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POSITIVE SOLUTIONS FOR GENERALIZED QUASILINEAR
SCHRODINGER EQUATIONS

XUAN LONG, XIANG-DONG FANG

ABSTRACT. This article concerns the existence of solutions to the generalized quasilinear Schrédinger
equation

—div(g?(w)Vu) + g(w)g' (v)|Vu|? + V(z)u = f(z,u), =RV,
where N > 1, g € C1(R) and the nonlinearity is asymptotically linear at infinity. Through
the stretching transformation, we adjust the approach in [1] and overcome the impediment that
there might not exist a ¢ > 0 such that tuc(x — y) belongs to the Nahari manifold, where uco
is a ground state solution for the limiting problem.

1. INTRODUCTION

This article concerns the generalized quasilinear Schrodinger equation
—div(¢?(u)Vu) + g(u)g' (w)|Vul* + V(z)u = f(z,u), xeRY, (1.1)

where N > 1, the limits of V' and f exist as |z| — oo and g is continuously differentiable with a
nonnegative derivative on [0, 00).

Solutions to equation (1.1) are directly associated with the stationary wave solutions of a
time-dependent quasilinear Schrédinger equation, which takes the form

i = —AD + W (@) — qa,[B2)P — AU(B[2)1'(9)2, (1.2)

where ®(x,t) denotes the wave function, W (z) stands for the potential, while ¢ and [ are functions
selected appropriately. This equation arises in the search for solitary wave solutions to a general
quasilinear Schrodinger equation, which models several physical phenomena, and further details
can be found in [17, 16, 18] for an explanation. By substituting the standing wave ansatz ®(x,t) =
e~y (z) into equation (1.2), one obtains the time-independent elliptic equation

—Au+V(z)u— A(k(u?))E (u*)u = f(z,u), xRN, (1.3)
which constitutes a particular case of problem (1.1) with the coefficient function g?(u) = 1 +
[(k(w?))']?
5
Two physically relevant specializations of this structure are noteworthy. First, choosing g2 (u) :=
1 + 2u?, which corresponds to k(s) = s, yields the superfluid film equation

—Au+V(@x)u - A@w?)u = f(z,u), xcRY. (1.4)

Second, the choice g%(u) := 1+ Q(f‘Tzuz) leads to

U
2(1 + u2)1/2
The latter model describes the propagation and self-channeling of an intense ultrashort laser pulse
inside a nonlinear optical medium.

—Au+ V(z)u — {A(l + u2)1/2} = f(z,u), =z cRV, (1.5)
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There has been significant attention in the literature focused on (1.4). The pioneering work
in this direction was conducted by Poppenberg et al. [18], leveraging variational methods. Sub-
sequently, Wang [16] demonstrated that a positive solution exists, via a constrained minimization
argument. A significant methodological advancement was made in [17], which was achieved by
reformulating the original quasilinear equation as a semilinear problem through an Orlicz-space-
based variable transformation. Later, Colin et al. [8] introduced a modified transformation of
variables, which allowed the analysis to be carried out within the conventional Sobolev space set-
ting. Further extending these results, Silva et al. [20] proved the presence of nonnegative solutions
under asymptotically periodic and critical growth conditions.

Following these foundational works, considerable attention has been devoted to (1.4). For a
broader overview of subsequent developments, we refer the reader to [11, 13, 14, 15, 26] and the
references cited therein.

Our analysis focuses on the problem

—div(g®(u)Vu) + g(u)g' (u)|[Vul> + V(z)u = f(z,u), uc H'(RY). (1.6)
We define E as the Sobolev space H!(RY) with the norm

]| = (/RN Vul? + V(I)UQ)”Q.

We set G(t) := fo T)dr, F(x,t) := fo x,7)dr and Fyo(t) := fo foo(T)dr. Our analysis is
based on the followmg assumptlons concerning V', g, and h

1S continuous an < Il epny V(y) < ) < Vo for all x € , where Vo =

Al) Vi i do inf,cpn V v Vo fi 11 RY, where V,

(A2) g is of class C* on R, even, and increasing on (0, c0), with g(0) = 1.

(A3) f(z,t) € C(RYN x R") and for every t > 0, limyy|o0 f(7,t) = foolt), Where foo(t) is
continuous in RT.

(A4) lim;_, o+ ( ) — 0, uniformly for z € RV

(A5) limyy oo {t()%t()t) = s(z), uniformly for € RY, where s(z) is continuous, lim, | s(z) =

500 and s(z) > 92(( )) for every x € RV, with ;i o= limy o0 57 -

(A6) t— g{t()%t()t) and t — g{:)"é()t) are increasing on (0, 00). Moreover, on the set where g(t) = 1,

the aforementioned monotonicity is strict.

(A7) M < S0 — 8(x ) for all (z,t) € RNV x RT.

(A8) If g = 1 then limg 4 o0 = 38(w )t2 — F(x,t) = oo, for a.e. z € RV,

(A9) For each 0 >0, lim |00 f(2,1) = foo(t), uniformly for 0 <t < 4.
(A10) If w, — 0 in E, then for every v > 0, there exists y € RY such that
liminf/ F(z,G  (|wn])) = Foo (G (|wn])) = 0,

lz—y[>L, lwn| <~y

=00
- Fe, G (o) _ (G )
1=00 Jig—y[>1, lwn| <y (G~ (wn)) 9(G~(wn))
uniformly for n.
(A11) 0 < So0— m <inf,cpn[s(z)— (( ))]—i—u(mfzeRN[ (z)— gZ((jg)]), ie., supzeRN[%—i—
Soo — 8(x)] < p(inf,cpn[s(x) — ‘2/((;)]) where p(+) is as in Lemma 3.19.

Theorem 1.1. Under assumptions (A1)—(A8), (All) and at least one of (A9) and (A10), we
further impose the condition

:0,

(A12) The minimal energy value co corresponding to equation (2.4) is an isolated critical level
of the functional J

Then (1.6) admits a positive solution.

Remark 1.2. To prove that (1.6) has a positive solution, we can let f be odd for t¢.
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Remark 1.3. For b > ¢y = coo, we follow the approach in [1]. Unlike [1], however, we cannot
guarantee that us, (z —y) € T for arbitrary y under our conditions. To address this, we introduce
a parameter ¢, and modify the definition of I', where 6, is continuous in y.

Remark 1.4. In lemma 3.19, we prove that hypothesis (A11) is equivalent to a® < inf,cpn[s(z)—
V(x
g* ((02)
Remark 1.5. Assuming the decomposition f(x,t) = s(x)f(¢), hypotheses (A9) and (A10) are
readily verified by direct computation. Furthermore, under the additional condition s(z) < $u,
hypothesis (A7) is also satisfied. In the special case where g = 1, f(t) = ¢t — In(¢ + 1) fulfills
our assumptions. Note that the choice of f(¢) is independent of that of s(x). As an example, for
suitably chosen functions ¢(t) and f(t), consider V(z) = V. and s(x) = s —(sm—% —al)e !

] < S0 — %, where a® > 0 is independent on the specific forms of V(z) and s(z).

where 5o, > % and a’ is as in the Lemma 3.19. This choice satisfies conditions (A1) and (A11).

Prior research has predominantly focused on nonlinearities of specific types. For instance,
reference [19] investigated the case where the nonlinear term is independent of the spatial variable,
ie., f(x,t) = f(t), and obtained a nontrivial Mountain Pass solution. Under our assumptions, the
Mountain Pass Geometry can be established by Lemmas 3.3, 3.4 and the weak continuity of J'.
However, the nontriviality of the solution cannot be guaranteed. To address this, we introduce
additional hypotheses (A5) and (A6), which ensure that the Nehari manifold exhibits a suitable
geometric structure.

Via (1.4), the problem studied in [11] can be recovered as a particular example of our model,
with the condition s(z) < s there being equivalently replaced by V(x) < V., here, under the
substitution g(t) «— V14 2t2 and f(z,t) <— ¢(x)g(t) from [11].

Remark 1.6. To prevent our minimax value from being an accumulation point of critical levels
of (2.4) we impose hypothesis (A12) as in [1] (see also in [4]).

Notation. Throughout this paper, we use the letters C', C7, Co, ... to denote positive constants
whose values may change from line to line and play no essential role. For a center y € RY and a
radius 7 > 0, the open ball B,(y) is defined as {z € RY : |z — y| < r}. The symbol S* stands for
the unit sphere in the function space E. The usual LP-norm is written as |ul, := ([on [u/?) e

Moreover, given a translation vector y € R and a dilation parameter § € R, we define an action
of RV x RT on E by setting u??(z) := u(%5Y).

2. PRELIMINARY RESULTS

The variational structure associated with equation (1.6) can be formally described by the energy

functional .

Jo(v) = 3 /RN G ()| Vo2 + V(z)v? — /RN F(z,v).

However, Jy may fail to be well-defined in the space E. We follow the approach introduced in [19]
and perform a variable substitution,

w=G(v) = /OU g(7)dr.

Hence, we obtain that
1
J(w) = 7/ Vol + V()G (w) 7/ Fla, G (w). (2.1)
2 RN RN
From (A2), (A3) and (A4), we deduce that J € C1(E,R). Obviously, we have
G~ H(w) flz, G (w))
J'(w), :/ VuVeé+V(e)——) g [ T W)
SO = f W@ @)’ e 0@ Tw)
for every w, ¢ € E. Moreover, a function v € H'(RY) is a critical point of J if and only if it is a
weak solution of the equation

o, (2.2)

Glw) _ f@.G ()
(G w) ~ g(G i)

—Au+ V(z) u e HY(RY). (2.3)
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It is established in [19] that (1.6) and (2.3) are equivalent in E.
We introduce the Nehari manifold associated with the functional J as

N :={ue E\{0}: (J'(u),u) =0},

and we set the corresponding minimum level cg := inf, J.
Next, consider the limiting problem

_fe(CTw) L, G

Ay =i W)y B W 2.4
oGTw) G w) (24)
The corresponding limiting functional and Nehari manifold are defined as
1
Tuw) =5 [ 19uP 4Vl P - [ PG ), (25)
RN RN
Noo :={u € E\ {0} : (J (u),u) = 0}. (2.6)

Equation (2.4) admits a positive radial ground state solution u,, € C*(RY), since the function

() e foo(GH(w) G~ (u) : : :
g*(u) : oG Vo Gy can be verified to satisfy all assumptions of [8, Theorem 3.1],

which relies on the classical framework of [2] and [3] (cf. [8]). Set coo := Joo(Uoo)-

Let
T:={uek: /RN |Vul? +/RN 9‘2/((;))“2 < /RN s(z)u?},
Vo

Too := ueE:/ Vu2+/ 7u2</ Soou?}.
{ ]RN| | gy g2(00) RN }

By conditions (A5) and (Al1), we have T # 0 and 7o, # 0. Although we cannot guarantee that
all functions in T, belong to T, it is established in Lemma 3.11 that the modified functions do
possess this property.

Given that our assumptions could not ensure that A forms a manifold of class C', we conse-
quently adopt the framework established in [23, 24].

The following properties are consequences of assumption (A2). For their proofs, we refer the
reader ito [19, 10].

Lemma 2.1. The following statements hold for the function G(t) and G=1(t):
(1) G(t) and G~1(t) are odd;

(2) G7H(t) <t < G(t) < g(t)t, for any t > 0;

(3) G_t ) is decreasing on t € (0,00);

(4)

Gt . Gt 1
t():].,hmt_ﬂx) f():m

3. PROOF OF THEOREM 1.1

Lemma 3.1. (1) 0 < F(x,t) < ﬂ%zg(t), forallt e R, z € RV,
(2) For each e > 0, p > 1, there is Ccp, > 0 such that |f(x,t)] < elt| + Cepg(t)|G(E)P for all
teR, z e RV,

Proof. (1) It follows from (A4) and (A6) that g{ t()xc’;t()t) > 0 for every t # 0. It follows from (A2),

Lemma 2.1-(1), (2) and the oddness of f(z,-) that F(x,t) > 0 for every t € R. By (A6), we obtain
that

| e sds < S0 [1AG6) S 06
F(x,t)—/o f(z,s)d S?g(t)G(t)/O s = OB

(2) Let s* := sup,cpn s(x), it follows from (A2), (A5) and (A6) that
[f(z, )] < s"g(D)|G(H)] < C1 + s"g(D)IGR)]P < s™(C2 + g(OIGD)P),
for every p > 1. Using (A4), we obtain the conclusion. O

For each element u € T, we introduce the auxiliary function @,, by Q. (t) = J(tu) for ¢t > 0.
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Lemma 3.2. (1) There is a unique t, > 0 such that Q. (t,) = 0. Furthermore, tou € N is
equivalent to tg = t,.

(2) RTN =T.
Proof. (1) From (A4), we obtain that lim;_,q ‘G(( )‘% = 0. Consider that

Qut) 1 1 G~ (tw)|? F(z, G (tu))
2 - i/RN ‘vu‘2+ 2/u750 V( ) 12442 u2 /u;éO #2942 ’LL2.

Applying Lemma 2.1-(4) yields

. Qu(t) _ 1 2 2
tlgl% 2= 2/}RN [Vul® + V(z)u” > 0.

Using (Ab), we have lim;_, o ‘G(t’)t‘% = 1s(z). Thus,

o Qu(t) 1 / 2, V@) 5 1 / 2
lim == \Y - = 0.
Jim = 2 fox [Vul|* + 92(oo)u 3 Jon s(r)u” <
Obviously, the condition @/, (t) =0 is equlvalent to

s LG [ G,
[ / VO Tt .o oG T
It follows from (A2) and Lemma 2.1—(3) that

“(7) B G 1(7) 1

g Gm)r T g(GH(T)
(o)

decreases for 7 > 0. Moreover, - (< )|r=r, = 0 if and only if g(7) =1 for any 0 < |7| < |79].

» dr
Using (A6), we obtain that ((x G (T()T))T) - ‘g/((é),Cf(T)()T) is strictly increasing on 7 € (0, 00) and strictly
decreasing on 7 € (—o0, 0), which yields the existence and uniqueness of ¢,,. The conclusion follows
directly from the r elation @’ (t) = M

(2) Obviously, 7 C RTA. Remember that J; ((ZEI (1T()T))T) - ‘;((é),Gl(_:)()TT) is strictly increasing on

7 € (0,00) and strictly decreasing on 7 € (—o0,0), for each u € N, we obtain

Gt G!
/ |VU|2 — f($7_1 (u))u2 _ V($) _1(’LL) ’LL2
RN uzo 9(G7H(u))u 9(GH(u))u
< / s(x)u® — Z(x) u?.
RN 9?(0)

Hence v € 7, which means A/ C T, i.e., RTA C T. O

Lemma 3.3. (1) There exist positive constants ro and M such that M < infsr0 J < ¢g, where
Spe :={u € E : ||u|| =ro}.
(2) Every u € N satisfies ||ul|* > 2¢co.

Proof. (1) The estimate infs, J > M for some M > 0 follows immediately from [19, Lemma 2.1],

so its proof is omitted. Using Lemma, 3.2, for every u € N, we have ﬁ € Sy, and J(u) > J( ﬁfﬁ‘)
Consequently, the first inequality holds.
(2) The conclusion is obtained directly from |G~ (u)|? < u? and F(z,t) > 0. O

Lemma 3.4. For every compact subset B C T, there is r1 > 0 such that J(tu) <0 for any u € B
and t > ry.

Proof. Arguing by contradiction, set (u,) C B and (t,) C RT with J(t,u,) > 0 and ¢, — co. In
addition, because of the compactness of B, there exists u € B such that, up to a subsequence, u,
converges to u. Then, applying (A5), Lemma 2.1-(4) and the Lebesgue dominated convergence
theorem, we obtain

J(tpun) 1 5 1 |G (thun)? o F(z, G YNtpun)) o
T Y B et Rl e s

n-n
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1 9 Viz) , 1/ 9
- - = O
— 9 |Vul 4+ 2( )u 3 s(z)u® <0,

a contradiction. O

The preceding lemmas hold analogously for the limiting functional J, with the replacements
of N, T, and c¢g by Nuo, Teo, and ¢, respectively.

Lemma 3.5. In the Nehari manifold N, every Palais-Smale sequence (vy,) is bounded.

Proof. Argument by contradiction. Suppose that there exists a Palais—Smale sequence (v,,) con-
tained in N such that J(v,) < C and J'(v,) — 0 while |lv,|| — co. Define the normalized
sequence w, := v, /||v,||. By extracting a suitable subsequence, w,, converges weakly in E to w,
and converges almost everywhere in RY t o w.

If

lim sup / w2 — 0,

" yeRN JBi(y)
then according to P.L. Lions’ lemma [25, p.16], we obtain w,, — 0 in LI(RY) for any q € (2,2*),
with 2% := 22 for N > 3 and 2* := oo otherwise. From Lemma 2.1-(2) and Lemma 3.1-(2), for
every fixed t > 0, we find [,5 F(z,G~*(twy)) = 0 as n — co. Using Lemma 2.1-(4), we have

2 |a=1()2 2 |a-1()2
7—0 T T—00 TP

Thus, for every € > 0, there exists C. > 0 such that ’tzw% — |G_1(t2w,21)|2‘ < eltw,|? + Celtw,|P.
Hence

0.

V(x) (tgwi - |G_1(twn)|2) — 0,
RN
for every t > 0. Using Lemma 3.2, we obtain J(tw,) < J(v,) < d and
2

J(twy,) = %/RN |Vwy,|* + %/]RN V(2)|G  (tw,) > — /]RN F(x, G (twy,))
¢2 1

= Sl =5 [ V@ B =167 ) — [P )

For sufficiently large ¢, this leads to a contradiction.
Consequently, taking a subsequence if necessary, we can find a constant 1 > 0 and a sequence
(yn) C RY satisfying

/ (wy1)? > > 0.
B1(0)

Provided that the sequence (y,) is bounded, then y, — yo by extracting a suitable subsequence
which informs w¥»! — w¥- in L2(B1(0)) and w(z) # 0. Furthermore, since v, (z) — oo on the

set {z : w(z) # 0}, for every ¢ € C3°(RY), it holds that <J”/1():’|L|) ) <p> — 0, ie.,

. Ve, [ f@a )
o "W*/Wéo G Y /¢ 9(G1(0n)v

where o(1) — 0 as n — co. Since w,, converges weakly in E to w, we obtain

V() = s(x)w
RNVU}V@—FQQ(OO)U/@—/RN (z)wep.

’LUnQO + 0(1)7

Considering that the essential spectrum of —A — (s(m) - g‘;((g)) is [ S0+ %, 00) (cf. Theorem

3.15 in [22]), the preceding result leads to a contradiction.
Then |y,| — oo, it follows that, up to a subsequence, w¥»* — w* # 0. Likewise, we have

Veo
Vw*Ve + BCYZURY wrp = / SeoW™ P,
RN g?%(o0) RN

and it is also a contradiction. The conclusion follows. O
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G2(t)
g2(c0)

Lemma 3.6. If g # 1, then lim;_, t? — = 00.

Proof. We shall only consider ¢ > 0. By (A2), we have

G2(t tG(t K
2 _ 2()2t2— ():t/[l—g(s)]ds.
g9%(o0) g(0) o g(o)
If g # 1, then there is a positive constant C' such that t? — % > Ct for any t > 1. The
conclusion follows. O

We define Ny := 7 N S*. We introduce a map n : Ny — N defined by n(u) := t,u, where ¢, is
given by Lemma 3.2-(1). The openness of 7 in E implies the openness of Ny in S*.

Lemma 3.7. If (u,) C Ny, thun, € N and u, — ug € Ny, then t, — oo and J(t,u,) — oo.

Proof. Suppose t,, /4 oo, then we can assume t, — to > 2¢o > 0 from Lemma 3.3-(2). It follows
from 0 = (J'(tpun), tnun) — (J' (touo), toug) that toug € N, which is contrary to ug € ONp.

Note that
V(z)
V|2 2:/ 2
[owul+ [ = [ s
Thus, we have

J(tug) = %/RN Vuo|? + %/RN V()G (tuo)|? — /RN Fla, G~ (tuy))

t2u? 1

=-| Vv “Ltug)|? — =2 / t*ud ~L(tug)).

5 [ V@ |6 P - S [ s - PG )

Using (A8), Lemma 3.6 and Fatou’s lemma, we have J(tug) — oo, as t — co. For any positive

integer k, choose t;, > 0 that satisfies J(txuo) > k. From Lemma 3.2-(1), we have J(t,u,) >
J(trun) = J(truo) > k. Since k was arbitrary, it follows that J(t,u,) — 00, as n — oo. O

While the functional J is not coercive on N under our assumptions (whereas coercivity would
imply the continuity of n by [23, Lemma 2.8]), the following lemma states that n is continuous.

Lemma 3.8. The map n : Ng — N is continuous.

Proof. Set (u,) C Ny satisfy u,, — wuo and let n(u,) = t,u,. The sequence (t,) is bounded.
Indeed, if it were unbounded, we would have (after passing to a subsequence) t,, — co. It follows
from (A5), Lemma 2.1-(4) and the Lebesgue dominated convergence theorem that

1 1 G (thun)|? F(z, G tyu,
:7/ |Vun\2+f/ V(x)‘ (tnun)| UEL—/ (@, (tnu ))ui
2 Jgw 2 Ju,#0 thug Un#£0 thug

1 2, Viz) 1/ 2
— Z/RN |Vug| +g2(oo)u0 3 Jon s(x)ug < 0.

Thus, along a subsequence, we obtain ¢,, — t*. From Lemma 3.3-(2), we have t* > 2¢¢ > 0. Hence

0= <J/(tnun)7tnun> — <J/(t*u0),t*u0>,

which implies t*ug = n(ug). O
Lemma 3.9. The map n : Ny — N is a homeomorphism whose inverse is n=1(u) = ﬁ

Proof. The invertibility of n follows directly from Lemma 3.2. Using Lemma 3.3-(2), we have

_ _ wy —wy | ([Jwa]] = [lwi]])wa
[n~ (w1) = n~H(wa)| = | + | < ||1U1 wyl|,

[ [y |[[[we

for every wy,ws € N. Then n~! is Lipschitz continuous. O



8 X. LONG, X.-D. FANG EJDE-2026/19

To study the functional J on the Nehari manifold N/, we define T : Ny — Rby Y(w) := J(n(w)),
which leads to the following lemma on the correspondence between the critical values and Palais-
Smale sequences of T and J. A key property of T and J is given in the next lemma (cf. [11,
Lemma 3.9]).

Lemma 3.10. (1) T € C*(Ny,R) and
(Y'(u),v) = [In(u)|[{J (n(w)),v) for all v € Tu(No).

(2) If (vn,) C Ny is a Palais-Smale sequence for T, then (n(v,)) C N is a Palais-Smale
sequence for J. On the other hand, if (un) C N is a bounded Palais-Smale sequence for J, then
(n~Y(un)) C Ny is a Palais-Smale sequence for Y.

(3) The critical points of Y and the nontrivial critical points of J are in a one-to-one corre-
spondence via the map n: v is a critical point of T if and only if n(v) is a nontrivial critical point
of J. Furthermore, the corresponding critical values coincide, and we have infa,, T = infar J.

Lemma 3.11. ¢y < Co-
Proof. Note that u%:!(x) := us(z — y). Using Lemma 2.1-(4), (A3), (A5) and an integral Trans-
form, we have

!/ Y, y,1 ! %!
(JL (ru¥y 2) s rudst) :/ |Vug51|2+/ Vo G (ru¥l) 1(“&1)2

T -1 (rugol ))rus

rud:!
RN g

(G- 1(ruy’1))ruy’1

Veo
RN gy g%(00) RN

as r — oo, for every y € R¥. Consequently, for some o < 0 and R > 0, the inequality

(oo (rulle) rue!
2

> ) < «a holds for any r > R. Applying (Al) and Lemma 2.1-(3), (4), we obtain
G (ruse
(rus) >

lim Viz+y) — Vs o =0.
ly|—o0 ]RN[ (@+y) ]g(G—l(ruoo))ruOo
A similar argument shows that
_ —1
lim foo( (ruoo)) f(aj + Y, G (ruoo)),uQ — 07

lyl—o0 JrN (G (o) )Tuoo >

by (A3), (A5) and (A6). Then <Jl(mg5rl)’mg51> = ULO”“%D’T“&” + o(1), where o(1) — 0, as

(J' (ru¥st),ru¥st
s

) < 5§ < 0 holds whenever r > R

ly| — oco. Hence, for some S > 0, the inequality
and |y| > S.

Observe that (J'(ru¥l),ru¥l) is positive definite for small » > 0. Following the argument in
Lemma 3.2-(1), we find that (J’(ru%#;ol) decreases strictly on r € (0,00). Consequently, for ev-
ery |y| > S, the interval (0, R) contains precisely one element T satisfying (J'(TYu%}!), TYu%}!) =
0, which means T%u¥%:! € N'. Thus,

L [ fEty G () Ve 9@ (TVux), o
/]RN |V 00| _/RN[Q(G_l(TyUoo))Tyuoo g(G_l(Tyuoo))Tyuoo] S

:/ foo(G (Tyuoo)) _ Voo G (Tyuoo) }uz n 0(1)
9(GHTVuoo)) TV g(GHTVuoo)) TH100™
Given that £=(G_ [e) | VeeGl(s) is strictly increasing on s € (0,00), we have TY — 1 and then
(G 1(s))s g(G—1(s))s Yy g

co < J(TYu¥l) = coo. O

Lemma 3.12. For each Palais-Smale sequence (u,) C N with J(u,) — C, after passing to a
suitable subsequence, there exists a solution u® € E to

Glw) _ f@.G (w)
(G w) ~ g(Giw))

—Aw + V(zx)
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a finite sequence of solutions u',...,u* € E to

Gl(w) _ foulG )
g w) ~ 9(G(w))

—Aw + Vi

and k sequences (yl) C RN satisfying

yal =00,y —wnl =00, J#5, n— oo,
k k
Jo = =320 ) 4167 = DD =) 0,
=1 =1

k
/ Va2 + G ) 2 S / Va2 4G ),
RN j:() RN

k

JW) + ) Je(u?) = C.

j=1

Proof. Using Lemma 3.5, selecting a subsequence if necessary, u, — u’ in E. We claim that

-1 Up,) —1 u,,,—uo
fRN |G_1(un)|2 - ‘G_l(un - u0)|2 - |G_1(u0)‘2 = O( ) and fRN g(G— (( n)) g(Cé?—l((unfu"))) o

%]gp = 0(1) where o(1) — 0, as n — oo, uniformly for ||| < 1.

-1
We now establish the second assertion. Since g(g,il((tt)))t is nonincreasing on ¢ € (0,00), we have

[ g(GG_,ll((t t))) ' < g(g:((?)) ; <1, for any t > 0. An application of the mean value theorem and Holder’s
inequality shows that

Gl un) G (un =) 401213
/lm{ _ 2 ]sos|so2[/zl>r| 3.

9(GHun))  g(G~Hun —u?))
Thus, for each € > 0, there is a corresponding r; > 0 satisfying

G (up) B G (u, —u) B G (u)
/ 9C (w)) ~ 9(C (un—w0)) g iy ? = Il

Then, using the Rellich theorem, we obtain that

G (uy) B G (up —u) B G—1(u0)
/«”<T1 9(GYun))  9(G=Hup —u?)) g(G‘l(uo))]@ <ellell-

The first statement can be proved similarly.
Following the argument in Lemmas 3.4 and 3.5 of [27], we obtain, by (A2) and the proof of
Lemma 3.1-(2), that [pn F(z,G (un)) — F(x,G (up — u®)) — F(z, G (u")) = o(1) and

f(z, G_l(un)) f(z, G_l(un - uO)) f(z, G_l(uo))

— — =o(1),
e 9O oG ) g1 7O
where o(1) — 0, as n — oo, umformly for ||¢|| < 1. Hence, J(un —u ) J(up) — J(u0)+ o(1) and
J (uy, —u®) = J’( n) —J'(u?) +o(1). Similarly, we obtain Ju (un —u®) = Juo (un) — Joo (u®) +o(1)
and J._(un, — u®) = Jo(uy) — Jo (u®) + o(1).
Let u} = u, —u® Then ul — 0 in L} (RY) by the Rellich theorem. We assert that

Joo(ul) = J(up) — J(u®) + o(1) and J. (u, — u®) = J' (uy,) — J'(u®) + o(1).

n
We now prove the second assertion.

1 'LL]'
(Uielih) = Tkl < [ V(@) =Vl - |y sl
)

<
. G08) oG ),
oVt ey |
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For each € > 0, a positive number ry can be found such that |V (z) — V| < € whenever |z| > rs.
Employing Holder’s inequality under this condition produces
G (u})

V(z) = Vool | ———L] - < eClyls.
W) = Vel (el < <Clel

From the Rellich theorem, we obtain

G (u})

n

Jpo V@ =Vl iy el <l

for n large enough. Note that
/ |f(x,G‘1(uyﬂ)) B foo(G_l(Ui))| ol
v 9(G M ug))  g(G7H(ug))
fl@, G uy)) | fool G (up)) |
< e ooy e e
fl@, G (uy))
+/| |

— . 1 .
o G- ayor (@ Tahyyar @I el 1o

foo(GTH(ul,
" \/|a:y|>r |G—1(ul)|>T |g(G(—1(u£))u)2 — ool - |u}1| ol + 800 — s(2)] - ||

fl@, G uy))  foo(G™H(uy))
+/|a:—y|>r3,u}1§G(T)| 9(G= (uy))  9(G7H(uy))

Using (A3), (A5), (A9) (or (A10)), the Rellich theorem and Hélder inequality, there exist some
T > 0 large enough (if (A9) holds, y = 0; if (A10) holds, y is as in (A10)) and r3 > 0 large enough
such that [(J._(ul) — J'(ul),p)| < eClp|, for n large enough. A similar argument applies to the
first statement.

Set

RAREE

d:= lim sup / |l |?.
n—oo yERN B1(y)
In the case § = 0, we have ul — 0 in LI(RY) for all ¢ € (2,2*), by the P.L. Lions lemma [25,

Lemma 1.21 ]). This convergence, combined with assumptions (h1), (g) and the results of Lemma
2.1-(2) and Lemma 3.1-(2), implies that for any € > 0 one can find C. > 0 such that

[, G (u,)) 4 / 12 1
T, | < eluy, |* + Celu,|?,
Ly < [ e+ ol

Joo (G (u})) 12 1p
/RN |Mun\ < /RN eluy,|” + Celuy, |P.

From the identity (J.(ul),un) = (J'(un),ul) + (J'(u®),ul) + o(1) = o(1), together with the

N

estimate provided in Lemma 2.1-(2), we obtain that

1

5 | VR VeGP

1/ 12 1/ 11 / G (uy)u,
<[ VuipPas [ velGlW)P 4o Vo o Wn)tn
2 sz' | 2 Jr~ | ()] |G=1(ul)|<1 9(G~(uy,))

Glu !l Vv
< c/ V2 4 v & (tn)tin ﬁ/ ul[? =0,
RN 9(G~ (uy)) 2 Jew
as n — 0o0. The conclusion follows.

If § > 0, then there is a sequence (y;.) in RY for which fBl(O) [(ub)7¥=12 > S, By the local
compactness of the Sobolev embedding and after passing to a subsequence, we may assume that
(ul)=¥»t — u! # 0. The weak convergence ul — 0 implies that (y!) is unbounded. Therefore, we
may extract a subsequence such that y: — oo, as n — co. The identity J/_(u') =0 € H-Y(RY)
holds due to the weak sequential continuity and translation invariance of J._.
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Define u?2 := ul — (u!)¥»! then u2 — 0 and (u2)~¥+! — 0 in E. Take the same argument as
above and repeat the process, except that J should be replaced by Ju. Since (J(uy,)) is bounded,
the fact that every nontrivial critical point of J,, have energy at least co, yields that the iteration
terminates finitely. O

Lemma 3.13. For each b > 0, there exist a constant Cy, € (0,1] such that
Collull® < / Vul? + V(@)|G7H ()] < [Jul?,
RN

for all |Jul] <b.

Proof. The detailed argument can be found in [12, Lemma 3.2 |. Nevertheless, we provide a proof
sketch for the sake of completeness. An application of Lemma 2.1(2) yields that

/ Vul +V(@)|G ()] < ul
RN

Suppose, for a contradiction, that there is a sequence (u,) of nonzero elements in E satisfying

|lun] < b and
G—l " 2
/ Vw2 +/ V(x)%wz -0,
RN up#0 Uy,
where w,, := ﬁ This leads to f]RN |Vw,|? = 0, whereas
V(z)w? — 1. (3.1)
RN

For a given constant C; > 0, let M} := {z € RY : |u,(z)| > C1} and M? denote its complement.
Since ||u,|| < b, it follows that for an arbitrary € > 0, there exists C; = C. satisfying |M}| < e.

Additionally, Lemma 2.1-(3) implies that Gitl(t) decreases on t € (0,00). Thus,

7|G_1(Cl)‘2 V(;zc)w?Z §/ V(x)im_l(u")Pw2 — 0.

Ct M2 Mz uz, "
For sufficiently small &, combining Hélder’s inequality with assumption (A1), we obtain that
/ V(x)wfb < Cpe@ 277" < 1,
M2 2
which contradicts (3.1). O

Proposition 3.14. Suppose conditions (A1)—-(A8), (A1l) hold, and at least one of (A9) and
(A10) holds. Then, the strict inequality co < coo guarantees the existence of a nontrivial ground
state solution to (2.3).

Proof. Although Ekeland’s variational principle (see [6, Theorem 4.8.1]) is stated for a complete
metric space, Lemma 3.7 ensures its validity in A, as it precludes the limiting point from reaching
the boundary. So, there exists (w,) C A such that Y (wy,) — co and T/ (wy,) — 0. Let uy, := n(wy,).
Then, by Lemmas 3.5 and 3.10, the sequence (u,,) constitutes a bounded Palais-Smale sequence
for the functional J at level ¢o. Since ¢y < ¢oo, Lemma 3.12 implies [ox [V (wn —u®)[* + |G (uy —
u%)|?> — 0 and thus |ju,, — u°|| — 0 by Lemma 3.13. Using J(n(w,)) — J(u°) and Lemma 3.7, we
obtain w, — w’ € Ny and u® = n(w’) € N. O

We now consider the case ¢y = co. Following [1, 5], we define the barycenter map S for
u € E\ {0}. First, define 7(u)(x) := |3711| fBl(l,) |u(y)| dy, which is a continuous function and

bounded. Then, set @(z) := [r(u)(z) — 3 max T(U)}Jr. The barycenter of u is

2
/ zi(z) dr € RY.
RN

_ L
|afx

Owing to the compact support of 4, the map S(u) defined above is well-defined and verifies the

following:

Bu) :
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) [ is continuous in F \ {0}.

) B(u) = 0 whenever u is a radial function.

) B(tu) = B(u), for any ¢t > 0.

) B(u¥t) = B(u) +y, for any y € RV,

Set b := inf,en g(uy=0 J (1) = infyeny B(n(v))=o0 T (v). Directly from the definitions, it follows that
b>cy= Coo-

Proposition 3.15. Suppose conditions (A1)—-(A8), (All) hold, and at least one of (A9) and
(A10) holds. Then, the equality b = ¢y = ¢ tmplies the existence of a nontrivial ground state
solution to (2.3).

1
2
3
4

NN N N

Proof. Consider a minimizing sequence (v,) C Ny for T satisfying 8(n(v,)) = 0 and Y(v,) — b.
An application of Ekeland’s variational principle gives another sequence (w,,) C Ny with Y (w,) —
b, Y (w,) = 0 and ||w, — v,| — 0. Define u,, := n(wy,) = t,w,, then (u,) C N constitutes a
Palais-Smale sequence for J at the level b. It follows from Lemma 3.5 that (u,) is bounded. Thus,
we may assume (up to a subsequence) that wu,, — u°.

We proceed by contradiction and assume that u® = 0. Then it follows from Lemma 3.12 that

/ IV (tn = =y P41 (um — (- —b))]* = 0.

It follows from Lemma 3.13 that |lu, — u'(- — y})|| — 0, then [[t,v,(- + y}) — u']] — 0. Since

1B(tnvn(- +yl))| = | — yL| — oo, a contradiction.
It then follows from Lemmas 3.12 and 3.13 that u,, — u® in E. Arguing as in Proposition 3.14,
we finally obtain u° € N. O

It remains to analyze the case b > ¢y = co,. The proof of Lemma 3.11 ensures the existence of
S >0 and R > 1 such that for each |y| > S, one can find T € (0, R) satisfying TYu%! € N'. The
map y — TY is continuous and satisfies TV — 1 as |y| — oco. However, we cannot guarantee that
u¥t € T for |y| < S, and therefore a modification of our approach is necessary.

Lemma 3.16. There exist 0y > 1 and TY > 0, which are bounded and continuous with respect

to y, such that TYu% b e M for every y € RN. Moreover, 0, = 1 for all |y| > S’ + 1 with some
S">0.

Proof. We define a := inf,cpn[s(x) — g‘z/((:o))]7 a* = Soo — gQV('QOOO) and

K0 = g [ Funl = [ 1st0+) - Sz,

g%(o0)

1
K0 < g [ Funl—a [k

with equality if and only if s(z) — ‘2/((”6)) = a, then a = a*. Given any ¢ > 1, let 0y := max{,/< -

Iﬁum‘,b 1}, then K(y,6p) < (2 — Da [pn uZ, <O0.

Using (A3), (A5), (A7) and Lemma 2.1-(4), we have
(J'(rugfo), rugfo) 1 / 5 / V(o +y)G(ruse) o

6 r2 02 [Vuol" + 'y 9(GT1(ruse))ruce “

f(fox +y, G*l(ruoo))UQ

B kY (G (ruce))ruee

= K(00)+ [ V(0ua+ )

It follows from (A5) that

G (rus) 3 1 ]u2
9(GH(ruos))russ  g*(00)" >
e bt
Z —1a u? G (ru) - u?
S(C 1) /RN OO+VOO RN[Q(G_l(TUoo))Tuoo 92(00)] >
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(G )
+/RN[SOO g(G— 1(ruoo))ruoo] oo

Let
VoGt V.
P o ce S N R 1 S R
'y 9(GH(ruoe))ruce  g?(00) 9(G7H(ruoe) )riice
Hence, by a method analogous to Lemma 3.2-(1), the function F} (7") is strictly decreasing for
r > 0 and lim,_, F1(r) = 0. Note that 1imT%0 F1( ) > Seo f]RN uoo, then there is one and

only one Ry > 0 for which Fi(Ry) = (1 — L)a [pvuk, ie., R = F7 (1 = 2)a [pn u2). Thus,
(I (ruge®0) rugs®o) : N <J (rue®0) rue?)
B e a— < 0, for r > Ry, umformly for y € RY. Similarly, we have T >0

y%)ruy@ )

for r small enough and J N

is strictly decreasing on r € (0, 00). Hence, there exists a

Yo, Y0 Yo, Y0
unique 0 < 7Y < R; such that {J (Tygj:\? 0)’7;yu‘;° %)
o (TY)

The argument in Lemma 3.11 yields
(oo (rug?), rugs?)
ON 2

1 2 VooGil(Tuoo) 2 foo( (Tuoo)) 2
T2 - <
62 /RN [Vutool™ + /RN GG (T Uoo ) )T U0 oo /RN 9(GH(ruos ) )T Uoo U =<0,

for r > R where a and R are as in Lemma 3.11, uniformly for § > 1. Then

(' (ruted), rug’) _ (Jo(rulf), rug?) / V(02 +y) = Vool G~ (ruce) »
RN

=0, i.e., TYul% € N, for any y € RV.

ON 2 o ON 2 9(G7 1 (ruse))ree too
[foo(G (ruse)) = f(02 + 4, G (1us))] 5
+/RN 9(GH(rteo))rtse Hoo
/ ,0 ,0
< <J°°(M;g]§r)2’ rus) + /RN [S00 — (0 + y)]u?,

Using the Lebesgue dominated convergence theorem, we obtain a constant S’ > 0 such that

’ y,0 y,0
% < § <0 for |yl > 5" and r > R, uniformly for 1 < 6 < 6. Similarly, we have

’ 0 0 / 0 0
%# is strictly decreasing on r € (0,00) and % > 0 for r small enough,

uniformly for 1 <6 < 6.
Set 0, =6, if |y| < 55 8, := |y| =5 +600(S"+1—|y|),if S < |y| < S'+1; 0, :=1,if |y| > S'+1.

’ y,0 y,0
So, there exist a unique 0 < TY < Ry := max{R;, R} such that J (TyZ;ﬁ(yT);;;y“w O 0, ie.,

Tyufigfy € N, for any y € RY. (Because the choice of S’ does not affect the proof of the subsequent
lemmas, we can arbitrarily choose o > 0 sufficiently small, i.e., R > 1 sufficiently small in the
following.)

Obviously, 6, is continuous with respect to y. Assume y, — y" as n — oo. Since (T%") is
bounded, by extracting a suitable subsequence, we find T%* — T°. Then

1 10 y 5 yO 0 y s yO o / Yn g, yn, Yn Yn yﬂveyn —
(J'(T u ), T u )= nl;n;(J (T ), T y=0.

By the uniqueness of Tyo, we have TY" = T°. So, we obtain that TY depends continuously on y
from Heine theorem. O

We set T'[y] = Tvud? for y € RY. This defines a continuous operator I' : RY — A. The
properties of 3 implies

BT =y, (3.2)
which is given by [15, Lemma 3.13 ].

Lemma 3.17. J(I'[y]) = ¢eo, as |y| — oo.

Proof. Since the limiting functional J. is translation-invariant, we have J(I'[y]) — Joo (o) =
Coo- O
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First, define ¢, := inf{c > ¢ : ¢ is a critical value of J}. Then, set ¢ := min{c,, 2¢o }. From
(A12) we obtain co < € < 2¢0.

Lemma 3.18. Let J¢:={u € E: J(u) < c}. There exists 6 > 0 satisfying coo + § < min{b, ¢}
such that B(u) # 0 holds for all u € N'N Je=+9,

The definition of b immediately yields the conclusion of the above lemma.

N~
Lemma 3.19. Set p(a) := 29‘3%%2'2%‘7. Under this definition, hypothesis (A11) is well-defined.
21%ool2

Proof. From Lemma 3.16, we obtain that Ry = max{F; ' ((1—1)alus|3), R} and 6, := max{,/< -
[Vuxclz 1} Then (A11) implies that a > W“"Tig -(C°°)N Define c(a) := aluss|y (Ci)%, for given

[too |2 [uco |3 |V“<x>‘2

1 < e <c(a), set

mm{f “v"fll MY & - 2¢q0
(max{F (1 - 3)s |uoo| ), R} |usol3
Clearly, F¢(a*) <0, lim,_,o F(s) = a* > 0 and F*(s) is strictly decreasing on s € (0,a*]. Thus,
there exist a unique 0 < a® < a* such that F¢(a®) = 0. Since we can arbitrarily choose R > 1
sufficiently small, then (A11) holds exactly when there exists 1 < ¢ < ¢(a) such that a > a®, i.e

a=a*or
mln{\/7 |$°°2|2 D& =200 > (aF — a)|usol3,
OO

[too |2 N
2[min{ /¢ L}V - & —2¢00
P {\/Z [Vucl2? } < (1 — 1)Cl|u<>o|§
(a — a)|uoo|2 ¢

Note that a® — a* as ¢ — 1, then (A11) is equivalent to a > infy..<c(q){a}. Condition (A1l)

is monotonic in the sense that if it holds for some a;, then it holds for all a € [a;,a*]. Hence,
2

there exists a® € (li%‘l’z‘? - (e=2) ¥, a*) such that (A11) holds if and only if a® < a < a* (in fact,
oo l2

a® is the solution of a = infic.<c(a){a}). In hypothesis (A1l), we choose ¢ = ¢ such that

a® = inf)cc<c(a){a} O
Lemma 3.20. If (A11) holds, then J(I'[y]) < ¢.

Proof. Using (A7), (A11) and Lemma 2.1-(3), (4), we find that

J(Ty]) = Joo(T[y]) + %/RN [V(z) — Vao] |G~ H(TYu0))2

Fe(s):=a"—s—

and

b [ PG ) - Fla, GO Tva)
RN

1 Vix) V. 1
<9N - - _ o] Ty y,9y 2 7/ o — Ty y,f)y 2
<Ot [ s = )T 5 [ s = sl
O Ne—c
geNcooJru/ TVl )? < G
Dt TR )

We claim that J(I'[y]) < & Assume, for a contradiction, that there is some 39 € RY such that
equality holds in all three inequalities above. The equality in the first relation implies that 6, = 1.
From the third equality holding, we can conclude that T% = R, i.e., T% = R; > R which leads
to s(z) — g‘,j((jo)) = a by the proof of Lemma 3.16. Thus,

V(x) Voo

1 yuyoﬁeyo 2
3 [ o s’

1 0,
J(T[yo]) = 05 coo + 5 J(T¥ous”

2 Jonlg2(00) ~ 2(00) oy

= Cxo < C,

a contradiction. O
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Proof of Theorem 1.1. Lemma 3.11 implies ¢y < co. In the case where ¢y < ¢, Proposition 3.14
directly yields a ground state solution of (2.3). Also, if b = ¢y = ¢, the same conclusion follows
readily from Proposition 3.15. Therefore, it remains to consider that b > ¢y = coo.

Assume by contradiction that the functional J admits no critical value in the interval (cso, €).
Applying the deformation lemma (cf. [21, p.86]), we obtain a deformation 1 mapping Y¢\ Kz into
Ye=+9 Here, T¢ := {w € Ny : T(w) < ¢} and K. denotes the set of all critical points v of T with
T(v) = ¢, while ¢ is as in Lemma 3.18. By Lemmas 3.7 and 3.10, the flow 1 does not r each the
boundary of Ny, and it fixes every point in Y¢~*9 i.e., n(u) = u for all u € TC=12.

Lemmas 3.17 and 3.18 imply the existence of p; > S’ > 0 with the property that for any p > p1,

Coo < Eﬁ’; J(Ty]) = gl‘i);T(n_l(F[y])) < Coo +0 <D

Let ¢ : B,(0) — 0B,(0) be a continuous map defined by

W) = p- ﬁononon:(ﬂy]) .

|BonononH(I'[y))]
From (3.2), we have ((y) = y for all y € 0B,(0), which contradicts [25, D.11]. Furthermore,
following the argument in [7, Lemma 2.4], we obtain that u° is sign-definite. Then, by elliptic
regularity theory, we deduce that u® € C**(R"). Finally, the maximum principle guarantees that
uY is positive. O

Acknowledgments. The authors thank the anonymous referees for their thorough review and
constructive feedback.

REFERENCES

[1] A. Ambrosetti, G. Cerami, D. Ruiz; Solitons of linearly coupled systems of semilinear non-autonomous equa-
tions on RN, J. Funct. Anal. 254 (2008), 2816-2845.
[2] H. Berestycki, T. Gallouét, O. Kavian; Equations de Champs scalaires euclidiens non linéaires dans le plan,
C.R. Acad. Sci. Paris Ser. I Math. 297 (1983), 307-310.
[3] H. Berestycki, P. L. Lions; Nonlinear scalar field equations, I. Existence of a ground state, Arch. Rational
Mech. Anal. 82 (1983), 313-345.
[4] P. C. Carrido, R. Lehrer, O. H. Miyagaki; Existence of solutions to a class of asymptotically linear Schrédinger
equations in RY via the Pohozaev manifold, J. Math. Anal. Appl. 428 (2015), 165-183.
[5] G. Cerami, D. Passaseo; The effect of concentrating potentials in some singularly perturbed problems, Calc.
Var. 17 (2003), 257-281.
[6] K. C. Chang; Methods in Nonlinear Analysis, Springer-Verlag, Berlin, 2005.
[7] M. Clapp, L. A. Maia; A positive bound state for an asymptotically linear or superlinear Schrédinger equation,
J. Diff. Eq. 260 (2016), 3173-3192. DOI: 10.1016/j.jde.2015.09.059
[8] M. Colin, L. Jeanjean; Solutions for a quasilinear Schrédinger equation: a dual approach, Nonl. Anal. 56
(2004), 213-226.
9] Y. B. Deng, S. J. Peng, J. X. Wang; Nodal soliton solutions for generalized quasilinear Schrédinger equations,
J. Math. Phys. 55 (2014), 051501.
[10] Y. B. Deng, S. J. Peng, S. S. Yan; Positive soliton solutions for generalized quasilinear Schrodinger equations
with critical growth, J. Diff. Eq. 258 (2015), 115-147. DOI: 10.1016/j.jde.2014.09.006
[11] X. D. Fang; A positive solution for an asymptotically cubic quasilinear Schrédinger equation, Commun. Pure
Appl. Anal. 18 (2019), 51-64.
[12] X. D. Fang, Z. Q. Han; Existence of a Ground State Solution for a Quasilinear Schrédinger equation, Adv.
Nonlinear Stud. 14 (2014), 941-950.
[13] X. D. Fang, Z. Q. Han; Ground state solutions for generalized quasilinear Schrodinger equations, Asymptot.
Anal. 140 (2024), 109-122.
[14] L. Jeanjean, T. J. Luo, Z. Q. Wang; Multiple normalized solutions for quasi-linear Schrodinger equations, J.
Diff. Eq. 259 (2015), 3894-3928
[15] R. Lehrer, L. A. Maia; Positive solutions of asymptotically linear equations via Pohozaev manifold, J. Funct.
Anal. 266 (2014), 213-246.
[16] J. Q. Liu, Z. Q. Wang; Soliton solutions for quasilinear Schrodinger equations, I, Proc. Amer. Math. Soc. 131
(2003), 441-448.
[17] J. Q. Liu, Y. Q. Wang, Z. Q. Wang; Soliton solutions for quasilinear Schrodinger equations, II, J. Diff. Eq.
187 (2003), 473-493.
[18] M. Poppenberg, K. Schmitt, Z. Q. Wang; On the existence of soliton solutions to quasilinear Schrédinger
equations, Calc. Var. 14 (2002), 329-344.



16

X. LONG, X.-D. FANG EJDE-2026/19

[19] Y. T. Shen, Y. J. Wang; Soliton solutions for generalized quasilinear Schrédinger equations, Nonl. Anal. 80

(2013), 194-201. DOI: 10.1016/j.na.2012.10.005

[20] E. A. B. Silva, G. F. Vieira; Quasilinear asymptotically periodic Schrodinger equations with critical growth,

Calc. Var. Partial Differ. Equ. 39 (2010), 1-33.

[21] M. Struwe; Variational Methods, second ed., Springer-Verlag, Berlin, 1996. DOI: 10.1007/978-3-662-03212-1
[22] C. A. Stuart,; An introduction to elliptic equation on RY, in Nonlinear Functional Analysis and Applications

to Differential Equations (A. Ambrosetti, K.C. Chang and I. Ekeland eds.), World Scientific, Singapore, 1998.

[23] A. Szulkin, T. Weth; Ground state solutions for some indefinite variational problems, J. Funct. Anal. 257

(2009), 3802-3822. DOI: 10.1016/].jfa.2009.09.013.

[24] A. Szulkin,T. Weth; The method of Nehari manifold, in Handbook of Nonconver Analysis and Applications,

Int. Press, Boston, (2010), 597-632.

[25] M. Willem; Minimaz Theorems, in Progress in Nonlinear Differential Equations and Their Applications, 24,

Birkhauser Boston, Inc., Boston, (1996), x-162. DOI: 10.1007/978-1-4612-4146-1

[26] Y. Xue, Z. Q. Han; Existence and multiplicity of solutions for Schrédinger equations with sublinear nonlinear-

ities, IMS Math. 6 (2021), 5479-5492.

[27] M. B. Yang,Y. H. Ding; Existence of semiclassical states for a quasilinear Schrédinger equation with critical

exponent in RV, Ann. Mat. Pura Appl. 192 (2013), 783-804. DOI: 10.1007/s10231-011-0246-6

XuAN LoNaG

SCHOOL OF MATHEMATICAL SCIENCES, DALIAN UNIVERSITY OF TECHNOLOGY, 116024 DALIAN, CHINA

Email address: 22401008@mail.dlut.edu.cn

XIANG-DONG FANG (CORRESPONDING AUTHOR)

SCHOOL OF MATHEMATICAL SCIENCES, DALIAN UNIVERSITY OF TECHNOLOGY, 116024 DALIAN, CHINA

Email address: fangxd0401@dlut.edu.cn



