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APPROXIMATIONS OF THE SET OF TRAJECTORIES, ATTAINABLE SETS,

AND INTEGRAL FUNNEL OF A CONTROL SYSTEM WITH INTEGRAL

AND GEOMETRIC CONSTRAINTS ON THE CONTROL FUNCTIONS

ANAR HUSEYIN, NESIR HUSEYIN, KHALIK G. GUSEINOV

Abstract. This article studies approximations to the set of trajectories, attainable sets and

integral funnel of a control system described by an ordinary differential equation. It is assumed

that the equation is nonlinear with respect to the phase state vector and affine with respect to the
control vector. The system includes control functions, some of which satisfy the Lp (p ∈ (1,∞))

norm constraint, while the others satisfy the L∞ norm constraint. Step by step, the set of

admissible control functions is replaced by a set consisting of a finite number of piecewise-
constant control functions that generate a finite number of trajectories. Error evaluations are

provided for the Hausdorff distances between the set of trajectories, attainable sets, integral
funnel, and their approximations, which depend on discretization parameters.

1. Introduction

In mathematical models of control systems different types of constraints on control functions
arise depending on the character of the control effort. For example, if the control resource char-
acterizing a given control effort is exhausted by consumption, such as energy, fuel, finance, food,
etc., then an integral constraint on control functions becomes necessary. If the control resource
characterizing the control effort is not exhausted by consumption, like the steering wheels of a
car, ship, plane, etc., then these types of control functions have a geometric constraint. In simple
forms, integral and geometric constraints on control functions can be expressed through Lp norms,
where p ∈ (1,∞), and L∞ norm type constraints.

One of the most studied areas of control systems theory is control systems, the dynamics of
which are described by ordinary differential equations. The concepts of the set of trajectories,
attainable sets, and integral funnel, which include comprehensive information about system, are
essential tools for studying and forecasting the behavior of these control systems. The set of
trajectories consists of trajectories generated by all admissible control functions. The attainable
set of system at a given instant of time consists of the points to which the system state can
be steered at the given instant of time. The integral funnel of the system is a generalization
of the integral curve notion from the theory of ordinary differential equations and consists of
the graphs of all trajectories. Different topological properties and approximations of the set of
trajectories, attainable sets and integral funnel of control systems with geometric constraints on
control functions and described by ordinary differential equations are discussed in a vast number
of research papers (see, [7, 15, 16, 21] and references therein). It should be noted that these types
of control systems are also studied within the framework of differential and integral inclusions
theory (see, e.g. [1, 2, 3, 4, 6]). Similar properties of the set of trajectories, attainable sets and
integral funnel of control systems with integral constraints on control functions are considered
in [5, 8, 9, 10, 12, 14, 17, 18, 20, 22]. Let us underline that investigating control systems with
integral constraints on control functions is generally more difficult task than studying control
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systems with geometric constraints on control functions. These difficulties arise especially in the
investigation of nonlinear differential game problems, when the control functions of the players have
integral constraints. The methods for constructing attainable sets of control systems with integral
constraints on control functions, as outlined in references [9, 10, 18], are based on Pontryagin’s
maximum principle formulated for motions approaching its boundary. In [8, 12], the constructions
of the set of trajectories, attainable sets and integral funnel are based on discretization of the set
of admissible control functions. The construction of two-dimensional reachable sets of the Dubins
car with both integral and geometric constraints on control functions is discussed in [19]. In [13],
approximations of the set of trajectories, attainable sets and integral funnel of the control system
are presented, where the same control function satisfies both integral and geometric constraints
simultaneously, and the system is affine with respect to the control vector. It also includes error
evaluations for the given approximations.

In this article, we consider a control system described by an ordinary differential equation. It
is assumed that the system is nonlinear with respect to the phase state vector and affine with
respect to the control vector. It is supposed that a part of the control functions have an Lp

(p ∈ (1,∞)) norm constraint, meaning that they are integrally constrained, while another part of
the control functions have an L∞ norm constraint, indicating they are geometrically constrained.
The approximations of the set of trajectories, attainable sets and integral funnel are discussed. Step
by step, the set of admissible control functions is replaced with a set consisting of a finite number
of piecewise-constant control functions that generate a finite number of trajectories. Then, each
trajectory generated by a piecewise-constant control function, is replaced by its Euler’s broken line
and an evaluation for the Hausdorff distance between the set of trajectories and the set, consisting
of a finite number of Euler’s broken lines, is derived. Using this result, similar evaluations for
the Hausdorff distances between the attainable sets, integral funnel and their approximations are
provided.

This article is organized as follows. In Section 2, the system’s dynamics description, basic
conditions for functions describing the behavior of the system and some auxiliary propositions
which are used in subsequent arguments, are given. In Section 3, approximations of the set of
trajectories (Theorem 3.1) and attainable sets (Corollary 3.2) are presented. An error evaluation
depending on the discretization parameters, is given. In Section 4, each trajectory generated by
the piecewise-constant control function is replaced with appropriate Euler’s broken line and an
evaluation between the set of trajectories and the set consisting of a finite number of Euler’s broken
lines is obtained (Theorem 4.4). The same evaluation is derived for attainable sets (Theorem 4.5).
In Section 5, using the obtained results, an approximation of the integral funnel of the system by
a set consisting of a finite number of node points of Euler’s broken lines is presented (Theorem
5.1). An error evaluation for the obtained approximation is also given.

Let us introduce some notation which will be used in the following arguments. Let (X, d(·, ·))
be a metric space. The Hausdorff distance between the sets E ⊂ X and Ω ⊂ X is denoted by the
symbol hX(E,Ω) and is defined as

hX(E,Ω) = max{sup
x∈Ω

d(x,E), sup
y∈E

d(y,Ω)}

where d(x,E) = inf{∥x − y∥ : y ∈ E}. By the symbols hn(·, ·) and hC(·, ·) we denote the
Hausdorff distance between the subsets of the space Rn and C([t0, θ];Rn), respectively, where
Rn is an n-dimensional Euclidean space, and C([t0, θ];Rn) is the space of continuous functions
x(·) : [t0, θ] → Rn with norm ∥x(·)∥C = max{∥x(t)∥ : t ∈ [t0, θ]}. Denote

BC(1) = {x(·) ∈ C([t0, θ];Rn) : ∥x(·)∥C ≤ 1}. (1.1)

Definition 1.1. Let (X, d(·, ·)) be a metric space, σ > 0 be a given number. The set Eσ =
{x1, x2, . . . , xa∗} ⊂ E consisting of a finite number of points is called a finite σ-net on E if for
each x ∈ E there exists xa ∈ Eσ such that the inequality d(x, xa) ≤ σ is satisfied.
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2. Dynamics of the control system

Consider a control system described by the differential equation

ẋ(t) = f(t, x(t)) +B1(t, x(t))v(t) +B2(t, x(t))w(t), x(t0) = x0 (2.1)

where x ∈ Rn is the n-dimensional phase state vector, v ∈ Rm1 , w ∈ Rm2 are the m1 and
m2-dimensional control vectors respectively, t ∈ [t0, θ] (t0 < θ < ∞) is the time, f(·, ·) is an
n-dimensional vector function and B1(·, ·) and B2(·, ·) are n×m1 and n×m2-dimensional matrix
functions respectively.

For given p ∈ (1,∞), α > 0 and r > 0, we denote

Vα = {v(·) ∈ L∞([t0, θ];Rm1) : ∥v(·)∥∞ ≤ α}, (2.2)

Wp,r = {w(·) ∈ Lp([t0, θ];Rm2) : ∥w(·)∥p ≤ r}, (2.3)

Uα,p,r = Vα ×Wp,r (2.4)

where L∞([t0, θ];Rm1) is the space of Lebesgue measurable functions v(·) : [t0, θ] → Rm1 such
that ∥v(·)∥∞ < ∞, ∥v(·)∥∞ = inf{c > 0 : ∥v(t)∥ ≤ c for almost all t ∈ [t0, θ]}, Lp([t0, θ];Rm2)
is the space of Lebesgue measurable functions w(·) : [t0, θ] → Rm2 such that ∥w(·)∥p < ∞,

∥w(·)∥p =
( ∫ θ

t0
∥w(t)∥pdt

)1/p
, ∥ · ∥ stands for the Euclidean norm.

The set Vα defined by (2.2) is called the set of geometrically constrained control functions,
the set Wp,r defined by (2.3) is called the set of integrally constrained control functions, the
set Uα,p,r defined by (2.4) is called the set of the system’s admissible control functions. The
control functions with integral constraints characterize the control efforts that are exhausted by
consumption, while the control functions with geometric constraints characterize the control efforts
that are not exhausted by consumption.

It is also assumed that the functions f(·, ·), B1(·, ·) and B2(·, ·) satisfy the following conditions:

(A1) The functions f(·, ·) : [t0, θ] × Rn → Rn, B1(·, ·) : [t0, θ] × Rn → Rn×m1 and B2(·, ·) :
[t0, θ] × Rn → Rn×m2 are continuous and for every bounded set D ⊂ [t0, θ] × Rn there
exist Lipschitz constants γi = γi(D) ∈ (0,∞) (i = 0, 1, 2) such that

∥f(t, x∗)− f(t, x∗)∥ ≤ γ0∥x∗ − x∗∥,
∥B1(t, x∗)−B1(t, x

∗)∥ ≤ γ1∥x∗ − x∗∥,
∥B2(t, x∗)−B2(t, x

∗)∥ ≤ γ2∥x∗ − x∗∥

for any (t, x∗) ∈ D, (t, x∗) ∈ D.
(A2) There exist constants κi ∈ (0,∞) (i = 0, 1, 2) such that

∥f(t, x)∥ ≤ κ0(1 + ∥x∥), ∥B1(t, x)∥ ≤ κ1(1 + ∥x∥), ∥B2(t, x)∥ ≤ κ2(1 + ∥x∥)

for every (t, x) ∈ [t0, θ]×Rn. Here, ∥B1(t, x)∥ and ∥B2(t, x)∥ denote the Euclidean norms
of the matrices B1(t, x) and B2(t, x) respectively.

If the functions (t, x) → f(t, x), (t, x) → B1(t, x), (t, x) → B2(t, x), (t, x) ∈ [t0, θ] × Rn, are
continuous with respect to (t, x) and Lipschitz continuous with respect to x, then the conditions
(A1) and (A2) hold.

Every pair (v(·), w(·)) ∈ Uα,p,r is said to be an admissible control function. Let (v∗(·), w∗(·)) ∈
Uα,p,r. The absolutely continuous function x∗(·) : [t0, θ] → Rn which satisfies the equation ẋ∗(t) =
f(t, x∗(t)) +B1(t, x∗(t))v∗(t) +B2(t, x∗(t))w∗(t) almost everywhere in [t0, θ] and initial condition
x∗(t0) = x0, is said to be a trajectory of system (2.1) generated by the admissible control function
(v∗(·), w∗(·)). By the symbol Xα,p,r(t0, x0) we denote the set of trajectories of system (2.1) which
are generated by all possible admissible control functions (v(·), w(·)) ∈ Uα,p,r. The conditions
(A1) and (A2) guarantee that each admissible control function generates a unique trajectory on
the interval [t0, θ]. We denote

Xα,p,r(t; t0, x0) = {x(t) ∈ Rn : x(·) ∈ Xα,p,r(t0, x0)}, t ∈ [t0, θ], (2.5)

Φα,p,r(t0, x0) = {(t, x(t)) ∈ [t0, θ]× Rn : x(·) ∈ Xα,p,r(t0, x0)}. (2.6)
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The set Xα,p,r(t0, x0) is called the set of trajectories of system (2.1), the set Xα,p,r(t; t0, x0)
is said to be the attainable set of system (2.1) at the instant of time t, the set Φα,p,r(t0, x0) is
referred to as the integral funnel of system (2.1) with constraints (2.4) on the control functions
and initial position (t0, x0). It is obvious that the integral funnel can also be rewritten as

Φα,p,r(t0, x0) = {(t, x) ∈ [t0, θ]× Rn : x ∈ Xα,p,r(t; t0, x0)}.
Approximations of the set of trajectories Xα,p,r(t0, x0), attainable sets Xα,p,r(t; t0, x0), t ∈

[t0, θ], and the integral funnel Φα,p,r(t0, x0) will be presented. To solve the problem, step by
step, the set of control functions Uα,p,r will be replaced by a set, consisting of a finite number of
piecewise-constant control functions that generate a finite number of trajectories. Evaluations of
the errors in the presented approximations will also be provided.

For the following arguments, we define the bounded and closed cylinder D∗ ⊂ [t0, θ]×Rn within
which the integral funnel Φα,p,r(t0, x0) is contained. Let

ν∗ = [∥x0∥+ ρ∗] exp(ρ∗), (2.7)

D∗ = {(t, x) ∈ [t0, θ]× Rn : ∥x∥ ≤ ν∗ + 1} (2.8)

where
ρ∗ = (κ0 + ακ1)(θ − t0) + rκ2(θ − t0)

p−1
p .

Proposition 2.1. For every x(·) ∈ Xα,p,r(t0, x0) the inequality ∥x(·)∥C ≤ ν∗ is satisfied.

The proof of the proposition follows from Condition (A2), Hölder’s inequality, and Gronwall-
Bellman’s inequality. Proposition 2.1 also yields the validity of the following corollary.

Corollary 2.2. The inclusion Φα,p,r(t0, x0) ⊂ D∗ holds where the cylinder D∗ is defined by
relation (2.8).

Here and henceforth, we will consider the cylinder D∗ as the set D in Condition (A1). For a
given ∆ > 0, we set

φ0(∆) = (κ0 + ακ1)(1 + ν∗)∆ + rκ2(1 + ν∗)∆
p−1
p (2.9)

where ν∗ is defined by (2.7). It is obvious that φ0(∆) → 0 as ∆ → 0+.

Proposition 2.3. For every t∗ ∈ [t0, θ], t
∗ ∈ [t0, θ] and x(·) ∈ Xα,p,r(t0, x0), the inequality

∥x(t∗)− x(t∗)∥ ≤ φ0(|t∗ − t∗|)
is verified.

The proof of this proposition is simple and it follows from Condition (A2) and Proposition 2.1.
Since φ0(∆) → 0 as ∆ → 0+, then Proposition 2.3 implies that the set of trajectories

Xα,p,r(t0, x0) is a set of equicontinuous functions. Taking into consideration Proposition 2.1 and
Proposition 2.3, from Arzela-Ascoli theorem we obtain the validity of following proposition.

Proposition 2.4. The set of trajectories Xα,p,r(t0, x0) generated by mixed constrained control
functions Uα,p,r is a precompact subset of the space C([t0, θ];Rn).

We denote

φ∗(∆) = max{∆, φ0(∆)}, (2.10)

ω0(φ∗(∆)) = max
{
∥f(t∗, x∗)− f(t∗, x∗)∥ : |t∗ − t∗| ≤ φ∗(∆), ∥x∗ − x∗∥ ≤ φ∗(∆),

(t∗, x∗) ∈ D∗, (t
∗, x∗) ∈ D∗

}
,

(2.11)

ω1(φ∗(∆)) = max
{
∥B1(t∗, x∗)−B1(t

∗, x∗)∥ : |t∗ − t∗| ≤ φ∗(∆), ∥x∗ − x∗∥ ≤ φ∗(∆),

(t∗, x∗) ∈ D∗, (t
∗, x∗) ∈ D∗

}
,

(2.12)

ω2(φ∗(∆)) = max
{
∥B2(t∗, x∗)−B2(t

∗, x∗)∥ : |t∗ − t∗| ≤ φ∗(∆), ∥x∗ − x∗∥ ≤ φ∗(∆),

(t∗, x∗) ∈ D∗, (t
∗, x∗) ∈ D∗

} (2.13)

where the cylinder D∗ ⊂ [t0, θ] × Rn is defined by equality (2.8), φ0(∆) is defined by (2.9). It is
obvious that ω0(φ∗(∆)) → 0, ω1(φ∗(∆)) → 0 and ω2(φ∗(∆)) → 0 as ∆ → 0+.



EJDE-2026/27 SET OF TRAJECTORIES, ATTAINABLE SETS, AND INTEGRAL FUNNEL 5

If the functions (t, x) → f(t, x), (t, x) → B1(t, x), (t, x) → B2(t, x), (t, x) ∈ D∗, are Lipschitz
continuous with respect to (t, x) on the cylinder D∗, i.e. if there exist the constants ρi > 0,
i = 0, 1, 2, such that

∥f(t∗, x∗)− f(t∗, x∗)∥ ≤ ρ0[|t∗ − t∗|+ ∥x∗ − x∗∥],
∥B1(t∗, x∗)−B1(t

∗, x∗)∥ ≤ ρ1[|t∗ − t∗|+ ∥x∗ − x∗∥],
∥B2(t∗, x∗)−B2(t

∗, x∗)∥ ≤ ρ2[|t∗ − t∗|+ ∥x∗ − x∗∥]
(2.14)

for any (t∗, x∗) ∈ D∗, (t
∗, x∗) ∈ D∗, then the quantities ω0(φ∗(∆)), ω1(φ∗(∆)) and ω2(φ∗(∆)) sat-

isfy the evaluations ω0(φ∗(∆)) ≤ 2ρ0φ∗(∆), ω1(φ∗(∆)) ≤ 2ρ1φ∗(∆) and ω2(φ∗(∆)) ≤ 2ρ2φ∗(∆).
Proposition 2.3 implies the validity of the following corollary.

Corollary 2.5. For every t∗ ∈ [t0, θ] and t
∗ ∈ [t0, θ] the inequality

hn (Xα,p,r(t∗; t0, x0), Xα,p,r(t
∗; t0, x0)) ≤ φ0(|t∗ − t∗|)

holds, where φ0(·) is defined by equality (2.9).

The above corollary implies that hn
(
Xα,p,r(t; t0, x0), Xα,p,r(t∗; t0, x0)

)
→ 0 as t→ t∗ uniformly

on the interval [t0, θ].

3. Approximation of the set of trajectories

Let β > 0, σ1 > 0, σ2 > 0 be given numbers, Γ = {t0, t1, . . . , tN = θ} be a uniform partition
of the closed interval [t0, θ], Λ1 = {0 = α0, α1, . . . , αc1 = α} be a uniform partition of the closed
interval [0, α], Λ2 = {0 = r0, r1, . . . , rc2 = β} be a uniform partition of the closed interval [0, β],
∆ = θ−t0

N = ti+1 − ti, i = 0, 1, . . . , N − 1, be the diameter of the partition Γ, δ1 = α
c1

= αj+1 −αj ,

j = 0, 1, . . . , c1 − 1, be the diameter of the partition Λ1, δ2 = β
c2

= rl+1 − rl, l = 0, 1, . . . , c2 − 1,

be the diameter of the partition Λ2, S
1 = {b ∈ Rm1 : ∥b∥ = 1}, S1

σ1
= {b1, b2, . . . , bc3} be a finite

σ1-net on S1, S2 = {e ∈ Rm2 : ∥e∥ = 1}, S2
σ2

= {e1, e2, . . . , ec4} be a finite σ2-net on S2. Note
that α > 0 is the number which characterizes the upper bound of the geometric constraint and is
given in (2.2). Denote

V
Γ,Λ1,S

1
σ1

α =
{
v(·) ∈ L∞ ([t0, θ];Rm1) : v(t) = αjibki

for every t ∈ [ti, ti+1),

αji ∈ Λ1, bki
∈ S1

σ1
, i = 0, 1, . . . , N − 1

}
,

(3.1)

W
β,Γ,Λ2,S

2
σ2

p,r =
{
w(·) ∈ Lp ([t0, θ];Rm2) : w(t) = rliegi for every t ∈ [ti, ti+1),

rli ∈ Λ2, egi ∈ S2
σ2
, i = 0, 1, . . . , N − 1, ∆ ·

N−1∑
i=0

rpli ≤ rp
}
,

(3.2)

U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r = V
Γ,Λ1,S

1
σ1

α ×W
β,Γ,Λ2,S

2
σ2

p,r . (3.3)

It is obvious that

U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r

=
{
(v(·), w(·)) ∈ L∞ ([t0, θ];Rm1)× Lp ([t0, θ];Rm2) : v(t) = αjibki , w(t) = rliegi

for every t ∈ [ti, ti+1), αji ∈ Λ1, rli ∈ Λ2, bki
∈ S1

σ1
, egi ∈ S2

σ2
,

i = 0, 1, . . . , N − 1, ∆ ·
N−1∑
i=0

rpli ≤ rp
}
.

(3.4)

With the symbol X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) we denote the set of trajectories of system (2.1) gen-

erated by all piecewise-constant control functions (v(·), w(·)) ∈ U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r . Since the set
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U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r consists of a finite number of control functions, then the set

X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) also consists of a finite number of trajectories and

X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) ⊂ Xα,p,r(t0, x0).

For a given t ∈ [t0, θ] we also denote

X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t; t0, x0) =
{
x(t) ∈ Rn : x(·) ∈ X

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0)
}
. (3.5)

Let

γ∗ = (γ0 + γ1α)(θ − t0) + γ2r(θ − t0)
p−1
p , (3.6)

κ∗ = 2κ2(1 + ν∗)r
p exp(γ∗), (3.7)

ξ1(∆) = 2αω1(φ∗(∆))(θ − t0) + 2ακ1(1 + ν∗)∆, (3.8)

ξ2(∆) = 2rω2(φ∗(∆))(θ − t0)
p−1
p + 2rκ2(1 + ν∗)∆

p−1
p , (3.9)

ξ(∆) = [ξ1(∆) + ξ2(∆)] exp(γ∗), (3.10)

λ1(δ1) = κ1(1 + ν∗)(θ − t0)δ1 exp(γ∗), (3.11)

λ2(δ2) = κ2(1 + ν∗)(θ − t0)δ2 exp(γ∗), (3.12)

χ1(σ1) = κ1(1 + ν∗)(θ − t0)ασ1 exp(γ∗), (3.13)

χ2(β, σ2) = κ2(1 + ν∗)(θ − t0)βσ2 exp(γ∗), (3.14)

where φ∗(∆), ω1(φ∗(∆)) and ω2(φ∗(∆)) are defined by relations (2.10), (2.12) and (2.13) respec-
tively, ν∗ is defined by equality (2.7), the constants γi, κi (i = 0, 1, 2) are defined in Conditions
(A1) and (A2). We have that ξ(∆) → 0 as ∆ → 0+, λ1(δ1) → 0 as δ1 → 0+, λ2(δ2) → 0 as
δ2 → 0+, χ1(σ1) → 0 as σ1 → 0+ and χ2(β, σ2) → 0 as σ2 → 0+ for any fixed β > 0.

Theorem 3.1. The inequality

hC(Xα,p,r(t0, x0), X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0)) ≤
κ∗
βp−1

+ ξ(∆)+λ1(δ1)+λ2(δ2)+χ1(σ1)+χ2(β, σ2)

is satisfied for every β > 0, for every uniform partition Γ = {t0, t1, . . . , tN = θ} of the closed
interval [t0, θ], for every uniform partition Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval
[0, α], for every uniform partition Λ2 = {0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], for
every finite σ1-net S

1
σ1

= {b1, b2, . . . , bc3} on the unit sphere S1 = {b ∈ Rm1 : ∥b∥ = 1} and for

every finite σ2-net S
2
σ2

= {e1, e2, . . . , ec4} on the unit sphere S2 = {e ∈ Rm2 : ∥e∥ = 1}.
Here ∆ = θ−t0

N = ti+1 − ti, i = 0, 1, . . . , N − 1, is the diameter of the partition Γ, δ1 =
α
c1

= αj+1 − αj, j = 0, 1, . . . , c1 − 1, is the diameter of the partition Λ1, δ2 = β
c2

= rl+1 − rl,
l = 0, 1, . . . , c2 − 1, is the diameter of the partition Λ2, σ1 > 0 and σ2 > 0 are given numbers, κ∗,
ξ(∆), λ1(δ1), λ2(δ2), χ1(σ1) and χ2(β, σ2) are defined by (3.7), (3.10), (3.11), (3.12), (3.13) and
(3.14) respectively.

Proof. The theorem is proved in 4 steps.

Step 1. Geometric constraint for integrally constrained control functions. We define a
new set of control functions, where an additional geometric constraint is introduced for integrally
constrained control functions. For a given β > 0 we denote

W β
p,r = {w(·) ∈ Lp([t0, θ];Rm2) : ∥w(·)∥p ≤ r, ∥w(·)∥∞ ≤ β}, (3.15)

Uβ
α,p,r = Vα ×W β

p,r , (3.16)

and denote by Xβ
α,p,r(t0, x0) the set of trajectories of system (2.1) generated by all possible ad-

missible control functions (v(·), w(·)) ∈ Uβ
α,p,r. It is obvious that

Xβ
α,p,r(t0, x0) ⊂ Xα,p,r(t0, x0) . (3.17)
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Let us prove that

Xα,p,r(t0, x0) ⊂ Xβ
α,p,r(t0, x0) +

κ∗
βp−1

BC(1) (3.18)

where BC(1) and κ∗ are defined by equalities (1.1) and (3.7) respectively.
Choose an arbitrary trajectory x(·) ∈ Xα,p,r(t0, x0) generated by the control function (v(·), w(·)) ∈

Uα,p,r = Vα ×Wp,r. Define a new control function (v∗(·), w∗(·)) by setting v∗(·) = v(·) and

w∗(t) =

{
w(t) if ∥w(t)∥ ≤ β,

β w(t)
∥w(t)∥ if ∥w(t)∥ > β .

(3.19)

It is not difficult to show that w∗(·) ∈W β
p,r, and hence (v∗(·), w∗(·)) ∈ Uβ

α,p,r = Vα ×W β
p,r. Let

x∗(·) : [t0, θ] → Rn be the trajectory of system (2.1) generated by the control function (v∗(·), w∗(·)).
Then x∗(·) ∈ Xβ

α,p,r(t0, x0).

Denote T (β) = {t ∈ [t0, θ] : ∥w(t)∥ > β}. Since w∗(·) ∈ W β
p,r, then by virtue of Tchebyshev’s

inequality (see, e.g., [23, p. 82]) we have that

meas(T (β)) ≤ rp

βp
(3.20)

where meas(T (β)) stands for Lebesgue measure of the set T (β).
Taking into consideration that v∗(·) = v(·) and v(·) ∈ Vα, w(·) ∈ Wp,r, w∗(·) ∈ W β

p,r ⊂ Wp,r,
from Conditions (A1), (A2), Proposition 2.1, Hölder’s inequality, Minkowski’s inequality, (3.19)
and (3.20) we obtain that

∥x(t)− x∗(t)∥

≤
∫ t

t0

∥f(τ, x(τ))− f(τ, x∗(τ))∥dτ +
∫ t

t0

∥B1(τ, x(τ))v(τ)−B1(τ, x∗(τ))v∗(τ)∥dτ

+

∫ t

t0

∥B2(τ, x(τ))w(τ)−B2(τ, x∗(τ))w∗(τ)∥dτ

≤
∫ t

t0

γ0∥x(τ))− x∗(τ)∥dτ +
∫ t

t0

γ1∥x(τ)− x∗(τ)∥∥v(τ)∥dτ

+

∫ t

t0

∥B2(τ, x(τ))−B2(τ, x∗(τ))∥∥w(τ)∥dτ +
∫ t

t0

∥B2(τ, x∗(τ))∥∥w(τ)− w∗(τ)∥dτ

≤
∫ t

t0

[γ0 + γ1α+ γ2∥w(τ)∥] ∥x(τ)− x∗(τ)∥dτ +
∫
T (β)

κ2(1 + ν∗)∥w(τ)− w∗(τ)∥dτ

≤
∫ t

t0

[γ0 + γ1α+ γ2∥w(τ)∥] ∥x(τ)− x∗(τ)∥dτ

+ κ2(1 + ν∗)[meas (T (β))]
p−1
p

(∫
T (β)

∥w(τ)− w∗(τ)∥pdτ
)1/p

≤
∫ t

t0

[γ0 + γ1α+ γ2∥w(τ)∥] ∥x(τ)− x∗(τ)∥dτ + 2rκ2(1 + ν∗)
rp−1

βp−1

=

∫ t

t0

[γ0 + γ1α+ γ2∥w(τ)∥] ∥x(τ)− x∗(τ)∥dτ + 2κ2(1 + ν∗)
rp

βp−1

for every t ∈ [t0, θ]. Now the last inequality, the Gronwall-Bellman inequality, (3.6) and (3.7) yield
that

∥x(t)− x∗(t)∥ ≤ 2κ2(1 + ν∗)
rp

βp−1
exp

[ ∫ t

t0

(γ0 + γ1α+ γ2∥w(τ)∥) dτ
]

≤ 2κ2(1 + ν∗)
rp

βp−1
exp

[
(γ0 + γ1α)(θ − t0) + γ2r(θ − t0)

p−1
p

]
=

κ∗
βp−1
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for every t ∈ [t0, θ], and consequently

∥x(·)− x∗(·)∥C ≤ κ∗
βp−1

. (3.21)

Since x(·) ∈ Xα,p,r(t0, x0) is an arbitrarily chosen trajectory, x∗(·) ∈ Xβ
α,p,r(t0, x0), then (3.21)

yields the validity of the inclusion (3.18). From (3.17) and (3.18) it follows that

hC
(
Xα,p,r(t0, x0), X

β
α,p,r(t0, x0)

)
≤ κ∗
βp−1

. (3.22)

Step 2. Piecewise-constant control functions. Now we define the new class of control
functions which consists of piecewise-constant functions on a uniform partition Γ of the interval
[t0, θ]. We set

V Γ
α = {v(·) ∈ Vα : v(t) = vi for every t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1}, (3.23)

W β,Γ
p,r = {w(·) ∈W β

p,r : w(t) = wi for every t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1}, (3.24)

Uβ,Γ
α,p,r = V Γ

α ×W β,Γ
p,r , (3.25)

where the set W β
p,r is defined by equality (3.15). It is obvious that

Uβ,Γ
α,p,r =

{
(v(·), w(·)) ∈ Uβ

α,p,r : v(t) = vi, w(t) = wi

for every t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1
} (3.26)

where the set of control functions Uβ
α,p,r is defined by equality (3.16). Let Xβ,Γ

α,p,r(t0, x0) be the set

of trajectories of system (2.1) generated by all control functions (v(·), w(·)) ∈ Uβ,Γ
α,p,r. It is obvious

that

Xβ,Γ
α,p,r(t0, x0) ⊂ Xβ

α,p,r(t0, x0). (3.27)

Now we prove that

Xβ
α,p,r(t0, x0) ⊂ Xβ,Γ

α,p,r(t0, x0) + ξ(∆)BC(1) (3.28)

where ξ(∆) is defined by (3.10), BC(1) is defined by (1.1).
Let us choose an arbitrary x̃(·) ∈ Xβ

α,p,r(t0, x0) generated by the control function (ṽ(·), w̃(·)) ∈
Uβ
α,p,r and define a new piecewise-constant control function (ṽ∗(·), w̃∗(·)) : [t0, θ] → Rm1 × Rm2 ,

setting

ṽ∗(t) =
1

∆

∫ ti+1

ti

ṽ(τ)dτ, t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1, (3.29)

w̃∗(t) =
1

∆

∫ ti+1

ti

w̃(τ)dτ, t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1. (3.30)

It is not difficult to prove that ∥ṽ∗(t)∥ ≤ α, ∥w̃∗(t)∥ ≤ β for every t ∈ [t0, θ], ∥w̃∗(·)∥p ≤ r. Hence,
by (3.26) we have (ṽ∗(·), w̃∗(·)) ∈ Uβ,Γ

α,p,r. Let x̃∗(·) be the trajectory of system (2.1) generated by

the control function (ṽ∗(·), w̃∗(·)). Then, x̃∗(·) ∈ Xβ,Γ
α,p,r(t0, x0) and taking into account condition

(A1), we obtain

∥x̃(t)− x̃∗(t)∥

≤
∫ t

t0

∥f(τ, x̃(τ))− f(τ, x̃∗(τ))∥dτ +
∫ t

t0

∥B1(τ, x̃(τ))−B1(τ, x̃∗(τ))∥∥ṽ(τ)∥dτ

+
∥∥∫ t

t0

B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ
∥∥+

∫ t

t0

∥B2(τ, x̃(τ))−B2(τ, x̃∗(τ))∥∥w̃(τ)∥dτ

+
∥∥∫ t

t0

B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))dτ
∥∥

≤
∫ t

t0

(γ0 + γ1∥ṽ(τ)∥+ γ2∥w̃(τ)∥)∥x̃(τ)− x̃∗(τ)∥dτ
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+
∥∥∫ t

t0

B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ
∥∥+

∥∥∫ t

t0

B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))dτ
∥∥ (3.31)

for all t ∈ [t0, θ]. Let us derive evaluations for
∥∥ ∫ t

t0
B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ

∥∥ and∥∥ ∫ t

t0
B2(τ, x̃∗(τ))(w̃(τ) − w̃∗(τ))dτ

∥∥, taking into consideration equalities (3.29), (3.30) and the

inclusions ṽ(·) ∈ Vα, ṽ∗(·) ∈ V Γ
α ⊂ Vα, w̃(·) ∈W β

p,r and w̃∗(·) ∈W β,Γ
p,r .

Now choose an arbitrary t ∈ [t0, θ] and fix it. Let t ∈ [t0, t1]. From Condition (A2), Proposition
2.1, inclusions ṽ(·) ∈ Vα, ṽ∗(·) ∈ V Γ

α ⊂ Vα, w̃(·) ∈ W β
p,r ⊂ Wp,r, w̃∗(·) ∈ W β,Γ

p,r ⊂ Wp,r, Hölder’s
inequality and inequality t− t0 ≤ ∆ it follows that∫ t

t0

∥B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))∥dτ ≤ 2ακ1(1 + ν∗)∆, (3.32)∫ t

t0

∥B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))∥dτ ≤ 2rκ2(1 + ν∗)∆
p−1
p . (3.33)

Now let t > t1. Then there exists k = 1, 2, . . . , N − 1 such that t ∈ (tk, tk+1]. Then∫ t

t0

B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ

=

k−1∑
i=0

∫ ti+1

ti

B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ +

∫ t

tk

B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ ,

(3.34)

∫ t

t0

B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))dτ

=

k−1∑
i=0

∫ ti+1

ti

B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))dτ +

∫ t

tk

B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))dτ .

(3.35)

Choose an arbitrary i = 0, 1, . . . , k − 1. From (3.29) and (3.30) we have∫ ti+1

ti

(ṽ(τ)− ṽ∗(τ))dτ = 0,

∫ ti+1

ti

(w̃(τ)− w̃∗(τ))dτ = 0

and consequently ∫ ti+1

ti

B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ

=

∫ ti+1

ti

[B1(τ, x̃∗(τ))−B1(ti, x̃∗(ti))](ṽ(τ)− ṽ∗(τ))dτ ,

(3.36)

∫ ti+1

ti

B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))dτ

=

∫ ti+1

ti

[B2(τ, x̃∗(τ))−B2(ti, x̃∗(ti))](w̃(τ)− w̃∗(τ))dτ .

(3.37)

Since x̃∗(·) ∈ Xβ,Γ
α,p,r(t0, x0) ⊂ Xα,p,r(t0, x0), by Proposition 2.3 we have that

∥x̃∗(t)− x̃∗(ti)∥ ≤ φ0(∆) ≤ φ∗(∆) (3.38)

for every t ∈ [ti, ti+1], where φ0(∆) and φ∗(∆) are defined by (2.9) and (2.10) respectively. Since
∆ ≤ φ∗(∆), from (2.12), (2.13) and (3.38) we obtain∫ ti+1

ti

∥B1(τ, x̃∗(τ))−B1(ti, x̃∗(ti))∥∥ṽ(τ)− ṽ∗(τ)∥dτ

≤ ω1(φ∗(∆))

∫ ti+1

ti

∥ṽ(τ)− ṽ∗(τ)∥dτ ,
(3.39)
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ti

∥B2(τ, x̃∗(τ))−B2(ti, x̃∗(ti))∥∥w̃(τ)− w̃∗(τ)∥dτ

≤ ω2(φ∗(∆))

∫ ti+1

ti

∥w̃(τ)− w̃∗(τ)∥dτ .
(3.40)

Taking into consideration that i = 0, 1, . . . , k − 1 is arbitrarily chosen, the inclusions ṽ(·) ∈ Vα,
ṽ∗(·) ∈ V Γ

α ⊂ Vα, w̃(·) ∈ W β
p,r ⊂ Wp,r, w̃∗(·) ∈ W β,Γ

p,r ⊂ Wp,r, the inequalities (3.39), (3.40) and
applying Hölder’s and Minkowski’s inequalities we obtain that

k−1∑
i=0

∫ ti+1

ti

∥B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))∥dτ

≤
k−1∑
i=0

ω1(φ∗(∆))

∫ ti+1

ti

∥ṽ(τ)− ṽ∗(τ)∥dτ

≤ ω1(φ∗(∆))

∫ tk

t0

∥ṽ(τ)− ṽ∗(τ)∥dτ ≤ 2αω1(φ∗(∆))(tk − t0)

≤ 2αω1(φ∗(∆))(θ − t0),

(3.41)

k−1∑
i=0

∫ ti+1

ti

∥B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))∥dτ

≤
k−1∑
i=0

ω2(φ∗(∆))

∫ ti+1

ti

∥w̃(τ)− w̃∗(τ)∥dτ

≤ ω2(φ∗(∆))

∫ tk

t0

∥w̃(τ)− w̃∗(τ)∥dτ ≤ 2rω2(φ∗(∆))(tk − t0)
p−1
p

≤ 2rω2(φ∗(∆))(θ − t0)
p−1
p .

(3.42)

Analogously to inequalities (3.32) and (3.33), from Condition (A2), Proposition 2.1, inclusions
ṽ(·) ∈ Vα, ṽ∗(·) ∈ V Γ

α ⊂ Vα, w̃(·) ∈W β
p,r ⊂Wp,r, w̃∗(·) ∈W β,Γ

p,r ⊂Wp,r, and t ∈ (tk, tk+1] it follows
that ∫ t

tk

∥B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))∥dτ ≤ 2ακ1(1 + ν∗)∆, (3.43)∫ t

tk

∥B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))∥dτ ≤ 2rκ2(1 + ν∗)∆
p−1
p (3.44)

where k ≥ 1.
The relations (3.34), (3.36), (3.41), and (3.43) imply that∥∥∫ t

t0

B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ
∥∥ ≤ 2αω1(φ∗(∆))(θ − t0) + 2ακ1(1 + ν∗)∆, (3.45)

and from (3.35), (3.37), (3.42) ,and (3.44) we have that∥∥∫ t

t0

B2(τ, x̃∗(τ))(w̃(τ)− w̃∗(τ))dτ
∥∥ ≤ 2rω2(φ∗(∆))(θ − t0)

p−1
p + 2rκ2(1 + ν∗)∆

p−1
p (3.46)

where t ∈ (tk, tk+1], k = 1, 2, . . . , N − 1.
Concluding, from (3.8), (3.32), (3.45) we obtain that∥∥∫ t

t0

B1(τ, x̃∗(τ))(ṽ(τ)− ṽ∗(τ))dτ
∥∥ ≤ 2αω1(φ∗(∆))(θ − t0) + 2ακ1(1 + ν∗)∆ = ξ1(∆), (3.47)

and from (3.9), (3.33) and (3.46) it follows that∥∥∫ t

t0

B2(τ, x̃∗(τ))(w̃(τ)−w̃∗(τ))dτ
∥∥ ≤ 2rω2(φ∗(∆))(θ−t0)

p−1
p +2rκ2(1+ν∗)∆

p−1
p = ξ2(∆), (3.48)
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where t is an arbitrarily fixed instant of time in the interval [t0, θ].
Inequalities (3.31), (3.47), and (3.48) yield

∥x̃(t)− x̃∗(t)∥ ≤
∫ t

t0

(γ0 + γ1∥ṽ(τ)∥+ γ2∥w̃(τ)∥)∥x̃(τ)− x̃∗(τ)∥dτ + ξ1(∆) + ξ2(∆)

for every t ∈ [t0, θ]. Finally, the last inequality, the Gronwall-Bellman inequality, inclusions
ṽ(·) ∈ Vα, w̃(·) ∈W β

p,r ⊂Wp,r, (3.6) and (3.10) yield

∥x̃(t)− x̃∗(t)∥ ≤ [ξ1(∆) + ξ2(∆)] exp
[ ∫ t

t0

(γ0 + γ1∥ṽ(τ)∥+ γ2∥w̃(τ)∥)dτ
]

≤ [ξ1(∆) + ξ2(∆)] exp
[
(γ0 + γ1α)(θ − t0) + rγ2(θ − t0)

p−1
p

]
= ξ(∆)

for every t ∈ [t0, θ], and hence
∥x̃(·)− x̃∗(·)∥C ≤ ξ(∆).

Since x̃(·) ∈ Xβ
α,p,r(t0, x0) is an arbitrarily chosen trajectory, x̃∗(·) ∈ Xβ,Γ

α,p,r(t0, x0), then the
last inequality implies that the inclusion (3.28) is valid. From inclusions (3.27) and (3.28) it follows
that

hC
(
Xβ

α,p,r(t0, x0), X
β,Γ
α,p,r(t0, x0)

)
≤ ξ(∆) (3.49)

where ∆ > 0 is the diameter of the uniform partition Γ.

Step 3. Piecewise-constant control functions with norms from uniform partitions.
Using uniform partitions Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval [0, α] and Λ2 =
{0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], where δ1 = α

c1
= αj+1−αj , j = 0, 1, . . . , c1−1,

is the diameter of the partition Λ1, and δ2 = β
c2

= rl+1 − rl, l = 0, 1, . . . , c2 − 1, is the diameter of
the partition Λ2, define a new set of control functions, by setting

V Γ,Λ1
α = {v(·) ∈ V Γ

α : v(t) = vi, ∥vi∥ ∈ Λ1 for every t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1}, (3.50)

W β,Γ,Λ2
p,r =

{
w(·) ∈W β,Γ

p,r : w(t) = wi, ∥wi∥ ∈ Λ2 for every

t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1
}
,

(3.51)

Uβ,Γ,Λ1,Λ2
α,p,r = V Γ,Λ1

α ×W β,Γ,Λ2
p,r (3.52)

where the sets V Γ
α and W β,Γ

p,r are defined by (3.23) and (3.24), respectively. It is obvious that

Uβ,Γ,Λ1,Λ2
α,p,r = {(v(·), w(·)) ∈ Uβ,Γ

α,p,r : v(t) = vi, w(t) = wi for every t ∈ [ti, ti+1),

∥vi∥ ∈ Λ1, ∥wi∥ ∈ Λ2, i = 0, 1, . . . , N − 1}
(3.53)

where the set of control functions Uβ,Γ
α,p,r is defined by equality (3.25). Let Xβ,Γ,Λ1,Λ2

α,p,r (t0, x0) be

the set of trajectories of system (2.1) generated by all control functions (v(·), w(·)) ∈ Uβ,Γ,Λ1,Λ2
α,p,r .

It is obvious that
Xβ,Γ,Λ1,Λ2

α,p,r (t0, x0) ⊂ Xβ,Γ
α,p,r(t0, x0). (3.54)

Now we prove that

Xβ,Γ
α,p,r(t0, x0) ⊂ Xβ,Γ,Λ1,Λ2

α,p,r (t0, x0) + [λ1(δ1) + λ2(δ2)]BC(1) (3.55)

where λ1(δ1) and λ2(δ2) are defined by equalities (3.11) and (3.12) respectively, BC(1) is defined
by (1.1).

Choose an arbitrary trajectory z(·) ∈ Xβ,Γ
α,p,r(t0, x0) generated by the control function (v̂(·), ŵ(·))

∈ Uβ,Γ
α,p,r. According to (3.25) we have that v̂(·) ∈ V Γ

α and ŵ(·) ∈ W β,Γ
α,p,r. Then from (3.23) and

(3.24) we obtain that

v̂(t) = v̂i for every t ∈ [ti, ti+1) , ∥v̂i∥ ≤ α, i = 0, 1, . . . , N − 1, (3.56)

ŵ(t) = ŵi for every t ∈ [ti, ti+1) , ∥ŵi∥ ≤ β, i = 0, 1, . . . , N − 1, ∆ ·
N−1∑
i=0

∥ŵi∥p ≤ rp. (3.57)

From (3.56) it follows that for each v̂i there exists αji ∈ Λ1 such that

∥v̂i∥ ∈ [αji , αji+1) or ∥v̂i∥ = α, i = 0, 1, . . . , N − 1. (3.58)
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Relation (3.57) implies that for each ŵi there exists rli ∈ Λ2 such that

∥ŵi∥ ∈ [rli , rli+1) or ∥ŵi∥ = β, i = 0, 1, . . . , N − 1. (3.59)

Let us define a new control function (v̂∗(·), ŵ∗(·)) : [t0, θ] → Rm1 × Rm2 , setting

v̂∗(t) =

{
αji · v̂i

∥v̂i∥ if 0 < ∥v̂i∥ < α,

v̂i if ∥v̂i∥ = 0 or ∥v̂i∥ = α ,
(3.60)

ŵ∗(t) =

{
rli · ŵi

∥ŵi∥ if 0 < ∥ŵi∥ < β,

ŵi if ∥ŵi∥ = 0 or ∥ŵi∥ = β
(3.61)

where t ∈ [ti, ti+1), i = 0, 1, . . . N − 1. It is not difficult to verify that (3.58), (3.59), (3.60), and
(3.61) imply that v̂∗(·) ∈ V Γ,Λ1

α , ŵ∗(·) ∈W β,Γ,Λ2
p,r and the inequalities

∥v̂(t)− v̂∗(t)∥ ≤ δ1 , ∥ŵ(t)− ŵ∗(t)∥ ≤ δ2 (3.62)

are satisfied for every t ∈ [t0, θ]. Suppose z∗(·) : [t0, θ] → Rn is the trajectory of system (2.1)
generated by the control function (v̂∗(·), ŵ∗(·)) ∈ V Γ,Λ1

α ×W β,Γ,Λ2
p,r = Uβ,Γ,Λ1,Λ2

α,p,r . Then, z∗(·) ∈
Xβ,Γ,Λ1,Λ2

α,p,r (t0, x0) and by Conditions (A1), (A2), Proposition 2.1, and (3.62) we obtain

∥z(t)− z∗(t)∥ ≤
∫ t

t0

(γ0 + γ1∥v̂(τ)∥+ γ2∥ŵ(τ)∥)∥z(τ)− z∗(τ)∥dτ

+ κ1(1 + ν∗)

∫ t

t0

∥v̂(τ)− v̂∗(τ)∥dτ + κ2(1 + ν∗)

∫ t

t0

∥ŵ(τ)− ŵ∗(τ)∥dτ

≤
∫ t

t0

(γ0 + γ1∥v̂(τ)∥+ γ2∥ŵ(τ)∥)∥z(τ)− z∗(τ)∥dτ

+ κ1(1 + ν∗)(θ − t0)δ1 + κ2(1 + ν∗)(θ − t0)δ2

(3.63)

for every t ∈ [t0, θ], where ν∗ is defined by (2.7).
From inclusions v̂∗(·) ∈ V Γ,Λ1

α , ŵ∗(·) ∈W β,Γ,Λ2
p,r , the Gronwall-Bellman inequality, (3.11), (3.12)

and (3.63) we conclude that

∥z(t)− z∗(t)∥

≤ [κ1(1 + ν∗)(θ − t0)δ1 + κ2(1 + ν∗)(θ − t0)δ2] exp
(∫ t

t0

(γ0 + γ1∥v̂(τ)∥+ γ2∥ŵ(τ)∥)dτ
)

≤ [κ1(1 + ν∗)(θ − t0)δ1 + κ2(1 + ν∗)(θ − t0)δ2] exp
(
(γ0 + γ1α)(θ − t0) + γ2r(θ − t0)

p−1
p

)
= λ1(δ1) + λ2(δ2)

for every t ∈ [t0, θ], and hence

∥z(·)− z∗(·)∥C ≤ λ1(δ) + λ2(δ2).

Since z(·) ∈ Xβ,Γ
α,p,r(t0, x0) is an arbitrarily chosen trajectory, z∗(·) ∈ Xβ,Γ,Λ1,Λ2

α,p,r (t0, x0), the last
inequality yields the validity of inclusion (3.55). Inclusions (3.54) and (3.55) imply that

hC
(
Xβ,Γ

α,p,r(t0, x0), X
β,Γ,Λ1,Λ2
α,p,r (t0, x0)

)
≤ λ1(δ1) + λ2(δ2) . (3.64)

Step 4. Finite number of control functions. In this step we prove the inequality

hC(X
β,Γ,Λ1,Λ2
α,p,r (t0, x0), X

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0)) ≤ χ1(σ1) + χ2(β, σ2), (3.65)

where X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) is the set of trajectories of system (2.1) generated by the set of a

finite number of control functions U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r defined by equality (3.4), χ1(σ) and χ2(β, σ)
are defined by (3.13) and (3.14), respectively.

It is obvious that

X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) ⊂ Xβ,Γ,Λ1,Λ2
α,p,r (t0, x0). (3.66)
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Now let us prove that

Xβ,Γ,Λ1,Λ2
α,p,r (t0, x0) ⊂ X

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0) + [χ1(σ1) + χ2(β, σ2)]BC(1) . (3.67)

Choose an arbitrary y(·) ∈ Xβ,Γ,Λ1,Λ2
α,p,r (t0, x0) generated by the control function (v(·), w(·)) ∈

Uβ,Γ,Λ1,Λ2
α,p,r = V Γ,Λ1

α ×W β,Γ,Λ2
p,r . Then according to (3.50), (3.51), (3.52), and (3.53) we have

v(t) = αjibi, αji ∈ Λ1, bi ∈ S1,

w(t) = rliei, rji ∈ Λ2, ei ∈ S2
(3.68)

for all t ∈ [ti, ti+1) (i = 0, 1, . . . , N − 1), where ∆ ·
∑N−1

i=0 rpli ≤ rp.

From the definitions of S1
σ1

and S2
σ2
, for each bi ∈ S1 and ei ∈ S2 there exist bki

∈ S1
σ1

and

egi ∈ S2
σ2

such that

∥bi − bki
∥ ≤ σ1, ∥ei − egi∥ ≤ σ2, i = 0, 1, . . . , N − 1 . (3.69)

We define new control functions, setting

v∗(t) = αjibki
, w∗(t) = rliegi , t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1 (3.70)

where αji ∈ Λ1, rli ∈ Λ2 are defined by (3.68).
One can verify that

(v∗(·), w∗(·)) ∈ U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r = V
Γ,Λ1,S

1
σ1

α ×W
β,Γ,Λ2,S

2
σ2

p,r ,

where the set of piecewise-constant control functions V
Γ,Λ1,S

1
σ1

α and W
β,Γ,Λ2,S

2
σ2

p,r are defined by
equalities (3.1) and (3.2) respectively. The relations (3.68), (3.69) and (3.70) imply that

∥v(t)− v∗(t)∥ ≤ ασ1, ∥w(t)− w∗(t)∥ ≤ βσ2 (3.71)

for every t ∈ [t0, θ].
Assume y∗(·) : [t0, θ] → Rn is the trajectory of system (2.1) generated by the control function

(v∗(·), w∗(·)) ∈ U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r . Then, y∗(·) ∈ X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) and Conditions (A1),
(A2), Proposition 2.1 and inequality (3.71) we have that

∥y(t)− y∗(t)∥ ≤
∫ t

t0

(γ0 + γ1∥v(τ)∥+ γ2∥w(τ)∥)∥y(τ)− y∗(τ)∥dτ

+ κ1(1 + ν∗)(θ − t0)ασ1 + κ2(1 + ν∗)(θ − t0)βσ2

(3.72)

for every t ∈ [t0, θ]. Now, taking into consideration that v(·) ∈ V
Γ,Λ1,S

1
σ1

α ⊂ Vα and w(·) ∈

W
β,Γ,Λ2,S

2
σ
2

p,r ⊂ Wp,r, where the sets of control functions Vα and Wp,r are defined by equalities
(2.2) and (2.3) respectively, from (3.13), (3.14), (3.72) and the Gronwall-Bellman inequality we
obtain

∥y(t)− y∗(t)∥

≤ [κ1(1 + ν∗)(θ − t0)ασ1 + κ2(1 + ν∗)(θ − t0)βσ2] exp
[ ∫ t

t0

(γ0 + γ1∥v(τ)∥+ γ2∥w(τ)∥)dτ
]

≤ [κ1(1 + ν∗)(θ − t0)ασ1 + κ2(1 + ν∗)(θ − t0)βσ2] exp
[
(γ0 + γ1α)(θ − t0) + γ2r(θ − t0)

p−1
p

]
= χ1(σ1) + χ2(β, σ2)

for every t ∈ [t0, θ], and consequently

∥y(·)− y∗(·)∥C ≤ χ1(σ1) + χ2(β, σ2). (3.73)

Since y(·) ∈ Xβ,Γ,Λ1,Λ2
α,p,r (t0, x0) is an arbitrarily chosen trajectory and

y∗(·) ∈ X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0),

inequality (3.73) implies the validity of the inclusion (3.67). Finally, the inclusions (3.66) and
(3.67) yield the validity of the inequality (3.65).
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Now, inequalities (3.22), (3.49), (3.64), and (3.65) complete the proof of the theorem. □

Theorem 3.1 implies the validity of the following corollary characterizing the approximation of
the attainable sets of the control system (2.1) with mixed constraints on the control functions.

Corollary 3.2. The inequality

hn(Xα,p,r(t; t0, x0), X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t; t0, x0)) ≤
κ∗
βp−1

+ξ(∆)+λ1(δ1)+λ2(δ2)+χ1(σ1)+χ2(β, σ2)

holds for every β > 0, for every uniform partition Γ = {t0, t1, . . . , tN = θ} of the closed interval
[t0, θ], for every uniform partition Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval [0, α],
for every uniform partition Λ2 = {0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], for every
finite σ1-net S

1
σ1

= {b1, b2, . . . , bc3} on the unit sphere S1 = {b ∈ Rm1 : ∥b∥ = 1} and for every

finite σ2-net S
2
σ2

= {e1, e2, . . . , ec4} on the unit sphere S2 = {e ∈ Rm2 : ∥e∥ = 1} and for every
t ∈ [t0, θ].

Here, the discretization parameters ∆, δ1, δ2, σ1, σ2 and the quantities κ∗, ξ(∆), λ1(δ1), λ2(δ2),
χ1(σ1), χ2(β, σ2) are defined as in Theorem 3.1. The attainable set Xα,p,r(t; t0, x0) (t ∈ [t0, θ]) of
system (2.1) is defined by equality (2.5), the set Xβ,Γ,Λ1,Λ2,Sσ

α,p,r (t; t0, x0) (t ∈ [t0, θ]) which consists
of a finite number of points, is defined by relation (3.5).

Remark 3.3. Since X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t; t0, x0) ⊂ Xα,p,r(t; t0, x0) for every t ∈ [t0, θ], we conclude
that the presented approximation is an inner one.

Remark 3.4. According to Theorem 2 from [11] we have hL1
(Wp,r,W

∗
r ) → 0 as p → ∞ where

the set Wp,r is defined by (2.3), W ∗
r = {w(·) ∈ L∞([t0, θ];Rm2) : ∥w(·)∥∞ ≤ r}, hL1

(·, ·) stands
for the Hausdorff distance between subsets of the space L1([t0, θ];Rm2). Denote U∗

α,r = Vα ×W ∗
r ,

and let X∗
α,r(t0, x0) be the set of trajectories of system (2.1) generated by all control functions

u(·) = (v(·), w(·)) ∈ U∗
α,r. It is obvious that the control functions chosen from the set U∗

α,r have
only geometric constraints. The conditions (A1) and (A2) imply that

hC(Xα,p,r(t0, x0), X
∗
α,r(t0, x0)) → 0 as p→ ∞ .

This implies that for sufficiently large p, the integral constraint on the control functions w(·) can
be replaced by geometric constraint, and thus, it is possible to consider an approximation of the
set of trajectories of the control system (2.1) where the control functions have only geometric
constraints.

Remark 3.5. Similarly to Remark 3.4, it is possible to replace geometric constraint on the control
functions for system (2.1) with appropriate integral constraint. Let the set Wp,r be defined by
(2.3), V 0

p′,α = {v(·) ∈ Lp′([t0, θ];Rm1) : ∥v(·)∥p′ ≤ α}. Denote U0
p′,α,p,r = V 0

p′,α × Wp,r, and

let X0
p′,α,p,r(t0, x0) be the set of trajectories of system (2.1) generated by all control functions

u(·) = (v(·), w(·)) ∈ U0
p′,α,p,r. Now, the control functions from the set U0

p′,α,p,r have only integral

norm constraints. According to Theorem 2 from [11] we have that hL1(Vα, V
0
p′,α) → 0 as p′ → ∞.

Again, applying the conditions (A1) and (A2) one can show that

hC(X
0
p′,α,p,r(t0, x0), Xα,p,r(t0, x0)) → 0 as p′ → ∞ .

This yields that by choosing a sufficiently large p′, the geometric constraint on the control functions
v(·) can be replaced by appropriate integral constraint, and thereby, it is possible to consider
an approximation of the set of trajectories where the control functions have only the integral
constraints.

4. Euler’s broken lines

In this section we present an approximation of the set of trajectories of system (2.1) with finite
number of Euler’s broken lines.
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Let x(·) ∈ X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) be an arbitrary trajectory of system (2.1) generated by the

control function (v(·), w(·)) ∈ U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r . Then according to (3.4) we have that there exist
αji ∈ Λ1, rli ∈ Λ2, bki ∈ S1

σ1
, egi ∈ S2

σ2
, i = 0, 1, . . . , N − 1, such that

v(t) = αjibki , w(t) = rliegi for every t ∈ [ti, ti+1), i = 0, 1, . . . , N − 1, ∆ ·
N−1∑
i=0

rpli ≤ rp . (4.1)

In this case the trajectory x(·) can be defined by the equality

x(t) = x(ti) +

∫ t

ti

[f(τ, x(τ)) +B1(τ, x(τ))αjibki +B2(τ, x(τ))rliegi ] dτ, x(t0) = x0 (4.2)

for every t ∈ (ti, ti+1], i = 0, 1, . . . , N − 1.
Now let us give the definition of the Euler’s broken line corresponding to the trajectory x(·)

defined by (4.2).

Definition 4.1. Let x(·) be a trajectory of system (2.1) generated by the control function

(v(·), w(·)) ∈ U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r which is defined by equality (4.1). The function z(·) : [t0, θ] → Rn

defined by the relation

z(t) = z(ti) + (t− ti)[f(ti, z(ti)) +B1(ti, z(ti))αjibki +B2(ti, z(ti))rliegi ], z(t0) = x0 (4.3)

for every t ∈ (ti, ti+1], i = 0, 1, . . . , N−1, is called Euler’s broken line of system (2.1) corresponding
to the trajectory x(·).

For a given uniform partition Γ = {t0, t1, . . . , tN = θ} of the closed interval [t0, θ], a uniform
partition Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval [0, α], a uniform partition Λ2 =
{0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], a finite σ1-net S

1
σ1

= {b1, b2, . . . , bc3} on the

unit sphere S1 = {b ∈ Rm1 : ∥b∥ = 1} and a finite σ2-net S
2
σ2

= {e1, e2, . . . , ec4} on the unit sphere

S2 = {e ∈ Rm2 : ∥e∥ = 1} we set

Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) =
{
z(·) ∈ C([t0, θ];Rn) : z(·) is Euler’s broken line of a

x(·) ∈ X
β,Γ,Λ1Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0)
}
.

(4.4)

For a given t ∈ [t0, θ] we also set

Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t; t0, x0) = {z(t) ∈ Rn : z(·) ∈ Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0)}. (4.5)

We denote

ψ(β,∆) = ω0(φ∗(∆)) + αω1(φ∗(∆)) + βω2(φ∗(∆)) , (4.6)

ζ(β,∆) = ψ(β,∆) ·∆ (4.7)

where φ∗(∆), ω0(φ∗(∆)), ω1(φ∗(∆)) and ω2(φ∗(∆)) are defined by relations (2.10), (2.11), (2.12)
and (2.13), respectively. It is obvious that ψ(β,∆) → 0 as ∆ → 0+ for every fixed β > 0.

Proposition 4.2. The inequality

hC

(
X

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0), Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0)
)
≤ ψ(β,∆)(θ − t0) exp(γ∗)

holds for every β > 0, for every uniform partition Γ = {t0, t1, . . . , tN = θ} of the closed interval
[t0, θ], for every uniform partition Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval [0, α],
for every uniform partition Λ2 = {0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], for every
finite σ1-net S

1
σ1

= {b1, b2, . . . , bc3} on the unit sphere S1 = {b ∈ Rm1 : ∥b∥ = 1} and for

every finite σ2-net S
2
σ2

= {e1, e2, . . . , ec4} on the unit sphere S2 = {e ∈ Rm2 : ∥e∥ = 1}, where
∆ = θ−t0

N = ti+1−ti, i = 0, 1, . . . , N−1, is the diameter of the partition Γ, γ∗ > 0 and ψ(β,∆) are

defined by relations (3.6) and (4.6), respectively, X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) is the set of trajectories



16 A. HUSEYIN, N. HUSEYIN, KH.G. GUSEINOV EJDE-2026/27

generated by all piecewise-constant control functions (v(·), w(·)) ∈ U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r and the set

Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) is defined by equality (4.4).

Proof. Let x(·) ∈ X
β,Γ,Λ1Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) be a trajectory of system(2.1) generated by control

function (v(·), w(·)) ∈ U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r = V
Γ,Λ1,S

1
σ1

α ×W
β,Γ,Λ2,S

2
σ2

p,r defined by relation (4.2) where

the sets of control functions V
Γ,Λ1,S

1
σ1

α and W
β,Γ,Λ2,S

2
σ2

p,r are defined by (3.1) and (3.2) respectively,

and let z(·) ∈ Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) be the Euler’s broken line corresponding to the trajectory
x(·).

Let us evaluate ∥x(·)− z(·)∥C . Let t ∈ (t0, t1]. Taking into consideration that αj0 ≤ α, rl0 ≤ β,
∥bk0∥ = 1, ∥eg0∥ = 1, from Condition (A1), Corollary 2.2, Proposition 2.3, (2.10), (2.11), (2.12),
(2.13), (4.2), (4.3), (4.6), and (4.7) it follows that

∥x(t)− z(t)∥ ≤
∫ t

t0

[
∥f(τ, x(τ))− f(t0, x0)∥+ ∥B1(τ, x(τ))−B1(t0, x0)∥∥αj0bk0

∥

+ ∥B2(τ, x(τ))−B2(t0, x0)∥∥rl0eg0∥
]
dτ

≤ [ω0(φ∗(∆)) + αω1(φ∗(∆)) + βω2(φ∗(∆))] (t− t0)

≤ ψ(β,∆)∆ = ζ(β,∆)

(4.8)

for every t ∈ (t0, t1].
Let t ∈ (t1, t2]. Taking into consideration that αj1 ≤ α, rl1 ≤ β, ∥bk1

∥ = 1, ∥eg1∥ = 1, from
Corollary 2.2, Proposition 2.3, (2.10), (2.11), (2.12), (2.13), (4.2), (4.3), (4.6), (4.7), and (4.8) we
obtain that

∥x(t)− z(t)∥

≤ ∥x(t1)− z(t1)∥+
∫ t

t1

[
∥f(τ, x(τ))− f(t1, z(t1))∥

+ ∥B1(τ, x(τ))−B1(t1, z(t1))∥∥αj1bk1
∥+ ∥B2(τ, x(τ))−B2(t1, z(t1))∥∥rl1eg1∥

]
dτ

≤ ∥x(t1)− z(t1)∥+
∫ t

t1

[∥f(τ, x(τ))− f(t1, x(t1))∥+ ∥f(t1, x(t1))− f(t1, z(t1))∥] dτ

+

∫ t

t1

[∥B1(τ, x(τ))−B1(t1, x(t1))∥+ ∥B1(t1, x(t1))−B1(t1, z(t1))∥]αdτ

+

∫ t

t1

[∥B2(τ, x(τ))−B2(t1, x(t1))∥+ ∥B2(t1, x(t1))−B2(t1, z(t1))∥] ∥rl1∥ dτ

≤ ∥x(t1)− z(t1)∥+ ω0(φ∗(∆))∆ + γ0∥x(t1)− z(t1)∥∆
+ αω1(φ∗(∆))∆ + αγ1∥x(t1)− z(t1)∥∆+ rl1ω2(φ∗(∆))∆ + rl1γ2∥x(t1)− z(t1)∥∆

≤ ∥x(t1)− z(t1)∥+
[
ω0(φ∗(∆)) + αω1(φ∗(∆)) + βω2(φ∗(∆))

]
∆r

+ [γ0 + γ1α+ γ2rl1 ]∆∥x(t1)− z(t1)∥
= ψ(β,∆)∆+

[
1 + (γ0 + γ1α+ γ2rl1)∆

]
∥x(t1)− z(t1)∥]

≤ ζ(β,∆) + ζ(β,∆) exp[(γ0 + γ1α+ γ2rl1)∆]

= ζ(β,∆)
[
1 + exp(∆γ0 +∆γ1α+∆γ2rl1)

]

(4.9)

for every t ∈ (t1, t2].
Now, assuming that

∥x(t)− z(t)∥ ≤ ζ(β,∆)
[
1 + exp(∆γ0 +∆γ1α+∆γ2rli−1)

+ exp(2∆γ0 + 2∆γ1α+∆γ2(rli−1 + rli−2)) + . . .

+ exp((i− 1)∆γ0 + (i− 1)∆γ1α+∆γ2(rli−1 + rli−2 + · · ·+ rl1))
]



EJDE-2026/27 SET OF TRAJECTORIES, ATTAINABLE SETS, AND INTEGRAL FUNNEL 17

for every t ∈ (ti−1, ti], we will prove that

∥x(t)− z(t)∥ ≤ ζ(β,∆)
[
1 + exp(∆γ0 +∆γ1α+∆γ2rli)

+ exp
(
2∆γ0 + 2∆γ1α+∆γ2(rli + rli−1)

)
+ . . .

+ exp(i∆γ0 + i∆γ1α+∆γ2(rli + rli−1
+ · · ·+ rl1))

] (4.10)

for every t ∈ (ti, ti+1] where 2 ≤ i ≤ N − 1.
Taking into account that 0 ≤ αji ≤ α, 0 ≤ rli ≤ β, ∥bki

∥ = 1, ∥egi∥ = 1, from Condition (A1),
Corollary 2.2, Proposition 2.3, (2.10), (2.11), (2.12), (2.13), (4.2), (4.3), (4.6), (4.7), and (4.10),
we have that

∥x(t)− z(t)∥

≤ ∥x(ti)− z(ti)∥+
∫ t

ti

[
∥f(τ, x(τ))− f(ti, z(ti))∥

+ ∥B1(τ, x(τ))−B1(ti, z(ti))∥ · ∥αjibki
∥+ ∥B2(τ, x(τ))−B2(ti, z(ti))∥ · ∥rliegi∥

]
dτ

≤ ∥x(ti)− z(ti)∥+
∫ t

ti

[∥f(τ, x(τ))− f(ti, x(ti))∥+ ∥f(ti, x(ti))− f(ti, z(ti))∥] dτ

+

∫ t

ti

[∥B1(τ, x(τ))−B1(ti, x(ti))∥+ ∥B1(ti, x(ti))−B1(ti, z(ti))∥]αdτ

+

∫ t

ti

[∥B2(τ, x(τ))−B2(ti, x(ti))∥+ ∥B2(ti, x(ti))−B2(ti, z(ti))∥] rli dτ

≤ ∥x(ti)− z(ti)∥+
∫ t

ti

[ω0(φ∗(∆)) + γ0∥x(ti)− z(ti)∥] dτ

+

∫ t

ti

[ω1(φ∗(∆)) + γ1∥x(ti)− z(ti)∥]αdτ +
∫ t

ti

[ω2(φ∗(∆)β) + γ2∥x(ti)− z(ti)∥] rli dτ

≤ [ω0(φ∗(∆)) + ω1(φ∗(∆))α+ ω2(φ∗(∆))β] ·∆+ [1 + (γ0 + γ1α+ γ2rli)∆]∥x(ti)− z(ti)∥
≤ ψ(β,∆)∆+ exp(∆γ0 +∆γ1α+∆γ2rli) · ∥x(ti)− z(ti)∥
≤ ζ(β,∆) + exp(∆γ0 +∆γ1α+∆γ2rli)

×
{
ζ(β,∆)

[
1 + exp(∆γ0 +∆γ1α+∆γ2rli−1

) + exp(2∆γ0 + 2∆γ1α+∆γ2(rli−1
+ rli−2

))

+ · · ·+ exp((i− 1)∆γ0 + (i− 1)∆γ1α+∆γ2(rli−1
+ rli−2

+ · · ·+ rl1))
]}

= ζ(β,∆)
[
1 + exp(∆γ0 +∆γ1α+∆γ2rli) + exp(2∆γ0 + 2∆γ1α+∆γ2(rli + rli−1

))

+ exp(3∆γ0 + 3∆γ1α+∆γ2(rli + rli−1
+ rli−2

)) + . . .

+ exp(i∆γ0 + i∆γ1α+∆γ2(rli + rli−1
+ · · ·+ rl1))

]
(4.11)

for every t ∈ (ti, ti+1]. So, the validity of the inequality (4.10) is proved. Finally, it follows from
(4.8), (4.9), (4.10) and (4.11) that the inequality

∥x(t)− z(t)∥
≤ ζ(β,∆)

[
1 + exp(∆γ0 +∆γ1α+∆γ2rli) + exp(2∆γ0 + 2∆γ1α+∆γ2(rli + rli−1))

+ exp(3∆γ0 + 3∆γ1α+∆γ2(rli + rli−1
+ rli−2

)) + . . .

+ exp((N − 1)∆γ0 + (N − 1)∆γ1α+∆γ2(rlN−1
+ rlN−2

+ · · ·+ rl1))
] (4.12)

is verified for every t ∈ (ti, ti+1], i = 0, 1, . . . , N − 1. Taking into account that x(t0) = z(t0) = x0,
N ·∆ = θ − t0, from (4.6), (4.7) and (4.12) we have

∥x(t)− z(t)∥
≤ ζ(β,∆)N exp(N∆γ0 +N∆γ1α+∆γ2(rlN−1

+ rlN−2
+ · · ·+ rl1 + rl0))

= ψ(β,∆)(θ − t0) exp(γ0(θ − t0) + γ1α(θ − t0) + ∆γ2(rlN−1
+ rlN−2

+ · · ·+ rl1 + rl0))

(4.13)
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for every t ∈ [t0, θ]. Now, from (4.1), inclusion w(·) ∈W
β,Γ,Λ2,S

1
σ2

p,r ⊂Wp,r and Hölder’s inequality
we obtain

∆ ·
N−1∑
i=0

rli =

∫ θ

t0

∥w(t)∥dt ≤ (θ − t0)
p−1
p

(∫ θ

t0

∥w(t)∥pdt
)1/p

≤ r(θ − t0)
p−1
p . (4.14)

The inequalities (4.13) and (4.14) yield that

∥x(t)− z(t)∥ ≤ ψ(β,∆)(θ − t0) exp
(
γ0(θ − t0) + γ1α(θ − t0) + γ2r(θ − t0)

p−1
p

)
(4.15)

for every t ∈ [t0, θ]. Taking into account (3.6) and (4.15) we have

∥x(·)− z(·)∥C ≤ ψ(β,∆)(θ − t0) exp(γ∗).

Since x(·) ∈ X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) is an arbitrarily chosen trajectory and z(·) belongs to

Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) is its Euler’s broken line, then the last inequality completes the proof. □

Remark 4.3. In the proof of Proposition 4.2 (in the inequality (4.13)) by applying the estimations
rli ≤ β (i = 0, 1, . . . , N − 1), we can obtain the evaluation

hC

(
X

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0), Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0)
)

≤ ψ(β,∆)(θ − t0) exp
[
γ0(θ − t0) + γ1α(θ − t0) + γ2β(θ − t0)

]
.

(4.16)

According to Theorem 3.1, in order to obtain a sufficiently small evaluation for the Hausdorff dis-

tance between the set of trajectories Xα,p,r(t0, x0) and its approximation X
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0),
the number β must be chosen to be sufficiently large. If the inequality β > r

(θ−t0)1/p
is satisfied,

then the evaluation presented in Proposition 4.2 is better than the evaluation given by (4.16).

From Theorem 3.1 and Proposition 4.2 we obtain the validity of the following theorem.

Theorem 4.4. The inequality

hC(Xα,p,r(t0, x0), Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0))

≤ κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2) + χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗)

is verified for every β > 0, for every uniform partition Γ = {t0, t1, . . . , tN = θ} of the closed
interval [t0, θ], for every uniform partition Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval
[0, α], for every uniform partition Λ2 = {0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], for
every finite σ1-net S

1
σ1

= {b1, b2, . . . , bc3} on the unit sphere S1 = {b ∈ Rm1 : ∥b∥ = 1} and for

every finite σ2-net S
2
σ2

= {e1, e2, . . . , ec4} on the unit sphere S2 = {e ∈ Rm2 : ∥e∥ = 1}.
Here, ∆ = θ−t0

N = ti+1 − ti, i = 0, 1, . . . , N − 1, is the diameter of the partition Γ, δ1 =
α
c1

= αj+1 − αj, j = 0, 1, . . . , c1 − 1, is the diameter of the partition Λ1, δ2 = β
c2

= rl+1 − rl,
l = 0, 1, . . . , c2 − 1, is the diameter of the partition Λ2, σ1 > 0 and σ2 > 0 are given num-
bers, γ∗, κ∗, ξ(∆), λ1(δ1), λ2(δ2), χ1(σ1), χ2(β, σ2) and ψ(β,∆) are defined by (3.6), (3.7),
(3.10), (3.11), (3.12), (3.13), (3.14) and (4.6) respectively, Xα,p,r(t0, x0) is the set of trajecto-
ries of system (2.1) generated by the set of control functions Uα,p,r defined by (2.4), and the set

Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) is defined by equality (4.4).

Theorem 4.4 implies the following assertion which is approximation of the attainable sets of
system (2.1) with mixed constraints on the control functions.

Theorem 4.5. The inequality

hn(Xα,p,r(t; t0, x0), Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t; t0, x0))

≤ κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2) + χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗)
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is satisfied for every β > 0, for every uniform partition Γ = {t0, t1, . . . , tN = θ} of the closed
interval [t0, θ], for every uniform partition Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval
[0, α], for every uniform partition Λ2 = {0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], for
every finite σ1-net S

1
σ1

= {b1, b2, . . . , bc3} on the unit sphere S1 = {b ∈ Rm1 : ∥b∥ = 1}, for every

finite σ2-net S
2
σ2

= {e1, e2, . . . , ec4} on the unit sphere S2 = {e ∈ Rm2 : ∥e∥ = 1} and for every
t ∈ [t0, θ].

Here, the discretization parameters ∆, δ1, δ2, σ1, σ2 and the quantities κ∗, ξ(∆), λ1(δ1), λ2(δ2),
χ1(σ1), χ2(β, σ2), ψ(β,∆) are defined in the same way as in Theorem 4.2, the set Xα,p,r(t; t0, x0)
defined by equality (2.5) is the attainable set of system (2.1) at the instant of time t, the set

Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t; t0, x0) is defined by (4.5).

5. Integral funnel’s approximation

In this section we present an approximation of the integral funnel Φα,p,r(t0, x0) of system (2.1)
defined by equality (2.6).

Given a uniform partition Γ = {t0, t1, . . . , tN = θ} of the closed interval [t0, θ], a uniform
partition Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval [0, α], a uniform partition Λ2 =
{0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], a finite σ1-net S

1
σ1

= {b1, b2, . . . , bc3} on the

unit sphere S1 = {b ∈ Rm1 : ∥b∥ = 1} and a finite σ2-net S
2
σ2

= {e1, e2, . . . , ec4} on the unit sphere

S2 = {e ∈ Rm2 : ∥e∥ = 1}, we define

Φ
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) = ∪N
i=0

(
ti, Z

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (ti; t0, x0)
)

(5.1)

where Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (ti; t0, x0) is defined by (4.5). The set Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (ti; t0, x0) consists
of the values of a finite number of Euler’s broken lines at t = ti.

Theorem 5.1. The inequality

hn+1

(
Φα,p,r(t0, x0),Φ

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0)
)

≤ ∆+ φ0(∆) +
κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2) + χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗)

holds for every β > 0, for every uniform partition Γ = {t0, t1, . . . , tN = θ} of the closed interval
[t0, θ], for every uniform partition Λ1 = {0 = α0, α1, . . . , αc1 = α} of the closed interval [0, α],
for every uniform partition Λ2 = {0 = r0, r1, . . . , rc2 = β} of the closed interval [0, β], for every
finite σ1-net S

1
σ1

= {b1, b2, . . . , bc3} on the unit sphere S1 = {b ∈ Rm1 : ∥b∥ = 1} and finite σ2-net

S2
σ2

= {e1, e2, . . . , ec4} on the unit sphere S2 = {e ∈ Rm2 : ∥e∥ = 1}.
Here ∆ = θ−t0

N = ti+1 − ti, i = 0, 1, . . . , N − 1, is the diameter of the partition Γ, δ1 =
α
c1

= αj+1 − αj, j = 0, 1, . . . , c1 − 1, is the diameter of the partition Λ1, δ2 = β
c2

= rl+1 − rl,
l = 0, 1, . . . , c2 − 1, is the diameter of the partition Λ2, σ1 > 0 and σ2 > 0 are given numbers,
φ0(∆), γ∗, κ∗, ξ(∆), λ1(δ1), λ2(δ2), χ1(σ1), χ2(β, σ2), and ψ(β,∆) are defined by (2.9), (3.6),
(3.7), (3.10), (3.11), (3.12), (3.13), (3.14), and (4.6), respectively. The set Φα,p,r(t0, x0) defined

by equality (2.6) is the integral funnel of system (2.1), the set Φ
β,Γ,Λ1,Γ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) consists of
a finite number of points and is defined by (5.1).

Proof. Choose an arbitrary (t∗, x∗) ∈ Φα,p,r(t0, x0). According to the definition of the integral
funnel Φα,p,r(t0, x0), there exists a trajectory x∗(·) ∈ Xα,p,r(t0, x0) such that x∗(t∗) = x∗ ∈
Xα,p,r(t∗; t0, x0) where t∗ ∈ [t0, θ]. Suppose that t∗ ̸∈ Γ = {t0, t1, . . . , tN = θ}. Then there exists i∗
such that t∗ ∈ (ti∗ , ti∗+1) where 0 ≤ i∗ ≤ N −1. Denote y∗ = x∗(ti∗). Then y∗ ∈ Xα,p,r(ti∗ ; t0, x0)
and from Proposition 2.5 we have that

∥x∗ − y∗∥ ≤ φ0(∆) . (5.2)

If t∗ ∈ Γ, then we choose y∗ = x∗. Since y∗ ∈ Xα,p,r(ti∗ ; t0, x0) and Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (ti∗ ; t0, x0)
consists of a finite number of points, then Theorem 4.5 implies that there exists
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z∗ ∈ Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (ti∗ ; t0, x0) such that

∥y∗ − z∗∥ ≤ κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2)

+ χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗).
(5.3)

It is obvious that (ti∗ , z∗) ∈ Φ
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0). The inequalities (5.2) and (5.3) yield that

∥(t∗, x∗)− (ti∗z∗)∥ ≤ |t∗ − ti∗ |+ ∥x∗ − z∗∥ ≤ |t∗ − ti∗ |+ ∥x∗ − y∗∥+ ∥y∗ − z∗∥

≤ ∆+ φ0(∆) +
κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2)

+ χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗) .

(5.4)

Since (t∗, x∗) ∈ Φα,p,r(t0, x0) is an arbitrarily chosen point, (ti∗ , z∗) ∈ Φ
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0),
then from (5.4) we conclude that

Φα,p,r(t0, x0) ⊂ Φ
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) +
[
∆+ φ0(∆) +

κ∗
βp−1

+ ξ(∆) + λ1(δ1)

+ λ2(δ2) + χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗)
]
·Bn+1(1)

(5.5)

where Bn+1(1) = {s ∈ Rn+1 : ∥s∥ ≤ 1}.
Choose an arbitrary η > 0 and fix it. Now, let (ti, z̃∗) ∈ Φ

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0) (i =

0, 1, . . . , N) be an arbitrarily chosen point. Then z̃∗ ∈ Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (ti; t0, x0). By apply-
ing Theorem 4.5 we conclude that there exists x̃∗ ∈ Xα,p,r(ti; t0, x0) such that

∥z̃∗ − x̃∗∥ ≤ η +
κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2)

+ χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗) ,

and consequently

∥(ti, z̃∗)− (ti, x̃∗)∥ ≤ η +
κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2)

+ χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗)
(5.6)

where η > 0 is an arbitrarily chosen number. From the inclusion x̃∗ ∈ Xα,p,r(ti; t0, x0) it follows

that (ti, x̃∗) ∈ Φα,p,r(t0, x0). Since (ti, z̃∗) ∈ Φ
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) is an arbitrarily chosen
point, (ti, x̃∗) ∈ Φα,p,r(t0, x0), then (5.6) yields the validity of the inclusion

Φ
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) ⊂ Φα,p,r(t0, x0) +
[
η +

κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2)

+ χ1(σ1) + χ2(β, σ2) + ψ(β,∆)(θ − t0) exp(γ∗)
]
·Bn+1(1) .

(5.7)

From (5.5) and (5.7) we have that

hn+1

(
Φα,p,r(t0, x0),Φ

β,Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0)
)

≤ η +∆+ φ0(∆) +
κ∗
βp−1

+ ξ(∆) + λ1(δ1) + λ2(δ2) + χ1(σ)

+ χ2(β, σ) + ψ(β,∆)(θ − t0) exp(γ∗) .

Since η > 0 is an arbitrarily chosen number, then last inequality completes the proof of the
theorem. □

6. Conclusion

In the presented approximations of the set of trajectories, attainable sets and integral funnel,
the quantities β, ∆, δ1, δ2, σ1, and σ2 are discretization parameters. From (2.9), (3.10), (3.11),
(3.12), (3.13), (3.14), and (4.6) it follows that φ0(∆) → 0 as ∆ → 0+, ξ(∆) → 0 as ∆ → 0+,
λ1(δ1) → 0+ as δ1 → 0+, λ2(δ2) → 0+ as δ2 → 0+, χ1(σ1) → 0 as σ1 → 0+ and for each fixed
β > 0 we have that χ2(β, σ2) → 0+ as σ2 → 0+, and ψ(β,∆) → 0 as ∆ → 0+. Therefore, for a
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given ε > 0 it is possible to choose β∗(ε) > 0, ∆∗(ε, β∗(ε)) > 0, δ∗1(ε) > 0, δ∗2(ε) > 0, σ∗
1(ε) > 0

and σ∗
2(ε, β∗(ε)) > 0 such that for every ∆ ∈ (0,∆∗(ε, β∗(ε))), δ1 ∈ (0, δ∗1(ε)), δ2 ∈ (0, δ∗2(ε)),

σ1 ∈ (0, σ∗
1(ε)) and σ2 ∈ (0, σ∗

2(ε, β∗(ε)), the inequalities

hC

(
Xα,p,r(t0, x0), Z

β∗(ε),Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0)
)
≤ ε ,

hn

(
Xα,p,r(t; t0, x0), Z

β∗(ε),Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t; t0, x0)
)
≤ ε , t ∈ [t0, θ] ,

hn+1

(
Φα,p,r(t0, x0),Φ

β∗(ε),Γ,Λ1,Λ2,S
1
σ1

,S2
σ2

α,p,r (t0, x0)
)
≤ ε

are satisfied where ∆ = θ−t0
N = ti+1 − ti, i = 0, 1, . . . , N − 1 is the diameter of the partition Γ,

δ1 = α
c1

= αj+1 − αj , j = 0, 1, . . . , c1 − 1 is the diameter of the partition Λ1, δ2 = β
c2

= rl+1 − rl,
l = 0, 1, . . . , c2− 1 is the diameter of the partition Λ2, σ1 > 0 and σ2 > 0 are given numbers which
specify finite σ1 and σ2 nets on the unit spheres S1 = {v ∈ Rm1 : ∥v∥ = 1} and S2 = {w ∈ Rm2 :
∥w∥ = 1}, respectively.

The quantities β∗(ε) > 0, ∆∗(ε, β∗(ε)) > 0, δ∗1(ε) > 0, δ∗2(ε) > 0, σ∗
1(ε) > 0, and σ∗

2(ε, β∗(ε)) > 0
can be determined from the definitions of φ0(∆), κ∗

βp−1 , ξ(∆), λ1(δ1), λ2(δ2), χ1(σ1), χ2(β, σ2)

and ψ(β,∆). If the functions (t, x) → f(t, x), (t, x) → B1(t, x), (t, x) → B2(t, x), (t, x) ∈ D∗, are
Lipschitz continuous with respect to (t, x), i.e., if these functions satisfy the inequalities (2.14), then
all quantities β∗(ε) > 0, ∆∗(ε, β∗(ε)) > 0, δ∗1(ε) > 0, δ∗2(ε) > 0, σ∗

1(ε) > 0, and σ∗
2(ε, β∗(ε)) > 0 can

be defined explicitly. Note that to obtain the appropriate evaluations, the choice of the quantities
∆∗(ε, β∗(ε)) > 0 and σ∗

2(ε, β∗(ε)) > 0 should be coordinated with the quantity β∗(ε) > 0, i.e.,
the choice of ∆∗(ε, β∗(ε)) > 0 and σ∗

2(ε, β∗(ε)) > 0 must be made after the choice of the quantity
β∗(ε) > 0.

By applying the algorithm outlined in [8] we can align a finite number of control functions

from the sets V
Γ,Λ1,S

1
σ1

α and W
β,Γ,Λ2,S

2
σ2

p,r defined by relations (3.1) and (3.2), respectively, where

V
Γ,Λ1,S

1
σ1

α ×W
β,Γ,Λ2,S

2
σ2

p,r = U
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r . Then, by calculating Euler’s broken lines as given in

(4.4), it is possible to construct an approximation Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) of the set of trajectories

Xα,p,r(t0, x0). Moreover, by computing approximations Z
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (ti; t0, x0) of the attain-
able sets Xα,p,r(ti; t0, x0) at the instants of time ti, i = 1, 2, . . . , N , it is possible to provide an

approximation Φ
β,Γ,Λ1,Λ2,S

1
σ1

,S2
σ2

α,p,r (t0, x0) of the integral funnel Φα,p,r(t0, x0) of the control system
(2.1) with integral and geometric constraints on control functions.

Finally, let us note that in the discretization procedure, it is possible to apply an arbitrary
partition Γ = {t0, t1, . . . , tN = θ} of the closed interval [t0, θ], an arbitrary partition Λ1 =
{0 = α0, α1, . . . , αc1 = α} of the closed interval [0, α] and an arbitrary partition Λ2 = {0 =
r0, r1, . . . , rc2 = β} of the closed interval [0, β] instead of the uniform partitions. However, in this
case, to obtain the best evaluations, we have to operate with diameters of the presented partitions
defined as diam(Γ) = max{ti+1 − ti : i = 0, 1, . . . , N − 1}, diam(Λ1) = max{αj+1 − αj : j =
0, 1, . . . , c1 − 1}, diam(Λ2) = max{rl+1 − rl : l = 0, 1, . . . , c2 − 1}.
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Birkhäuser, 2014.
[17] M. Motta, C. Sartori; Minimum time with bounded energy, minimum energy with bounded time, SIAM J.

Control Optim., 42 (2003), 789-809.

[18] V. Patsko, G. Trubnikov, A. Fedotov; Numerical study of a three-dimensional reachable set for a Dubins car
under an integral control constraint, Commun. Optim. Theory, 2025(Article ID 24) (2025), 1-33.

[19] V. S. Patsko, G. I. Trubnikov, A. A. Fedotov; Two-dimensional reachable set of Dubins car with both geometric

and integral constraints on control, Tr. Inst. Mat. Mekh. UrO RAN, 31(2) (2025), 162-180.
[20] B. T. Polyak; Convexity of the reachable set of nonlinear systems under L2 bounded controls, Dyn. Contin.

Discrete Impuls. Syst. Ser. A Math. Anal., 11(2-3) (2004), 255-267.

[21] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mishchenko; The Mathematical Theory of
Optimal Processes, New York: John Wiley & Sons, 1962.

[22] P. Rousse, P.-L. Garoche, D. Henrion; Parabolic set simulation for reachability analysis of linear time-invariant
systems with integral quadratic constraint, European J. Contr., 28 (2021), 152-167.

[23] R. L. Wheeden, A. Zygmund; Measure and Integral. An Introduction to Real Analysis, New York: M. Dekker

Inc., 1977.

Anar Huseyin
Department of Statistics and Computer Sciences, Faculty of Science, Cumhuriyet University, Sivas

58140, Turkey

Email address: ahuseyin@cumhuriyet.edu.tr

Nesir Huseyin

Department of Mathematics and Science Education, Faculty of Education, Cumhuriyet University,
Sivas 58140, Turkey

Email address: nhuseyin@cumhuriyet.edu.tr

Khalik G. Guseinov (corresponding author)

Krasovskii Institute of Mathematics and Mechanics, Ural Branch of the Russian Academy of Sciences,

Yekaterinburg 620108, Russia
Email address: k.g.guseinov@gmail.com


	1. Introduction
	2. Dynamics of the control system
	3. Approximation of the set of trajectories
	4. Euler's broken lines
	5. Integral funnel's approximation
	6. Conclusion
	References

