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OSCILLATION CRITERIA FOR FOURTH-ORDER NEUTRAL QUASILINEAR
DIFFERENTIAL EQUATIONS IN THE NONCANONICAL CASE

MOHAMMED AL-ZAILAH, FAHD MASOOD, HAMDY EL-METWALLY

ABSTRACT. This article investigates the monotonic properties and oscillatory behavior of quasi-
linear fourth-order neutral differential equations in the noncanonical case. By establishing new
monotonic properties for positive solutions, we derive refined relationships between the solutions
and their associated auxiliary functions. Based on these results, effective oscillation criteria are
obtained to ensure the oscillation of all solutions. The results are supported by illustrative
examples and extend and improve several existing works, and provide a useful approach for
studying more general classes of higher-order nonlinear neutral differential equations.

1. INTRODUCTION

Functional Differential Equations (FDEs) provide a fundamental framework for modeling and
predicting the behavior of dynamical systems influenced by both past and present states. They
translate phenomena in physics, engineering, life sciences, and economics into quantitative re-
lationships, incorporating time delays and memory effects to simulate real-world processes such
as epidemic spread, control system stability, and signal propagation in networks. Among FDEs,
neutral differential equations (NDEs) are particularly important, as the system’s rate of change
depends on both its past state and its past rate of change. This feature captures time-memory
effects, introduces significant theoretical and practical complexity, and allows modeling of systems
with advanced or lagging delays in mechanical, electrical, and biological contexts. NDEs also pro-
vide a basis for developing analytical tools to study oscillatory and convergent solution behavior
(See [12] 077, 20]).

Theoretically, oscillation theory is one of the most important avenues of research in neutral
differential equations. It aims to determine the necessary and sufficient conditions that ensure the
solutions to the equation alternate their signs infinitely around the equilibrium point. The absence
of oscillation often indicates a stable system, while its presence suggests instability or a desirable
periodicity. Therefore, deriving effective oscillation parameters is not merely a theoretical matter;
it is a crucial tool for researchers and engineers to predict system behavior, design control devices
to prevent unwanted oscillations, or understand the natural cycles of the phenomena under study
(See [9} 16} 21]).

In this research, we analyze the oscillatory behavior of solutions to a fourth-order quasi-linear
neutral differential equation

(a@®)[2""()]) + k(®)u?(5(t) =0, t>to, (1.1)

where z(t) = u(t) + p(t)u(ep(t)). We assume the following hypotheses:

(H1) ~ is the ratio of an odd positive integer, with 0 < v < 1;
(H2) p € C*([ty,0)), k € C([tp,00)), with 0 < p(t) < po < 1, and k(t) > 0;
(H3) 1,8 € C([tg,0)), with op(t) < t,5(t) < t,6'(t) > 0, and limy_, o ¥(t) = limy_,00 §(t) = c0.
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(H4) a € C*([to,00)), a(t) > 0, a’(t) > 0, and equation ([1.1)) in noncanonical form, that is,

e 1

For convenience, we define
(o] 1 o0
So(t) :/ L <o, eit) :/ i (W)dv < 0o, i=1,2, forall £ > to.
¢ at/7(v) t

A function u(t) € C3([t,,00)), with t, > tg, is said to be a solution of (L.1)) if a(t)(z"'(t))” €
C1([ty,00)), and (1.1 is satisfied for all u(t) € [t,,00). In this study, we consider only those
solutions u(t) of (1.1) that exist on some half-line [t,,c0) and satisfy

sup{|u(t)| : t > T} > 0, for all T > t,.

A solution u is said to be oscillatory if, for every b > 0 the function w has sign changes on
the interval [b, 00); otherwise, it is said to be non-oscillatory. Equation is considered to be
in nocanonical form if condition holds. Equation is said to be oscillatory if all of its
solutions are oscillatory.

The study of oscillations in functional differential equations has seen significant development
over the past few decades, with varying levels of interest depending on the order of the equation.
Most studies have focused on first and second order equations, aiming to deduce the necessary and
sufficient conditions for the oscillations of solutions in equations [14] 13, 0] . This was followed
by interest in third-order equations [6] 4] 23]. Fourth-order equations have received less attention
compared to lower orders, with studies exploring the derivation of advanced oscillation criteria
and analyzing the non-intuitive asymptotic behaviors of solutions [26], 22 [3].

Below is an overview of key research findings published in previous years that have significantly
contributed to the study of fourth-order differential equations.

For second-order differential equations, Baculikova [8] derived oscillation parameters for a non-
canonical second-order differential equation

(a(t)u' (1)) + £(H)u(5(t)) =0,

with a delay parameter §(t), employing iterative techniques to characterize the oscillatory behavior
of solutions. Later, Alrashdi et al. [5] extended these results to second-order non-canonical quasi-
linear equation

(@@= (O) + K(t)u?(5(2)) = 0.
Regarding fourth-order equations, pioneering research has emerged, such as that of Jadlowska et
al. [18], who studied fourth-order linear delay differential equation

W () + K(t)u(8(t)) = 0.

By refining the asymptotic properties of non-oscillatory solutions, they provided precise oscilla-
tion criteria. Grace et al. [15] and Zhang et al. [30] investigated fourth-order quasi-linear delay
differential equation
(a@®)[u” (O) + K(t)u”(6()) = 0,

demonstrating how the delay coefficients and degree of nonlinearity influence the oscillatory be-
havior of solutions.

In the context of neutral differential equations, Parhi and Tripathy [27] and Thandapani and
Savitri [29] studied fourth-order neutral differential equation

(a(t)(u(t) +p(H)u(¥(t)))")" + £(t)u(d(t)) = 0.
Subsequently, Almutairi et al. [7] and Moaaz et al. [25] derived inequalities to improve the asymp-
totic and oscillatory properties of solutions, analyzing the more complex equation

(a(t)(u(t) + p(t)u(y(t))")" + s(t)u(s(t)) = 0.
They established conditions ensuring the nonexistence of positive solutions, thereby proving that
all solutions are oscillatory.
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Building on this rich research legacy, this study occupies an advanced position, combining two
key complexities: neutrality and quasi-linearity. It employs a foundational iterative technique to
achieve two main objectives: first, to establish improved and precise relationships between the
original solution u(¢) and the associated function z(t); and second, to utilize these relationships in
a sophisticated iterative procedure to derive new and efficient oscillation parameters. Notably, the
results extend the previous findings and analytical techniques for second-order equations in [3] [§]
to fourth-order neutral quasi-linear equations. Finally, the applied examples confirm the validity
of the results and support the robustness of the derived criteria.

The remainder of this paper is organized as follows. Section [2] establishes fundamental lemmas
forming the basis for the main results. Section [3] investigates the convergence and enhanced
monotonicity of positive solutions. In Section [d] new criteria for the oscillation of all solutions of
are derived and illustrated through theorems. Section [5| provides examples demonstrating
the applicability of the theoretical findings. Finally, Section [6] summarizes the main contributions
and outlines potential directions for future research.

2. AUXILIARY RESULTS

In this section, we review and establish a set of fundamental limits that will form the basis for
proving the main results of this study.

(2r] 2/e
o= 3 (Tl0) (ot - ) (597 e

r=0 L=0
RN S A Ce10)
Pt )= ;o(r_[p ) @)~ ) | 22

2r

K
g L el gy
; (gp(w (t))) [P(¢[2r] 1)) 62 (V21 (2)) } ¢§m 0 ) (2.3)

where p1%(t) = y(t) and ¢I*(t) = v (wF1(2)).

A central element in analyzing the asymptotic and oscillatory behavior of solutions to NDEs is
the relationship between the solution u(t) and the associated function z(t). In the canonical case
for second-order and fourth-order equations, this relationship is typically expressed as

u(t) > (1= p(t))z(t), (2.4)
whereas in noncanonical cases with decreasing positive solutions, the effect of time delays must

be taken into account. Specifically, when 2/(t) > 0, the canonical form (2.4) remains valid. In
contrast, if 2/(t) < 0, the relationship is modified. For second-order NDEs, the inequality becomes

u(t) = (1 _p<t>W)z(t>, (2.5)

whereas for fourth-order NDEs, it takes the form [2] [T} [24].
$2(¥(t))
u(t) > (1— z(1). 2.6
1) 2 (1-p()7 57 )0 (26)
Lemma 2.1 ([19)). Let w(t) € C™([tg,0), (0,00)), wi(t) >0 fori=1,2,...,m, and w™+t(t) <
0, eventually. Then,
w(t)
w'(t)
Lemma 2.2 ([1]). Let f € C™([tg,0),R"). Suppose that f™ is of fized sign and not identically

zero, and that there exists t; > to such that (=1 (t) f(m) (t) <0 for allty > to. If lime, oo f() #
0, then, for every e € (0,1), there exists te > t1 such that

ft) =

> —t, ee(0,1).

€
m

t D@ for all t > .

(m —2)!
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Lemma 2.3 ([30]). Suppose that u(t) is a positive solution to Equation (1.1). Then, a(t)(z"'(t))”
is a decreasing function, and z(t) is eventually in one of the following cases:

(N1) 2 (t) >0 for r =0,1,3 and 2™ (t) < 0;
(N2) 2 (t) >0 for r =0,1,2 and 2" (t) < 0;
(N3) (=1)"2")(t) > 0 forr=0,1,3.

Notation 2.4 ([25]). Suppose that u(t) is an eventually positive solution of (1.1)). Then, it follows
that, eventually,

2(wP7(2)) .
) > ,_Z(:) ( U p(y L] ) {M _ 2(1/)[2 +1] (t))}, (2.7)
for all integer K > 0.

3. ASYMPTOTIC AND MONOTONIC PROPERTIES

This section examines the convergence characteristics and monotonicity of the positive solutions
of the equation under study.

Lemma 3.1. Assume that u(t) is a positive solution of (1.1) with z € No. Then, eventually,

(A1-1) z(t) > 5t2'(1),

(A1-2) ( $t22"(t) for all € € (0,1),
(A1-3) 2"(t) > —a'/7 (t)po(t)2"(t),
(A1-4) 2"(t)/po(t) is increasing,
(A1-5)
(A1-6)

) >3
) >

AL5) u(t) > pi(t; F)=(t),
AL-6) (a(t)(" (1)) < —r(t)p; (8(1); K)z7(5(1)).

Proof. Assume that u(t) is a positive solution of (1.1)) with z € Ny. First, applying Lemma
with m = 2 and w(t) = 2(t), we obtain

2(t) > %tz’(t). (3.1)
Next, by Lemma[2.2| with m = 3 and f(t) = z(t), it follows that
2(t) > %tgz”(t), for all ¢y € (0,1).

Because a'/7(t)2"(t) is decreasing, we can write

> [T = [Tz e [T

() = —a'/7(8)2" (1) o (t)-

which implies

From this, we conclude

2N a0 (dolt) + (1)
&) O =-"—drwan 2"

Using Lemma and the properties of solutions in Ny, we obtain z(x2"1(t)) > 2(y2+1(t)) for
r=1,2,.... which transforms inequality (2.7) into

ut) > 3 (TLow ™ 0) [~y — 1 =020). (32)
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so that
2r

u(t) > i ( LI 1] (w[m (t))Q/Ez(t) — oK), (3.3)

(L]
> L:Opw (1)) [p( ) t

Finally, applying equation yields

(a®) (")) = —K(t)u"(3(t)) < —r(E)p{ (0(2); K)27(5(t))-
This completes the proof. O
Remark 3.2. Setting K = 0 in p; (¢; K) defined in yields pa(t;0) = 1 —p(t), which coincides

with the classical (2.4)). Hence, p (¢; K) represents an improved extension of the classical inequality,
providing sharper bounds for K > 1.

Lemma 3.3. Let u(t) be a positive solution of (1.1) with z € Ny, and assume that there exist
constants B > 0 and ty, > ty such that

%2%1“(t)asé*”(t)a?”(t)m(t)py (6(t): K) > . (3.4)

Then, fort > t1, the following properties hold:
(A2-1
(A2-2

lim;, o0 2”(t) = 0,

2"(t)/¢g°(t) is decreasing,

(A2-3) limy,o0 2" () /05" (t) = 0,

(A2-4) 2"(t)/ by~ (t) is increasing,
where ag = €07, g € (0,1), and v < 1.

N —

Proof. Assume that u(t) is a positive solution of with z € Ny. Suppose further that there
exist constants S > 0 and t; > tg such that condition is satisfied.

(A2-1) Since z € Ng, all assertions (A1-6)—(A1-6) stated in Lemma [3.1] remain valid for suffi-
ciently large t > t;. In particular, the function 2" (t) is positive and non-increasing, which implies

: 1" _ > .
tll)rgo 2'(t)=4,>0
We show that ¢; = 0. Assume, on the contrary, that ¢; > 0. Then there exists ¢ sufficiently large
such that z”(¢) > ¢;. Combining this fact with (A1-2), we obtain
661

() > %tgz”(t) > SH, ee(0,1).

Substituting this estimate into (A1-6) yields
(a(t)(=" (1)) < —r(Op] (3(8); K)=7(5(1) < —
Using (3.4), we deduce that

(a@®)(z" (1)) < —ye"i B

el

(1) ROp (0(1): K).

1
al/7(t)gy 7 (t)
Integrating this inequality from ¢5 to ¢ leads to

1
< —llaj—————.
SR ah e

A O S alt) (7 0) ~26G0] [ e
to A 14 0 14
: ' (3.5)
<O — .

- ¢g(t2) &g (t)
Since ¢, ' (t) — oo as t — 0o, there exists t3 > to such that
by (1) — ¢g ' (t2) = pogg " (1), po € (0,1).

Hence, (3.5)) becomes
1

" < _ 1/
A IO IOk

t>ts.
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Integrating once more, we find that

t
1
Z/I(t) S Z/I(t3) — ‘61040/‘(1)/7/ Wdy
t3
< 2'(t3) — 51040#(1)/7 In ﬁfo((t;)) — —00 ast— oo,

which contradicts the positivity of z”(¢). Therefore, ¢; = 0.
(A2-2) Using (3.4), with (A1-2) and (A1-6), we obtain

v

a) (2" (1)) < ——— 20 s,

(@G OP) £ sl 00
Integrating this inequality and using the fact that 2"/ (t) < 0, we derive that

t
1
t ///t "y< t /Nt Yo Y //6t ’y/ —d
a(t)(2"(1))" < a(t)(z"(t1))" — yag (2"(6(¢))) b () (1) v

< alt)("(0) + S (1)) — S (EO)].

B g (t1) g (t)
Because 2" (t) — 0 as t — oo, there is a t3 > t; such that

v
a(t)(Z" () + %04 7 <0,
(t) (=" (t1)) ¢g(t1)( (t)
for ¢ > t5. Therefore we have
~
a(t) (2" (1) < =50 (2 (1)),
o(t)
which implies
al/’y 2" (+ @0 S t),
(0:"(0) < —C0s 1)
or equivalently,
a7 () 2" (t) o (t) 4+ oz (t) < 0. (3.6)

As a consequence,

(z// )/(t _ al/’y(t)zm(t)(bo(t) +a0z//(t) _

& AP0
(A2-3) Since the function 2" (t)/¢g°(t) is positive and decreasing, there exists £2 > 0, such that
Z” (t)

im —— =/, >0.
B go(t) 2T

Assume, to the contrary, that 5 > 0. Define the auxiliary function

20 + a0 (ot
wlt) = ()

> 0.

Differentiating w(t) yields
2" (1) + (V1) () bo(t) — 2" (1) () +a' /7 (1) 2" (H)po(t)

w (t) = (b(c)m (t) + g allv (t)¢g)+ao (t)
B (al/w (t)ZW(t))/ N Z”(t) N Z”'(t)
T ahmeltee )

Using the identity

(a7 ()" (1)) = (a(t)(z" (1)) (a7 (£)2"" ()",

we obtain
iy 1 (@) (2" (1)) (a7 (1) 2" (£)) N 2(t) . 2(t)
w (t) - v 840—1(t) + Oal/’y(t)(bé—i_ao (t) + 0¢30(t) .
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Using (A1-2), (A1-6), and condition (3.4), we obtain
(a(®)(2"(£))7)" < =k(t)p] (6(t); K)=7(6(¢))

<~} (62 K) (56°(1)) ' (2" (6(1)))” 57)
o 1 Z// Y
=g o)
Moreover, from 7 it follows that
a7 (£ 2" — &
(t) (t) < O(bo(t)’
and
(7 070) = (a0 0)' 59

Combining (3.7)) and . yields

, oy 1 " . 2" (t) 1y 2" (t) 2" (t)
Y= TG ar e m - OO ) T TR e T e
Since 2"'(t) < 0 and §(¢) < t, we have 2" (§(¢)) > 2”(t), and hence
, g 1 y 2 (t) 2 (t) 2"(t)
YOS e armar O ( o) T a0
< 2" (t) o 2" (t) +ag 2" (t)
T a (et et (gt 60 ()
< 040&.
RO

Using the fact that 2 (¢)/¢g° (t) > £2 together with (3.6, we obtain

W(t) < ag 2" (t)

$5° (1)
1 —ap2” (t)
Y83 a1 (D)go(D)

2" (t) ap
86°(0) a7 (H)o(t)
< gl

~ a1 (t)go(t)
Thus, w(t) is positive and strictly decreasing, and therefore converges to a finite non-negative
limit. Integrating the above inequality from t3 to oo yields

—w(ts) < 70{862 /t3 Wdl/ 704062 hm In ¢00(( ))

<0.

which implies
Po(ts)
bo(t)

w(ts) > a%@}irgo In — 00,

a contradiction. Hence, 5 = 0.
(A2-4) Finally, we have

[@!7 ()" (£)do(t) + 2"(1)] =

/

al/’Y( t)z l//( )) bo(t) — ///( )+2///( )
a1 7(0)2"(1)) o1
(alt) (=" (£)7) (@ /7 ()" (£)" " po(1).

I
/N

2=
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Using (3.7) and (3.8)), we deduce that

[a7(1)2" () po(t) + 2"(1)) < —ag M(z”(a(t)))v@o ;I(:Eg)l_’yaﬁo(t)
a 0

sty (a2 Y
60 (2075) (3.9)

S _agal/’Y(t)QSg(t)

—Qp Z”(t).

< - "
~ a7 (t)eo(t)
Integrating (3.9) from ¢ to oo gives

—al/’y(t)zm(t)qzﬁo(t) . Z”(t) < —ap /tOO 1

at/7(v)go(v)
o 1 1
¢o(t)/t ) dv < —ap2" (1),

a7 () 2" (#) o (t) + (1 — ap)2” () > 0.

2" (v)dv

or equivalently,

Consequently,
" / v () 2" (¢ t 1— "(¢
( 12’;0( ) (t — a ( )Z ( )¢0( )2—1_0‘( 040)2 ( ) Z 0’ (3.10)
o al/(t)gg (1)
This completes the proof. O

When ap < 1/2, the results established in Lemma can be improved. These enhanced
properties are summarized in the next lemma.

Lemma 3.4. Let u(t) be a positive solution of (1.1)) such that z € No, and assume that condition
(13.4) holds. Suppose further that
oy 2000@))
Assume that there exists an increasing sequence {a; };":1 defined by
A1
(1—oa1)!/7’
where v < 1, ag = €Y7, a1 < 1/2, and o, € € (0,1). Then, eventually, the following
properties hold:
(A3-1) 2"(t)/pg™(t) is decreasing,
(A3-2) limy_,o0 2" (t) /g™ (t) = 0.
Proof. Since z € Ny, it follows that (A1-1)-(A1-5) of Lemma[3.1] hold for all ¢ > t;, with ¢; large

enough. Moreover, by Lemma the properties (A2-1)—(A2-4) are also satisfied.
Assume now that ap < 1/2 and define

=\ < oo. (3.11)

Q; = Qg

A%
(1 — 040)1/7 '
We first establish (A3-1) and (A3-2) for the case m = 1. Proceeding as in the proof of Lemma
we obtain

a1 = g

1
a) ")) < —val ———————(Z"(5(8))".
(a®)(z"(1)") < — oal/ﬂ/(t)q%ﬂ(t)( (6(2)))
Integrating this inequality over [t1,¢] and using the monotonicity property in (A2-2) together with

, yields
)" (1)) < alt) (" (0))7 = 53 !

b a1 (v)dy 7 (v)

< a(t)(z"(t1))” —veq /t al/v(y)l

oo (v)

(2"(6(v)))"dv

57 00) (71 %)
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ot (0))" 0 () [ 2 i a
B S R

)

” 1 2'(t) \" Z'(t)\"
<ot +ol o s Gra) 1 Ga)
Since 2" (t)/¢g° (t) — 0 as t — oo, it follows that
1 2" (t)

a’(tl)(z (tl))ﬂy—i_al ¢g(l_a0)(tl)( 8‘0(t)

)’ <o0.

Consequently,

which is equivalent to
'/ (1)2" (£)do(t) + arz" (1) < 0.

Hence,
( 2" (t) )’ B al/ 7 (1) 2" (t)po(t) + a1 2" (t) <0
o' (1) al/v(t)ge ™ (1) a
Applying the same reasoning as before, we deduce that
Z//(t)
lim ———~ =0,
t—o0 d) ( )
and .
!/
(c2) =0
$o (1)
By induction, for any with k =2,3,...,m with ay_1 < ap < 1/2, one can similarly show that
a7 (8)2" (t)o(t) + ax2" (1) <0, (3.12)
and .
lim Za ®) =0.
t—o0 5" (1)
This completes the proof. O

Lemma 3.5. Let u(t) be an eventually positive solution of such that z € N3. Then, even-
tually,

(A4-1) z2(t)/pa(t) is increasing,

(A4-2) (—1)12C=0 (1) < a7 (£) 2" (t)i(t), fori=0,1,2.

Proof. Assume that u(t) is a positive solution of (|1.1)) with z € Nj.
(A4-1) From (T.1)), it follows that a'/7(t)z"(t) is decreasing. Consequently,

al/W(t)z'”(t)/t al/%(y)du > /t al/i(y) ') (v)dy = lim 2" (t) — 2" (¢). (3.13)

t—o0

Since 2" (t) is positive and decreasing, it converges to a finite nonnegative constant as t — oo.

Hence, (3.13)) yields
a7 ()" (t)go(t) = 2" (t).

Therefore,
(Z”(ﬂ)’ _ a7 (Do) + 2" (1) 0
¢o(t) al/ ()5 (1) T
Integrating, we obtain
2" (v) () 2"(t)
50) ™ ), POz Ga)
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e (1) + # (Oé0(t)
2N ou(t)2 () 4 2 () po(t
(G 0= =<°
Furthermore,
Z'(v) Z'(t)
1) 1( t v)dv > o) $2(1),

which implies

2(t) ' _ $2(0)Z'(t) + 2(t) ¢ (%)
Gao) =" awm ="
(A4-2) Since z(t) € N3, it follows that

< g /7 ()" (v
al/’Y(t)Z//’(t)qﬁo(t) > / Mdy > _Z/’(t),

t
or equivalently,
() = =7 ()" () do ().
Integrating from ¢ to co, we obtain
—2'(t) > —a" /(1) (1) (1),
which yields
2(t) < a7 ()" () (1)
Integrating once more from ¢ to oo, we have
—2(t) < a7 ()2 (1) 2 (D),
or equivalently,
2(t) 2 —a'/7(1)2" (1) pa(1).
Therefore, for ¢ = 0,1, 2, we conclude that
(=) 2C70() < a7 ()" ()i (1).
This completes the proof. O

Lemma 3.6. Let u(t) be an eventually positive solution of (L.1) such that z € N3. Then, even-
tually,

(A5-1) u(t) > po(t; K)z(t),
(A5-2) (a(t)(z"' (1)) < —k(t)ps (6(t); K)27(0(t)).

(
Proof. Let u(t) be an eventually positive solution of (1.1f) such that z € Nj.
(A5-1) By Lemma [2.4] condition (2.7) holds. Moreover, from (A4-1), the function z(t)/¢2(t) is

non-increasing. Hence,
A ) 2w )

G2(VEHI() T ga(vI(t)’

z(w[Q’““](t)) < wz(¢[2r]( ))

G2 (Y12(1))
Combining this with ., we obtain
Pl (¢ 1 G I() (2]
” Z Lnop ) Emy ~ ey ) (0) 3.14)
Since z(t) is decreasing, inequality yields
K 2r
(L] 1 _ P (Y121 (1)) _ .
ut) >3- (LHOpr ) ey~ aEay O =GR (315)
(A5-2) Substituting the above estimate into (1.I)), we obtain

/

(a®)(z" (1)) = —r(t)u?(3(t)) < —k(t)p3(8(t); K)27 (3(t))-

which implies
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This completes the proof. O
Remark 3.7. Setting K = 0 in pa(¢; K) defined in (3.15)) yields
P2(1(1))
p2(t;0) =1 = p(t) ——=—,
O =1 =P 07
which coincides with the classical (2.6). Hence, po(¢; K) represents an improved extension of the
classical inequality, providing sharper bounds for K > 1.

Lemma 3.8. Let u(t) be an eventually positive solution of (1.1)) such that z € N3. Assume that

/too ( L /tw K(V)p;((S(V);K)dV> 1de = 00, (3.16)

a(w)

and that there exists a constant ko € (0,1) such that
1
SO (O (Or(b)p3 (8(1): K) 2 k5. (3.17)

Then the following assertions hold:
(A6-1) limy_,o0 2(t) = 0,
(A6-2) z(t)/¢ko(t) is decreasing,
(AG-3) limnyoe 2(8)/ 650 (1) =
Proof. Let u(t) be an eventually positive solution of (1.1]) such that z € Nj.
(A6-1) Since z(t) is positive and decreasing, then
i = > 0.
tlgrolQ z(t)y=4¥43>0

Assume, to the contrary, that £3 > 0. Then there exists to > t; such that z(t) > 5, t > to.
From (A5-2), we obtain

(@) (z"'())7) < —k()p3 (3(t); K)=7((t)) < —L3k(t)p3 (3(1); K).
Integrating from ¢ to t, we obtain

a(t)(z"(1))7 < alt2) (" (t2))" - @/ K(V)p3(6(v); K)dv.

ta

Using case (N3), since 2"'(t) < 0 for ¢t > ¢y, it follows that a(t2)(2"(t2))” < 0, and hence

() < a17f?t) / k()P (3(v); K)dv.

Integrating again from ¢y to t, we obtain

2'(t) < 2"(ty) — U3 /t1t (ﬁ /tw k(V)ps (6(v); K)dy> l/wdw — —o00 ast — oo.

Condition (3.16]) implies that the right-hand side tends to —oo, as t — oo, which contradicts the
positivity of z”(¢). Therefore, £3 = 0, that is lim; o 2(t) = 0.
(A6-2) Integrating (A5-2) from t9 to ¢ and using (3.17)), we obtain

t

a(t)(z"' (1)) < alt2)(z"(t2))" */ K(V)p3 (6(v); K)27(6(v))dw

ta

< a(ta) (27 (t2))" = 27(1) / kg ?i(ly() dv

to V)

< )l =) [
ta Qo v

< alt) (1)) — K 0 + 1 20



12 M. AL-ZAILAH, F. MASOOD, H. EL-METWALLY EJDE-2026/24

which, with (A6-1), gives

)" (0) < K S

or equivalently,

al v (#)2"(t) < —ko ;2(3). (3.18)
Using (A4-2) for i = 1, it follows that
) _ ., 2(t)
ot = G0

or equivalently,
b2(t)2' (t) + koo (t)z(t) < 0. (3.19)
Hence,

2(t) ' _ 2 ()a(t) + koz(t)¢(t)
( ko ) - ko+1 <0.
¢2° (1) ¢ (1)
(A6-3) Since z(t)/¢°(t) is positive and decreasing, there exists £4 such that
. ko _ S
flggo z(t) /P50 (t) = L4 > 0.
Assume the contrary, that £4 > 0. Then there exists to >t; such that
2(t)
2 (t)

2(t) +a/1(1)2" () p2(t)

b 0) |
By (A4-2), we have Q(t) > 0 for ¢ >t¢5. Differentiating Q(¢) and using (A4-2) and (A5-2), we
obtain

> ULy, t>ts.

We define
Qt) =

V0) = s [ OF 0~ 0L 0010) + @ 0" 0) 62(0)

+ ko T (D61 (D(2() + a1 (£)2" () 62(1))]

1 :(al/ T(1)2"(8)) $3() + kodr () (2(8) + a7 (1)2" ()62 (1))

(@) (=" (0)) (@7 (1) (1) 63 (1)
+ Koo (1) (=(t) + @' V(1) ()9(1) |
< (ZHw330); K)2 (50) (@ (1) (1) 63()

+ kod1 (1)2(8) + kodr (a7 ()" ()62(1)) / (63 (1))
Since v < 1, 2"’(t) < 0, and from

a ()2 (1) < —ko 2L

pa(t)’
we obtain 1 - 2(8) \ i
(a /W(t)z"’(t)) > (ko . (t)) .
Then,
’ 1 —1 Y . v ﬁ 1=y 42
'(t) W[Tﬂ(t)pzw(t),fﬂz (t)(ko¢2(t)) $3(t) + ko1 (¢)2(t)
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k(t)py (8(); K) 27 () g T (1) + kopa (£)2(t) + kopa (£)a/ 7 (£)2" () ¢pa(t)
@3 (1) '

IN
2

Using (3.17)), we have

1
V(t) < = [—kod1(D)z(t) + kod1 (1)2(t) + koo (t)a'/ 7 (£)2" (£)da(1)]
2"(t) (3.20)
< ko (t)a'/7 (82" (t).
2° (1)
Using that z(t)/é5 (t) > £4 and (3.18), we have
a7 ()2 (t) < —ko () < —kolypio (t). (3.21)
$2(t)
Combining (3.20) and (3.21)), it follows that
_ ko—1
Q) < ko¢1(t)/]~:054¢2 (t) Y nt)
2" (1) ¢2(t)
Integrating from ¢y to t, we have
Qty) > kilyIn O(l) — 00 ast — 0o,
Pa(t)
which is a contradiction because €)(¢3) is finite. Therefore, ¢4 = 0. Hence,
im 2(t) =
o (t)
and the proof is complete. O

Lemma 3.9. Let u(t) be an eventually positive solution of (1.1 such that z € No, and suppose
that conditions (3.16]) and (3.17) hold for some ko € (0,1). Assume further that

kii <ki<1, i=1,2,...,m—1.
Then the following assertions are valid:

(A7-1-m) z(t)/P5m (t) is decreasing,

(A7-2-m) limyo0 2() /05" (t) = 0,
where the sequence {k;}L is defined by

AFi=1
ki =kg—>t i=1,2,... .22
J 0(1—]41]'_1)1/7’ J s Ly ,m, (3 )
" (5(1)
P2(0(t
> A1, forallt >ty 3.23
o) =N [ 1 (3.23)

for some A > 1.

Proof. Let u(t) be an eventually positive solution of such that z € Ny. By Lemma
(A6-1)—(A6-3) are satisfied. Moreover, by an inductive argument combined with Lemma we
conclude that (A7-1-0)- (A7-2-0) hold.

Assume now that (A7-1-(m-1))—(A7-2-(m-1)) are valid for some m > 1. Integrating inequality
(A5-2) from ty to ¢, we find that

a(t)(z"(1))7 < alt2) (2" (t2))" */ k()3 (6(v); K)27 (6(v))dv. (3.24)

ta

From (A7-1-(m-1)), we have

2(8(t)) > o5 (8(t Y
(0(t)) = ¢ (())(b’;’"*l(t)



14 M. AL-ZAILAH, F. MASOOD, H. EL-METWALLY EJDE-2026/24

Substituting this into (3.24), we arrive at
t 2!
(OO < alta)("12))" — [ ) K)6 60—
ta 2 (v)

Since z(t)/ d)g’""l (t) is decreasing, it follows that

dv.

"WYY < g S v L(t) tn A () Thm1 0, M y
a(t)(2"'(t))" < a(t2) (2" (t2)) e /t W)pY(6(v); K)o (v) ) d

using conditions (3.17)) and (3.23]), we deduce that

a(t)(2" ()Y < a(tz)(z" (t2))" — )\Ykm’l gbgi’"(‘tl)(t) /t2 k(v)pg (8(v); K)qbgkm’l(u)dy

" km—1 Z’Y(t) K ¢1(V)
<alt) () =Nt T [

. A= () 1 1
< a(t) (2" (t2)) — kg T - Frt 577 (1) [¢;(1km_1)(t) - ¢g(1km_1)(t2)]

" (1) 1 Z7(¢)
< v ( — k) .
= ) ) T () 610
Since limy_,o0 2(t)/¢5™* (£) = 0, we finally obtain
()" (1) < -k 2D
- Teg(t)
or equivalently,
a7 (£)2" (1) < —knm ;2(8). (3.25)
Applying (A4-2) with ¢ = 1, we obtain
Z'(t) z(t)
_km 9
o) = " Ga(t)
which is equivalent to
2 (t)pa(t) + kmz(t)d1(t) <O. (3.26)

Consequently,

z 2'(t)p2(t) + kmz(t) 1 (1)
( km) ()= =" <0
b3 ¢ (t)
Thus, z(t)/¢5™ (t) = 0is decreasing. By repeating the argument used to establish(Ag_») in Lemma
we conclude that

=0.

=% g5 (1)
This completes the proof. O

Lemma 3.10. Let u(t) be an eventually positive solution of (1.1)) such that z € No. Then
ult) > Palt; K)2(t).

Proof. By applying the same approach as in the proof of Lemma we obtain (3.14]). Moreover,
condition (A7-1-m) implies that

2(plr(t)) < 21
G5 (Y(E)) T @ (1)
which yields

(27 o5 (VP (1))
W) <=
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Combining this with m, we deduce that

) [2r+1] »
>z<w W) oo — = (627)

T

2r

=0
K
. L ) ghn )
> & (L) ey - Smimy - e 20

Da(t; K)z(t).
This completes the proof. O

4. OSCILLATION CRITERIA
In the subsequent theorems, we derive criteria the oscillation of all solutions in ([1.1)).

Theorem 4.1. Let conditions (3.4), (3.16) and (3.17) hold, and suppose that

ag > 1/2. (4.1)
If there exists a positive integer m such that
t y=1(1 _
tim inf [ 6o(0)63 " (00)RY((0); )y > 2i (L= Fm) (42)
t—o00 5(t) e
t 3
. (6% (v))Y 67
_ gl -
tlg& inf /5(t) k(@)1 —p(5(v))) E0) dv > e’ (4.3)

then, (1.1) is oscillatory.

Proof. Suppose, on the contrary, that (1.1)) has an eventually positive solution u(t) satisfying
u(t) >0, wu((t)) >0, wu(d(t) >0 fort>t; >to.
By Lemma the associated function z(t) belongs to one the cases (N1)—(N3).

Case (N2). By Lemma the function 2" (t)/¢5° (t) is decreasing for all t > t;, while 2"/ (t) /g~ (t)
is increasing for all ¢ > ¢;. Consequently, g < 1/2, which contradicts assumption (4.1).

Case (N3). By Lemma [3.9] both conditions (A7-1-m) and (A7-2-m) hold. We define the auxiliary
function
w(t) = a'7 ()" (1)¢a(t) + 2(2).
From condition (A4-2) with ¢ = 0, we have w(t) > 0 for ¢ > t5. Moreover, (3.25) yields
a7 (0)2" ()2 (t) < —km2 (D).
Hence,
w(t) = aV()" (t)da(t) + kmz(t) — kmz(t) + 2(1) 84
< o () + 2(8) < (1= o) 2(2). |

Then
W (1) = (@ (£)(6) Ba(t) — a7 (D)2 (D (1) + 2/ (1)
Using condition (A4-2), with ¢ = 1, it follows that
1 / 1-
W(1) < @00 6(0) = —(aE" @) (N 0"0) 6a(e)
Applying conditions (A5-2) and , we arrive at
1—~

(1) € RO 0K GO a0 (0)  ealt)

< (0r360): )2 600)( ~ hn ) a0

< = k(p3(6(1); K)= (0)
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By condition (A4-1), the function z(t)/¢2(t) is increasing, and hence
200) _ =)
520000)) = 3a(t)’
Therefore,
/ kY s BV 2(6(t) \'
W (1) £ =P sl (00 K)2 0D (5 5p7) 620
< Gy B0l ORI (50): K)=(5(0)

Combining this inequality with ( -, we conclude that

1—y
(0 2123 (B(0) e (O} (60); K)o (3(8) < . (4.5)

Thus, w(t) is a positive solution of the differential inequality (4.5]) and is positive. However, by [21],
Theorem 2.1.1], condition (4.2]) guarantees that inequality (4.5 is oscillatory, which contradicts
the positivity of w.

Case (N1). Since z(t) = u(t) + p(t)u((t)), we have
u(t) = 2(t) — p(t)u(y(t)) = 2(t) — p(t)z(¥(¢)).

Because 2/(t) > 0, and 9(t) < t, it follows that z(t) > z(1(t)), so u(t) > (1 — p(t))z(t). Using
7 we obtain

(a(t)(z"()7) = —k(t)u? (3(t) < —r()(1 = p(8(£)))7 27 (5(¢))- (4.6)
By (N1), we see that lim;_,o 2(t) # 0. By Lemma [2.2] for every € € (0,1), we have that

2(t) > ;tBZ’”(t).
Consequently,
A6(0) = £5%(0)[a(3(0)="(5(1)
eventually. Substituting into , we obtain

@O O)) < =s)(1 = pEW) GOV 15

—
,.4;
-~

~

We define
I(t) = a(t) (2" (1))

Then, ¥(t) > 0 for all sufficiently large ¢, and the above inequality implies

67 . 53 (t)

Thus, ¥(t) is a positive solution of the delay differential inequality (4.8]). However, by [21, The-
orem 2.1.1], condition (4.3) guarantees that inequality (4.8) is oscillatory, which contradicts the
positivity of ¥(t). This contradiction completes the proof. O

Theorem 4.2. Let conditions (3.4)), , (3.16) and (3.17) hold. Assume that (4.2) and (4.3)

are satisfied. If there exists a positive integer m such that

V(1) +

9(6(t)) <0. (4.8)

i inf [ go(r)dl~ (60 (W)rpl(6(); K)dy > 120 L =am) =y g

t—o00 5(t) e

then, (L.1) is oscillatory.
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Proof. Suppose, on the contrary, that has an eventually positive solution u(t) satisfying
w(t) >0, w((t) >0, wu(d() >0 fort>t; >ty
By Lemma the associated function z(t) belongs to one of cases (N1)—(N3).
Case (N2). By Lemma[3.4] conditions (A3-1) and (A3-2) are satisfied. We define
wi(t) = a7 ()" ()0 (t) + 2" (1).
From condition (A1-3), it follows that wy(t) > 0 for all ¢ > ¢t;. Moreover, by (A3-1), we obtain
a'/1(1)2" (t)do(t) < amz" ().
Hence, using the definition of w(t), we deduce

wi(t) = a7 ()2 () do(t) + amz" () — amz" (t) + 2" (t)

; (4.10)
< (1 —am)2"(t).
Applying Lemma [3.1] conditions (A1-1)-(A1-6) hold. From (A1-2) and (A1-6), we obtain
W (5) = (702" (1)) bo(t)
< 2 (at)) (=) ool
L i o (1)1
< = (R 60 K)2 (0(0) (amo-5) ol®)
1 1—vy Y . € 020\ \v (0 5 2" ()N
< = ek TROPI 6 Koo (580 GO (5 5)
Applying (A1-4) and the monotonicity of z”/(t)/¢o(t), w is increasing. We further obtain
/ 1 1—v Y . € 52 N v Z”(d(t)) 1=y
(1) < ~ bRl (510): K)oo() (56°(0) (" GN) (55477
1 a'}n_’yefy y . ¢ (t) 2 o/
< = AT (000 K) 2o Sas (B0 (5(0).
Consequently, from , it follows that
, 1 ol ¢o(t) 2/ 7y - O
A+ B —am) sy D) HEOPIE0:; K (00) < 0. (4.11)

Thus, w(t) is a positive solution of the differential inequality (4.11). However, by [2I, Theorem
2.1.1], condition (4.9 guarantees that inequality (4.11)) oscillatory, which yields a contradiction.

Cases (N1) and (N3). These cases follow the same procedure as in Theorem to establish
conditions (4.2) and (4.3)). Therefore, no eventually positive solution exists in these cases. This
completes the proof. O

Theorem 4.3. Let conditions (3.4)), (3.11), (3.16) and (3.17) hold. Suppose that (4.1)and (4.3)

are satisfied. If there exists a positive integer m such that

liminf/ bo ()3 (6(W)k(¥)PY (O(v); K)dv > M, (4.12)
t—o0 5(25) e

then, 18 oscillatory.
Proof. Suppose, on the contrary, that has an eventually positive solution u(t) satisfying
w(t) >0, w((t) >0, u(d() >0 fort>t; >ty
By Lemma the associated function z(t) belongs to one of cases (N1)—(N3).
Case (N3). To proof we applying the inequality
u(t) = pa(t; K)z(t),
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to equation (|1.1)), and follow the same line of reasoning as in the proof of (4.9)) in theorem to
obtain the required estimate.

Cases (N1) and (N2). These cases follow the same procedure as in Theorem to establish
conditions (4.2)) and (4.3)), showing that no eventually positive solution exists. This completes the
proof. O

Theorem 4.4. Let conditions (3.4), (3.11), (3.16) and (3.17) hold. Suppose that (4.9), (4.12)
and (4.3) hold. Then, (L.1)) is oscillatory.

Proof. This theorem follows immediately from the preceding three theorems by applying the stan-
dard method found in the literature. The proof is straightforward and, therefore, is omit it. O

5. EXAMPLES

Example 5.1. Consider the fourth-order neutral differential equation
!
[£471u(t) + pou(wet) "] + rot? w7 (3ot) =, (5.1)

where v < 1, ¢t > 0, po € (0,1), ¥,dp € (0,1), and kg > 0. By comparing (1.1)) with (5.1]), we
identify

a(t)=tY, pt)=po, P(t)=1bot, K(t)=rot", &(t) = dot.
Straightforward calculations yield

1 1 1 1 1
)= —, = —, = A==, A\ =—.
bot) =35 ) =gz 2O=F 2 T 5,
For each K € N, the auxiliary functions reduce to
K
Lt K) = (1 —po) Y _ (g )", €€ (0,1), (5.2)
r=0
K 2(K+1)
Yo — po or Yo —po 1—pg
tK) = 20— Po T : 5.3
Pa(ti K) Yo ;p Yo 1 —po (5:3)
From condition (3.4]), we have
(52’YI£0 K 2
_ %Kol 2y2ryy, 5.4
8= S (1 =20 L (o0 )] (5.4)
Furthermore, from equation (3.17)), we find that
ko = S(f0)5 Yo —po 1 - (5.5)
6"y Yo 1—po
Condition (4.1)) is satisfied whenever
3 v
2> (— ) (5.6)
v € (1 = po) 2o, o (D3Y* )"
Condition (4.9) leads to
67y (1 — ayy,
Ko > —5— 2 K( 2) - —. (5.7)
edy [(1—po) Yoo (Potp?/€) 2 In 5=
Similarly, condition (4.2 implies
67 vk (1 — k) ( o 1 —p? )"f
Ko > o . 5.8
7 el ML \Go—pe 12D 55
Condition (4.12)) yields
67 vk (1= km) ¢ %o 1 i
Ko T—y 1 ( _ K [ 9/ 1 2km r) (5.9)
[edy " Ing No—po YT (p?/v5 )
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Finally, condition (4.3)) reduces to

K ><
0 1—po

eln %
Consequently, the oscillatory behavior of can be characterized using different criteria. Specif-
ically, Theorem |4.1| guarantees oscillation if conditions (5.6)), , and hold.
Theorem nsures oscillation under conditions (5.7)), (5.8, and .

Moreover, Theoremapplies when (5.6)), (5.9)), and (5.10)) are satisfied, whereas Theorem
asserts oscillation provided that , (5.9), and @ hold.
By assigning appropriate values to the parameters, the previously established criteria produce
explicit oscillatory results for equation (7 thereby illustrating the applicability and effectiveness
of the derived conditions.

In the following example, specific values will be assigned to the coefficients, and the derived
criteria will be applied to illustrate the resulting oscillatory behavior.

Example 5.2. Consider the special case of (5.1), with pg = 1/2, o = 0.7, and 6y = 1/3. Then,
equation ({5.1)) reduces to

!
(73] (u(t) + 0.5u(0.7t))”’]1/3) + ot /3(0.6t) =0, ¢> 1. (5.11)
In this case, we clearly have

y=1/3, a(t)=t*3 pt) =05, ®(t)=09t, () =0.6t, k(t)=rot >/,

1 1 1
do(t) = 33 P1(t) = 7ok Pa(t) = 5
We then obtain A = 4.630 and \; = 1.667. From condition (5.2)), it follows that
10
p1(t:10) = (1 - 0.5) > ((0.5)%(0.9)*/°%)" = 0.59, ¢=08.
r=0
From condition (5.3)), we obtain
10
0.9-05 0.9-05 1—(0.25)"
t;10) = ( ———— 25)" = . ~ 0.59.
p2(t:10) ( 0.9 ) go(o 5) 0.9 =025 0%

From (j5.4)), we have

B =0.328k0, g = 0.035¢0K3,
(4.63)%-1

_ 3
a; = 0.5666050m,

i=1,2,....,m.

From (5.5, we have

5 (1.667)Fi—1
C(1—kj1)3

The oscillation conditions ([5.6)-(5.10) yield
Ko > 3.05, Ko > 203023 (1 — o), ko > 0934k 231 — k), ko > 1.391.
Therefore, by Theorems and we conclude that (5.11)) is oscillatory.

It is worth noting that the studies cited in [7, 15}, 25 27, 29] B0] do not apply to (5.11)), since
here v = 1/3 < 1 and p = 0.5, and these works do not cover the nonlinear case. Consequently, the

results obtained in this study constitute a extension and refinement of the existing literature.

ko =4rk3, k;j =4k =1,2,...,m.
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6. CONCLUSION

This research investigated the oscillatory behavior and monotonic properties of a class of fourth-
order quasi-linear neutral differential equations in the noncanonical case, a class less explored
compared to lower-order equations. The results expand the existing literature by overcoming
limitations of previous studies, particularly regarding strict oscillation conditions and reliance on
traditional analytical tools. New precise monotonic properties of positive solutions were derived,
improving analytical connections between solutions and their derivatives, and enabling the de-
velopment of more general oscillation criteria. Examples confirmed that these criteria enhance
known results and extend their applicability to cases not previously addressed. This work enriches
the oscillation theory of higher-order differential equations and provides a foundation for future
research, including extensions to fourth-order nonlinear equations of the form

(a()(z"(1)7) + K(t)u®(5(t)) = 0,

as well as higher-order equations of the form

(el (=) ") + mlpu (66 =0,

and equations involving advanced time arguments, variable coefficients, or more general nonlinear
structures.
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