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GRADIENT CONTINUITY OF LOCAL MINIMIZERS OF A BORDERLINE

DOUBLE-PHASE FUNCTIONAL WITH DMO COEFFICIENTS

WENRUI CHANG, YUXIA TONG, SHENZHOU ZHENG

Abstract. Let u ∈ W 1,1(Ω). We study a local gradient continuity of the minimizers of func-

tionals with borderline double-phase growth,

F(u; Ω) :=

∫
Ω

(
|Du|pA + a(x) |Du|pA log(e+ |Du|A)

)
dx

for 1 < p < ∞ and |Du|A := ⟨A(x)Du,Du⟩1/2, where the matrix A(x) = {Aαβ(x)} is symmetric
with positive upper and lower bounds of its eigenvalues. We prove that Du ∈ C1

loc(Ω) based

mainly on the exit-time approach, provided that the moderating factor a(x) and coefficient A(x)
satisfy the so-called Dini-type mean oscillation conditions.

1. Introduction

Let Ω ⊂ Rn for n ≥ 2 be a bounded domain and 1 < p <∞. We consider the local minimizers
u ∈W 1,1(Ω) for the functional with borderline double phase growth,

F(u; Ω) :=

∫
Ω

(
|Du|pA + a(x) |Du|pA log(e+ |Du|A)

)
dx, (1.1)

where the moderating factor a : Ω → [0,+∞) is bounded, and |Du|A :=
〈
A(x)Du,Du

〉1/2
.

The matrix
(
Aαβ(x)

)
for α, β = 1, 2, . . . , n is assumed to be symmetric with Aαβ(x) = Aβα(x);

moreover, there exists a constant K ≥ 1 such that

K−1|ξ|2 ≤
n∑

α,β=1

Aαβ(x) ξαξβ ≤ K |ξ|2, (x, ξ) ∈ Ω× Rn. (1.2)

For a given γ ≥ 1, we define the γ-moduli of mean oscillation as

ω̄a,γ(ρ) := sup
y∈Ω

(
−
∫
Bρ(y)∩Ω

|a(x)− āρ|γ dx
)1/γ

and ω̄A,γ(ρ) := sup
y∈Ω

(
−
∫
Bρ(y)∩Ω

|A(x)− Āρ|γ dx
)1/γ

,

where āρ = −
∫
Bρ(y)∩Ω

a(x) dx and Āρ = −
∫
Bρ(y)∩Ω

A(x) dx. Moreover, it is supposed that both a(x)

and A(x) satisfy the so-called Dini-type mean oscillation (DMO) introduced first by Spanne [30],
which require the moduli to satisfy∫ 1

0

ω̄a,γ(ρ) log
(1
ρ

) dρ
ρ
<∞ and

∫ 1

0

ω̄A,γ(ρ)
dρ

ρ
<∞. (1.3)

Now we give the definition of local minimizers to the functional (1.1).

Definition 1.1. We say that u ∈W 1,1(Ω) is a local minimizer of the functional (1.1) if F(u; Ω) <
∞ and for any Ω′ ⋐ Ω we have

F(u; Ω′) ≤ F(u+ ϕ; Ω′), ϕ ∈W 1,1
0 (Ω′).
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Such a non-uniform functional (1.1) was originated from Zhikov’s work [32] on the homog-
enization of strongly anisotropic materials, and the regularity study for elliptic problems with
(p, q)-growth has drawn extensive attention over the past few decades. Marcellini proved the Lip-
schitz regularity for local minimizers of double-phase energy functionals in [25], and also got the
same regularity for non-uniformly elliptic equations in [26]. A typical (p, q)-growth functional with

Fp,q(u; Ω) :=
∫
Ω

(
|Du|p + a(x) |Du|q

)
dx, (1.4)

Colombo-Mingione [8] recently proved the local Hölder continuity of the gradient for local mini-
mizers under the assumptions that

a(x) ∈ C0,α(Ω) for α ∈ (0, 1], and
q

p
< 1 +

α

n
; (1.5)

while Colombo-Mingione [9] showed the C1,γ
loc -regularity for the bounded minimizers of (1.4) under

a relaxed gap condition q ≤ p+ α. Furthermore, Baroni-Colombo-Mingione [4] also got the same
gradient Hölder continuity to the local minimizers of functional (1.4) based on harmonic type
approximation by extending this constraint (1.5) to q/p ≤ 1 + α/n.

On the other hand, as a borderline case of (p, q)-growth with functional of the form

Flog(u; Ω) :=

∫
Ω

(
|Du|p + a(x) |Du|p log

(
e+ |Du|

))
dx, (1.6)

Baroni-Colombo-Mingione [3] proved that the local minimizers of Flog(u; Ω) can attain an optimal
Hölder continuity provided lim supr→0+ ωa(r) log

(
1
r

)
= 0 with ωa(r) as the modulus of continuity

for a(·), and the gradient Hölder continuity by adding ωa(r) ≲ rα with 0 < α ≤ 1. Later,
Byun-Youn [6] employed the Riesz potential theory to obtain the pointwise gradient estimate and
C1-regularity to such an elliptic equation with borderline double-phase growth under assumption

of the so-called log-Dini continuity with the form
∫ 1

0
ωa(ρ) log

(
1
ρ

)
dρ
ρ < ∞. Recently, Baroni-

Coscia [5] also got the gradient continuity of local minimizers to such a functional Flog(u; Ω)
under assumption of log-Dini continuity of a(·). More regularity results involving the double-
phase problems, we can refer to [1, 2, 11, 17, 24, 29, 31] and the references therein.

Associated with C1-regularity of elliptic problems, let us briefly recall some recent progresses.
For such a linear elliptic equation: −div(A(x)Du) = 0, Lieberman [23] first proved the gra-
dient continuity if A(x) satisfies the so-called α-increasing Dini continuity which means that∫ 1

0
ωA(r)

dr
r <∞ and ωA(r)/r

α is non-decreasing for α > 0 with ωA(r) as a modulus of continuity
of A(x). Instead of the Dini mean oscillation from Spanne in [30], Huang in [19] proved the BMOψ-
boundedness and continuity of Du to linear elliptic systems if the leading coefficient A(x) ∈ BMOψ
with ψ satisfying the Dini continuity and almost increasing of ψ(r)

(
1 + | log

∫ r
0
(ψ(t)/t)|

)
. Li in

[22] gave an open problem for linear elliptic equations: does the C1-regularity hold of solutions
if one merely adds DMO condition on the coefficients? Dong-Kim in [14] gave a positive answer
to Li’s question, and they proved the C1-regularity of solutions to linear elliptic equations under

the DMO condition
∫ 1

0
ω̄A,1(ρ)

dρ
ρ <∞. However, it is insufficient one only assumes the continuity

of coefficients A(x), since Jin-Maz’ya-Schaftingen [20] constructed a counterexample to show that
the gradient may be discontinuous to the homogeneous linear elliptic equation if A(x) is merely
continuous. Further, Duzaar-Mingione [12] used non-linear Wolff potential argument to show
the gradient continuity for p-Laplace equations under assumption of Dini continuous coefficients.
Recently, for p(x)-Laplace system

−div
(
|Du|p(x)−2Du

)
= f,

Ok [28] obtained a local gradient continuity under assumptions that f ∈ L(n, 1) (the so-called

Lorentz spaces), and p(x) is log-Dini continuous with
∫ 1

0
ωp(r) log

(
1
r

)
dr
r < ∞, where ωp(·) is the

modulus of continuity of p(x). Baroni-Coscia in [5] showed the C1-regularity of functional (1.6) if
a(x) satisfies the log-Dini condition. Dong-Lee-Kim [15] proved a global C1-regularity of conormal
and oblique derivative boundary problem to linear elliptic equations with DMO coefficients, while
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Dong-Kwon [16] obtained the C1-regularity of solutions to non-stationary Stokes equations with
DMO coefficients.

Motivated by the above-mentioned papers, we are interested in the C1-regularity to the local
minimizers of functional (1.1). This is an extensive generalization of Baroni-Coscia’s work in [5]
by way of general matrix function A(x) instead of Id, and relaxing the regular assumption of a(x)
from the log-Dini continuity to the Dini-type mean oscillation. To this end, let us write

Ψ(x, t) := tp + a(x) tp log(e+ t);

and we are now in a position to state our main result.

Theorem 1.2. Let u ∈ W 1,1(Ω) be a local minimizer of the functional (1.1) with Ψ(x,Du) ∈
L1(Ω). If there exists a constant γ = γ (n, p,K, ∥a∥L∞(Ω), ∥Du∥Lp(Ω)) ≥ 1 such that a(x) and
A(x) satisfy (1.2) and (1.3), then we conclude that Du is locally continuous in Ω.

The rest of this paper is organized as follows. We devote Section 2 to notations, basic inequalities
and a few useful lemmas. In Section 3, we employ the perturbation argument to perform the
comparison and decay estimates in the L1 sense based on the freezing coefficients. We mainly focus
Section 4 on the proofs of local boundedness and continuity of gradient to the local minimizers of
functional (1.1) by way of the stop-time approach.

2. Preliminaries

Throughout this paper, we use c to denote a generic positive constant that may vary from line
to line. Important constants are distinguished by subscripts (e.g., c1, c2). To indicate dependence
on specific parameters, we use parentheses; for example, c(n, p,K) indicates that the constant
depends only on n, p,K. We use the notation a ≲ b to explain that there exists a constant c > 0
such that a ≤ cb; similarly, a ≳ b means a ≥ cb; a ≈ b indicates that there exist two positive
constants c1, c2 satisfying c1a ≤ b ≤ c2a.

Let us first recall related basic notations. We write φlog(t) = tp log(e + t) for p ∈ (1,∞), and
observe that

φ′
log(·) = ptp−1 log(e+ t) +

tp

e+ t
, φ′′

log(·) = p(p− 1)tp−2 log(e+ t) +
2ptp−1

e+ t
− tp

(e+ t)2
.

A direct calculation yields that

t2φ′′
log(t) ≈ tφ′

log(t) ≈ φlog(t) ∀t > 0, (2.1)

where the implied constants depend only on p. Since log(e + Lt) ≤ L log(e + t) for L ≥ 1 and
t > 0, and log(e+ νt) ≥ ν log(e+ t) for ν ∈ (0, 1) and t > 0, then we obtain the following facts:

φlog(Lt) ≤ Lp+1φlog(t), φlog(νt) ≥ νp+1φlog(t), for any L ≥ 1, ν ∈ (0, 1), t > 0; (2.2)

moreover, it follows from the expression of φ′
log(·) that

φ′
log(Lt) ≤ Lpφ′

log(t), φ′
log(νt) ≥ νpφ′

log(t), for any L ≥ 1, ν ∈ (0, 1), t > 0. (2.3)

Let D ⊂ Rn be a measurable set with positive measure. For any locally integrable function
f ∈ L1(D,Rm), we define the integral average of f over D by

⟨f⟩D = −
∫
D
f dx =

1

|D|

∫
D
f dx.

A direct calculation yields that for any ξ ∈ Rn and f ∈ Lq(D,Rn) with q ≥ 1,

−
∫
D
|f − ⟨f⟩D|q dx ≤ c(n, q)−

∫
D
|f − ξ|q dx.

In the following context, let Br(x0) denote the open ball in Rn centered at x0 with radius r > 0;
we simply write Br while the center is clear from the context. The following lemma provides an
estimate associated with the logarithmic function, for details see [5, Lemma 2.1].
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Lemma 2.1. Let q > 1 and σ, β, θ ≥ 0 be constants, and let f ∈ Lq(Br) with r ≤ e−1. Then
there exists a positive constant c = c(n, β, σ, θ, q) such that

−
∫
Br

|f | logβ(e+ |f |σ) dx ≤ c
(
1 + rθ∥f∥L1(Br)

)(
log

(1
r

))β(
−
∫
Br

|f |q dx
)1/q

.

It is important to observe that any function satisfying the Dini mean oscillation condition must
be continuous, see [30, Corollary 1].

Lemma 2.2. Let f(x) ∈ L1(Ω) satisfy the Dini mean oscillation condition with the form∫ 1

0

ω̄f (ρ)
dρ

ρ
<∞ with ω̄f (ρ) := sup

y∈Ω
−
∫
Bρ(y)∩Ω

|f(x)− ⟨f⟩Bρ∩Ω| dx.

Then f(x) has to be continuous in Ω with modulus ωf (r) = c
∫ r
0
ω̄f (ρ)

dρ
ρ for some c > 0.

With Lemma 2.2 in hand, we readily see that a(x) is log-Hölder continuous and A(x) is contin-
uous provided that a(x) and A(x) meet (1.3).

Lemma 2.3. If both a(x) and A(x) satisfy (1.3) for γ > 1, then a(x) is log-Hölder continuous,
and A(x) is continuous in Ω, respectively, with

sup
r∈(0,1]

ωa(r) log
(1
r

)
<∞, (2.4)

where ωa(r) is the continuity modulus of a(x) in Br.

Proof. It follows from the boundedness of a(x) and (1.3) that∫ 1

0

ω̄a(ρ)
dρ

ρ
=

∫ 1/e

0

ω̄a(ρ)
dρ

ρ
+

∫ 1

1/e

ω̄a(ρ)
dρ

ρ

≤
∫ 1/e

0

ω̄a(ρ) log
(1
ρ

)dρ
ρ

+ 2∥a∥L∞(Ω) <∞.

By Lemma 2.2 we conclude that a(x) is continuous and satisfies ωa(r) = c
∫ r
0
ω̄a(ρ)

dρ
ρ . Then we

use (1.3) again to obtain that

sup
r∈(0,1]

ωa(r) log
(1
r

)
≤

∫ 1

0

ω̄a,γ(ρ) log
(1
ρ

) dρ
ρ
<∞.

The continuity of A(x) is readily obtained due to (1.3) and Lemma 2.2. □

For the sake of convenience, we collect the parameters in the context and denote them by

data :=
(
n, p,K, ∥a∥L∞(Ω), ∥Du∥Lp(Ω)

)
.

In what follows, we present the higher integrability result of the gradient to the local minimizers
of functional (1.1), for its proof see [3, Theorem 4.1].

Lemma 2.4. Let u ∈ W 1,1(Ω) be a local minimizer of the functional (1.1). Assume that A(x)
satisfies (1.2) and a(x) is log-Hölder continuous with the modulus ωa(r) satisfying (2.4). Then
there exist constants ε = ε (data) > 0 and c = c(data) ≥ 1 such that(

−
∫
Br/2

Ψ(x, |Du|)1+ε dx
) 1

1+ε ≤ c−
∫
Br

Ψ(x, |Du|) dx

for all Br ⋐ Ω.

The following lemma describes a self-improving property of the reverse Hölder inequality based
on the backward iteration, see [18, Remark 6.12] or [21, Lemma 3.1].
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Lemma 2.5. Let D be a domain. If for any function g ∈ L1+ε
loc (D), there exist b > 0 and A ≥ 0

such that for any Br ⋐ D, (
−
∫
Br/2

g1+ε dx
) 1

1+ε ≤ b −
∫
Br

g dx+A,

then we have (
−
∫
Br/2

g1+ε dx
) 1

1+ε ≤ B
((

−
∫
Br

gτ dx
)1/τ

+A
)

for any τ > 0, where B = B
(
n, b, τ

)
> 0.

Then, the conclusion of Lemma 2.4 can be improved by way of Lemma 2.5. To this end, let

Ψ̄r(t) := tp + ār t
p log(e+ t)

with ār = −
∫
Br
a(x) dx.

Lemma 2.6. Under the same assumptions as Lemma 2.4, there exist an R1 = R1 (∥Du∥Lp(Ω)) > 0
and c = c(data) ≥ 1 such that(

−
∫
Br/2

Ψ(x, |Du|)1+ε dx
) 1

1+ε ≤ cΨ̄r

(
−
∫
Br

|Du| dx
)
,

for any r ∈ (0, R1) with Br ⋐ Ω.

Proof. Employing the self-improving property of Lemma 2.5, we obtain(
−
∫
Br/2

(
Ψ
(
x, |Du|

))1+ε

dx
) 1

1+ε ≤ c
(
−
∫
Br

(
Ψ
(
x, |Du|

)) 1
p+1

dx
)p+1

. (2.5)

Note that (
Ψ(x, |Du|)

) 1
p+1

=
(
|Du|p +

(
ār − ār + a(x)

)
φlog(|Du|)

) 1
p+1

≤ |Du|
p

p+1 +
(
ār + ωa(r)

) 1
p+1φ

1
p+1

log

(
|Du|

))
.

Since both t
p

p+1 and φ
1

p+1

log (t) are concave functions, by the Jensen inequality, we conclude that(
−
∫
Br

(
Ψ
(
x, |Du|

)) 1
p+1

dx
)p+1

≤ c
(
−
∫
Br

|Du|
p

p+1 dx
)p+1

+ c
(
ār + ωa(r)

)(
−
∫
Br

(
φlog

(
|Du|

)) 1
p+1

dx
)p+1

≤ c
(
−
∫
Br

|Du| dx
)p

+ c
(
ār + ωa(r)

)
φlog

(
−
∫
Br

|Du| dx
)

≤ cΨ̄r

(
−
∫
Br

|Du| dx
)
+ cωa(r)φlog

(
−
∫
Br

|Du| dx
)
.

(2.6)

Let us take R1 = 1
e+ωn∥Du∥Lp(Ω)

with ωn as the measure of the unit ball in Rn. For r ∈ (0, R1),

the second term of the right-hand side in (2.6) is estimated as follows:

ωa(r)φlog

(
−
∫
Br

|Du| dx
)
= ωa(r) log

(
e+−

∫
Br

|Du| dx
)(

−
∫
Br

|Du| dx
)p

≤ ωa(r) log
(e+ ωn∥Du∥L1(Br)

rn

)
Ψ̄r

(
−
∫
Br

|Du| dx
)

≤ ωa(r) log
( 1

rn+1

)
Ψ̄r

(
−
∫
Br

|Du| dx
)

≤ cΨ̄r

(
−
∫
Br

|Du| dx
)
.

(2.7)

Combining (2.5), (2.6) and (2.7), we obtain the desired estimate. □
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3. Comparison estimates

In this section, we mainly perform the perturbation estimates between the original equation and
a local frozen problem over a sequence of concentric balls. For Br = Br(y) ⋐ Ω with r ∈ (0, R1)
and θ ∈

(
0, 1/4

)
, we write

rj = θjr and Bj = Brj (y) for j = 0, 1, 2, . . . .

Moreover, we denote āj and Āj as the integral averages of a(x) and A(x) over Bj with

āj = −
∫
Bj

a(x) dx and Āj = −
∫
Bj

A(x) dx,

and introduce the frozen double phase operator Ψ̄j defined by

Ψ̄j (t) := tp + āj t
p log(e+ t).

By (2.1) we readily see that tΨ̄ ′
j(t) ≈ Ψ̄j(t) for t > 0. First, we give two inequalities for Ψ̄j which

is useful for the further analysis.

Lemma 3.1. For Ψ̄j (t), we have the following results:

(1) For any ξ1, ξ2 ∈ Rm \ {0} and A satisfying (1.2), we have〈 Ψ̄ ′
j(|ξ1|A)
|ξ1|A

Aξ1 −
Ψ̄ ′
j(|ξ2|A)
|ξ2|A

Aξ2, ξ1 − ξ2
〉
≳
Ψ̄ ′
j

(
|ξ1|+ |ξ2|

)
|ξ1|+ |ξ2|

|ξ1 − ξ2|2; (3.1)

(2) For any ξ ∈ Rm \ {0}, both A1 and A2 satisfying (1.2), it holds∣∣ Ψ̄ ′
j(|ξ|A1

)

|ξ|A1

A1ξ −
Ψ̄ ′
j(|ξ|A2

)

|ξ|A2

A2ξ
∣∣ ≲ Ψ̄ ′

j(|ξ|) · |A1 − A2|; (3.2)

where the constants of the inequalities depend only on p and K.

Proof. We begin with the proof of (1). Without loss of generality, we assume that |ξ1|A ≤ |ξ2|A.
By (2.3) we have that( |ξ1|A

|ξ2|A

)p
φ′
log(|ξ2|A) ≤ φ′

log(|ξ1|A) ≤
( |ξ1|A
|ξ2|A

)p−1

φ′
log(|ξ2|A).

Combined with ( |ξ1|A
|ξ2|A

)p
|ξ2|p−1

A ≤ |ξ1|p−1
A =

( |ξ1|A
|ξ2|A

)p−1

|ξ2|p−1
A ,

we conclude that ( |ξ1|A
|ξ2|A

)p
Ψ̄ ′
j(|ξ2|A) ≤ Ψ̄ ′

j(|ξ1|A) ≤
( |ξ1|A
|ξ2|A

)p−1

Ψ̄ ′
j(|ξ2|A).

Thanks to the mean value theorem, there exists a θ ∈ (p, p+ 1) such that

Ψ̄ ′
j(|ξ1|A) =

( |ξ1|A
|ξ2|A

)θ−1

Ψ̄ ′
j(|ξ2|A).

Then we have 〈 Ψ̄ ′
j(|ξ1|A)
|ξ1|A

Aξ1 −
Ψ̄ ′
j(|ξ2|A)
|ξ2|A

Aξ2, ξ1 − ξ2
〉

=
〈 Ψ̄ ′

j(|ξ2|A)
|ξ2|θA

|ξ1|θ−1
A Aξ1 −

Ψ̄ ′
j(|ξ2|A)
|ξ2|θA

|ξ2|θ−1
A Aξ2, ξ1 − ξ2

〉
=
Ψ̄ ′
j(|ξ2|A)
|ξ2|θA

〈
|ξ1|θ−1

A Aξ1 − |ξ2|θ−1
A Aξ2, ξ1 − ξ2

〉
.

(3.3)

On the other hand, it follows from |ξ2|A ≤ |ξ2|A + |ξ1|A ≤ 2|ξ2|A and (1.2) that

Ψ̄ ′
j(|ξ2|A)
|ξ2|θA

≈
Ψ̄ ′
j

(
|ξ1|A + |ξ2|A

)(
|ξ1|A + |ξ2|A

)θ ≈
Ψ̄ ′
j

(
|ξ1|+ |ξ2|

)(
|ξ1|+ |ξ2|

)θ . (3.4)
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Moreover, an algebraic inequality in [27, (2.27)] gives〈
|ξ1|θ−1

A Aξ1 − |ξ2|θ−1
A Aξ2, ξ1 − ξ2

〉
≳

(
|ξ1|+ |ξ2|

)θ−1

|ξ1 − ξ2|2 (3.5)

Combining (3.3), (3.4) (3.5) we obtain the desired result (1).
We now turn to the proof of (2). Without loss of generality, we assume |ξ|A1

≤ |ξ|A2
. A direct

calculation yields that∣∣∣ Ψ̄ ′
j(|ξ|A1

)

|ξ|A1

A1ξ −
Ψ̄ ′
j(|ξ|A2

)

|ξ|A2

A2ξ
∣∣∣ ≲ ∣∣∣( Ψ̄ ′

j(|ξ|A1
)

|ξ|A1

−
Ψ̄ ′
j(|ξ|A2

)

|ξ|A2

)
A1ξ +

Ψ̄ ′
j(|ξ|A2

)

|ξ|A2

(A1 − A2)ξ
∣∣∣

≲
∣∣∣ Ψ̄ ′

j(|ξ|A1
)

|ξ|A1

−
Ψ̄ ′
j(|ξ|A2

)

|ξ|A2

∣∣∣ · |ξ|+ Ψ̄ ′
j(|ξ|) · |A1 − A2|.

(3.6)

For the first term of the right-hand side, we employ the mean value theorem and tΨ̄ ′′
j (t) ≈ Ψ̄ ′

j(t)
to obtain that there exists a z ∈ (|ξ|A1

, |ξ|A2
) such that∣∣∣ Ψ̄ ′

j(|ξ|A1)

|ξ|A1

−
Ψ̄ ′
j(|ξ|A2)

|ξ|A2

∣∣∣ = ∣∣∣zΨ̄ ′′
j (z)− Ψ̄ ′

j(z)

z2

∣∣∣ · ∣∣|ξ|A1
− |ξ|A2

∣∣ ≲ Ψ̄ ′
j(z)

z2
∣∣|ξ|A1

− |ξ|A2

∣∣. (3.7)

It follows from (1.2) that |ξ|2 ≈ |ξ|2A1
≈ |ξ|2A2

, by z ∈ (|ξ|A1
, |ξ|A2

) which implies that

Ψ̄ ′
j(z)

z2
∣∣|ξ|A1

− |ξ|A2

∣∣ ≈ Ψ̄ ′
j(|ξ|)
|ξ|2

∣∣|ξ|2A1
− |ξ|2A2

∣∣
|ξ|A1

+ |ξ|A2

≲
Ψ̄ ′
j(|ξ|)
|ξ|2

∣∣⟨A1ξ, ξ⟩ − ⟨A2ξ, ξ⟩
∣∣

|ξ|

≲
Ψ̄ ′
j(|ξ|)
|ξ|

·
∣∣A1 − A2

∣∣.
(3.8)

Let us put (3.7) and (3.8) together, to obtain∣∣∣ Ψ̄ ′
j(|ξ|A1)

|ξ|A1

−
Ψ̄ ′
j(|ξ|A2)

|ξ|A2

∣∣∣ · |ξ| ≲ Ψ̄ ′
j(|ξ|) ·

∣∣A1 − A2

∣∣. (3.9)

We insert (3.9) into (3.6) to conclude the desired result (2). □

Let vj ∈ u+W 1,1
0

(
1
2Bj

)
be a minimizer of the local frozen functional

F
(
vj ;

1
2Bj

)
:=

∫
1
2Bj

Ψ̄j
(
|Dvj |A

)
dx. (3.10)

Note that Dvj as a minimizer of the local frozen functional, which enjoys the higher integrability
governed by the boundary data, see [10, Lemma 4.3] or [5, Theorem 3.4]. More precisely, there
exists a constant c = c(n, p,K) ≥ 1 such that(

−
∫

1
2Bj

(
Ψ̄j

(
|Dvj |

))1+ε

dx
) 1

1+ε ≤ c
(
−
∫

1
2Bj

(
Ψ̄j

(
|Du|

))1+ε

dx
) 1

1+ε

(3.11)

with ε as the same in Lemma 2.6.
Next we give a comparison estimate between Du and Dvj . To this end, we introduce an

auxiliary vector field VΨ̄j
(ξ) : Rn → Rn defined by

VΨ̄j
(ξ) :=

( Ψ̄ ′
j(|ξ|)
|ξ|

)1/2

ξ.

We immediately know that |VΨ̄j
(ξ)|2 ≈ Ψ̄j(|ξ|) for ξ ∈ Rn \{0}; moreover, for any ξ1, ξ2 ∈ Rn \{0}

it holds ∣∣VΨ̄j
(ξ1)− VΨ̄j

(ξ2)
∣∣2 ≈

Ψ̄ ′
j(|ξ1|+ |ξ2|)
|ξ1|+ |ξ2|

|ξ1 − ξ2|2, (3.12)

where the implied constant depends only on p, see [13, Lemma 2.4].



8 W. CHANG, Y. TONG, S. ZHENG EJDE-2026/29

Lemma 3.2. Let u ∈W 1,1(Ω) be a local minimizer of the functional (1.1), vj ∈ u+W 1,1
0

(
1
2Bj

)
be

a minimizer of the local frozen functional (3.10), and γ = 2(2+ε)
ε . If a(x) is log-Hölder continuous

as shown in (2.4) and A(x) satisfies (1.2), then there exists a constant c = c(data) ≥ 1 with

−
∫

1
2Bj

∣∣VΨ̄j
(Du)− VΨ̄j

(Dvj)
∣∣2 dx ≤ c

(
ω̄a,γ(rj) log(

1
rj
)
)2

Ψ̄j

(
−
∫
Bj

|Du| dx
)
.

Proof. From the Euler-Lagrange equations of functionals (1.1) and (3.10), respectively, we use

ϕ = u− vj ∈W 1,1
0

(
1
2Bj

)
as the test function to have that∫

1
2Bj

〈Ψ ′(x, |Du|A)
|Du|A

ADu,Du−Dvj
〉
dx = 0,∫

1
2Bj

〈 Ψ̄ ′
j(|Dvj |A)
|Dvj |A

ADvj , Du−Dvj
〉
dx = 0.

It follows from (3.1) of Lemma 3.1 that

−
∫

1
2Bj

Ψ̄ ′
j(|Du|+ |Dvj |)
|Du|+ |Dvj |

|Du−Dvj |2 dx

≤ c−
∫

1
2Bj

〈 Ψ̄ ′
j(|Du|A)
|Du|A

ADu−
Ψ̄ ′
j(|Dvj |A)
|Dvj |A

ADvj , Du−Dvj
〉
dx

= c−
∫

1
2Bj

〈 Ψ̄ ′
j(|Du|A)
|Du|A

ADu− Ψ ′(x, |Du|A)
|Du|A

ADu,Du−Dvj
〉
dx

≤ c−
∫

1
2Bj

∣∣a(x)− āj
∣∣ ∣∣Du∣∣p−1

log
(
e+ |Du|

) ∣∣Du−Dvj
∣∣ dx.

By the Young inequality with ϵ > 0 to be chosen later, we deduce that

−
∫

1
2Bj

Ψ̄ ′
j(|Du|+ |Dvj |)
|Du|+ |Dvj |

|Du−Dvj |2 dx

≤ −
∫

1
2Bj

|a(x)− āj | |Du|p−1 log(e+ |Du|) |Du−Dvj | dx

≤ c−
∫

1
2Bj

|a(x)− āj |
(
|Du|+ |Dvj |

) p
2+

p−2
2

log(e+ |Du|) |Du−Dvj | dx

≤ cϵ −
∫

1
2Bj

|a(x)− āj |2
(
|Du|+ |Dvj |

)p(
log(e+ |Du|)

)2

dx

+ ϵ−
∫

1
2Bj

(
|Du|+ |Dvj |

)p−2

|Du−Dvj |2 dx

= cϵ I1 + ϵI2.

(3.13)

To estimate I1, we employ the Hölder inequality and Lemma 2.1 to obtain that

I1 ≤
(
−
∫

1
2Bj

|a(x)− āj |
2(2+ε)

ε dx
) ε

2+ε
(
−
∫

1
2Bj

(
|Du|+ |Dvj |

) p(2+ε)
2

(
log(e+ |Du|)

)2+ε

dx
) 2

2+ε

≤ c
(
ω̄a,γ(rj)

)2((
log

(
1
rj

))2+ε(
−
∫

1
2Bj

(
|Du|+ |Dvj |

)p(1+ε)
dx

) 2+ε
2(1+ε)

) 2
2+ε

≤ c
(
ω̄a,γ(rj) log(

1
rj
)
)2(

−
∫

1
2Bj

(
Ψ̄j

(
|Du|

))1+ε

dx
) 1

1+ε

≤ c
(
ω̄a,γ(rj) log(

1
rj
)
)2

Ψ̄j

(
−
∫
Bj

|Du| dx
)
,
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where we used Lemma 2.6 in the last inequality. For I2, it is obvious that

I2 ≤ c−
∫

1
2Bj

Ψ̄ ′
j(|Du|+ |Dvj |)
|Du|+ |Dvj |

|Du−Dvj |2 dx.

Let us now insert the estimates of I1 and I2 into (3.13), and pick ϵ small enough so as to absorb the
term ϵI2 into the left-hand side of (3.13), then we conclude the desired estimate from (3.12). □

In what follows, we introduce the local limiting frozen functional. Let wj ∈ vj +W 1,1
0

(
1
4Bj

)
be

a minimizer of the local functional

F(wj ;
1
4Bj) :=

∫
1
4Bj

Ψ̄j
(
|Dwj |Āj

)
dx. (3.14)

It is obvious that the minimizer wj also has the higher integrability governed by the boundary
value. To be concrete, we have(

−
∫

1
4Bj

(
Ψ̄j

(
|Dwj |

))1+ε

dx
) 1

1+ε

≲
(
−
∫

1
4Bj

(
Ψ̄j

(
|Dvj |

))1+ε

dx
) 1

1+ε

≲
(
−
∫

1
2Bj

(
Ψ̄j

(
|Du|

))1+ε

dx
) 1

1+ε

(3.15)

where ε is the same as in Lemma 2.6. Moreover, by considering wj as the minimizer of frozen
functional with constant coefficients, it enjoys the local gradient Hölder continuity, for detail see
[7, Lemma 4.2].

Lemma 3.3. Let wj ∈ W 1,Ψ̄j (Bj) be a minimizer of the limiting frozen functional (3.14) with
Āj satisfying (1.2). Then there are positive constants α = α(n, p) ∈ (0, 1), c1 = c1(n, p) and
τ1 = τ1(n, p) such that

oscτBj
Dwj ≤ c1τ

α −
∫
Bj

|Dwj − ⟨Dwj⟩Bj
| dx for any τ ∈ (0, τ1). (3.16)

We are now in a position to present the comparison estimate between Dvj and Dwj . More
precisely, we have the following lemma.

Lemma 3.4. Let vj ∈ u + W 1,1
0

(
1
2Bj

)
be a minimizer of local functional (3.10), wj ∈ vj +

W 1,1
0

(
1
4Bj

)
be a minimizer of limiting functional(3.14), and γ = 2(2+ε)

ε . If A(x) satisfies (1.2),
then there exists a constant c = c(data) ≥ 1 with

−
∫

1
4Bj

∣∣VΨ̄j
(Dvj)− VΨ̄j

(Dwj)
∣∣2 dx ≤ c

(
ω̄A,γ(rj)

)2
Ψ̄j

(
−
∫
Bj

|Du| dx
)
.

Proof. We use ϕ = vj − wj ∈ W 1,1
0

(
1
4Bj

)
as the test function to the Euler-Lagrange equations of

functionals (3.10) and (3.14), respectively, to conclude that∫
1
4Bj

〈 Ψ̄ ′
j(|Dvj |A)
|Dvj |A

ADvj , Dvj −Dwj
〉
dx = 0,∫

1
4Bj

〈 Ψ̄ ′
j(|Dwj |Āj

)

|Dwj |Āj

ĀjDwj , Dvj −Dwj
〉
dx = 0.

By (3.1) we have that

−
∫

1
4Bj

Ψ̄ ′
j(|Dvj |+ |Dwj |)
|Dvj |+ |Dwj |

|Dvj −Dwj |2 dx

≤ c−
∫

1
4Bj

〈 Ψ̄ ′
j(|Dvj |Āj

)

|Dvj |Āj

ĀjDvj −
Ψ̄ ′
j(|Dwj |Āj

)

|Dwj |Āj

ĀjDwj , Dvj −Dwj
〉
dx

= c−
∫

1
4Bj

〈 Ψ̄ ′
j(|Dvj |Āj

)

|Dvj |Āj

ĀjDvj −
Ψ̄ ′
j(|Dvj |A)
|Dvj |A

ADvj , Dvj −Dwj
〉
dx.
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By (3.2), tΨ̄ ′
j(t) ≈ Ψ̄j(t) and the Young inequality, we obtain that

−
∫

1
4Bj

Ψ̄ ′
j(|Dvj |+ |Dwj |)
|Dvj |+ |Dwj |

|Dvj −Dwj |2 dx

≤ c−
∫

1
4Bj

Ψ̄ ′
j

(
|Dvj |+ |Dwj |

)
|Āj − A| |Dvj −Dwj | dx

≤ c−
∫

1
4Bj

|Āj − A|
(
Ψ̄j

(
|Dvj |+ |Dwj |

))1/2( Ψ̄ ′
j

(
|Dvj |+ |Dwj |

)
|Dvj |+ |Dwj |

)1/2

|Dvj −Dwj | dx

≤ c−
∫

1
4Bj

|Āj − A|2
(
Ψ̄j(|Dvj |) + Ψ̄j(|Dwj |)

)
dx

+
1

4
−
∫

1
4Bj

Ψ̄ ′
j

(
|Dvj |+ |Dwj |

)
|Dvj |+ |Dwj |

|Dvj −Dwj |2 dx.

(3.17)

To estimate the first term of the right-hand side, we employ the Hölder inequality, (3.15) and
(3.11) to show that

−
∫

1
4Bj

|Āj − A|2
(
Ψ̄j(|Dvj |) + Ψ̄j(|Dwj |)

)
dx

≤ c
(
−
∫

1
4Bj

|Āj − A|
2(2+ε)

ε dx
) ε

2+ε
(
−
∫

1
4Bj

(
Ψ̄j(|Dvj |)

) 2+ε
2

dx
) 2

2+ε

+ c
(
−
∫

1
4Bj

|Āj − A|
2(2+ε)

ε dx
) ε

2+ε
(
−
∫

1
4Bj

(
Ψ̄j(|Dwj |)

) 2+ε
2

dx
) 2

2+ε

≤ c
(
ω̄A,γ(rj)

)2 (−
∫

1
4Bj

(
Ψ̄j(|Du|)

) 2+ε
2

dx
) 2

2+ε

≤ c
(
ω̄A,γ(rj)

)2
Ψ̄j

(
−
∫
Bj

|Du| dx
)
,

(3.18)

where we used Lemma 2.6 in the last step. Putting (3.18) into (3.17), we obtain the desired
estimate in accordance with (3.12). □

With Lemmas 3.2 and 3.4 in hand, we devote the following to the comparison estimate between
Du and Dwj in the L1 senses. Let

Υ (ρ) = ω̄A,γ(ρ) + ω̄a,γ(ρ) log(
1
ρ ).

Lemma 3.5. Let u ∈ W 1,1(Ω) be a local minimizer of the functional (1.1), and wj ∈ vj +

W 1,1
0

(
1
4Bj

)
be a minimizer of the limit functional (3.14). If a(x) is log-Hölder continuous as (2.4)

and A(x) satisfies (1.2), then there exist a constant c2 = c2 (data) ≥ 1 such that

−
∫

1
4Bj

|Du−Dwj | dx ≤ c2
(
Υ (rj)

) 1
p+1 −

∫
Bj

|Du| dx.

Proof. Note that the Young inequality yields

|Du−Dwj | =
(
Υ (rj)

(
|Du|+ |Dwj |

))1/2

·
(
Υ (rj)

(
|Du|+ |Dwj |

))−1/2

|Du−Dwj |

≤ 1

2

(
Υ (rj)

(
|Du|+ |Dwj |

)
+
(
Υ (rj)

(
|Du|+ |Dwj |

))−1

|Du−Dwj |2
)
.
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By Ψ̄j(t) ≈ t Ψ̄ ′
j(t), then we conclude that

Ψ̄j
(
|Du−Dwj |

)
≤ cΨ̄ ′

j

(
|Du|+ |Dwj |

)
|Du−Dwj |

≤ cΨ̄ ′
j

(
|Du|+ |Dwj |

)(
Υ (rj)

(
|Du|+ |Dwj |

)
+
(
Υ (rj)

(
|Du|+ |Dwj |

))−1

|Du−Dwj |2
)

= c
(
Υ (rj)Ψ̄j

(
|Du|+ |Dwj |

)
+
(
Υ (rj)

)−1 Ψ̄
′
j

(
|Du|+ |Dwj |

)
|Du|+ |Dwj |

|Du−Dwj |2
)
.

(3.19)

For the second term of the right-hand side, by (3.12), Lemmas 3.2 and 3.4 we deduce that

−
∫

1
4Bj

Ψ̄ ′
j(|Du|+ |Dwj |)
|Du|+ |Dwj |

|Du−Dwj |2 dx

≤ c−
∫

1
4Bj

∣∣VΨ̄j
(Du)− VΨ̄j

(Dwj)
∣∣2 dx

≤ c−
∫

1
4Bj

∣∣VΨ̄j
(Du)− VΨ̄j

(Dvj)
∣∣2 dx+ c−

∫
1
4Bj

∣∣VΨ̄j
(Dvj)− VΨ̄j

(Dwj)
∣∣2 dx

≤ c
(
Υ (rj)

)2
Ψ̄j

(
−
∫
Bj

|Du| dx
)
.

(3.20)

We integrate (3.19) over 1
4Bj , and use (3.15) (3.20) to obtain that

−
∫

1
4Bj

Ψ̄j
(
|Du−Dwj |

)
dx ≤ cΥ (rj)−

∫
1
4Bj

Ψ̄j
(
|Du|+ |Dwj |

)
dx

+ c
(
Υ (rj)

)−1 −
∫

1
4Bj

Ψ̄ ′
j

(
|Du|+ |Dwj |

)
|Du|+ |Dwj |

|Du−Dwj |2 dx

≤ cΥ (rj)−
∫

1
2Bj

Ψ̄j
(
|Du|

)
dx+ cΥ (rj) Ψ̄j

(
−
∫
Bj

|Du| dx
)

≤ cΥ (rj) Ψ̄j

(
−
∫
Bj

|Du| dx
)
,

(3.21)

We used Lemma 2.6 in the last inequality. Since Υ (rj) ≤ c due to the boundness of A and (2.3),
we employ the Jensen inequality, (3.21) and (2.2) to have

Ψ̄j

(
−
∫

1
4Bj

|Du−Dwj | dx
)
≤ −
∫

1
4Bj

Ψ̄j
(
|Du−Dwj |

)
dx

≤ cΥ (rj) Ψ̄j

(
−
∫
Bj

|Du| dx
)

≤ Ψ̄j

(
c
(
Υ (rj)

) 1
p+1 −

∫
Bj

|Du| dx
)
,

which yields the desired estimate in accordance with the non-decreasing property of Ψ̄j . □

On the basis of Lemma 3.5, we give a decay estimate of the energy functional.

Lemma 3.6. Let u ∈ W 1,1(Ω) be a local minimizer of the functional (1.1). If a(x) is log-Hölder
continuous as shown in (2.4) and A(x) satisfies (1.2), then for any θ ∈ (0,min{ 1

4 , τ1}) there exists
c3 = c3 (data) ≥ 1 such that

−
∫
Bj+1

|Du− ⟨Du⟩Bj+1
| dx ≤ c3

(
θ α −

∫
Bj

|Du− ⟨Du⟩Bj
| dx+ θ−n

(
Υ (rj)

) 1
p+1 −

∫
Bj

|Du| dx
)
.
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Proof. Note that

−
∫
Bj+1

|Du− ⟨Du⟩Bj+1
| dx

≤ 2−
∫
Bj+1

|Du− ⟨Dwj⟩Bj+1
| dx

≤ 2−
∫
Bj+1

|Du−Dwj | dx+ 2−
∫
Bj+1

|Dwj − ⟨Dwj⟩Bj+1
| dx

≤ cθ−n −
∫

1
4Bj

|Du−Dwj | dx+ cθ α −
∫

1
4Bj

|Dwj − ⟨Dwj⟩ 1
4Bj

| dx

≤ θ−n −
∫

1
4Bj

|Du−Dwj | dx+ cθ α
(
−
∫

1
4Bj

|Dwj −Du| dx+−
∫

1
4Bj

|Du− ⟨Du⟩ 1
4Bj

| dx
)
,

(3.22)

where we used Lemma 3.3 in the third inequality. By confining 0 < θ < 1
4 we obtain that

−
∫
Bj+1

|Du− ⟨Du⟩Bj+1
| dx ≤ cθ−n −

∫
1
4Bj

|Du−Dwj | dx+ cθ α −
∫

1
4Bj

|Du− ⟨Du⟩ 1
4Bj

| dx

≤ cθ−n
(
Υ (rj)

) 1
p+1 −

∫
Bj

|Du| dx+ cθ α −
∫
Bj

|Du− ⟨Du⟩Bj
| dx,

where we used Lemma 3.5 in the last inequality, and we complete the proof. □

In the sequel, we show a comparison estimate between Du and Dwj so as to be used to prove
the iterating decay of Du.

Lemma 3.7. Let u ∈ W 1,1(Ω) be a local minimizer of the functional (1.1), and wj ∈ vj +

W 1,1
0

(
1
4Bj

)
be a minimizer of the limit functional (3.14). Assume that a(x) is log-Hölder contin-

uous as shown in (2.4) and A(x) satisfies (1.2). If for λ > 0 and Λ ≥ 1 one has

λ

Λ
≤ inf

1
4Bj+1

|Dwj | and −
∫
Bj

|Du| dx ≤ λ, (3.23)

then there exists c = c(data) ≥ 1 such that

−
∫

1
4Bj+1

|Du−Dwj | dx ≤ cθ−nΛp Υ (rj)λ.

Proof. By (3.15) and Lemma 2.6, we have

Ψ̄j

(
−
∫

1
4Bj

|Dwj | dx
)
≤ −
∫

1
4Bj

Ψ̄j
(
|Dwj |

)
dx ≤ cΨ̄j

(
−
∫
Bj

|Du| dx
)
,

which follows from (2.2) that

−
∫

1
4Bj

|Dwj | dx ≤ c−
∫
Bj

|Du| dx . (3.24)

Therefore, by the Young inequality and 0 < θ < 1
4 we obtain that

−
∫

1
4Bj+1

|Du−Dwj | dx ≤ Υ (rj)−
∫

1
4Bj+1

(
|Du|+ |Dwj |

)
dx+

1

Υ (rj)
−
∫

1
4Bj+1

|Du−Dwj |2

|Du|+ |Dwj |
dx

≤ cθ−nΥ (rj)−
∫
Bj

|Du| dx+
1

Υ (rj)
−
∫

1
4Bj+1

|Du−Dwj |2

|Du|+ |Dwj |
dx

≤ cθ−nΥ (rj)λ+
1

Υ (rj)
−
∫

1
4Bj+1

|Du−Dwj |2

|Du|+ |Dwj |
dx.

(3.25)
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To estimate the second term of the right-hand side, we notice that

1 ≤
Ψ̄ ′
j(|Dwj |)
Ψ̄ ′
j(λ/Λ)

≤
Ψ̄ ′
j(|Du|+ |Dwj |)

Λ−pΨ̄ ′
j(λ)

in 1
4Bj+1 because of (3.23) and (2.3). Then we employ (3.20) to obtain that

−
∫

1
4Bj+1

|Du−Dwj |2

|Du|+ |Dwj |
dx ≤ −

∫
1
4Bj+1

Ψ̄ ′
j(|Du|+ |Dwj |)

Λ−pΨ̄ ′
j(λ)

|Du−Dwj |2

|Du|+ |Dwj |
dx

≤ θ−nΛp

Ψ̄ ′
j(λ)

−
∫

1
4Bj

Ψ̄ ′
j(|Du|+ |Dwj |)
|Du|+ |Dwj |

|Du−Dwj |2 dx

≤ cθ−nΛp

Ψ̄ ′
j(λ)

(
Υ (rj)

)2
Ψ̄j

(
−
∫
Bj

|Du| dx
)

≤ cθ−nΛp

Ψ̄ ′
j(λ)

(
Υ (rj)

)2
Ψ̄j(λ)

≤ cθ−nΛp(Υ (rj))
2λ,

(3.26)

where we used Ψ̄j(λ) ≈ λΨ̄ ′
j(λ) in the last step. By inserting (3.26) into (3.25) we complete the

proof. □

With Lemma 3.7, we are able to show the iterating decay associated to Du

Lemma 3.8. Let u ∈ W 1,1(Ω) be a local minimizer of the functional (1.1). Assume that a(x) is
log-Hölder continuous as (2.4) and A(x) satisfies (1.2). For a given Λ ≥ 1, if there is a positive
constant θ1 = θ1(data,Λ), such that for any θ ∈ (0, θ1) and λ > 0 it holds

λ

Λ
≤ −
∫
Bj+2

|Du| dx , −
∫
Bj

|Du| dx ≤ λ and Υ (rj) ≤
( θ3n
c2Λ

)p+1

, (3.27)

then there exists a constant c∗1 = c∗1(data, θ,Λ) ≥ 1 such that

−
∫
Bj+2

|Du− ⟨Du⟩Bj+2
| dx ≤ c4 θ

α −
∫
Bj+1

|Du− ⟨Du⟩Bj+1
| dx+ c∗1Υ (rj)λ

with c4 being independent of θ.

Proof. Let us use Lemma 3.5 to obtain that

−
∫
Bj+2

|Du−Dwj | dx ≤ θ−2n −
∫

1
4Bj

|Du−Dwj | dx

≤ c2θ
−2n

(
Υ (rj)

) 1
p+1 −

∫
Bj

|Du| dx

≤ λ

2Λ

with the last inequality because of (3.27). Therefore, by −
∫
Bj+2

|Du| dx ≥ λ
Λ as in (3.27) we conclude

that

sup
1
4Bj+1

|Dwj | ≥ −
∫
Bj+2

|Dwj | dx

≥ −
∫
Bj+2

|Du| dx−−
∫
Bj+2

|Du−Dwj | dx

≥ λ

Λ
−−
∫
Bj+2

|Du−Dwj | dx

≥ λ

2Λ
.

(3.28)
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On the other hand, let us confine 0 < θ1 ≤ τ1 and cθ α1 ≤ 1
4Λ with τ1 as in Lemma 3.3. For any

0 < θ ≤ θ1, then by (3.16) and (3.24) we obtain that∣∣ osc
1
4Bj+1

Dwj
∣∣ ≤ cθ α −

∫
1
4Bj

|Dwj | dx ≤ cθ α −
∫
Bj

|Du| dx ≤ cθ αλ ≤ λ

4Λ
, (3.29)

where we used −
∫
Bj

|Du| dx ≤ λ in (3.27) in the last second inequality.

Let us put (3.28) and (3.29) together, to obtain

inf
1
4Bj+1

|Dwj | ≥ sup
1
4Bj+1

|Dwj | −
∣∣ osc
1
4Bj+1

Dwj
∣∣ ≥ λ

2Λ
− λ

4Λ
=

λ

4Λ
. (3.30)

According to the validity of (3.27) and (3.30), we use Lemma 3.7 to obtain

−
∫

1
4Bj+1

|Du−Dwj | dx ≤ cθ−nΛp Υ (rj)λ.

Finally, we employ the same approach as in (3.22), to conclude that

−
∫
Bj+2

|Du− ⟨Du⟩Bj+2
| dx ≤ cθ−n −

∫
1
4Bj+1

|Du−Dwj | dx+ cθ α −
∫

1
4Bj+1

|Du− ⟨Du⟩ 1
4Bj+1

| dx

≤ cθ−2nΛp Υ (rj)λ+ cθ α −
∫

1
4Bj+1

|Du− ⟨Du⟩ 1
4Bj+1

| dx,

which yields the desired estimate. □

4. Proof of main result

In this section, we prove the continuity of gradient to the local minimizers of the functional
(1.1) by imposing DMO condition on a(x) and A(x) as in (1.3). First, we show a control relation
by an integral to the DMO assumption on a(x) and A(x) in (1.3).

Lemma 4.1. Let rj = θjr for θ ∈
(
0, 1/4

)
and j = 0, 1, 2, . . . . If both a(x) and A(x) are imposed

on the DMO assumption as (1.3), then there exists c∗2 = c∗2(data, θ) ≥ 1 such that

∞∑
j=0

Υ (rj) ≤ c∗2

∫ 2r

0

Υ (ρ)
dρ

ρ
. (4.1)

Proof. A direct calculation yields that∫ 2r

0

Υ (ρ)
dρ

ρ
=

∞∑
j=0

∫ rj

rj+1

ω̄a,γ(ρ) log
(1
ρ

) dρ
ρ

+

∫ 2r

r

ω̄a,γ(ρ) log
(1
ρ

) dρ
ρ

+

∞∑
j=0

∫ rj

rj+1

ω̄A,γ(ρ)
dρ

ρ
+

∫ 2r

r

ω̄A,γ(ρ)
dρ

ρ

:= I1 + I2 + I3 + I4.

(4.2)

For I1, let ρ ∈ (rj+1, rj), and for any y ∈ Ω we obtain that(
−
∫
Bj+1(y)∩Ω

|a− ⟨a⟩Bj+1∩Ω|γ dx
)1/γ

≤ c
(
−
∫
Bj+1(y)∩Ω

|a− ⟨a⟩Bρ∩Ω|γ dx
)1/γ

≤ c
( 1

r nj+1

∫
Bρ(y)∩Ω

|a− ⟨a⟩Bρ∩Ω|γ dx
)1/γ

≤ cθ
−n
γ

( 1

ρn

∫
Bρ(y)∩Ω

|a− ⟨a⟩Bρ∩Ω|γ dx
)1/γ

,

which follows from Definition of ω̄a,γ that

ω̄a,γ(rj+1) ≤ cθ
−n
γ ω̄a,γ(ρ). (4.3)
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Then we obtain that
∞∑
j=0

∫ rj

rj+1

ω̄a,γ(ρ) log
(1
ρ

) dρ
ρ

≥ cθ
n
γ

∞∑
j=0

ω̄a,γ(rj+1) log
( 1

rj

) ∫ rj

rj+1

dρ

ρ

= cθ
n
γ

∞∑
j=0

ω̄a,γ(rj+1) log
( 1

rj

)
log

(1
θ

)
.

(4.4)

Since 0 < θ < 1/4, a simple calculation yields that

log
( 1

rj+1

)
= log

(1
θ

)
+ log

( 1

rj

)
≤ 2 log

(1
θ

)
log

( 1

rj

)
. (4.5)

Together with (4.4) and (4.5), we arrive at our first claim

∞∑
j=0

∫ rj

rj+1

ω̄a,γ(ρ) log
(1
ρ

) dρ
ρ

≥ cθ
n
γ

∞∑
j=0

ω̄a,γ(rj+1) log
( 1

rj+1

)
. (4.6)

For I2, by the same argument as (4.3), we see ω̄a,γ(r) ≤ cω̄a,γ(ρ) for ρ ∈ (r, 2r), which implies
that ∫ 2r

r

ω̄a,γ(ρ) log
(1
ρ

) dρ
ρ

≥ cω̄a,γ(r) log
( 1

2r

)∫ 2r

r

dρ

ρ

≥ cω̄a,γ(r) log
(1
r

)
.

(4.7)

For I3, we also have ω̄A,γ(rj+1) ≤ cθ
−n
γ ω̄A,γ(ρ) for ρ ∈ (rj+1, rj), which implies that

∞∑
j=0

∫ rj

rj+1

ω̄A,γ(ρ)
dρ

ρ
≥ cθ

n
γ

∞∑
j=0

ω̄A,γ(rj+1)

∫ rj

rj+1

dρ

ρ

= cθ
n
γ

∞∑
j=0

ω̄A,γ(rj+1) log
(1
θ

)
≥ cθ

n
γ

∞∑
j=0

ω̄A,γ(rj+1).

(4.8)

For I4, we obtain that ω̄A,γ(r) ≤ cω̄A,γ(ρ) for ρ ∈ (r, 2r), and it yields∫ 2r

r

ω̄A,γ(ρ)
dρ

ρ
≥ cω̄A,γ(r). (4.9)

Finally, let us put (4.6) (4.7) (4.8) and (4.9) into (4.2), to attain that∫ 2r

0

Υ (ρ)
dρ

ρ

≥ cθ
n
γ

∞∑
j=0

ω̄a,γ(rj+1) log
( 1

rj+1

)
+ cω̄a,γ(r) log

(1
r

)
+ cθ

n
γ

∞∑
j=0

ω̄A,γ(rj+1) + cω̄A,γ(r)

≥ cθ
n
γ

∞∑
j=0

Υ (rj),

which completes the proof. □

We now show the local gradient boundedness to the local minimizer of the functional (1.1).

Theorem 4.2. Let u ∈ W 1,1(Ω) be a local minimizer of the functional (1.1). Assume that a(x)
and A(x) satisfy (1.3) and (1.2). Then there exist c = c(data) ≥ 1 and R = R(data) > 0 such
that for r ∈ (0, R) with B2r ⋐ Ω one has

∥Du∥L∞(Br) ≤ c−
∫
B2r

|Du| dx. (4.10)
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Proof. Let y ∈ Br be the Lebesgue point of Du. To specify some constants, we let Λ = 100, and

θ = min
{
θ1,

( 1

200c23

) 1
2α

,
( 1

4c4

)1/α}
, (4.11)

where θ1 = θ1(data,Λ) as in Lemma 3.8. By Lemma 4.1 we choose R > 0 sufficiently small such
that for any r ∈ (0, R) one has

∞∑
j=0

Υ (rj) ≤ c∗2

∫ 2R

0

Υ (ρ)
dρ

ρ
≤ min

{( θ3n

100c2

)p+1

,
( θ4n

400c3

)p+1

,
θ 2n

20c∗1

}
. (4.12)

Let

λ := 200θ−2n −
∫
Br

|Du| dx,

and

Cj := −
∫
Bj

|Du| dx+ θ−2n −
∫
Bj

|Du− ⟨Du⟩Bj | dx. (4.13)

We prove our main result using the exit-time method. To this end, let us define

J :=
{
j ∈ N ∪ {0} : Cj ≤

λ

50

}
,

We see that J ̸= ∅ because {0} ∈ J. First, if J is infinite, then we can find an infinite subsequence
of {Cj}, denoted by {Ci}, such that Ci ≤ λ

50 for all i ∈ N ∪ {0}. Let i → ∞, by the Lebesgue
differentiation theorem we obtain that

|Du(y)| ≤ lim inf
i→∞

−
∫
Bi(y)

|Du| dx ≤ lim inf
i→∞

Ci ≤
λ

50
≤ c−

∫
Br(y)

|Du| dx, (4.14)

which makes (4.10) true.
Otherwise, we next consider that J is finite. Let jm = max J be the exit time, by the definition

of J we see that

Cjm ≤ λ

50
and Cj >

λ

50
for j ≥ jm + 1. (4.15)

We set

aj = |⟨Du⟩Bj
| and Ej = −

∫
Bj

|Du− ⟨Du⟩Bj
| dx.

In what follows, we use the method of induction to show that

aj + Ej ≤ λ for j ≥ jm. (4.16)

In the case of j = jm, it is obvious that aj + Ej ≤ Cjm ≤ λ
50 ≤ λ. Assume aj + Ej ≤ λ for all

j ∈ {jm, . . . , k}, we prove that ak+1 + Ek+1 ≤ λ. To this end, by the elementary calculations we
have that

ak+1 =
∣∣⟨Du⟩Bk+1

− ⟨Du⟩Bk
+ ⟨Du⟩Bk

− · · · − ⟨Du⟩Bjm
+ ⟨Du⟩Bjm

∣∣
≤ −
∫
Bk+1

|Du− ⟨Du⟩Bk
| dx+ · · ·+−

∫
Bjm+1

|Du− ⟨Du⟩Bjm
| dx+−

∫
Bjm

|Du| dx

≤ θ−nEk + · · ·+ θ−nEjm+1 + Cjm

= θ−n
k∑

j=jm+1

Ej + Cjm .

(4.17)
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To estimate θ−n
∑k
j=jm+1Ej , let us verify Condition (3.27) of Lemma 3.8. Applying Lemma 3.6

to Ej+2 repeatedly, together with c23θ
2α ≤ 1

200 in (4.11) we obtain that

Ej+2

≤ (c3θ)
α(j+2−jm)Ejm + c3θ

−n
j+1∑
i=jm

(
Υ (ri)

) 1
p+1 −

∫
Bi

|Du| dx

≤ (c3θ)
2αEjm + c3θ

−n
( j∑
i=jm

(
Υ (ri)

) 1
p+1 −

∫
Bi

|Du| dx
)
+ c3θ

−n(Υ (rj+1)
) 1

p+1 −
∫
Bj+1

|Du| dx

≤ Ejm
200

+ c3θ
−n

( j∑
i=jm

(
Υ (ri)

) 1
p+1 −

∫
Bi

|Du| dx
)
+ c3θ

−2n
(
Υ (rj+1)

) 1
p+1 −

∫
Bj

|Du| dx

≤ Ejm
200

+ c3θ
−2n

j∑
i=jm

((
Υ (ri)

) 1
p+1 +

(
Υ (ri+1)

) 1
p+1

)
−
∫
Bi

|Du| dx.

(4.18)

Since

Ejm ≤ θ2nCjm ≤ θ2n
λ

50
(4.19)

from (4.13) and (4.15). Moreover,

c3θ
−2n

j∑
i=jm

((
Υ (ri)

) 1
p+1 +

(
Υ (ri+1)

) 1
p+1

)
≤ 2c3θ

−2n
∞∑
i=0

(
Υ (ri)

) 1
p+1 ≤ 2c3θ

−2n
( ∞∑
i=0

Υ (ri)
) 1

p+1 ≤ θ2n

200

(4.20)

because of (4.12);

−
∫
Bi

|Du| dx ≤ ai + Ei ≤ λ for i ∈ {jm, . . . , k} (4.21)

from the assumption of induction. Then we put (4.19) (4.20) (4.21) into (4.18) to derive that

Ej+2 ≤ θ2nλ

200
+
θ2nλ

200
≤ θ2nλ

100
for j ∈ {jm, . . . , k},

which follows from Cj+2 >
λ
50 that

−
∫
Bj+2

|Du| dx = Cj+2 − θ−2nEj+2 ≥ λ

50
− λ

100
≥ λ

100
for j ∈ {jm, . . . , k}. (4.22)

Inequalities (4.22) (4.21) and (4.12) ensure the validity of Condition (3.27), then we employ
Lemma 3.8 to obtain

Ej+2 ≤ 1

4
Ej+1 + c∗1 Υ (rj)λ for j ∈ {jm, . . . , k},

where we used c4θ
α ≤ 1/4 in (4.11). This implies that

k+2∑
j=jm+2

Ej ≤
1

4

k+1∑
j=jm+1

Ej + c∗1 λ

k∑
j=jm

Υ (rj).

We add Ejm+1 to both sides, and use Cjm ≤ λ
50 in (4.15) and c∗1

∑∞
j=0 Υ (rj) ≤ θn

20 in (4.12) to
obtain that

k+2∑
j=jm+1

Ej ≤
1

4

k+1∑
j=jm+1

Ej + Ejm+1 + c∗1 λ

k∑
j=jm

Υ (rj)

≤ 1

4

k+2∑
j=jm+1

Ej + 2θ n Cjm + c∗1 λ

k∑
j=jm

Υ (rj)
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≤ 1

4

k+2∑
j=jm+1

Ej +
λ

20
θ n +

λ

20
θ n

Thus,
k+2∑

j=jm+1

Ej ≤
λ

4
θ n, (4.23)

which implies that Ek+1 ≤ λ
2 . Let us now put (4.23) into (4.17) to deduce that

ak+1 ≤ λ

4
+ Cjm ≤ λ

4
+

λ

50
≤ λ

2
.

This makes (4.16) true for any j ≥ jm, and it follows from the Lebesgue differentiation theorem
that

|Du(y)| ≤ lim inf
j→∞

−
∫
Bj(y)

|Du| dx ≤ lim inf
j→∞

(
aj + Ej

)
≤ λ ≤ c−

∫
Br(y)

|Du| dx, (4.24)

which completes the proof. □

Proof of Theorem 1.2. Let Ω0 ⋐ Ω′ ⋐ Ω and dist(Ω0,Ω
′) = dist(Ω′,Ω) = 1

2dist(Ω0,Ω). By
Theorem 4.2 we see that Du is locally bounded in Ω, and denote

λ = ∥Du∥L∞(Ω′) + 1. (4.25)

It suffices to prove that ⟨Du⟩Br(y) for fixed point y ∈ Ω0 is a Cauchy sequence in r, which means
that for any ϵ > 0 there is a radius Rϵ ≤ dist{Ω0,Ω}/8 such that for any ρ1, ρ2 ∈ (0, Rϵ] one has

|⟨Du⟩Bρ1 (y)
− ⟨Du⟩Bρ2 (y)

| ≤ ϵλ

3
. (4.26)

Let ρ1 = Rϵ, ρ2 → 0 we obtain

|⟨Du⟩BRϵ (y)
−Du(y)| ≤ ϵλ

3
.

In accordance with the absolute continuity of the integral in Br(y), we see that y 7→ ⟨Du⟩BRϵ (y)

is continuous, and find a small R̃ϵ ∈ (0, Rϵ) such that for |x− y| < R̃ϵ one has

|⟨Du⟩BRϵ (x)
− ⟨Du⟩BRϵ (y)

| ≤ ϵλ

3
,

which leads to

|Du(x)−Du(y)| ≤ |Du(x)− ⟨Du⟩BRϵ (x)
|+ |⟨Du⟩BRϵ (x)

− ⟨Du⟩BRϵ (y)
|+ |⟨Du⟩BRϵ (y)

−Du(y)|
≤ ϵλ.

To prove ⟨Du⟩Br(y) is a Cauchy sequence, we divide this into two steps as follows.

Step 1. VMO type estimate of Du. It suffices to prove that for any ϵ ∈ (0, 1), there exists an
rϵ ∈ (0, 1/4) such that for i ≥ 2 one has

−
∫
Bθirϵ

|Du− ⟨Du⟩Bθirϵ
| dx ≤ ϵλ. (4.27)

Let Λ = 200
ϵ and θ1 = θ1(data,Λ) as in Lemma 3.8. We choose

θ = min
{
θ1,

( ϵ

4c4

)1/α}
. (4.28)

By Lemma 4.1 we can take rϵ sufficient small such that
∞∑
i=0

Υ (ri) ≤ c∗2

∫ 2rϵ

0

Υ (ρ)
dρ

ρ
≤ min

{( ϵθ3n

200c2

)p+1

,
θ 2nϵ

200c∗1

}
. (4.29)

We set ri = θirϵ and Bi = Bri for i = 0, 1, 2, . . . , and

I :=
{
2 ≤ i ∈ N : −

∫
Bi

|Du| dx < ϵλ

200

}
. (4.30)
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If i ∈ I, then we obtain that

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx ≤ 2−

∫
Bi

|Du| dx ≤ 2ϵλ

200
≤ ϵλ.

Otherwise, if i /∈ I, by (4.30) and (4.25) we see that

ϵλ

200
≤ −
∫
Bi

|Du| dx and −
∫
Bi−2

|Du| dx ≤ λ,

which combined with (4.29) just meets Condition (3.27), then we employ Lemma 3.8 to obtain

−
∫
Bi

|Du− ⟨Du⟩Bi | dx ≤ c4θ
α −
∫
Bi−1

|Du− ⟨Du⟩Bi−1 | dx+ c∗1Υ (ri−2)λ

≤ 2c4 θ
αλ+ c∗1Υ (ri−2)λ.

Since 2c4θ
α ≤ ϵ

2 is confined in (4.28) and c∗1Υ (ri−2) ≤ ϵ in (4.29), we obtain that (4.27).

Step 2. Cauchy sequence of ⟨Du⟩Bk
for k ≥ 3. More precisely, we prove that∣∣⟨Du⟩Bk

− ⟨Du⟩Bh

∣∣ ≤ ϵλ

10
for 3 ≤ k < h with k, h ∈ N. (4.31)

By the VMO type estimate of Du, it yields that there exists a new rϵ ∈ (0, 1/4) such that for any
i ≥ 2 it holds

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx ≤ θnϵ

200
λ. (4.32)

We denote

im :=

{
min I, for I ̸= ∅,
∞, for I = ∅,

with I as in (4.30). Let us consider the proof of (4.31) in three cases.

Case 1. k < h ≤ im. By (4.30) and (4.25) we see that

ϵλ

200
≤ −
∫
Bi

|Du| dx and −
∫
Bi−2

|Du| dx ≤ λ for i ∈ {k, . . . , h− 1}.

Employing Lemma 3.8, together with 2c4θ
α ≤ 1

2 in (4.28), we obtain that

h−1∑
i=k

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx

≤ c4θ
α

h−2∑
i=k−1

−
∫
Bi

|Du− ⟨Du⟩Bi | dx+ c∗1 λ

h−3∑
i=k−2

Υ (ri)

≤ 1

2

h−1∑
i=k

−
∫
Bi

|Du− ⟨Du⟩Bi | dx+
1

2
−
∫
Bk−1

|Du− ⟨Du⟩Bk−1
| dx+ c∗1 λ

h−3∑
i=k−2

Υ (ri),

which yields

h−1∑
i=k

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx ≤ −

∫
Bk−1

|Du− ⟨Du⟩Bk−1
| dx+ 2c∗1 λ

h−3∑
i=k−2

Υ (ri).

We use (4.32) and (4.29) to obtain

h−1∑
i=k

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx ≤ θnϵ

200
λ+

θnϵ

80
λ ≤ θnϵ

40
λ.

Therefore, ∣∣⟨Du⟩Bk
− ⟨Du⟩Bh

∣∣ ≤ h−1∑
i=k

∣∣⟨Du⟩Bi
− ⟨Du⟩Bi+1

∣∣
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≤ θ−n
h−1∑
i=k

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx ≤ ϵλ

40
.

Case 2. im ≤ k < h for im <∞, we claim that∣∣⟨Du⟩Bk

∣∣ ≤ ϵλ

20
and

∣∣⟨Du⟩Bh

∣∣ ≤ ϵλ

20
, (4.33)

which obviously leads to (4.31). It suffices to prove the first inequality of (4.33) in the following,
since the second one can be obtained by the same way. In fact, if k ∈ I, it is true obviously. If
k /∈ I, we can find k0 ∈ I satisfying im ≤ k0 < k and {k0+1, . . . , k}∩ I = ∅. In particular, we have

ϵλ

200
≤ −
∫
Bi

|Du| dx and −
∫
Bi−2

|Du| dx ≤ λ for i ∈ {k0 + 1, . . . , k}.

By Lemma 3.8 with 2c4θ
α ≤ 1

2 as in (4.28) we obtain that

k∑
i=k0

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx

=

k∑
i=k0+1

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx+−

∫
Bk0

|Du− ⟨Du⟩Bk0
| dx

≤ c4θ
α
k−1∑
i=k0

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx+ c∗1 λ

k−2∑
i=k0−1

Υ (ri) +−
∫
Bk0

|Du− ⟨Du⟩Bk0
| dx

≤ 1

2

k∑
i=k0

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx+

θnϵ

200
λ+

θnϵ

200
λ,

where we used (4.29) and (4.32) in the last inequality. Hence

k∑
i=k0

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx ≤ θnϵ

40
λ,

and ∣∣⟨Du⟩Bk

∣∣ ≤ ∣∣⟨Du⟩Bk0
− ⟨Du⟩Bk

∣∣+ ∣∣⟨Du⟩Bk0

∣∣
≤

k−1∑
i=k0

∣∣⟨Du⟩Bi
− ⟨Du⟩Bi+1

∣∣+−
∫
Bk0

|Du| dx

≤ θ−n
k∑

i=k0

−
∫
Bi

|Du− ⟨Du⟩Bi
| dx+

ϵλ

200
≤ ϵλ

20
.

Case 3. k < im < h for im <∞. From Case 2 with h > im we obtain∣∣⟨Du⟩Bh

∣∣ ≤ ϵλ

20
,

and by Case 1 with k < im one has∣∣⟨Du⟩Bk
− ⟨Du⟩Bim

∣∣ ≤ ϵλ

40
.

Then we conclude that∣∣⟨Du⟩Bk

∣∣ ≤ ∣∣⟨Du⟩Bk
− ⟨Du⟩Bim

∣∣+ ∣∣⟨Du⟩Bim

∣∣ ≤ ϵλ

40
+

ϵλ

200
≤ ϵλ

20
,

which yields (4.31) as Case 2. By combining Cases 1-3, we obtain that {⟨Du⟩Bk
} is a Cauchy

sequence.
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Finally, we prove (4.26) in the continuous way with respect to the radius ρ. For any 0 < ρ1 <
ρ2 < θ3rϵ, there exist two integers k, h ≥ 3 such that θk+1rϵ ≤ ρ1 < θkrϵ and θ

h+1rϵ ≤ ρ2 < θhrϵ.
By (4.32) it implies that∣∣⟨Du⟩Bk

− ⟨Du⟩Bρ1

∣∣ ≤ −
∫
Bρ1

∣∣Du− ⟨Du⟩Bk

∣∣ dx
≤

(θkrϵ
ρ1

)n
−
∫
Bk

|Du− ⟨Du⟩Bk
| dx

≤ θ−n · θ
nϵ

200
λ =

ϵλ

200
.

By the same reasoning, we also have∣∣⟨Du⟩Bh
− ⟨Du⟩Bρ2

∣∣ ≤ ϵλ

200
.

It follows from (4.31) that∣∣⟨Du⟩Bρ1
− ⟨Du⟩Bρ2

∣∣ ≤ ∣∣⟨Du⟩Bk
− ⟨Du⟩Bh

∣∣+ ∣∣⟨Du⟩Bρ1
− ⟨Du⟩Bk

∣∣+ ∣∣⟨Du⟩Bh
− ⟨Du⟩Bρ2

∣∣
≤ ϵλ

10
+

ϵλ

200
+

ϵλ

200
≤ ϵλ

5
.

Let Rϵ = θ3rϵ, then (4.26) holds for ρ1, ρ2 ∈ (0, Rϵ) and y ∈ Ω0. This completes the proof. □
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