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ANALYSIS OF AN HIV INFECTION MODEL WITH DELAYS

GUANGSHENG LAI, ZHITING XU

ABSTRACT. In this article, we present an HIV infection model with CTL immune response,
immune impairment, and intracellular delay. Firstly, we study the well-posedness of the HIV
infection model, then we give the basic reproduction number R and the existence of the equi-
libria. Secondly, we show that the basic reproduction number determines the stability of the
equilibria. That is, by analyzing the distribution of the roots of the characteristic equation
and constructing two appropriate Lyapunov functionals, we give the stability of the equilibria.
Finally, two numerical simulations illustrate the theoretical analysis.

1. INTRODUCTION

Acquired immune deficiency syndrome (AIDS) is a devastating infectious disease caused by
infection with a virus that attacks the body’s immune system. It takes the most important CD4+T
lymphocytes in the human immune system as the main target and destroys a large number of cells,
so that the human body losses its immune function. Therefore, human infection leads to immune
deficiency and being prone to various diseases, and the occurrence of malignant tumors. A classical
viral infection model was proposed in [I],

z(t) = A —dx(t) — Bz(t)v(t),
y(t) = Ba(t)o(t) — ay(t), (1.1)
o(t) = ky(t) — po(t),

where z(t), y(t), and v(t) represent the concentrations of susceptible cells, infected cells, and free
HIV virions, respectively. The constants A and d denote the production and mortality rates of
susceptible cells; (5 is the effective contact rate between susceptible cells and HIV virions; a denotes
the mortality rate of infected target cells; k represents the average rate at which each infected
target cell produces free virions; p is the virus clearance rate. By constructing Lyapunov functions,
Korobeinikov [9] established the global dynamics of model (1.1).

To study the pathogenesis and transmission mechanism of AIDS, many researchers have studied
the dynamic model of HIV infection in the host (see [11} 14} 15, 19, 22] and the references cited
therein). We note that [I4] focus on eliminating or controlling the spread of the virus, taking
into account the immune response that the virus has during infection. The rapid and nonspecific
immune response initially induced in the host during viral infection is mainly achieved by natural
killer cells. Natural killer cells are part of the immune system, and they play an important role
in the early stages of viral infection. It is able to quickly identify and attack cells infected by
the virus, thus preventing its replication and spread. But in most viral infections, cytotoxic T
lymphocyte (CTL) cells that attack infected cells and antibody cells that attack the virus play a
key role in antiviral defense. To investigate the role of the population dynamics of viral infection
with CTL response, Nowak and Bangham [I5] introduced a mathematical model describing the
basic dynamics of the interaction between activated CD4" T cells z(t), infected CD4" T cells
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y(t), viruses v(t) and immune cells z(¢). The model is

i(t) = A —dx(t) — Ba(t)v(t),
y(t) = Ba(t)o(t) — ay(t) — py(t)z(t),
o(t) = ky(t) — po(t),

2(t) = ey(t) — bz(t).

On the basis of this model, Song and Neumann [21] proposed the assumption that the clearance
rate of each cell to the infected target cell for the cellular immune process is constant, that is, the
principle of mass action is followed, but it only considers the antigen to stimulate immunity but

ignores the immune damage caused by it. In [21], bilinear rate Sz (¢)v(t) was replaced by infection

Bz(t)v(t)
1+av(t)
in [6l 17, 18] to represent immune damage and included in the study of HIV dynamics.

A large number of studies have shown that host immunity can be inhibited or even destroyed by
certain pathogens, especially under the condition of excessive pathogen load, so antigens can impair
immunity (see, [I8] 23]). Combined with the situation of saturation incidence and intracellular
delay, Xu [25] emphasized that the nonlinear function can better reproduce the saturation reaction
in the process of cellular immunity. Therefore, motivated by the ideas [0, 12}, 22, 23], Deng and Xu
[3] used the nonlinear function ’fj_(i)j((:)) instead of the bilinear function py(t)z(t), and considered
the model

rate with saturation effect. Combined with the actual situation, py(t)z(t) was proposed

sy B0
() = A —dalt) = T 0y
o) = P DTy - 2O, (1.3

() = ky(t) — po(t),
2(t) = cy(t) — bz(t) — ny(t)z(t).

Here, o, p, ¢, b, n are positive constants. « represents the constant rate of inhibition effect produced
by the crowding effect of free virions; 7 is the time it takes from the entry of the virus into the
susceptible cell to the production of new virions, and e~™7 denotes the survival probability of
the infected cell from time ¢ — 7 to time ¢, n is the rate of immune damage, p represents the
clearance rate of T cells to infected cells, ¢ and b represent the T cell production rate and death
rate, respectively. w represents the inhibition rate of CTL immune response, and the meanings of
other variables and parameters are the same as those in models (1.1) and (1.2).

In [3], the authors assumed that the production rate of susceptible cells in model (1.3) is a
constant, that is, they did not take into account that susceptible cells would also grow in the
body. However, the results of the biological experiment indicate that the proliferation rate of
CD4TT cell is negatively correlates with its absolute concentration (see, e.g.,[2]). Thus, many
scholars ( see, e.g., [7, [0} (16 24, [26]) recently proposed and studied that the CD4™T proliferation
is subject to logistic growth rate ra(¢)(1 — %
maximum capacity of CD4" T in the human body.

From the biological perspective, we know that a viral infection or immune response is not
transient in vivo, there may be time-lapse, and a time delay is essential to explain a range of
processes. It takes some time for infected cells to become active and produce virus particles; new
virions also mature to become infectious; and a time interval for antigen stimulation of immune
cells. Therefore, it is necessary and important to consider time delays when modeling viral spread
and immune response.

), where r is the rate of growth and zpay is the
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Based on the above analysis, in this paper, we consider the delayed HIV infection model.

z(t) = A —dz(t) + rz(t) (1 _ (1) ) _ Bz (t)v(t)

Trmax 1+ av(t)’
) Be ™M x(t — 1 )v(t — 1) py(t)z(t
yt) = 1+av(t—m) —ayh) =7 wz((t)) (1.4)

0(t) = ke "y(t — 72) — po(t),
2(t) = ce” "y (t — 13) — bz(t) — ny(t)z(t).

Here, uninfected target cells are assumed to be produced at a constant rate A and die at a
per capita rate d. The proliferation of uninfected target cells is described by the logistic term
ra(t) (1 — fn(f) ) where r is the intrinsic mitosis rate and z,.x is the carrying capacity. The delays
during the processes of viral production, and CTLs recruitment are 7o and 73, respectively. The
term e~"™72 describes the survival probability that start budding from activated infected cells at
time ¢ and become free mature viruses at 75 time later. The term e~ ™78 represents the survival
rate of virus-specific CTLs during the delay between cell encounters and subsequent recruitment.
All parameters are positive constants. The other variables and parameters have the same meaning
as model (1.3).

The paper is structured as follows. In section 2, we study the well-posedness of model (1.4).
Then we give the basic reproduction number Ry and the existence of the equilibria of model (1.4).
In section 3, we show the basic reproduction number Ry determine stability of the equilibria
of model (1.4). Then the locally and global asymptotic stability of the infection-free and the
infection equilibrium are derived. In section 4, we illustrate the theoretical results with numerical
simulations. Finally, in section 5, we provide a brief summary.

2. PRELIMINARIES

In this section, we present some preliminary results including the well-posedness, and the for-
mula of the basic reproduction number and existence of equilibria.

2.1. Well-posedness of model (1.4). Let C = C([-7,0];R) (where 7 = max{r, 72, 73}) be
the Banach space of continuous functions from [—7, 0] to R with the norm ||¢|| = maxge;_ o) [¢(6)]
for any ¢ € C. For any given continuous function v = (z,y,v, 2) : [-7,0) with o > 0, we define

up = (@t 4 ), y(t+-),0(t+),2(1) € O x O x O xRy fort € [-7,0).

Let
X+ = C([—T, O],R+) X C([—T, O],R+) X C([—T, 0]7R+) X R+.
We first investigate the well-posedness of model (1.4).

Theorem 2.1. For any ¢ € XT, model (1.4) has a unique nonnegative solution u(t,¢) on [0, 00)
with ug = ¢, and ug(p) € X+ for all t > 0. Further, the solution semiflow ug : X — X¥ ¢ > 0,
has a compact global attractor.

Proof. For any ¢ = (¢1, ¢2, ¢3, Pa) € XT, we define
f((b) = <f17f27f33f4)(¢)7

with
s cu(-38) 210580
_ BeTm o (—m)gs(—m1) "  p$2(0)¢a(0)
f2(9) = 1+ ads(—m) $2(0) I+ a0

f3(¢) = ke™ ™2 ha(—72) — ug3(0),
fa(@) = ce” "2 (—73) — bda(0) — ne2(0)¢4(0).

Noting that f(¢) is continuous in ¢ € XT and f(¢) is Lipschitz in ¢ on each compact subset of
X, then it implies that model (1.4) admits a unique solution u(t, ¢) through (0, ¢) on its maximal
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interval [0,04) (see [B, Theorem 2.2.1 and Theorem 2.2.3]). Further, let ¢ := (¢1, ¢2, @3, ¢4) € XT
be given, we can show that if ¢;(0) = 0 for 1 < i < 4, then f;(¢) > 0. By [20, Theorem 5.2.1
Remark 5.2.1], it follows that for any (¢,¢) € Ry x X, the unique solution u(t, ¢) of model (1.4)
with ug = ¢ satisfies us(¢) € X for all ¢ € [0, 04).
Next, we study the boundedness of solutions of model (1.4). Let
L(t) =z(t)+ ™Myt + ).
Then, in view of the first and second equations of (1.4), we obtain

a(t) ) _ B(t)u()

L'(t) = X — da(t) + ra(t) (1 -

Tmax 1+ O[U(t)
Bz(t)v(t) - B pe™ M y(t 4+ 711)z(t + 1)
BT B e R e ey
<\ —dx(t) +rw(t)(1 — j(t) ) —ae™My(t+ 1) @1)

1
<A+ chmax —dx(t) —ae™ Myt + 1)

1
<A+ ermax —0L(t),

where § = min{d,a}. By the comparison theorem, we see L(t) is bounded on [0, 0), it implies
x(t) and y(t) are all bounded on [0,04). As a result, we assume that there is M > 0 such that

ly(t)] < M for all t € [0,04). It then follows from the third and the last equation of (1.4) that we
have

di;it) < kMe™™™ — pu(t), (2.2)
dz(tt) < eMe™™™ — ba(t). (2.3)

Hence, both v(t) and z(t) are bounded on [0,04), and then [5, Theorem 2.3.1] follows that o =
oo. By the differential inequalities (2.1)-(2.3) and the comparison theorem, it then follows that
solutions of model (1.4) are uniformly bounded and ultimately bounded in X*. Consequently,
[5, Corollary 3.6.2 and Theorem 4.5.2] imply the existence of a compact global attractor for the
solution semiflow of model (1.4) on X+. O

2.2. Basic reproductive number and equilibria. In this subsection, we give the basic re-
production number for model (1.4), and then establish the existence of equilibria of model (1.4).
Obviously, model (1.4) always has an infection-free equilibrium Ey = (z9, 0,0, 0), where

Tmax 4r\
To = —- (r—d—l— (r—d)?+ )
Linearizing (1.4) at Fy, we obtain the following three infection related equations for variables y,

v and z satisfied

(2.4)

xmax

y(t) = Be "M agu(t — 1) — ay(t),
o(t) = ke” " y(t — 12) — po(t),
2(t) = ce "yt — 13) — bz(t).

Let w1, us and ug be the number of infected cells, HIV and CTL cell at t = 0, respectively. Then

the remaining numbers of infected cells HIV and CTL cell at time ¢ are given by
ur(t) = ure™ ™, up(t) = uge ",  us(t) = uze .

The total numbers of newly infected cells, produced HIV and CTL cell are

* B
U = / Be "M xgug(t —m)dt = —e” " xgug,
i
T1
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> k
Uy = ke 2uy(t — mo)dt = —e” "2y,
T2 a

o0
_ T C
Ug = / ce My (t — 13)dt = —e” "By,
b
which can be rewritten as

B

U Up 0 ﬁeimn zg O
iy | =Moo |u2|, where My = ge—mﬁ 0 0
U3 us3 ge T 0 0

Then, we can see the matrix M, is the next infection operator [4]. As usual, the spectral radius
of My is called the basic reproduction number R, which is

Ro = %eﬂn(rﬁrfz).
\/ ap

Next, we shall establish the existence of the infection equilibrium of model (1.4). The infection
equilibrium denoted by E* = (z*,y*, v*, 2*) satisfies the system

Bxv

h(x) — =0
@) =T =%
Be M v o pyrx
1+ av YT irez T (2.5)

ke y — puv =0,

—MmT3

ce y—bz—nyz =0,

where h(z) = A — da(t) + ra(t)(1 — Z). It follows from the first equation of (2.5) that

Tmax
Bv

1+ oav

x2+(d—r+ )m—AzO.

xmax

Clearly, the positive root * of the above equation is

x*:xmax(r_d_lfvav+\/(r_d_ B )2+4r)\ )<x0.

2r 1+ av Tmax
Obviously, Sz* — ah(z*) # 0. From the first equation of (2.5) again, we obtain
h
v = __h@) .
Bx — ah(x)

By the third and fourth equations of (2.5), respectively, we obtain

_ I mTso —mT3 Y

==e =ce

y=7 v, z=c by

Substituting y = £e™™v into z = ce™™™ b+yny7 we have

Bv o np
— h B = mT3+mTe — mTz
Tiyow ere kb© » C kb ©

Putting z = 1fgv into the second equation of (2.5), we obtain
pBv w
h(x) = ( + —)A ,  wh A= Cemintre)
(z) “TI1YCvtwBe) ere K
that is,

h(z)(1 4+ Cv 4+ wBv) = A(a + (aC + awB + pB)v)v.

Substituting v = #xh)(w) into the above equation and noting that h(z) # 0, we obtain

[ﬂx —ah(z) + (C + wB)h(x)} (Br — ah(z)) = Ala(fr — ah(z)) + (aC + awB + pB)h(x)} .
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We define

H(z) = {ﬂx —ah(z) + (C + wB)h(z)| (Bzr — ah(z)) 20
- A{a(ﬂx —ah(z)) + (aC + awB —&—pB)h(x)} for 0 < z < zo. .

Now, we claim that there is a positive root z* in the following equation
H(x)=0, 0<uz<uxo.

In fact, it is easy to see the equation ah(x) — Sz = 0 has the positive root
2 dri
7 M(rdﬂJr\/(rdﬁ) + =),
2r a « Tmax
and 0 < Z < xg.

Since h(Zg) — fZo = 0, we have
H(Zg) = —AB(aC + awB + pB)iy < 0.
And also, if Ry > 1, noting that h(zg) = 0, we then obatin
a
H(zo) = (Bxo)? — Aafzy = %63:06’”(7”'72)(733 —-1)>0.

Therefore, there is a z* € (%o, zo) such that H(z*) = 0.
Summarizing the above discussion, we establish the existence of equilibria of model (1.4).

Theorem 2.2. (1) Model (1.4) always has the infection-free equilibrium Eg(zo,0,0,0) with xg
defined by (2.1).
(2) Model (1.4) has the infection equilibrium E* = (z*,y*,v*,2*) if Ro > 1, where z* is the
positive root of H(x) =0, and
o h(=")
-~ Ba* — ah(z*)’
where H(x) is defined by (2.6).

u u
y* — Ee7n7'2,u*7 o = 7em7'21)*7

3. STABILITY ANALYSIS
Here we establish the local and global stabilities of the equilibria of model (1.4).

3.1. Local stability of equilibria of model (1.4). By analyzing the distribution of the roots
of the corresponding characteristic equation, we study the local stability of the infection-free and
infection equilibrium of model (1.4). First, we have the following result.

Theorem 3.1. Let 7; > 0, i = 1,2,3. The infection-free equilibrium Eqy is locally asymptotically
stable for Ro < 1 and it is unstable for Rg > 1.

Proof. Linearizing (1.4) at Ey, we can see the Jacobian matrix at Ey as follows

—d+r— m?nzx Zg 0 —PBxg 0
g 0 —a Broe~EtMIT
Fo = 0 ke~ (E+m)m — 0
0 ce~(&+m)Ts 0 —b
Then the characteristic equation of Jg, is
2
(E+1D) (erdfrJr 4 zo) <(£+a)(§+u) - kﬂxoe’(“m)(“*”)) ~0. (3.1)

max

It is clear that equation (3.1) has two negative roots

& =—b and §2=—(d—r+ 2r a:o),

max

since
4r\

T;UO: (r—d)?+ > 0.

xmax xmax

d—r+
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Hence, the remaining roots of equation (3.1) are determined by the equation
H(f) = (5 + a)(§ + N) - kﬁx[)e_(5+m)(71+72) =0.

Obviously, the equation k(£) = 0 is equivalent to the equation

_ kBT _(erm)(ritma)
I | (3:2)

Let £ = x+iy with > 0 is a solution of equation (3.2), and the modulus on both sides of equation
(3.2), we have

kBxo
ap

kBzo  —(erm)(ritm)
(€ +a)(§+p)

which implies 1 < Ry < 1, a contradiction. Hence all roots of equation (3.2) have negative real
parts if Ry < 1, it follows that Ej is locally asymptotically stable for Rg < 1.
Noting that

< ‘ ‘|e—m(‘r1+72)| — Rg <1,

k(0) = au(l —RE) <0, lim k(£) = 4o0.

E—+o0
Hence, the equation k(§) = 0 has a positive root if Ry > 1. It follows that Ej is unstable if
Ro > 1. O

Theorem 3.2. Let 7; > 0,1 = 1,2, and 73 = 0. The infection equilibrium E* is locally asymptot-
ically stable for Ry > 1.

Proof. Linearizing the system (1.4) at E*, we can get the Jacobian matrix at E* given by

2 Bv* Ba”
—d+r— et - s 0 —{rar? 0
Bo* (et . Be* (e .
1+Zw* € (Ermm —a - 1J]zi)z* (1+o:£v*)2 € (Etm)m _m
Jp- =
0 ke~ (&+m)T —p 0
0 c—nz* 0 —b—ny*

Thus, we obtain the following characteristic equation of (1.4) at E* as follows

2r Bv*
(§+d—7‘+xmaxx + 1+av*>(§+m

pz" x Py R
<((eras ooz rbrm) + (e =) (33)
_ kB 2r . *\ ,—(§+m)(T1+72)
_m<§+d—r+ maxw)(§+b+ny )e .

Next, we claim all roots of equation (3.3) have negative real parts when Ry > 1. Otherwise,
equation (3.3) has a root £ = x + iy with > 0, and note that

* bz* * U mTo, * B.’IJ*’U* a+ pZ*
c—nz* = ) =—"y¥, — = )
o Y k (14 av*)y* 1+ wze*
Thus,
2 * 2
E+d—r+ T pu > ‘<£+d—r+ ! x*)e’E(TlJ“TZ) , (3.4)
Tmax 1+ av* Tmax
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and
‘(f—l—u)((f—i—cﬂ— 1_€sz*)(€+b+ny*)+afﬁ(c—nz*))‘

*

- (§+u)<(£+a+ 1fzwz*)(£+b+ny*)+

*

bpz )‘
(14 wz*)?

]
1+ wz*

kBz*
2 (f—i—b—l—ny*)lfme_m“ﬁ”)

> u(§+b+ny*)(a+

* kﬁl'* —m(7T1+T
> (§+b+ny )m@ (1+2).

In view of inequalities (3.4) and (3.5), we obtain that £ = z+dy with = > 0 is not the root of (3.3),
which leads that equation (3.3) can not have any root with positive real part. Hence, the infection
equilibrium E* = (z*,y*, v*, z*) of model (1.4) is locally asymptotically stable for Ry > 1. O

3.2. Global stability of equilibria of model (1.4). Constructing Lyapunov functionals, we

study the global asymptotic stability of the equilibria of model (1.4). To this end, we introduce
the fundamental function

glxy=x—1—Inz for z > 0.
Clearly, the function g(z) >0 for all x > 0, and g(z) = 0 if and only if x = 1.
We start with the globally asymptotic stability of the infection-free equilibrium Fj.

Theorem 3.3. Let7; >0, i =1,2,3. If Rg < 1, then the infection-free equilibrium Ey of model
(1.4) is globally asymptotically stable.

Proof. We define the Lyapunov functional
M(t) = Mi(t) + Ma(2),

where

t
Mi(t) = wog(%)) +eMTy(t) + %em(””%@) + ™A (1= RE)(1),

t

Ms(t) = pa(s)ols )d + R2ae™ 77”2/ y(s)ds—&—aemTl(l—Rg)/ y(s)ds.

t— T1 1 +a'U( )
It can be easily verified that M(¢) > 0 with M(¢) = 0 if and only if x = zg, y = 0, v = 0 and
z = 0. Differentiating M (t) along any positive solution of model (1.4), we have

M{(t):—%;(f)(t))z(d_r+ rZ0o +rx(t)> Bz (t)v )+ z(t)v(t) o

(t
Tmax  Tmax 1+av(t) 1+ av(t)x(t)
+ 6$(t—7’1)’u(t—’7’1) t

pe™ T y(t)z(t)
1+ av(t—m)

1+ wz(t)
k
+ Ljfo My (t — 73) — Bage™THT2y(t)

— ey (t) -

Qe (L= RE)y(t — ) — Lem T (L= R (b2(t) + ny(t)2(0),

and

/ Br(t)o(t) Pzt —m)o(t —71)
Mat) = 1+ av(t) 1+ av(t—m)
+ae™™ (1 = R2)y(t) — ae™™ (1 — RE)y(t — 73).

+ Ra3ae” "2y (t) — Riae ™ 2y(t — T5)

Thus, we obtain
iy (@0 —2(t))? rag | ra(t)y | Br()v(t) xo  pe™Ty(t)z(t)
M) = - x(t) (d—r—l— +3 ) T+av(t)z(t) 1+ wz(t)

Bemnom) (1 - RE)(b2(t) + ny(1)=(1)) + Riae ™™ y(t) — Rae "™ y(1)

xmax leaX
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(a: _x(t))Q rT T$(t) m(T1+72 1
=g (A e ) = () (e - )
_ Rgaefmﬁy(t)(l _ efm(nJrTz)) - pe:l:i(z)(:)(t)
— LemitT) (1 - R2) (b2(1) + ny(t)=(1)).

c

Note that dfrJr% > 0. If Ry < 1, then M'(t) < 0 and the equality holds if and only if 2:(t) = z,
y(t) =0, v(t) = 0 and 2(t) = 0. Hence, the largest invariant set in the set {(z,y,v, z): M'(t) = 0}
is the singleton set Ey. Therefore, by the LaSalle’s invariance principle [5], the infection-free
equilibrium Ej is globally asymptotically stable when Ry < 1.

Now, if Rg = 1, we obtain

M'(t) = —7(% m(f)(t)) (d —-r+ % + %) — Bxov(t) (em(T1+T2) - (lw(t))
pe™y(t)z(t)

—ae” ™ My(t)(1 - e_m(T1+T2)) -

bl

1+ wz(t)

which follows M’(t) < 0 and the equality holds if and only if x(t) = xo, y(t) = 0, v(¢t) = 0. Then
one can easily show that the largest invariant set of {(z, y,v, z) : M’'(¢t) = 0} is the singleton {Ey}.
Hence, using LaSalle’s invariance principle [5], we also get Fy is globally asymptotically stable
when Ry = 1. O

Theorem 3.4. Let7; >0,i=1,2, and 73 = 0. If Ry > 1 and that xmax(r — d) < ra*, then the
infection equilibrium E* of model (1.4) is globally asymptotically stable.

Proof. We define the Lyapunov function
N(t) = Ni(t) + Nao(t),
where

w =w(50) +ema(U2) e () e ()

x* y* 1+ av*)ky* v* b(1 4+ wz*)?

No(t) = DY /tt g(x(s)v(s)(Hav*))dH Bav” /tt g(@)ds.

14 avt g, 7\ zror(1+ an(s)) L+oav* [, 7\ y*

Then, differentiating N (¢) along any positive solution of model (1.4) for ¢ > 0, we obtain

N0 = (1 25) (3 - oty - 22000

x(t) 1+ av(t)
mTy y* ﬁeimﬁr‘r(t B T)U(t 7 T) py(t)Z(t)
te (1 a y(t)) ( 14+ av(t—71) —ay(t) - 1+ wz(t))
e
+ e (1= 25 ) evlt) = bett) = my(0)2(0)
B x* Bx(t)v(t) Bx(t — m)v(t —71) o
N (1 B x(t)) (A —do(t) - 1+ av(t)) T+av(t—7) ae™ " y(t)
pe"yt)z(t)  Ba(t —m)v(t —7) y* mr.x  PETTY 2(L)
 l+4wz(t)  l+avt—-11) y() ety 1+ wz(t)
Brrv* y(t—m)  Bxv* p () — Brrv* y(t — ) v*
14+ av*  y* 1+ av* ky* 1+avs  y* o)
Bx*v* uv* py* iy 2(t) — 2°

mT2
1+ av* ky* ot b(1 4 wz*)? ¢ 2(t)

(ey(t) = bz(t) — ny(t)=(1)),
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and
Ni(t) = Ba(t)v(t) Bzt —7)v(t —7) n Bx*v* I xz(t —m)v(t — 1) (1 + av(t))
1+ av(t) 1+ av(t—11) 1+ av* z(®)v(t)(1 + av(t — 1))
n Barv* yt)  Bxrv* y(t — 1) n Ba*v* I y(t—Tg).
1+ av* y* 14+ av*  y* 1+ av* y(t)
Noting that the infection equilibrium E*(z*,y*, v*, z*) satisfies the equations

Trv*
A:dw*—rw*(l—x )+1/8+0w*’
max
ﬁefm‘rlx*v* . py*z* B
_ = ke ™72
1+ av* W +1—|—wz*’
we then have

Y=, eyt =02 oyt

* *

(x* — 2(t))? (d— ry TE ra(t )) Ba*v*  Ba(t)u(t)  Patvt oz

N'(t) = —
( ) .’L'(t) Lmax * Tmax 1+ awv* 1+ Oév(t) 1+ av* (E(t)
Ba(t)o(t) z* | Ba(t—n)ot—mn) fz*v" y{t) = py 2" . y(t)
1 1+ av(t) z(t) 1+av(t—m1) 1+ av* y* 1+ wz* y*
Cope"y(t)z(t)  Ba(t —m)v(t—7) Y Bzrv*  py*z” o
1+wz( ) 1+ av(t—m) y(t) 1+av* 14wz
pemny*z(t) Bx*v* y(t—Tg) Bx*v o) emTzv(t) _ Bx*v* y(t—’/"g)i
14+ wz(t) 1+ avt  y* 1+ av* ky* 1+av*  y*  v(t)

Brrv*  pe™Ty*(2(t) — 2¥) . by(t)z" — by*2(t)
1+ av* bz(t)(1 4+ wz*)? (ny(t)(z —#t)+ y* )

Ba(t)v(t) B Ba(t —m)v(t —11) n Bx*v* | x(t —7m)v(t — 1) (1 + av(t))

l+tav(t)  l1tavt-m)  1tarr 2@ +av(t—m))
LBy e ytom) | Bt |yt )
14 av*t y* 1+ avt  y* 1+ av* y(t)
o (ar—2(1))? re*  rx(t) Barv* - Batvt ozt Bx(t)v(t) z”
N x(t) (d T Zmax + xmax) + 1+avt 1+ av* x(t) + 1+ av(t) (t)

T+av(t—7) ylt) 1+av* 14w v* 1+av*  y*  oft)
5£C*’U* py*z* s y(t) B pemle(t)Z(t) B py*z* s N pemny*z(t

B 6x(t77'1)v(t—7'1)£+ Br*v* Bzrv* v(t)  Barv y(t—12) v

)
1+av* 14wz y* 1+ wz(t) 1+ wz* 1+ wz(t)
L P ) — )02 —yTa(1) | meyy(R)em T (=(t) — =)
z2(£)(1 4+ wz*)? bz(t)(1 + wz*)?

n Bx*v* N z(t—m)v(t —m)(1+av(t))  pzo* ny(t — Ta)
1+ av* x(H)v(E)(1+ av(t — 7)) 1+ av* y(t)

*

(x* — (t))? re*  ra(t) Ba*v* x 1+ av* v(t)
- x(t) (d_T+xmaX + mmax) 1+ av* (1_mt) + 1+ av(t) v*
ozt -n) vt Tdawt () y(t—m) vt
1+av(t—7) y(t) z*v* 1 v* y*  o(t) o
o P et — ) (A +ov(®) oyt - 72)) pe™(2(t) — ) (y(t) — y")
z()v(t)(1+ av(t — 1)) y(t) (1 +wz(t)(1 +wz*)
L P () = ) ()" —yta(t) | mpyy(B)em ™ (2() — =)
2(1) (1 + wz*)? bz(t)(1 4+ wz*)?
(x* — (t))? re*  ra(t) Ba*v* x* x*
- x(t) (d_T+xmaX+mmax)+1+av*<1_m(t)_Hn%

z(t—m)v(t—m) y* 1+ av” z(t—m)v(t—7) y* 14+ av*
1+av(t—71) y(t) x*v* 1+av(t—7) y(t) z*or

+1-
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y(t —72) v* 41 y(t — ) v* 14+av(t) 1+ av(t)
- n———= n -
y* o(t) y*  o(t) 1+ av* 1+ av*

1+ av* v(t) o(t) L«v(t) — 1)

+1-

1+ av(t) v* v* 1+ av*
pe T (2(t) = 2*)*(y(t) +wytyz(t)  npyty(t)e™ ™ (2(t) — 2*)?
)

1+av(t i:':)l) y(* 1:2‘”*) +g(y(ty_*7—2)vzzt)) +g<11—:-acjz]1§f))

t)
a(v(t) ) e (2(t) — 2*)?(y(t) + wy*y2(t))
2)?

2()(1 + wz(t))(1 + wz*) bz(t)(1 + wz*)?
(x* — 2(t))? ra*  raz(t) Ba*v* x*
- x(t) (di s Tmax + xmax) 1+ vt (g<x(t))
(t —71)v( )

+9(*

v*(1+ av(t 1—|—ow* +wz( N1+ wz*)

_ npy'y(te "”1( (t) -
bz(t)(1 + wz*)?

Using the fact Zymax(r—d) < ra*, we have (d L + Tﬁ(fz) > 0. Thus, it follows that N’(t) < 0
and N'(t) = 0 holds if and only 1f x(t) = a*, y(t ) y v(t) = v*, z(t) = z*. Furthermore, it can
be shown that the largest invariant set of {(m, Y, v, 2): N’( ) = 0} is the singleton E*. Therefore,
By LaSalle’s invariance principle [5], we see the infection equilibrium E* is globally asymptotically

stable. 0

4. NUMERICAL SIMULATIONS

We illustrate the theoretical results of model (1.4) by numerical simulations. The model pa-
rameters listed in Table 1 are based on biological data from [3] 8] [13].

When 71 = 0.5, 70 = 0.43, 73 = 0.42, in view of the simple calculations, we obtain the disease-
free equilibrium FEy = (549.5098,0,0,0) and RZ = 0.2658 < 1. Figure 1 shows that the infection-
free equilibrium Ej of model (1.4) is globally asymptotically stable, consistent with Theorem 3.3.
This result stems from the relatively low viral infection coefficient 8 = 7.8 x 10~*ul~'d~!, which
limits the efficiency of the virus in infecting new cells. Eventually, the virus will be eliminated
by the immune system, and the system will converge to the infection-free equilibrium without
developing a chronic infection.

On the other hand, when 7 = 0.5, 75 = 0.43, 73 = 0, we also compute the infection equilibrium
E* = (386.4550,10.3804, 19.0720, 4.1226) and the basic reproduction number RZ = 2.3607 > 1.
This result stems from the relatively viral infection coefficient 8 = 2.6 x 1073ul~'d~!. That is,
the infection equilibrium E* of model (1.4) is globally asymptotically stable, which completely
conforms with Theorem 3.2.

5. SUMMARY

Motivated by Deng and Xu’s recent work [3], we introduce the logistic term rz(t)(1 — %)
and delays 72,73 into model (1.3) and then present an HIV infection model (1.4) with CTL
immune response, immune impairment and intracellular delay. Subsequently, we give the basic
reproduction Rg for model (1.4). Based on the value of the basic reproduction R, we establish
the existence and stability of the equilibria of model (1.4).

(i) If Ro < 1, then there exists the infection-free equilibrium of (1.4), and it is globally asymp-
totically stable.

(ii) If Ro > 1, then there exists the infection equilibrium of (1.4), and it is globally asymptoti-
cally stable.

When there is no logistic growth rz(t) (1 - ) theorems 3.1-3.4 reduce to Theorems 4.1-4.4
for model (1.3) in [3]. Thus, our analytic results generahze those in [3] for model (1.3).

Our global stability results (Theorems 3.3 and 3.4) show that the basic reproduction ratio Rg
may be used to design the control strategies of the infection transmission and to estimate the

a:(t)
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TABLE 1. Biologically parameter ranges (values)

Parameter Value Range Ref.
A 50ul~td=t  [10,200] 8]
d 0.11d~1 [0.01,0.2] 8]
r 0.03d~* [0,0.1] [13]
Tmax 15001 1500 [13]
«@ 0.01 Assumed
k 1134941 [0,2] B
I 0.5d~! [0,1] [3]
m 1.39d7! [0, 2] 8]
a 1.005d* [0.01, 2] [8]
D 0.1pul=td=1! [0,1] ]
w 0.01 Assumed
c 0.2d7! [0,1] 8]
0.4d~1 [0,1] [8]
n 0.01pl~td=t [0,1] 8]
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FIGURE 1. Solutions z(t), y(¢), v(t), and z(t) of (1.4). Here the infection-free
equilibrium Ey of (1.4) is globally asymptotically stable.

infection level. In the case where Ry > 1, we may obtain an approximate value of the infection
level from the globally stable infection equilibrium, and then change some parameters to drive
Ro < 1 so that the infection can be eradicated ultimately.
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FIGURE 2. Solutions z(t), y(t), v(¢) and z(t) of (1.4). Here the infection equilib-
rium E* of (1.4) is globally asymptotically stable.
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