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ANALYSIS OF AN HIV INFECTION MODEL WITH DELAYS

GUANGSHENG LAI, ZHITING XU

Abstract. In this article, we present an HIV infection model with CTL immune response,

immune impairment, and intracellular delay. Firstly, we study the well-posedness of the HIV

infection model, then we give the basic reproduction number R0 and the existence of the equi-
libria. Secondly, we show that the basic reproduction number determines the stability of the

equilibria. That is, by analyzing the distribution of the roots of the characteristic equation

and constructing two appropriate Lyapunov functionals, we give the stability of the equilibria.
Finally, two numerical simulations illustrate the theoretical analysis.

1. Introduction

Acquired immune deficiency syndrome (AIDS) is a devastating infectious disease caused by
infection with a virus that attacks the body’s immune system. It takes the most important CD4+T
lymphocytes in the human immune system as the main target and destroys a large number of cells,
so that the human body losses its immune function. Therefore, human infection leads to immune
deficiency and being prone to various diseases, and the occurrence of malignant tumors. A classical
viral infection model was proposed in [1],

ẋ(t) = λ− dx(t)− βx(t)v(t),

ẏ(t) = βx(t)v(t)− ay(t),

v̇(t) = ky(t)− µv(t),

(1.1)

where x(t), y(t), and v(t) represent the concentrations of susceptible cells, infected cells, and free
HIV virions, respectively. The constants λ and d denote the production and mortality rates of
susceptible cells; β is the effective contact rate between susceptible cells and HIV virions; a denotes
the mortality rate of infected target cells; k represents the average rate at which each infected
target cell produces free virions; µ is the virus clearance rate. By constructing Lyapunov functions,
Korobeinikov [9] established the global dynamics of model (1.1).

To study the pathogenesis and transmission mechanism of AIDS, many researchers have studied
the dynamic model of HIV infection in the host (see [11, 14, 15, 19, 22] and the references cited
therein). We note that [14] focus on eliminating or controlling the spread of the virus, taking
into account the immune response that the virus has during infection. The rapid and nonspecific
immune response initially induced in the host during viral infection is mainly achieved by natural
killer cells. Natural killer cells are part of the immune system, and they play an important role
in the early stages of viral infection. It is able to quickly identify and attack cells infected by
the virus, thus preventing its replication and spread. But in most viral infections, cytotoxic T
lymphocyte (CTL) cells that attack infected cells and antibody cells that attack the virus play a
key role in antiviral defense. To investigate the role of the population dynamics of viral infection
with CTL response, Nowak and Bangham [15] introduced a mathematical model describing the
basic dynamics of the interaction between activated CD4+ T cells x(t), infected CD4+ T cells
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y(t), viruses v(t) and immune cells z(t). The model is

ẋ(t) = λ− dx(t)− βx(t)v(t),

ẏ(t) = βx(t)v(t)− ay(t)− py(t)z(t),

v̇(t) = ky(t)− µv(t),

ż(t) = cy(t)− bz(t).

(1.2)

On the basis of this model, Song and Neumann [21] proposed the assumption that the clearance
rate of each cell to the infected target cell for the cellular immune process is constant, that is, the
principle of mass action is followed, but it only considers the antigen to stimulate immunity but
ignores the immune damage caused by it. In [21], bilinear rate βx(t)v(t) was replaced by infection

rate βx(t)v(t)
1+αv(t) with saturation effect. Combined with the actual situation, py(t)z(t) was proposed

in [6, 17, 18] to represent immune damage and included in the study of HIV dynamics.
A large number of studies have shown that host immunity can be inhibited or even destroyed by

certain pathogens, especially under the condition of excessive pathogen load, so antigens can impair
immunity (see, [18, 23]). Combined with the situation of saturation incidence and intracellular
delay, Xu [25] emphasized that the nonlinear function can better reproduce the saturation reaction
in the process of cellular immunity. Therefore, motivated by the ideas [6, 12, 22, 23], Deng and Xu

[3] used the nonlinear function py(t)z(t)
1+ωz(t) instead of the bilinear function py(t)z(t), and considered

the model

ẋ(t) = λ− dx(t)− βx(t)v(t)

1 + αv(t)
,

ẏ(t) =
βe−mτx(t− τ)v(t− τ)

1 + αv(t− τ)
− ay(t)− py(t)z(t)

1 + ωz(t)
,

v̇(t) = ky(t)− µv(t),

ż(t) = cy(t)− bz(t)− ny(t)z(t).

(1.3)

Here, α, p, c, b, n are positive constants. α represents the constant rate of inhibition effect produced
by the crowding effect of free virions; τ is the time it takes from the entry of the virus into the
susceptible cell to the production of new virions, and e−mτ denotes the survival probability of
the infected cell from time t − τ to time t, n is the rate of immune damage, p represents the
clearance rate of T cells to infected cells, c and b represent the T cell production rate and death
rate, respectively. ω represents the inhibition rate of CTL immune response, and the meanings of
other variables and parameters are the same as those in models (1.1) and (1.2).

In [3], the authors assumed that the production rate of susceptible cells in model (1.3) is a
constant, that is, they did not take into account that susceptible cells would also grow in the
body. However, the results of the biological experiment indicate that the proliferation rate of
CD4+T cell is negatively correlates with its absolute concentration (see, e.g.,[2]). Thus, many
scholars ( see, e.g., [7, 10, 16, 24, 26]) recently proposed and studied that the CD4+T proliferation

is subject to logistic growth rate rx(t)
(
1 − x(t)

xmax

)
, where r is the rate of growth and xmax is the

maximum capacity of CD4+ T in the human body.
From the biological perspective, we know that a viral infection or immune response is not

transient in vivo, there may be time-lapse, and a time delay is essential to explain a range of
processes. It takes some time for infected cells to become active and produce virus particles; new
virions also mature to become infectious; and a time interval for antigen stimulation of immune
cells. Therefore, it is necessary and important to consider time delays when modeling viral spread
and immune response.
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Based on the above analysis, in this paper, we consider the delayed HIV infection model.

ẋ(t) = λ− dx(t) + rx(t)
(
1− x(t)

xmax

)
− βx(t)v(t)

1 + αv(t)
,

ẏ(t) =
βe−mτ1x(t− τ1)v(t− τ1)

1 + αv(t− τ1)
− ay(t)− py(t)z(t)

1 + ωz(t)
,

v̇(t) = ke−mτ2y(t− τ2)− µv(t),

ż(t) = ce−mτ3y(t− τ3)− bz(t)− ny(t)z(t).

(1.4)

Here, uninfected target cells are assumed to be produced at a constant rate λ and die at a
per capita rate d. The proliferation of uninfected target cells is described by the logistic term

rx(t)
(
1− x(t)

xmax

)
, where r is the intrinsic mitosis rate and xmax is the carrying capacity. The delays

during the processes of viral production, and CTLs recruitment are τ2 and τ3, respectively. The
term e−mτ2 describes the survival probability that start budding from activated infected cells at
time t and become free mature viruses at τ2 time later. The term e−mτ3 represents the survival
rate of virus-specific CTLs during the delay between cell encounters and subsequent recruitment.
All parameters are positive constants. The other variables and parameters have the same meaning
as model (1.3).

The paper is structured as follows. In section 2, we study the well-posedness of model (1.4).
Then we give the basic reproduction number R0 and the existence of the equilibria of model (1.4).
In section 3, we show the basic reproduction number R0 determine stability of the equilibria
of model (1.4). Then the locally and global asymptotic stability of the infection-free and the
infection equilibrium are derived. In section 4, we illustrate the theoretical results with numerical
simulations. Finally, in section 5, we provide a brief summary.

2. Preliminaries

In this section, we present some preliminary results including the well-posedness, and the for-
mula of the basic reproduction number and existence of equilibria.

2.1. Well-posedness of model (1.4). Let C = C([−τ, 0];R4
+) (where τ = max{τ1, τ2, τ3}) be

the Banach space of continuous functions from [−τ, 0] to R with the norm ||ϕ|| = maxθ∈[−τ,0] |ϕ(θ)|
for any ϕ ∈ C. For any given continuous function u = (x, y, v, z) : [−τ, σ) with σ > 0, we define

ut := (x(t+ ·), y(t+ ·), v(t+ ·), z(t)) ∈ C × C × C × R+ for t ∈ [−τ, σ).

Let
X+ = C([−τ, 0],R+)× C([−τ, 0],R+)× C([−τ, 0],R+)× R+.

We first investigate the well-posedness of model (1.4).

Theorem 2.1. For any ϕ ∈ X+, model (1.4) has a unique nonnegative solution u(t, ϕ) on [0,∞)
with u0 = ϕ, and ut(ϕ) ∈ X+ for all t > 0. Further, the solution semiflow ut : X+ → X+, t > 0,
has a compact global attractor.

Proof. For any ϕ = (ϕ1, ϕ2, ϕ3, ϕ4) ∈ X+, we define

f(ϕ) := (f1, f2, f3, f4)(ϕ),

with

f1(ϕ) = λ− dϕ1(0) + rϕ1(0)
(
1− ϕ1(0)

xmax

)
− βϕ1(0)ϕ3(0)

1 + αϕ3(0)
,

f2(ϕ) =
βe−mτ1ϕ1(−τ1)ϕ3(−τ1)

1 + αϕ3(−τ1)
− aϕ2(0)−

pϕ2(0)ϕ4(0)

1 + ωϕ4(0)
,

f3(ϕ) = ke−mτ2ϕ2(−τ2)− µϕ3(0),

f4(ϕ) = ce−mτ3ϕ2(−τ3)− bϕ4(0)− nϕ2(0)ϕ4(0).

Noting that f(ϕ) is continuous in ϕ ∈ X+ and f(ϕ) is Lipschitz in ϕ on each compact subset of
X+, then it implies that model (1.4) admits a unique solution u(t, ϕ) through (0, ϕ) on its maximal



4 G. LAI, Z. XU EJDE-2026/20

interval [0, σϕ) (see [5, Theorem 2.2.1 and Theorem 2.2.3]). Further, let ϕ := (ϕ1, ϕ2, ϕ3, ϕ4) ∈ X+

be given, we can show that if ϕi(0) = 0 for 1 ≤ i ≤ 4, then fi(ϕ) ≥ 0. By [20, Theorem 5.2.1
Remark 5.2.1], it follows that for any (t, ϕ) ∈ R+ ×X+, the unique solution u(t, ϕ) of model (1.4)
with u0 = ϕ satisfies ut(ϕ) ∈ X+ for all t ∈ [0, σϕ).

Next, we study the boundedness of solutions of model (1.4). Let

L(t) = x(t) + emτ1y(t+ τ1).

Then, in view of the first and second equations of (1.4), we obtain

L′(t) = λ− dx(t) + rx(t)
(
1− x(t)

xmax

)
− βx(t)v(t)

1 + αv(t)

+
βx(t)v(t)

1 + αv(t)
− aemτ1y(t+ τ1)−

pemτ1y(t+ τ1)z(t+ τ1)

1 + ωz(t+ τ1)

⩽ λ− dx(t) + rx(t)
(
1− x(t)

xmax

)
− aemτ1y(t+ τ1)

⩽ λ+
1

4
rxmax − dx(t)− aemτ1y(t+ τ1)

⩽ λ+
1

4
rxmax − δL(t),

(2.1)

where δ = min{d, a}. By the comparison theorem, we see L(t) is bounded on [0, σϕ), it implies
x(t) and y(t) are all bounded on [0, σϕ). As a result, we assume that there is M > 0 such that
|y(t)| ≤ M for all t ∈ [0, σϕ). It then follows from the third and the last equation of (1.4) that we
have

dv(t)

dt
⩽ kMe−mτ2 − µv(t), (2.2)

dz(t)

dt
⩽ cMe−mτ3 − bz(t). (2.3)

Hence, both v(t) and z(t) are bounded on [0, σϕ), and then [5, Theorem 2.3.1] follows that σ =
∞. By the differential inequalities (2.1)-(2.3) and the comparison theorem, it then follows that
solutions of model (1.4) are uniformly bounded and ultimately bounded in X+. Consequently,
[5, Corollary 3.6.2 and Theorem 4.5.2] imply the existence of a compact global attractor for the
solution semiflow of model (1.4) on X+. □

2.2. Basic reproductive number and equilibria. In this subsection, we give the basic re-
production number for model (1.4), and then establish the existence of equilibria of model (1.4).
Obviously, model (1.4) always has an infection-free equilibrium E0 = (x0, 0, 0, 0), where

x0 =
xmax

2r

(
r − d+

√
(r − d)2 +

4rλ

xmax

)
. (2.4)

Linearizing (1.4) at E0, we obtain the following three infection related equations for variables y,
v and z satisfied

ẏ(t) = βe−mτ1x0v(t− τ1)− ay(t),

v̇(t) = ke−mτ2y(t− τ2)− µv(t),

ż(t) = ce−mτ3y(t− τ3)− bz(t).

Let u1, u2 and u3 be the number of infected cells, HIV and CTL cell at t = 0, respectively. Then
the remaining numbers of infected cells HIV and CTL cell at time t are given by

u1(t) = u1e
−at, u2(t) = u2e

−µt, u3(t) = u3e
−bt.

The total numbers of newly infected cells, produced HIV and CTL cell are

ū1 =

∫ ∞

τ1

βe−mτ1x0u2(t− τ1)dt =
β

µ
e−mτ1x0u2,
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ū2 =

∫ ∞

τ2

ke−mτ2u1(t− τ2)dt =
k

a
e−mτ2u1,

ū3 =

∫ ∞

τ3

ce−mτ3u1(t− τ3)dt =
c

b
e−mτ3u1,

which can be rewritten asū1

ū2

ū3

 = M0

u1

u2

u3

 , where M0 =

 0 β
µe

−mτ1x0 0
k
ae

−mτ2 0 0
c
be

−mτ3 0 0

 .

Then, we can see the matrix M0 is the next infection operator [4]. As usual, the spectral radius
of M0 is called the basic reproduction number R0, which is

R0 =

√
kβx0

aµ
e−m(τ1+τ2).

Next, we shall establish the existence of the infection equilibrium of model (1.4). The infection
equilibrium denoted by E∗ = (x∗, y∗, v∗, z∗) satisfies the system

h(x)− βxv

1 + αv
= 0,

βe−mτ1xv

1 + αv
− ay − pyz

1 + ωz
= 0,

ke−mτ2y − µv = 0,

ce−mτ3y − bz − nyz = 0,

(2.5)

where h(x) = λ− dx(t) + rx(t)(1− x(t)
xmax

). It follows from the first equation of (2.5) that

r

xmax
x2 +

(
d− r +

βv

1 + αv

)
x− λ = 0.

Clearly, the positive root x∗ of the above equation is

x∗ =
xmax

2r

(
r − d− βv

1 + αv
+

√(
r − d− βv

1 + αv

)2

+
4rλ

xmax

)
< x0.

Obviously, βx∗ − αh(x∗) ̸= 0. From the first equation of (2.5) again, we obtain

v =
h(x)

βx− αh(x)
.

By the third and fourth equations of (2.5), respectively, we obtain

y =
µ

k
emτ2v, z = ce−mτ3

y

b+ ny
.

Substituting y = µ
k e

mτ2v into z = ce−mτ3 y
b+ny , we have

z =
Bv

1 + Cv
, where B =

cµ

kb
e−mτ3+mτ2 , C =

nµ

kb
emτ2 .

Putting z = Bv
1+Cv into the second equation of (2.5), we obtain

h(x) =
(
a+

pBv

1 + Cv + ωBv

)
Av, where A =

µ

k
em(τ1+τ2),

that is,

h(x)(1 + Cv + ωBv) = A(a+ (aC + aωB + pB)v)v.

Substituting v = h(x)
βx−αh(x) into the above equation and noting that h(x) ̸= 0, we obtain[

βx− αh(x) + (C + ωB)h(x)
]
(βx− αh(x)) = A

[
a(βx− αh(x)) + (aC + aωB + pB)h(x)

]
.
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We define

H(x) =
[
βx− αh(x) + (C + ωB)h(x)

]
(βx− αh(x))

−A
[
a(βx− αh(x)) + (aC + aωB + pB)h(x)

]
for 0 < x < x0.

(2.6)

Now, we claim that there is a positive root x∗ in the following equation

H(x) = 0, 0 < x < x0.

In fact, it is easy to see the equation αh(x)− βx = 0 has the positive root

x̃ =
xmax

2r

(
r − d− β

α
+

√(
r − d− β

α

)2

+
4rλ

xmax

)
,

and 0 < x̃ < x0.
Since h(x̃0)− βx̃0 = 0, we have

H(x̃0) = −Aβ(aC + aωB + pB)x̃0 < 0.

And also, if R0 > 1, noting that h(x0) = 0, we then obatin

H(x0) = (βx0)
2 −Aaβx0 =

aµ

k
βx0e

m(τ1+τ2)(R2
0 − 1) > 0.

Therefore, there is a x∗ ∈ (x̃0, x0) such that H(x∗) = 0.
Summarizing the above discussion, we establish the existence of equilibria of model (1.4).

Theorem 2.2. (1) Model (1.4) always has the infection-free equilibrium E0(x0, 0, 0, 0) with x0

defined by (2.1).
(2) Model (1.4) has the infection equilibrium E∗ = (x∗, y∗, v∗, z∗) if R0 > 1, where x∗ is the

positive root of H(x) = 0, and

v∗ =
h(x∗)

βx∗ − αh(x∗)
, y∗ =

u

k
emτ2v∗, z∗ =

u

k
emτ2v∗,

where H(x) is defined by (2.6).

3. Stability analysis

Here we establish the local and global stabilities of the equilibria of model (1.4).

3.1. Local stability of equilibria of model (1.4). By analyzing the distribution of the roots
of the corresponding characteristic equation, we study the local stability of the infection-free and
infection equilibrium of model (1.4). First, we have the following result.

Theorem 3.1. Let τi ⩾ 0, i = 1, 2, 3. The infection-free equilibrium E0 is locally asymptotically
stable for R0 < 1 and it is unstable for R0 > 1.

Proof. Linearizing (1.4) at E0, we can see the Jacobian matrix at E0 as follows

JE0 =


−d+ r − 2r

xmax
x0 0 −βx0 0

0 −a βx0e
−(ξ+m)τ1 0

0 ke−(ξ+m)τ2 −µ 0
0 ce−(ξ+m)τ3 0 −b

 .

Then the characteristic equation of JE0
is

(ξ + b)
(
ξ + d− r +

2r

xmax
x0

)(
(ξ + a)(ξ + µ)− kβx0e

−(ξ+m)(τ1+τ2)
)
= 0. (3.1)

It is clear that equation (3.1) has two negative roots

ξ1 = −b and ξ2 = −
(
d− r +

2r

xmax
x0

)
,

since

d− r +
2r

xmax
x0 =

√
(r − d)2 +

4rλ

xmax
> 0.
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Hence, the remaining roots of equation (3.1) are determined by the equation

κ(ξ) =: (ξ + a)(ξ + µ)− kβx0e
−(ξ+m)(τ1+τ2) = 0.

Obviously, the equation κ(ξ) = 0 is equivalent to the equation

1 =
kβx0

(ξ + a)(ξ + µ)
e−(ξ+m)(τ1+τ2). (3.2)

Let ξ = x+iy with x > 0 is a solution of equation (3.2), and the modulus on both sides of equation
(3.2), we have

1 =
∣∣∣ kβx0

(ξ + a)(ξ + µ)
e−(ξ+m)(τ1+τ2)

∣∣∣ ⩽ ∣∣∣kβx0

aµ

∣∣∣|e−m(τ1+τ2)| = R2
0 < 1,

which implies 1 ≤ R0 < 1, a contradiction. Hence all roots of equation (3.2) have negative real
parts if R0 < 1, it follows that E0 is locally asymptotically stable for R0 < 1.

Noting that

κ(0) = aµ(1−R2
0) < 0, lim

ξ→+∞
κ(ξ) = +∞.

Hence, the equation κ(ξ) = 0 has a positive root if R0 > 1. It follows that E0 is unstable if
R0 > 1. □

Theorem 3.2. Let τi ⩾ 0, i = 1, 2, and τ3 = 0. The infection equilibrium E∗ is locally asymptot-
ically stable for R0 > 1.

Proof. Linearizing the system (1.4) at E∗, we can get the Jacobian matrix at E∗ given by

JE∗ =



−d+ r − 2r
xmax

x∗ − βv∗

1+αv∗ 0 − βx∗

(1+αv∗)2 0

βv∗

1+αv∗ e
−(ξ+m)τ1 −a− pz∗

1+ωz∗
βx∗

(1+αv∗)2 e
−(ξ+m)τ1 − pz∗

(1+ωz∗)2

0 ke−(ξ+m)τ2 −µ 0

0 c− nz∗ 0 −b− ny∗


.

Thus, we obtain the following characteristic equation of (1.4) at E∗ as follows(
ξ + d− r +

2r

xmax
x∗ +

βv∗

1 + αv∗

)
(ξ + µ)

×
((

ξ + a+
pz∗

1 + ωz∗

)
(ξ + b+ ny∗) +

py∗

(1 + ωz∗)2
(c− nz∗)

)

=
kβx∗

(1 + αv∗)2

(
ξ + d− r +

2r

xmax
x∗

)
(ξ + b+ ny∗)e−(ξ+m)(τ1+τ2).

(3.3)

Next, we claim all roots of equation (3.3) have negative real parts when R0 > 1. Otherwise,
equation (3.3) has a root ξ = x+ iy with x > 0, and note that

c− nz∗ =
bz∗

y∗
, y∗ =

u

k
emτ2v∗,

βx∗v∗

(1 + αv∗)y∗
= a+

pz∗

1 + ωz∗
.

Thus, ∣∣∣ξ + d− r +
2r

xmax
x∗ +

βv∗

1 + αv∗

∣∣∣ > ∣∣∣(ξ + d− r +
2r

xmax
x∗

)
e−ξ(τ1+τ2)

∣∣∣, (3.4)
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and ∣∣∣(ξ + µ)
((

ξ + a+
pz∗

1 + ωz∗

)
(ξ + b+ ny∗) +

py∗

(1 + ωz∗)2
(c− nz∗)

)∣∣∣
=

∣∣∣(ξ + µ)
((

ξ + a+
pz∗

1 + ωz∗

)
(ξ + b+ ny∗) +

bpz∗

(1 + ωz∗)2

)∣∣∣
⩾

∣∣∣µ(ξ + b+ ny∗)
(
a+

pz∗

1 + ωz∗

)∣∣∣
⩾

∣∣∣(ξ + b+ ny∗)
kβx∗

1 + αv∗
e−m(τ1+τ2)

∣∣∣
>

∣∣∣(ξ + b+ ny∗)
kβx∗

(1 + αv∗)2
e−m(τ1+τ2)

∣∣∣.

(3.5)

In view of inequalities (3.4) and (3.5), we obtain that ξ = x+ iy with x > 0 is not the root of (3.3),
which leads that equation (3.3) can not have any root with positive real part. Hence, the infection
equilibrium E∗ = (x∗, y∗, v∗, z∗) of model (1.4) is locally asymptotically stable for R0 > 1. □

3.2. Global stability of equilibria of model (1.4). Constructing Lyapunov functionals, we
study the global asymptotic stability of the equilibria of model (1.4). To this end, we introduce
the fundamental function

g(x) = x− 1− lnx for x > 0.

Clearly, the function g(x) ⩾0 for all x > 0, and g(x) = 0 if and only if x = 1.
We start with the globally asymptotic stability of the infection-free equilibrium E0.

Theorem 3.3. Let τi ⩾ 0, i = 1, 2, 3. If R0 ≤ 1, then the infection-free equilibrium E0 of model
(1.4) is globally asymptotically stable.

Proof. We define the Lyapunov functional

M(t) = M1(t) +M2(t),

where

M1(t) = x0g
(x(t)

x0

)
+ emτ1y(t) +

βx0

µ
em(τ1+τ2)v(t) + em(τ1+τ3)(1−R2

0)z(t),

M2(t) =

∫ t

t−τ1

βx(s)v(s)

1 + αv(s)
ds+R2

0ae
−mτ2

∫ t

t−τ2

y(s)ds+ aemτ1(1−R2
0)

∫ t

t−τ3

y(s)ds.

It can be easily verified that M(t) ≥ 0 with M(t) = 0 if and only if x = x0, y = 0, v = 0 and
z = 0. Differentiating M(t) along any positive solution of model (1.4), we have

M ′
1(t) = − (x0 − x(t))2

x(t)

(
d− r +

rx0

xmax
+

rx(t)

xmax

)
− βx(t)v(t)

1 + αv(t)
+

βx(t)v(t)

1 + αv(t)

x0

x(t)

+
βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)
− aemτ1y(t)− pemτ1y(t)z(t)

1 + ωz(t)

+
kβx0

µ
emτ1y(t− τ2)− βx0e

m(τ1+τ2)v(t)

+ aemτ1(1−R2
0)y(t− τ3)−

a

c
em(τ1+τ3)(1−R2

0)(bz(t) + ny(t)z(t)),

and

M ′
2(t) =

βx(t)v(t)

1 + αv(t)
− βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)
+R2

0ae
−mτ2y(t)−R2

0ae
−mτ2y(t− τ2)

+ aemτ1(1−R2
0)y(t)− aemτ1(1−R2

0)y(t− τ3).

Thus, we obtain

M ′(t) = − (x0 − x(t))2

x(t)

(
d− r +

rx0

xmax
+

rx(t)

xmax

)
+

βx(t)v(t)

1 + αv(t)

x0

x(t)
− pemτ1y(t)z(t)

1 + ωz(t)

− a

c
em(τ1+τ3)(1−R2

0)(bz(t) + ny(t)z(t)) +R2
0ae

−mτ2y(t)−R2
0ae

−mτ1y(t)
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= − (x0 − x(t))2

x(t)

(
d− r +

rx0

xmax
+

rx(t)

xmax

)
− βx0v(t)

(
em(τ1+τ2) − 1

1 + αv(t)

)
−R2

0ae
−mτ1y(t)(1− e−m(τ1+τ2))− pemτ1y(t)z(t)

1 + ωz(t)

− a

c
em(τ1+τ3)(1−R2

0)(bz(t) + ny(t)z(t)).

Note that d−r+ rx0

xmax
> 0. IfR0 < 1, thenM ′(t) ⩽ 0 and the equality holds if and only if x(t) = x0,

y(t) = 0, v(t) = 0 and z(t) = 0. Hence, the largest invariant set in the set {(x, y, v, z) : M ′(t) = 0}
is the singleton set E0. Therefore, by the LaSalle’s invariance principle [5], the infection-free
equilibrium E0 is globally asymptotically stable when R0 < 1.

Now, if R0 = 1, we obtain

M ′(t) = − (x0 − x(t))2

x(t)

(
d− r +

rx0

xmax
+

rx(t)

xmax

)
− βx0v(t)

(
em(τ1+τ2) − 1

1 + αv(t)

)
− ae−mτ1y(t)(1− e−m(τ1+τ2))− pemτ1y(t)z(t)

1 + ωz(t)
,

which follows M ′(t) ⩽ 0 and the equality holds if and only if x(t) = x0, y(t) = 0, v(t) = 0. Then
one can easily show that the largest invariant set of {(x, y, v, z) : M ′(t) = 0} is the singleton {E0}.
Hence, using LaSalle’s invariance principle [5], we also get E0 is globally asymptotically stable
when R0 = 1. □

Theorem 3.4. Let τi ⩾ 0, i = 1, 2, and τ3 = 0. If R0 > 1 and that xmax(r − d) < rx∗, then the
infection equilibrium E∗ of model (1.4) is globally asymptotically stable.

Proof. We define the Lyapunov function

N(t) = N1(t) +N2(t),

where

N1(t) = x∗g
(x(t)

x∗

)
+ emτ1g

(y(t)
y∗

)
+

βx∗v∗

(1 + αv∗)ky∗
emτ2v∗g

(v(t)
v∗

)
+

py∗z∗

b(1 + ωz∗)2
emτ1g

(z(t)
z∗

)
,

N2(t) =
βx∗v∗

1 + αv∗

∫ t

t−τ1

g
(x(s)v(s)(1 + αv∗)

x∗v∗(1 + αv(s))

)
ds+

βx∗v∗

1 + αv∗

∫ t

t−τ2

g
(y(s)

y∗

)
ds.

Then, differentiating N(t) along any positive solution of model (1.4) for t ≥ 0, we obtain

N ′
1(t) =

(
1− x∗

x(t)

)(
λ− dx(t)− βx(t)v(t)

1 + αv(t)

)
+ emτ1

(
1− y∗

y(t)

)(βe−mτx(t− τ)v(t− τ)

1 + αv(t− τ)
− ay(t)− py(t)z(t)

1 + ωz(t)

)
+

βx∗v∗

1 + αv∗
1

ky∗
emτ2

(
1− v∗

v(t)

)
(ke−mτ2y(t− τ2)− µv(t))

+
py∗

b(1 + ωz∗)2
emτ1

(
1− x∗

x(t)

)
(cy(t)− bz(t)− ny(t)z(t))

=
(
1− x∗

x(t)

)(
λ− dx(t)− βx(t)v(t)

1 + αv(t)

)
+

βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)
− aemτ1y(t)

− pemτ1y(t)z(t)

1 + ωz(t)
− βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)

y∗

y(t)
+ aemτ1y∗ +

pemτ1y∗z(t)

1 + ωz(t)

+
βx∗v∗

1 + αv∗
y(t− τ2)

y∗
− βx∗v∗

1 + αv∗
µ

ky∗
emτ2v(t)− βx∗v∗

1 + αv∗
y(t− τ2)

y∗
v∗

v(t)

+
βx∗v∗

1 + αv∗
µv∗

ky∗
emτ2 +

py∗

b(1 + ωz∗)2
emτ1

z(t)− z∗

z(t)
(cy(t)− bz(t)− ny(t)z(t)),
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and

N ′
2(t) =

βx(t)v(t)

1 + αv(t)
− βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)
+

βx∗v∗

1 + αv∗
ln

x(t− τ1)v(t− τ1)(1 + αv(t))

x(t)v(t)(1 + αv(t− τ1))

+
βx∗v∗

1 + αv∗
y(t)

y∗
− βx∗v∗

1 + αv∗
y(t− τ2)

y∗
+

βx∗v∗

1 + αv∗
ln

y(t− τ2)

y(t)
.

Noting that the infection equilibrium E∗(x∗, y∗, v∗, z∗) satisfies the equations

λ = dx∗ − rx∗
(
1− x∗

xmax

)
+

βx∗v∗

1 + αv∗
,

βe−mτ1x∗v∗

1 + αv∗
= ay∗ +

py∗z∗

1 + ωz∗
, ke−mτ2y∗ = µv∗, cy∗ = bz∗ + ny∗z∗,

we then have

N ′(t) = − (x∗ − x(t))2

x(t)

(
d− r +

rx∗

xmax
+

rx(t)

xmax

)
+

βx∗v∗

1 + αv∗
− βx(t)v(t)

1 + αv(t)
− βx∗v∗

1 + αv∗
x∗

x(t)

+
βx(t)v(t)

1 + αv(t)

x∗

x(t)
+

βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)
− βx∗v∗

1 + αv∗
y(t)

y∗
+

py∗z∗

1 + ωz∗
emτ1

y(t)

y∗

− pemτ1y(t)z(t)

1 + ωz(t)
− βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)

y∗

y(t)
+

βx∗v∗

1 + αv∗
− py∗z∗

1 + ωz∗
emτ1

+
pemτ1y∗z(t)

1 + ωz(t)
+

βx∗v∗

1 + αv∗
y(t− τ2)

y∗
− βx∗v∗

1 + αv∗
µ

ky∗
emτ2v(t)− βx∗v∗

1 + αv∗
y(t− τ2)

y∗
v∗

v(t)

+
βx∗v∗

1 + αv∗
+

pemτ1y∗(z(t)− z∗)

bz(t)(1 + ωz∗)2

(
ny(t)(z∗ − z(t)) +

by(t)z∗ − by∗z(t)

y∗

)
+

βx(t)v(t)

1 + αv(t)
− βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)
+

βx∗v∗

1 + αv∗
ln

x(t− τ1)v(t− τ1)(1 + αv(t))

x(t)v(t)(1 + αv(t− τ1))

+
βx∗v∗

1 + αv∗
y(t)

y∗
− βx∗v∗

1 + αv∗
y(t− τ2)

y∗
+

βx∗v∗

1 + αv∗
ln

y(t− τ2)

y(t)

= − (x∗ − x(t))2

x(t)

(
d− r +

rx∗

xmax
+

rx(t)

xmax

)
+

βx∗v∗

1 + αv∗
− βx∗v∗

1 + αv∗
x∗

x(t)
+

βx(t)v(t)

1 + αv(t)

x∗

x(t)

− βx(t− τ1)v(t− τ1)

1 + αv(t− τ1)

y∗

y(t)
+

βx∗v∗

1 + αv∗
− βx∗v∗

1 + αv∗
v(t)

v∗
− βx∗v∗

1 + αv∗
y(t− τ2)

y∗
v∗

v(t)

+
βx∗v∗

1 + αv∗
+

py∗z∗

1 + ωz∗
emτ1

y(t)

y∗
− pemτ1y(t)z(t)

1 + ωz(t)
− py∗z∗

1 + ωz∗
emτ1 +

pemτ1y∗z(t)

1 + ωz(t)

+
pemτ1(z(t)− z∗)(y(t)z∗ − y∗z(t))

z(t)(1 + ωz∗)2
− npy∗y(t)emτ1(z(t)− z∗)2

bz(t)(1 + ωz∗)2

+
βx∗v∗

1 + αv∗
ln

x(t− τ1)v(t− τ1)(1 + αv(t))

x(t)v(t)(1 + αv(t− τ1))
+

βx∗v∗

1 + αv∗
ln

y(t− τ2)

y(t)

= − (x∗ − x(t))2

x(t)

(
d− r +

rx∗

xmax
+

rx(t)

xmax

)
+

βx∗v∗

1 + αv∗

(
1− x∗

x(t)
+

1 + αv∗

1 + αv(t)

v(t)

v∗

− x(t− τ1)v(t− τ1)

1 + αv(t− τ1)

y∗

y(t)

1 + αv∗

x∗v∗
+ 1− v(t)

v∗
− y(t− τ2)

y∗
v∗

v(t)
+ 1

+ ln
x(t− τ1)v(t− τ1)(1 + αv(t))

x(t)v(t)(1 + αv(t− τ1))
+ ln

y(t− τ2)

y(t)

)
− pemτ1(z(t)− z∗)(y(t)− y∗)

(1 + ωz(t))(1 + ωz∗)

+
pemτ1(z(t)− z∗)(y(t)z∗ − y∗z(t))

z(t)(1 + ωz∗)2
− npy∗y(t)emτ1(z(t)− z∗)2

bz(t)(1 + ωz∗)2

= − (x∗ − x(t))2

x(t)

(
d− r +

rx∗

xmax
+

rx(t)

xmax

)
+

βx∗v∗

1 + αv∗

(
1− x∗

x(t)
+ ln

x∗

x(t)

+ 1− x(t− τ1)v(t− τ1)

1 + αv(t− τ1)

y∗

y(t)

1 + αv∗

x∗v∗
+ ln

x(t− τ1)v(t− τ1)

1 + αv(t− τ1)

y∗

y(t)

1 + αv∗

x∗v∗
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+ 1− y(t− τ2)

y∗
v∗

v(t)
+ ln

y(t− τ2)

y∗
v∗

v(t)
+ ln

1 + αv(t)

1 + αv∗
− 1 + αv(t)

1 + αv∗
+ 1

+
1 + αv∗

1 + αv(t)

v(t)

v∗
− v(t)

v∗
+

1 + αv(t)

1 + αv∗
− 1

)
− pemτ1(z(t)− z∗)2(y(t) + ωy∗yz(t))

z(t)(1 + ωz(t))(1 + ωz∗)
− npy∗y(t)emτ1(z(t)− z∗)2

bz(t)(1 + ωz∗)2

= − (x∗ − x(t))2

x(t)

(
d− r +

rx∗

xmax
+

rx(t)

xmax

)
− βx∗v∗

1 + αv∗

(
g
( x∗

x(t)

)
+ g

(x(t− τ1)v(t− τ1)

1 + αv(t− τ1)

y∗

y(t)

1 + αv∗

x∗v∗

)
+ g

(y(t− τ2)

y∗
v∗

v(t)

)
+ g

(1 + αv(t)

1 + αv∗

)
+

α(v(t)− v∗)2

v∗(1 + αv(t))(1 + αv∗)

)
− pemτ1(z(t)− z∗)2(y(t) + ωy∗yz(t))

z(t)(1 + ωz(t))(1 + ωz∗)

− npy∗y(t)emτ1(z(t)− z∗)2

bz(t)(1 + ωz∗)2
.

Using the fact xmax(r−d) < rx∗, we have
(
d−r+ rx∗

xmax
+ rx(t)

xmax

)
> 0. Thus, it follows that N ′(t) ≤ 0

and N ′(t) = 0 holds if and only if x(t) = x∗, y(t) = y∗, v(t) = v∗, z(t) = z∗. Furthermore, it can
be shown that the largest invariant set of {(x, y, v, z) : N ′(t) = 0} is the singleton E∗. Therefore,
By LaSalle’s invariance principle [5], we see the infection equilibrium E∗ is globally asymptotically
stable. □

4. Numerical simulations

We illustrate the theoretical results of model (1.4) by numerical simulations. The model pa-
rameters listed in Table 1 are based on biological data from [3, 8, 13].

When τ1 = 0.5, τ2 = 0.43, τ3 = 0.42, in view of the simple calculations, we obtain the disease-
free equilibrium E0 = (549.5098, 0, 0, 0) and R2

0 = 0.2658 < 1. Figure 1 shows that the infection-
free equilibrium E0 of model (1.4) is globally asymptotically stable, consistent with Theorem 3.3.
This result stems from the relatively low viral infection coefficient β = 7.8× 10−4µl−1d−1, which
limits the efficiency of the virus in infecting new cells. Eventually, the virus will be eliminated
by the immune system, and the system will converge to the infection-free equilibrium without
developing a chronic infection.

On the other hand, when τ1 = 0.5, τ2 = 0.43, τ3 = 0, we also compute the infection equilibrium
E∗ = (386.4550, 10.3804, 19.0720, 4.1226) and the basic reproduction number R2

0 = 2.3607 > 1.
This result stems from the relatively viral infection coefficient β = 2.6 × 10−3µl−1d−1. That is,
the infection equilibrium E∗ of model (1.4) is globally asymptotically stable, which completely
conforms with Theorem 3.2.

5. Summary

Motivated by Deng and Xu’s recent work [3], we introduce the logistic term rx(t)
(
1 − x(t)

xmax

)
and delays τ2, τ3 into model (1.3) and then present an HIV infection model (1.4) with CTL
immune response, immune impairment and intracellular delay. Subsequently, we give the basic
reproduction R0 for model (1.4). Based on the value of the basic reproduction R0, we establish
the existence and stability of the equilibria of model (1.4).

(i) If R0 < 1, then there exists the infection-free equilibrium of (1.4), and it is globally asymp-
totically stable.

(ii) If R0 > 1, then there exists the infection equilibrium of (1.4), and it is globally asymptoti-
cally stable.

When there is no logistic growth rx(t)
(
1− x(t)

xmax

)
, theorems 3.1–3.4 reduce to Theorems 4.1–4.4

for model (1.3) in [3]. Thus, our analytic results generalize those in [3] for model (1.3).
Our global stability results (Theorems 3.3 and 3.4) show that the basic reproduction ratio R0

may be used to design the control strategies of the infection transmission and to estimate the



12 G. LAI, Z. XU EJDE-2026/20

Table 1. Biologically parameter ranges (values)

Parameter Value Range Ref.

λ 50µl−1d−1 [10, 200] [3]

d 0.11d−1 [0.01, 0.2] [8]

r 0.03d−1 [0, 0.1] [13]

xmax 1500µl−1 1500 [13]

α 0.01 Assumed

k 1.1349d−1 [0, 2] [3]

µ 0.5d−1 [0, 1] [3]

m 1.39d−1 [0, 2] [3]

a 1.005d−1 [0.01, 2] [8]

p 0.1µl−1d−1 [0, 1] [8]

w 0.01 Assumed

c 0.2d−1 [0, 1] [8]

b 0.4d−1 [0, 1] [8]

n 0.01µl−1d−1 [0, 1] [8]

Figure 1. Solutions x(t), y(t), v(t), and z(t) of (1.4). Here the infection-free
equilibrium E0 of (1.4) is globally asymptotically stable.

infection level. In the case where R0 > 1, we may obtain an approximate value of the infection
level from the globally stable infection equilibrium, and then change some parameters to drive
R0 < 1 so that the infection can be eradicated ultimately.
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Figure 2. Solutions x(t), y(t), v(t) and z(t) of (1.4). Here the infection equilib-
rium E∗ of (1.4) is globally asymptotically stable.
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