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GLOBAL WELL-POSEDNESS OF 3D INHOMOGENEOUS INCOMPRESSIBLE
LIQUID CRYSTAL SYSTEMS WITH DENSITY-DEPENDENT VISCOSITY IN
CRITICAL SOBOLEV SPACES

DONGXIANG CHEN, PENG WANG

ABSTRACT. This article concerns the well posedness of solutions for model of a three-dimensional
non-homogeneous incompressible nematic liquid crystal flows with density-dependent viscosity.
We establish the existence of global strong solutions when the initial data satisfies (po, uo, Vdo) €
L (R3) x HY/2(R3) x H'/2(R3), and uniqueness when (pg, ug, Vdo) € BS,/lq(IR?’) X B;’/lQ(R?’) X

3;/12 (R3). These results refines the corresponding results obtained by Ye and Zhang [23].

1. INTRODUCTION

This article studies the global well posedness for the inhomogeneous incompressible liquid crys-

tal system with density-dependent viscosity
Op+u-Vp=0,
pOyu + pu - Vu — div (1 (p) Vu) + VP = =V - (Vd : Vd),
Oyd +u-Vd — Ad = |Vd)*d,
divu = 0,
|d| =1,
(p7 u, d)‘tzo = (va Ug, do),

where p and u denote the fluid density and velocity field, respectively, while P is a scalar function
representing the fluid pressure. The macroscopic molecular orientation of the nematic liquid
crystal is described by the director field d € S%, where S? := {d = (dy,d2,d3) € R?||d| = 1}. The
nonlinear term Vd : Vd denotes a matrix whose (¢, j)-th entry is 9;d - 0;d (where 1 < 4,j < 3).
The viscosity coefficients p, A, 6 are positive constants. The initial velocity ug satisfies divug = 0,
and the initial orientation vector dg fulfils |dg| = 1. The viscosity coefficient u = u(p) is a function
of density.

System (1.1) is a simplified version of the original Ericksen-Leslie model (see [I1l [I5]) that
describes the evolutionary behavior of nematic liquid crystal flows. For a comprehensive discussion
of the physical foundations of continuum theory of liquid crystals, we refer to the monographs [3},9].

When the viscosity coefficient is constant, the system reduces to the classical nonhomogeneous
incompressible liquid crystal system. Li and Wang [16] established the local well-posedness of
this system without requiring initial compatibility conditions. Global well-posedness was later
proved under smallness assumptions on the initial data, with the initial density bounded away
from vacuum.

Li and Wang [17] studied the initial-boundary value problem for density-dependent incom-

pressible liquid crystal flows in a 3D bounded smooth domain. They obtained local solutions for
general initial data (with density away from vacuum) and global small solutions under additional

(1.1)
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smallness conditions. Ding, Huang, and Xia [I0] obtained global strong solutions in 3D for small
initial data, allowing vacuum.

Liu and Zhang [19] established global well-posedness in 2D with vacuum, assuming a smallness
condition on the initial data. They also derived a Serrin-type blowup criterion depending solely
on Vd. De Anna [7] obtained global solutions for small initial data, assuming the initial density
is bounded and strictly positive and the initial velocity and Vdj lie in critical Besov spaces. Liu
et al. [19] extended these results, proving that 2D nonhomogeneous incompressible nematic liquid
crystal flows admit a unique global strong solution, provided that the initial density and Vdj
decays sufficiently fast at infinity while the initial orientation satisfies a geometric condition.

Recently, Chen, Liang, Chen and Ye [4] improved the results of De Anna [7] and established the
global well-posedness of the three dimensional nonhomogeneous incompressible liquid crystal flow
provided that the initial density pg is bounded, the initial velocity ug and the gradient of orientation
Vdy are in the critical Besov space B;KIZ(R‘?’). As for the general case (po,ug, Vdg) € L (R?) x

n—1+4 —1+2 . . C o
B,, "(RY) x B, ”(R?%), the well-posedness of nonhomogeneous incompressible nematic liquid

crystal system was established by Wu and Liang [22].

When the director field d is constant, system reduces to the nonhomogeneous incompress-
ible Navier-Stokes equations with density-dependent viscosity. Key well-posedness results for this
system include: Desjardins [§] proved the existence of global weak solutions with enhanced regu-
larity, assuming the viscosity coefficient p(p) is a small perturbation of a positive constant in two
dimensions. Gui and Zhang [12] established global well-posedness when the initial density pg is a
small perturbation of a positive constant in the Sobolev space H*(R?)(s > 2), provided vacuum
is absent. Cho and Kim [5] obtained local existence of strong solutions under compatibility con-
ditions on the initial data. Global Strong Solutions (2D) can be found in [I4]. Abidi, Gui and
Zhang [?] (see also Huang and Wang [14]) established global strong solutions in three dimensions
under the smallness condition. He, Li, and Lv [I3] extended this result, showing global existence
with small initial data in the homogeneous Sobolev space H*(R3) with 1/2 < a < 1.

Recently, Ye and Zhu [23] extend the result of He, Li and Lv to three dimensional inhomogeneous
nematic liquid crystal equation. They established the following proposition.

Proposition 1.1. For given numbers p > 0,p > 3,% < a <1, we assume the initial data
(po, uo, Vdy) satisfies

0<p<p, pocL¥*RNHYR?), Vulp) € LP(R?),
uo € HI(R®) N HY(R?), Vdy € L¥?(R) n HY(R®) N HY(R?),
Then there exists a positive constant €9 depending on p,p, i, ||poll s/, || Vdol s/ such that if
[uoll o + IVol| o < €0,
then system admits a unique global solution (p,u,d) satisfying that for any 0 <7 < T,
0<peC(0,T), L3> N L®), Vu(p) € C([0,T],LP),
PeL>(0,T],L*NH"), P, eL*r,T],L?,
(Vu, V2d) € L>=(]0,T], L*) N L*([0,T], L?),
(vpue, Vdy) € L=([r,T],L*) N L*([0,T), L?),
(Vug, V3dy) € L([r,T],L*) N L*([r, T), L*),
(vVpue, Vdy) € L?([r,T], L?).
Fort > 1, we have the global decay estimates
IVu(, )72 + IV2d(, 0122 + [P )I7 < Ot
IVpue (0l + IVde (- O1Z2 + VP )17 < CE2,

where C' is independent of p,p, , ||pollps/2, |V dol| 1372, o-



EJDE-2026/23 INHOMOGENEOUS INCOMPRESSIBLE LIQUID CRYSTAL SYSTEMS 3

Motivated by above references, a natural question arises: How about the global well-posedness
of the solution to system (I.1)) provided that the initial data (po,uo, Vdy) € L™ x H'/? x H/?
satisfies

[uoll gris2 + IVdoll gi/2 < €0,
with g9 being sufficiently small? To address this challenging problem, we assume that

0<p<plpo), n(-)ewW*=, (1.2)

and formulate our main result as follows.

Theorem 1.2. Let 0 <m < pg < M and p(po) > > 0. Assume that (ug, Vdp) € HY? x H'Y/?,
Then there exist a sufficient small positive constant €y, such that if

[[(uo, Vdo)l| gr1/2 + ll(po) — Lz < €0, (1.3)

then system (1.1) has a global solution (u,Vd,VP) satisfying that for any 0 <t < T,

I (u, Vd)”L;o(Hl/?) + [ (u, VAd) || Lge 3y + [ (w, VA) || 2, (L) + H(Vu,Vzd)HLle(Lg)

+ [[(Vu, V2d)[| 12, (1) + [t+/4(Vu, V2d)|| L3, Lo) + [t (Vu, V2d)| 13,2

+ [V, V)| g o2y + 184 (O, 05V d) | 212

< Cll(uo, Vo)l g1/2
If in addition, (ug,Vdy) € B;{f, ag € Bg{lq, then the solution is unique, where ag = pio —1 andq
satisfies some conditions which will be introduced in the proof of uniqueness.

Remark 1.3. Theorem [I.2] extends the existence results in [23] to the initial data (po, ug, Vdy) €
L>® x H'Y? x H'Y2. When d = 0, Theorem also improves the global existence of three
dimensional nonhomogeneous incompressible Navier-Stokes equations in [13].

The rest of this paper is organized as follows. In the second section, we introduce some useful
lemmas and some definition. In section 3, we prove some priori estimates, which are essential to
prove the theorem. In sections 4 and 5, we prove the existence and uniqueness for Theorem

2. PRELIMINARIES

In this section, we recall key definitions and results that will be used throughout the paper.
First we present the Littlewood-Paley theory and the definitions of Besov and Sobolev spaces.
Let » € D3((2,8)), then for (k,1) € Z2, we introduce the notation

473
Aka:}'_l (@(2_k|£‘)&), S’ka: Z Ak/a,
k'<k-—1

where F denotes the Fourier transform, and ¢ satisfies

d e =1, vE>o.

j€z
Definition 2.1. Let B;T(R:g) be the completion of Sy, (R3) with the norm
5, ) = (2Bl i (2.1)

[l

Specifically, when p = r = 2, B3 ,(R®) = H*(R®). For convenience, we introduce the following
notation: X
B*=B;1'NB;,°. (2.2)
The following lemmas can be found in [2].

Lemma 2.2 (Bernstein’s inequality). Let C be an annulus and B a ball. Then there exists a
constant C' > 0 such that for any non-negative, couple (p,q) € [1,00]> with ¢ > p > 1 and any
u € LP we have following results:
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(1) If suppa C AB, we have

sup (0% e < CEFFINFFNG=D) |1y 1,
la|=k

(2) If suppa C AC, we have
CFIN*lul| e < || D*ullpe < CFFINF||ul| Lo

Lemma 2.3 (Interpolation in Besov space). If s1 and so are real numbers such that s1 < so and
6 € [0,1], then we have, for any (p,r) € [1,+00]? and any u € Sy,

ful g r-ores < Cluyn [l 50 (23)

Lemma 2.4 (Law of product in Besov Space). Let 1 < p,q < 400,81 < %,32 < min{%, %} and
$1 4 s2 > 3max{0, % + % —1}. Then for any (a,b) € B;)ll X B;?l, we have

bl

B;IFSZ_% 5 Ha’”B:lle”B;zl (24)

Lemma 2.5. Let s be a positive real number and (p,r) be in [1,00]2.

Cs such that if (uj) ez is a sequence of smooth functions where )

Then there exists a constant

jez Uy converges to u in S and
No((u)jez) = I sup 270710 0% | 1) jezlir < oo, (2.5)
{lal€[0,s]+1}

Bs, < CSNS((UJ' )jeZ)~

then u is in By . and ||u]

3. A PRIORI ESTIMATES

We first establish a priori estimates for smooth solutions of system (1.1). Motivated by [24],
we can build the following solutions to (1.1). Let (p,u,d, VP) be the smooth enough solutions on
[0,7%). Then we obtain the following equality by the continuity equation of (1.1J),

[1(p) = Lo = ll1u(po) — 1| Lo (3.1)

For j € Z, let (u;,d;, VP;) be the solutions of the linear system

3
pOsu; + pu - Vu; — div (1 (p) Vuy) + VP = =Y 0xVd; - Opd — Ad; - Vd,
Oudj +u-Vd; — Ady = Vdjk- 1Vd - d,
divu; =0,
|d;| =1,
(uj,d;)li=0 = (Ajuo, Ajdo).
According to the uniqueness of local smooth solutions, we have

u(t) =Y uy(t), d(t)=>Y_d;(t), VP(t)=>Y_ VP;). (3.3)

jez jEZ jez

(3.2)

Lemma 3.1. For a sufficiently small constant c, let

T — sup{T € [0.7°), [l(u, V)29 + (T, V)5 o < ). (3.4)

Then for each j € Z and T € [0,T1), we have
1(v/pug, V) Lse 2y + |(V1(p) Vg, V) [ 12,12y < CII(Ajuo, A;Vdo)| 12, (3.5)
I(V/PVug, V2d)) || e (12) + Il (VPOeus, 0V d;) | 2.2y < Cll(VA juo, VA;Vdy)]| 2, (3.6)
1(Vuj, V)l 2 Loy < CI(VA uo, VA;Vdo)| L2, 3.7)

and for time-weighted estimates, we have
1172 (/PV g, V2d;) | Lo 12y + 162 (VPOwu, 0:V dy) | 1212y < Cll(Ajuo, AjVdo)l| 2, (3.8)
[t (Vug, V2d)) |z 12y < C2°(Aju0, A;Vdo)l| 2, a € (0,1/2). (3.9)
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Proof. Taking the L? inner product of (3-2), 5 with u;, Ad;, and using integration by parts, we
obtain

1d
——|IVpu;l32 +/ w(p)Vu; : Vujde = 7/ (0kVd; - Opd)u;dz —/ (Ad; - Vd)u,;dz
2 di s s s (3.10)
= I + ho,
1d
Va2, + / V24, Vidyde = — | V(u-Vd;):Vdjde — | V(Vd; - Vd-d): Vddz
2dt R3 R3
= Ju + Jia.
(3.11)

Using integration by parts, the Holder inequality and Gagliardo-Nirenberg inequality, we have

Iu = —/ (8kaJ . 8kd)ujd:c
R3

=/ (Vdj-a,fd)ujdwr/ (Vd; - Od)Opu;dz

R3 R3

< IV 13 192 2 gl o + 119y | o1Vl o |V | 2
< C||Vd,| 3 ]|V2d|| 12 ||V | 2

< C|IVd; (1} 1V2d; 1357V 2d| 2 || Vg | -

Similarly for I71, one has

Ly = 7/ Opd; - ydulda
R3

= / 8kdj . 8lkduédx -‘r—/ 8kdj aldakuédm
3

< C|IVd; 152 V25|13 V2 d]| 2| V]| 2.

Thanks to Young’s inequality, we have

2 2
Ly + Lo < 2| V72 + EHVQCZJ\@ +C(e,)|IV2d| 121V d; |7 (3.12)
Using integration by parts, the Holder inequality and Gagliardo-Nirenberg inequality, we have
J11 = — V(’LL . Vdj) : Vdjdx
R3

:/ (u-Vd;j)Ad;dz

.
<l ol Vd; || 2 ]| Ad]| 2
< O||Vull 2 |V |22V 2dy | 122V 2
< CVull 2|V, | 22 1V2d51155,

and

Jis=— [ V(Vd;-Vd-d): Vd;dx
R3

= / (Vd; - Vd - d)Adjdz
R3
< C||Vd,| 3]Vl o || = || Addy | 2
< C|IV2d|| 12 ||V ;|17 |V 2d; || 35
Then by Young’s inequality,

2
Ji1+ Jip < ;Hv?dj\\iz +C (|Vull iz + V2d||72) |Vd;]|F-- (3.13)
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Substituting (3.12) and (| into and (3.11)) respectively, selecting appropriate € and 7
and addmg the two mequahtles we obtaln

II(\TUJ’Vd Mze + 1V ilp)Vuy, V2d))|Z2 < C (IVullzs + [V2dll72) [[(uj, V)17 (3.14)

By integrating the above equation over (0,t), with t < T, and using the Gronwall inequality, we

have
1(Puz, Vi) 2y + 1V 1) Vg, V2di) 17212

. _ . . ) (3.15)
< eXp{C/O (IVullzz + 1V2dllz2) At} (A uo, A;Vdo)| Lz

Then from the definition of T, we establish (3.5}
Now prove the other inequalities in Lemmg3.1l Taking the L? inner product of (3.2 ; with

Ouj, we have

/PO |72 —/ div(p(p)Vu,)0pu,;dx

(3.16)

:—/ (pu-Vuj)atujdx—/ (V@kdj-ﬁkd)atujdm—/ (Ad;Vd)oyujde,
RS RS

]R3
Moreover, since

— [ div(u(p)Vu;)oujde = —/ w(p)Vu; : 0,Vujdz
R R3 (3.17)

1
— 5 ViVl =5 [ ouo)vusPa,

we deduce the following equation by substituting the above equality into (3.16)),
S IV 12 + Vo

= 7/ (pu - Vu;)Opujde — / (VOrd; - 0rd)Opu;da
R3

(3.18)
/ (Ad;Vd;)0sujde + — / Ouu(p)| V> da
]RJ
= Iy + Izp + I3 + Io4.
Applying the Holder inequality, we have the following estimates:
I = —/S(PU - Vuy)Oyujda < Clly/pdyusl|pa [|ul [ Vg | e,
R
122 = — /3(V8kdj . 8kd)8tujd:v S C‘H\/ﬁat’u,jHLQ||Vd||LB||V2dj||La7
R
Ins = — /3(Adde)8tujdx < Olly/pdeus || 2 IV dll s | V2d; | o,
R
which means
Iy + Ing + Ins < C||(u, VA)|| L3 [|(Vuy, Vd;) | o || v/pOruy]| L2 (3.19)

Next we handle the last term. According to (1.1));, we can obtain the equation for p(p) as
follows:

9 (u(p)) +u-V(u(p)) =0, (3:20)

then thanks to the above equation and integration by parts, we obtain

1
K== [ uVulo)IVu, s

3
1 .
:—Z—/ u'O;p(p)| Vi, [*da
i=1 2 Jgo
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== [ Vg o) Vuy)da
=1
3
=— amué»u i (1(p) Ol )dx:
7.l,m*1 R3
— Z / u mu )dx + Z / u; LOmut o (1 )8mu§)dx
i,l,m=1 R3 i,l,m=1
3
— Z 8iu§»ui8m(u(p)8mu§»)dx — / di; Lol ‘u(p )8mu dz
i,l,m=1 R3 i,l,m=1

/ Oiu; LOmutu(p )8mu dz.

- Z/R u - Vu; div(p(p)Vuy) —

i,l,m=1
Thanks to (3.2)1, we obtain
3
div(u(p)Vuy) = Opuj +u- Vuj + VP + Y Vd; - Opd + Ad; - Vd, (3.21)
k=1

from which, we have

—Iyy = / u - Vu;Opujde + / u - Vuju - Vujdr + / u - Vu; VPdz
R3 R3 R3

+ / u - Vu;0pVd; - Opdda + / u- Vu;Adj - Vddx
RS R?

(3.22)
+ Z / muiaiuéﬁmué-dx
i,l,m=1
= Io41 + I242 + I243 + I244 + I245 + I246-
Thanks to the Holder inequality, from the above equality, we deduce that

B = [ u- Vagdrusde < Clulls Vgl VAo, (3.23)

RS
Inyo = / u - Vuju- Vujdr < Cllu- Vuj||3e, (3.24)

RS

Iogg + Ioys = / U - Vujakaj - Opddz + / U - VUjAdj -Vddz
R3 3 (3.25)

< Cllu- Vg 2|Vl L3 |V 2y | s,
Toss = 2 / PO D Dy < a2 T (3.26)
R

Now we deal with the term VP;, thanks to the 1, we obtain
VP =div(u(p)Vu;) — pdiu; — pu - Vuj — 23: OLVd; - Ord — Adj - Vd, (3.27)
k=1
which means
Pj = —(=A) " tdivdiv(p(p)Vuy) + (=A) "t div(pdyuj + pu - Vu;
- iakwj - Opd + Ad; - Vd), (3.28)
k=1
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from which and the boundedness of the Riesz operator, integration by parts, Holder inequality
and the duality bewteen H' and H~!, we obtain

Ioys = / u - Vu; VP;dz
R3

3
= Z/ ulaluéaindx
R3

il=1

3
=y / Ou' Oyl Pyda (3.29)
R3

il=1

< C||Vuj|\L4||8iu181u§-HL% + C||(=A) "t div(pdyu; + pu - Vuj + 05 Vd; - Opd
+ Ad; - Vd)|| g [|0r Oy | -1

< ClIVullz2lIVugllzs + Cllu - Vugll2llv/pdeusl e + Cllu - Vg |72
+Cllu- Vg 12| Vd| L2 [ V2dj] .

Combining the estimates from Ia41 to Ia46, (3.19) and Young’s inequality, we have

d
Z IV Vuslize + IVpow; 7 < Cli(w, V) [75[[(Vuy, V) [ To + CllVull 2] Va7 (3.30)

Next we give some estimates for the d;. Taking the L? inner product of (3.2))2 with — div 9, Vd;;,
and integrating by parts, we obtain:

1d

2dt||v2dj|\§2 + 10:Vd; |32 = —/ V(u-Vdj)GtVdjdchr/ V(Vd; - Vd - d)d;Vd;dax
R3

R3 (3.31)
= Jo1 + Jaa.

Applying the Holder and Gagliardo-Nirenberg inequalities, we deduce the estimates
J21 = */ V(u . Vdj)atVdeI‘
R3

=— /Rs Vu - Vd;0,Vd;dx — /Rs u-V3d;0,Vd;da
< IVull 2Vl < 19V | 2 + [l 6 [V 219,V | .2 (3.32)
< OVl 2| V2d; | 221V dy | 221100V dy | 2
< ol + Coo [Vl V24 52 + - 100V
and
Jag = /R V2d; - Vd~d8tVdjdz+/Ra Vd; - V2d - dd,Vd;dx + Vs Vd - Vdo,Vd;dx
< C|IV2d; | o lIVdl| ol o 10Vl | 2 + OV eljl| o 1V 2d| 2| . 0, Vel | 2
+ OVl o | Vdll3o |l o 10,V | 2
< CIV2d IV ds |19 2 0,V dy | 22 + ClIV2d; | 1 V2111 | V2 22 |10V | 12
+ O V2|2 | V2d]122 0.V | .
< CIVPd V24, 3 + 1094 3 +oll 974, .

To deal with the above terms, we need to handle [[V?d;||2.. Thanks to (3.2))2, we can conclude

that
—Adj = Vd] -Vd - d—&tdj —Uu- Vdj,

. (3.33)
djli=o = Ajdp,
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Applying V to both sides of 1 we obtain
IV2d;llz2 < C(I10:Vd; L2 + | Vu - V2 + |u- V2d; 2 + | V(Vd; - Vd - d)||2),
By the Holder inequality and the Gagliardo-Nirenberg inequality, we obtain
V22 < C(10:Vd; | L2 + (1 VullZe + [IV2dl[72)IVd) ] 22).-

Selecting the appropriate €y, we have
1
Jo1 + Jaz < O([V2d|| 72 + [V 22) V25122 + 5H5tVde%2~
Substituting the above inequality into (3.31)), we obtain
d 1
&HVdell%z +[10:Vd; |22 < O(IV2d 12 + [ Vul22) [ V2172 + EHatvdj”QL?a
Then by choosing an appropriate 77, we obtain
d
&Hvzdﬂliz +[18:Vdjl[72 < C(IV2d| 72 + |Vl 12) [ V272
Combining the above equations with (3.30]), we have

1d
5 1V el0) Vg, V2d)) 72 + | (Vpdiuy, 0:Vd; )| 72
< Cll(u, VA 251 (Vuz, V2dj)I76 + ClIVul 2 [V (124 + C(IVZdll 72
+IVullz2) [ V2d;1 2
Now we estimate ||Vu;||z+ and ||(Vu;, V2d;)| ps. By the interpolation inequality
et 3(3-3)
IVusllze < IVugllze *IV2u5052" 77, p e (2,6]
and the equation
Vu; = V(=A)" divP((u(p) — 1)Vuy) — V(=A) " divP(u(p) Vay),

the Holder inequality and the boundedness of the Riesz operator, we have
3

31 3 3
IVusllze < Cllupo) = U< IVuslle + ClIVusli 2 * P div(u(p) Vus)lize *
Then, thanks to the smallness of ||u(pg) — 1|z, we have

s e

3_1 3_
[VujllLe < ClIVyll 72 * 1P div(u(p) Vug)llze *-
Using the equation
div(u(p)Vu;) = poyu; + pu - Vu; + VP; + 0, Vd; - Ord + Ad; - Vd,
we obtain
3_1 3_3
VujllLe < C||Vu;l| 7. *||posu; + pu - Vuj + 0k Vd; - Opd + Ady - V|| . 7.
Taking p = 4,6 in (3.38)) respectively, and using the Holder inequality, we obtain
3
IVl s < C|Vuy || 1o |pdiu; + pu - Vu; + 8,Vd; - Opd + Ad; - Vd| 1,
1/4 3
< OV | ' (lv/pdeus | 2 + | (w, V)| 3| (Vuy, V2dj) | 16)
and
IVusllze < C (lvpdeusllze + (| (u, VA) || 3 [| (Vg V2dy) | o) -
On the other hand, by (3.33))1, we have
IV2djl| s < |0ed;l e + Vd; - Vd - d|| s + [lu - Ve s
< CO:Vdjll 2 + V| Lo [ Vdj] Lo + [[ull s |V dj | Lo
1/2 1/2 1/2 1/2
< Cl10:Vd;llz + [V2dll 2 V2121V 135" + ol V25122 92y
< C(I10:Vd;l L2 + (I VullZ + [V2dl[E2)[1Vd; | 2)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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where we have used estimate (3.34). This implies
1(Vuy, Vdj)| e < C (IIVpdeusllzz + (. Vd)||La [ (Vuj, V2d;) | 1s)
+C (10:Vd]l 2 + ([VullZs + [V2dl[72) [ V?d; ] 2)
< Cll(Vpdeu;, iV dj)| L2 + (IVulf2 + [ V2dl|72) [ V2d; ] 2

where we have used the smallness of ||(u, Vd)|| 3.
From the above estimates, we have

IVull 2| Vul13 0 < CIVul 2 | Vo | 22 (/p0rus | 22 + I (u, V)| s | (Tuy, V2dy) | 0)2
< OVl 2 [ Vg 157 /PO |75
+ IV 2 | Vg |57, D32 (Vg 92y |5
< O|Vulda I Vus 3 + [, VA) 13611 (Vuy, V2d)) 136 + §||\/ﬁatuj||%z.

Taking t < T, one can deduce from the above inequality

IV ull 221 Vs[4
< CIIVUII‘EQHVWIIZL? + %H(\/ﬁ@tw,@tv%)l\%z + C([Vullzs + [V2dll72) V2 d; 7.
Substituting into and selecting appropriate €, we have
|| (Vulp)Vuj, V2d))|1 72 + | (VPdruz, 0,V d;) 12
S C(IVZdllze + IVl 1) I(V1(p) Vug, V2d))| 7.

Thanks to Gronwall’s inequality, for t < T, we have
IV 1(p) Vi, V2dj) Lo 2y + 1(V/POeus, eV )17 129
< eXp{C/ (IV2dl| 22 + [ Vull72)dT (VA juo, VA; Vo) 2.
0

which Completes the proof of (3.6).
Multiplying 5) by t, we have

H\/ Vilp) Vg, V2di)l|2s + |VE(y/pOeus, 0,V d;) | 22
S 1(Vuj, V2d))|1 72 + CIV2dl|Le + IVl 72) [VE 1(p) Vug, V2d;) 122
Using the Gronwall inequality, for t < T, we have
IV BV, V25) 3 e 1) + VI3, 0 |2 1
< Cexp {|(Vu, V) [0 (Vs V25 312
< CI(Vuy, V)| 7212y < Cll(Ajuo, A;Vdo)| 2e,

which completes the proof of the (3.8).
Finally, for any « € (0, ) if T <272 then

T
/ 2 (Vuy, V2d, )| 2adt < c/ 21229 (A g, A, Vido) |2
0 0
< CT172a22j H(A]’UQ, A]Vdo)Hiz
< 02%9)|(Ajuo, AjVdo)| 3.
And if 272 < T < T', we have

0 2727

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

T 27 T
| o1 Ve < [ T P lhade+ [ (Tus, 9t
0
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< C2'||(Ajug, A;Vdo)|[72
As a consequence, we obtain the (3.9)). O

Proposition 3.2. For each T € [0,T], we have
1, T D) i + 1 ts VD) 02 + 11, )12 1 + 1Tty P2 12
+[[(Vu, VQd)HL%(L?’) + [ 4(Vu, VQd)HL%(LG) + |4 (Y, VQd)HL%(LQ) (3.48)
+ [V, V2 )| 12y + (1874 (O, BV d) | 3. 12) < Cl (w0, Vo)l g2
Proof. For T < T*, thanks to the lemma we have
1(Vuy, V2d))llg 22y < CII(VAjuo, VA; Vo) 2 < Ce;2%|(uo, Vo) | 12,
1£/2(Vuz, V2d;) | g 22y < Cll(Ajuo, AjVdo)llzz < Ccj2792 | (uo, Vo) | a2
where ¢; € I and ||¢;|l;z = 1. For any t <T < T, we obtain

64V )2, = Z / tY2Vu; - Vugda

J,kEZ

<CY Y NP Vuk]| Lz (1) Vgl L (12)

j<kkeZz

< CH(U(),VCZO ||H1/2 22 20k2220j

keZ i<k
< C||(U0,Vd0)||?'{1/z~

Along the same lines, we deduce [[t}/4V2d| 2 < C||(ug, Vdo)| 1,2, hence
(4w, t/4V2d) || Lo (12) < Cl(uo, Vo) gris2, T < T, (3.49)
for any € € (0, 1). It follows from that
||t_(%_e)(vujaVde)HL?T(m) < CQj(%QE)CjH(“OvVdo)”fp/z
and
|74 (Vuy, V2dj) .22y < CPC e | (o, Vo) | 12

holds for any 7' < T". Thanks to the above two equations, we obtain

40l gy <23 D IOV 13 oy Vel 1)
i<k keZ

< (w0, Vo) 1312 Z Z 91(3-26) ¢ k(2= 1) ¢,
i<k kez
< O (o, Vo) |2y
Similarly, we deduce
[¢=492d] 12,12y < Cl(uo, Vo)l 12

Therefore, one has
[t 14V, VQd)”L%}(L?) < C|\(uo, Vdo)ll g2, T < T (3.50)

Using (3.49), and the interpolation inequality for any 7' < T, we have
[V, V)|, 22y < N(E Ve V2D L2 gy 1674 (Ve V2D

(3.51)
< CH(U‘O7 VdO)HHI/Q.
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By lemma and Lemma (Bernstein inequality), we obtain

H(ua Vd)”i%o(Hl/2)
<C Z 2| (A, Ap V)7 (12

J,kez . . . i ) ) (352)
<C Y 27M(ARVu, AV T ey + D 28Dy, AV [ 12

j€Z,j<k JEZ K<)
< CH(U’O7VdO)H§_'11/2a T<T1,

which together with L? continuous embedding into H'/2, ensures that
1w, V)|l Lge 2y < Cll(w, VA) e 172y < Cll(wo, Vdo) gz, T < T (3.53)

Using (3.51)), (3.53) and using a continuity argument, we can prove that T = T*.
On the other hand, thanks to the (3.45), we deduce for any ¢t < T < T*, that

d
3 (Vo) Ve, V2a) [ + (| (Vpdrus, iV di) 7 < Cll(Ve, V2A) |12 | (V (o) Vg, V2d5) 2,

which implies for the smooth solutions (u, d), that

d
1V ee)Vu, V)72 + 1(Vpdrw, V) |72 < C|[(Vu, VZA) |12 (v 1slp) Vi, V2d)[7z

Multiplying the above equation by t'/2, we obtain

%Ht”‘*(mm V2d)|[F2 + 11t (PO, 0,V ) |2
<t ulp)Vu, V2|72 + ClI(Vu, V2| o184 (V 1i(p) Vi, V2d) 7.
Using Gronwall’s inequality, one obtains
14 (/1) Vi, V2d) | oo 2y + (114 (v/POru, 8V )| 2.2y < Cll(uo, Vo)l /- (3.54)
According to and , one has
1(Vuj, V2dj)l| e < Cll(v/pOhus, 8:Vd;)l|Lz + C(IVulZz + [V2dl|72)]Vdy]| 22
+ Cll(u, VA)|| 23| (Vuy, V2d;)| s,
which yields
1(Vu, V2d)|| o
< Cll(0u, 0:Vd)| 2 + ([VullZ> + CIV2d|22) V2] 12 + Cl(w, V)| 2| (Vu, V)| o
Multiplying the above equation by t!/2, we deduce that
1E/4(Vu, V2d) |26 < Ot (0w, 0,V A) 72 + (IVullz2 + | V2dl| L) 164 V2] 72
+ | (u, VA |25 [1£4(Vu, V2d) |26,
and integrating over the interval (0,7"), we deduce that
14 (Vu, V2d)l| g 1e)
< OHth(atuv8tVd)||L2T(L2) + (||VU||L£<;(L2) + ||V2d\|i§(m))||t1/4v2d||2L39(L2)
+ 1 (w, V) 2 ) 164 (Vat, V2D T2 16y -

Using the inequality
[(u, Vd)|[Lee 13y < C (o, Vdo)|| g1/

and the smallness of ||(uo, Vdo)|| g1/2, we have

[E74(Vu, V2d) | 2 (o) < CItYH(Opu, BV A) | L2 22y + IVl T 12y FIV2dl s (120 184V Lo 12)-
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Thanks to (3.54), we obtain
||t1/4(VU,V2d)||L2T(L6) < Oll(uo, Vdo) |l g1/2-
Finally, by the interpolation inequality,

1/2 1/2
e g9y < CIVull oty [Vl 65g),

we obtain
1V, V2a) |25 oy + 1 VD23, )

< (64T, P[5 | (Vo1 T2A) [}y < (0, Vo) 212

which completes the proof.

Now we reformulate system as
ota+u-Va=0,
u+u-Vu— (1+a)(Au+div(v(a) Vu) = VP) = —(14+a)V - (Vd : Vd),
dd+u-Vd— Ad = |Vd|*d,
divu = 0,
|d| =1,
(a,u,d)|t=0 = (ao, ug, do),
where a = % -1, ulp) — 1 =v(a).
We consider the linear equation
Ou+w-Vu— (1+ a)(Au+div(v(a)Vu) — VP) = f,
Od+w-Vd—Ad =g,
divu = divw = 0,
|d| =1,
(u,d)]t=0 = (uo,do),

In 2022, Qian and Qu [21] obtained the following results.

Proposition 3.3 ([21, Corollary2.8]). Let ug,wp € B;{f and q satisfy

P
max {e 77 3 56ty

Let (u, Vmr,w) solve system (3.60) on [0, T,

du+v-Vu— (14 a)(Au— V7 + div(p,.(a)Du)) = f,
Ow+v-Vw— (14 a)(Aw+ Vdivw) +4(1 + a)pr(a)w = g,
divu = 0,

(uv w)|t=0 = (U‘Ov wo),

13

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

with some smooth, positive function w,.. Further, denote by b = b(a) = (1 + a)u,(a) — p-(0) and
A= Aa) = foa wr(8)ds. If for some sufficiently small positive constant co and some integer m € 7,

then it holds

12 .
(1 all e vy ) 1= S) (@b A e ) < 0

(3.61)
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then, for t € [o,T], we have

lallzoe yray + Wl ogry + IVl sy
t
< / ol o2l sl + [l 5002
0 2,1 2,1 2,1
t
+24m(Am(a)+2)12/ ||u||l-3;/12d7'+2m(Am(a)+1)3||f||L%(Bs/z) (3.62)
0 3

t
m 2/3 2/3 3/2 1/2
+24" (Apn(a) +1)° / (VI IV + VI Ve )l 5z

t
+22™ (A, (a) + 1)4/0 <||v||gg(12 + ||v||23;/12) lull gy/2dr

and

||w||it°°(B;{12) + HWHL%(BS,GZHB;G)

t
< / ol g llllgyradm + llwoll gy + Nl csyrz) + Ul sy (3.63)
143 .
+ 2( +q)m||5ma||L§C(LQ)||W||L%(B§fl2)7

where Ay, (a) = 23/qHSma||L?°(Lq)‘

Comparing ([3.58]) with (3.60), we obtain the following proposition.

Proposition 3.4. Let (a,u,w,d, f,g) be smooth enough functions, which satisfy 1 +a > c¢o > 0,
then for the smooth solution (u,d,VP) on [0,T], if there exists some m and sufficiently small g
such that

12 ,
(1 Nl oy ) 12D = )@, b M) e v < e (3.64)
where b =b(a) = (1 + a)v(a) — v(0), A = [ v(s)ds. Then for anyt € [0,T], we have

el zge a2y + el oy sy + 1V Py sprey
t
< o 2 ~51/2 51/2
S [ ol gyt + ol
t
4m 12 m 3 _
424 (K, (a) + 2) /0||u|\3;/12d7+2 (Kom(a) + D31l 3 o) (3.65)

t
4 6 2/3 2/3 3/2 1/2
+2 m(Km(a)+1) /0 (”wHBg/waHBg/f + ||w“33(12“w||32(12)HUHB;/?dT

t
2 (mla) + 0 [ (s + lolys) e
0 N 2,1 2,1

and
1l oo 372y + ||d||L%(B§1 N B
t (3.66)
< : : : : '
< /0 ||w||B§{12Hd||B§fde + HdOHB;/f + ”dHL%(B;/f) + ||9||L}(B§(12)7
where K, (a) = 23/qHS’ma||L?°(Lq)'

Proof. As in [2I], we only need to prove the second inequality. Acting the both sides of (3.58))2
with the operator A; and using a standard commutator process, we obtain

O Ajd+w-VA;d— AA;d = Ajg+ [Aj,w]Vd, (3.67)
By multiplying (3.67)) with Ajd and integrating on R3, we have

1 . o . .
FMAsdlze + 27| Ajdllz> < 149l + 1A, w]Vd]| 2,
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then thanks to the commutator estimate in [2], we have
[y, 1Vl 2 < ds25" |Vl |Vl 0 S 2552V gl g,
from which, multiplying (3.67) with 2%, summing up for j € Z and integrating on (0,t), we have
t
Il ey + 1y gy S Mol + sl + [ IVlagaldlgndr, (368
which implies (3.66). O
Proposition 3.5 ([21]). Under the assumptions of proposition with w = u, we have
lell vy + Ml oz + IV Py oy

< Cexp(Ct2Y (K, (a) +2)'2) <‘|UO||321{12 + 2" (Km(a) + 1)3||fHL§(B3/2) (3.69)

t
16 24 3 5
29 (Eo ) + 12 [ (el + il + gyl g )
where K,,(a) is defined in Proposition [3.4)

4. EXISTENCE

In this section, we will prove the global existence in the H'/2 and the local existence in the

51/2
By}

Local existence in B;’/f.
Theorem 4.1. Let ag € Bf;/lq satisfy 1+ ag > €, and assume that (ug, Vdp) € B%’/f. Then there
exists a positive time T, such that admits a local solution satisfying

||U||i%o(35(12) + ”uHLlT(B;’,/f) + (0w, VP)|| L1 (B3/2) S ||U0||B;{127 (4.1)
+ 1|(0¢d, d)HLlT(Bgf) S HdOHB;{f' (4.2)

Il e gy + Ml

Proof. Following the strategy in [2I], we divide the argument into three parts.
Partl: Construct approximate solutions. For any n € N, let
ag = Sna() — S_nao, Ug = S’nuo - S_nUQ, dg = Sndo — S_ndo.

Then using the argument in [3], (3.57)) has a unique local solution (a™, u™, d"™) with the initial data
(a5, ug, dg)-

Part2: Uniform estimates of approximate solutions Let u} = e'®ul}, u%; = u" —u?. Then
n
s e < : .
”uLHL%O(ley/lz) = CHUOHley/f’ (4 3)
3 i
||uz||i}(B;/12) <C Z 272 (1 —e ct2 J)||AJ‘U0||L2. (44)
' i€z

Assume that (a™,uR;;,d", VP™) solves the system
oa™ + (uf, +ul)-Va" =0
Quuip +up - Vuiy — (14 a)(Auyp +div ((v(a")) Vuy ) — VP") = U,
Od™ +uf - Vd" — Ad" = D,,

4.5
divuy, =0, (45)
d"[ =1,
(@",ujr, d")li=0 = (ag,0,dg),
where
Up = —ul - Vuy —uly - Vul —ulyp - Vuy, —a"Aulf (4.6)

= (1+a")div(r(a™)Vu}) — (1 +a™) div(Vd" : Vd"),
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D, = —uly - Vd" + |Vd"|?d". (4.7)

If we denote

b= (14 a™w(a”) — p(0), A" = / V(s)ds, (4.8)
0
then it is easy to see that ¥ (0) = A\"*(0) = 0, and
(14 a™)div(v(a™)Vul) = div((V(O) +0")Vup) — Vul - A",

If ag € Bq/1 , denoting Vdy = (1 + ag)v(ag), do = [, ° v(s)ds, we deduce that Vdy, A\g € B3/q
Let
. 3 . —12
- 1nf{k € N: 3" 2% | Aglag, bo, No)l s < n060(1 + ||a0||33/1q) } (4.9)
>k '

Then thanks to [2I, Prop 2.3] and the equation of a™, we have
0l e vy S ol oo ex (C (VR Ly sz + IVUR Ly s32)) ) (420)

and
la™lzge ) < llagllze < llaollze,  lla"l[zgez=) < llagllze < llaoll o/a- (4.11)

According to the definitions of m, we obtain
(1+ HQHL?(Bg/f))HH(Id - Sm)(av b, A)”L?(Bs/{’) < 2noéo- (4.12)
Then by applying Proposition and (4.5]), we have

|‘U%L||Z§O(B;{12) + ||U%L||L%(B§{12) + ||VP"‘|L%(B;{12)

t
<20 (K (a™) + 2)12(/ [uferll gr2dr + [UnllLy (522
0 ’

) (4.13)
2/3 2/3 3/2 1/2
b | (RIS NEI2 + a2 ) e
0 .
t
n n n|2 n
+/0 (HULHB% + gl gz + \|uL||B;/12)||uNLHB;(12dT)
n n
1 2o iy + 170y 3 s
(4.14)

t
S a1 o UG g+ 1y gy + 12l

where Ko, (a) = 2%9||Spal| 1o (14).
Now we estimate ||UnHL}(B3/2) and HDnHLl(Ba/z). According to the product law in the Besov
t t (P2

Space and the Lemma [2.4] we obtain
(1 +a™) div(Vd" s V") g g < C / (4 o gare) (N7 + 1" g )1 i
i Vg < [ ||u7VL||BS/2Hdnugsgfdn

IV Pd™ [l g2y <C/ 1™ gz 14" 1 g/2d7,

which implies
[(14a™)div(Vd" : Vd")|[L1(ps/2) + [uny - Vdn||L%(3§{12) + ||Vdn|2dn||L%(Bg’/l2)
t
<c / e P N (A P )dT

n13/2 nil/2 n n
+C/ a3l I ar +/ I 225
21

,1
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S QL) + VIQL(t) + Q4 (1),
where

Q)= Ikl oy + Ialgay IV P sy + 0 gy 0070

Moreover, thanks to the product law in Besov space and Lemma [2.4] we have
¢
Wbl 5 [ O g (O o + Wl + 1k sy 1t sy + Ik )
el gy el e + Nl ) + o s (e + )
410 ) (1071 + 1 e )" ge)dr
and .
IDulagqigey S [ kel g+ 1" o |47 g )
If we denote

3/2 3/2 3/2 1/2 1/2 1/2
D(t) = 1+ N | g + ek s + ] /1/2| d| /52+|\ d| /1/2| d| /52+|| d| /1/2| L /5/2,

then according to an estimates in [21], for a sufficient large number Ny, and ¢ < 1, we have
25 &
Qn(t) < Con(@n () + Q1) + et + > 2Y2(1 =) || Ajug|l 2)
J (4.15)
Cn(@ (1) + Qn(t) + b + Ct2™fug | g1 /2).

Let T} = min(1, (Cpc(1 4 22N0))~Le)). Thanks to [21], there exists n1, such that for any n > ny,
we obtain

4
Qult) < 5e. (416)
According to the proof in |21} theorem3.1], there exists a positive time T3, such that for any n,
Qn(Th) < C, ||an‘|L5°§(B;fflq) <C (4.17)

Part3: Convergence of the approximate solutions Thanks to (4.17]), we can use the method in [2T]
Theorem 3.1], which means there existence (a,u,d, P) such that

”uHLoc 31/2 +||u||L1 B5/2 +||VP||L1 1/2 +||d||L<X> 3/2 +|| ”
( (

— b

Ll B2zlnBS/2)

||a‘ HLOO(B3/4) < O

1+ HCL”L?O(Bg/lq))mH(Id - Sm)(a> b, )\)||Lf°(32/1q) < 2noéo-
This completes the proof. O

Global existence in H'/2. By mollifying the initial data (po,uo, Vdg), we obtain the smooth
initial data (poe, uoe, Vdoe). By using modifications of the classical well-posedness theory of in-
homogeneous incompressible Navier-Stokes system, (1.1]) has a unique local solution (p, u., Vd)
on [0,TF). If the ¢ is sufficiently small, we deduce from Proposition that (pe, ue, Be) satisfy
the estimates (3.48) for any 7' < T). By a standard continuous argument, it has been proved
in the Proposition [3.3] that T = +oc. In particular, we have (uc, Vd.) € (C([0, +o0); H'/?) N
LA(R*; H'Y))2, and for any T € [0, +00], (ue, Vd,) satisfy (3.48). By using a compactness argument
similar to that in [I8], there exists p € Cy ([0, 00); L), such that, for any r < oo,

pe — p weak * in L=(RT x R3), (4.18)

pe — p strongly in L], (RT x R?). '
According to the interpolation inequality in Lorentz space, for any T < oo,

[(Orue, 9, Vd.) HL%’OO(L"’) S ||t_1/4||L4Tv°° [(Oue, 8tVde)||L2T(L2)7 (4.19)
T
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which together with (3.48]) yields
||(8tu5, 8,5Vd )

~

H $ 12 Ve, V2do) | 2. 19y < (w0, Vo)l e (4.20)

Then according to the Arzela-Ascoli Theorem, there exist
(u, Vd) € (L([0,+00); HY?) 0 LH(R*; ') 0 LA(RF; W)
such that, for any r < oo

(ue, Vd) = (u,Vd) weakly in L*(R"; H*)

) (4.21)
(ue, Vd.) — (u, Vd) strongly in L (RT; Li .(R?)).

Thanks to (4.18) and l 21)), we conclude that (p,u,Vd) is a global weak solution of (1.1J).
Moreover, it follows from 3.48) and Fatou’s Lemma that (p,u, VII, Vd) satisfies the estimates
(3.48) for any T € [0, 400 .

Finally, let prove that (u, Vd) € (C([0,00); H'/?))2. Tt follows from (3.48) that

||“HZ°<>(R+;HI/2) < C||(U0»Vd0)||H1/2~
Then for any € > 0, there exists a my € N such that
4 Z 2j||Aju||%oo(R+;L2) < €.
|71=mo
Then for any ¢t € [0, +00), h > 0, we have
[t + ) = u()32 = D 214, (ult + h) = u(t))[|7
JEL
< Y PUA(ult+h) —u®)lFe +4 Y 2Aule e
l7]<mo—1 |71=mo
< 2™ |u(t + h) — u(t)|2 +¢,
from which, we infer that
t+h )
lult + h) — w0 < 2mo||/ e () dr | 4 e
t
(4.22)

_1
<2m|rTa Hi2(t,t+h)||Tl/4uf||2L2(t,t+h;L2) te
< C2m0%2 | (ug, Vo) || a2 /2 + e,

where we used [[t"/4u || z2m+.12) < C|(uo, Vdo)|| g2 in (3:48) and the inequality

h
1/2 _ 41/2 _ 1/2
(t+h) t (+h)1/2+t1/2_h t>0.

Then (4.22)) shows that u € C([O,oo);Hl/Q),

Along the same lines, we can prove that Vd € C([0,00); H'/?). Thus we completed the proof
of global existence in H'/2 and the local existence in the Bl/ ?

5. UNIQUENESS
To prove uniqueness, we first consider the linear system
Ou — (1 + a)(Au +div (v(a)Vu) — VP) = f,
divu = g,
Oig = div R,

U|t:() =0.

(5.1)
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Proposition 5.1 ([21]). For the smooth solutions (u,VP) of (B.1)), there exists some m, such

that if
(1 + HCLHLOO(BS/{;))IQH(ICZ - Sm)(a7b7 >\)||Lf°(32/1q) < eo,

then we have the following estimates
T
|ull poe (gor2) + lull Ly m7r2) + 1(Oru, VP)| Ly (parzy < C/ [ull sz +[1(f, Vg, R)ll s (porz)- (5:2)
0

For the linear system of d
Oyd — Ad = h,
|d] =1,
dlt=0 = 0,
Proposition 5.2. For the smooth solutions d of , we have the estimate
. (5.4)

T
52 (morey + lldll y 3, + 10y, (morzy < C/ ldligs/2 + [Pl 3. B5r2)

Proof. Thanks to the proof in Proposition and (5.3)), we have
AL LNE )

||dHLOO(B5/2 + ”dH

lll Lo 3 ,) + ||dHL§,(Bg‘2) S IAllpe s )
(]

from which and (5.3)), the proposition is proved
We now establish the uniqueness of solutions to the system via the Lagrangian coordinate
method. By the existence result, we can choose a sufficiently small 7' > 0 such that
T 1
/ ol g2t < 7. (5.5)
0
Hence, for any y € R?, the ordinary differential equation

d

—X(t = u(t, X(t

X (&) =ult, X(t,y), (5.6)

Xt y)l=o =y
has a unique solution on [0, T]. It is easy to see that the relation between Euler coordinates = and
Lagrangian coordinates y:
t
Xty =y +/ u(r, X (t,y))dr. (5.7)
0
Let Y'(t,-) be the inverse mapping of X(t,-), then V,Y (t,z) = (V,X(t,y)) "'
Denoting A(t,y) = (DyX(t,y))~*, where (D, X);; = D, X*. if V, = D, then
Ou(t, X(t,y)) = (Oru + u - Vu)(t, z),
Vou(t,z) = At y) " Vyult, X (t,y)),
divy u(t, z) = divy (A(t, y)u(t, X (t,y))),
Agu(t, ) = divy (At y) At,y) T Vyu(t, X (¢,y)))-
We introduce the following notation
Vu=A"-V,, div, =div,(4), A, =div,V,,
b(t,y) = a(t, X(t,y)), wv(t,y) =ult, X(ty)), (5.8)
D(t,y) = d(t, X(t,y)).

w(t,y) = P(t, X(t,y)),
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Then (b, v, V7, D) solves the system
0tb =0,
v — (1 +b)(Ayv — Vyr 4+ div, (v(b)Vv)) = divy, (VD : VD),

oD — A,D = |V,D|?D,

. (5.9)
div, v =0,

|D| =1,

(b7 v, D)'t:O - (a07 U, dO)

It is obvious that b = ag. Let (a4, u;, Py, d;) be the two solutions with the same initial data which

obtained by the first part of section 3 and satisfy (4.1) and (4.2)). Let (v;, m;, D;) be given by the
(5.8). Then (év,dm,dD) = (ve — v1, M9 — w1, D2 — D7) solves the system

0t0v — (1 + ag) (Adv — Vor + div(v(ag)Vov)) = 25: O0F; + ZG: 0k,
div dv = dg, "~ "~
0rdg = div(dR),
00D — AéD = iéhi’
i=1
(6’07 6D)|t:0 = (Oa 0)7

(5.10)

where

6Fy = (1+ag)div[§A-Aj -VDy: Ay - VDo,
§Fy = (1+ag)div[A; - §AT - VDy : Ay - VDo),
6F; = (1 +ag)div[A; - A] -VéD : Ay - V Dy,
6Fy = (1+ag)div[A; - A] - VDy : AT - VDs],
6F5 = (14 ag)div[4, - A] - VD, : A] -VéD],
§ky = (14 ap)[(Id — Ay )Vém — 6A V],
Sky = (14 ag) div[(AsAg — Id)Vév + (Ay Ay — AL AT )Vuy],
0ks = (1 + ag) div[v(ag)(Ag — Id)Vv],
Sky = (14 ag) div[v(ag)A2(A2 — Id) " - VéD],
Sks = (1 + ao) div[v(ag) A6 A" vy,
dke = (1 + ag) div[v(ag)dAA; - V],
dg=(Id—As2) - Vov—30A-Vuy, O0R=0,[(Id— As)dv] — O[0A- V1],
Shy = 8AT -VDyA) -V DyDs,
Shy = A] -V6DA, -VDyDs,
Shz = A -VD6AT -V DyDy, Shy= Al -VDA] -VSDDy,
Shs = A] -VD1A] -VD6D,
She = div[(A2Ag — Id)VED + (A Ay — A1 A )VD,).
Thanks to the estimates in [6], we have
10:5Al g3z S Mlvill grzs - NOAll e 72y S 10V Ly 3

/2)7
2,1
s = Id] e sy S 901

1900 Al 5 372y S Nwn w2l gy vy 10Vl g 72y + 1001 Loz
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Let
5G(t) = || ((5’07 V(SD) HLtoo(BB/Z) + || (51)7 V6D)HL%(B7/2) + ||(8t5v, 8tV5D, V(S’]T) ||L%(B3/2)' (512)
Then we obtain the following estimates by the Propositions [5.1] and
t
5G(t) < / (60, V6D) | gasadr + | (5F:, 6ki, V6hs, 69, 6R)| 11 s _
0 .
5 t(SG(t) + ||(6FZ, (Ski, V(Shi, (597 (SR)HL%(BS/Z).

Now we handle 6 F; — 0F5 and dhy — §hs. According to the product law in Besov Space, Lemma

and (5.11]), we have
t
I6Fi 3oy < € [ 1+ laoll o) 164153 [ AT - VD3 AT - VDall s
0 q, 5

< C|Ag -VDs: AJ.VDQHL%(B;/E)||5A||L?o(35/2)
t

< Cl6v]| 3 o / IV Ds]1%, (5.14)
0 2,1

t
< CoG(1) / IV Dall 12V Ds | o2l
0 2,1 2,1
< O(HVD?”L?O(B;?)||VD2HLt1(B§/12))5G(t)a

t
1By | 2 ey < c/ (1+ llaoll goo)l|As - 5AT -V Dy : AT - WDy goyadr
0 a,

t
5.15
< CI6A e oy [ 19 Dalydr (5.15)
0 2,1
< OV D2l e (372 IV D2l g 5372, 0 G (1)
and .
||5F3||L}(B3/2) S C/ (1 + HCLQHBs/q)HAl . A; . V§D . A; . VDQHBS/QdT
0 o1
t
S C/ ”(SD”BE’/?HVDQHBS/?dT
0 2.1
t
<C [ I3DII8DI IV Dl yr (5.16)
O )

t

1/2 1/2 1/2 1/2

<C [ WODI DIV Dal T Dal f adr
0 2,1 2,1

< CUIVDall o 2 IV Dl 272,266 (2).

Similarity to the above estimates, we have
||(6F4,6F5)||L}(Bs/2) S OG(1). (5.17)
For dhy — dhs, according to the product law in Besov Space, Lemma and (|5.11)), we have

t
18]l (ge/2y < C / ISAT -V Dy AT - VD Dy gosedr
0

t
S C||§AT||L?<D(35/2) / ||VD214;r . VDQDQHBg/lsz
0 ,

t 5.18
< C3G(0) [ 1DallygallDall e o
0 2,1 2,1

t
SC5G(t)/O ||D2|\Bg(12|‘D2||i?gfde
SOG(1),
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t
||5h2||Lt1(B5/2) S C/ ||x41r . V&DA;— . VD2D2||B5/2C1T
0

t
< C/ 16D /2 [V D2l 321l Dl 53/2d7

(5.19)
<cQ/|wfmngwDu”2uhn%a|DﬂH%2
<Gt
and \
|wmmﬂBm)gc/)wq.VDﬂq-VDﬁthmT
0
t
S C/ ||141r . Vl)lAir . VD1||B:3/2||5DHBO/2dT
0
t 5.20
< [ IVDuIE 16D o 520
0 2,1
t
< cae(t)/ D4l oz | Da el
0 2,1 2,1
< 5G(1).
Similarly, we obtain
H(5h3,6h4)HL1 o2y < 6G(D), (5.21)

where we have used the estimates of (4.1), ([4.2)), \\A¢||L?O(Bg(12) < +o00 and the fact that (v;, D;)

share the same regularity with (u,d). Then thanks to the uniqueness part in [21I], we obtain the
rest estimates on the right side of (5.10]) that

||(6k27 59, 6R7 v6h6)||B3/2 N

~

(t 4 t/2)8G(t).
From which and the above estimates, we deduce that

G(t) < (H)SG(1), (5.22)

where ¢(t) is a positive continuous function with ¢(¢) — 0, as t — 0, which leads to the uniqueness.
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