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APPROXIMATIONS OF THE SET OF TRAJECTORIES, ATTAINABLE SETS,
AND INTEGRAL FUNNEL OF A CONTROL SYSTEM WITH INTEGRAL
AND GEOMETRIC CONSTRAINTS ON THE CONTROL FUNCTIONS

ANAR HUSEYIN, NESIR HUSEYIN, KHALIK G. GUSEINOV

ABSTRACT. This article studies approximations to the set of trajectories, attainable sets and
integral funnel of a control system described by an ordinary differential equation. It is assumed
that the equation is nonlinear with respect to the phase state vector and affine with respect to the
control vector. The system includes control functions, some of which satisfy the L, (p € (1,00))
norm constraint, while the others satisfy the Lo, norm constraint. Step by step, the set of
admissible control functions is replaced by a set consisting of a finite number of piecewise-
constant control functions that generate a finite number of trajectories. Error evaluations are
provided for the Hausdorff distances between the set of trajectories, attainable sets, integral
funnel, and their approximations, which depend on discretization parameters.

1. INTRODUCTION

In mathematical models of control systems different types of constraints on control functions
arise depending on the character of the control effort. For example, if the control resource char-
acterizing a given control effort is exhausted by consumption, such as energy, fuel, finance, food,
etc., then an integral constraint on control functions becomes necessary. If the control resource
characterizing the control effort is not exhausted by consumption, like the steering wheels of a
car, ship, plane, etc., then these types of control functions have a geometric constraint. In simple
forms, integral and geometric constraints on control functions can be expressed through L, norms,
where p € (1,00), and Ly norm type constraints.

One of the most studied areas of control systems theory is control systems, the dynamics of
which are described by ordinary differential equations. The concepts of the set of trajectories,
attainable sets, and integral funnel, which include comprehensive information about system, are
essential tools for studying and forecasting the behavior of these control systems. The set of
trajectories consists of trajectories generated by all admissible control functions. The attainable
set of system at a given instant of time consists of the points to which the system state can
be steered at the given instant of time. The integral funnel of the system is a generalization
of the integral curve notion from the theory of ordinary differential equations and consists of
the graphs of all trajectories. Different topological properties and approximations of the set of
trajectories, attainable sets and integral funnel of control systems with geometric constraints on
control functions and described by ordinary differential equations are discussed in a vast number
of research papers (see, [7, (15 [16, 21] and references therein). It should be noted that these types
of control systems are also studied within the framework of differential and integral inclusions
theory (see, e.g. [II, 2, B[4, [6]). Similar properties of the set of trajectories, attainable sets and
integral funnel of control systems with integral constraints on control functions are considered
in [5, 8 @, 10, 12] 14, 17, 18, 20, 22]. Let us underline that investigating control systems with
integral constraints on control functions is generally more difficult task than studying control
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systems with geometric constraints on control functions. These difficulties arise especially in the
investigation of nonlinear differential game problems, when the control functions of the players have
integral constraints. The methods for constructing attainable sets of control systems with integral
constraints on control functions, as outlined in references [9l [I0, [I8], are based on Pontryagin’s
maximum principle formulated for motions approaching its boundary. In [8, [12], the constructions
of the set of trajectories, attainable sets and integral funnel are based on discretization of the set
of admissible control functions. The construction of two-dimensional reachable sets of the Dubins
car with both integral and geometric constraints on control functions is discussed in [19]. In [13],
approximations of the set of trajectories, attainable sets and integral funnel of the control system
are presented, where the same control function satisfies both integral and geometric constraints
simultaneously, and the system is affine with respect to the control vector. It also includes error
evaluations for the given approximations.

In this article, we consider a control system described by an ordinary differential equation. It
is assumed that the system is nonlinear with respect to the phase state vector and affine with
respect to the control vector. It is supposed that a part of the control functions have an L,
(p € (1,00)) norm constraint, meaning that they are integrally constrained, while another part of
the control functions have an L., norm constraint, indicating they are geometrically constrained.
The approximations of the set of trajectories, attainable sets and integral funnel are discussed. Step
by step, the set of admissible control functions is replaced with a set consisting of a finite number
of piecewise-constant control functions that generate a finite number of trajectories. Then, each
trajectory generated by a piecewise-constant control function, is replaced by its Euler’s broken line
and an evaluation for the Hausdorff distance between the set of trajectories and the set, consisting
of a finite number of Euler’s broken lines, is derived. Using this result, similar evaluations for
the Hausdorff distances between the attainable sets, integral funnel and their approximations are
provided.

This article is organized as follows. In Section 2, the system’s dynamics description, basic
conditions for functions describing the behavior of the system and some auxiliary propositions
which are used in subsequent arguments, are given. In Section 3, approximations of the set of
trajectories (Theorem and attainable sets (Corollary are presented. An error evaluation
depending on the discretization parameters, is given. In Section 4, each trajectory generated by
the piecewise-constant control function is replaced with appropriate Euler’s broken line and an
evaluation between the set of trajectories and the set consisting of a finite number of Euler’s broken
lines is obtained (Theorem. The same evaluation is derived for attainable sets (Theorem [4.5)).
In Section 5, using the obtained results, an approximation of the integral funnel of the system by
a set consisting of a finite number of node points of Euler’s broken lines is presented (Theorem
. An error evaluation for the obtained approximation is also given.

Let us introduce some notation which will be used in the following arguments. Let (X, d(:,))
be a metric space. The Hausdorff distance between the sets £ C X and € C X is denoted by the
symbol hx (F,Q) and is defined as

hx (E,Q) = max{sup d(z, E), sup d(y, )}
e yerE

where d(z,E) = inf{||lx —y|| : y € E}. By the symbols h,(:,-) and hc(:,-) we denote the
Hausdorff distance between the subsets of the space R™ and C([to, 6];R™), respectively, where
R™ is an n-dimensional Euclidean space, and C([to,6]; R™) is the space of continuous functions
z() : [to, 0] — R™ with norm ||z(-)||c = max{||z(¢)|| : t € [to,d]}. Denote

Bo(1) = {xz() € C([to, O; R") : [lz(-)[le < 1} (1.1)

Definition 1.1. Let (X,d(-,-)) be a metric space, ¢ > 0 be a given number. The set E, =
{z1,22,...,24,} C E consisting of a finite number of points is called a finite o-net on E if for
each x € F there exists z, € E, such that the inequality d(z,z,) < o is satisfied.
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2. DYNAMICS OF THE CONTROL SYSTEM

Consider a control system described by the differential equation

#(t) = f(t, () + Bi(t, 2(t))v(t) + Ba(t, x(t)w(t), (to) = o (2.1)

where x € R" is the n-dimensional phase state vector, v € R™, w € R™2 are the m; and
mo-dimensional control vectors respectively, ¢ € [tg,0] (to < 6 < o0) is the time, f(-,-) is an
n-dimensional vector function and Bj(+,-) and Bs(+,-) are n x m; and n x mo-dimensional matrix
functions respectively.

For given p € (1,00), a > 0 and r > 0, we denote

Vo = {v(") € Loo([to, 0, R™) : [Ju() ]| < ), (2.2)

Wi ={w() € Ly([to, 0 R™?) : lw(-)[lp < 7}, (2.3)

Unpr = Vi X Wy (2.4)

where Lo ([to, 8];R™) is the space of Lebesgue measurable functions v(-) : [tg,08] — R™! such

that [|v()[lec < 00, [[U(+)]|ec = inf{c > 0 : ||v(¢)|| < ¢ for almost all ¢t € [to, 0]}, Ly([to,0]; R™?)

is the space of Lebesgue measurable functions w(-) : [tg,8] — R™2 such that ||w( Np < o0,
lw)|l, = (fto [|w(t)||Pdt) /e , |l - || stands for the Euclidean norm.

The set V,, defined by lb is called the set of geometrically constrained control functions,
the set W, , defined by (2.3 is called the set of integrally constrained control functions, the
set Uqypr defined by (2.4) is called the set of the system’s admissible control functions. The
control functions with integral constraints characterize the control efforts that are exhausted by
consumption, while the control functions with geometric constraints characterize the control efforts
that are not exhausted by consumption.

It is also assumed that the functions f(-,-), Bi(+,) and Ba(+,-) satisfy the following conditions:

(A1) The functions f(-,-) : [to,0] x R™ — R™, By(+,-) : [to,0] x R™ — R™*™ and Bs(:,-) :

[to, 0] x R® — R™*™2 are continuous and for every bounded set D C [tg, 8] x R™ there
exist Lipschitz constants v; = v;(D) € (0,00) (i = 0, 1,2) such that

1t @) — f(t,27)
|B1(t, ) — Bi(t, )| < yillas — 2],
|B2(t, zs) — Ba(t, x™)|| < 7ol — 2]

for any (¢,z.) € D, (t,z*) € D.
(A2) There exist constants x; € (0,00) (i = 0,1,2) such that

£t @)l < mo(L+[lz])),  [[But,2)|| < ma(L+[l])),  [1Ba(t, 2)|| < m2(1 + [|z]])

for every (t,x) € [to, 0] x R™. Here, ||By(t,z)|| and || Ba(t, z)|| denote the Euclidean norms
of the matrices Bi(t,z) and Bs(t, x) respectively.

If the functions (¢,2) — f(t,z), (t,x) = Bi(t,z), (t,2) — Ba(t,z), (t,x) € [to,0] x R™, are
continuous with respect to (¢,2) and Lipschitz continuous with respect to x, then the conditions
(A1) and (A2) hold.

Every pair (v(-),w(-)) € Uqp,r is said to be an admissible control function. Let (v.(-),w.(-)) €
Ua.p.r- The absolutely continuous function z.(+) : [to, 8] — R™ which satisfies the equation . (t) =
ft, 2 (t)) + B1(t, x4 (t))vs(t) + Ba2(t, 2. (t))ws (t) almost everywhere in [tg, 8] and initial condition
2« (to) = o, is said to be a trajectory of system generated by the admissible control function
(vi(+), ws(+)). By the symbol X, , »(to, o) we denote the set of trajectories of system which
are generated by all possible admissible control functions (v(-),w(-)) € Uq,p,. The conditions
(Al) and (A2) guarantee that each admissible control function generates a unique trajectory on
the interval [to, 8]. We denote

Xa7p7,.(t;t0,x0) = {Z‘(t) ceR™: Z‘() S Xa’pﬂ-(to,xo)}, te [to,e], (25)
‘ba7p7r(t0,l’o) = {(t,l’(t)) € [t0,0] x R" : I() € X(X,pﬂ«(t(),ibo)}. (26)

| < ollze =27,



4 A. HUSEYIN, N. HUSEYIN, KH.G. GUSEINOV EJDE-2026/27

The set Xq p.r(to, o) is called the set of trajectories of system (2.1), the set X, , (¢;t0, zo)
is said to be the attainable set of system (2.1) at the instant of time t, the set ®q , (to, o) is
referred to as the integral funnel of system (2.1]) with constraints (2.4)) on the control functions
and initial position (tg, zg). It is obvious that the integral funnel can also be rewritten as

(I)a,p,r(tmxo) = {(t,{l?) S [t079] xR": 2 € Xa’p’r(t;to,l'o)}.

Approximations of the set of trajectories Xq p.r(to,20), attainable sets X, , -(t;to,z0), t €
[to, 0], and the integral funnel ®,, (to,2zo) will be presented. To solve the problem, step by
step, the set of control functions U, ;,» will be replaced by a set, consisting of a finite number of
piecewise-constant control functions that generate a finite number of trajectories. Evaluations of
the errors in the presented approximations will also be provided.

For the following arguments, we define the bounded and closed cylinder D, C [to, 0] x R™ within
which the integral funnel ® p »(to, o) is contained. Let

Vi = [[lzoll + p«] exp(ps), (2.7)
D, = {(t,z) € [to,0] x R" : || < vu + 1}

where 1
o

P« = (ko + ak1)(0 —to) + rra(0 —to) 7 .
Proposition 2.1. For every x(-) € Xo p.r(to, zo) the inequality ||z(-)||c < v is satisfied.

The proof of the proposition follows from Condition (A2), Holder’s inequality, and Gronwall-
Bellman’s inequality. Proposition [2:1] also yields the validity of the following corollary.

Corollary 2.2. The inclusion ®qp(to,z0) C Ds holds where the cylinder D, is defined by
relation (2.8]).

Here and henceforth, we will consider the cylinder D, as the set D in Condition (Al). For a
given A > 0, we set

wo(A) = (ko + ar1) (1 + ) A + rra(1 + v,) AT (2.9)
where v, is defined by (2.7). It is obvious that ¢o(A) — 0 as A — 07,
Proposition 2.3. For every t, € [to, 0], t* € [to, 0] and x(-) € Xu p.r(to, o), the inequality
[ () = 2@ < wo([te —t7])
is verified.

The proof of this proposition is simple and it follows from Condition (A2) and Proposition

Since @o(A) — 0 as A — 0%, then Proposition implies that the set of trajectories
Xap,r(to,zo) is a set of equicontinuous functions. Taking into consideration Proposition and
Proposition from Arzela-Ascoli theorem we obtain the validity of following proposition.

Proposition 2.4. The set of trajectories Xq pr(to,x0) generated by mized constrained control
functions Uy ., is a precompact subset of the space C([to,0]; R™).

We denote
wo(ps(A)) = max {|[f(ts, z:) — FE", )| : [t — 7] < u(D), [l — 27| < pu(D),
(2.11)
(ty,x4) € Dy, (t*,2™) € D*},

wi(px(A)) = max {[| Bi(t, x2) = Bi(t",2*)|| : [t —t*] < @u(A), [z — 2" < pu(D),

(2.12)
(te,x4) € Dy, (t*,27) € D*},
wa(pu(A)) = max {|| Ba(te, 2x) = Bo(t", 2")|| : [t — 7] < s (A), [lzx — 27| < pu(A), (2.13)

(t*7x*) S D*7 (t*ax*) € D*}

where the cylinder D, C [to,6] x R™ is defined by equality (2.8)), ¢o(A) is defined by (2.9)). It is
obvious that wy(p«(A)) = 0, wi(«(A)) = 0 and wa(p«(A)) = 0 as A — 0F.
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If the functions (¢t,z) — f(¢,z), (t,z) — Bi(t,z), (t,x) = Ba(t,z), (t,z) € D,, are Lipschitz
continuous with respect to (¢,z) on the cylinder D, i.e. if there exist the constants p; > 0,
i = 0,1, 2, such that

1 (ter) = £, a) | < pollte — ] + e — 2],
|By(te,2.) = Bu(t*,a")]| < pullts — t°] + s — 2", (2.14)
| Ba(ts,2.) — Bo(t*,a")|| < pallts — | + 2. — 2*]

for any (t.,z.) € Dy, (t*,2%) € D, then the quantities wo(¢«(A)), wi(p«(A)) and wa(p.(A)) sat-
isfy the evaluations wg(p«(A)) < 2ppps(A), w1(«(A)) < 2p19:(A) and wa (s (A)) < 2pap.(A).
Proposition implies the validity of the following corollary.

Corollary 2.5. For every t,. € [to,0] and t* € [to,0] the inequality
o (Xapr (i 0, 80), Xeapr (30, 30)) < 0 ([t — £
holds, where po(-) is defined by equality (2.9).
The above corollary implies that h,, (Xa,p,r(t; to, Z0), Xap,r(ts; to, xo)) — 0 as t — t, uniformly

on the interval [to, ].

3. APPROXIMATION OF THE SET OF TRAJECTORIES

Let 8 > 0, 01 > 0, 02 > 0 be given numbers, I" = {tg,t1,...,tny = 0} be a uniform partition
of the closed interval [to, 0], Ay = {0 = ag,a1,...,a, = a} be a uniform partition of the closed
interval [0,a], Ao = {0 = ro,71,...,7¢, = 8} be a uniform partition of the closed interval [0, 5],
A= B*Tto =tip1—t;,i=0,1,...,N —1, be the diameter of the partition I, 6; = % = Q41 — Qy,

7 =0,1,...,¢1 — 1, be the diameter of the partition Aj, do = g =rp—r,1=0,1,...,c0 — 1,
be the diameter of the partition Ap, ST = {b € R™ : ||b]| =1}, SL = {b1,b2,...,bc,} be a finite
or-net on S', % = {e € R™2 : [|e|| = 1}, SZ = {e1,€2,...,€c,} be a finite g2-net on S2. Note
that a > 0 is the number which characterizes the upper bound of the geometric constraint and is

given in (2.2)). Denote

I'A,52
Vo T = {v(-) € Lo ([to, 0); R™) : v(t) = aj, by, for every ¢ € [t;, tis1),

(3.1)
aj, € Ay, by, €S) i=0,1,...,N — 1},
T, A2,S2
WA e {w() € Ly ([0, 0 R™) s w(t) = i, for every ¢ € [ti,ti11),
N-1 (3.2)
r, €Ny, e, €82, i=0,1,..., N—1, A- Zrﬁ Srp},
i=0
T A ,Az,SE 852 A8t JT,A5,52
gl A Sa Sey _hSey B A S, (3.3)
It is obvious that
Ui’;?l’AQ’S;“SzZ
- {(’U(), w()) € Lo ([to, 9];Rm1) X LP ([tO’ 0];Rm2) : U(t) = ajibki’w(t) =Ty,
for every t € [t;, tiy1), oy, € A1, 1y, € Ao, by, € Se, eg, € Sz, (3.4)

N-—-1
i=0,1,...,N—1, A-Zrigrp}.
1=0

S2

T,A1,A2,5 . .
With the symbol Xf,p,r PETerToa (10 20) we denote the set of trajectories of system (2.1)) gen-
B.T,A1,A2,S; ,S2

erated by all piecewise-constant control functions (v(:),w(-)) € Ua/p.r 717772 Since the set
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B[\ A1,A2,SL 52

Uap,r 717772 consists of a finite number of control functions, then the set
B.T,A1,A2,5) ,S2, . . . .
Xap,r 1772 (g, mp) also consists of a finite number of trajectories and

B.TA1,A2,5) ,S2,
X a,p,T e ! (t07x0) Con,p,r(thxO)'

For a given t € [to, 6] we also denote

XPTARS050s ) = {att) R :a() € x2Sy, 5o, (to,0) ). (35)
Let

7o = (0 +70) (0 = to) +72r( — o) 7, (3.6)

Kx = 262(1 + v)rP exp(ys), (3.7

E1(A) = 20w (. (A))(0 — to) + 2ak1 (1 + vi) A, (3.8)

E2(A) = 2rwa (0 (A))(0 — t0) T + 2rka(1 + v)AT (3.9)

§(A) = [6(A) + &(A)] exp(y.), (3.10)

A1(01) = k(L + v ) (0 — to)01 exp(4), (3.11)

AalB2) = a1+ 12)(0 — t0)52 exp(ra), (3.12)

X1(01) = k1 (1 4+ v4) (0 — to) o exp(y«), (3.13)

X2(8,02) = r2(1 + v4)(6 — to) Boz exp(7x), (3.14)

where . (A), w1 («(A)) and wa(p.(A)) are defined by relations (2.10), (2.12)) and (2.13]) respec-
tively, v, is defined by equality (2.7), the constants v;, k; (i = 0,1,2) are defined in Conditions

(A1) and (A2). We have that £(A) — 0 as A — 0%, A\(61) — 0 as 1 — 0T, X2(d2) — 0 as
83 = 0%, x1(01) = 0 as 01 — 07 and x2(8,02) — 0 as g2 — 0T for any fixed 8 > 0.
Theorem 3.1. The inequality

B.T,A1,A2,55 .52,

he(Xap,r(to; 20), Xapr 772 (to, o)) < 5 (A) +A1(d1) + A2(d2) +x1(01) + x2(B, 02)
is satisfied for every B > 0, for every uniform partition T' = {to,t1,...,tx = 0} of the closed
interval [to, 0], for every uniform partition Ay = {0 = ag, a1,...,a. = a} of the closed interval
[0, ], for every uniform partition Ao = {0 = ro,71,...,7¢, = B} of the closed interval [0, S], for
every finite o1-net Sy = {b1,ba,... ,be,} on the unit sphere S* = {b € R™ : ||b|| = 1} and for
every finite og-net S2, = {e1,ez,...,€ec,} on the unit sphere S* = {e € R™2 : |le|| = 1}.

Here A = 9‘% = tiy1 — t;, . = 0,1,...,N — 1, is the diameter of the partition I, §; =
% = ajp1 — o, j=0,1,...,c1 — 1, is the diameter of the partition A1, éo = % =141 — 1,
1=0,1,...,c0 — 1, is the diameter of the partition As, o1 > 0 and o9 > 0 are given numbers, k.,

£(A), A1(61), A2(d2), x1(01) and x2(B, 02) are defined by (3.7), (3.10), (3.11), (3.12), (3.13) and
(13.14)) respectively.

Proof. The theorem is proved in 4 steps.

Step 1. Geometric constraint for integrally constrained control functions. We define a
new set of control functions, where an additional geometric constraint is introduced for integrally
constrained control functions. For a given g > 0 we denote

Wy = {w(-) € Ly([to, 0; R™) : w(-)lp < 7, [lw(-)]le < B3, (3.15)
UL pr=Va x W, (3.16)

a,p,r
and denote by X/ . ~(to, o) the set of trajectories of system ([2.1]) generated by all possible ad-

missible control functions (v(-),w(:)) € U pr 1t is obvious that

X3 pr(t0,20) C Xapr(to, z0).- (3.17)
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Let us prove that
R«
where Bgo(1) and k. are defined by equalities (|1.1)) and (3.7) respectively.
Choose an arbitrary trajectory z(-) € Xa p.r(to, Zo) generated by the control function (v(-),w(-)) €
Uapr = Vo X W, .. Define a new control function (v, (), w.(-)) by setting v.(-) = v(-) and

Cfult) it )] <6,
“’*(”‘{ Dt ()] > 6.

It is not difficult to show that w,(-) € W/, and hence (v, (-),ws(-)) € U, =V, x Wﬁr. Let

p,T? a,p,T
24 (+) : [to, 8] = R™ be the trajectory of system ({2.1)) generated by the control function (v.(:), w.(+)).
Then z.(-) € ngpm(to, Z0).

Denote T(8) = {t € [to,0] : |w(t)| > B}. Since w.(-) € W/,,
inequality (see, e.g., [23] p. 82]) we have that

Xa,p,r(tml'o) C _)(5 (to,xo) +

o,p,T

(3.19)

then by virtue of Tchebyshev’s

rP
meas(T(B)) < 7 (3.20)
where meas(7T'(3)) stands for Lebesgue measure of the set T'(3).

Taking into consideration that v.(-) = v(-) and v(-) € Vo, w(:) € Wy, w(-) € WS C W,
from Conditions (A1), (A2), Proposition Holder’s inequality, Minkowski’s inequality, (3.19))

and (3.20) we obtain that
[(t) — z. @)
t

=) 1 (r2(7)) = f(7, 2a (7)) dT + ) [ B1(7,2(7))v(7) = Bu(7, 24(7))v (7) || dT
+ [ ABa(r,2(7)w(7) = Ba(T, 2. (7))w. (7)||dT

to

S/ *yo||a:(7))—x*(7')|\dT+/ Mllz(r) — 2o (7)lllo(7)ldr

to to

+/t IIBz(T,x(T))*BQ(T,w*(T))II\Iw(T)IIdT+/t [ B(; 2. (7))[[[|w(7) — w.(7)l|dr

< [ ool o)~ ol + [ a1 o) .

to

S/ Yo+ e+ rellw(@)] () — z.(7)lldr

+ ra(1+ ) [meas (T(8))] "7 (/T(m [w(r) — w*(T)H”dT> v

t Tp—l
S/ [0 + 71+ y2flw(T)|] ||I(T)*I*(T)HdTJr?mz(lJrV*)W
to
D

t
= /t Yo+ ma+yellw@)] () — z.(7)lldT + 2r2(1 + V*)#

for every t € [tg,0]. Now the last inequality, the Gronwall-Bellman inequality, (3.6)) and (3.7) yield
that

P t
Jott) ~ 2.0l < 2021+ ) g exp [ [ ot ot selutr) ]
P p=1 Ko
< 2kp(1+ V*)W exp [(70 +y1a)(0 — to) +y2r(0 —to) P } = 3
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for every t € [to, 0], and consequently

R«

() = z.()lle < = (3.21)

Since z(-) € Xa p.r(to, zo) is an arbitrarily chosen trajectory, () € ijp ~(to, zo), then (3.21))
yields the validity of the inclusion (3.18). From ) and (3.18)) it follows that

hc (Xavpﬂ”(t()’ ‘To)a Xg,p,r (t07 $0)) S

6?‘1 (3.22)

Step 2. Piecewise-constant control functions. Now we define the new class of control
functions which consists of piecewise-constant functions on a uniform partition I' of the interval
[to, 0]. We set

= {v(:) € Vo : v(t) = v; for every t € [t;,ti41), 1 =0,1,..., N — 1}, (3.23)
Wﬁ’rr ={w(-) € Wﬁr cw(t) = w; for every t € [t;,t;11), i =0,1,...,N =1}, (3.24)
r r r
Ubr . =va xwht, (3.25)
where the set Wpﬁr is defined by equality (3.15). It is obvious that
bl ={( ) € UL, . tv(t) =vi,w(t) = w;

(3.26)
for every t € [t;,tiy1), i =0,1,...,N —1}

where the set of control functlons UB . is defined by equality - Let X5 P ' (to,zo) be the set

a,p,r
of trajectories of system (2.1]) generated by all control functions (v(-),w(-)) € UZ:T - LU is obvious
that
XBJ) T(to, 330) C Xgpﬂ_(to, xo). (327)
Now we prove that
Xgpr(to,xo) CXgpr(to,.To)—l-f(A)Bc(l) (328)
where ¢(A) is defined by (3.10)), Bc(1) is defined by (L.1)).
Let us choose an arbitrary Z(-) € X/ p.r(to, o) generated by the control function (9(-), w(-)) €

Uf ., and define a new piecewise-constant control function (0.(-), w.(-)) : [to,0] — R™ x R™2,

setting
1 tit1
Bt = § o(r)dr, teltitin), i=0,1,...,N 1, (3.29)
1t
B (t) = K/t B(r)dr, € [titien), i=0,1,..., N —1. (3.30)

It is not difficult to prove that ||0.(¢)|| < a, ||@0.(t)]] < B for every t € [to, 0], || W« ()|, < 7. Hence,
by we have (0. (-),w«(-)) € USL .. Let &.(-) be the trajectory of system generated by
the control function (0. (-), @ (-)). Then, Z,(-) € X5T .(to,z0) and taking into account condition
(A1), we obtain

[2() = z. ()|

||f(T7f(T)) — f(n & ()lldr + [ 1Bi(7, &(7)) = Bi(7, 2. (7)) [|0(7) ||d7

+u / By(r, & (7)) (5(r) — . (r))dr| + / 1B (7, 5(7)) = Ba(r, & (7)) | d7
y / Ba(r, & (7)) (i(7) — . (7))d7 |

é/ (Yo + llo(D)l + rallo(T)DIE(T) — 2. (7)[|d7

to
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+H/t 31(7,55*(7))(@(7)—ﬁ*(f))d7}1+\}/t Ba(r, #.(r)(@(r) — dn(r))dr]|  (3:31)

for all t € [to,0]. Let us derive evaluations for || ftto By(7,%.(7))(0(1) — 04(7))dr|| and
I j:; Bo(1,Z. (7)) (w(T) — @*(T))dTH, taking into consideration equalities (3.29)), and the
inclusions 9(-) € Va, 04(-) € VI C Vo, w(-) € W, and w.(-) € WL

Now choose an arbitrary ¢ € [to, 0] and fix it. Let ¢ € [to, ¢t1]. From Condition (A2), Proposition
inclusions 9(-) € Vi, 04(-) € VI C Vo, w(-) € WL, C Wyp, 0i(-) € WEE C W, Holder’s
inequality and inequality ¢t — tg < A it follows that

/t 1By (7, 2 (7)) (5(7) — 6 (7))l dr < 201 (1 + 1) A, (3.32)

|B2(7, Z. (7)) (@0(7) — W (7))||dT < 2rKa(1 + V*)A%. (3.33)

to

Now let ¢ > t;. Then there exists k =1,2,..., N — 1 such that ¢t € (¢, ¢x+1]. Then

/ Bi(7,%.(7))(0(7) — 0s(7))dT

to

t 831
= Z/ Bi(1,Z.(7)(0(1) — 0x(7))dT + | B1(7,24(7))(0(7) — 0u(7))dT,
i=0 vt 28
/ Ba(r, & (7)) (65(r) — i (7)) dr
Y ) (3.35)
= Bo(7, 24 (7)) (W(T) — ws(7))dT + | Ba(7, T4 (7)) (@0(7) — Wy (7))dT .
> A

Choose an arbitrary ¢ = 0,1,...,k — 1. From (3.29) and (3.30]) we have

/ttm(fi(T) — Uu(7))dT =0, /ttm(ﬁ;(r) @ (7))dr =0

i 7

and consequently

/ T Bi(r 2. () (0(7) - B (7)dr
" (3.36)

b . (3.37)
=/t [Ba(7, (7)) — Ba(ti, 4 (t:))](w0(7) — W (7))dT .

Since #,(-) € X1 . (to,%0) C Xap,r(to, o), by Proposition [2.3| we have that
[24(2) — 24 (£:) ]| < po(A) < @u(A) (3.38)

for every t € [t;,t;11], where ¢o(A) and ¢.(A) are defined by (2.9) and (2.10) respectively. Since
A < . (A), from (2.12)), (2.13)) and (3.38]) we obtain

/ B £ (1) — Bults () | [5(r) — 5 () | dr
b (3.39)

<urlp.(a) [ o)~ o) far.

t;
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[ 1B .(7) = Batts () () — (7)o
b , (3.40)

< wa(ipa(A)) / " (r) — d(r) dr

Taking into consideration that ¢ = 0,1,...,k — 1 is arbitrarily chosen, the inclusions o(-) € Vj,

0,(-) € VY C Vo, w() € Wf, C Wy, wi(-) € WSE C Wyp, the inequalities (3.39), (3.40) and
applying Holder’s and Minkowski’s inequalities we obtain that

k—1 tit1
> [ B a0 - sl
i=0 Vti
k-1 tit1
< Snle@) [ 1ot 0. 0)ldr (3.41)

< wi(pa(A) / J5(r) — u(r)dr < 2001 (2 (A)) (tx — to)

< 201 (4 (A)) (0 — to),

Z [ 1B g 0(0) - o

=0

k—1 -
< 3 eale(@) /t () - @ rler .
<A [ lr) = ()l < 2t (A)tx - 1)

< QTwz(w(A))(H — )7

Analogously to inequalities (3 and - from Condition (A2), Proposition inclusions
() € Vo, 0 (-) € VI C Vo, w(- ) € W r C Whp, 04(-) € WY C Wy, and t € (g, try1] it follows
that

/t | B1(7, Zs (7)) (0(7) — 0 (7)) ||dT < 2ak1 (1 + vi) A, (3.43)
/t 1Ba(r, & (7)) (0(7) — (7)) |[dr < 2rka(1 4+ 1) A" (3.44)

where k > 1.
The relations (3.34)), (3.36]), (3.41)), and (3.43]) imply that

| /t Bi(7,%.(7))(0(1) — 04(7))d7 || < 20w1(0+(A))(0 — to) + 20k1 (1 + 1) A, (3.45)

and from (3.35)), (3.37), (3.42)) ,and (3.44]) we have that

p—1

|}/ Bo(7,&,(7)) (w(7) — W+ (7))d7|| < 2rwa(p.(A))(6 — to) B 2rma(1+ ) AT (3.46)

where t € (tk, tht1], k‘ = 1,2, ..., N

Concludmg, from - we obtain that

H B1 (1,24 (7)) (0(T) — f)*(T))dTH < 20w (0« (A))(0 — to) + 2ak1 (1 + v) A = & (A),  (3.47)

and from (3-9), (3:33) and (3.46) it follows that
P

I /t By (7, & (7)) ((7) =t (7))d7 || < 2rwa (04 (D)) (0—t0) 7 +2rka(141) A" = &(A), (3.48)
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where t is an arbitrarily fixed instant of time in the interval [to, 6].

Inequalities , , and yield
t
[2(t) — Z.(t)]] < / (o + oM +rell@(T)DIZE(T) — Z.(7)[dT + £2(A) + §2(A)

to
for every t € [tO,G] Finally, the last inequality, the Gronwall-Bellman inequality, inclusions

0(-) € Va, w(-) € W, C Wy, (8.6) and yield
o)~ 2.0 < [6(8) + @) exp [ [ (0-+ o)) + el

< [61(8) + €(A)] exp [ (20 + 110) (6~ to) +172(6 1) T | = £(A)

for every t € [to, ], and hence
1Z(-) = 2« ()lle < &(A).

Since Z(-) € Xap,«(to,xo) is an arbitrarily chosen trajectory, Z.(-) € Xg Il:,r(to,xo) then the
last inequality implies that the inclusion (3 is valid. From inclusions (3.27) and (3.28]) it follows
that

he ( apr(t07$0)7Xapr(t0ax0)) < S(A) (349)
where A > 0 is the diameter of the uniform partition T'.

Step 3. Piecewise-constant control functions with norms from uniform partitions.

Using uniform partitions A; = {0 = ag, a1,..., 0, = a} of the closed interval [0,a] and Ay =
{0 =rg,71,...,7c, = B} of the closed interval [0, 8], where 6; = & = yp— ozj,j =0,1,...,¢1—1,
is the diameter of the partition Ay, and o = ﬂ =714 —r,l= 0, 1,...,co — 1, is the diameter of

the partition Ag, define a new set of control functlons, by setting
VEA — () e VE u(t) = vy, ||Jvg]| € Ay for every t € [ti,tip1), i =0,1,...,N —1}, (3.50)
BFAZ ={w() € Wﬁ’f cw(t) = wy, ||wi] € Ag for every
t € [ti,tiy1), i =0,1,...,N =1},
O AR (3.52)
where the sets V' and WB " are defined by (3.23)) and , respectively. It is obvious that

UEEM N = (00, w0) € UZE, 00) = vow(®) = wi for every £ € o ti), o
||’UZ'||€A17 ||w2-||€A2, ZZO,l,...,N—l} .
where the set of control functlons Uf 11: , is defined by equality (3.25) - Let X5
the set of trajectories of system (2.1]) generated by all control functions (v(:),
It is obvious that

(3.51)

7f\ (to LC()) be
)) Uﬁ AL A

T,
a,p,
( a,p,r

XGpit R (to, mo) € X7y, 1 (to, %0)- (3.54)
Now we prove that
XE (to, w0) € XD 02 (tg, 20) + [A1(61) 4+ A2(02)] Be(1) (3.55)
where A1(d1) and Ag(d2) are defined by equalities (3.11) and (3.12) respectively, Bo(1) is defined
by (L.1)).
Choose an arbitrary trajectory z(-) € X5 (to, xo) generated by the control function (9(-),(-))
€ UST .. According to (3.25) we have that 9(-) € V! and @(-) € W£: . Then from (8.23) and
(13.24) we obtain that
f)(t) = 9, for every t € [ti7ti+1)7 ||1AJZ|| <a, 1=01,...,N—1, (356)

w(t) =1; for every t € [t tip1), |l < B, i=0,1,...,N =1, A- Y [ly]|” <rP. (3.57)
i=0
From ([3.56) it follows that for each ©; there exists a;, € A; such that
[04]] € [oj;, @ 41) or [|o3]] =, i =0,1,...,N - 1. (3.58)
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Relation (3.57) implies that for each w; there exists r;, € Ay such that
las|| € [r1;,71,41) or |||l =8, i=0,1,...,N —1. (3.59)

Let us define a new control function (0. (+), w«(+)) : [to, 8] = R™* x R™2 setting

ou(t) = aj, g 0< 10:]] < e, (3.60)
i 04 = 0 or 3] = o,

(1) = o A0 <[l < B, (3.61)
w; if ||i; || = 0 or [lwi]| = B

where t € [t;,tiy1), ¢ = 0,1,... N — 1. Tt is not difficult to verify that (3.58), (3.59), (3.60), and
(3-61) imply that .(-) € VA1, i, (-) € W2 and the inequalities

[0() = 0 ()| < 61, [l(t) = (B)]| < b2 (3.62)
are satisfied for every ¢ € [to,6]. Suppose z.(:) : [to,0] — R™ is the trajectory of system (2.1)
generated by the control function (9.(:),w.(+)) € VI'M x Wh A2 = gBLlAvAe - Then, 2,(-) €

o,p,T

Xg;};’ﬁ\l’/\? (to, o) and by Conditions (Al), (A2), Proposition and (3.62) we obtain

12(8) = 2. ()] < /t (Yo +llo(M) + 2o (D) DI=(T) = 2(7) [l dr

+ (14 1) / 16(r) — 8w (r)lldr + ra(L + 1) / lo(r) = d.(mlldr 5 60

S/ (o + o)l +rell@(m)DIz(7) = 2(7)lldr

to

+ Kl(]. + l/*)(9 — t0)51 + 52(1 + l/*)(a - t0)52

for every t € [to, 0], where v, is defined by (2.7).
From inclusions 9,(-) € Va2, i, (-) € WJ;H*2, the Gronwall-Bellman inequality, (3.11)), (3.12)
and (3.63]) we conclude that

12(2) = z(D)]]

< a1+ 22)(0 = )31 + a1 + )0 = o)l exw ([ 0+ llor)] +li()l)ar)

p—1

< (k1 (14 1) (0 = t0)31 + (L +2)(0 = t)da] exp (70 +710)(0 = to) +72r(0 — ) 7 )
= A1(61) + A2(2)
for every t € [to, 0], and hence
12(-) = 22 ()lle < Aw(d) + A2(02).

Since z(-) € Xg:;’r(to,xo) is an arbitrarily chosen trajectory, z.(-) € X2I'AvA2(¢, 34), the last

inequality yields the validity of inclusion ([3.55)). Inclusions (3.54)) and (3.55|) imply that
he ()(ﬁ’F (to, .130), XA A (to, .To)) <M (51) + )\2(52) . (364)

«,p,T a,p,T

Step 4. Finite number of control functions. In this step we prove the inequality

B,I\A1,A2,S, ,S2
hc(XB’F’Al’AQ (t07 x0>7 Xa,p,r 1

o,p,T

*(to, o)) < x1(01) + x2(8, 02), (3.65)

,ALLAg,S) 82 . . .
where Xf,w PERReTon (10 10) is the set of trajectories of system (2.1)) generated by the set of a
T,A1,A2,8L .52 .
finite number of control functions Uf,p,r PEPe192 defined by equality (3.4), x1(o) and x»(8, o)

are defined by (3.13) and (3.14]), respectively.

It is obvious that Lo
L A1,A0,S) 52
Xg’p’r L ! 2 (lf()7 1‘0) C )(B’F’AI’A2 (lf()7 1’0). (366)

a,p,T



EJDE-2026/27 SET OF TRAJECTORIES, ATTAINABLE SETS, AND INTEGRAL FUNNEL 13

Now let us prove that

B.T,A1,A2,8] .52
X (b0, m0) € Xalpr 77 (t0,m0) + [xa(01) + X2(8,02)] Bo (1) (3.67)
Choose an arbitrary y(-) € X5T-M42(ty,20) generated by the control function (v(:),w(-)) €
UBLAvA2 — AL W[iFA2 . Then according to (3.50), (8.51), (3.52), and (3.53) we have

a,p,T

v(t Z()é‘,igi, Qaj, € A, BieSl,
() =asFi a 2 .
@(t) =T,€; Tj € Ay, € €S
for all t € [t;,t;41) (i =0,1,...,N — 1), where A - Z?;Bl rp <P
From the definitions of St and SZ_, for each b; € S' and € € S? there exist by, € S. and
eg, € SZ, such that

1bi — b, || < o1, lei —eg,l| <02, i=0,1,...,N—1. (3.69)
We define new control functions, setting
Ty (t) = o, by, W(t) =req, t€][ti,tix1), 1=0,1,...,.N—1 (3.70)
where o, € Ay, 1, € Ay are defined by .
One can verify that
B,T.A1,02,5) .52, _ VaF’Al’S‘l’l y W;,B,}F’AZ’S‘Z’Q,

(), w.() € Uappr 7"

. . . I,A1,S, B,T,A2,S2
where the set of piecewise-constant control functions V, ' and Wy 2 are defined by

equalities (3.1]) and (3.2]) respectively. The relations (3.68)), (3.69)) and (3.70]) imply that
[v(t) = v ()| < a0y, [[w(t) —w.(t)]| < Bo (3.71)

for every t € [to, 0]

Assume y,(-) : [to, 0] = R™ is the trajectory of system (2.1)) generated by the control function
A1, A,8L 82 JT,A1,A,SL 82 ..
(U.("), W (")) € Uf,p,r VIR Then, g, (1) € Xf,p,r PERRerTor (40 20) and Conditions (A1),

(A2), Proposition and inequality (3.71) we have that

ly(®) — v (D) < /t (Yo + () + r2l@(@)Dly(r) = y.(7)lldr

(3.72)
=+ lil(]. —+ 1/*)(0 — to)OLO’l =+ KJQ(]. =+ 1/*)(0 — to)ﬂ(fz
. . . TA1,S;
for every t € [to,f0]. Now, taking into consideration that o(-) € Vi, ' C V, and w(-) €
B.T,A2,57 . "
pr e Wp,», where the sets of control functions V., and W, are defined by equalities

(2.2) and (2.3) respectively, from (3.13), (3.14), (3.72) and the Gronwall-Bellman inequality we

obtain

ly(t) = v ()]l

< [ (14 20 = to)aor + a1+ 2)(8 ~ to)Boz]ex | [ (o-+ l[o(r) ]|+ relfw(r) )]

to

< [ri(1 4+ 1:)(0 = to)aor + ko (1 + 1) (0 — to) foz] exp [(Wo + )0 —to) + v2r(0 — to)%}
= x1(01) + x2(8, 02)
for every t € [to, 0], and consequently
ly() —u«()lle < xalo1) + x2(8,02). (3.73)
Since y(+) € Xg:g,g{\l’A? (to, o) is an arbitrarily chosen trajectory and

B,T,A1,A2,S, ,S2
y*() S Xoe,p,r PRt (t07-'170)7

inequality (3.73]) implies the validity of the inclusion (3.67). Finally, the inclusions (3.66) and
(3.67) yield the validity of the inequality (3.65)).
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Now, inequalities (3.22)), (3.49), (3.64)), and (3.65|) complete the proof of the theorem. O

Theorem implies the validity of the following corollary characterizing the approximation of
the attainable sets of the control system (2.1) with mixed constraints on the control functions.

Corollary 3.2. The inequality

B.,I',A1,A2,S;

o155
hn(Xa,p,r(t§t()7x(])aXa,p,r !

® (1310, 20)) < 27 +E(A)+ M (1) +X2(62) + X1 (01)+x2(8, 02)

5
holds for every 8 > 0, for every uniform partition T' = {to,t1,...,txy = 0} of the closed interval
[to, 0], for every uniform partition Ay = {0 = ag,a1,...,0, = a} of the closed interval [0,a],
for every uniform partition Ay = {0 = rg,r1,...,7., = B} of the closed interval [0, 8], for every
finite oy-net SL = {by,bg,...,be,} on the unit sphere S* = {b € R™ : ||b]| = 1} and for every
finite oa-net S2, = {e1,€2,...,ec,} on the unit sphere S* = {e € R™ : |le| = 1} and for every
t € [to,0].

Here, the discretization parameters A, 01, 02, 01, 02 and the quantities k., E(A), A1(01), A2(d2),
x1(01), x2(8,02) are defined as in Theorem[3.1} The attainable set Xopr(t;to, o) (¢ € [to,0]) of
system is defined by equality [2.5)), the set X5T:M82:57 (¢4, 20) (t € [to,0]) which consists
of a finite number of points, is defined by relation (3.5)).

1 2
Remark 3.3. Since Xg:;’,{\l’h’s”‘ /572 (t;t0, o) C Xa,p,r(t;to, o) for every t € [to, 6], we conclude
that the presented approximation is an inner one.

Remark 3.4. According to Theorem 2 from [11I] we have hr, (W, W}) — 0 as p — oo where
the set W), is defined by [2.3), W = {w(-) € Loo([to,0]; R™2) : |w(-)|loc < 1}, hr,(-,-) stands
for the Hausdorff distance between subsets of the space L ([to,0]; R™?). Denote Uy , = Vo, x W,
and let X ,.(to, 7o) be the set of trajectories of system generated by all control functions
u(-) = (v(-),w(:)) € U}, It is obvious that the control functions chosen from the set Uy . have

only geometric constraints. The conditions (A1) and (A2) imply that
ho(Xa pr(to, :UO),X;T(tO,xO)) —0 asp—o00.

This implies that for sufficiently large p, the integral constraint on the control functions w(-) can
be replaced by geometric constraint, and thus, it is possible to consider an approximation of the
set of trajectories of the control system (2.1) where the control functions have only geometric
constraints.

Remark 3.5. Similarly to Remark[3.4] it is possible to replace geometric constraint on the control
functions for system with appropriate integral constraint. Let the set W), be defined by
23), V9. = {v() € Ly(to, 0;R™) : [lo(-)|lyy < a}. Denote US ., = VI, x Wy, and
let Xg/@,p,r(to,xo) be the set of trajectories of system generated by all control functions
u(-) = (v(-),w(-)) € U 4 p.r Now, the control functions from the set U, ,
norm constraints. According to Theorem 2 from [11] we have that hz, (Va, V) ) = 0 as p’ — oo.

Again, applying the conditions (A1) and (A2) one can show that

have only integral

hC(XS/7a,p7r(t07xO)von,p,r(thmO)) — 0 as p, — 00.

This yields that by choosing a sufficiently large p’, the geometric constraint on the control functions
v(+) can be replaced by appropriate integral constraint, and thereby, it is possible to consider
an approximation of the set of trajectories where the control functions have only the integral
constraints.

4. EULER’S BROKEN LINES

In this section we present an approximation of the set of trajectories of system (2.1) with finite
number of Euler’s broken lines.
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T, ALLAg,S) 82 . .
Let z(-) € Xf,,,,r PERPerPea (0 40) be an arbitrary trajectory of system (2.1]) generated by the

T,A1,A0,8) .82 . .
control function (v(:),w(-)) € Uipm VE7e1%92  Then according to (3.4)) we have that there exist
1=0,1,...,N — 1, such that

aj, € A1, mi, € Ao, by, € SL e, €52

g1’ o2
N-1
v(t) = aj,br,, w(t) =r,eq for every t € [t;,tiy1), 1 =0,1,...,.N -1, A- Z rp <Pl (41)
i=0
In this case the trajectory x(-) can be defined by the equality

t
x(t) = z(t;) + / [f(1,2(7)) + B1(T, (7)), b, + Ba(7,2(7))ri,eq,] dr,  x(to) = 0o (4.2)
t;
for every t € (t;,ti41],2=0,1,...,N — 1.
Now let us give the definition of the Euler’s broken line corresponding to the trajectory x(-)

defined by (4.2)).

Definition 4.1. Let z(-) be a trajectory of system (2.1)) generated by the control function

T,A1,A2,S) ,S2 R . .
(v(-),w(:)) € Uf,;r D791 772 which is defined by equality ([@.1]). The function z(-) : [to, ] — R

defined by the relation
2(t) = 2(ti) + (t — t)[f (i, 2(ti) + Bi(ti, 2(t:)) vy, bi, + Ba(ti, z(t:))mi,eq,], 2(t0) =20 (4.3)

for every t € (¢;,t;41],¢=0,1,..., N—1, is called Euler’s broken line of system (2.1)) corresponding
to the trajectory z(-).

For a given uniform partition I' = {tg,¢1,...,tny = 6} of the closed interval [to, 0], a uniform
partition Ay = {0 = ap,aq,...,a, = a} of the closed interval [0, @], a uniform partition Ay =
{0=ro,71,...,re, = B} of the closed interval [0, 8], a finite oy-net S = {b1,ba,...,bs,} on the
unit sphere S = {b € R™ : [|b]| = 1} and a finite oo-net S2, = {ey, €s,..., €, } on the unit sphere
S2={e € R™ : || =1} we set

1 2
ij;’fl’h’s”l’s” (to,z0) = {z() € C([to,0];R™) : z(-) is Euler’s broken line of a
e (4.4)
BT A1A,,S) 52
() € Xopir (to,20) } -
For a given t € [tg, 0] we also set
1 2 1 2
Zp I (kg w0) = {2(1) € R™ 1 2() € Zagn TV (1, 20)). (45)
We denote
(B, A) = wo(s(A)) + awi (@« (A)) + Pua(p. (D)), (4.6)

where . (A), wo(p«(A)), wi(p«(A)) and wa(p«(A)) are defined by relations (2.10)), (2.11)), (2.12)
and (2.13)), respectively. It is obvious that ¥(3, A) — 0 as A — 0T for every fixed 3 > 0.

Proposition 4.2. The inequality

1 2 1 2
ho (X700 (to, o), Zapl T t0,0) ) < (8, 8)(6 — to) exp(3:)
holds for every 8 > 0, for every uniform partition T' = {to,t1,...,txy = 0} of the closed interval
[to, 0], for every uniform partition Ay = {0 = ag,aq,...,a., = a} of the closed interval [0, ],
for every uniform partition Ay = {0 = rg,r1,...,7., = B} of the closed interval [0, 8], for every
finite oy-net St = {b1,bs,...,be,} on the unit sphere S* = {b € R™ : ||b| = 1} and for
every finite op-net S2, = {e1,€a,...,€c,} on the unit sphere S* = {e € R™ : ||| = 1}, where
A= 9*% =tip1—t;, 1 =0,1,...,N—1, is the diameter of the partition ', v, > 0 and ¥(5,A) are

TLA1A2,S, 82 ) . )
defined by relations (3.6) and (4.6)), respectively, Xﬁ,p,r DERTerTon (10 10) s the set of trajectories



16 A. HUSEYIN, N. HUSEYIN, KH.G. GUSEINOV EJDE-2026/27

I'A1,A2,Sk si
generated by all piecewise-constant control functions (v(-),w(-)) € Ufpr v 2 and the set

JT,A1,Az,SL 52
ZBJ), e 2 (tg,x0) is defined by equality .

TA1A2,8) .82, .
Proof. Let x(-) € Xffpr PRerToa (10 20) be a trajectory of sybtem generated by control
. BT, A1,A2,St 752 F’Ahsl B,I'A2,S;
function (v(+),w(-)) € Ua,p,r ! =Vu x Wp.r -2 defined by relation (4.2) where
Av,Sy, B,T,A2,S; .
A 250 are defined by (3.1]) and (3.2)) respectively,

the sets of control functions Va and Wp,
B.T,A1,A2,5) ,S2, . . .
and let 2(-) € Zap,r 1772 (tg, z9) be the Euler’s broken line corresponding to the trajectory

Let us evaluate ||z(-) — z(-)||c. Let t € (to,t1]. Taking into consideration that o, < a, 1, < 3,
16kl = 1, |leg, || = 1, from Condltlon (A1), Corollary. Proposition n (2.10), (2. 11|) (2.12),

: 13), ., . ., and ( it follows that

() = 2@ S/t [I1f (7, 2(7)) = f(to, o)l + | By(r, 2(7)) — Bu(to, @0)|lllexjo b |
+[1B2(7, 2(7)) — Ba(to, xo)lll|rigeg, [[]dr (4.8)
< [wo(p+(A)) + awi (0 (A)) + Bwa(@«(A))] (E — to)
SP(B,A)A =((B,A)

for every t € (to, t1].
Let t € (t1,t2]. Taking into consideration that a;, < «, r;;, < 8, ||b, || = 1, |leg, || = 1, from

Corollary [2.2] Proposition 2.3} (2.10), (2.11), [2.12), (|2 13), (42), (©3), (&6), (£7), and ([@3) we

obtain that
() — ()]l
< lz(t) = 2(t)] + /tt [1f(r,2(7)) = f(t2, 2(t2))]
+1Bi(r, (7)) = B11(t1, z(t)) e, b, | + | B2(7, (7)) — Ba(t, 2(t0) |, e, [} dr

Sllx(tl)—z(tl)IH/ S (ry (7)) = St (@) + 1S (s 2(82)) = Ftr, 2(82) 1] dr

t1

+/ [ Bi(7, (7)) — Ba(ty, x(t))|| + | Bi(t, »(t1)) — Bi(ty, 2(t1))|[] adr

t1

+/t (I B2(7, (7)) — Ba(ty, (b))l + [ Ba(t1, 2(t1)) — Ba(te, 2(E)[[] 1, || dr
(

< llz(ta) — 2(t)[] + wo(« (A)A + 0 |x(t1) — 2(t1)[|A
+ aw1 (0« (A))A + anlz(ty) — 2(E) A + rywa (0« (B)A + 7y 2l (ty) — 2(8) A
< lz(tr) = 2(t0)]| + [wo(@u(A)) + awi(px(A)) + Bwa(px(A))] Ar
+ [vo + e+ ver JA[z(th) — () ||
= P(B8, A)A + [1+ (30 +ma +yery, )A][Jz(t) — 2(t)]]
< ((8,4) + (B, A) exp|(0 + 1 + 7271, ) Al
= (B, 8)[1 + exp(Ayo + Ayia + Avary,)]
for every t € (t1,t2).
Now, assuming that
[2(t) = 2()| < (B, A)[1 + exp(Ayo + Ayia+ Ayery, )
+ exp(2A70 + 2Av1a0 + Avya(ry,, +11,,)) +
+exp((i — 1)Ayo + (i — D)Ayia+ Ava(ry,_y + 71,5 + - +11,))]
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for every t € (t;—1,t;], we will prove that
[2(t) = 2(t)]| < (8, A)[1 + exp(Ayo + Ayra+ Ayery,)
+ exp (2870 + 2Avia 4+ Ava(ry, +11,_,)) + - .. (4.10)
+ exp(iAvyo + iAyia + Aye(ry, +7,_, +- -+ Tll))]

for every t € (t;,t;41] where 2 <i < N — 1.
Taking into account that 0 < o, < a, 0 <1y, < B, ||b, || =1, |leg, || =1, from C ndition (

Corollary. Proposwlonﬂ (2. 10 , (2.11), (2.12), (2.13), (4.2), , , , and (| -,

we have that

() = 2@
< lz(t:) = 2(t:) + /t [1f(r,2(7) = f(ti, 2(ta)]

+Bui(r, (7)) = Bua(ti, 2(:)I| - v,

+/tj IB1(7,2(7)) = Bi(ts, (t:))ll + | Ba(ts, x(t:)) — Ba(ti, 2(:)) ] e dr
+/: (| Bo(7, (7)) — Ba(ts, x(t;))|| + || B2(ti, x(t:)) — Ba(ti, 2(t:))||] 1, dr
< l(ts) — 2(t:) + /t; [wo(px(A)) +0ll(t:) — 2(t:)|] dr
+ /tj [w1(px(A)) +mlle(ti) — 2(t)|] adr + /tt [wa (0 (A)B) + yalla(ti) — 2(t:) ] ra, dr

< [wo(p«(A)) + wi(p«(A))a + wa(p«(A))B] - A + [1+ (0 + i+ yar,)Alllz(t:) — 2 () ||
<Y(B, A)A +exp(Avyo + Ayia + Avyary,) - [z (ti) — 2(t:) ||
< (B, A) + exp(Avo + Ayra + Ayary,)

X {C(& A)[1+ exp(Ayo + Aviar + Avary,_,) + exp(2A70 + 2Av1a + Aya(ri,_, +11,_,))

+ - t+exp((i — DAy + (i — DAy + Ay (ry,_, +ri,_, + - + Tll))]}
= (B, A) [1 4 exp(Avo + Ayra + Avary,) + exp(2A870 + 2Ay1a + Az (1, + 711, ))
+ exp(8A7y + 3Avia+ Aya(ry, + 7, +71,_,)) + ...

+ exp(iA*yO + iAP}/la + A’YQ(rli + Tl q + 4+ rll))]
(4.11)
for every t € (¢;,t;41]. So, the validity of the inequality (4.10) is proved. Finally, it follows from

[ES), @), [10) and (LIT) that the inequality
[2(t) — z(t)|l
< (B, A)[1 + exp(Avyo + Avia + Ayary,) + exp(2890 + 2810 + Aya(ry, +71,_,))
+ exp(8Avyy + 3Avia+ Aya(ry, + 7, +71,_,)) + ...
+ eXp((N - 1)A70 + (N - 1)A71a + A’Y2(7ﬁl1\/71 ATV P R Tll))]

(4.12)

is verified for every ¢ € (t,, t1+1] = O, 1, ..., N — 1. Taking into account that z(tg) = 2(tg) = =0,

N-A=0—tg, from and ( we have
l[=(t) — =z(t)]]
< (B, A)N exp(NAvy + NAy1a + Aya(riy y + 71y p + o0+ 11, + 7)) (4.13)

= (B, A)(0 — to) exp(0(6 — to) + M1a(0 — to) + Ava(riy_, + 71y + 0o+ 11, +71,))
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for every t € [to,6]. Now, from (4.1)), inclusion w(-) € Wy » C W, and Hélder’s inequality

we obtain

P p—1
A Zrl _/ ()|t < (60— to) 55 /||w |pdt < (0 — t0) 5 (4.14)

The inequalities (4 and ( - 4.14)) yield that
la(t) = (®)ll < ¥(8. A)(8 — to) exp (70(8 —to) +mall = to) +7ar(0 —10) 7 ) (4.15)
for every t € [to,d]. Taking into account and we have
() = 2()lle < (B, A)(0 — to) exp(v+).

ﬁI‘AlAQS 52

Since z(-) € Xap,r 2 (tg,x0) is an arbitrarily chosen trajectory and z(-) belongs to
JT,A1,A2,5L 82 .. . . .
Z£ por B 2 (tg, xq) is its Euler’s broken line, then the last inequality completes the proof. O

Remark 4.3. In the proof of Proposition (in the inequality (4.13])) by applying the estimations

r, <B (i=0,1,...,N — 1), we can obtain the evaluation
JT,A1,A2,8L 52 I'A1,A2,S) 52
hc (Xﬁ,p, A (0 20), B 2(1507%0)) (4.16)

S ’(ﬁ(ﬂ, A)(0 — to) exp [70(9 — to) —+ 71&(0 — t()) —+ ’725(0 — to)] .
According to Theorem [3.1] in order to obtain a sufficiently small evaluation for the Hausdorff dis-

AL A ,s 32
tance between the set of trajectories X, , - (to, o) and its approximation Xﬁ,p, v 2 (to, o),

the number S must be chosen to be sufficiently large. If the inequality 5 > W is satisfied,
then the evaluation presented in Proposition is better than the evaluation given by (4.16).

From Theorem and Proposition we obtain the validity of the following theorem.

Theorem 4.4. The inequality

B,T,A1,A2,St ,52
hc( apr(t0,20), Zapir 7172 (to, T0))

+&(A) + A1(61) + A2(02) + xa(o1) + x2(B,02) + 9(8,A)(0 — to) exp(7s)

< ﬁp T
is verified for every 8 > 0, for every uniform partition ' = {to,t1,...,txy = 0} of the closed
interval [to, 0], for every uniform partition Ay = {0 = ag, a1,...,a, = a} of the closed interval
[0, ], for every uniform partition Ao = {0 = ro,71,...,7¢, = B} of the closed interval [0, 5], for
every finite o1-net Sy = {b1,ba,... ,be,} on the unit sphere St = {b € R™ : |[b|| = 1} and for
every finite og-net S2, = {e1,ez,...,ec,} on the unit sphere S* = {e € R™2 : |le|| = 1}.

Here, A = 9‘% = tiy1 —t;, 1 = 0,1,...,N — 1, is the diameter of the partition I, §; =
% = a1 — o, j = 0,1,...,¢c1 — 1, is the diameter of the partition A1, éo = % = T4 — 7L,
Il =0,1,...,co — 1, is the diameter of the partition Ao, o1 > 0 and oo > 0 are given num-
bers, v, ks, E(A), M(01), Aa2(d2), X1(01) Xg(ﬁ,ag) and Y(8,A) are defined by , ,

(3.10), (3.11), (3.12), (3.13), (3.14) and ( respectively, Xapr(to, o) is the set of trajecto-
ries of system (2.1)) generated by the set of control functions Uy pr defined by (2.4), and the set

LA A2,S) S5, . .
ng LR (1 ) s defined by equality (E.4).

Theorem [£.4] implies the following assertion which is approximation of the attainable sets of
system (2.1) with mixed constraints on the control functions.

Theorem 4.5. The inequality

B.L,A1,A2,5; ,S3
hn(X pr(tito, 20), Zapr *(t; 20, x0))

+&(A) + A1(d1) + A2(d2) + xa(o1) + x2(8, 02) + (B, A)(0 — to) exp(7x)

<
_ﬂpl
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is satisfied for every B > 0, for every uniform partition T' = {to,t1,...,tx = 0} of the closed

interval [to, 0], for every uniform partition Ay = {0 = ag, a1,...,a. = a} of the closed interval
[0, ], for every uniform partition Ao = {0 = ro,71,...,7¢, = B} of the closed interval [0, S], for
every finite o1-net Sy = {b1,ba, ..., be,} on the unit sphere S* = {b € R™ : ||b]| = 1}, for every
finite oa-net S2, = {e1,€2,...,ec,} on the unit sphere S* = {e € R™ : |le|| = 1} and for every
te [to, 9]

Here, the discretization parameters A, d1, da, 01, o2 and the quantities k., E(A), A1(01), A2(d2),

x1(01), x2(8,02), ¥(B,A) are defined in the same way as in Theorem[{.3, the set X, p . (t;to, zo)
defined by equality (2.5)) is the attainable set of system (2.1) at the instant of time t, the set
B.T,A1,Az,S] ,S2

Lop,r T2 (s tg, ) s defined by (4.5)).

5. INTEGRAL FUNNEL’S APPROXIMATION

In this section we present an approximation of the integral funnel ®, , »(to, zo) of system
defined by equality .

Given a uniform partition T' = {tg,t1,...,ty = 0} of the closed interval [to, 6], a uniform
partition Ay = {0 = ag,a1,...,a, = a} of the closed interval [0, ¢, a uniform partition Ay =
{0 =rg,71,...,7¢, = B} of the closed interval [0, ], a finite o1-net S;l = {b1,b2,...,bc,} on the
unit sphere S* = {b € R™ : [|b]| = 1} and a finite oo-net S2, = {e1, €2, .., ¢, } on the unit sphere
S? = {e € R™ : |le| = 1}, we define

B,T,A1,A2,SL ,S2 N B.T,A1,A2,SL ,S2
Do p,r 17 (to, zo) = Uizo (ti’ Zapir . (tz‘§t07$0)) (5.1)
B.T,A1,A2,5) ,S2 . B.T,A1,A2,S, ,S2 .
where Zo pr 192 (50, o) is defined by (4.5)). The set Za.pr 02 (45 t, xo) consists

of the values of a finite number of Euler’s broken lines at ¢t = ¢;.

Theorem 5.1. The inequality

B,T,A1,A2,SL .82
hn+1 (q)a,p,r <t07 .170), (I)a,p,r v ' 2 (t07 J}O))
R
<A+ po(A) + Br—1 +&(A) + A1(61) + A2(02) + xa(o1) + x2(8,02) + ¥(B, A)(0 — to) exp(7y+)
holds for every 8 > 0, for every uniform partition T' = {to,t1,...,ty = 60} of the closed interval
[to, 0], for every uniform partition Ay = {0 = ag,a1,...,a, = a} of the closed interval [0,a],
for every uniform partition Ay = {0 = ro,71,...,7¢, = B} of the closed interval [0, 3], for every

finite oy-net S} = {b1,ba,...,be,} on the unit sphere S* = {b e R™ : ||b|| = 1} and finite oy-net
52 ={e1,ez,...,€ec,} on the unit sphere S* = {e € R™ : |le|| = 1}.

Here A = F’)_Tt” = tiy1 — ti, ©+ = 0,1,...,N — 1, is the diameter of the partition I", §; =

o =041~y J=01,...,e0 -1, is the diameter of the partition Ay, §o = % = T4 — T,
1 =0,1,...,¢c0 — 1, is the diameter of the partition Ao, o1 > 0 and o9 > 0 are given numbers,

QO(J(A), Vs R, g(A): )\1(51)7 )\2(52); Xl(al): X2(570—2)7 and ¢(5»A) are deﬁned by 7 )

(3-7), (3-10), (3.11), (3.12), (3.13), (3.14), and (4.6), respectively. The set Py, (to, z0) defined
LA 2,8, .82 ,
by equality (2.6) is the integral funnel of system (2.1)), the set @i,p,r VR (10 20 consists of

a finite number of points and is defined by (5.1).

Proof. Choose an arbitrary (t.,z+) € ®ap (o, o). According to the definition of the integral
funnel @, 5 ,(to, o), there exists a trajectory z.(-) € Xqpr(to, o) such that z.(t.) = x. €
Xop,r(ts;to, o) where t, € [to,0]. Suppose that t, ¢ I' = {to,t1,...,tn = 0}. Then there exists i,
such that t. € (¢;,,t;,+1) where 0 <4, < N —1. Denote y. = x.(;,). Then y. € X, pr(ti.;%0,%0)
and from Proposition we have that

24 =yl < 00(A). (5.2)

T,A1LAL,S)
If t, € T', then we choose y, = x,. Since y. € Xq (. ;t0, o) and Zg,p,r PR (4 sto, mo)

consists of a finite number of points, then Theorem [£5 implies that there exists

2
S5,
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B,T,A1,A2,St ,52
2o € Zopr V772 (11, x0) such that

o1 (A) 4+ A1 (61) + A2(d2) (5.3)

+ x1(01) + x2(B,02) + (B, A)(0 — to) exp(7yx).

T,A1,A2,5),,52, . .. .
It is obvious that (¢;,,24) € @ﬁ,p, b 2 (tg, xo). The inequalities (5.2 and (5.3) yield that

[ty i) = (i 2| < [t =t | + ||1‘* - Z*H St = ti ] + llzw = gl + llys — 2]l
SA+po(A) + 570 27 HE(A) + Ai(d1) + A2(02) (5.4)

+ x1(01) + x2(8; 02) + (B, A)(0 — to) exp(7«) -

s — 24| <

JT,A1,Az,S2 752
Since (ts,x+) € ®qopr(to,zo) is an arbitrarily chosen point, (¢;,,2) € (I>'6,p, PERTe o (10 1),

then from (5.4) we conclude that

B.L,A1,A2,5; .52,

Do p.r(to, 20) C Papr 2(to, wo) + [A + @o(A) + +&(A) + A1 (61)

BP pr=t (5.5)
+ A2(82) + x1(01) + x2(8, 02) + (B, A) (0 — to) exp(v+)] - Buy1(1)

where B, 1(1) = {s €¢ R*1: ||s]| < 1}.
B.L,A1,A2,8, ,S2,

Choose an arbitrary n > 0 and fix it. Now, let (¢;,2.) € @apr T2 (g, ) (1 =
DA ,Az,St ,52
0,1,...,N) be an arbitrarily chosen point. Then z, € Z'B,pr DEBTe 2 (t;;t0,20). By apply-

ing Theorem we conclude that there exists . € X4 p.r(ti; o, o) such that
Bp -+ &(A) + A1(d1) + A2(d2)

+x1(01) + x2(8,02) + (B8, A)(0 — to) exp(7s) »

1Ze = Zull <+ 0=

and consequently

1(t; 22) — (6, &) <+

Bp T T E(A) + A1(61) + A2(d2) (5.6)

+x1(01) + x2(B,02) + (B8, A)(0 — to) exp(7«)

where > 0 is an arbitrarily chosen number. From the inclusion Z. € Xq p (¢ to, Zo) it follows

I'ALA2,SL S5 . . .
that (t;,Z.) € Qo pr(to, o). Since (t;,2.) € <I>'6,pr1 #7772 (4 1) is an arbitrarily chosen

point, (¢;,Z+) € Pa p.r(to, o), then (5.6]) yields the vahdity of the inclusion

ﬁl"Al,AQ,S 52
Pap.r ? (to, 20) C Pa,p,r(to, o) + [0+ ﬂp T+ E(A) + Ai(d1) + A2(02) (5.7)

+x1(01) + x2(8,02) + (8, A)(0 — to) exp(1)] - Batr(1)-
From and we have that
it (‘I’a,p,r(to’ o), ‘I’g’,g::\h/\z’s;l 572 (to, xo))
B” 2o 1 T E(A) + A1(d1) + A2(d2) + x1(0)
+ x2(8,0) + (B, A)(6 — to) exp(7) -

Since 7 > 0 is an arbitrarily chosen number, then last inequality completes the proof of the
theorem. 0

<n+ A+ po(A) +

6. CONCLUSION

In the presented approximations of the set of trajectories, attainable sets and integral funnel,
the quantities 8, A, 01, d2, 01, and o9 are discretization parameters. From , 7 ,
(3.12)), (3.13)), (3.14), and it follows that po(A) — 0 as A — 07, £(A) — 0as A — 07,
A1(61) = 0T as & — 07, Aa(d2) — 07 as 2 — 07, x1(o1) — 0 as oy — 0" and for each fixed
B > 0 we have that x2(83,02) — 07 as g2 — 0T, and (8,A) — 0 as A — 0F. Therefore, for a
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and o3 (e, B«(g)) > 0 such that for every A € (0,A.(e, B«(€))), 01 € (0,67
o1 € (0,07(¢)) and o9 € (0,035 (e, B (€)), the inequalities

B«(),T,A1,A2,8) ,S2
he (Xa,p,r(t(%xO)u Za,p(,er) PRt (to,xo)) <e,
B.(£),T,A1,A2,52 52
hn (Xavva(t;thxo%Za;P,’f o ! 2(t;t0,$0)) < €, te [toaa] )
Ba(€)1\A1,A2,5; 52

g1 (‘I’a,p,r(toﬂfo), Dapr T (b, xo)) <e
are satisfied where A = 9‘% =ti41 —t;, 1 =0,1,..., N — 1 is the diameter of the partition I,
01 = % =1 —aj,j=0,1,...,c1 — 1 is the diameter of the partition Ay, dy = % =741 — T,
1=0,1,...,c0— 1 is the diameter of the partition Ay, o7 > 0 and o3 > 0 are given numbers which
specify finite o and o3 nets on the unit spheres S* = {v € R™ : ||v|| = 1} and S? = {w € R™2 :
|lw]| = 1}, respectively.

The quantities B.(¢) > 0, A, (g, B«(g)) > 0, 6] (e) > 0, §5(¢) > 0, 05 (e) > 0, and o3 (¢, B« () > 0
can be determined from the definitions of ¢o(A), z3=r, £(A), A1(d1), A2(d2), x1(01), x2(B,02)
and (B, A). If the functions (¢,z) — f(t,2), (t,x2) = Bi(t,z), (t,x2) — Ba(t, ), (t,x) € D, are
Lipschitz continuous with respect to (¢, x), i.e., if these functions satisfy the inequalities (2.14)), then
all quantities B.(€) > 0, A.(e, B«(€)) > 0, §7(g) > 0, 05(¢) > 0, o5 (e) > 0, and o3 (e, B«(g)) > 0 can
be defined explicitly. Note that to obtain the appropriate evaluations, the choice of the quantities
A, (g,Bx(e)) > 0 and o3(e, B.(e)) > 0 should be coordinated with the quantity S.(¢) > 0, i.e.,
the choice of A, (e, B.(¢)) > 0 and o3 (e, B.(€)) > 0 must be made after the choice of the quantity
B«(g) > 0.

By applying the algorithm outlined in [§] we can align a finite number of control functions

T,A1,S) T,A2,52 . .
from the sets V, 7 and Wf, 7772 defined by relations (13.1) and (3.2)), respectively, where

I',A1,5; 8,1, A2,S2 B,T\A1,A2,S; .82 . . . .
Va X W, > =Ua,pr 71772 Then, by calculating Euler’s broken lines as given in
B.T,A1,A2,8] 52

(4.4), it is possible to construct an approximation Zq p r 792 (g, ) of the set of trajectories

T,A1,A2,SL 52 .
Xa,pr(to,x0). Moreover, by computing approximations Zipw PERReroa (440, 20) of the attain-

able sets X p.r(ti;t0,z0) at the instants of time ¢;, ¢ = 1,2,..., N, it is possible to provide an
,A1,A2,5L 82 .
approximation ngm VU2 (1 26) of the integral funnel @, , - (to, zo) of the control system

with integral and geometric constraints on control functions.

Finally, let us note that in the discretization procedure, it is possible to apply an arbitrary
partition T' = {tg,t1,...,txy = 0} of the closed interval [tg,0], an arbitrary partition A; =
{0 = ap,a1,...,a.,, = a} of the closed interval [0, and an arbitrary partition Ay = {0 =
70,71, .- .,Tc, = O} of the closed interval [0, f] instead of the uniform partitions. However, in this
case, to obtain the best evaluations, we have to operate with diameters of the presented partitions
defined as diam(I') = max{t;41 —t; : ¢ = 0,1,...,N — 1}, diam(A;) = max{oj;1 —a; : j =
0,1,...,¢; — 1}, diam(As) = max{r;;1 — 7 : 1 =0,1,...,c0 — 1}.
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