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SOLUTIONS FOR ELLIPTIC EQUATIONS WITH COMPETING
POTENTIALS IN 4 DIMENSIONS

WANLI SUN, YIDING WANG, JIANJUN NIE

ABSTRACT. We study the elliptic equation with competing potentials
—Au+ V(y)u= K(y)u?*l7 in HI(RN),
u>0, yeRY,

1372 is the critical Sobolev exponent, y = (v',4”) € R2 x RY=2 V(|y/|,y")

and K(|y'|,y"") are nonnegative and bounded functions. Using a finite dimensional reduction
argument and local Pohozaev identities, we prove the existence infinitely many solutions, when
N =4, K(r,y") has a stable critical point (ro,y§) with ro > 0 and K(ro,yg) > 0.

where 2*

1. INTRODUCTION
This article concerns the existence of infinitely many solutions for the problem
—Au+V(yu=K(yu* ',

1.1
u>0, ueHY(RY), (L)

where y = (¢, y") € R2 x RN=2 V(y) = V(|[y/|,y") and K(y) = K(|3/|,y") are nonnegative and
bounded functions, 2* = % is the critical Sobolev exponent. Since there are two potentials in
problem , an interesting study is how the critical points of V' (y) and K (y) affect the existence
of solutions for problem , whose critical points of V(y) and K(y) are more important to
guarantee the existence of solutions for problem (1.1). In [I5], when N > 5, V(y) = V(|y'|,v")
and K(y) = K(|y'|,y"), He, Wang and Wang used a finite dimensional reduction argument and
local Pohozaev identities to prove that if K (r,y”) has a stable point (rq,y{) with K(rg,yy) > 0,
then problem has infinitely many solutions. This result implies that the role of stable critical
points of K(r,y") in constructing bump solutions is more important than that of V(r,4”). In this
article, we consider problem for N = 4. By using a finite dimensional reduction argument
and local Pohozaev identities, we prove that the (1.1]) has infinitely many solutions.

When K (y) be a positive constant, problem can be reduced to the following problem by
a dilation:

—Au+Vu=u*"1 u>0, wueH(RY). (1.2)

It is well known that problem does not always have a solution. For example, it follows from
the Pohozaev identity [ox (V(lyl) + 3ly/V'(Jy))u? = 0 that if 7>V (r) is always non-decreasing
or non-increasing, problem with V' (y) = V(Jy|) has no solutions. Many scholars try to find
the sufficient conditions on V(y), under which problem has a solution. If V(y) > 0 and
V(y) # 0, then the mountain pass value for is not a critical value of the corresponding
functional. Thus we cannot obtain an existence result of solutions for by the concentration
compactness principle [I3, [14]. Benci and Cerami [3] proved that if ||V (y)| vz~ is suitably
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small, then the problem (1.2]) has a solution. To our knowledge, this is the first existence result.
When V(y) = 0, problem (1.1) becomes

—Au=K@u*', u>0 ueD"}RY), (1.3)

which comes from the following prescribed curvature problem by using the stereo-graphic projec-
tion:

—Agvu+ N(N#_mu =K@u?', u>0 ons". (1.4)

To our knowledge, maxgn K >0isa necessary condition for the existence result. But there
also exist some topological type obstructions. By Pohozaev identity, Kazdan-Warner condition
~ N

fSN VK - Vyuﬁ = 0 is a necessary condition. Some existence results have been proved under
some assumptions on the critical point of K, such as [2 [6, 22 23 30]. In [2], when N = 3, K
is a positive Morse function with AK # 0 if VK = 0, Bahri and Coron proved that (1.4]) has a
solution. This type of results was extended by Li in [22] 23] to the case N > 3. He supposed that
there exists a € (N — 2, N) satisfying

B B N

K(y) = K(yo) + Y ¢jly; — yo|* + hoit, (1.5)

j=1

where ¢; # 0, Zjvzl ¢; # 0.
To obtain our result, we assume that V(y) and K (y) satisfy the following assumptions:
(A1) 0 < V(y),K(y) € L*[RY), V(y) = V(Iy'l.y"), K(y) = K(ly'l,y"), where y = (y/,y") €
R? x RN-2;
(A2) K(r,y") has a stable critical point (rg,y]) satisfying ro > 0, K(ro,yj) > 0 (Hereafter,
w.lg. K(rg,yy)=1), and

deg (V(K(Ta y//))’ (TOa yg)) #0;

(A3) V(r,y") € CY(By(ro,vy)), K(r,y") € C*(By(ro,yy)), VV(r,y") is bounded, ¥ > 0 is a
small constant.

Our main result reads as follows.

Theorem 1.1. Suppose that (A1)—(A3) are satisfied. If N =4, then problem (1.1)) has infinitely

many solutions, whose energy can be made arbitrarily large.

We will prove Theorem [I.T]by a finite dimensional reduction argument and local Pohozaev iden-
tities. The finite dimensional reduction method has been extensively used to construct solutions.
We referee to 2] (Bl 6] [7, 8, 111 12, 16, 17, 18] 19} 20, 23, 24, 26, 27, 291 BT, B0} B2} [33, 34, 35, [36]
and references therein. Chen, Wei and Yan [4] proved that has infinitely many nonradial
solutions, if V(y) > 0 is radially symmetric and 72V (r) has a local maximum point or a local
minimum point. By combining a finite reduction argument and local Pohozaev type of identities,
Peng, Wang and Yan [28] proved that if N > 5 and 2V (r,3") has a stable critical point, then
problem (1.2) has infinitely many solutions. Li [2I] proved the existence of infinitely many solu-
tions of with N = 3 and K being periodic in one variable. Yan [36] constructed solutions
concentrating at 2 different local maximum points for N > 3, and constructed solutions concen-
trating at k different local maximum points for N = 3. Wei and Yan [35] constructed infinitely
many non-radial solutions of , when N > 5, K(y) is radially symmetric and satisfies: There
is ro > 0, such that

K(r) = K(ro) — co(r — o)™ + O(|r — ro|™*?), 1 € (ro — 6,70 + 9), (1.6)

where c¢g > 0, 6 > 0 are some constants, and the constant m satisfies m € [2, N — 2).
When K (y) satisfies periodic conditions, Li, Wei and Xu [25] proved the existence of solutions

with infinitely many bubbles for (1.3)), where the centers of the bubbles can be placed on all
the r-dimensional lattice points with x < ¥=2. In [10], Deng, Lin and Yan studied the local

uniqueness and periodic property of the bubbling solutions obtained in [25]. In [29], when N > 5,
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K (y) satisfies a weaker radially symmetry condition, Peng, Wang and Wei proved the existence
of infinitely many non-radial solutions of ({1.3]).
Let us introduce some notation. It is well known that the functions

N-2 A 2
Uealy) = INON 2% (g =)~ A> 0w eRY,

are the only solutions for the problem
—Au:u%, vw>0 in RV, (1.7)
We define
H, = {u D ue HP2RY), ulyn, y2,9") = ulyr, —y2,4"),

o
u(rcos (9+ ﬂ),rsin (0+ j) y”) = u(rcosﬁ,rsin&,y”)},
m m

and
2(7—1 2(9—1
x]-:(?cos U )W,Fsin U )W,ﬂ”), j=1,...,m.
m m

To construct the solution of , we want to use Uy, » as an approximate solution. However,
the decay of this function is too slow when N = 4. So we need to cut off this function. Let § > 0
be a small constant, such that K(r,y"”) > 0 if |(r,y") — (ro,y5)| < 106. Let &(y) = &(r,y”) be a
smooth function satisfying & = 1 if |(r,y") — (ro, ()| < 8, & = 0if |(r,y") — (ro,y()| > 24, and
0 <& < 1. We denote

sz)\(y) :gUm_j,A(y)v ry”,)\ ZU s 7 ry )\ ZZ
7j=1

Jj=1

By the weak symmetry of V(y) and K(y), we observe that V(z;) = V(7,7"), K(z;) = K(T,7"),
j=1,...,m. Let

Z _ 8217]‘,)\ Z _ aij,)\ _ azfj,)\ l _ 3 N
7,1 — 8)\ ) 7,2 — 8? ) gl = ag;/ ) — Iy -
We define the norms
m N2—2 1
Jull. = sup fu(y)( )
yeRN ; L+ Ay — ;)7

m A\ _1
171+ = sup 17(3) (Z (HM_%DN;Z) .

To prove Theorem we need the following result.

Theorem 1.2. Under the assumptions of Theorem[1.1} there is a positive integer mo > 0, such
that for any integer m > mq, problem (L.1)) has a solution u., of the form

Um = 27 gt A T PP Ty A Zwaw\m + OF 7l A (1.8)
j=1
where ¢r,, 71 A, € Hs. Moreover, Ay, E [ Lom? L1m2] for some constants L1 > Lo > 0, and, as
m = 400, (P T) = (rov08), and A © ([l — 0.

To simplify the proof of Theorem we assume that m > 0 is a large integer, A € [eL°m2 , eleQ]
and ,
o (In \)Y/3
|(T7y/) (TanO)|<f'
This article is organized as follows. In section 2, we perform a finite dimensional reduction.
Then, we will study the reduced finite-dimensional problem and prove Theorem [I.2] in section 3.
In the appendix, we give some essential estimates.

(1.9)
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2. FINITE DIMENSIONAL REDUCTION

In this section, we use Zzy~ » as the approximate solution to perform a finite-dimensional
reduction. We consider the linearized problem

—Ap+V(r,y")o — (20 = DK (r,y") 2256 = h+ZczZZx i

¢ € H,, Z/N 7833 Z06dy =0, 1=1,2,.. N,
j=1"R

where ¢; are some real numbers.

Lemma 2.1. Suppose that ¢, is a solution of (2.1) with h = hyy. If ||hm|lss = 0 as m — 400,
then ||¢om |« — 0 as m — +oo.

Proof. We prove this lemma by contradiction. Assume that there exist m — +oo, T, — 7o,
T =yl Am € [elom® elim®] and ¢, solving with ||Am|l«x — 0 and ||@m|l« > ¢ > 0. We
may assume that ||@,, ||« = 1. For simplicity, we drop the subscript m.

First of all, we have

(K (2], ") oe—
lp(y)| < C RNW 2,y 2,\( Ne(2)dz+C m“ﬂd?f
272
el |N Q‘ZCIZZ Z, ‘
j=
2:A1+A2+A3.
By Lemma, we obtain
Ayl < Cllo / 722“2 2 V) d=
‘ 1| ” H ‘N 27977y )\ ( J; 1+>\|Z—SL’J|) 22)
N—2
< Clloll« -,
Z (I+ My — D

where ¢ is a small constant. Using Lemma [4.2] we obtain

2] <l [ e (VD

Jj=1

= | dz

1+)‘|Z_‘TJ‘) o )
i P

< Clhlle Y

N
o L+ Ay —a4) =2

and

N+2

A2
|A3|<CZ|CI|Z/ y|N 2 1+)\‘Z—LE |)N+2d

<CZ|cl|Z

(1 +>\| z)) T
where ny = 1,0 =2,...,N,n; = —1. Thus we have
m 2 e N
(X RES. H) 6] < Clléll. s & O+ C S el (2.2)
v L ay—a, ) =1
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We need to estimate ¢;, [ = 1,2,..., N. Multiplying (2.1) by Z1: (¢t = 1,2,...,N) and inte-
grating, we obtain

N m
Sy [ 255y
=1 j=17RY

(2.3)
= (= A+ V(ry")o— (2" = V)K(r,y")Z2 " b, Z1s) — (h, Z14).
Using Lemma [4.1] we see that
[(h, Z1.1)]
N— m N+2
ENTz
<Clh / AT dy
Il v (L Ay —a )V g +)\|y—xj|) R
)\N
S CA" || B s / — dy 2.4
e [, T e (2.4)
AN AN - 1
) - IS S
R (<1 Ay — s VT +A|y—xj|>N+Nz“) g O o)
< OX"[[Al[ s,
where € is a small constant. By direct computation, we have
|<V(T7 y//)¢a Zl,t>‘
2% < a
<clel. [  dy
RN(1+)\|y—Z‘1 2; 1+)\|y—x]|) a2
5/\N72
<cxol.( s dy
( RY (14 Ay —a[) " (2:5)
g)\N—Q 5}\N—2 m 1
) - B S
Rw(uﬂw—m)%-é <1+A|y—xj|>“€6—€> ;Ml%—xll)E)
< CmAm|él.
- A
On the other hand, a direct computation shows that
* me)\nt (b *
(80— (2~ DKy 22570, 2.0 = o "X, (26)
Combining ([2.4)), (2.5) and , we have
(=A¢+V(r,y")p— (2 = DK (r,y") Z2 526 Z14) — (B, Za1)
ol (M2 @7
(e ("1 i)
By the orthogonality, we obtain
m —
= = (@ +o(1)A" 1=t
(Z2 270, Z04) & ynian (2.8)
; o < PR #t,

for some constant c> 0

Inserting (2.7)) and ( into 7 we conclude that

/\nf( o([[#]1) + Ollhl]++))- (2.9)
Since ||¢]|« = 1, from (2.2)) there is R > 0 such that

Ct =

a>0, (2.10)

(B (a;) =
A
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for some j. But q?(y) =

Aty + xj) converges uniformly in any compact set to a solution

u of

—Au— (2" =)UFPu=0, in RY, (2.11)
for some A € [A1, Ao and w is perpendicular to the kernel of (2.11). So u = 0. This is a contraction
to (2.10). We complete the proof. O

Using the same argument as in [, Proposition 4.1], we obtain the following result.

Proposition 2.2. There exist mg > 0 and a constant C > 0 independent of m, such that for all
m > mg and h € L®(RY), problem (2.1)) has a unique solution ¢ = L,,,(h). Besides

C
[l < Cllblles,  lea] < 2Bl (2.12)
Now we consider the problem

—~ AN Zrgrx+ &)+ V(r,y" ) Zrgr A+ @)

N m
= K(’/‘, Z/N)(Z?,y”,A + ¢)2*71 + Z Cl Z Zij:\QZ]‘J, Yy (S ]RN,
=1 j=1 (2.13)

eHs,Z/ 7232 Z6dy =0, 1=1,2,... N

Now, we prove the following proposition by using the contraction mapping theorem.

Proposition 2.3. If N =4, there exist mg > 0 and constant C > 0 independent of m, such that
for all m > myg, then problem (2.13)) has a unique solution ¢ = ¢rzy x € H, satisfying

T T (2.14)
We rewrite as
N m
—Ap+V (r,y" )= (2 =D E (r,y") Z2 550 = F(@)Hm(W)+Y Yy 22 322, yeRY (2.15)
=1 j=1
where
F0) = Kry") (Zrgra +0)} ' = 22505 — (2" = DZ2520), (2.16)
and

I (y) = (K(T Y22 52 f;_l) () 2 at Zigr AAEH2VE - Vg s (2.17)

=Jo+ J1+ J2 + J3.

To prove Proposition by the contraction mapping theorem, we need to estimate F(¢) and
ln(y)-

Lemma 2.4. If N = 4, then
1F (@)« < ClnN)[o]12.

Proof. Since K (y) is bounded and 2* — 1 = 3, we have
\F(@)] < Clof* + Clof* Zr g a-

Then we have

F@)l <l (>

)3
=1 (1+/\|y—%|) =

>

Jj=1

N—2

N72

1+)\|y—x] = ) jz::l 1+/\\y—x]|)N 2

+Cllel3

*
/
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m )\N;2 3
C(Igll + el ==
a2+ 10023 1 =)

m N+2

<C’m2 )
< onfloll 3 TR

where we have used that

(Zm:a) <m (ia) (@>1and a; > 0).

i=1 =1

S0 we have (@) < Cin M)}6]12
Lemma 2.5. When N =4, we have ||l (y) ] < %
Proof. We define

y m
Qj:{y:y:(y/,y/,)ERZXRN72,<7/777>ZCOS*}, jil,

/| [ m
By symmetry, we can assume that y € ;. So we have |y — ;| > |y — z1|. From the expression of

l;m as in (2.17)), we will estimate the term in [,,, one by one.
For Jy, we have

L., M.

Jo= Ky (2254~ € U2 3Y) + (Ko —1)52 3= Jot + Joa.
j=1
To estimate Jy1, we have
|Jo1] < C'Ui;}Qiij,,\ + C(zm:Umj,,\)T_l
=2 o i N s L 21
C(1+)\|yfx1 4; 1+)\\yfx|N 2t (Jz:; 1+)\|yfx [N- 2) ’

We have

m N—2 N+42

mA N—2
<C
U+Awfxﬂ4Z;1+My*%DN2 (1+My—me“(A>

N+2
Cm? A2

A2 I+ ANy—z1

)"

Using the Holder inequality, we can obtain that

m A\ 21
(; (ESvErLe)

A2 1 2% _1
( =)
e 1+My*%D F 1+ Ay — )
m N+2 m (2.19)

Dﬂs

1 2% _2
< (Z N —2)(N+2) )
=2 (1+)\|y = (1+Aly — ;) T
Om N+2
- 1+My—%D3T
So we obtain
C& AT
IAASXEZ — (2.20)

(14 Aly — ;)
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Next we estimate Jpo. Noting that K(yo) = 1 and yg is a stable critical point of K(y), by the
Taylor expansion, in a neighbourhood of y9 we have

1 82
)=1+ Z (yi = y0i) (Y — yo3) + o(ly — yol*)-
So we have

|J02:)<§: SR )y — )+ olly — 0l )¢ ZUifl!

— 2 Oyi0y,
m N;—2
C _ 2 = =\ _ )2 '
(|y 'rJ| +|(Tay ) (Tan0)| );(1+)\|y_$j|)N+2 (2 21)
_ Ol & =
STN LUy
Combining (2.20) and (2.21)), we have
C
1Tollex < < (2.22)
Noting that when |(r,y") — (ro, y{)| < 26, we have § < m So we obtain
m N72 m N+2
T ¢ C
Ji| < <= , 2.23
H<02.7 (ESvEEIe N Ty o) (2.23)
since WhenN:4,N—1—— Then ||Jq || < %
For Js, similarly we have
m C m M
Jl<C <= . 9.24
S0 = 5 S 3 X Gy =P 220
Then we obtain [|Jz][.« < §. Moreover, we can check that
m m N+2
AN/2|vg| c A2
<0 ¢ | (2.25)
TNy 7 % & Ty o) 7
Hence we obtain [|J5]|.. < §. As a result, we have [|l,[[.« < . We complete the proof. O

Proof of Proposition[2.3 We set A(¢) = Ly, (F(¢)) + Ly (Im) and
N < G 7732
E:{u ue CRY) N Hy, ull, < Z 27 udy =0, 1=1,. N},

where L,, is defined in Proposition @ Cyis a large constant such that

c C’o

)x =N

By Proposition ¢ being a solution to is equivalent to the following fixed point problem

¢ = A(¢). It is sufficient to prove that A is a contraction map from E to itself. It is easy to see
that

IA@) 1+ < CIF (@) ls + Clilm(®)llx < CUN)[|F +

[A(¢1) = A(d2)[|« = [| L (F(61)) — Lin(F(92)) [« < CllF (1) — F(¢2) |l
We can check that

[F(¢1) = F(d2)| < O 2 + [6a* 2) o1 — 2]

2*72 “ 2l
o1 — ¢zl (Z 1+)\|y—x]|) ;2)

Jj=1

Cllonll¥ =2 + ligall?
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N+2
2

2% -2 2% -2 2% —2
CUIS1IF 72 + 1921 2)llér = dallem ley

So,
JA(1) — Alg2) I« < C(l¢1lI2 72 + [|62)12 ~2)m? 2|61 — ol < 1\|<Z51 — P2

Therefore, A is a contraction map. The Banach fixed point theorem shows that problem ([2.15)
has a unique solution ¢ € E.
Finally, by Proposition Lemma [2.4] and Lemma [2.5] we have

C
el < SNEETE

C
6]l <~ and
The proof is complete. O

3. PROOF OF THE MAIN THEOREM

Let
1 1 9%
1) =5 [ (VP + Vi) di— g [ Ka)w?
In this section, we will choose suitable (7,7, \) so that Zz 3 \ + ¢ 5 x is a solution of ([1.1] . For
this purpose, we need the following proposition.

Proposition 3.1. Suppose that (T,y",\) satisfies

/ ( — Aty + V(r,y" Yt — K (r, y”)(um)ffl) (y, V) dy = 0, (3.1)
DP
7 " 2% 1 O, .
(fAuerV(r,y Y — K (r,y") (um) ) B0 dy=0, i=3,...,N, (3.2)
D, Yi
* 3ZF7~
[ (= 4 VO = Koy ) 52 ay =, (3.3)
RN 6)\

where Uy = Zr g x + ¢z g x and D, = {(r,y") : |(r,y") — (r0,y5)| < p} with p € (30,40), then
aq=0,l=1,...,N.

The proof of the above proposition is similar to that of [I5, Proposition 3.1] and [28, Lemma

3.1]. We omit the proof. This proposition tells us that if (7,7", \) satisfies (3.1)), (3.2)) and (3.3))
then u,, is a solution of . Thus to prove Theorem we need to solve (3.1)), (3.2) and (3.3]).

Lemma 3.2. It holds

« ClnA
(VoI +1e* + ") dy < —5— (3.4)
Dys\D3s
Proof. Noting that Zz g x = 0 in Dss\Das, we obtain from (2.14)) that
[ aver ek slofyay<c [ (@il )y
D45\D35 05 D26
m N-2
A 2
< C\\¢||i/ )
D55\ Da2s <; (1 + >‘|y - CCJD =
Cm Cln)\
= A2 T )\2
The proof is complete. O
By Lemma we can find a p € (39, 46) such that
. In A
| V6 167 + 167 ) dy = OS5,
oD,

Lemma 3.3. It holds

Cln )\
/ufndyg SR

D,
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Proof. Since w, = Z g x + ¢, we have

/ ufndyz/ Z§7§,,7/\dy+2/ Z;,yumdyju/ #? dy.
D D D,

P P D,

Similar to (2.5)), we have

N 2
2 [ Zegasdy| < Cloll. /  dy
’ D, Y | Z 1+)\|y—x] N 22 1+/\‘y_1'z|) (35)
Cmt+
S Az b
where € is a small constant. Direct calculations show that
/ Z%y,,,)\ dy
DK’
)\N72
<cC (/ d
=", Ay =
AN—2 & 1
+/ — — dy)
oy T Ny =72 2 T Ay — 2, .
Cm / AN
< om "
3w\, T Ay — P
AN AN
<, + DM i)
/D,, (L+Aly — 2PN 4720 0 (14 Ay — a2V 472 yz Al% — z)°
Cm!*
P —
S e
So by Lemma (3.5) and (3.6)), we can obtain the result. d
Lemma 3.4. For any C' bounded function g(r,y"), it holds
. _ x 1
/ 9(r,y") [t |* dy:m(g(hy”)/ U1dy+0(5))-
D, RN
Proof. Since uy, = Zr g x + ¢, we have
/ 9(ryy")um|* dy:/ 9(ry" ) Zegr A1* dy+/ g(r.y")el* dy
D, D, D,
+0( [ Nzgralle® dy+ [ (Zegral ol dy).
D, D,
By symmetry and direct computations, we have
/ | Ze g ll6] " dy
P
N 2 m N-—2 s
A3 2" —1
<clo [ ( 5)
Z 1+A\y—w A= Z (14 Ay — )=
m ; N+2
<Clé 2*71/ m2 2 — dy (3.7
ol L Ty — e 22 1+>\|y—xl|)
% - 1
< Cm* ol + Cm o [ - dy
oy (L Ny — ) 25 O, — il

Cmln\
< —.
ST
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As in (2.19) we can obtain that
[ 12z oy

11

DP
. m 72 2% _1 m AN;2
<Cmllgl. [ &Y ) ) dy
D, E,: 1+Aly—w A= (;umw—mﬂf

N+42 N-2

m 2\
(1_1 (1+ Ay — l"iDN;z ) w

M3 e— €12
< Cml|g]l. + Cmljé].. / m :
RSY ;Qumw—mm =

Cm®lnA _ Cm

< COmféll + ——z— = -~

It is easy to see that

—2

/ng(,n7yf/)|¢|2* - 2*/ <Z 1+/\|yf:m|) 52)2 dy

Jj=1

. o C(ln\)3
< CH(bH2 m? In\ < —a
Next we have the estimate

/D 9(ry" N Zrgr A7 dy = m(/ g(r,y")E UZ s dy + / g(ry")E Y Us aUZ dy)-

P D,

D, i#j
We have
N2
[, 000 SR | <X [ i =y
< o
< S
and

/ g(r,y")E UL \dy
D

P

= /D om0 U+ [ (o) - 9(ri)€ U 2 dy

P D,

. o o 1
o) [ USidu+ [ (or) - 9rm)€ U2y + 055
RN D ! A

P

_g(hy)/]RNUO)ldy—‘rO(/Dp’(rzy) ry‘U ,\dy)+0(>\N e)
" 1
29(77?)/ U3,1d1/+0(x)'
RN

Thus, we have

. . 1
| st dy=m(or5") [ Ugidy+0(5)).
D RN

P

This completes the proof.

Lemma 3.5. Equation (3.1) is equivalent to

OK(7,7")
oF a



12 W. SUN, Y. WANG, J. NIE
Proof. Integrating by parts, (3.1 is equivalent to

S = [ (NV) 0TVl dy

tr [ (VEG) + 0 VK@) nl™ dy

—0( [ (V0 + o + o) dy).
oD,
From ({2.13)), we obtain

/ |V, |? dy = —/
D D

P P

V(y)u2, dy + /D K () (unm)? dy

N m
+aX [ 2 zazdy+0( [ (V0F+ ) dy).
=1 j=1

P

since
RN T
Inserting (3.9) into (3.8)), we have

- / V@) + 6 IV Py + = [ (. VK@) uml? dy

*
P 2 D,

Since ¢; = O(% ,i=2,...,N and ¢; = O(1), and

[ 75 2= 055,

we find that (3.10) is equivalent to

= [ @+ IV dy + o
D, D,

—o(™ 2 2 2*
-0(35) +0(/8Dp<|v¢| 10+ Jol?) dy).
Since V' (y) and VV (y) are bounded, it follows from Lemmas that
1 _0K(F7") . 1y /A
(G /RN Uy +0(3)) = 0(57 ).
that is

OK(7,y" 1
% — O(X)
The proof is complete.
Lemma 3.6. FEquation 18 equivalent to
OK(T.y")
9y;
Proof. For i =3,..., N, integrating by parts we have

:O(X), i=3,...,N.

_ / (= At + VYt = Koy ) 2
- yi
1oV (r,y" | K.y *

D, Yi D, v:

(y, VK (y))um|* dy

EJDE-2026/21

(3.10)

222y Zyndy+O( [ (V0P 410 + 10 dy).

(3.11)

(3.12)
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+O( [ (96 + 16 + 10 dy)
oD,

:m( 21*M/ U dy +O(5 ))

where we used Lemmas [3.2}3.4] This implies that
OK(T,7") )

Y, A

The proof is complete. O

=0(

Lemma 3.7. If N =4, then

where By, By are positive constants.

Proof. First, we have

O(Zrg)
OA
= /RN (VZFMF’,AV% + V(y)Ziy”)\%) dy — » K(y )22;//1)\ (9Zg§u7A dy
" VI ra gt s /R (1K) 22 P g,
[ (PSR P
- /RN V(y)Z?,y”,)\% dy + /RN (1-K(y ))ZTQ*yT/lA(?Zgz”,A dy
- fo (g - Z vz ) iy,

0z o7*
2 £ Ty PN S TN
+ /]R ((g DVZ g \ V=502 4 EVEV L 5, — 0

0z,
ryA Ty A
b ez2, wev lraa A L |VEP 2 gy —52 2 ) dy
2211+12—I3+I4.

Now we estimate I~1, 72, I~3, I~4 one by one.

I = m</18p(w1) V(y)Us, 2 8[(]9"1;)‘ dy + O(%/B o Uml,)\éij,)\ dy) +0(h;—3)\>>
OUg, A

In A\
" AN
m</fap<m>v(ro’y°)%’* o Y +O()\ /13p<m1>|v(r’y) Vo8V 2 dy) +o(55))
8 A1 = N2y — 21]?) In A
= (/\‘SV(TO,yO)/B,,(ml) (1+)\2|y7$1|2) dy +o ()\3 ))
1672 o [ (= |rP)r? In A
m( A3 V(ro’yo)/o A+ )P e (A3 ))

(o)),

where By = 1672V (ro, y§) and limy_

Ap (1—|r|?)r3
W ameE
In )\ - .
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1 — — n\)1/3
Noting that K (yo) = 1 and |(7.3") — (ro,yf)| < 3=

C oo e
L] < Tm(/RN (1-K(y))¢& Uf-l,,\lezj,Ady)
=1

, we have

Cm / o / 2 -1
< == 1—K(y)U; \dy + 1-K Uz; 2 dy
A ( Bas(yo) ( ) A Bas(yo) ( Z )
< Oﬂ(/ | _ |2 /\N
A M B YT Ny )™

AN i 1
+/ y — ol dy —,)
Bza(yo)| (14 Ay — a1 [)N+2 ]Z:; (Alzj — 1)V =2

< Cm(ln )\)2/3.
S/
It is easy to see that

~ * 2" — - S 82;77”)\

Jj=

:/RN * 1 U2**2ZU%, dy+o(/ XUgl*f Zzij,A)Qdy)

! O(/RN %UII’A(Z Usyn)* dy) + O( /RN i(i Usyn)> dy)
j=2

=2

=l [, @D v T o))

- m( B i )\Nfl\:lei x| N2 +0(h)i73)\))’

for a constant By > 0.
Similar to the proof of [I5, Lemma A.1], we have |I;] <
It follows from all the estimates above that

T = (- P iAN 1|xlB—x|N2 o(5))

The proof is complete. O

<.

C 1+e

Lemma 3.8. Equation (3.3)) is equivalent to

Biln\ BymN—2 In A
m( - o(5)) =0
23 AN-1 23
where By, By are positive constants.

Proof. Direct computations show that

A [/ T — * aZ; 1!
- / ( Um ( ’y//)um K(?,y//)(um)Q 1)# y
RN ]

O\
aZF’f”))\
= {IZrg ) —53)
" * 2% -2 82901,
+m(—Ap+V(ry")o— (28 — DK (r,y") 2220, —2)
- . o N\ OZrgi s
- RNK(T,y”)((Zryu,\—H;S)Q Lozl —1)Z§§,,2A )5 dy
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0Zz 5 A
={I'(Zpyn ), —2 2
< ( Y 1)\)7 8)\

Using (2.5) and (2.6), we have

A"m E||¢H me
-0 (1) (1)
If N =4, then 2* — 1 = 3. As a result, by (3.7) we have

|12\<c/ 61 Zrg a4 2228 A|d +c/ o3| 22282

¢ Y ¢ 3
<5l O3y dy+A/RN|¢|fj§_le%,Ady

N-—2

>+m11 —_[2.

8Zr y” A

By R SN i)y z
< £ Usjn v ) dy
( j=1 ) (Z(1+/\|y_$i|) 2 )
CH¢II3 / S S S ’
+ — Uy, dy
Clll; / 22 A”?“ 22 AT 2
< — N-—2 d
A wa <;(1+Alyle)N2) (;(ny—xip 2 ) Y
< Ol
since
(jzl(l+>\|y—$j)N_2) <; 1+>\|y—$z >(]Zl 1+>\|y—xj|)évf3€
z:: +/\|y—$z|)4
So we have proved that
0Zz 0Zz 5, mln A\
(I'(Zrgra+ 0). =5 7) = (I Zrgr a). =530 A>+O( - )
Using Lemma we obtain the result. O

Proof of Theorem[1.4 It follows from Lemmas and that (3.1)), (3.2) and (3.3]) are

equivalent to

oK (T,y") 1
=0(= 3.13
OK(T,5") 1, .
—=2=0(=< =3,...,N, 3.14
Biln\ BymN—2 In A\
m(- =55+ S +o(5)) =0 (3.15)
Let \ = etmz, then ¢ € [Lg, L1] since A € [eLOmz,elez}. Then, from (3.15]), we obtain
—Bit+ B3 = 0(1), te [L(), Ll] (316)
Let
F(t7,5") = (Vrgr (K(7. "), ~Bit + B).
Then

deg (F(t7F7yN)7 [LO; Ll] X B(1n>\)1/3 ((T()yyg)))
A

= — deg (V?@N (K(F, yl/)) s B(ln k)\)1/3 ((7"0, y(/)/))) 7é 0.
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So (3.13), (3.14) and (3.16) have a solution t,, € [Lo, L1}, Tm, ) € Bauaiss ((ro,y5)). We
completed the proof. ? O

4. APPENDIX: SOME ESTIMATES

Here, we give some essential estimates. For x;,x;,y € RV, set gii(y) =

1
(tly—z: D (Atly—=z; N7
where x; # x;, 1 > 1 and v > 1 are constants.

Lemma 4.1. For any constant v € (0, min(u,v)], we have
C 1 1
w0 < @y (e * T o)
For a proof of the above lemma see [35, Lemma B.1] and [25] Lemma A.1].

Lemma 4.2. For any constant 0 < 9 < N — 2, there exists a constant C > 0 such that

/ 1 1 ds < C
z
R ly =2V (U4 [2])2H0 7 7 (T4 [y))?
For a proof of the above lemma see [35, Lemma B.2] and [25, Lemma A.2] .
Lemma 4.3. Suppose that N > 4. Then there is a small constant v > 0, such that
1

1 N*Z %
o B PR TE Z: +A|y—xj|>¥+f
Proof. Note that for small 7 > 0,
S R
Ny —aa )=

Jj=
For z € Qy, we have |z — 25| > |z — 21]. Using Lemma [4.1] we have
m m

1 1 1
<
= (L Alz =2 L+ Az —a21)" 2" S L+ Az —ay)) 7

C - 1
<
T (LAl )N ; (Alzj —@1])™
C
T (1 Az — x| )N2
Thus,
5 2%
[YTHAPN 4_ Am
(1 FAz—a]) V2
So for z € Oy, using Lemma [£.1] again, we find that
S e 1 C\? -
Z220 (2) <
RSP N—-2 — _ AT
e j=1 (1‘|‘)\|Z—551'|)N"‘2 (1+ XNz —ax)* ’\4’*12; 1+>‘|Z—1’J|)

C\?
N+6 47y

< .
I+ ANz—aq]) 2 "¥27 ™

So, we obtain that
1
(L4 Mz — )T

Ms

dz

1 N-—-2
f e

1 C\?
S / N—-2 . N+6 41y dZ
Q1 |y—2" (1+)\|Z_x1|)m1n( T2 )T N2

J
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< .C
(1 _|_)\|y _ x1|)m1n(N—2,

N+42 47y )
J—N=z T

which gives

1 m
.. IN—2 // _ dz

AN|y_ZN2 o ; 1+/\|Z*xj|) o2
- N _ dz

Z/ |y_Z|N T ]2::1 1+)\|z—$g|) o2

33 c

i 4T .
=1 ( 1—|—)\|y_x]|)m1n(N_27N;—2)_N7_12_T1
Since min(¥7 2) - 13212 — 71 > 0, we can obtain the result. O
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