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GLOBAL DYNAMICS OF A MODIFIED HYBRID VAN DER

POL-RAYLEIGH OSCILLATOR II

YUHUAN LU, RUI ZHANG

Abstract. In this article, we study a modified hybrid Van der Pol-Rayleigh oscillator. We
consider bifurcation diagrams and global phase portraits in the Poincaré disc under some re-

strictions on the parameters. The resulting bifurcation diagram is complex, containing one

saddle-node bifurcation surface at infinity, one cusp bifurcation surface, one Hopf bifurcation
surface, and two generalized heteroclinic bifurcation surfaces.

1. Introduction and main results

Nonlinear oscillators arise in numerous fields of applied science and engineering, including me-
chanical systems, physics, chemistry, and biodynamics, see for instance [1, 2, 4, 8, 15, 16, 17,
18, 19, 20]. The study of self-sustained oscillations, pioneered by van der Pol [18] and Rayleigh
[17], has evolved to encompass more complex hybrid models capable of simulating intricate dy-
namical behaviors, such as those found in bipedal locomotion and pedestrian walking forces, see
[9, 10, 11, 12, 13] and references therein.

A typical model is the modified hybrid van der Pol-Rayleigh oscillator [3, 9], equivalent to the
planar system

dx

dt
= y,

dy

dt
= −x− a1y − (a2x

2 + a3xy + a4y
2)y, (1.1)

where a2 > 0, a4 > 0 and a1 < 0. This system generalizes classical oscillators and exhibits
richer bifurcation phenomena and limit cycle structures. To fully explore its parameter space,
particularly for Hopf bifurcation analysis, constraints on the parameters are relaxed to a2 ≥ 0,
a4 ≥ 0 and a1 ∈ R. Recent work by Chen et al. [7] established the global dynamics for the case
a3 = 0. When a3 ̸= 0, under the scaling (x, y) → (|a3|−1/2x, |a3|−1/2y), system (1.1) naturally
splits into two topologically distinct families:
Case a3 > 0:

dx

dt
= y,

dy

dt
= −x− ay − (αx2 + xy + βy2)y,

(1.2)

Case a3 < 0:
dx

dt
= y := P (x, y),

dy

dt
= −x− ay − (αx2 − xy + βy2)y := Q(x, y),

(1.3)

where α ≥ 0, β ≥ 0 and a ∈ R. We note that the bifurcation diagram and all global phase
portraits in the Poincaré disc of system (1.2) have been presented completely in [3]. Naturally, we
ask whether the global dynamics of system (1.2) and system (1.3) are topologically equivalent?
This is the main motivation for the present study.
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We start with the bifurcation diagram and all global phase portraits in the Poincaré disc of
system (1.3) and demonstrate that the global dynamics of system (1.3) are more intricate than
those of system (1.2). Let Ω be the parameter space and

Ω : (α, β, a) ∈ [0,+∞)× [0,+∞)× R.

Our main results read as follows.

Theorem 1.1. System (1.3) exhibits one finite equilibrium O(0, 0) and fourteen possible infinite

equilibria I±A , I±B , I±C , I±D , I±E , I±F , I±G in the Poincaré disc, where I±A lie on y = 1+
√
1−4αβ
2β x, I±B

lie on 1−
√
1−4αβ
2β x, I±E lie on y = αx, I±F lie on y = 1

βx, I
±
G lie on y = 1

2βx, I
±
C lie on x-axis and

I±D lie on the y-axis. Moreover, system (1.3) has at most one limit cycle.
The global bifurcation diagrams of system (1.3) consist of the following bifurcation surfaces and

curves:

(a) the saddle-node bifurcation surface at infinity,

SN := {(α, β, a) ∈ Ω : αβ = 1/4},
(b) the cusp bifurcation (or degenerate saddle-node bifurcation) curve at infinity,

C := {(α, β, a) ∈ Ω : αβ = 1/4, a = −(4β2 + 1)/2β},
(c) the Hopf bifurcation surface,

H := {(α, β, a) ∈ Ω : a = 0},
(d) the Generalized heteroclinic bifurcation curve,

S := {(α, β, a) ∈ Ω : α > 0, β = 0, a < 0, a+ α = 0},
(e) the Generalized heteroclinic bifurcation curve,

HL := {(α, β, a) ∈ Ω : α = 0, β > 0, a < 0, a+ β = 0}.
Moreover, the slice α = α∗ of bifurcation diagrams in Ω \ {(α, β, a) : a < 0, 0 < αβ < 1/4} is
shown in Figure 1. The corresponding global phase portraits in the Poincaré disc of (1.3) for the
case α∗ > 0 (see Figure 1(a)) are shown in Figure 2(a-k), and for the case α∗ = 0 (see Figure
1(b)) are shown in Figure 2(l-r). There α∗ ≥ 0 is a fixed value satisfying the following:

L1 = {(α, β, a) ∈ Ω : α = α∗ > 0, β = 0, a ≥ 0},
L2 = {(α, β, a) ∈ Ω : α = α∗ > 0, β = 0, a < 0, a+ α > 0},
L3 = {(α, β, a) ∈ Ω : α = α∗ > 0, β = 0, a < 0, a+ α < 0},
L4 = {(α, β, a) ∈ Ω : α = α∗ = 0, β = 0, a > 0},
L5 = {(α, β, a) ∈ Ω : α = α∗ = 0, β = 0, a < 0},
I = {(α, β, a) ∈ Ω : α = α∗ > 0, 0 < β < 1/4α∗, a ≥ 0},

II = {(α, β, a) ∈ Ω : α = α∗ > 0, 0 < β < 1/4α∗, a < 0},
III = {(α, β, a) ∈ Ω : α = α∗ > 0, β > 1/4α∗, a ≥ 0},
IV = {(α, β, a) ∈ Ω : α = α∗ > 0, β > 1/4α∗, a < 0},
V = {(α, β, a) ∈ Ω : α = α∗ = 0, β > 0, a ≥ 0},

V I = {(α, β, a) ∈ Ω : α = α∗ = 0, β > 0, a < 0, a+ β > 0},
V II = {(α, β, a) ∈ Ω : α = α∗ = 0, β > 0, a < 0, a+ β < 0},
SN1 = {(α, β, a) ∈ Ω : α = α∗ > 0, β = 1/4α∗, a > 0} ⊂ SN,

SN2 = {(α, β, a) ∈ Ω : α = α∗ > 0, β = 1/4α∗,−(4β2 + 1)/2β < a ≤ 0} ⊂ SN,

SN3 = {(α, β, a) ∈ Ω : α = α∗ > 0, β = 1/4α∗, a < −(4β2 + 1)/2β} ⊂ SN,

S = {(α, β, a) ∈ Ω : α = α∗ > 0, β = 0, a < 0, a+ α = 0},
C = {(α, β, a) ∈ Ω : α = α∗ > 0, β = 1/4α∗, a = −(4β2 + 1)/2β} ⊂ SN,
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O = {(α, β, a) ∈ Ω : α = α∗ = 0, β = 0, a = 0},
HL = {(α, β, a) ∈ Ω : α = α∗ = 0, β > 0, a < 0, a+ β = 0}.

(a) α∗ > 0 (b) α∗ = 0

Figure 1. The slice α = α∗ of the bifurcation diagrams of system (1.3).

Remark 1.2. Note that Theorem 1.1 considers the bifurcation diagrams and global phase por-
traits of system (1.3) only for parameters in Ω \ {(α, β, a) : a < 0, 0 < αβ < 1/4}. In fact, the
exact number of limit cycles remains unknown for system (1.3) when a < 0 and 0 < αβ < 1/4.
In other words, we do not know whether there exist any bifurcation curves associated with limit
cycles in II, as shown in Figure 1(a).

The remainder of this article is organized as follows. We analyze the local dynamics of system
(1.3) and the Hopf bifurcation in Section 2. We prove the uniqueness of the limit cycle for system
(1.3) in Section 3. We prove our main results in Section 4. We compare the global dynamics
of systems (1.2) and (1.3), and provide further clarification on limit cycles of system (1.3) with
(α, β, a) ∈ {(α, β, a) : a < 0, 0 < αβ < 1/4} in Section 5.

2. Local dynamics of system (1.3)

In this section, we study the local dynamical behavior of system (1.3). The first two lemmas
focus on the analysis of equilibria at finite points and at infinity, respectively.

Lemma 2.1. There is a unique equilibrium of system (1.3), denoted by O(0, 0). Moreover,

(i) O(0, 0) is an unstable focus (resp. node) if −2 < a < 0 (resp. a ≤ −2);
(ii) O(0, 0) is a stable focus (resp. node) if 0 < a < 2 (resp. a ≥ 2);
(iii) O(0, 0) is a stable weak focus of order one if a = 0 and α2 + β2 ̸= 0; and
(iv) O(0, 0) is a center if a = 0 and α = β = 0.

Proof. By solving P (x, y) = Q(x, y) = 0, we obtain that system (1.3) has a unique equilibrium
O(0, 0). The Jacobian matrix of system (1.3) at O is(

0 1
−1 −a

)
,

whose eigenvalues are λ1,2 = (−a±
√
a2 − 4)/2. Thus, it is easy to determine the type of O when

a ̸= 0, see statements (i) and (ii). When a = 0, λ1,2 are a pair of conjugate pure imaginary numbers,
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(a) L1 (b) L2 (c) S L3

(e) I (f) III (g) IV (h) SN13

(i) SN2 (j) SN3 ∪ C (k) V (l) L4

(m) O (n) L5 (0) V I (p) HL

(q) V II

Figure 2. Global phase portraits in the Poincaré disc of system (1.3).

which implies that equilibrium O is either a center or a focus. Using the polar coordinates,
x = r cos θ and y = r sin θ, system (1.3) becomes

dr

dt
= −r3 sin2 θ

(
β sin2 θ − cos θ sin θ + α cos2 θ

)
,

dθ

dt
= −1− r2 sin θ cos θ

(
β sin2 θ − cos θ sin θ + α cos2 θ

)
.

(2.1)
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Consider the small neighborhood of O(0, 0), that is, 0 < r ≪ 1. From (2.1) we obtain

dr

dθ
=

r3 sin2 θ
(
β sin2 θ − cos θ sin θ + α cos2 θ

)
1 + r2 sin θ cos θ

(
β sin2 θ − cos θ sin θ + α cos2 θ

) = M3(θ)r
3 + O(r5),

where
M3(θ) = sin2 θ

(
β sin2 θ − cos θ sin θ + α cos2 θ

)
.

From the formulas for the focal values in [21, Section 5, Chapter 2], we obtain the first focal value

g3 = −
∫ 2π

0
M3(θ) dθ

2π
= −3

8
β − 1

8
α.

From α ≥ 0 and β ≥ 0, g3 < 0 if and only if α2 + β2 ̸= 0. Thus, O(0, 0) is a stable weak focus of
order one if and only if α2+β2 ̸= 0. Hence, statement (iii) is true. Furthermore, when α = β = 0,
we observe

P (x, y) = −P (x,−y), Q(x, y) = Q(x,−y),

so the vector field of system (1.3) is symmetric with respect to the x-axis. That is, O is a center
when α = β = 0 according to [21, Section 5, Chapter 2] and statement (iv) is obtained. □

To discuss the Hopf bifurcation that appear in a small neighbourhood of the weak focus O in
system (1.3), with the aim of determining the number of limit cycles that can emerge, we can
obtain the lemma directly by [7, Theorem 2.4 of Chapter 3].

Lemma 2.2. When α2 + β2 ̸= 0, there is a sufficiently small ε > 0 and a small neighborhood
U(O) of O such that

(1) there is exactly one limit cycle in U(O) of system (1.3) for −ε < a < 0, which is stable;
and

(2) there are no closed orbits in U(O) of system (1.3) for 0 < a < ε.

To study the dynamics of system (1.3) at infinity along the x-direction and y-direction, we take
the Poincaré transformations

(x, y) =
(1
z
,
u

z

)
and (x, y) =

(v
z
,
1

z

)
,

respectively. Then, (1.3) is transformed to

du

dτ
= −z2(u2 + au+ 1)− u(βu2 − u+ α),

dz

dτ
= −z3u,

(2.2)

and
dv

dτ
= z2(v2 + av + 1) + v(αv2 − v + β),

dz

dτ
= z3(v + a) + z(αv2 − v + β),

(2.3)

where dτ = dt/z2. For system (2.2) we have the following result.

Lemma 2.3. (i) If α = β = 0, system (2.2) has a unique equilibrium C(0, 0) on z = 0. Moreover,
the local dynamics of C is shown in Figure 4.

(ii) If α > 0 and β = 0, system (2.2) has two equilibria E(α, 0) and C(0, 0) on z = 0, where C
is a saddle and E is a saddle.

(iii) If α = 0 and β > 0, system (2.2) has two equilibria F (1/β, 0) and C(0, 0) on z = 0, where
F is a node and the local dynamics of C is shown in Figure 4.

(iv) If α > 0 and β > 0, then

• system (2.2) has a unique equilibrium C(0, 0) on z = 0 for αβ > 1/4, which is a saddle;

• system (2.2) has three equilibria A
(
1+

√
1−4αβ
2β , 0

)
, B

(
1−

√
1−4αβ
2β , 0

)
and C(0, 0) on z = 0

for αβ < 1/4, where A and C are saddles, B is a node;
• system (2.2) has two equilibria G(1/2β, 0) and C(0, 0) on z = 0 for αβ = 1/4. Moreover,
C is a saddle and the local dynamics of G is shown in Figure 3.
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(a) a > −(4β2 + 1)/2β (b) a = −(4β2 + 1)/2β (c) a < −(4β2 + 1)/2β

Figure 3. Local phase portraits of system (2.2) with αβ = 1/4 near G.

Proof. The equilibria of system (2.2) on z = 0 directly depend on the roots of u(βu2−u+α) = 0.
Thus, the number and locations of the equilibria of system (2.2) are clearly obtained.

(i) α = β = 0. Taking the polar coordinate (u, z) = (r cos θ, r sin θ), system (2.2) can be written
as

1

r

dr

dθ
=

H1(θ) + O(r)

G1(θ) + O(r)
,

where

G1(θ) = sin θ(− cos2 θ + sin2 θ), H1(θ) = − cos θ(− cos2 θ + sin2 θ).

According to [21, pp. 60], the exceptional directions of system (2.2) are determined by the zeros
of G1(θ). It is clear that G1(θ) has six zeros θ = 0, π/4, 3π/4, π, 5π/4, 7π/4 in [0, 2π). Moreover,
G′

1(0)H1(0) = G′
1(π)H1(π) = −1 < 0, there is a unique orbit of system (2.2) approaching the

origin along the directions θ = 0 and π, respectively. However, for the other four directions,
H1(θ) = 0. By using the blow-up z = z1u, system (2.2) is changed into

du

dη
= −z21u(u

2 + au+ 1) + u,

dz1
dη

= z31(au+ 1)− z1,

(2.4)

where dη = udτ . System (2.4) has three equilibria O(0, 0), H± (0,±1) on u = 0. Furthermore,
(0, 0) is a saddle, while the other two equilibria are semi-degenerate. By (u, z1) 7→ (u, (z1−au)/2+
1), system (2.4) reduces to

du

dη
= −

(z1 − au

2
+ 1

)2

u(u2 + au+ 1) + u,

dz1
dη

= 2
(z1 − au

2
+ 1

)3

(au+ 1)− 2
(z1 − au

2
+ 1

)
+ a

(
−
(z1 − au

2
+ 1

)2

u(u2 + au+ 1) + u
)
.

(2.5)

By the implicit function theorem, dz1/dη = 0 has a unique root z1 = ϕ1(u) for small |u|. It follows
from (2.5) that

2
(z1 − au

2
+ 1

)du
dη

+ u
dz1
dη

= −2
(z1 − au

2
+ 1

)3

u3 + au
(
−

(z1 − au

2
+ 1

)2

u(u2 + au+ 1) + u
)
.

Thus,
du

dη

∣∣
z1=ϕ1(u)

= −u3 + o(u3).
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Finally, according to [21, Theorem 7.1 of Chapter 2], the origin of system (2.5) is a saddle. So
is H+ of system (2.4). Similarly, H− of system (2.4) is also a saddle. Local dynamics of system
(2.4) is depicted in Figure 4(a) and blowing down H± and O of system (2.4), we can obtain Figure
4(b).

(a) Local dynamics of (2.4) (b) Local phase portrait of (2.2) near C

Figure 4. α = β = 0 (or α = 0 and β > 0).

(ii) α > 0, β = 0. The Jacobian matrices at C and E are

JC =

(
−α 0
0 0

)
, JE =

(
α 0
0 0

)
,

implying that E and C are semi-degenerate. By the implicit function theorem, for system (2.2)
du/dτ = 0 has a unique root u = ϕ2(z) = −z2 + o(z2) for small |z|. Thus,

dz

dη

∣∣
u=ϕ2(z)

= z5 + o(z5).

According to [21, Theorem 7.1 of Chapter 2], C is a saddle. Similarly, E is a saddle.
(iii) α = 0, β > 0. In a manner analogous to (ii), we can obtain that F is a node. As for C, as

studied in (i), we can get the results.
(iv) α > 0, β > 0. As proved in (ii), C is a saddle of system (2.2). Consider αβ < 1/4. Let

u∗ := (1+
√
1− 4αβ)/2β. By the transformation (u, z) 7→ (u+u∗, z), system (2.2) is changed into

du

dτ
= −z2

(
u2 + (a+ 2u∗)u+ u∗2 + au∗ + 1

)
− βu3

− (3βu∗ − 1)u2 − (3βu∗2 − 2u∗ + α)u,

dz

dτ
= −u∗z3 − z3u.

(2.6)

According to [21, Theorem 7.1 of Chapter 2], the origin of system (2.6) is a saddle. So is A for
system (2.2). Similarly, B is a node.

Consider αβ = 1/4. Let u∗ = 1/2β. Then system (2.6) becomes

du

dτ
= −z2

(
u2 +

aβ + 1

β
u+

1 + 2aβ + 4β2

4β2

)
− βu3 − 1

2
u2,

dz

dτ
= − 1

2β
z3 − z3u.

(2.7)

With the polar coordinates (u, z) = (r cos θ, r sin θ), system (2.7) is transformed into

1

r

dr

dθ
=

H2(θ) + O(r)

G2(θ) + O(r)
,
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where

G2(θ) = sin θ
(1
2
cos2 θ +

1 + 2aβ + 4β2

4β2
sin2 θ

)
,

H2(θ) = − cos θ
(1
2
cos2 θ +

1 + 2aβ + 4β2

4β2
sin2 θ

)
.

The zeros of G2(θ) are strongly related to the sign of −(1 + 2aβ + 4β2).
Firstly, if −(1 + 2aβ + 4β2) < 0 (i.e. a < (4β2 + 1)/2β), G2(θ) = 0 has two roots θ = 0, π

in θ ∈ [0, 2π). It is clear that G′
2(0)H2(0) = G′

2(π)H2(π) = −1/4 < 0. By [21, Theorem 3.7 of
Chapter 2], there is a unique orbit of system (2.2) approaching the origin along the directions
θ = 0 and π, respectively. The local phase portrait of system (2.2) near the origin is shown in
Figure 3(a).

Secondly, if 1 + 2aβ + 4β2 = 0 (i.e. a = −(1 + 4β2)/2β), G2(θ) = 0 has four roots θ = 0, π/2,
π, 3π/2 in θ ∈ [0, 2π). A direct calculation gives G′

2(0)H2(0) = G′
2(π)H2(π) = −1/4 < 0. By [21,

Theorem 3.7 of Chapter 2], there is a unique orbit of system (2.2) approaching the origin along
the directions θ = 0 and π, respectively. To study the other two directions, the change of variables
u = u1z is applied, by which system (2.7) is transformed into

du1

dη
= −2aβ + 1

2β
u1z − βu3

1z −
1

2
u2
1,

dz

dη
= − 1

2β
z2 − z3u1,

(2.8)

where dη = zdτ . With the polar coordinates (u, z) = (r cos θ, r sin θ), system (2.8) becomes

1

r

dr

dθ
=

H3(θ) + O(r)

G3(θ) + O(r)
,

where

G3(θ) = sin θ cos θ
(
a sin θ +

1

2
cos θ

)
,

H3(θ) = − 1

2β
sin3 θ − 2aβ + 1

2β
cos2 θ sin θ − 1

2
cos3 θ.

Hence, G3(θ) = 0 has four roots θ = 0, arctan(β/(1 + 4β2)), π/2, π, π + arctan(β/(1 + 4β2)),
3π/2 in θ ∈ [0, 2π). Moreover,

G′
3(0)H3(0) = G′

3(π)H3(π) = −1

4
< 0,

G′
3(π/2)H3(π/2) = G′

3(3π/2)H3(3π/2) = −1 + 4β2

4β2
< 0,

G′
3

(
arctan

( β

1 + 4β2

))
H3

(
arctan

( β

1 + 4β2

))
= G′

3

(
π + arctan

( β

1 + 4β2

))
H3

(
π + arctan

( β

1 + 4β2

))
=

(4a2 + 1)2

64a4(1 + 4β2)
cos6

(
arctan

( β

1 + 4β2

))
> 0.

By [21, Theorems 3.7 and 3.8 of Chapter 2], we can obtain that for system (2.8) there are in-
finitely many orbits approaching the origin in respectively the directions arctan(β/(1 + 4β2)),
π + arctan(β/(1 + 4β2)), a unique orbit approaching the origin in respectively the directions 0,
π/2, π, 3π/2. Performing the blow-down of the point O in system (2.8) then leads to the phase
portrait depicted in Figure 3(b).
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Thirdly, if −(1+2aβ+4β2) > 0 (i.e. a > (4β2+1)/2β), we consider z = uz1, then system (2.7)
is changed into

du

dξ
= −uz21

(
u2 +

aβ + 1

β
u+

1 + 2aβ + 4β2

4β2

)
− βu2 − 1

2
u,

dz1
dξ

=
2aβ + 1

2β
z31u+ βuz1 +

1 + 2aβ + 4β2

4β2
z31 +

1

2
z1,

(2.9)

where dξ = udτ . System (2.9) has three equilibria, denoted by H± (0,±z∗1) and O(0, 0) on u = 0,

where z∗1 =
√
−2β2/(1 + 2aβ + 4β2). In addition, O is a saddle and H± are semi-degenerate. By

considering z1 7→ z1 + z∗1 , system (2.9) reduced to

du

dξ
= −u(z1 + z∗1)

2
(
u2 +

aβ + 1

β
u+

1 + 2aβ + 4β2

4β2

)
− βu2 − 1

2
u,

dz1
dξ

=
2aβ + 1

2β
(z1 + z∗1)

3u+ βu(z1 + z∗1) +
1 + 2aβ + 4β2

4β2
(z1 + z∗1)

3 +
1

2
(z1 + z∗1).

(2.10)

From (2.10), we have

(z1 + z∗1)
du

dξ
+ u

dz1
dξ

= − 1

2β
u2(z1 + z∗1)

3 − u3(z1 + z∗1)
3.

Thus,
du

dξ
= − 1

2β
z∗1

2u2 + o(u2)

when dz1/dξ = 0. According to [21, Theorem 7.1 of Chapter 2], the origin of system (2.10) is a
saddle-node. So is H+ for system (2.9). Similarly, H− is also a saddle-node, see Figure 5. Further,
Figure 3(c) is obtained. □

Figure 5. Local phase portrait of (2.9) with αβ = 1/4 and −(1 + 2aβ + 4β2) > 0.

Lemma 2.4. For system (2.3), D(0, 0) is an unstable star node for β > 0, and a degenerate
equilibrium for β = 0. Moreover, the qualitative properties of D for β = 0 is shown in Figure 6.

Proof. Firstly, we can obtain D is an unstable star node due to the Jacobian matrix of system
(2.3) at D when β > 0. Secondly, for β = 0, by the polar coordinate (v, z) = (r cos θ, r sin θ),
system (2.3) is transformed into

1

r

dr

dθ
=

H4(θ) + O(r)

G4(θ) + O(r)
,
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Figure 6. Local phase portrait of system (2.3) near D(0, 0).

where

G4(θ) = − sin3 θ, H4(θ) = cos3 θ.

Further, θ = 0, π are zeros of three-multiple ofG4(θ). One can checkG′′′
4 (0)H4(0) = G′′′

4 (π)H4(π) =
6. By [21, Theorems 3.7 and 3.8 of Chapter 2], system (2.3) has infinitely many orbits approaching
D in the directions θ = 0, π. Consequently, the qualitative properties of D for β = 0 is shown in
Figure 6. □

From Lemmas 2.3 and 2.4, we can summarize the dynamics of the equilibria at infinite in the
Poincaré disc for system (1.3) as follows.

Proposition 2.5. All phase portraits in the Poincaré disc of system (1.3) near infinity can be
classified in Figure 7. Here, I±A , I±B , I±C , I±D , I±E , I±F , I±G are equilibria at infinity of system (1.3),
which correspond to those equilibria of systems (2.2) and (2.3), respectively.

3. Limit cycles of system (1.3)

In this section, we establish several sufficient and necessary conditions for the existence of
limit cycles in system (1.3). We begin by presenting two preliminary lemmas concerning the
nonexistence and uniqueness of limit cycles in planar dynamical systems respectively.

Lemma 3.1 ([6, Theorem 1]). Consider the system

ẋ = y, ẏ = −g(x)− f(x, y)y, (3.1)

where x ∈ (α, β), y ∈ R, α < 0, β > 0. Assume that g(x) = −g(−x) for all 0 ⩽ x < min{−α, β},
and that the following conditions hold:

(i) xg(x) > 0 for all (α, 0) ∪ (0, β);
(ii) g(x) is Lipschitzian continuous for x ∈ (α, 0)∪(0, β), and f(x, y) is Lipschitzian continuous

for (x, y) ∈ (α, β)× R;
(iii) either f(x, y) ⩾ −f(−x, y) or f(x, y) ⩽ −f(−x, y) for all 0 ⩽ x < min{−α, β} and y ∈ R;
(iv) f(x, y) ̸≡ −f(−x, y) for x ∈ (0, ζ) and y ∈ R, where 0 < ζ ≪ 1.

Then, system (3.1) has no closed orbits in the strip α < x < β.

Lemma 3.2 ([5, Theorem 1]). Consider the system

ẋ = y, ẏ = −|x|m sgn(x)− f(x, y)y, (3.2)

where 1 ≤ m < +∞ and f(x, y) is continuous in R2, which satisfies the conditions that ensure the
existence and uniqueness of solutions for the initial value problem of system (3.2).
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(a) α = β = 0 (b) α > 0, β = 0 (c) α = 0, β > 0

(d)
0 < αβ < 1/4 (e) αβ > 1/4 (f) αβ = 1/4, a > −(4β2 + 1)/2β

(g) αβ = 1/4, a ≤ −(4β2 + 1)/2β

Figure 7. Equilibria at infinity of system (1.3) in the Poincaré disc.

If for all small ε and k with 0 < k < 1, f(x, y) satisfies

k(1−m)/2f(kx, k(1+m)/2y) ≤ f(x, y), ∀x, y ∈ R,

k(1−m)/2f(kx, k(1+m)/2y) ̸= f(x, y) for x ̸= 0, 0 < |y| < ε,

then system (3.2) has at most one limit cycle. Moreover, the limit cycle is stable if it exists.

Proposition 3.3. There are no closed orbits of system (1.3) when either a ≥ 0, α2 + β2 ̸= 0 or
a ̸= 0, α = β = 0.

Proof. Set g(x) = x and f(x, y) = a+αx2−xy+βy2. Obviously, g(x) is an odd function. One can
check that the conditions (i) and (ii) of Lemma 3.1 hold for (x, y) ∈ R2. Also, f(x, y)+f(−x, y) =
2a+ 2αx2 + 2βy2 ≥ 0 holds for a ≥ 0. Then the condition (iii) of Lemma 3.1 holds, and so does
the condition (iv), because α2 + β2 ̸= 0. By Lemma 3.1, system (1.3) has no closed orbits around
the origin when a ≥ 0 and α2 + β2 ̸= 0. Similarly, we can obtain that there are no closed orbits
for system (1.3) when α = β = 0 and a ̸= 0. □

From [5, Theorem 13], we can derive the following result immediately.
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Proposition 3.4. There is a unique limit cycle of system (1.3) when a < 0 and αβ ≥ 1/4.

Next, we state two lemmas, which are concerned with the limit cycles of system (1.3) for the
case a < 0 and αβ = 0. The idea for their proofs goes back to Levinson and Smith [14].

Lemma 3.5. When a < 0, α = 0 and β > 0, we have

(i) system (1.3) has no limit cycles for a+ β ≤ 0;
(ii) system (1.3) has one limit cycle for a+ β > 0.

Proof. For system (1.3), we calculate

dy

dt

∣∣
y=1

= −a− β,
dy

dt

∣∣
y=−1

= a+ β. (3.3)

Thus, if system (1.3) has any limit cycles, they must be in the strip |y| < 1. Using the time-scaling

dt 7→ − 1

1− y2
dt,

we re-write (1.3) as
dx

dt
= − y

1− y2
=: −g(y),

dy

dt
= x+

ay + βy3

1− y2
=: x− F (y).

(3.4)

We claim that systems (1.3) and (3.4) are topologically equivalent in the strip |y| < 1. Hence, we
can obtain that systems (1.3) and (3.4) have the same number of limit cycles. In conclusion, to
study the number of limit cycles of system (1.3), it suffices to consider the corresponding problem
for system (3.4), a Liénard form.

When system (3.4) satisfies a+ β ≤ 0, the divergence is

div(−g(y), x− F (y)) = −β +
(a+ β)(1 + y2)

(1− y2)2
< 0.

Thus, statement (i) holds.
Consider system (3.4) with a+ β > 0. The energy function is

E(x, y) = x2

2
+

∫ y

0

s

1− s2
ds. (3.5)

We can check that the function x = F (y) has the following properties. F (y) is strictly decreasing
on the interval (−∆,∆) and strictly increasing on the intervals(−1,−∆) and (∆, 1), where

∆ =

√
(3β + a) +

√
(3β + a)2 + 4aβ

2β
.

Furthermore, F (y) < 0 for y ∈ (−1,−
√
−a/β)∪(0,

√
−a/β), while F (y) > 0 for y ∈ (−

√
−a/β, 0)∪

(
√
−a/β, 1). The graph of x = F (y) is shown in Figure 8.
Assume that system (3.4) with a + β > 0 has at least two limit cycles. Let Γ1 and Γ2 denote

the two limit cycles closest to the equilibrium O with Γ2 enclosing Γ1. We now claim that points(
0,±

√
−a/β

)
are in the region enclosed by Γ1. In fact, if Γ1 is in the strip |y| <

√
−a/β,

dE/dt < 0 for |y| <
√
−a/β and E(x, y) is defined by (3.5). This leads a contradiction to the

existence of a limit cycle. For i = 1, 2, let Ai and Di denote the intersection points of Γi with
the line y = 0, where Ai (resp. Di) lie on the positive (resp. negative) x-axis. Let Bi and Ci

denote the intersection points of Γi with the line y =
√
−a/β, where Bi (resp. Ci) lie in the

first quadrant (resp. the second quadrant). Let E2 and F2 be two points on the curve Γ2, located

vertically above the line y =
√
−a/β, and having the same abscissas as B1 and C1, denoted by

xB1 and xC1 , respectively.
The equal sign in the energy function E(x, y) gives∮

Γi

dE =

∮
Γi

F (y)dx = 0, i = 1, 2.
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Since the vector field of (3.4) is symmetric with respect to the origin, it leads to

0 =

∮
Γi

F (y)dx = 2

∫
ÂiDi

F (y)dx, i = 1, 2. (3.6)

By calculation, we have∫
Â1B1

F (y)dx−
∫
Â2B2

F (y)dx

=

∫ √
−a/β

0

−g(y)F (y)

x1(y)− F (y)
dy −

∫ √
−a/β

0

−g(y)F (y)

x2(y)− F (y)
dy

=

∫ √
−a/β

0

−g(y)F (y) (x2(y)− x1(y))

(x1(y)− F (y))(x2(y)− F (y))
dx,

where x = x1(y) and x = x2(y) stand for the curves Â1B1 and Â2B2 respectively with y ∈
(0,

√
−a/β). Since x2(y) > x1(y) > 0 > F (y) and g(y) > 0 for y ∈ (0,

√
−a/β), we have that∫

Â1B1

F (y)dy >

∫
Â2B2

F (y)dx. (3.7)

Similarly, we have ∫
Ĉ1D1

F (y)dy >

∫
Ĉ2D2

F (y)dy. (3.8)

Let y = y1(x) and y = y2(x) stand for the curves B̂1C1 and Ê2F2 respectively with x ∈ (xC1 , xB1).
Then ∫

B̂1C1

F (y)dx−
∫
Ê2F2

F (y)dx =

∫ xC1

xB1

(F (y1(x))− F (y2(x))) dx > 0. (3.9)

Since F (y) > 0 on curves B̂2E2 and F̂2C2,∫
B̂2E2∪F̂2C2

F (y)dx < 0. (3.10)

From (3.7)-(3.10), it follows that∫
Â1D1

F (x)dy >

∫
Â2D2

F (x)dy,

which contradicts (3.6). In other words, system (3.4) with a+ β > 0 has at most one limit cycle,
so is system (1.3). Further, on the one hand, according to Lemma 2.1, the unique equilibrium O
of system (1.3) is a source. On the other hand, from (3.3), we have dy/dt < 0 on the line y = 1
and dy/dt > 0 on the line y = −1. Therefore, we take the point O as the inner boundary and the
lines y = ±1 as the outer boundary. By applying the Poincaré-Bendixson Theorem in the annular
region defined by |y| < 1, it follows that system (1.3) admits at least one limit cycle within this
strip. In summary, when a < 0 with a + β > 0, system (1.3) has exactly one limit cycle. This
completes the proof of statement (ii). □

Lemma 3.6. When a < 0, α > 0 and β = 0, we have that (i) system (1.3) has no limit cycles for
a+ α ≤ 0; and (ii) system (1.3) has one limit cycle for a+ α > 0.

Proof. Making the transformation

(x, y, dt) 7→
(
x, y exp

(1
2
x2

)
, exp

(
− 1

2
x2

)
dt
)
,

we re-write (1.3) as

dx

dt
= y,

dy

dt
= −x exp(−x2)− (a+ αx2) exp

(−x2

2

)
y =: −g(x)− f(x)y.

(3.11)
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Figure 8. The uniqueness of limit cycle of system (3.4) with a+ β > 0.

Making the transformation

y 7→ y −
∫ x

0

f(s)ds =: y − F (x),

we convert (3.11) to the equivalent system

dx

dt
= y −

∫ x

0

(
(a+ αs2) exp

(−s2

2

))
ds = y − F (x),

dy

dt
= −xexp

(
−x2

)
= −g(x).

(3.12)

We can obtain that the number of limit cycles in system (1.3) is equal to that in system (3.12).
Therefore, instead of analyzing system (1.3) directly, we can study the limit cycles of system (3.12).
For system (3.12), the analysis is nearly identical to that in Lemma 3.5, and thus the details are
omitted here. □

We remark that some of the assumptions stated by Levinson and Smith do not hold in our
setting. For systems (3.4) and (3.12),

∫∞
0

f(x) dx =
∫∞
0

g(x) dx = +∞ does not hold, so the
Levinson-Smith argument cannot be applied directly. In fact, the condition is specifically used to
prove the existence of limit cycles. If we are only concerned with the uniqueness of limit cycles,
this condition is not sufficient.

4. Proof of Theorem 1.1

According to Lemma 2.1 and Proposition 2.5, we can obtain the number and position of equi-
libria of system (1.3) at finite points and infinity. For any given α = α∗, the equilibria of system
(2.2) on z = 0 directly depend on the roots of u(βu2 − u + α) = 0 by Lemma 2.3. Thus, SN is
a saddle-node bifurcation surface for the equilibria of system (1.3) at infinity. Consequently, we
obtain Part (a). Further, we can obtain from Lemma 2.3 that C is a cusp bifurcation surface for
the equilibria of system (1.3) at infinity and we arrive at Part (b). Part (c) follows from Lemma
2.2 immediately that H is a Hopf bifurcation surface.

For a given α = α∗, Lemma 3.6 implies that system (1.3) possesses a unique and stable limit
cycle γ when β = 0 and −α∗ < a < 0. Referring to Figure 7(b), the α-limit set of the unstable
manifold of I+E is either I−C or I+D .

We now claim that the α-limit set is indeed I+D . Suppose, to the contrary, that the α-limit set

of the unstable manifold of I+E were I−C (as shown in Figure 9(a)). Since system (1.3) constitutes
a generalized rotated vector field with respect to the parameter a (see [21, Section 3, Chapter
4]), a small perturbation α 7→ α − ε would cause the saddle connection to break, as illustrated
in Figure 9(b). Under such a sufficiently small perturbation, the original stable limit cycle γ
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(a)
a = −α∗ (b) a < −α∗ (c) −α∗ < a < 0

Figure 9. Manifolds of equilibria at infinity.

persists. However, by the Poincaré–Bendixson annular region theorem, the resulting phase portrait
(Figure 9(b)) would imply the emergence of a new limit cycle enclosing γ, leading to a contradiction
with the uniqueness of limit cycles. Therefore, the claim is valid. Consequently, we obtain the
global phase portrait for the case α = α∗, β = 0, and −α∗ < a < 0, depicted in Figure 2(b).

A direct computation shows that the line y = α∗x is invariant for β = 0 and a = −α∗ −
1/α∗ < −α∗, meaning that the α-limit set of the unstable manifold of I+E is O. Since β = 0 and

−α∗ < a < 0, we have that the α-limit set of the unstable manifold of I+E is I+D . Based on the
theory of rotated vector fields, for β = 0, there exists a value a = a0 with a0 ∈ (−α∗ − 1/α∗,−α∗]
such that the α-limit set of the unstable manifold of I+E is I−C . We now show that a0 = −α∗.
If a = a0 < −α∗, for system (1.3), there are no limit cycles and the the saddle connection
between I+E and I−C . Moreover, since the saddle connection is structurally unstable, then the

saddle connection will rupture and the relative location of the manifolds of I+E and I−C is shown as
Figure 9(c) when taking the perturbation a0 7→ a0 + ε such that a0 + ε < α∗. Similarly, according
to the Poincaré-Bendixson annular region theorem, there will lead a limit cycle get a contradiction.
Thus, a0 = −α∗. Finally, the global phase portraits Figure 2(c) and Figure 2(d), which correspond
to the cases with β = 0, a = −α∗ and β = 0, a < −α∗ respectively, can be readily determined. In
summary, S is a generalized heteroclinic bifurcation surface, so is HL. This completes the proof
of Parts (d), (e).

For the global phase portraits of system (1.3), due to the symmetry of its vector fields with
respect to the origin, it suffices to consider y ≥ 0. When (α, β, a) ∈ L2 (or S, L3, V I, HL, V II),
the results from the previous proofs allow us to complete the global phase portrait; see Figure 2(b)
(or c, d, o, p, q). By combining the local dynamics near equilibria (see Lemma 2.1) with the
behavior at infinity (see Proposition 2.5) and the results on limit cycles (see Propositions 3.3, 3.4,
and 3.5), we directly obtain the global phase portraits for (α, β, a) ∈ L1 (or I, III, IV , SN1, SN2,
SN3 ∪ C, V ); see Figure 2(a) (or e, f, g, h, i, j, k).

Next, we consider the cases (α, β, a) ∈ O (or L4, L5). When (α, β, a) ∈ O, Lemma 2.1 shows
that O is a center, and the vector fields of system (1.3) are symmetric with respect to both
the x-axes and y-axes. This symmetry immediately yields the global phase portrait shown in
Figure 2(m).

For (α, β, a) ∈ L4, the connection between I−C and I+C is structurally unstable. Thus, the ω-limit

set of the unstable manifold of I−C must be either O or I+D . We claim that the ω-limit set is O.

Suppose, for contradiction, that the ω-limit set is I+D . Since the origin O is a stable equilibrium,
the Poincaré–Bendixson annular region theorem would then imply the existence of a limit cycle,
contradicting Proposition 3.3. Hence, the claim is valid.

Referring to Figure 7(a), we obtain the global phase portrait for α = 0, β = 0, and a > 0,
depicted in Figure 2(l). By the same reasoning, the global phase portrait in Figure 2(n) is obtained.
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5. Comparison and description

In this section, we provide a brief comparison of the global dynamics of systems (1.2) and (1.3),
and we explain why the analysis of limit cycles for system (1.3) is more involved. Finally, we
present a discussion of limit cycles of system (1.3) in the case a < 0 and 0 < αβ < 1/4.

Comparison of the global dynamics of systems (1.2) and (1.3). In general, the global
bifurcation diagram of system (1.2) consists of a saddle-node bifurcation surface at infinity, a cusp
bifurcation surface, and a Hopf bifurcation surface (see [3]). In contrast, the bifurcation structure
of system (1.3) is richer: in addition to the same saddle-node, cusp, and Hopf bifurcations, system
(1.3) exhibits two additional generalized heteroclinic bifurcation surfaces.

We analyze the systems in terms of equilibria and limit cycles to highlight both commonalities
and differences. Firstly, systems (1.2) and (1.3) share the same types of equilibria at finite points,
but differ in the equilibria at infinity. Secondly, when αβ ̸= 0, both systems display consistent
bifurcation phenomena and possess the same number of limit cycles. In particular, when a < 0,
each system has a unique limit cycle; when a ≥ 0, neither system has any limit cycles.

However, when αβ = 0, the bifurcation phenomena and the number of limit cycles differ
between the two systems. System (1.2) has a unique limit cycle for a < 0 and none for a ≥ 0. For
system (1.3), there is similarly no closed orbit when a ≥ 0. Moreover, a generalized heteroclinic
bifurcation occurs in system (1.3) when a + α = 0 (resp. a + β = 0) for β = 0 (resp. α = 0).
Consequently, for a < 0, system (1.3) has a unique limit cycle if a + α > 0 (resp. a + β > 0) for
β = 0 (resp. α = 0), and no limit cycle if a+ α ≤ 0 (resp. a+ β ≤ 0).

Discussion of limit cycles of system (1.3) when a < 0 and 0 < αβ < 1/4. A natural
question arises: since systems (1.2) and (1.3) are derived from the same underlying equation (1.1),
why can the bifurcation diagram and all global phase portraits in the Poincaré disc for system
(1.2) be fully resolved, while system (1.3) remains challenging to analyze? The main difficulty
lies in determining the number of limit cycles when a < 0 and 0 < αβ < 1/4. For system (1.2),
comparing integrals along corresponding arcs suffices to establish the uniqueness of the limit cycle.
However, in system (1.3), although the integral expression for the divergence is formally the same,
the sign of the cross term xy differs from that of the x2 and y2 terms. This difference prevents a
straightforward comparison of the divergence integral and makes it difficult to rigorously determine
the number of limit cycles in this parameter regime.

It is worth noting that when −ε < a < 0 and 0 < αβ < 1/4 with sufficiently small ε > 0, a
subset of this parameter space yields a unique stable limit cycle. Indeed, by the classical Hopf
bifurcation theorem (see Lemma 2.2), system (1.3) possesses a unique stable limit cycle Γ near
the origin. We now show that no limit cycles exist outside a sufficiently small neighborhood
of the origin. Assume, for contradiction, that there exists at least one limit cycle outside this
neighborhood. Let γ denote the limit cycle closest to Γ. By stability of Γ, γ must be internally
unstable, i.e., ∮

γ

(
a+ αx2 + 3βy2

)
ds ≤ 0.

However, since a is sufficiently small and γ lies outside this neighborhood, we have

a+ αx2 + 3βy2 > 0 for (x, y) ∈ γ,

which contradicts the inequality above. Therefore, no limit cycles exist outside the small neigh-
borhood of the origin. Consequently, when −ε < a < 0 and 0 < αβ < 1/4, system (1.3) has a
unique stable limit cycle. Based on this observation, we propose the following conjecture.

Conjecture 5.1. When a < 0 and 0 < αβ < 1/4, system (1.3) has exactly one limit cycle, which
is stable and hyperbolic.
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