT

= fpedxdt — N_le_'y/ p? da dt.
QT s2T

Now, taking u. as a test function in the integral identity for p., we obtain

— Oypetie dx dt — ™7 Oypeue ds dt + Vp:Vu, dz dt = / |V |? dz dt. (3.2)
QT ST QT QT
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Next, we subtract (3.1)) from (3.2)) and obtain the expression

— Or(uepe)dedt —e™7 Or(uepe) ds dt — N_IE_’Y/
QT ST 52

/QT |Vu52d:cdt/QT fpe dx dt.

e

p?dux dt
T

From this, we obtain
IVuclaqr) + e, D,y + € luelan Tagsy + N7 [ pRasae
Sg
(3.3)
< [ ifllpl o
QT

Then, we take p. as a test function in the integral identity (2.6)), and obtain
1 e
_5“U5($,T)||i2(95) - THUE(‘]:’T)”%Q(SE) + ||Vpg||%2(Qg") < /QT VUEVpe dx dt.
From here and (3.3]), we conclude that
IVPelZa(gry < CUIVuelZaiqry + lue(z, T 72, + € lue(@, T)[72(s,))

3.4
<o [ \lpddrar 34
Qr

Here and below, constant C' is independent from e. As p. is in H'(Q., 9€2), we can apply Poincaré-
Friedrichs’s inequality

Ip= (5 Dl L2020y < Kl[Vpe(51)ll2(.)-
Using this inequality in the previous estimate (3.4)), we obtain

Ipell72gry < ClfI72qr)-
Now, we substitute this estimate into (3.3]), and derive the following estimate of u.,
IVuellZzqr) + lue (@, DLz + &7 lue(@, D) 12(s.) + N7 e pella g2ry < CllAIZ2qry-
From this, by (3.4), we obtain the estimation of the gradient of p.,
||Vp€||2L2(Qg") < C”fH%?(QT)'

Now we derive some estimates on the time derivatives of u. and p.. We use Galerkin’s approach
and construct u]* and p_’, where m = 1,2,..., that are approximations to u. and p.. Note that,
for such approximations, we have the same estimates derived above on u. and p.. We take now
Oyl as a test function in the equations for v, and integrating from 0 to an arbitrary 7 € [0, T,
we obtain

Hatumﬁz((gg) + 577”5%?”%2(33) + e Va2,
<SK([ |fll0wl'dxdt +e77 [p*||Opus”| ds dt)
QT 52T

1 2 e’ 2 - 2 2
< 5\\3tU?||L2(QET) + THatu?en”Lz’(SsT) + K(e PYHngHL%Sf’T) + ||f||L2(QT))’
where constant K is independent of € and m. From here, we immediately derive

|18suZ 122y + € |0l |2 sy + e IVul 1220,y < Kl flI72(0r)-

Then, passing to the limit, as m — oo, in this estimate we have
2 - 2 2 2
[OruellT2(gry + €77 10ucll72 sy + R IVuellz2 .y < KllflI72(gry-
Moreover, if we use 0;p* as a test function in the equation for p]*, we obtain, for a.e. ¢

— 02 720y — 100 2.y + (VP B:VPE) 200
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= — (0", 0" ) L2 () — € T(Orul’, Oip") L2 (5.
+ (£, 0PI L22) — N e (P, 0pl") L2 (s52)
Integrating this equality with respect to t from 0 to T, we obtain

1
=02 22 @r) + SIVPE (D0, = HVP’”( )12 0.y = &7 102 172 (5

- / O Oplt dx dt —e™7 / Opu*Oypl* ds dt
Qr S¥

+ / fopdrdt — N~ te™ / pltoyplt ds dt
QT st

—/ Oul Opl d:vdt—s_”/ Oul'OpY ds dt
QT ST

+ o o dedt + N7'° 512 (2, 07252y = N1 (2, T[22y
From this, we derive

|0 ||2L2(QET) + 770w ||2L2(sg) + §HVPE 072,y + N P2 (2, 0)[1 2 (.
1 m m m
< 5 lVee (D720 + 10wl L2 @) 10:p || L2(qr)

+e M0 | 2 sy 10 | L2 sy + | f 2@y 10" (| L2(@ry + N~ 7”“ (#, T)|[Z2(s2)-
Finally, using the estimates obtained for u*, we conclude that
18P |72y + 7100 257y < Kl f172(qry- (3.5)
Passing to the limit, as m — oo, we obtain the estimation of d;p.
HatpsHL2(QT) +e 7Hatps”Lz(ST) K”fHL?(QT) (3.6)
Having proved some a priori estimates of u. and v, we proceed with the extension of these solution
to the whole cylinder Q7. We know (see, e.g. [6] and its references) that there exists an extension
operator P. : HY(QT) — H'(QT) such that
1P (u)ll 1@y < Ml (@r).-
Let @., p- be the extensions of the functions u., p.. Then we obtain the following estimates
||6tﬁe\|%2(QT) + ||Vﬁe||2L2(QT) < K(\Wt“s”%?(@;) + ||vu€||2L2(QET))7 (3.7)
10epel|7 2@y + IVBelZ2(ry < K (10pelTaiqry + VPellZz(qr))- (3.8)
The obtained estimates imply that there exist some subsequences (still denoted as the original)
and some limit functions, ug and pg, such that
@i —up weakly in L?(0,T; HY (), 0yiic — Qyug weakly in L*(Q7), (3.9)
Pe — po  weakly in L2(0,T; H} (Q)), 0pe — Oppo weakly in L?(Q7). .

Moreover, the embedding theorem implies also that @i, — ug and p. — po in L2(Q7).
In the rest of the paper we give the characterization of these limit functions and derive a
formulation of the homogenized optimal control problem.

4. AUXILIARY NON-LOCAL IN TIME OPERATORS G, H AND M

As already noted in the introduction, to state the homogenization results we need to introduce
some auxiliary problems. The first non-local operator M (p) already was used in our previous
study related to the case of distributed controls ([12]),

OM(p) + B, M(p) =, te(0,7),

M(g)(0) = 0, 1)
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where B, = (n —2)Cy!, and ¢ € L?(0,T) is given. This operator is related to the region that
is the complementary to the one were the controls are localized. We also consider the adjoint

operator M*(y) given by
M*(p)(T) = 0. '

For the domain that contains particles to which the controls are applied, we introduce operator
G(¢) that satisfies the similar problem to (4.1), but with a different coefficient

0:G(p) + (Bn + N7HG(p) = o, t€(0,T),
G()(0) =0.
This operator G(¢) can be explicitly written as

G0 = [ N s
0
which show the non-local in time nature. We define its adjoint operator G* as the solution of the
problem adjoint to
~0G* () + (B + NTHG* () = ¢, t€(0,7),
G*(p)(z,T) = 0.
Nevertheless, it turns out that for the case of boundary controls, as we are assuming in problem

(1.1)), we will need to define some new operators H, and H*, coupled with G* and G, respectively,
in the following way

—0H*(¢) + By + N~ H"(p) = N7 (Bo + NTHG(H"(9)) = ¢, t€(0,T),
H*(p)(T) = 0,

(4.3)

(4.4)

(4.5)

and
OcH () + (By + N~ H(p) = N~H (B, + N"HG*(H(p)) = ¢, t€(0,T),
H()(0) = 0.
Notice that both problems are now non-local in time, but since the operators G and G* are globally
Lipschitz continuous on L?(0,T)), we obtain the existence and uniqueness of the associate solutions
once ¢ € L*(0,T) is given.
It is straightforward to show that the operator G is the adjoint operator to G*, i.e.
T T
| ctewa= [ o6 war (47)

for any arbitrary functions ¢, ¢ € L(0,7). Indeed, we have

(4.6)

/0 Glp)dt = / () (~0G* () + (Ba + N™V)G* ())dt
T

T T
- [ B v ee i -cee )+ [ acee wa

T T
- / (G (9) + (Bo + N")G())G* ()dt = / oG ().

Similarly to the above argument we know that M is the adjoint operator to M*,
T T
| mtoywar= [ oy
0 0

The case of operators H and H* is less trivial. Nevertheless, we also have that, for any arbitrary
functions ¢, 1 € L?(0,T),
T
0

T
/ (o)t = / PH (1)t (48)
0
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Indeed, we make the following transformations

T T
/0 H(g)dt = / H(@)(—0H" () + (Bo + N-)H*(4) — N~1(B, + N-V)G(H* (1))t
/at OV H* ($)dt + (B + N~ /H VH* ()t
(B, + N7 / G (H () H* (1)dt
0
- / (OcH () + (Bo + N~ H(p) — N1 (B, + N~)G* (H () H* (1)dt

-/ " ()t

0
In addition to the above properties it will be useful to get some other relations among the above
operators.

Lemma 4.1. For the functions G, G*, H and H* introduced in (4.3))-(4.5)), we have the following
relations

(i) G*(H(p)) = H*(G(p)), and G(H*(¢)) = H(G"(¢)),
(i) H(p) = G(p) + N"Y(B, + N"HG(H*(G(p))), and we also have the adjoint version
H*(p) = G*(¢) + N1 (B + N™HG*(H(G*()))-

Proof. We start with the proof of (i). The relations given in (ii) are direct consequences of the
ones (i)). We consider two coupled auxiliary linear systems. The first one is a system coupling

the functions A(t) = G*(H(y)) and B(t) = H(p). From and , we obtain
—-0A+ B, + N"HYA=B, te(0,1),
B+ (B, + N H)B-N"'B,+N HA=¢p, te(0,7), (4.9)
A(T)=0, B(0)=0.
Analogously, from and , we obtain a second system coupling the functions, A(t) =
G(H*(G(p))) and B(t) = H*(G(p)):
WA+ (B, +N"HA=DB, te(0,T),
~hB+ (B, +N"HYB-N"1B,+ N"HA=0GC(p), te(0,7T), (4.10)
A(0) =0, B(T)=0.
From , we can derive a linear second order ODE problem on the function A. To do this,

we substitute the expression for B from the first equation of the system (4.9)) into the second one.
Thus, we obtain

~0LA+ (B, +N"Y0A— (B, + N0 A+ (B, + N"N)?A-N"YB, + N"HA = o,
and, simplifying it, we obtain
—0L A+ Bn(B, + N"HA = o. (4.11)
Also, substituting B written in terms of A into B(0) = 0, we obtain a condition on A(0) (recall

that we already have the condition at ¢ = T from the definition of A). Hence, the two boundary
conditions are

A(T) =0, —0,A(0)+ (B, +N"1)A(0) = 0. (4.12)
This is a linear coercive equation which has uniqueness of solutions. For instance, if we consider
the homogeneous case (¢ = 0) in the equation we obtain that, obviously, the trivial solution
satisfies this problem. Moreover, by multiplying the equation by A and integrating from 0 to T,
we obtain

T T
/ 10, AP2dt + B (B, +N’1)/ A2t + (B, + N~1)A42(0) = 0
0 0
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and we immediately conclude that, necessarily, A = 0. Thus, for any ¢ € L?(0,7), the inhomoge-
neous problem has also a unique solution. ;
Let us obtain now the ODE satisfied by the function B(t). From the second equation of (4.10)),

we write A in terms of B
A=-NB,+ N Y 19B+NB-N(B,+N 1) 1G(y).
Substituting this expression into the first equation of (4.10)), we derive

—~NB, +N"YHY 19 B+ NdB - N(B, +N1H)19,G(p)
—~ NO&,B+ (B, + N"')NB - NG(¢) = B.

Combining similar terms and using the definition of G(y), we obtain
—0%2B+ B,(B, + N"HB = 0,G(¢) + (B, + N"HG(p) = ¢.
From condition A(0) = 0, we conclude that
—8,B(0) + (B, + N"1)B(0) =0, B(T)=0.

Therefore, we obtain exactly the same linear problem as for the function A. But, since the solution

to this problem is unique, we obtain that A = B, or in other terms G*(H (p)) = H*(G(p)). This
completes the proof of the first relation in (%).
Part (ii) can be proved using some similar arguments. Using the definition of H*, we have that

G(p) + N7 By + NTHG(H* (G(9) = =0 H*(G(p)) + (Bn + N1 H* (G(p)).

We use (i) and substitute H*(G(y)) with G*(H (¢)) in the right-hand side, and using the definition
of G*, we obtain

G(p) + N7H(By + N"HG(H(G(9) = —0G™(H(p)) + By + N~HG*(H(p)) = H(p).

The second relation is proved in a similar way. This completes the proof. U

5. STATEMENT OF THE HOMOGENIZATION THEOREMS

Now, we are in a position to state the main theorem that characterizes the pair of functions
(up,po) given by (3.9). The homogenized problem contains auxiliary functions defined in Section

Theorem 5.1. Let n > 3, a. = Coe?, where Cy > 0, v = 5. If the pair (uc,p:) is the solution
to the problem , then (ug,po), defined in , is a solution to the system
Orug — Aug + An(uo — BnH (ug)) X + An(uo — Bn M (u0)) X (@\@)x (0,7)
= [ = N ABLH(G (po))xur,  (x,t) € QT,
— Opo — Apo + An(po — BuH"(po))Xwr + An(po — BaM™ (po)) X (@\m)x (0,1)
= —Aug + An(ug — Bu(Bn + N™H)G*(H (ug)) X
+ A (ug = By M* (M (uo))) X (@\@)x 0.1y, (2,) € QT (5.1)
ug(z,0) =0, x€Q,
uo(z,t) =0, (x,t) €TT,
p(z,T) =uo(x,T), z€Q,
p(z,t) =0, (x,t)eTl7,
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where, A, = (n— 2)Cg_2wn, B, =(n— 2)00_1, Moreover, if we introduce the limit state problem
Orug(v) — Aug(v) + Ay (uo(v) — BrH (uo(v))) Xor
+ Ap(uo(v) = B M (uo(v)))x(@\@) x (0,1)
= [+ ABuoxr,  (a,t) € QT, (5.2)
up(v)(x,0) =0, x€Q,
uo(v)(w,t) =0, (z,t) €T'7T,
where v € H'(0,T; L?(w)), with v(x,0) = 0, and if we define the cost functional Jo(v) given by

(1.12), then, from (5.2) and (3.9)), we have that ug(v) is the state associated to the optimal control
problem

Jo(vg) = min Jy(v), (5.3)

VEU,q

where the set of admissible functions is
Uaa = {¢ € H'(0,T; L*(w))| ¥(,0) = 0}.

In Section 7 we will prove the convergence of the sequence of functionals J. to the limit functional
Jo given by (1.12)). This will show that the system (5.1)) characterizes the optimal control problem
(5.3), i.e. that vg = —N"YH(G*(po))Xr. Then we have the following result.

Theorem 5.2. Under the conditions of Theorem[5.1], we have
lim JE(UE) = JO(U()),
e—0

where v, is the optimal control of the (1.1)), , and vy s the optimal control of the limit optimal
control problem (|5.3)).

Lastly, we will show that system (/5.1)) is related to the limit functional and the limit optimal
control vg.

Theorem 5.3. Let the pair of functions (ug(vo),vo) be an optimal solution of problem (5.3)), then
vo = —N"1YH(G*(po)) X7, where pg is the solution to (6.19).

6. PROOF OF THE HOMOGENIZATION THEOREM

Proof. The main idea is to adapt to our setting the main lines of the so called alternating test
functions (initially due to Luc Tartar to some simple framework and then extended by many
different authors: see, e.g., the monograph [6]). We introduce auxiliary functions w?, j € Z", that
are solutions to the boundary-value problems

Aw! =0, xeTg/4\E£,

w! =1, x€0dG, (6.1)
w! =0, x¢€ 8Tg/4,

where ng /4 denotes the ball centered in P? of £/4 radii. Based on these functions, we construct
auxiliary functions in the whole domain Q (where i = 1,2)
wi(z), zeT!,\GL jeri
Wie=11, reGl, jeT (6.2)
0, er\UjETéTEJ/zl'

They are related to controllable and uncontrollable sets of particles. Note that W; . € H} () and
Wi . — 0 weakly in H}(Q) as ¢ — 0. By the embedding theorems, for some subsequence for which
we preserve the notation of the original, we have W; . — 0 strongly in L*(Q) as ¢ — 0.

We will structure this long proof in a series of different steps.
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Step A.1. We take Wy .H*(¢), where ¢ = ¥(x)n(t) with ¢ (z) € C5°(Q), n(t) € C*([0,T]), as a
test function in the integral identity (2.1) and obtain

OpuWo . H* () dx dt + 6_7/ Oy H* (p) ds dt + Vu.V(Wo H*(p)) dx dt
52T

QT QT

(6.3)
= fWo H*(p)dxdt — Nt / p H* () ds dt.
QT sz
Using the convergence (3.9) and the properties of W5 ., we have
lim OpueWa cH* () dx dt = 0, hm fWa cH*(p)dxdt =0,
e—0 QT QT
lim Vu.V(Wa H*(p)) dx dt = lim V(ueH* (¢))VWa e dzx dt.
e—0 Qg‘ e—0 Qz"
Thus, from (6.3)), we derive
_“’/ OpucH* (p)dsdt = VW,V (ueH"(p)) dz dt —N_l/szEH*(cp) dsdt + (.,
Q? Szy

where, here and below, . — 0 as ¢ — 0 (we will abuse the notation and will always use (. for the
terms converging to zero).

Next, we use the following fundamental relation (calling it “from surface to volume averag-
ing convergence principle” [6, Theorem 4.5] also applied, under different formulations, by many
authors, see [23], 30]). We have

VW, Vndz = —A, ndx + Bpe™? Z / nds + (., (6.4)

Q. jeri

here 2! = 0\ w, 02 = w, and then
lim e 7/ OruH* (p) dsdt
e—0

=A, / H(ug)pdxdt — lim e "B, ueH*(p)dsdt — N~* lim e~ / peH™ () ds dt.
wT e—=0 S?,T e—0 S?,T
Using that u.(z,0) = 0 and H*(¢)(z,T) = 0, we integrate by parts the integral in the right-hand
side, and further transform the previous equality to obtain

lim 5_7/ us(—0:H* () + B,H"(p)) ds dt
e—0 s2T

(6.5)

wT

=A, H(ug)pdzrdt — th / peH* (¢) ds dt.
sz

Step A.2. We take p = W5 .G(yp), where ¢ = ¥(z)n(t) with ¢ € C§°(2), n € C1([0,T]) as a test
function in the integral identity (2.6]), and obtain

| o Wa Glp) drdt - / Op-Glp)dsdt + | Vp.V(Wa.G(y)) de dt
QT s T QT

= VueV(Wa G(p)) dz dt.
QT

(6.6)

Taking Ws .G(¢) as a test function in (2.1)), we have (using the same arguments as a above)

VuV(Wa G(p)) dx dt = / Owu.G(p)dsdt — N~te™ / pG(p) dsdt + C..
Q? S?’T
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Substituting this relation into , we derive

/T VW3,V (peG(p))dedt —e™” Ot (pe — ue)G(p) ds dt
Q

2,T
€ SE

(6.7)

= OipeWa .G(p) dx dt — N_la_'y/ p-G(p)dsdt+ (..
QT szT

Using the properties of W5 . and a priori estimates of u. and p., we conclude that the first integral
in the right-hand side of the above equality converges to zero as ¢ — 0. Also, using the relation

(6.4), we derive
—e7 Oy (pe —u)G(p) dsdt + e B, / p-G(p)ds dt
g2 T

2,T
Sz’

(6.8)
=A, poG(p) d:cdt—N’ls’”/ TPEG(SO) dsdt + (.
wT s2
Note, that pe(z,T) = u.(x,T) and G(¢)(0) = 0, therefore,
— 7 Or(pe —ue)G(p)dsdt =7 G (o) (pe — ue)ds dt.
527 527
Thus, from , we obtain
677/ . p=(01G()+ (B, +N"1G(p)) dsdt = An/ poG(p)dx dt—}-&:*”/ ; ue0:G(p) ds dt+(e.
sz wT 52

Using the definition of G(¢), we conclude that

5_7/ p-pdsdt = An/ poG(p)dx dt + 5_“’/ ue(p — (B + N_l)G(w)) dsdt + (.. (6.9)
s2T wT S

2,7
€

Then, we substitute (with ¢ = H*(¢p)) into (6.5)), and obtain

lim s—V/ U (—0:H* (9) + (B + N"Y)H*(¢) — N"Y(B,, + N"HG(H*(¢))) ds dt
E— S?’T

=A, H(up)pdxdt — A, N~* poG(H*(p)) dx dt.
wT wT
Using the definition of H*, we derive
lim 577/ uspdsdt = A, H(ug)pdzdt — Aanl/ H(G*(po))p dz dt. (6.10)
s2T wT

e—0 wT

Step A.3. Now, we can find the limit of the integrals taken over S*7 in the integral identity (2.1)).
Indeed, we take W3 ¢ as a test function in (2.1]), and obtain

g /52-T Owucpdsdt +e N1 /52 P ds dt

= — VueV(Wa o) da dt +/ fWapdadt
Qr QT
€ ¢ (6.11)

=A, / uopdr dt —e "B, / uepdsdt + (.
wT S?’T

=.An/ ugp dx dt — A, B, H(uo)godxdt—l—AanN_l/ H(G*(po))p dxdt + (..

wT
Thus, we found the limit of the terms related to S>7.

Step A.4. To complete the derivation of the limit equation, we proceed with the terms related
to SHT. We take Wy . M*(p) as a test function in the integral identity (2.1)), and obtain (again
using the properties of the function Wi ., we conclude that the integral with f converges to zero)

or VW1 V(uM*(p))dedt +e77 /sl ) Opuc M™ () ds dt = (.,
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where (. — 0 as ¢ — 0. Using (6 , we derive
e B, / uM*(p)dsdt +e77 / OpucM™(p)dsdt = A, ugM* (@) dx dt + (..
(@\w)x(0,T)
As M*(p)(z,T) = 0 and uc(x,0) = 0, we have

e 7 / Oue M*(p)dsdt = —7 /1 . ue O M™ () ds dt.
st
Thus,
577/ Ue (=M™ () + B M*(p)) dsdt = A, uoM* () dx dt + (..
54T (2\@)x(0,T)

Using the definition of M*(p), we obtain

5_”’/ ucpdsdt = A, M (up)p dx dt + (.. (6.12)

sbT (@)% (0,T)

Now, we take W1 ¢ as a test function in the integral identity (2.1]), and using similar arguments
as above, we derive

/ VWi V(usp)dedt +77 /1 ; Opuspdsdt = (..
z Se’
We transform this identity using relation (6.4)) and obtain

e 7 /1 . Oucpdsdt = Ay, ugp dx dt — Bpe™7 /1 [ e dsdt + (.
sb st

(Q\w)x(0,T) (613)

= A, (ug — BpM (ug))p dz dt + (..
(2\w) x(0,T)

Finally, using the convergence (6.11)) and (6.13]), we can pass to the limit in the integral identity
for u. and obtain the integral identity for u,

Oyugp dx dt + VuogVpdzdt
QT QT

+ A, (up — BnM(uo))godxdt—I—An/ (up — By H (up))p dx dt (6.14)
(@)% (0,T) wT

= fedrdt — N A,B, [ H(G*(po))p dx dt.
Qr wT
Thus, ug is a solution to the problem
g — Aug + Ap(uo — BpH (u))xwr + An(uo — Bn M (uo)) X (@\@)x (0,7)
= f— NT'ABH(G" (po))xur,  (2,1) € QT
uop(z,0) =0, z€Q,
uo(z,t) =0, (x,t) €T,
Step B.1. Let us find the limit equation for py. We take W5 ¢ as a test function in the adjoint
problem’s integral identity , and obtain

—/ OpeWa cp dx dt—a_“’/ Oypep ds dt+ V-V (Wa @) dx dt = VueV(Wa ) dx dt.
QT 82T Qf QF
The first integral in the left-hand side converges to zero because of the properties of W5 ., thus,
—e 7 / Ospepdsdt = V(ue — pe)V(IWa,cp) dz dt + .,
s& Qr

Using (6.4)), and (6.10]), we derive

-7 /2 . Oypep ds dt
SZ’
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A [ o—pedsdir B, [ - ppdsdire
wT Sz

=-A, (up — po)pdxdt — A, B, poG(p)daxdt + e "B, (B, + N_l) / ueG(p) dsdt + .
g2 T

wT wT

:An/ po(p — BoG(p))dxdt — A, ugp dx dt + A, B, (B, +N*1) H(ug)G(p) dx dt

wT QT
N ALBL (B, + N—l)/ poG(H* (G () da it + ..
Combining the terms with pg, we obtain the expression
¢ = B.G(p) = N7'B, (B, + N"HG(H*(G(y))) = E(p),
Using relation (ii) from Lemma we derive
E(p) = ¢ —BnH(p).
Therefore, the term with pq is
A, ) polp — BoH(p))drdt = A, /T(po — B,H*(po))p dz dt.

Putting it all together, we derive

—e 7 /2 . Oipep ds dt
52 (6.15)
=A, | (po—BnH"(po))pdxdt — An/ (uo — By (Bn + N™HH*(G(uo)))p da dt.

wT wT
Step B.2. Next, we deal with the parts related to S17. We take Wi .M () as a test function in
the integral identity (2.6)), and obtain

_ / OtpeWh,e M () da dt — 5_7/ ) OpeM (@) ds dt + VW1..V(peM(p))dxdt
QT 5& QT

= /T VW1 eV (ueM(p)) da dt + (..
Qs

Using integral identity (2.1]) taken with the same test function, we transform the last relation to
the form

ST

/ VW0V (p-M(@) dedt — e [ 04(pe — ue) M () ds dt
Qr

= Tat(p6 —u )Wy cM(p) dx dt + ; fWi M(p) dzx dt + ¢,
QE QE

Properties of Wi . imply that the terms at the right-hand side converges to zero as ¢ — 0. We
use (6.4) and transform the first term in the left-hand side and finally obtain

—e 7 Or(pe —ue )M (o) ds dt+5778n/ peM(p)dsdt = A, poM (o) dx dt + ..
sbT saT (@\@)x(0,T)
Integrating by parts in the first term, we conclude that
e / (pe — uc )0 M(p)dsdt + 7B, / pM(p)dsdt = A, poM () dzdt + (..
s 8T (Q\w)x(0,T)

Using the definition of M* and the convergence (6.12)), we derive

[ pepdsdi == [ p(0M(e) + BuM () ds

gL.T gL T
- : (6.16)
=A, poM (o) dx dt + A, M (ug)(p — B M(p)) dx dt + (.

(N\w)x(0,T) (2\w) % (0,T)
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Lastly, we take W1 ¢ as a test function in the integral identity (2.6]), and using (6.13) and (6.16}),
we obtain

—e™7 /1 . Orpep dsdt
sb

= v(“e _pe)v(Wl,s(P) dx dt + (.

QT
= A, (po — wo)pde dt + 7B, / (e — p)pdsdt +C.
(\w) % (0,T) siT
= An/ (o — wo)p dx dt + A, B, M (ug)p dxdt
(2\w)x(0,T) (N\w)x(0,T)
- A.B, poM () dx dt — A, By, / M (uo)(p — BoM(p)) de dt + (..
(N\w)x(0,T) (\@) % (0,T)

Grouping similar terms, we derive

-7 / Ipepdsdt = A, (po = BnM™(po)) du dt
ST (©\@) % (0,T) (6.17)

- Ay (uo — B2 M* (M (ug))) da dt + C.
(Q\@) % (0,T)

Step B.3. Now, using convergence ((6.15)) and (6.17)), we can pass to the limit as ¢ — 0 in (2.6]),
and obtain the integral identity for py,

wT

— / Oypop dx dt + / VpoVedxdt + A, (po — BrH* (po))p da dt
QT QT
+ A, (Po — BuM*(po))sp dx dt
(Q\w) % (0,T)

= / VuogVpdzdt+ A, (ug — Bn(Bn + N"HG*(H (uo))p dx dt
T QT

+ A, (ug — B2 M* (M (ug)))y dz dt,
(2\@)x(0,T)

(6.18)

that is valid for an arbitrary function ¢ € L?(0,T; H}(Q2)). Thus, the limit adjoint problem is
— 0po — Apo + An(po — BaH™ (o)) Xwr + An(po — BaM™ (po)) X (\@)x (0,1)
= —Aug + An(ug — Bn(B, + Nﬁl)G* (H (u0))Xwr
+ Ap (ug — BLM* (M (u0))) Xz = 0,1y, (@,t) € QT, (6.19)
p(I>T) :Uo(.'lf,T), .Z'EQ,
p(z,t) =0, (x,t)elT.
Notice that, due to the well-posedness of the limit problem, all the convergences hold for the
whole sequences and not only for the considered subsequences.This completes the proof of the
homogenization theorem. O
7. PROOF OF THE LIMIT COST FUNCTIONAL AND CONTROLS CONVERGENCE THEOREMS
In this Section we will complete the characterization of the limit optimal control.
Proof of Theorem[5.4 We start with the expression of .J. taken at v. = —N‘lpexsg,T:
2Jc (ve)

:/ |Vu5|2d:£dt+/ |us(m,T)|2d$+€77/ |u5(x,T)\2ds+Nﬁlefv/szgdsdt.
QT Qe Se Se
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Using the integral identity (2.1)), we obtain

2J5(v6):/ \Vu€|2dxdt—|—/ |u5(x,T)|2dx+E_7/ \ue(x,T)|2ds—|—/ fpe dxdt
QY Qe Se QT

(7.1)
— / Vu:.Vpe dzdt — / Opuepe dxdt — e / Oruepe ds dt.
QT QT sT
From the integral identity (2.6)), we have
— Vu:Vp. dx dt — Ouepe dxdt —e™ " Osu=pe ds dt
QT QT s
=— / Vp-Vu. dzxdt + Oypetie dr dt + 7 Oipsue ds dt
QT QT s
e / e (2, T)Pds — / e (z, T)Pde
Se Q.
- —/ IV |? da dt — e—'v/ e (z, T)2ds — / e (2, T)|2d.
QT Se Qe
Substituting this equality into ([7.1]), we obtain
2Jc(ve) = fpedxdt.
QT
Then, passing to the limit as ¢ — 0 we have
lim 2J,(ve) = fpodzdt.
e—0 QT
Using the integral identity (6.14) for the function wug, we obtain
/ fpodxdt = / Orugpo dx dt + / VuoVpo dx dt + A, (ug — BnH (ug))po dz dt
QT QT T UJT
+ .An (UO — BnM(UO))pO dx dt + N71A7L3n H(G* (p()))po dx dt
(N\@) % (0,T) wT
= —/ Ospoug dx dt +/ luo (2, T)|*dx +/ VpoVug dzx dt
QT Q QT
A [ o0 = Bu ) uo dod + A, (po — B M (po))ug da dt
wT (N\@) % (0,T)

+N'A.B, | H(G*(po))po dz dt.

wT

Then, we use the integral identity (6.18)) for the function py and duality relation for the operators
H and M, to conclude that

/ fpoda:dt:/ |u0(x,T)|2dxdt+/ |Vug|? de dt
QT Q QT

+ A | (o — Bu(By + N~Y)G* (H(uo)))uo dz dt

wT
+ A, (ug — B2 M* (M (uo)))uo dz dt
(\@) x(0,T)
+N"'A,B, H(G™*(po))po dz dt.
wT

Let us show that the derived expression is non-negative. According to the definition of M and
M*, we have

/ (uog — B2 M* (M (up)))uo dz dt
(N\w)x(0,T)
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= / (2 — B2 M?(up)) dx dt
= / (8¢ M (up) + BpM (up))* — B2 M?(up)) d dt
(@) x(
:/ (O:M (uo))2 dzdt + By | |M(uo)(z, T)|da
(Q\w) % (0,T) Q\w
_ / (4o — BuM(u))? dadt + B | |M(uo)(z, T)|*dz > 0,

(N\w)x(0,T) AN\w

Using that G*(H (ug)) is the solution to the problem (4.11)) with boundary conditions (4.12)),
we obtain

/T(uo — Bo(By + N~Y)G* (H (uo)))uo da dt
_ / (o — GRG" (H (o) — uo)uo de dt

-~ [ e o do

/TatQtG* 0))(05G* (H (ug)) — Bn(By + N~1)G*(H (ug))) dx dt
/T (O3,G” (H (0)))? e dt — By (B + N7) [ 03,6 (H (o)) G (H (o)) d
/ (0XG* (H (ug)))* dx dt + B, (B, + N~ )/ (0:G* (H (up)))? da dt

+ B, / (9,G* (H (uo))(x, 0))%dz > 0.

From this, we y see that the expression is non-zero, however, we convert it to a form that is similar
to the one derived for the terms with M. We have

Bn/(ﬁtG*(H(uo))(m,O))zdx
_ B, / (0™ (H (u0))(,0))* — (8:G* (H (uo)) (2, T))?)dx + B, / (06" (H (uo))(, T))2d
_ ‘B"/T 8t|8tG*(H(uo))|2da:dt—i—Bn/(atG*(H(uo))(x,T))de

= -2B, ) OLG* (H (u0))0,G* (H (uo)) dz dt + B,, / (0:G*(H (ug))(x, T))*d.
Note, that from the definition of G*(H (up)), we have
OG*(H (u0)) (2, T) = (Bp + N"HG*(H(uo))(z, T) — H(ug)(x, T) = —H (uo)(z, T).

Thus, we transform the last equality to

B, / (0,G* (H (o)) (=, 0))2dz
=28, T6ftG*(H(u0))6tG*(H(u0))dxdt+8n/ |H (uo)(z, T)|*d.

Now, we put this into the original expression and obtain

/T(uo — Bo(B,, + N"HG* (H (ug)))uo de dt =
— /T(aftG*(H(uo)))2 dxdt + B,(B, + N71) /T(atG*(H(uo)))2 da dt
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— QBn/ O2.G*(H (u0))0,G* (H (ug)) dx dt + Bn/ |H (uo)(z, T)|?dzx.
We transform it as follows,

/T(uo — Bn (B + N"HG* (H (ug)) )uo dz dt

:/T(BnatG*(H(uo))—8t2tG*(H(u0)))2dxdt+N‘an/ (0:G* (H (up)))? d: dt

wT

+Bn/ |H(u0)(x,T)|2dx:/ (OH (1) — N=10,G* (H (uo)))? dz dt

T

+ N1B, (atG*(H(uo)))dedt—i—Bn/ | H (uo) (2, T) 2d.

wT

Using again the definition of operators G* and H, we have
8:H (ug) — N™10:G*(H (uo)) = uo — (Bp + N™")H(ug) + N™' (B, + N™1)G*(H (u))
+ N H(up) — N"H(B, + N"H)G*(H(ug)) = uo — B H (ug).
Thus,

/T(UO - Bn(Bn + N_l)G*(H(Uo)))UO dz dt

:/ luo —BnH(u0)|2dxdt+N_1Bn (atG*(H(uo)))2 dxdt—i—Bn/ \H(uo)(x,T)|2dx.

wT w

Using that H(G*(po)) is a solution (4.11) we obtain

[ H@ oot =~ [ HG ) (G HG () ~ BB+ NHH(G (p0)
- / (OH (G () drdt ~ / O (H(G" (po))) (&, TVH(G" (po)) (&, T)

B (B, + N-l)/ (H(G*(po)))? dar dt

wT

=/T(atH(G*(po)))zdwdHBn(Bn+N_1)/ (H(G*(po)))? da dt

(8,4 N7 [ (HG () (2. 7)
Thus, :
lim 2Je(ve) = [|Vuol|72(gry + l[uo(2, T)||72(q)
+ A, lug — B M (ug)|? da dt + A, B, / | M (uo)(z, T)|*dx
(Q\w) x(0,T) [9A\
+ A, /T i — By H (o) 2 da dt + Aan/ | H (uo) (2, T) [2de
N B [ (0G (H o)) dudt+ N ALB, [ (9H(G (po)))? da dt

wT

FNTABB, N [ (H(G (o)) deds

wT

wT

+NTAB(By + N7 / (H(G*(po))(w, T))?da

= Jo(~N"'H(G"(po)))-
This completes the proof. O

Finally, we will show that system (5.1]) is related to the limit functional and the limit optimal
control vg.
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Proof of Theorem[5.3 If vy is the optimal control, then for any admissible function v € Ungq we
have ( (v0)
. Jo(vo + Av) — Jo(vo
/ —
oo = iy X
We set 6 = (ug(vg + Av) — ug(vg))/A. The function 6 is a solution to the problem

00 — AG + An(0 - BnH(Q))XwT + .An<9 — BnM(e))X(Q\w)X(QT)
- AanUXwTa (:L'7 t) S QTa

=0.

0(x,0) =0, z€Q, (7.2)
0(z,t) =0, (x,t)ecTT.
Note that because of the linearity of the operator M and H, we have
(H (uo(vo + Av) — H(uo(vo)))/A = H(0),
(M (uo(vo + Av) = M(uo(vo)))/A = M(6).
Thus,
J{(vo)v = /T VOVug(vg) da dt + /Q O(x, T)ug(vo)(z, T)dx
+ A, (0 — B, M(0))(uo(vo) — BnM (ug(vg))) d dt
(Q\w) % (0,T)
+ A, B, o M) (x, T)M (ug(vo))(x, T)dx
+An [ (0= BuH(6))(uo(v0) — BnH (uo(v0))) dax dt (7.3)

+ A, B, / H(0)(x,T)H (uo(vo))(z, T)dx

+ N7'A,B, 8tG(H*(9))8tG(H*(uo(vo)))dxdt—l—NAan/ OrvoOyv dx dt

+ NA,B2(B, + N—l)/ vovdx dt + NA, B, (B, + N71) / vo(z, T)v(x, T)dx.

Now, we use that pg is a solution to the problem (6.19)), that is adjoint to (5.2)), and obtain

VOVug(vo) dz dt
QT
= — Oipof dx dt + VpoVo dz dt
QT QT

+ A, (po — BnH"(po))0 dx dt + A, (po — BnM™(po))0 dx dt
wT (@) x(0,T)

—An [ (uo — Bn(Bn + N"HG*(H(up)))0 dz dt

- A, (g — BEM* (M (uo)))6 da dt.
(@\@)x(0,T)

As 0 is a solution to problem (7.2]), we have

/ VOVug(vo) dx dt = —/ uo(vo)(x, T)0(x, T)dx + A, B, / vpo dz dt

QT Q T
—An | (ug — BBy + N"HG*(H (up))0 dx dt (7.4)
- A, (uo — BZM* (M (ug)))0 da dt.

(2\@)x(0,T)
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Using the same transformations as in the proof of the theorem above, we have

/ (o (v0) — B2 M (M (o (v9)))0 da: dt
(Q\@)x(0,T)

- / (o (00)0 — B2 M (o (v0))) M (0) d di
(Q\W) % (0,T))

—/ ((9eM (uo(vo)) + BnM (uo(vo)))((0:M(0)
(Q\@)x(0,T)
+ B, M (0)) — B%M (ug(vo)) M (6) da dt
- / (uto(v0) — B M (tt0(00)))(0 — B M(6)) de dt
(\@) % (0,T)
+ B, / M (ug(vo))(z, T)M (0)(x, T)dx.
Q
And, similarly as in the proof of the theorem above, we obtain

/T(uo(vo) — Bp(By + N"HG* (H (ug(v))))6 dx dt
= /T(uo(vo) — BpH (up(v9)))(0 — B,H(0)) de dt
+ Bn/ H(ug(vo))(x, T)H(0)(z, T)dx

+NB, [ 0,G(H” (uo(v0)))0,G(H*(6)) dx dt.

wT
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(7.5)

Indeed, we use that G*(H (ug)) is the solution to problem (4.11)) with boundary conditions (4.12)),

and derive that

/T(UO — By (B, + N"HG*(H (ug)))6 du dt
= / 95,G* (H (u0))(95,G*(H(0)) — Bn(Bn + N™1)G*(H(0))) dz dt

=/ 05.G™ (H (u0))05G* (H(0)) dw dt — By (B + N71) [ 05,G*(H (u0))G™ (H(

wT

= /T OLG* (H (u0))07,G*(H(0)) dx dt + B, (B, + N™1) 0G*(H (uo))0G*(H

+ B, /@ (x,0)0,G*(H(0))(x,0)dx.

We transform the last term as follows,
B, /w 0,G* (H (uo))(x,0)0,G* (H () (=, 0)do
= ~Bu | 000G (H(u))G* (H(6))) du dt
+B, /at )z, T)0,G* (H (0))(x, T)da
= ~Bu | (9hG"(H(u0))OG" (H(6)) + G" (H (u0))95,G" (H (8)) de d
+B, /at ))(z, T)0,G* (H (6))(x, T)da.

Note, that from the definition of G*(H (ug)), we have
0G*(H (uo))(z,T) = —H(ug)(z,T), G (H(0))(z,T)=—-H(0)(z,T).

)

0)) dx dt

(0)) da dt
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Thus, we transform the last equality to
B, / oG (2,0)0,G*(H(0))(z,0)dx

= (O7G™ (H (u0))0:G™ (H (0)) + 0,G" (H (u0))07,G™ (H (0))) de dt

UJT
+ B, / H(uo)(z, T)H(0)(z, T)dx.
Now, we put this into the original expression and obtain

/ (g — B (B + N™HG*(H (uo)))6 dx dt

_ /T O2.G*(H (u))0R,G* (H (6)) da dt + By (By + N~ /T 0,G* (H (u0))0, G (H (6)) dx dt

=B, | (03,G"(H(u0))0,G* (H(0)) + 0,G" (H (u0)) 05, G* (H(0))) dev dt

UJT
+ B, / H(uo)(z, TYH (0) (2, T)da.
We transform it in as follows,

/T(Uo — B,(B, + N"HG*(H (ug)))0 dx dt
= [ (B ([T w0) — 026 () (520G (1(0)) — G (1(0) s

FNTIB, [ 0,G*(H(u))d,G* (H ())dxdt+Bn/Hu0 (2, T)H(0)(z, T)da

wT

- / (0 H(uo) — N~'0,G* (H(0)))(9:H(0) — N~'0,G* (H(6))) de dt

wT

+N71B, G* (H(ug))0:G*(H(09)) dx dt + B, / H(uo)(x, T)H(0)(x,T)dx.
Using again the definition of operators G* and H, we have
3tH(u0) — N*I&/G* (H(UQ)) = Uy — BW,H(UQ),

0:H(0) — N~'0,G*(H(0)) = up — B, H(6).
Thus,

e

T(uo — Bn(Bn, + N"HG*(H (ug)))0 dz dt
- / (g = BuH (u0))(0 — B, H(6) da de (7.6)

FNB [ 0,6 (H (uo))0,G* (H(0)) da dt + B, / H(uo)(z, TYH (0) (2, T)da.

wT w
Substituting relations ( and (| into , and then, putting it into , we derive
Jy(wo)v = A, B, / povdxrdt + NA,B, OyvgOpv dx dt

wT wT
+ NABE(B, + N1 / vovda dt + NAB, (B, + N1 / vo(z, T)v(z, T)dx.

Integrating by parts in the second integral, we obtain

J{(vo)v = Aan/ povdrdt + NA, B, / (0o (2, T) + (Bn + N~ Ywo(x, T))v(z, T)dx

w

+NA,B, (—02v0 + B, (Bp, + N Yvg)vdz dt =0,

wT
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for an arbitrary admissible function v € U,q. Hence, we obtain that vy must be a solution of the
problem

8t2tv0 — Bn(Bn + N_l)’l)() = N_lpo
vo(2,0) =0, dywo(z,T) + (B, + N Hwg(x, T) = 0.

But, this is related to the problem satisfied by H(G*(—N~'pg)). Because of the uniqueness of the
solution of the problem we conclude that vog = —N~1H(G*(po))X.r- d

Remark 7.1. As in [IT] [12], thanks to Remark by simplifying the cost functional J. as in
[11], by making the parameter N — 0, it seems possible to show the approximate controllability
with final observation of solutions of the limit problem.
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