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GLOBAL WELL-POSEDNESS OF 3D INHOMOGENEOUS INCOMPRESSIBLE

LIQUID CRYSTAL SYSTEMS WITH DENSITY-DEPENDENT VISCOSITY IN

CRITICAL SOBOLEV SPACES

DONGXIANG CHEN, PENG WANG

Abstract. This article concerns the well posedness of solutions for model of a three-dimensional

non-homogeneous incompressible nematic liquid crystal flows with density-dependent viscosity.
We establish the existence of global strong solutions when the initial data satisfies (ρ0, u0,∇d0) ∈
L∞(R3)× Ḣ1/2(R3)× Ḣ1/2(R3), and uniqueness when (ρ0, u0,∇d0) ∈ Ḃ

3/q
q,1 (R3)× Ḃ

1/2
2,1 (R3)×

Ḃ
1/2
2,1 (R3). These results refines the corresponding results obtained by Ye and Zhang [23].

1. Introduction

This article studies the global well posedness for the inhomogeneous incompressible liquid crys-
tal system with density-dependent viscosity

∂tρ+ u · ∇ρ = 0,

ρ∂tu+ ρu · ∇u− div (µ (ρ)∇u) +∇P = −∇ · (∇d : ∇d) ,

∂td+ u · ∇d−∆d = |∇d|2d,
div u = 0,

|d| = 1,

(ρ, u, d)|t=0 = (ρ0, u0, d0),

(1.1)

where ρ and u denote the fluid density and velocity field, respectively, while P is a scalar function
representing the fluid pressure. The macroscopic molecular orientation of the nematic liquid
crystal is described by the director field d ∈ S2, where S2 := {d = (d1,d2,d3) ∈ R3||d| = 1}. The
nonlinear term ∇d : ∇d denotes a matrix whose (i, j)-th entry is ∂id · ∂jd (where 1 ≤ i, j ≤ 3).
The viscosity coefficients µ, λ, θ are positive constants. The initial velocity u0 satisfies div u0 = 0,
and the initial orientation vector d0 fulfils |d0| = 1. The viscosity coefficient µ = µ(ρ) is a function
of density.

System (1.1) is a simplified version of the original Ericksen-Leslie model (see [11, 15]) that
describes the evolutionary behavior of nematic liquid crystal flows. For a comprehensive discussion
of the physical foundations of continuum theory of liquid crystals, we refer to the monographs [3, 9].

When the viscosity coefficient is constant, the system reduces to the classical nonhomogeneous
incompressible liquid crystal system. Li and Wang [16] established the local well-posedness of
this system without requiring initial compatibility conditions. Global well-posedness was later
proved under smallness assumptions on the initial data, with the initial density bounded away
from vacuum.

Li and Wang [17] studied the initial-boundary value problem for density-dependent incom-
pressible liquid crystal flows in a 3D bounded smooth domain. They obtained local solutions for
general initial data (with density away from vacuum) and global small solutions under additional
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smallness conditions. Ding, Huang, and Xia [10] obtained global strong solutions in 3D for small
initial data, allowing vacuum.

Liu and Zhang [19] established global well-posedness in 2D with vacuum, assuming a smallness
condition on the initial data. They also derived a Serrin-type blowup criterion depending solely
on ∇d. De Anna [7] obtained global solutions for small initial data, assuming the initial density
is bounded and strictly positive and the initial velocity and ∇d0 lie in critical Besov spaces. Liu
et al. [19] extended these results, proving that 2D nonhomogeneous incompressible nematic liquid
crystal flows admit a unique global strong solution, provided that the initial density and ∇d0
decays sufficiently fast at infinity while the initial orientation satisfies a geometric condition.

Recently, Chen, Liang, Chen and Ye [4] improved the results of De Anna [7] and established the
global well-posedness of the three dimensional nonhomogeneous incompressible liquid crystal flow
provided that the initial density ρ0 is bounded, the initial velocity u0 and the gradient of orientation

∇d0 are in the critical Besov space Ḃ
1/2
2,1 (R3). As for the general case (ρ0, u0,∇d0) ∈ L∞(Rd) ×

Ḃ
−1+ d

p

p,1 (Rd) × Ḃ
−1+ d

p

p,1 (Rd), the well-posedness of nonhomogeneous incompressible nematic liquid

crystal system was established by Wu and Liang [22].
When the director field d is constant, system (1.1) reduces to the nonhomogeneous incompress-

ible Navier-Stokes equations with density-dependent viscosity. Key well-posedness results for this
system include: Desjardins [8] proved the existence of global weak solutions with enhanced regu-
larity, assuming the viscosity coefficient µ(ρ) is a small perturbation of a positive constant in two
dimensions. Gui and Zhang [12] established global well-posedness when the initial density ρ0 is a
small perturbation of a positive constant in the Sobolev space Hs(R2)(s ≥ 2), provided vacuum
is absent. Cho and Kim [5] obtained local existence of strong solutions under compatibility con-
ditions on the initial data. Global Strong Solutions (2D) can be found in [14]. Abidi, Gui and
Zhang [?] (see also Huang and Wang [14]) established global strong solutions in three dimensions
under the smallness condition. He, Li, and Lv [13] extended this result, showing global existence

with small initial data in the homogeneous Sobolev space Ḣα(R3) with 1/2 < α ≤ 1.
Recently, Ye and Zhu [23] extend the result of He, Li and Lv to three dimensional inhomogeneous

nematic liquid crystal equation. They established the following proposition.

Proposition 1.1. For given numbers ρ̄ ≥ 0, p > 3, 1
2 < α ≤ 1, we assume the initial data

(ρ0, u0,∇d0) satisfies

0 ≤ ρ ≤ ρ̄, ρ0 ∈ L3/2(R3) ∩H1(R3), ∇µ(ρ0) ∈ Lp(R3),

u0 ∈ H1
0 (R3) ∩ Ḣα(R3), ∇d0 ∈ L3/2(R3) ∩H1(R3) ∩ Ḣα(R3),

Then there exists a positive constant ε0 depending on ρ̄, p, µ, ∥ρ0∥L3/2 , ∥∇d0∥L3/2 such that if

∥u0∥Ḣα + ∥∇d0∥Ḣα ≤ ε0,

then system (1.1) admits a unique global solution (ρ, u, d) satisfying that for any 0 < τ < T ,

0 ≤ ρ ∈ C([0, T ], L3/2 ∩ L∞), ∇µ(ρ) ∈ C([0, T ], Lp),

P ∈ L∞([0, T ], L2 ∩H1), Pt ∈ L2([τ, T ], L2),

(∇u,∇2d) ∈ L∞([0, T ], L2) ∩ L2([0, T ], L2),

(
√
ρut,∇dt) ∈ L∞([τ, T ], L2) ∩ L2([0, T ], L2),

(∇ut,∇2dt) ∈ L∞([τ, T ], L2) ∩ L2([τ, T ], L2),

(
√
ρutt,∇dtt) ∈ L2([τ, T ], L2).

For t > 1, we have the global decay estimates

∥∇u(·, t)∥2L2 + ∥∇2d(·, t)∥2L2 + ∥P (·, t)∥2L2 ≤ Ct−1

∥√ρut(·, t)∥2L2 + ∥∇dt(·, t)∥2L2 + ∥∇P (·, t)∥2L2 ≤ Ct−2,

where C is independent of ρ̄, p, µ, ∥ρ0∥L3/2 , ∥∇d0∥L3/2 ,Π0.
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Motivated by above references, a natural question arises: How about the global well-posedness
of the solution to system (1.1) provided that the initial data (ρ0, u0,∇d0) ∈ L∞ × Ḣ1/2 × Ḣ1/2

satisfies

∥u0∥Ḣ1/2 + ∥∇d0∥Ḣ1/2 ≤ ε0,

with ε0 being sufficiently small? To address this challenging problem, we assume that

0 < µ ≤ µ(ρ0), µ(·) ∈ W 2,∞, (1.2)

and formulate our main result as follows.

Theorem 1.2. Let 0 < m ≤ ρ0 ≤ M and µ(ρ0) ≥ µ > 0. Assume that (u0,∇d0) ∈ Ḣ1/2 × Ḣ1/2.
Then there exist a sufficient small positive constant ϵ0, such that if

∥(u0,∇d0)∥Ḣ1/2 + ∥µ(ρ0)− 1∥L∞ ≤ ϵ0, (1.3)

then system (1.1) has a global solution (u,∇d,∇P ) satisfying that for any 0 ≤ t ≤ T ,

∥(u,∇d)∥L∞
T (Ḣ1/2) + ∥(u,∇d)∥L∞

T (L3) + ∥(u,∇d)∥L2
T (L∞) + ∥(∇u,∇2d)∥L4

T (L2)

+ ∥(∇u,∇2d)∥L2
T (L3) + ∥t1/4(∇u,∇2d)∥L2

T (L6) + ∥t−1/4(∇u,∇2d)∥L2
T (L2)

+ ∥t1/4(∇u,∇2d)∥L∞
T (L2) + ∥t1/4(∂tu, ∂t∇d)∥L2

T (L2)

≤ C∥(u0,∇d0)∥Ḣ1/2

If in addition, (u0,∇d0) ∈ Ḃ
1/2
2,1 , a0 ∈ Ḃ

3/q
q,1 , then the solution is unique, where a0 = 1

ρ0
− 1 and q

satisfies some conditions which will be introduced in the proof of uniqueness.

Remark 1.3. Theorem 1.2 extends the existence results in [23] to the initial data (ρ0, u0,∇d0) ∈
L∞ × Ḣ1/2 × Ḣ1/2. When d = 0, Theorem 1.2 also improves the global existence of three
dimensional nonhomogeneous incompressible Navier-Stokes equations in [13].

The rest of this paper is organized as follows. In the second section, we introduce some useful
lemmas and some definition. In section 3, we prove some priori estimates, which are essential to
prove the theorem. In sections 4 and 5, we prove the existence and uniqueness for Theorem 1.2.

2. Preliminaries

In this section, we recall key definitions and results that will be used throughout the paper.
First we present the Littlewood-Paley theory and the definitions of Besov and Sobolev spaces.

Let φ ∈ D3(( 34 ,
8
3 )), then for (k, l) ∈ Z2, we introduce the notation

∆̇ka = F−1
(
φ
(
2−k|ξ|

)
â
)
, Ṡka =

∑
k′≤k−1

∆̇k′a,

where F denotes the Fourier transform, and φ satisfies∑
j∈Z

φ(2−jξ) = 1, ∀ξ > 0.

Definition 2.1. Let Ḃs
p,r(R3) be the completion of Sh(R3) with the norm

∥u∥Ḃs
p,r(R3) = {2js∥∆̇ju∥Lp}lr (2.1)

Specifically, when p = r = 2, Ḃs
2,2(R3) = Ḣs(R3). For convenience, we introduce the following

notation:

Bs = Ḃs−1
2,1 ∩ Ḃ

s− 3
2

2,2 . (2.2)

The following lemmas can be found in [2].

Lemma 2.2 (Bernstein’s inequality). Let C be an annulus and B a ball. Then there exists a
constant C > 0 such that for any non-negative, couple (p, q) ∈ [1,∞]2 with q ≥ p ≥ 1 and any
u ∈ Lp we have following results:
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(1) If supp û ⊂ λB, we have

sup
|α|=k

∥∂αu∥Lq ≤ Ck+1λk+N( 1
p−

1
q )∥u∥Lp ,

(2) If supp û ⊂ λC, we have

C−k−1λk∥u∥Lp ≤ ∥Dku∥Lp ≤ Ck+1λk∥u∥Lp .

Lemma 2.3 (Interpolation in Besov space). If s1 and s2 are real numbers such that s1 < s2 and
θ ∈ [0, 1], then we have, for any (p, r) ∈ [1,+∞]2 and any u ∈ Sh,

∥u∥
Ḃ

θs1+(1−θ)s2
p,r

≤ C∥u∥θ
Ḃ

s1
p,r

∥u∥1−θ

Ḃ
s2
p,r

. (2.3)

Lemma 2.4 (Law of product in Besov Space). Let 1 ≤ p, q ≤ +∞, s1 ≤ 3
q , s2 ≤ min{ 1

p ,
1
q} and

s1 + s2 > 3max{0, 1
p + 1

q − 1}. Then for any (a, b) ∈ Ḃs1
p,1 × Ḃs2

p,1, we have

∥ab∥
Ḃ

s1+s2− 3
q

p,1

≲ ∥a∥Ḃs1
q,1

∥b∥Ḃs2
p,1

. (2.4)

Lemma 2.5. Let s be a positive real number and (p, r) be in [1,∞]2. Then there exists a constant
Cs such that if (uj)j∈Z is a sequence of smooth functions where

∑
j∈Z uj converges to u in S ′

h and

Ns((uj)j∈Z) = ∥( sup
{|α|∈[0,s]+1}

2j(s−|α|)∥∂αuj∥Lp)j∈Z∥lr < ∞, (2.5)

then u is in Ḃs
p,r and ∥u∥Ḃs

p,r
≤ CsNs((uj)j∈Z).

3. A priori estimates

We first establish a priori estimates for smooth solutions of system (1.1). Motivated by [24],
we can build the following solutions to (1.1). Let (ρ, u, d,∇P ) be the smooth enough solutions on
[0, T ∗). Then we obtain the following equality by the continuity equation of (1.1),

∥µ(ρ)− 1∥L∞ = ∥µ(ρ0)− 1∥L∞ . (3.1)

For j ∈ Z, let (uj , dj ,∇Pj) be the solutions of the linear system

ρ∂tuj + ρu · ∇uj − div (µ (ρ)∇uj) +∇Pj = −
3∑

k=1

∂k∇dj · ∂kd−∆dj · ∇d,

∂tdj + u · ∇dj −∆dj = ∇dj · ∇d · d,
div uj = 0,

|dj | = 1,

(uj , dj)|t=0 = (∆̇ju0, ∆̇jd0).

(3.2)

According to the uniqueness of local smooth solutions, we have

u(t) =
∑
j∈Z

uj(t), d(t) =
∑
j∈Z

dj(t), ∇P (t) =
∑
j∈Z

∇Pj(t). (3.3)

Lemma 3.1. For a sufficiently small constant c, let

T 1 = sup{T ∈ [0, T ∗), ∥(u,∇d)∥L∞
T (L3) + ∥(∇u,∇2d)∥L4

T (L2) ≤ c}. (3.4)

Then for each j ∈ Z and T ∈ [0, T 1), we have

∥(√ρuj ,∇dj)∥L∞
T (L2) + ∥(

√
µ(ρ)∇uj ,∇2dj)∥L2

T (L2) ≤ C∥(∆̇ju0, ∆̇j∇d0)∥L2 , (3.5)

∥(√ρ∇uj ,∇2dj)∥L∞
T (L2) + ∥(√ρ∂tuj , ∂t∇dj)∥L2

T (L2) ≤ C∥(∇∆̇ju0,∇∆̇j∇d0)∥L2 , (3.6)

∥(∇uj ,∇2dj)∥L2
T (L6) ≤ C∥(∇∆̇ju0,∇∆̇j∇d0)∥L2 , (3.7)

and for time-weighted estimates, we have

∥t1/2(√ρ∇uj ,∇2dj)∥L∞
T (L2) + ∥t1/2(√ρ∂tuj , ∂t∇dj)∥L2

T (L2) ≤ C∥(∆̇ju0, ∆̇j∇d0)∥L2 , (3.8)

∥t−α(∇uj ,∇2dj)∥L2
T (L2) ≤ C22jα∥(∆̇ju0, ∆̇j∇d0)∥L2 , α ∈ (0, 1/2) . (3.9)
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Proof. Taking the L2 inner product of (3.2)1,2 with uj ,∆dj , and using integration by parts, we
obtain

1

2

d

dt
∥√ρuj∥2L2 +

∫
R3

µ(ρ)∇uj : ∇ujdx = −
∫
R3

(∂k∇dj · ∂kd)ujdx−
∫
R3

(∆dj · ∇d)ujdx

= I11 + I12,
(3.10)

1

2

d

dt
∥∇dj∥2L2 +

∫
R3

∇2dj : ∇2djdx = −
∫
R3

∇(u · ∇dj) : ∇djdx−
∫
R3

∇(∇dj · ∇d · d) : ∇djdx

= J11 + J12.

(3.11)

Using integration by parts, the Hölder inequality and Gagliardo-Nirenberg inequality, we have

I11 = −
∫
R3

(∂k∇dj · ∂kd)ujdx

=

∫
R3

(∇dj · ∂2
kd)ujdx+

∫
R3

(∇dj · ∂kd)∂kujdx

≤ ∥∇dj∥L3∥∇2d∥L2∥uj∥L6 + ∥∇dj∥L3∥∇d∥L6∥∇uj∥L2

≤ C∥∇dj∥L3∥∇2d∥L2∥∇uj∥L2

≤ C∥∇dj∥1/2L2 ∥∇2dj∥1/2L2 ∥∇2d∥L2∥∇uj∥L2 .

Similarly for I11, one has

I12 = −
∫
R3

∂2
kdj · ∂ldul

jdx

=

∫
R3

∂kdj · ∂lkdul
jdx+

∫
R3

∂kdj · ∂ld∂kul
jdx

≤ C∥∇dj∥1/2L2 ∥∇2dj∥1/2L2 ∥∇2d∥L2∥∇uj∥L2 .

Thanks to Young’s inequality, we have

I11 + I12 ≤ 2

ϵ
∥∇uj∥2L2 +

2

η
∥∇2dj∥2L2 + C(ϵ, η)∥∇2d∥4L2∥∇dj∥2L2 . (3.12)

Using integration by parts, the Hölder inequality and Gagliardo-Nirenberg inequality, we have

J11 = −
∫
R3

∇(u · ∇dj) : ∇djdx

=

∫
R3

(u · ∇dj)∆djdx

≤ ∥u∥L6∥∇dj∥L3∥∆dj∥L2

≤ C∥∇u∥L2∥∇dj∥1/2L2 ∥∇2dj∥1/2L2 ∥∇2dj∥L2

≤ C∥∇u∥L2∥∇dj∥1/2L2 ∥∇2dj∥3/2L2 ,

and

J12 = −
∫
R3

∇(∇dj · ∇d · d) : ∇djdx

=

∫
R3

(∇dj · ∇d · d)∆djdx

≤ C∥∇dj∥L3∥∇d∥L6∥d∥L∞∥∆dj∥L2

≤ C∥∇2d∥L2∥∇dj∥1/2L2 ∥∇2dj∥3/2L2 .

Then by Young’s inequality,

J11 + J12 ≤ 2

η
∥∇2dj∥2L2 + C

(
∥∇u∥4L2 + ∥∇2d∥4L2

)
∥∇dj∥2L2 . (3.13)



6 D. CHEN, P. WANG EJDE-2026/23

Substituting (3.12) and (3.13) into (3.10) and (3.11) respectively, selecting appropriate ϵ and η
and adding the two inequalities, we obtain

d

dt
∥(√ρuj ,∇dj)∥2L2 + ∥(

√
µ(ρ)∇uj ,∇2dj)∥2L2 ≤ C

(
∥∇u∥4L2 + ∥∇2d∥4L2

)
∥(uj ,∇dj)∥2L2 . (3.14)

By integrating the above equation over (0, t), with t ≤ T 1, and using the Grönwall inequality, we
have

∥(√ρuj ,∇dj)∥2L∞
t (L2) + ∥(

√
µ(ρ)∇uj ,∇2dj)∥2L2

t (L
2)

≤ exp{C
∫ t

0

(
∥∇u∥4L2 + ∥∇2d∥4L2

)
dt}∥(∆̇ju0, ∆̇j∇d0)∥2L2 .

(3.15)

Then from the definition of T 1, we establish (3.5).
Now prove the other inequalities in Lemma3.1. Taking the L2 inner product of (3.2)1 with

∂tuj , we have

∥√ρ∂tuj∥2L2 −
∫
R3

div(µ(ρ)∇uj)∂tujdx

= −
∫
R3

(ρu · ∇uj)∂tujdx−
∫
R3

(∇∂kdj · ∂kd)∂tujdx−
∫
R3

(∆dj∇d)∂tujdx,

(3.16)

Moreover, since

−
∫
R3

div(µ(ρ)∇uj)∂tujdx = −
∫
R3

µ(ρ)∇uj : ∂t∇ujdx

=
1

2

d

dt
∥
√
µ(ρ)∇uj∥2L2 −

1

2

∫
R3

∂tµ(ρ)|∇uj |2dx,
(3.17)

we deduce the following equation by substituting the above equality into (3.16),

1

2

d

dt
∥
√
µ(ρ)∇uj∥2L2 + ∥√ρ∂tuj∥2L2

= −
∫
R3

(ρu · ∇uj)∂tujdx−
∫
R3

(∇∂kdj · ∂kd)∂tujdx

−
∫
R3

(∆dj∇dj)∂tujdx+
1

2

∫
R3

∂tµ(ρ)|∇uj |2dx

= I21 + I22 + I23 + I24.

(3.18)

Applying the Hölder inequality, we have the following estimates:

I21 = −
∫
R3

(ρu · ∇uj)∂tujdx ≤ C∥√ρ∂tuj∥L2∥u∥L3∥∇uj∥L6 ,

I22 = −
∫
R3

(∇∂kdj · ∂kd)∂tujdx ≤ C∥√ρ∂tuj∥L2∥∇d∥L3∥∇2dj∥L6 ,

I23 = −
∫
R3

(∆dj∇d)∂tujdx ≤ C∥√ρ∂tuj∥L2∥∇d∥L3∥∇2dj∥L6 ,

which means

I21 + I22 + I23 ≤ C∥(u,∇d)∥L3∥(∇uj ,∇2dj)∥L6∥√ρ∂tuj∥L2 . (3.19)

Next we handle the last term. According to (1.1)1, we can obtain the equation for µ(ρ) as
follows:

∂t(µ(ρ)) + u · ∇(µ(ρ)) = 0, (3.20)

then thanks to the above equation and integration by parts, we obtain

K = −1

2

∫
R3

u · ∇(µ(ρ))|∇uj |2dx

= −
3∑

i=1

1

2

∫
R3

ui∂iµ(ρ)|∇uj |2dx
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=

3∑
i=1

1

2

∫
R3

ui∂i(
1

µ(ρ)
)|µ(ρ)∇uj |2dx

= −
3∑

i=1

∫
R3

∇uj : u
i∂i(µ(ρ)∇uj)dx

= −
3∑

i,l,m=1

∫
R3

∂mul
ju

i∂i(µ(ρ)∂mul
j)dx

=

3∑
i,l,m=1

∫
R3

ul
ju

i∂i∂m(µ(ρ)∂mul
j)dx+

3∑
i,l,m=1

∫
R3

ul
j∂mui∂i(µ(ρ)∂mul

j)dx

= −
3∑

i,l,m=1

∫
R3

∂iu
l
ju

i∂m(µ(ρ)∂mul
j)dx−

3∑
i,l,m=1

∫
R3

∂iu
l
j∂muiµ(ρ)∂mul

jdx

= −
3∑

j=1

∫
R3

u · ∇uj div(µ(ρ)∇uj)−
3∑

i,l,m=1

∫
R3

∂iu
l
j∂muiµ(ρ)∂mul

jdx.

Thanks to (3.2)1, we obtain

div(µ(ρ)∇uj) = ∂tuj + u · ∇uj +∇Pj +

3∑
k=1

∂k∇dj · ∂kd+∆dj · ∇d, (3.21)

from which, we have

−I24 =

∫
R3

u · ∇uj∂tujdx+

∫
R3

u · ∇uju · ∇ujdx+

∫
R3

u · ∇uj∇Pjdx

+

∫
R3

u · ∇uj∂k∇dj · ∂kddx+

∫
R3

u · ∇uj∆dj · ∇ddx

+

3∑
i,l,m=1

∫
R3

µ(ρ)∂mui∂iu
l
j∂mul

jdx

= I241 + I242 + I243 + I244 + I245 + I246.

(3.22)

Thanks to the Hölder inequality, from the above equality, we deduce that

I241 =

∫
R3

u · ∇uj∂tujdx ≤ C∥u∥L3∥∇uj∥L6∥√ρ∂tuj∥L2 , (3.23)

I242 =

∫
R3

u · ∇uju · ∇ujdx ≤ C∥u · ∇uj∥2L2 , (3.24)

I244 + I245 =

∫
R3

u · ∇uj∂k∇dj · ∂kddx+

∫
R3

u · ∇uj∆dj · ∇ddx

≤ C∥u · ∇uj∥L2∥∇d∥L3∥∇2dj∥L6 ,

(3.25)

I246 = 2

∫
R3

µ(ρ)∂mui∂iu
l
j∂mul

jdx ≤ ∥∇u∥L2∥∇uj∥2L4 , (3.26)

Now we deal with the term ∇Pj , thanks to the (3.2)1, we obtain

∇Pj = div(µ(ρ)∇uj)− ρ∂tuj − ρu · ∇uj −
3∑

k=1

∂k∇dj · ∂kd−∆dj · ∇d, (3.27)

which means

Pj = −(−∆)−1 div div(µ(ρ)∇uj) + (−∆)−1 div(ρ∂tuj + ρu · ∇uj

+

3∑
k=1

∂k∇dj · ∂kd+∆dj · ∇d),
(3.28)
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from which and the boundedness of the Riesz operator, integration by parts, Hölder inequality
and the duality bewteen Ḣ1 and Ḣ−1, we obtain

I243 =

∫
R3

u · ∇uj∇Pjdx

=

3∑
i,l=1

∫
R3

ul∂lu
i
j∂iPjdx

=

3∑
i,l=1

∫
R3

∂iu
l∂lu

i
jPjdx

≤ C∥∇uj∥L4∥∂iul∂lu
i
j∥L 4

3
+ C∥(−∆)−1 div(ρ∂tuj + ρu · ∇uj + ∂k∇dj · ∂kd

+∆dj · ∇d)∥Ḣ1∥∂iul∂lu
i
j∥Ḣ−1

≤ C∥∇uj∥L2∥∇uj∥2L4 + C∥u · ∇uj∥L2∥√ρ∂tuj∥L2 + C∥u · ∇uj∥2L2

+ C∥u · ∇uj∥L2∥∇d∥L3∥∇2dj∥L6 .

(3.29)

Combining the estimates from I241 to I246, (3.19) and Young’s inequality, we have

d

dt
∥
√
µ(ρ)∇uj∥2L2 + ∥√ρ∂tuj∥2L2 ≤ C∥(u,∇d)∥2L3∥(∇uj ,∇2dj)∥2L6 + C∥∇u∥L2∥∇uj∥2L4 . (3.30)

Next we give some estimates for the dj . Taking the L2 inner product of (3.2)2 with −div ∂t∇dj ,
and integrating by parts, we obtain:

1

2

d

dt
∥∇2dj∥2L2 + ∥∂t∇dj∥2L2 = −

∫
R3

∇(u · ∇dj)∂t∇djdx+

∫
R3

∇(∇dj · ∇d · d)∂t∇djdx

= J21 + J22.
(3.31)

Applying the Hölder and Gagliardo-Nirenberg inequalities, we deduce the estimates

J21 = −
∫
R3

∇(u · ∇dj)∂t∇djdx

= −
∫
R3

∇u · ∇dj∂t∇djdx−
∫
R3

u · ∇2dj∂t∇djdx

≤ ∥∇u∥L2∥∇dj∥L∞∥∂t∇dj∥L2 + ∥u∥L6∥∇2dj∥L3∥∂t∇dj∥L2

≤ C∥∇u∥L2∥∇2dj∥1/2L2 ∥∇3dj∥1/2L2 ∥∂t∇dj∥L2

≤ ϵ0∥∇3d∥2L2 + Cϵ0∥∇u∥4L2∥∇2dj∥2L2 +
1

4η
∥∂t∇dj∥2L2 ,

(3.32)

and

J22 =

∫
R3

∇2dj · ∇d · d∂t∇djdx+

∫
R3

∇dj · ∇2d · d∂t∇djdx+

∫
R3

∇dj · ∇d · ∇d∂t∇djdx

≤ C∥∇2dj∥L3∥∇d∥L6∥d∥L∞∥∂t∇dj∥L2 + C∥∇dj∥L∞∥∇2d∥L2∥d∥L∞∥∂t∇dj∥L2

+ C∥∇dj∥L6∥∇d∥2L6∥d∥L∞∥∂t∇dj∥L2

≤ C∥∇2dj∥1/2L2 ∥∇3dj∥1/2L2 ∥∇2d∥L2∥∂t∇dj∥L2 + C∥∇2dj∥1/2L2 ∥∇3dj∥1/2L2 ∥∇2d∥L2∥∂t∇dj∥L2

+ C∥∇2dj∥L2∥∇2d∥2L2∥∂t∇dj∥L2

≤ C∥∇2d∥4L2∥∇2dj∥2L2 +
1

4η
∥∂t∇dj∥2L2 + ϵ0∥∇3dj∥2L2 ,

To deal with the above terms, we need to handle ∥∇3dj∥2L2 . Thanks to (3.2)2, we can conclude
that

−∆dj = ∇dj · ∇d · d− ∂tdj − u · ∇dj ,

dj |t=0 = ∆̇jd0,
(3.33)
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Applying ∇ to both sides of (3.33)1 we obtain

∥∇3dj∥L2 ≤ C(∥∂t∇dj∥L2 + ∥∇u · ∇dj∥L2 + ∥u · ∇2dj∥L2 + ∥∇(∇dj · ∇d · d)∥L2),

By the Hölder inequality and the Gagliardo-Nirenberg inequality, we obtain

∥∇3dj∥L2 ≤ C(∥∂t∇dj∥L2 + (∥∇u∥2L2 + ∥∇2d∥2L2)∥∇2dj∥L2). (3.34)

Selecting the appropriate ϵ0, we have

J21 + J22 ≤ C(∥∇2d∥4L2 + ∥∇u∥4L2)∥∇2dj∥2L2 +
1

η
∥∂t∇dj∥2L2 . (3.35)

Substituting the above inequality into (3.31), we obtain

d

dt
∥∇2dj∥2L2 + ∥∂t∇dj∥2L2 ≤ C(∥∇2d∥4L2 + ∥∇u∥4L2)∥∇2dj∥2L2 +

1

η
∥∂t∇dj∥2L2 ,

Then by choosing an appropriate η, we obtain

d

dt
∥∇2dj∥2L2 + ∥∂t∇dj∥2L2 ≤ C(∥∇2d∥4L2 + ∥∇u∥4L2)∥∇2dj∥2L2 . (3.36)

Combining the above equations with (3.30), we have

1

2

d

dt
∥(
√
µ(ρ)∇uj ,∇2dj)∥2L2 + ∥(√ρ∂tuj , ∂t∇dj)∥2L2

≤ C∥(u,∇d)∥2L3∥(∇uj ,∇2dj)∥2L6 + C∥∇u∥L2∥∇uj∥2L4 + C(∥∇2d∥4L2

+ ∥∇u∥4L2)∥∇2dj∥2L2 .

(3.37)

Now we estimate ∥∇uj∥L4 and ∥(∇uj ,∇2dj)∥L6 . By the interpolation inequality

∥∇uj∥Lp ≤ ∥∇uj∥
3
p−

1
2

L2 ∥∇2uj∥
3( 1

2−
1
p )

L2 , p ∈ [2, 6]

and the equation

∇uj = ∇(−∆)−1 divP((µ(ρ)− 1)∇uj)−∇(−∆)−1 divP(µ(ρ)∇uj),

the Hölder inequality and the boundedness of the Riesz operator, we have

∥∇uj∥Lp ≤ C∥µ(ρ0)− 1∥L∞∥∇uj∥Lp + C∥∇uj∥
3
p−

1
2

L2 ∥P div(µ(ρ)∇uj)∥
3
2−

3
p

L2 ,

Then, thanks to the smallness of ∥µ(ρ0)− 1∥L∞ , we have

∥∇uj∥Lp ≤ C∥∇uj∥
3
p−

1
2

L2 ∥P div(µ(ρ)∇uj)∥
3
2−

3
p

L2 .

Using the equation

div(µ(ρ)∇uj) = ρ∂tuj + ρu · ∇uj +∇Pj + ∂k∇dj · ∂kd+∆dj · ∇d,

we obtain

∥∇uj∥Lp ≤ C∥∇uj∥
3
p−

1
2

L2 ∥ρ∂tuj + ρu · ∇uj + ∂k∇dj · ∂kd+∆dj · ∇d∥
3
2−

3
p

L2 . (3.38)

Taking p = 4, 6 in (3.38) respectively, and using the Hölder inequality, we obtain

∥∇uj∥L4 ≤ C∥∇uj∥1/4L2 ∥ρ∂tuj + ρu · ∇uj + ∂k∇dj · ∂kd+∆dj · ∇d∥
3
4

L2

≤ C∥∇uj∥1/4L2 (∥√ρ∂tuj∥L2 + ∥(u,∇d)∥L3∥(∇uj ,∇2dj)∥L6)
3
4 ,

(3.39)

and

∥∇uj∥L6 ≤ C
(
∥√ρ∂tuj∥L2 + ∥(u,∇d)∥L3∥(∇uj ,∇2dj)∥L6

)
. (3.40)

On the other hand, by (3.33)1, we have

∥∇2dj∥L6 ≤ ∥∂tdj∥L6 + ∥∇dj · ∇d · d∥L6 + ∥u · ∇dj∥L6

≤ C∥∂t∇dj∥L2 + ∥∇d∥L6∥∇dj∥L∞ + ∥u∥L6∥∇dj∥L∞

≤ C∥∂t∇dj∥L2 + ∥∇2d∥L2∥∇2dj∥1/2L2 ∥∇3dj∥1/2L2 + ∥u∥L6∥∇2dj∥1/2L2 ∥∇3dj∥1/2L2

≤ C
(
∥∂t∇dj∥L2 + (∥∇u∥2L2 + ∥∇2d∥2L2)∥∇2dj∥L2

)
.

(3.41)
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where we have used estimate (3.34). This implies

∥(∇uj ,∇dj)∥L6 ≤ C
(
∥√ρ∂tuj∥L2 + ∥(u,∇d)∥L3∥(∇uj ,∇2dj)∥L6

)
+ C

(
∥∂t∇dj∥L2 + (∥∇u∥2L2 + ∥∇2d∥2L2)∥∇2dj∥L2

)
≤ C∥(√ρ∂tuj , ∂t∇dj)∥L2 + (∥∇u∥2L2 + ∥∇2d∥2L2)∥∇2dj∥L2

(3.42)

where we have used the smallness of ∥(u,∇d)∥L3 .
From the above estimates, we have

∥∇u∥L2∥∇uj∥2L4 ≤ C∥∇u∥L2∥∇uj∥1/2L2 (∥√ρ∂tuj∥L2 + ∥(u,∇d)∥L3∥(∇uj ,∇2dj)∥L6)3/2

≤ C∥∇u∥L2∥∇uj∥1/2L2 ∥√ρ∂tuj∥3/2L2

+ ∥∇u∥L2∥∇uj∥1/2L2 ∥(u,∇d)∥3/2L3 ∥(∇uj ,∇2dj)∥3/2L6

≤ C∥∇u∥4L2∥∇uj∥2L2 + ∥(u,∇d)∥2L3∥(∇uj ,∇2dj)∥2L6 +
1

ϵ
∥√ρ∂tuj∥2L2 .

(3.43)

Taking t ≤ T 1, one can deduce from the above inequality

∥∇u∥L2∥∇uj∥2L4

≤ C∥∇u∥4L2∥∇uj∥2L2 +
2

ϵ
∥(√ρ∂tuj , ∂t∇dj)∥2L2 + C(∥∇u∥4L2 + ∥∇2d∥4L2)∥∇2dj∥2L2 .

(3.44)

Substituting (3.44) into (3.37) and selecting appropriate ϵ, we have

d

dt
∥(
√
µ(ρ)∇uj ,∇2dj)∥2L2 + ∥(√ρ∂tuj , ∂t∇dj)∥2L2

≤ C(∥∇2d∥4L2 + ∥∇u∥4L2)∥(
√
µ(ρ)∇uj ,∇2dj)∥2L2 .

(3.45)

Thanks to Gronwall’s inequality, for t ≤ T 1, we have

∥(
√
µ(ρ)∇uj ,∇2dj)∥2L∞

t (L2) + ∥(√ρ∂tuj , ∂t∇dj)∥2L2
t (L

2)

≤ exp{C
∫ t

0

(∥∇2d∥4L2 + ∥∇u∥4L2)dτ}∥(∇∆̇ju0,∇∆̇j∇d0)∥L2 .

which completes the proof of (3.6).
Multiplying (3.45) by t, we have

d

dt
∥
√
t(
√
µ(ρ)∇uj ,∇2dj)∥2L2 + ∥

√
t(
√
ρ∂tuj , ∂t∇dj)∥2L2

≤ ∥(∇uj ,∇2dj)∥2L2 + C(∥∇2d∥4L2 + ∥∇u∥4L2)∥
√
t(
√

µ(ρ)∇uj ,∇2dj)∥2L2 .

Using the Gronwall inequality, for t ≤ T 1, we have

∥
√
t(
√
µ(ρ)∇uj ,∇2dj)∥2L∞

t (L2) + ∥
√
t(
√
ρ∂tuj , ∂t∇dj)∥2L2

t (L
2)

≤ C exp
{
∥(∇u,∇2d)∥4L4

t (L
2)

}
∥(∇uj ,∇2dj)∥2L2

t (L
2)

≤ C∥(∇uj ,∇2dj)∥2L2
t (L

2) ≤ C∥(∆̇ju0, ∆̇j∇d0)∥2L2 ,

(3.46)

which completes the proof of the (3.8).
Finally, for any α ∈ (0, 1

2 ), if T ≤ 2−2j , then∫ T

0

t−2α∥(∇uj ,∇2dj)∥2L2dt ≤ C

∫ T

0

t−2αdt22j∥(∆̇ju0, ∆̇j∇d0)∥2L2

≤ CT 1−2α22j∥(∆̇ju0, ∆̇j∇d0)∥2L2

≤ C24αj∥(∆̇ju0, ∆̇j∇d0)∥2L2 .

(3.47)

And if 2−2j ≤ T ≤ T 1, we have∫ T

0

t−2α∥(∇uj ,∇2dj)∥2L2dt ≤
∫ 2−2j

0

t−2α∥(∇uj ,∇2dj)∥2L2dt+

∫ T 1

2−2j

t−2α∥(∇uj ,∇2dj)∥2L2dt
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≤ C24αj∥(∆̇ju0, ∆̇j∇d0)∥2L2

As a consequence, we obtain the (3.9). □

Proposition 3.2. For each T ∈ [0, T 1], we have

∥(u,∇d)∥L∞
T (Ḣ1/2) + ∥(u,∇d)∥L∞

T (L3) + ∥(u,∇d)∥L2
T (L∞) + ∥(∇u,∇2d)∥L4

T (L2)

+ ∥(∇u,∇2d)∥L2
T (L3) + ∥t1/4(∇u,∇2d)∥L2

T (L6) + ∥t−1/4(∇u,∇2d)∥L2
T (L2)

+ ∥t1/4(∇u,∇2d)∥L∞
T (L2) + ∥t1/4(∂tu, ∂t∇d)∥L2

T (L2) ≤ C∥(u0,∇d0)∥Ḣ1/2 .

(3.48)

Proof. For T < T 1, thanks to the lemma 3.1, we have

∥(∇uj ,∇2dj)∥L∞
T (L2) ≤ C∥(∇∆̇ju0,∇∆̇j∇d0)∥L2 ≤ Ccj2

j
2 ∥(u0,∇d0)∥Ḣ1/2 ,

∥t1/2(∇uj ,∇2dj)∥L∞
T (L2) ≤ C∥(∆̇ju0, ∆̇j∇d0)∥L2 ≤ Ccj2

−j/2∥(u0,∇d0)∥Ḣ1/2 ,

where cj ∈ l2 and ∥cj∥l2 = 1. For any t ≤ T < T 1, we obtain

∥t1/4∇u∥2L2 =
∑
j,k∈Z

∫
R3

t1/2∇uj · ∇ukdx

≤ C
∑
j≤k

∑
k∈Z

∥t1/2∇uk∥L∞
T (L2)∥∇uj∥L∞

T (L2)

≤ C∥(u0,∇d0)∥2Ḣ1/2

∑
k∈Z

2−
k
2 ck

∑
j≤k

2
j
2 cj

≤ C∥(u0,∇d0)∥2Ḣ1/2 .

Along the same lines, we deduce ∥t1/4∇2d∥L2 ≤ C∥(u0,∇d0)∥Ḣ1/2 , hence

∥(t1/4∇u, t1/4∇2d)∥L∞
T (L2) ≤ C∥(u0,∇d0)∥Ḣ1/2 , T < T 1, (3.49)

for any ϵ ∈ (0, 1
4 ). It follows from (3.9) that

∥t−( 1
2−ϵ)(∇uj ,∇2dj)∥L2

T (L2) ≤ C2j(
1
2−2ϵ)cj∥(u0,∇d0)∥Ḣ1/2

and

∥t−ϵ(∇uj ,∇2dj)∥L2
T (L2) ≤ C2j(2ϵ−

1
2 )cj∥(u0,∇d0)∥Ḣ1/2

holds for any T < T 1. Thanks to the above two equations, we obtain

∥t−1/4∇u∥2L2
T (L2) ≤ 2

∑
j≤k

∑
k∈Z

∥t−( 1
2−ϵ)∇uj∥L2

T (L2)∥t−ϵ∇uk∥L2
T (L2)

≤ ∥(u0,∇d0)∥2Ḣ1/2

∑
j≤k

∑
k∈Z

2j(
1
2−2ϵ)cj2

k(2ϵ− 1
2 )ck

≤ C∥(u0,∇d0)∥2Ḣ1/2 .

Similarly, we deduce

∥t−1/4∇2d∥L2
T (L2) ≤ C∥(u0,∇d0)∥Ḣ1/2 .

Therefore, one has

∥t−1/4(∇u,∇2d)∥L2
T (L2) ≤ C∥(u0,∇d0)∥Ḣ1/2 , T < T 1. (3.50)

Using (3.49), (3.50) and the interpolation inequality for any T < T 1, we have

∥(∇u,∇2d)∥L4
T (L2) ≤ ∥(t1/4∇u, t1/4∇2d)∥1/2L∞

T (L2)∥t
−1/4(∇u,∇2d)∥1/2

L2
T (L2)

≤ C∥(u0,∇d0)∥Ḣ1/2 .
(3.51)
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By lemma 3.1 and Lemma 2.2 (Bernstein inequality), we obtain

∥(u,∇d)∥2
L∞

T (Ḣ1/2)

≤ C
∑
j,k∈Z

2k∥(∆̇kuj , ∆̇k∇dj)∥2L∞
T (L2)

≤ C
∑

j∈Z,j≤k

2−k∥(∆̇k∇uj , ∆̇k∇2dj)∥2L∞
T (L2) +

∑
j∈Z,k≤j

2k∥(∆̇kuj , ∆̇k∇dj)∥2L∞
T (L2)

≤ C∥(u0,∇d0)∥2Ḣ1/2 , T < T 1,

(3.52)

which together with L3 continuous embedding into Ḣ1/2, ensures that

∥(u,∇d)∥L∞
T (L3) ≤ C∥(u,∇d)∥L∞

T (Ḣ1/2) ≤ C∥(u0,∇d0)∥Ḣ1/2 , T < T 1. (3.53)

Using (3.51), (3.53) and using a continuity argument, we can prove that T 1 = T ∗.
On the other hand, thanks to the (3.45), we deduce for any t ≤ T < T ∗, that

d

dt
∥(
√
µ(ρ)∇uj ,∇2dj)∥2L2 + ∥(√ρ∂tuj , ∂t∇dj)∥2L2 ≤ C∥(∇u,∇2d)∥4L2∥(

√
µ(ρ)∇uj ,∇2dj)∥2L2 ,

which implies for the smooth solutions (u, d), that

d

dt
∥(
√

µ(ρ)∇u,∇2d)∥2L2 + ∥(√ρ∂tu, ∂t∇d)∥2L2 ≤ C∥(∇u,∇2d)∥4L2∥(
√

µ(ρ)∇u,∇2d)∥2L2 .

Multiplying the above equation by t1/2, we obtain

d

dt
∥t1/4(

√
µ(ρ)∇u,∇2d)∥2L2 + ∥t1/4(√ρ∂tu, ∂t∇d)∥2L2

≤ ∥t−1/4(
√
µ(ρ)∇u,∇2d)∥2L2 + C∥(∇u,∇2d)∥4L2∥t1/4(

√
µ(ρ)∇u,∇2d)∥2L2 .

Using Gronwall’s inequality, one obtains

∥t1/4(
√

µ(ρ)∇u,∇2d)∥L∞
T (L2) + ∥t1/4(√ρ∂tu, ∂t∇d)∥L2

T (L2) ≤ C∥(u0,∇d0)∥Ḣ1/2 . (3.54)

According to (3.40) and (3.41), one has

∥(∇uj ,∇2dj)∥L6 ≤ C∥(√ρ∂tuj , ∂t∇dj)∥L2 + C(∥∇u∥2L2 + ∥∇2d∥2L2)∥∇2dj∥L2

+ C∥(u,∇d)∥L3∥(∇uj ,∇2dj)∥L6 ,

which yields

∥(∇u,∇2d)∥L6

≤ C∥(∂tu, ∂t∇d)∥L2 + (∥∇u∥2L2 + C∥∇2d∥2L2)∥∇2d∥L2 + C∥(u,∇d)∥L3∥(∇u,∇2d)∥L6 .

Multiplying the above equation by t1/2, we deduce that

∥t1/4(∇u,∇2d)∥2L6 ≤ C∥t1/4(∂tu, ∂t∇d)∥2L2 + (∥∇u∥4L2 + ∥∇2d∥4L2)∥t1/4∇2d∥2L2

+ ∥(u,∇d)∥2L3∥t1/4(∇u,∇2d)∥2L6 ,

and integrating over the interval (0, T ), we deduce that

∥t1/4(∇u,∇2d)∥L2
T (L6)

≤ C∥t1/4(∂tu, ∂t∇d)∥L2
T (L2) + (∥∇u∥4L4

T (L2) + ∥∇2d∥4L4
T (L2))∥t

1/4∇2d∥2L∞
T (L2)

+ ∥(u,∇d)∥2L∞
T (L3)∥t

1/4(∇u,∇2d)∥2L2
T (L6).

Using the inequality

∥(u,∇d)∥L∞
T (L3) ≤ C∥(u0,∇d0)∥Ḣ1/2

and the smallness of ∥(u0,∇d0)∥Ḣ1/2 , we have

∥t1/4(∇u,∇2d)∥L2
T (L6) ≤ C∥t1/4(∂tu, ∂t∇d)∥L2

T (L2)+(∥∇u∥2L4
T (L2)+∥∇2d∥2L4

T (L2))∥t
1/4∇2d∥L∞

T (L2).
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Thanks to (3.54), we obtain

∥t1/4(∇u,∇2d)∥L2
T (L6) ≤ C∥(u0,∇d0)∥Ḣ1/2 . (3.55)

Finally, by the interpolation inequality,

∥u∥L∞(R3) ≤ C∥∇u∥1/2L2(R3)∥∇u∥1/2L6(R3),

we obtain

∥(∇u,∇2d)∥2L2
T (L3) + ∥(u,∇d)∥2L2

T (L∞)

≤ ∥t−1/4(∇u,∇2d)∥1/2
L2

T (L2)
∥t1/4(∇u,∇2d)∥1/2

L2
T (L6)

≤ C∥(u0,∇d0)∥2Ḣ1/2 ,
(3.56)

which completes the proof. □

Now we reformulate system (1.1) as

∂ta+ u · ∇a = 0,

∂tu+ u · ∇u− (1 + a)(∆u+ div (ν (a)∇u)−∇P ) = −(1 + a)∇ · (∇d : ∇d) ,

∂td+ u · ∇d−∆d = |∇d|2d,
div u = 0,

|d| = 1,

(a, u, d)|t=0 = (a0, u0, d0),

(3.57)

where a = 1
ρ − 1, µ(ρ)− 1 = ν(a).

We consider the linear equation

∂tu+ w · ∇u− (1 + a)(∆u+ div (ν(a)∇u)−∇P ) = f,

∂td+ w · ∇d−∆d = g,

div u = divw = 0,

|d| = 1,

(u, d)|t=0 = (u0, d0),

(3.58)

In 2022, Qian and Qu [21] obtained the following results.

Proposition 3.3 ([21, Corollary2.8]). Let u0, ω0 ∈ Ḃ
1/2
2,1 and q satisfy

max
{
e
1

2
− 1

q
,
1

q
− 1

3

}
<

1

2
<

1

6
+

1

q
. (3.59)

Let (u,∇π, ω) solve system (3.60) on [0, T ],

∂tu+ v · ∇u− (1 + a)(∆u−∇π + div(µr(a)Du)) = f,

∂tω + v · ∇ω − (1 + a)(∆ω +∇ divω) + 4(1 + a)µr(a)ω = g,

div u = 0,

(u, ω)|t=0 = (u0, ω0),

(3.60)

with some smooth, positive function µr. Further, denote by b = b(a) = (1 + a)µr(a) − µr(0) and
λ = λ(a) =

∫ a

0
µr(s)ds. If for some sufficiently small positive constant c0 and some integer m ∈ Z,

then it holds (
1 + ∥a∥

L∞
T (Ḃ

3/q
q,1 )

)12

∥(Id− Ṡm)(a, b, λ)∥
L∞

T (Ḃ
3/q
q,1 )

≤ ϵ0, (3.61)
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then, for t ∈ [o, T ], we have

∥u∥
L̃∞

t (Ḃ
1/2
2,1 )

+ ∥u∥
L1

t (Ḃ
5/2
2,1 )

+ ∥∇π∥
L1

t (Ḃ
1/2
2,1 )

≲
∫ t

0

∥v∥
Ḃ

5/2
2,1

∥u∥
Ḃ

1/2
2,1

dτ + ∥u0∥Ḃ1/2
2,1

+ 24m(Am(a) + 2)12
∫ t

0

∥u∥
Ḃ

1/2
2,1

dτ + 2m(Am(a) + 1)3∥f∥L1
t (B̄

3/2)

+ 24m(Am(a) + 1)6
∫ t

0

(
∥V ∥2/3

Ḃ
3/2
2,1

∥V ∥2/3
Ḃ

5/2
2,1

+ ∥V ∥3/2
Ḃ

3/2
2,1

∥V ∥1/2
Ḃ

5/2
2,1

)
∥u∥

B
1/2
p

dτ

+ 22m(Am(a) + 1)4
∫ t

0

(
∥v∥

Ḃ
3/2
2,1

+ ∥v∥2
Ḃ

1/2
2,1

)
∥u∥

Ḃ
1/2
2,1

dτ

(3.62)

and
∥ω∥

L̃∞
t (Ḃ

1/2
2,1 )

+ ∥ω∥
L1

t (Ḃ
5/2
2,1

⋂
Ḃ

1/2
2,1 )

≲
∫ t

0

∥v∥
Ḃ

5/2
2,1

∥ω∥
Ḃ

1/2
2,1

dτ + ∥ω0∥Ḃ1/2
2,1

+ ∥ω∥
L1

t (Ḃ
1/2
2,1 )

+ ∥g∥
L1

t (Ḃ
1/2
2,1 )

+ 2(1+
3
q )m∥Ṡma∥L∞

t (Lq)∥ω∥L1
t (Ḃ

3/2
2,1 )

,

(3.63)

where Am(a) = 23/q∥Ṡma∥L∞
t (Lq).

Comparing (3.58) with (3.60), we obtain the following proposition.

Proposition 3.4. Let (a, u, w, d, f, g) be smooth enough functions, which satisfy 1 + a ≥ c0 > 0,
then for the smooth solution (u, d,∇P ) on [0, T ], if there exists some m and sufficiently small ϵ0
such that (

1 + ∥a∥
L∞

T (Ḃ
3/q
q,1 )

)12

∥(Id− Ṡm)(a, b, λ)∥
L∞

T (Ḃ
3/q
q,1 )

≤ ϵ0, (3.64)

where b = b(a) = (1 + a)ν(a)− ν(0), λ =
∫ a

0
ν(s)ds. Then for any t ∈ [0, T ], we have

∥u∥
L̃∞

t (Ḃ
1/2
2,1 )

+ ∥u∥
L1

t (Ḃ
5/2
2,1 )

+ ∥∇P∥
L1

t (Ḃ
1/2
2,1 )

≲
∫ t

0

∥w∥
Ḃ

5/2
2,1

∥u∥
Ḃ

1/2
2,1

dτ + ∥u0∥Ḃ1/2
2,1

+ 24m(Km(a) + 2)12
∫ t

0

∥u∥
Ḃ

1/2
2,1

dτ + 2m(Km(a) + 1)3∥f∥L1
t (B̄

3/2)

+ 24m(Km(a) + 1)6
∫ t

0

(
∥w∥2/3

Ḃ
3/2
2,1

∥w∥2/3
Ḃ

5/2
2,1

+ ∥w∥3/2
Ḃ

3/2
2,1

∥w∥1/2
Ḃ

5/2
2,1

)
∥u∥

B
1/2
p

dτ

+ 22m(Km(a) + 1)4
∫ t

0

(
∥w∥

Ḃ
3/2
2,1

+ ∥w∥2
Ḃ

1/2
2,1

)
∥u∥

Ḃ
1/2
2,1

dτ,

(3.65)

and
∥d∥

L̃∞
t (Ḃ

3/2
2,1 )

+ ∥d∥
L1

t (Ḃ
7
2
2,1

⋂
Ḃ

3/2
2,1 )

≲
∫ t

0

∥w∥
Ḃ

5/2
2,1

∥d∥
Ḃ

3/2
2,1

dτ + ∥d0∥Ḃ3/2
2,1

+ ∥d∥
L1

t (Ḃ
3/2
2,1 )

+ ∥g∥
L1

t (Ḃ
3/2
2,1 )

,
(3.66)

where Km(a) = 23/q∥Ṡma∥L∞
t (Lq).

Proof. As in [21], we only need to prove the second inequality. Acting the both sides of (3.58)2
with the operator ∆̇j and using a standard commutator process, we obtain

∂t∆̇jd+ ω · ∇∆̇jd−∆∆̇jd = ∆̇jg + [∆̇j , ω]∇d, (3.67)

By multiplying (3.67) with ∆̇jd and integrating on R3, we have

1

2
∥∆̇jd∥L2 + 22j∥∆̇jd∥L2 ≤ ∥∆̇jg∥L2 + ∥[∆̇j , ω]∇d∥L2 ,



EJDE-2026/23 INHOMOGENEOUS INCOMPRESSIBLE LIQUID CRYSTAL SYSTEMS 15

then thanks to the commutator estimate in [2], we have

∥[∆̇j , ω]∇d∥L2 ≲ dj2
−3j/2∥∇ω∥

Ḃ
3/2
2,1

∥∇d∥
Ḃ

1/2
2,1

≲ dj2
−3j/2∥∇ω∥

Ḃ
3/2
2,1

∥d∥
Ḃ

3/2
2,1

,

from which, multiplying (3.67) with 2
3j
2 , summing up for j ∈ Z and integrating on (0, t), we have

∥d∥
L∞

t (Ḃ
3/2
2,1 )

+ ∥d∥
L1

t (Ḃ
7/2
2,1 )

≲ ∥d0∥Ḃ3/2
2,1

+ ∥g∥
L1

t (Ḃ
3/2
2,1 )

+

∫ t

0

∥∇ω∥
Ḃ

3/2
2,1

∥d∥
Ḃ

3/2
2,1

dτ, (3.68)

which implies (3.66). □

Proposition 3.5 ([21]). Under the assumptions of proposition 3.3, with w = u, we have

∥u∥
L̃∞

t (Ḃ
1/2
2,1 )

+ ∥u∥
L1

t (Ḃ
5/2
2,1 )

+ ∥∇P∥
L1

t (Ḃ
1/2
2,1 )

≲ C exp(Ct24m(Km(a) + 2)12)
(
∥u0∥Ḃ1/2

2,1
+ 2m(Km(a) + 1)3∥f∥L1

t (B̄
3/2)

+ 216m(Km(a) + 1)24
∫ t

0

(
∥u∥3

Ḃ
1/2
2,1

+ ∥u∥5
Ḃ

1/2
2,1

+ ∥u∥
Ḃ

1/2
2,1

∥u∥
Ḃ

5/2
2,1

)
dτ

) (3.69)

where Km(a) is defined in Proposition 3.4.

4. Existence

In this section, we will prove the global existence in the Ḣ1/2 and the local existence in the

Ḃ
1/2
2,1 .

Local existence in Ḃ
1/2
2,1 .

Theorem 4.1. Let a0 ∈ Ḃ
3/q
q,1 satisfy 1 + a0 ≥ ϵ0, and assume that (u0,∇d0) ∈ Ḃ

1/2
2,1 . Then there

exists a positive time T , such that (3.57) admits a local solution satisfying

∥u∥
L̃∞

T (Ḃ
1/2
2,1 )

+ ∥u∥
L1

T (Ḃ
5/2
2,1 )

+ ∥(∂tu,∇P )∥L1
T (B3/2) ≲ ∥u0∥Ḃ1/2

2,1
, (4.1)

∥d∥
L̃∞

T (Ḃ
3/2
2,1 )

+ ∥u∥
L1

T (Ḃ
7
2
2,1)

+ ∥(∂td, d)∥L1
T (Ḃ

3/2
2,1 )

≲ ∥d0∥Ḃ3/2
2,1

. (4.2)

Proof. Following the strategy in [21], we divide the argument into three parts.

Part1: Construct approximate solutions. For any n ∈ N, let
an0 = Ṡna0 − Ṡ−na0, un

0 = Ṡnu0 − Ṡ−nu0, dn0 = Ṡnd0 − Ṡ−nd0.

Then using the argument in [3], (3.57) has a unique local solution (an, un, dn) with the initial data
(an0 , u

n
0 , d

n
0 ).

Part2: Uniform estimates of approximate solutions Let un
L = et∆un

0 , u
n
NL = un−un

L. Then

∥un
L∥L̃∞

T (Ḃ
1/2
2,1 )

≤ C∥u0∥Ḃ1/2
2,1

, (4.3)

∥un
L∥L̃1

T (Ḃ
5/2
2,1 )

≤ C
∑
j∈Z

2j
3
2 (1− e−ct22j )∥∆̇ju0∥L2 . (4.4)

Assume that (an, un
NL, d

n,∇Pn) solves the system

∂ta
n + (un

NL + un
L) · ∇an = 0

∂tu
n
NL + un

L · ∇un
NL − (1 + a)(∆un

NL + div ((ν(an))∇un
NL)−∇Pn) = Un,

∂td
n + un

L · ∇dn −∆dn = Dn,

div un
NL = 0,

|dn| = 1,

(an, un
NL, d

n)|t=0 = (an0 , 0, d
n
0 ),

(4.5)

where

Un = −un
L · ∇un

NL − un
NL · ∇un

L − un
NL · ∇un

NL − an∆un
L

= (1 + an) div(ν(an)∇un
L)− (1 + an) div(∇dn : ∇dn),

(4.6)
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Dn = −un
NL · ∇dn + |∇dn|2dn. (4.7)

If we denote

bn = (1 + an)ν(an)− ν(0), λn =

∫ an

0

ν(s)ds, (4.8)

then it is easy to see that bn(0) = λn(0) = 0, and

(1 + an) div(ν(an)∇un
L) = div((ν(0) + bn)∇un

L)−∇un
L · λn.

If a0 ∈ Ḃ
3/q
q,1 , denoting ∇d0 = (1 + a0)ν(a0), λ0 =

∫ a0

0
ν(s)ds, we deduce that ∇d0, λ0 ∈ Ḃ

3/q
q,1 .

Let

m = inf
{
k ∈ N :

∑
ℓ≥k

2
3ℓ
q ∥∆̇ℓ(a0, b0, λ0)∥Lq ≤ η0ϵ0

(
1 + ∥a0∥Ḃ3/q

q,1

)−12}
. (4.9)

Then thanks to [21, Prop 2.3] and the equation of an, we have

∥an∥
L∞

t (Ḃ
3/q
q,1 )

≲ ∥a0∥Ḃ3/q
q,1

exp
(
C
(
∥∇un

L∥L1
t (Ḃ

3/2
2,1 )

+ ∥∇un
NL∥L1

t (Ḃ
3/2
2,1 )

))
, (4.10)

and
∥an∥L∞

t (Lq) ≤ ∥an0∥Lq ≤ ∥a0∥Lq , ∥an∥L∞
t (L∞) ≤ ∥an0∥L∞ ≤ ∥a0∥Ḃ3/q

q,1
. (4.11)

According to the definitions of m, we obtain

(1 + ∥a∥
L∞

t (Ḃ
3/q
q,1 )

)12∥(Id− Ṡm)(a, b, λ)∥
L∞

t (Ḃ
3/q
q,1 )

≤ 2η0ϵ0. (4.12)

Then by applying Proposition 3.4 and (4.5), we have

∥un
NL∥L̃∞

t (Ḃ
1/2
2,1 )

+ ∥un
NL∥L1

t (Ḃ
5/2
2,1 )

+ ∥∇Pn∥
L1

t (Ḃ
1/2
2,1 )

≲ 24m(Km(an) + 2)12
(∫ t

0

∥un
NL∥Ḃ1/2

2,1
dτ + ∥Un∥L1

t (B̄
3/2)

+

∫ t

0

(
∥un

L∥
2/3

Ḃ
3/2
2,1

∥un
L∥

2/3

Ḃ
5/2
2,1

+ ∥un
L∥

3/2

Ḃ
3/2
2,1

∥un
L∥

1/2

Ḃ
5/2
2,1

)
∥un

NL∥Ḃ1/2
2,1

dτ

+

∫ t

0

(
∥un

L∥Ḃ5/2
2,1

+ ∥un
L∥Ḃ3/2

2,1
+ ∥un

L∥2Ḃ1/2
2,1

)
∥un

NL∥Ḃ1/2
2,1

dτ
)

(4.13)

and
∥dn∥

L̃∞
t (Ḃ

3/2
2,1 )

+ ∥dn∥
L1

t (Ḃ
7
2
2,1

⋂
Ḃ

3/2
2,1 )

≲
∫ t

0

∥un
L∥Ḃ5/2

2,1
∥dn∥

Ḃ
3/2
2,1

dτ + ∥dn0∥Ḃ3/2
2,1

+ ∥dn∥
L1

t (Ḃ
3/2
2,1 )

+ ∥Dn∥L1
t (Ḃ

3/2
2,1 )

,
(4.14)

where Km(a) = 23/q∥Ṡma∥L∞
t (Lq).

Now we estimate ∥Un∥L1
t (B̄

3/2) and ∥Dn∥L1
t (Ḃ

3/2
2,1 )

. According to the product law in the Besov

Space and the Lemma 2.4, we obtain

∥(1 + an) div(∇dn : ∇dn)∥L1
t (B

3/2) ≤ C

∫ t

0

(1 + ∥an∥
Ḃ

3/q
q,1

)
(
∥dn∥

Ḃ
7
2
2,1

+ ∥dn∥
Ḃ

5/2
2,1

)
∥dn∥

Ḃ
3/2
2,1

dτ,

∥un
NL · ∇dn∥

L1
t (Ḃ

3/2
2,1 )

≤ C

∫ t

0

∥un
NL∥Ḃ3/2

2,1
∥dn∥

Ḃ
5/2
2,1

dτ,

∥|∇dn|2dn∥
L1

t (Ḃ
3/2
2,1 )

≤ C

∫ t

0

∥dn∥
Ḃ

3/2
2,1

∥dn∥2
Ḃ

5/2
2,1

dτ,

which implies

∥(1 + an) div(∇dn : ∇dn)∥L1
t (B

3/2) + ∥un
NL · ∇dn∥

L1
t (Ḃ

3/2
2,1 )

+ ||∇dn|2dn∥
L1

t (Ḃ
3/2
2,1 )

≤ C

∫ t

0

(
∥un

NL∥Ḃ1/2
2,1

+ ∥dn∥
Ḃ

3/2
2,1

)(
∥un

NL∥Ḃ5/2
2,1

+ ∥dn∥
Ḃ

7
2
2,1

)
dτ

+ C

∫ t

0

∥dn∥3/2
Ḃ

3/2
2,1

∥dn∥1/2
Ḃ

7
2
2,1

dτ +

∫ t

0

∥dn∥2
Ḃ

3/2
2,1

∥dn∥
Ḃ

7
2
2,1

dτ
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≲ Q2
n(t) +

√
tQ2

n(t) +Q3
n(t),

where

Qn(t) = ∥un
NL∥L̃∞

t (Ḃ
1/2
2,1 )

+ ∥un
NL∥L1

t (Ḃ
5/2
2,1 )

+ ∥∇Pn∥
L1

t (Ḃ
1/2
2,1 )

+ ∥dn∥
L̃∞

t (Ḃ
3/2
2,1 )

+ ∥dn∥
L1

t (Ḃ
7
2
2,1

⋂
Ḃ

3/2
2,1 )

.

Moreover, thanks to the product law in Besov space and Lemma 2.4, we have

∥Un∥L1
t (B̄

3/2) ≲
∫ t

0

(∥un
L∥Ḃ5/2

2,1
(∥un

L∥Ḃ1/2
2,1

+ ∥un
NL∥Ḃ1/2

2,1
) + ∥un

L∥Ḃ1/2
2,1

(∥un
L∥Ḃ3/2

2,1
+ ∥un

NL∥Ḃ3/2
2,1

)

+ ∥un
NL∥Ḃ1/2

2,1
(∥un

NL∥Ḃ3/2
2,1

+ ∥un
NL∥Ḃ5/2

2,1
) + ∥an∥

Ḃ
3/2
2,1

(∥un
L∥Ḃ5/2

2,1
+ ∥un

L∥Ḃ3/2
2,1

)

+ (1 + ∥an∥
Ḃ

3/q
q,1

)
(
∥dn∥

Ḃ
7
2
2,1

+ ∥dn∥
Ḃ

5/2
2,1

)
∥dn∥

Ḃ
3/2
2,1

)dτ,

and

∥Dn∥L1
t (Ḃ

3/2
2,1 )

≲
∫ t

0

(∥un
NL∥Ḃ3/2

2,1
∥dn∥

Ḃ
5/2
2,1

+ ∥dn∥
Ḃ

3/2
2,1

∥dn∥2
Ḃ

5/2
2,1

)dτ.

If we denote

D(t) = 1 + ∥uL
n∥Ḃ5/2

2,1
+ ∥uL

n∥2Ḃ1/2
2,1

+ ∥uL
n∥

3/2

Ḃ
1/2
2,1

∥uL
n∥

3/2

Ḃ
5/2
2,1

+ ∥uL
n∥

3/2

Ḃ
1/2
2,1

∥uL
n∥

1/2

Ḃ
5/2
2,1

+ ∥uL
n∥

1/2

Ḃ
1/2
2,1

∥uL
n∥

1/2

Ḃ
5/2
2,1

,

then according to an estimates in [21], for a sufficient large number N0, and t ≤ 1, we have

Qn(t) ≤ Cm(Q2
n(t) +Q3

n(t) + ct+
∑
j

21/2(1− e−ct22j )∥∆̇ju0∥L2)

≤ Cm(Q2
n(t) +Q3

n(t) + ct+ Ct22N0∥u0∥Ḃ1/2
2,1

).

(4.15)

Let T1 = min(1, (Cmc(1 + 22N0))−1ϵ)). Thanks to [21], there exists n1, such that for any n > n1,
we obtain

Qn(t) ≤
4

3
ϵ. (4.16)

According to the proof in [21, theorem3.1], there exists a positive time T1, such that for any n,

Qn(T1) ≤ C, ∥an∥
L∞

T (Ḃ
3/q
q,1 )

≤ C. (4.17)

Part3: Convergence of the approximate solutions Thanks to (4.17), we can use the method in [21,
Theorem 3.1], which means there existence (a, u, d, P ) such that

∥u∥
L̃∞

t (Ḃ
1/2
2,1 )

+ ∥u∥
L1

t (Ḃ
5/2
2,1 )

+ ∥∇P∥
L1

t (Ḃ
1/2
2,1 )

+ ∥d∥
L̃∞

t (Ḃ
3/2
2,1 )

+ ∥d∥
L1

t (Ḃ
7
2
2,1

⋂
Ḃ

3/2
2,1 )

≤ C,

∥an∥
L∞

T (Ḃ
3/q
q,1 )

≤ C,

(1 + ∥a∥
L∞

t (Ḃ
3/q
q,1 )

)12∥(Id− Ṡm)(a, b, λ)∥
L∞

t (Ḃ
3/q
q,1 )

≤ 2η0ϵ0.

This completes the proof. □

Global existence in Ḣ1/2. By mollifying the initial data (ρ0, u0,∇d0), we obtain the smooth
initial data (ρ0ϵ, u0ϵ,∇d0ϵ). By using modifications of the classical well-posedness theory of in-
homogeneous incompressible Navier-Stokes system, (1.1) has a unique local solution (ρϵ, uϵ,∇dϵ)
on [0, T ∗

ϵ ). If the ε0 is sufficiently small, we deduce from Proposition 3.3 that (ρϵ, uϵ, Bϵ) satisfy
the estimates (3.48) for any T < T ∗

ϵ . By a standard continuous argument, it has been proved

in the Proposition 3.3 that T ∗
ϵ = +∞. In particular, we have (uϵ,∇dϵ) ∈ (C([0,+∞); Ḣ1/2) ∩

L4(R+; Ḣ1))2, and for any T ∈ [0,+∞], (uϵ,∇dϵ) satisfy (3.48). By using a compactness argument
similar to that in [18], there exists ρ ∈ Cw([0,∞);L∞), such that, for any r < ∞,

ρϵ ⇀ ρ weak ∗ in L∞(R+ × R3),

ρϵ → ρ strongly in Lr
loc(R+ × R3).

(4.18)

According to the interpolation inequality in Lorentz space, for any T < ∞,

∥(∂tuϵ, ∂t∇dϵ)∥
L

4
3
,∞

T (L2)
≲ ∥t−1/4∥L4,∞

T
∥(∂tuϵ, ∂t∇dϵ)∥L2

T (L2), (4.19)
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which together with (3.48) yields

∥(∂tuϵ, ∂t∇dϵ)∥
L

4
3
,∞

T (L2)
+ ∥(∇uϵ,∇2dϵ)∥L2

T (L3) ≲ ∥(u0,∇d0)∥Ḣ1/2 . (4.20)

Then according to the Arzela-Ascoli Theorem, there exist

(u,∇d) ∈
(
L∞([0,+∞); Ḣ1/2) ∩ L4(R+; Ḣ1) ∩ L2(R+; Ẇ 1,3)

)2
such that, for any r < ∞

(uϵ,∇dϵ) ⇀ (u,∇d) weakly in L4(R+; Ḣ1)

(uϵ,∇dϵ) → (u,∇d) strongly in L2
loc(R+; Lr

loc(R3)).
(4.21)

Thanks to (4.18) and (4.21), we conclude that (ρ, u,∇d) is a global weak solution of (1.1).
Moreover, it follows from (3.48) and Fatou’s Lemma that (ρ, u,∇Π,∇d) satisfies the estimates
(3.48) for any T ∈ [0,+∞].

Finally, let prove that (u,∇d) ∈ (C([0,∞); Ḣ1/2))2. It follows from (3.48) that

∥u∥L̃∞(R+;Ḣ1/2) ≤ C∥(u0,∇d0)∥Ḣ1/2 .

Then for any ε > 0, there exists a m0 ∈ N such that

4
∑

|j|≥m0

2j∥∆̇ju∥2L∞(R+;L2) < ε.

Then for any t ∈ [0,+∞), h > 0, we have

∥u(t+ h)− u(t)∥2
Ḣ1/2 =

∑
j∈Z

2j∥∆̇j(u(t+ h)− u(t))∥2L2

≤
∑

|j|≤m0−1

2j∥∆̇j(u(t+ h)− u(t))∥2L2 + 4
∑

|j|≥m0

2j∥∆̇ju∥2L∞
T (L2)

≤ 2m0∥u(t+ h)− u(t)∥2L2 + ε,

from which, we infer that

∥u(t+ h)− u(t)∥2
Ḣ1/2 ≤ 2m0

∥∥∫ t+h

t

τ−
1
4 τ1/4uτ (τ) dτ

∥∥2
L2 + ε

≤ 2m0∥τ− 1
4 ∥2L2(t,t+h)∥τ

1/4uτ∥2L2(t,t+h;L2) + ε

≤ C 2m0+2∥(u0,∇d0)∥Ḣ1/2 h
1/2 + ε,

(4.22)

where we used ∥t1/4ut∥L2(R+;L2) ≤ C∥(u0,∇d0)∥Ḣ1/2 in (3.48) and the inequality

(t+ h)1/2 − t1/2 =
h

(t+ h)1/2 + t1/2
≤ h1/2, t > 0.

Then (4.22) shows that u ∈ C([0,∞); Ḣ1/2).

Along the same lines, we can prove that ∇d ∈ C([0,∞); Ḣ1/2). Thus we completed the proof

of global existence in Ḣ1/2 and the local existence in the Ḃ
1/2
2,1 .

5. Uniqueness

To prove uniqueness, we first consider the linear system

∂tu− (1 + a)(∆u+ div (ν(a)∇u)−∇P ) = f,

div u = g,

∂tg = divR,

u|t=0 = 0.

(5.1)



EJDE-2026/23 INHOMOGENEOUS INCOMPRESSIBLE LIQUID CRYSTAL SYSTEMS 19

Proposition 5.1 ([21]). For the smooth solutions (u,∇P ) of (5.1), there exists some m, such
that if

(1 + ∥a∥
L∞

t (Ḃ
3/q
q,1 )

)12∥(Id− Ṡm)(a, b, λ)∥
L∞

t (Ḃ
3/q
q,1 )

≤ ϵ0,

then we have the following estimates

∥u∥L̃∞
T (B3/2) + ∥u∥L1

T (B7/2) + ∥(∂tu,∇P )∥L1
T (B3/2) ≤ C

∫ T

0

∥u∥B3/2 + ∥(f,∇g,R)∥L1
T (B3/2). (5.2)

For the linear system of d:

∂td−∆d = h,

|d| = 1,

d|t=0 = 0,

(5.3)

Proposition 5.2. For the smooth solutions d of (5.3), we have the estimate

∥d∥L̃∞
T (B5/2) + ∥d∥

L1
T (B

9
2 )

+ ∥∂td∥L1
T (B5/2) ≤ C

∫ T

0

∥d∥B5/2 + ∥h∥L1
T (B5/2). (5.4)

Proof. Thanks to the proof in Proposition 3.3 and (5.3), we have

∥d∥
L∞

T (Ḃ
5/2
2,1 )

+ ∥d∥
L1

T (Ḃ
9
2
2,1)

≲ ∥h∥
L1

T (Ḃ
5/2
2,1 )

,

∥d∥L∞
T (Ḃ1

2,2)
+ ∥d∥L1

T (Ḃ3
2,2)

≲ ∥h∥L1
T (Ḃ1

2,2)
,

from which and (5.3), the proposition is proved. □

We now establish the uniqueness of solutions to the system via the Lagrangian coordinate
method. By the existence result, we can choose a sufficiently small T > 0 such that∫ T

0

∥u∥
Ḃ

3/2
3,1

dt ≤ 1

4
. (5.5)

Hence, for any y ∈ R3, the ordinary differential equation

d

dt
X(t, y) = u(t,X(t, y)),

X(t, y)|t=0 = y.
(5.6)

has a unique solution on [0, T ]. It is easy to see that the relation between Euler coordinates x and
Lagrangian coordinates y:

x = X(t, y) = y +

∫ t

0

u(τ,X(t, y))dτ. (5.7)

Let Y (t, ·) be the inverse mapping of X(t, ·), then ∇xY (t, x) = (∇yX(t, y))−1.
Denoting A(t, y) = (DyX(t, y))−1, where (DyjX)ij = DyjX

i. if ∇y = D⊤
y , then

∂tu(t,X(t, y)) = (∂tu+ u · ∇u)(t, x),

∇xu(t, x) = A(t, y)⊤∇yu(t,X(t, y)),

divx u(t, x) = divy(A(t, y)u(t,X(t, y))),

∆xu(t, x) = divy(A(t, y)A(t, y)⊤∇yu(t,X(t, y))).

We introduce the following notation:

∇u = A⊤ · ∇y, divu = divy(A·), ∆u = divu ∇u,

b(t, y) = a(t,X(t, y)), v(t, y) = u(t,X(t, y)),

π(t, y) = P (t,X(t, y)), D(t, y) = d(t,X(t, y)).

(5.8)
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Then (b, v,∇π,D) solves the system

∂tb = 0,

∂tv − (1 + b)(∆uv −∇uπ + divu(ν(b)∇uv)) = divu(∇uD : ∇uD),

∂tD −∆uD = |∇uD|2D,

divu v = 0,

|D| = 1,

(b, v,D)|t=0 = (a0, u0, d0).

(5.9)

It is obvious that b = a0. Let (ai, ui, Pi, di) be the two solutions with the same initial data which
obtained by the first part of section 3 and satisfy (4.1) and (4.2). Let (vi, πi, Di) be given by the
(5.8). Then (δv, δπ, δD) = (v2 − v1, π2 − π1, D2 −D1) solves the system

∂tδv − (1 + a0)(∆δv −∇δπ + div(ν(a0)∇δv)) =

5∑
j=1

δFj +

6∑
j=1

δki,

div δv = δg,

∂tδg = div(δR),

∂tδD −∆δD =

6∑
i=1

δhi,

(δv, δD)|t=0 = (0, 0),

(5.10)

where

δF1 = (1 + a0) div[δA ·A⊤
2 · ∇D2 : A⊤

2 · ∇D2],

δF2 = (1 + a0) div[A1 · δA⊤ · ∇D2 : A⊤
2 · ∇D2],

δF3 = (1 + a0) div[A1 ·A⊤
1 · ∇δD : A⊤

2 · ∇D2],

δF4 = (1 + a0) div[A1 ·A⊤
1 · ∇D1 : δA⊤ · ∇D2],

δF5 = (1 + a0) div[A1 ·A⊤
1 · ∇D1 : A⊤

1 · ∇δD],

δk1 = (1 + a0)[(Id−A⊤
2 )∇δπ − δA⊤∇π1],

δk2 = (1 + a0) div[(A2A
⊤
2 − Id)∇δv + (A2A

⊤
2 −A1A

⊤
1 )∇v1],

δk3 = (1 + a0) div[ν(a0)(A2 − Id)∇δv],

δk4 = (1 + a0) div[ν(a0)A2(A2− Id)⊤ · ∇δD],

δk5 = (1 + a0) div[ν(a0)A2δA
⊤v1],

δk6 = (1 + a0) div[ν(a0)δAA1 · ∇v1],

δg = (Id−A2) · ∇δv − δA · ∇v1, δR = ∂t[(Id−A2)δv]− ∂t[δA · ∇v1],

δh1 = δA⊤ · ∇D2A
⊤
2 · ∇D2D2,

δh2 = A⊤
1 · ∇δDA⊤

2 · ∇D2D2,

δh3 = A⊤
1 · ∇D1δA

⊤ · ∇D2D2, δh4 = A⊤
1 · ∇D1A

⊤
1 · ∇δDD2,

δh5 = A⊤
1 · ∇D1A

⊤
1 · ∇D1δD,

δh6 = div[(A2A
⊤
2 − Id)∇δD + (A2A

⊤
2 −A1A

⊤
1 )∇D1].

Thanks to the estimates in [6], we have

∥∂tδA∥Ḃ3/2
2,1

≲ ∥vi∥Ḃ5/2
2,1

, ∥δA∥
L∞

t (Ḃ
3/2
2,1 )

≲ ∥δv∥
L1

t (Ḃ
5/2
2,1 )

,

∥Ai − Id∥
L∞

t (Ḃ
3/2
2,1 )

≲ ∥δv∥
L1

t (Ḃ
5/2
2,1 )

,

∥∂tδA∥L2
t (Ḃ

1/2
2,1 )

≲ ∥(v1, v2)∥L1
t (Ḃ

3/2
2,1 )

∥δv∥
L1

t (Ḃ
5/2
2,1 )

+ ∥δv∥
L2

t (Ḃ
3/2
2,1 )

.

(5.11)
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Let

δG(t) = ∥(δv,∇δD)∥L∞
t (B3/2) + ∥(δv,∇δD)∥L1

t (B
7/2) + ∥(∂tδv, ∂t∇δD,∇δπ)∥L1

t (B
3/2). (5.12)

Then we obtain the following estimates by the Propositions 5.1 and 5.2,

δG(t) ≲
∫ t

0

∥(δv,∇δD)∥B3/2dτ + ∥(δFi, δki,∇δhi, δg, δR)∥L1
t (B

3/2)

≲ tδG(t) + ∥(δFi, δki,∇δhi, δg, δR)∥L1
t (B

3/2).

(5.13)

Now we handle δF1 − δF5 and δh1 − δh5. According to the product law in Besov Space, Lemma
2.4 and (5.11), we have

∥δF1∥L1
t (B

3/2) ≤ C

∫ t

0

(1 + ∥a0∥Ḃ3/q
q,1

)∥δA∥B5/2∥A⊤
2 · ∇D2 : A⊤

2 · ∇D2∥Ḃ3/2
2,1

dτ

≤ C∥A⊤
2 · ∇D2 : A⊤

2 · ∇D2∥L1
t (Ḃ

3/2
2,1 )

∥δA∥L∞
t (B5/2)

≤ C∥δv∥L1
t (B

7/2)

∫ t

0

∥∇D2∥2Ḃ3/2
2,1

dτ

≤ CδG(t)

∫ t

0

∥∇D2∥Ḃ1/2
2,1

∥∇D2∥Ḃ5/2
2,1

dτ

≤ C(∥∇D2∥L∞
t (Ḃ

1/2
2,1 )

∥∇D2∥L1
t (Ḃ

5/2
2,1 )

)δG(t),

(5.14)

∥δF2∥L1
t (B

3/2) ≤ C

∫ t

0

(1 + ∥a0∥Ḃ3/q
q,1

)∥A1 · δA⊤ · ∇D2 : A⊤
2 · ∇D2∥B5/2dτ

≤ C∥δA⊤∥L∞
t (B5/2)

∫ t

0

∥∇D2∥2Ḃ3/2
2,1

dτ

≤ C(∥∇D2∥L∞
t (Ḃ

1/2
2,1 )

∥∇D2∥L1
t (Ḃ

5/2
2,1 )

)δG(t)

(5.15)

and

∥δF3∥L1
t (B

3/2) ≤ C

∫ t

0

(1 + ∥a0∥Ḃ3/q
q,1

)∥A1 ·A⊤
2 · ∇δD : A⊤

2 · ∇D2∥B5/2dτ

≤ C

∫ t

0

∥δD∥B5/2∥∇D2∥Ḃ3/2
2,1

dτ

≤ C

∫ t

0

∥δD∥1/2
B3/2∥δD∥1/2

B7/2∥∇D2∥Ḃ3/2
2,1

dτ

≤ C

∫ t

0

∥δD∥1/2
B3/2∥δD∥1/2

B7/2∥∇D2∥1/2
Ḃ

1/2
2,1

∥∇D2∥1/2
Ḃ

5/2
2,1

dτ

≤ C(∥∇D2∥L∞
t (Ḃ

1/2
2,1 )

∥∇D2∥L1
t (Ḃ

5/2
2,1 )

)1/2δG(t).

(5.16)

Similarity to the above estimates, we have

∥(δF4, δF5)∥L1
t (B

3/2) ≲ δG(t). (5.17)

For δh1 − δh5, according to the product law in Besov Space, Lemma 2.4 and (5.11), we have

∥δh1∥L1
t (B

5/2) ≤ C

∫ t

0

∥δA⊤ · ∇D2A
⊤
2 · ∇D2D2∥B5/2dτ

≤ C∥δA⊤∥L∞
t (B5/2)

∫ t

0

∥∇D2A
⊤
2 · ∇D2D2∥Ḃ3/2

2,1
dτ

≤ CδG(t)

∫ t

0

∥D2∥2Ḃ5/2
2,1

∥D2∥Ḃ3/2
2,1

dτ

≤ CδG(t)

∫ t

0

∥D2∥Ḃ7/2
2,1

∥D2∥2Ḃ3/2
2,1

dτ

≲ δG(t),

(5.18)
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∥δh2∥L1
t (B

5/2) ≤ C

∫ t

0

∥A⊤
1 · ∇δDA⊤

2 · ∇D2D2∥B5/2dτ

≤ C

∫ t

0

∥δD∥B7/2∥∇D2∥Ḃ3/2
2,1

∥D2∥Ḃ3/2
2,1

dτ

≤ C

∫ t

0

∥δD∥1/2
B5/2∥δD∥1/2

B
9
2
∥D2∥3/2

Ḃ
3/2
2,1

∥D2∥1/2
Ḃ

7/2
2,1

dτ

≲ δG(t)

(5.19)

and

∥δh5∥L1
t (B

5/2) ≤ C

∫ t

0

∥A⊤
1 · ∇D1A

⊤
1 · ∇D1δD∥B5/2dτ

≤ C

∫ t

0

∥A⊤
1 · ∇D1A

⊤
1 · ∇D1∥Ḃ3/2

2,1
∥δD∥B5/2dτ

≤ C

∫ t

0

∥∇D1∥2Ḃ3/2
2,1

∥δD∥B5/2dτ

≤ CδG(t)

∫ t

0

∥D1∥Ḃ3/2
2,1

∥D1∥Ḃ7/2
2,1

dτ

≲ δG(t).

(5.20)

Similarly, we obtain

∥(δh3, δh4)∥L1
t (B

5/2) ≲ δG(t), (5.21)

where we have used the estimates of (4.1), (4.2), ∥Ai∥L∞
t (Ḃ

3/2
2,1 )

< +∞ and the fact that (vi, Di)

share the same regularity with (u, d). Then thanks to the uniqueness part in [21], we obtain the
rest estimates on the right side of (5.10) that

∥(δki, δg, δR,∇δh6)∥B3/2 ≲ (t+ t1/2)δG(t).

From which and the above estimates, we deduce that

δG(t) ≲ ϕ(t)δG(t), (5.22)

where ϕ(t) is a positive continuous function with ϕ(t) → 0, as t → 0, which leads to the uniqueness.
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