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SOLUTION STRUCTURE OF NONLOCAL SERRIN-TYPE
OVER-DETERMINED PROBLEMS

KAZUKI SATO, FUTOSHI TAKAHASHI

ABSTRACT. In this article, we study the solution structures of Serrin-type over-determined prob-
lems with Kirchhoff-type nonlocal terms. We prove that the exact number of solutions is the
same as those of some transcendental equations defined by the nonlocal terms. We also obtain
the explicit form of solutions by using the unique solutions of the over-determined problems
without the nonlocal terms.

1. INTRODUCTION

Let @ ¢ RY (N > 1) be a bounded domain with C? boundary and k € {1,2,...,N}. In
this article, we consider the fully nonlinear over-determined problem with Kirchhoff-type nonlocal
term,

M (Il oo, | Vullogy ) S4(D%w) = X in ©,
u=0 on 09, (1.1)
Ju

%:c>0 on 01,

where 0 < p,q¢ < 0o, A > 0 are given constants, c is an unknown positive constant, v is the outer
unit normal to 9Q, and M (s, t) is a positive function in (s,t) € Ry x Ry. We do not assume any
continuity of M. For a real symmetric matrix A, let Sx(A) denote the k-th elementary symmetric
function of the eigenvalues of A (counted with multiplicity),

Si(A) = > Aiy iy - iy
1<i1 <ig<-<ip<N
Thus S1(A4) = Zfil A; and Sy(A) = Hfil Ai. Finally, let D?u(z) = (%{%j(m))lg’ﬁ]\; denote
the Hessian matrix of a C2-function u. Then Si(D?u) is called the k-Hessian operator. Note that
S1(D?*u) = Au and Sy (D?*u) = det(D?u).
In [2], the authors considered the Serrin-type over-determined problem for the k-Hessian oper-

ator,
Sk(D*u) = (JZ > in Q,

u=0 on 0, (1.2)

@:c>0 on 0,
v

where ¢ > 0 is unknown, () = m for k € {1,2,...,N}. They prove that if (1.2) admits a

solution v € C%(Q) for some k € {1,2,..., N}, then, up to a translation, 2 must be a ball, say
Q) = Bg(zg) for R > 0 and 2y € RY, and the solution is of the form

B |z — x0|? — R?

) (1.3)

u(z) = Ug,p, () :
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with ¢ = R. Note that the k-Hessian operator Si(D?u) is fully nonlinear and in general is not
elliptic. In spite of these difficulties, the authors in [2] give a shorter alternative proof which does
not exploit maximum principles directly and to extend the famous result by Serrin [4] (for & = 1)
in this setting. Their method uses a Pohozaev-type identity by Tso [5] and reminds us of an
alternative proof by Weinberger [6].

Recently, the Serrin-type overdetermined problem with Kirchhof-type nonlocal term,

M ([[ull ey, [Vl ooy ) A = A in €,

u=0 on 09,
Ju
W ¢ on 01,

where 0 < p,q < 00, A > 0 are given constants, ¢ is an unknown constant, and M : Ry xRy — Ry
is a positive function, was considered in [3]. There the exact number of solutions according to the
values of the bifurcation parameter A > 0 is determined by a transcendental equation defined by
the nonlocal term for a real unknown variable.

In this article, we extend the main result in [3] to problem . The original argument comes
from [1].

Theorem 1.1. Let M : Ry xRy - Ry, 0 < p,g <00, A >0, and k € {1,2,...,N}. Then if
admits a solution u € C?(2) for an unknown constant ¢ > 0, then Q must be a ball and u
must be radially symmetric with respect to the center of the ball.

Let Q = Bg(zo) with R > 0 and xo € RY. Consider the system of equations with respect to

(s,t) € Ry xRy (s,1) /
M(s,t) (N\~1/k
s = {)\<k>} IUR o || Lr (Br(20))

M(s,t) (N\\~V*k
(= (M0 ( k)} IV UR 0 | L (Breo))

where Ug 5, defined by (1.3)) is the unique solution of (1.2)) for Q@ = Bgr(zo). Then for A > 0,
problem (1.1)) for Q = Bgr(xo) has the same number of solutions of system (1.4). Also define

[VUR wOHL"(BR(ﬂUO)) N
g(s) = s*M s, : s (1.5)
( HUR7m0||LP(BR(Io) ) k

for s > 0. Then the number of solutions of (1.4) is the same as the number of solutions to the
equation

(1.4)

g(s) = /\||UR,xo||]zp(BR(x0)) (1.6)
with respect to s > 0. Moreover, any solution uy of (1.1)) has the form
Ur
ux(z) = s. Rz0(2)

HUR,OUO ||LP(BR(900))
where s, is any solution of (L.6)).

In the second part, we study an exterior over-determined problem with Kirchhoff-type nonlocal
term as described below. Let D C RY (N > 2) be a bounded C2-domain containing the origin as
an interior point. We consider

M (lullzoo), IVull ey ) Au(e) = Xa| V=2, z e,
u(z) =0, xz €9,
\Vu(z)| = cjz| "N >0, =z €, (1.7)
lu()| = o(1) (|lz] = c0), (N >3),
u(z)| =0(1) (2| = c0), (if N =2),

where = RV \ D is an exterior domain, 0 < p,q < 0o, A > 0 are given constants, ¢ is an unknown
positive constant, and M (s, t) is a positive function in (s,t) € Ry x Ry.
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Let B be the closed unit ball in RY for N > 2 and define

U(z) = %(|x|7N —[z|>N)  for |z| > 1. (1.8)

Then direct computations show that U is a solution of

AU = N|z| ™2 in B° =R" \ B,
U=0 ondB°
[VU|=1 on 0B,
|U@)| =0 (Jz| = o0), (if N >3),

|U(x)| — 1 (|lx] = o0), (if N =2).

2
Also note that U € LP(B¢ ifandonlyifi_ <p<ooifN23,p:ooifN:2; and
2
|VU| € L%(B°) if and only if 75 < ¢ < o0 if N >3, £ < ¢ < o0 if N = 2. In this case, we
compute
1 p(N—2)— N N
050y = Gt B(PE DN ) (N cpco N 2),
1 N \—N/2
~(B)=|——= )| —=—— N >
Wl = (v—5) (v—)  » W23,

1
Ul Bey = 5, (N =2),

2’
N —2\ =% (N—1)— N
_ g+1jgN—-1
VU ey = (5) 8V N0 (52 (B(E=——a+1)
q

~(N+1)g+ N
B 1, ——— N >
+ 2/N(q+ ) 2 ))7 (N_1<q<ooa —3)a
2m 2
HVU”Lq B) = 3.9 (§<Q<007 N =2),
N N(N+1) |—+1)/2
oo (Be) = >

where B(z,y) = fol t*=1(1—¢)¥~1dt denotes the Beta function, and B.(z,y) = [ t*~1(1—t)v~'dt
denotes the incomplete Beta function for z € (0,1).

Assumem<p<001fN>3 p=o00if N=2and 75 <¢< o0 if N >3,2/3 <qg<o0if
N = 2. Let us consider the system of equations

= { N} Uz (e
M(s,
t={ ()\

with respect to (s,t) € Ry x Ry, where U is in (1.8). Then we have the following:

(1.9)
—1
N} VUl Lacsey

Theorem 1.2. Let N > 2, M : Ry xRy — R4, and

<p< oo and <qg<oo, if N>3,

N -2 N -1

2
p=o00 and §<q§oo, if N=2.
Assume that admits a solution u € C2(Y) for an unknown constant ¢ > 0, where @ = RN\ D

is an ecterior domam. Then D must be a ball and uw must be radially symmetric with respect to
the center of the ball.
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Assume, without loss of generality, that D = B. Then for A\ > 0, the problem (1.7) for Q = B¢
has the same number of solutions of the system (1.9)). Also define

VU La(B)
— oM (s, LB O
g(s) =s (s, s s)

for s > 0. Then the number of solutions of (1.9) is the same as the number of solutions to the
equation

9(s) = AUl[Lr(Be) (1.10)
with respect to s > 0. Moreover, any solution uy of (1.7) has the form
Uz
i) — 5V

Sy
UL (Be)
where s, is any solution of (1.10)).

Concerning the strategy of the proof of Theorem [1.1} we cannot use the maximum principle
directly for problem because of the nonlocal terms. Also it seems difficult to carry out the
integral approach in [2], again because of the nonlocal terms. The key point of the proof is using
the homogeneity of the k-Hessian operator

Sk(yD?u) = v*S(D?u), (v >0)

to eliminate the nonlocal terms in the equation. Then we can appeal to the uniqueness of the
solution for the over-determined problem for the k-Hessian operators in [2].

The proof of Theorem goes also along the the same lines. In this case, we use a classical
Kelvin transform to rewrite the problem from the exterior to the interior of the domain. Then we
use the Serrin’s characterization of the over-determined problem without nonlocal terms. Since
the Kelvin transform works well only for the linear operator, we have to restrict ourselves in the
linear problem. Finally, nonlocal terms are treated by the use of the homogeneity of the Laplacian,
as in the proof of Theorem [I.1

The structure of this article is as follows: In §2, we prove Theorem In §3, we obtain a
characterization of (the outside of) a ball for some exterior over-determined problem, Proposition

and prove Theorem
2. PrROOF oF THEOREM [L]
Proof. First assume that there exists a solution u € C?(2) of (1.1)) and put
v =yu

where v > 0 is chosen so that

_ (M(HUHLP(Q)a IVullLaq)) (N )1/’“
A k '
Note that the k-Hessian operator is homogeneous of degree k. Then

Sk(D?*v) = Si(yD?u)

= kS (D*u)
¢ 2

M ([lull e 0, VUl La(a))

(N
- ()
in . Also we see that v = 0 on 02 and % = yc = const. on 9Q. Thus by the result of [2], we
see that 2 must be a ball, say Q = Bgr(z¢) for some R > 0 and 79 € RY and v = Ug 4, (x). This
implies that
u(z) =7 WURu (2), Vu(z)=7"'VUgy, (7). (2.1)
We define
s = lullLr(Br(ao)) and = |IVullLa(Br(z0))- (2:2)
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Then by (2.1)), we have
s = 771HUR,$0”LP(BR(;EO))a

t =" VURoll Lo (Br(x0)):
which is equivalent to (1.4). This shows that
(s,t) = ([ull Lo (Br(wo)): VUl Lo (B (20)))
is a solution to ([L.4]) and thus
#{u : solutions of (L.1)) for Q = Br(zo)} < #{(s,t) € (R1)? : solutions of (T.4)},

where # A denotes the cardinality of the set A.
On the other hand, let Q = Bg(z¢) for some R > 0 and 7o € RY and let (s,t) € (R;)? be a

solution to (|1.4]). Note that by (1.4]), we have

t M(s,t) [N\ 1/k
i _ :( (s, )( >) . (2.3)
IURwollLr(Br(zo))  IVURwo | La(BR(20)) A k

Thus if we define

U U
u(z) =s R (7) ( =t LENC) ), (2.4)
1UR w0l L# (BR (20)) IVUR 20| La(Br(x0))

then we have u = 0, % =const. on OBgr(xp) and (2.2)) holds by (2.4). Moreover, we have
M (Iull o (Bateons |Vl Lo(Bacron ) Sk(D?u)
M{(s, £)Sk (D)

k
M (s, ) : ) SK(D*Un,,)
HURJTUHLP(BR(JUO)) ——

=(%)

@ 52 () -

on Bgr(xp). This shows that

#{u : solutions of (L)) for Q = Br(wo)} > #{(s,t) € (Ry)? : solutions of (T.4)}.

Thus the number of solutions of (|1.1)) for 2 = Bgr(x¢) and that of (1.4) are the same.
Also by (2.3), we can rewrite the system of equations (1.4) into a single equation for s,

HVUR,wo HLQ(BR(Io))
M(s, IUR.gllLp (B R o)) ) N\ ~1/k
5= Y k ||UR7~'EO||LP(BR(I())7

which is equivalent to (|1.6) with g(s) in (L.5). Thus the number of solutions of (1.4]) for Q@ = Br(zo)
and that of (|1.6) are also the same. O

3. EXTERIOR OVER-DETERMINED PROBLEM

Let D C RJL N > 2 be a bounded C?-domain containing the origin as an interior point, and
put Q =RY \ D. First, we consider an exterior over-determined problem without Kirchhoff term:

Au = Nl|z|™V2 in Q,
u=0 on 0f,
|Vu| = ¢|z|™™ on 09, (3.1)
lu(z)] = o(1)  (Jz[ = o0), (if N =3),
lu(z)] = O(1) (2| = o0), (if N =2),

where ¢ is an unknown positive constant. Direct computation shows that U(z) in (1.8)) is the exact
solution of (3.1)) for Q = B¢ with ¢ = 1. On the uniqueness, we have the following proposition.
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Proposition 3.1. Let N > 2 and Q = RN \ D be an exterior domain. If problem admits a
solution u € C%(Q), then D must be a ball and u must be radially symmetric with respect to the
center of the ball. Let Q = B¢ = RN \ B. Then U(z) in is the unique solution of and
¢ must satisfy ¢ = 1.

Proof. First we consider N > 3 and assume that u € C2(Q) is a solution of (3.1). Define a function
w: 2%\ {0} — R such that

2— Y *
wl) =P V(i m), e\ o)), (3:2)
where
0 = fy=pp e €U0}

that is, w is the Kelvin transform of u. Note that x = ﬁ € Qis equivalent to y = oz € O \ {0}.
By a well-known formula for the Kelvin transform and the equation in (3.1]), we have

Ayw(y) =y >N (A, u><|y|2) = [¢[>*N Ayu(z) = N

for y € Q*\{0}. Since y € IQ* is equivalent to z € O, w(y)|
direct computations give that

Vyw(y) = [yI™" {2 = Nu(@)y — 2(Vau(z) - 2)y + Vou(z)}
where z = ﬁ, y € Q*\ {0}. Thus

yeoar = u(x)|m€69 = 0. Furthermore,

Vyw )|, con- = ['xlN{(Q B N)@# -

o a
T+ V@)

2(V,u(z) - x)ﬁ + Vou(w) }]

€N
=0

= |2 (= 2(Vau(a) -

where
(e) = Vau(@) = (Vau(@) o) ) = (Vaule) )
Note that
@(z) + b(z) = Vou(z), d(z) Lb(z) forz € o,
thus |@(x)|2 4 |b(z)|? = |Veu(z)[2. Therefore,

Vyw(y) | = |2[*N|Vpu(2) |
Since u is a solution of , we see that w in satisfies
Aw =N in Q*\ {0},
w=0 on Q" (3.3)
[Vw|=¢>0 on Q"

yeIN* €N’

Furthermore, since u satisfies lim;|_, o u(x) = 0, its Kelven transform w satisfies

lw(y)l _ 0.
lyl—=0 [y[2=N

Thus y = 0 is a removable singularity and w satisfies the equation on the whole Q*. Then Serrin’s
result assures that 2* must be a ball and w must be radially symmetric with respect to the center
of the ball. This implies that  must be the compliment of the ball and w is radially symmetric
with respect to the same point. If Q = B¢, then Q* = int(B) and

wi) =L (e mm)
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is the unique solution of (3.3)) with ¢ = 1. Then by (3.2)), we have
R e

_ N =y
u(z) = |y|N Pw(y) = 5 = 5
Yy

When N = 2, the same computation also holds for the Kelvin transform w(y) = U(W)
Moreover, we can claim that y = 0 is again removable since in this case

L )l

lvl—=0 log(1/1y])
follows from the weaker condition at co: u(x) = O(1) as |z| — co. We have finished the proof of
Proposition [3.1} a

Proof of Theorem[1.4 Once the uniqueness of the explicit solution U in (1.8)) to problem (3.1]) is
proven in Proposition the proof of Theorem [1.2] can be done in exactly the same way as the
proof of Theorem (]
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