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GRADIENT CONTINUITY OF LOCAL MINIMIZERS OF A BORDERLINE
DOUBLE-PHASE FUNCTIONAL WITH DMO COEFFICIENTS

WENRUI CHANG, YUXIA TONG, SHENZHOU ZHENG

ABSTRACT. Let u € W11(Q). We study a local gradient continuity of the minimizers of func-
tionals with borderline double-phase growth,

Flu; Q) = /Q (IDul? + a(a) |Dul? og(e + | Duls) ) da

for 1 < p < oo and | Duly := (A(z) Du, Du)'/2, where the matrix A(z) = {A*#(z)} is symmetric
with positive upper and lower bounds of its eigenvalues. We prove that Du € Clloc(Q) based
mainly on the exit-time approach, provided that the moderating factor a(x) and coefficient A(z)
satisfy the so-called Dini-type mean oscillation conditions.

1. INTRODUCTION

Let Q C R™ for n > 2 be a bounded domain and 1 < p < oco. We consider the local minimizers
u € WH1(Q) for the functional with borderline double phase growth,

f@uﬂ):i/ (1Dulf + a(w) | Dulf log(e + [ Duls) ) de, (1.1)
Q
where the moderating factor a : @ — [0,400) is bounded, and |Duly = (A(x) Du7Du>1/2.

The matrix (A*?(z)) for a, 8 = 1,2,...,n is assumed to be symmetric with A*#(z) = AP*(z);
moreover, there exists a constant K > 1 such that

KNP < Y A (@) &l < KIEP, (2,6 € QxR™ (1.2)
a,f=1

For a given v > 1, we define the v-moduli of mean oscillation as

1/ _ 1/
Wa,~(p) := sup (][ la(z) —a,|” d:z:) " and wa~(p) = sup (][ [A(z) —A,|Y da:) 7,
y€Q N B,(y)N2 y€Q N B,(y)NQ

where a, = JLBp(y)mQ a(r)dz and A, = JCBp(y)ﬁQ A(z) dx. Moreover, it is supposed that both a(z)

and A(x) satisfy the so-called Dini-type mean oscillation (DMO) introduced first by Spanne [30],
which require the moduli to satisfy

1 1
1, d d

/ Wa,y (p) log (*) = < oo and / wa~(p) a < 00. (1.3)
0 PP 0 p
Now we give the definition of local minimizers to the functional (1.1)).

Definition 1.1. We say that « € W11(Q) is a local minimizer of the functional (1.1]) if F(u; Q) <
oo and for any Q' € Q we have

Fu; ) < Flu+¢;9), ¢ Wy ().
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Such a non-uniform functional was originated from Zhikov’s work [32] on the homog-
enization of strongly anisotropic materials, and the regularity study for elliptic problems with
(p, q¢)-growth has drawn extensive attention over the past few decades. Marcellini proved the Lip-
schitz regularity for local minimizers of double-phase energy functionals in [25], and also got the
same regularity for non-uniformly elliptic equations in [26]. A typical (p, ¢)-growth functional with

Fpq(u; Q) := /Q (|Du|p + a(z) \Du|q) dx, (1.4)

Colombo-Mingione [§] recently proved the local Holder continuity of the gradient for local mini-
mizers under the assumptions that

a(z) € C*°(Q) for a € (0,1], and :i) <1+ %; (1.5)

loc
a relaxed gap condition ¢ < p + a. Furthermore, Baroni-Colombo-Mingione [4] also got the same

gradient Holder continuity to the local minimizers of functional (1.4)) based on harmonic type
approximation by extending this constraint (1.5)) to ¢/p < 1+ a/n.
On the other hand, as a borderline case of (p, ¢)-growth with functional of the form

while Colombo-Mingione [9] showed the C 1’"Y—lregularity for the bounded minimizers of (1.4) under

Fiog(u; Q) = /Q (|Du|p +a(z) | DulP log (e + |Du|)) dz, (1.6)

Baroni-Colombo-Mingione [3] proved that the local minimizers of Fiog(u; {2) can attain an optimal
Hélder continuity provided lim sup,_,q+ wq(r) log (1) = 0 with wq(r) as the modulus of continuity
for a(-), and the gradient Holder continuity by adding w,(r) < r® with 0 < o < 1. Later,
Byun-Youn [6] employed the Riesz potential theory to obtain the pointwise gradient estimate and
C'-regularity to such an elliptic equation with borderline double-phase growth under assumption
of the so-called log-Dini continuity with the form fol wa(p) log (%) d—pp < oo. Recently, Baroni-
Coscia [0] also got the gradient continuity of local minimizers to such a functional Fiog(u;$2)
under assumption of log-Dini continuity of a(-). More regularity results involving the double-
phase problems, we can refer to [IL 2], [TTl [I7), 24, 29, [3T] and the references therein.

Associated with C'-regularity of elliptic problems, let us briefly recall some recent progresses.
For such a linear elliptic equation: — div(A(z)Du) = 0, Lieberman [23] first proved the gra-
dient continuity if A(z) satisfies the so-called a-increasing Dini continuity which means that
fol wa(r) & < 0o and wy (r)/r® is non-decreasing for a > 0 with w (r) as a modulus of continuity
of A(x). Instead of the Dini mean oscillation from Spanne in [30], Huang in [19] proved the BMO,;-
boundedness and continuity of Du to linear elliptic systems if the leading coefficient A(x) € BMO,,
with ¢ satisfying the Dini continuity and almost increasing of ¥ (r)(1 + |log [y (1(t)/t)]). Li in
[22] gave an open problem for linear elliptic equations: does the C'-regularity hold of solutions
if one merely adds DMO condition on the coefficients? Dong-Kim in [14] gave a positive answer
to Li’s question, and they proved the C!-regularity of solutions to linear elliptic equations under
the DMO condition fol wa1(p) d?p < oo. However, it is insufficient one only assumes the continuity
of coefficients A(z), since Jin-Maz’ya-Schaftingen [20] constructed a counterexample to show that
the gradient may be discontinuous to the homogeneous linear elliptic equation if A(x) is merely
continuous. Further, Duzaar-Mingione [I2] used non-linear Wolff potential argument to show
the gradient continuity for p-Laplace equations under assumption of Dini continuous coefficients.
Recently, for p(z)-Laplace system

—div (|Du|p(””)72Du) =f,

Ok [28] obtained a local gradient continuity under assumptions that f € L(n,1) (the so-called
Lorentz spaces), and p(x) is log-Dini continuous with fol wy(r)log (1) 4 < oo, where wy(-) is the
modulus of continuity of p(z). Baroni-Coscia in [5] showed the C'-regularity of functional if
a(z) satisfies the log-Dini condition. Dong-Lee-Kim [I5] proved a global Cl-regularity of conormal

and oblique derivative boundary problem to linear elliptic equations with DMO coefficients, while
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Dong-Kwon [16] obtained the C'-regularity of solutions to non-stationary Stokes equations with
DMO coefficients.

Motivated by the above-mentioned papers, we are interested in the C'-regularity to the local
minimizers of functional (L.I]). This is an extensive generalization of Baroni-Coscia’s work in [5]
by way of general matrix function A(z) instead of Id, and relaxing the regular assumption of a(x)
from the log-Dini continuity to the Dini-type mean oscillation. To this end, let us write

U(x,t) :=tP 4+ a(x) t* log(e + t);
and we are now in a position to state our main result.

Theorem 1.2. Let u € WHL(Q) be a local minimizer of the functional (1.1)) with ¥(x, Du) €
LY(Q). If there exists a constant v = v (n,p, K, ||a|| (), [|[DullLr@)) = 1 such that a(z) and
A(z) satisfy (1.2) and (1.3), then we conclude that Du is locally continuous in €.

The rest of this paper is organized as follows. We devote Section 2 to notations, basic inequalities
and a few useful lemmas. In Section 3, we employ the perturbation argument to perform the
comparison and decay estimates in the L! sense based on the freezing coefficients. We mainly focus
Section 4 on the proofs of local boundedness and continuity of gradient to the local minimizers of
functional by way of the stop-time approach.

2. PRELIMINARIES

Throughout this paper, we use ¢ to denote a generic positive constant that may vary from line
to line. Important constants are distinguished by subscripts (e.g., ¢1, ¢2). To indicate dependence
on specific parameters, we use parentheses; for example, ¢(n,p, K) indicates that the constant
depends only on n,p, K. We use the notation a < b to explain that there exists a constant ¢ > 0
such that a < ¢b; similarly, a 2 b means a > c¢b; a =~ b indicates that there exist two positive
constants cq, co satisfying c1a < b < coa.

Let us first recall related basic notations. We write ¢io4(t) = 7 log(e + t) for p € (1,00), and
observe that

P optP~1 P

—_— () =plp— )t 21 t - :
crt </710g() p(p ) og(e+1) + e+t (e +1)2

Plog(r) = ptP " log(e +1t) +
A direct calculation yields that

t2§0ﬁ)g(t) ~ t(piog(t) ~ QOIOg(t) vt > O’ (2'1)

where the implied constants depend only on p. Since log(e + Lt) < Llog(e + t) for L > 1 and
t > 0, and log(e + vt) > vlog(e + t) for v € (0,1) and ¢ > 0, then we obtain the following facts:

Prog(Lt) < Lp+19010g(t)7 Prog(vt) = Vp+1‘Plog(t)a forany L>1, v € (0,1), t > 0; (2.2)
moreover, it follows from the expression of ¢, (-) that
gp{og(Lt) < L”go{og(t), @{Og(ut) > Vpgofog(t), for any L > 1,v € (0,1),¢ > 0. (2.3)

Let D C R™ be a measurable set with positive measure. For any locally integrable function
f € LY(D,R™), we define the integral average of f over D by

o=, sde = |D|/fd$

A direct calculation yields that for any £ € R® and f € LY(D,R"™) with ¢ > 1,

]l|f Ppl?de < c(n,q) ]Z f — €7 da.

In the following context, let B, (z() denote the open ball in R™ centered at xy with radius r > 0;
we simply write B, while the center is clear from the context. The following lemma provides an
estimate associated with the logarithmic function, for details see [5, Lemma 2.1].
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Lemma 2.1. Let ¢ > 1 and 0,3,0 > 0 be constants, and let f € Li(B,) with r < e~'. Then
there exists a positive constant ¢ = c¢(n, 8,0,0,q) such that

£ Ufltog* e 1717 de < (14 e (10w () (. 117a0) ™

T

It is important to observe that any function satisfying the Dini mean oscillation condition must
be continuous, see [30, Corollary 1].

Lemma 2.2. Let f(x) € L*(Q) satisfy the Dini mean oscillation condition with the form

1

d . _

/mwi<mumcmm:m% F(@) — {f) 5,00 da.
0 p yEQJ B, (y)NQ

Then f(x) has to be continuous in Q with modulus wy(r) = ¢ [; @s(p) d—pp for some ¢ > 0.

With Lemma [2.2]in hand, we readily see that a(z) is log-Holder continuous and A(z) is contin-
uous provided that a(x) and A(z) meet (1.3).

Lemma 2.3. If both a(z) and A(zx) satisfy (1.3) for v > 1, then a(z) is log-Holder continuous,
and A(x) is continuous in ), respectively, with

1
sup wq(r)log (=) < oo, (2.4)
re(0,1] r

where wy(r) is the continuity modulus of a(x) in B,.

Proof. Tt follows from the boundedness of a(x) and (1.3 that

1 1/e 1
_ dp / _ dp / _ dp
Walp = Walp)— + Walp)—
~/O ( ) P 0 ( ) p 1/e ( ) P

1/e 1.d
_ p

< / @a(p)log (=)= + 2[|al| e (0) < oo.
0 pp

By Lemma we conclude that a(x) is continuous and satisfies wq(r) = ¢ f; wa(p)%. Then we
use (1.3]) again to obtain that
1 b 1, d
sup we(r)log (=) §/ @a(p)log (=) P«
re(0,1] r’ = Jo o’ p
The continuity of A(z) is readily obtained due to (1.3) and Lemma O

For the sake of convenience, we collect the parameters in the context and denote them by

data := (n,p, K, ||aHLoo(Q), HDUHLP(Q))'

In what follows, we present the higher integrability result of the gradient to the local minimizers
of functional ([1.1)), for its proof see [3, Theorem 4.1].

Lemma 2.4. Let u € WH1(Q) be a local minimizer of the functional (1.1). Assume that A(z)
satisfies (1.2) and a(z) is log-Holder continuous with the modulus w,(r) satisfying (2.4). Then
there exist constants ¢ = € (data) > 0 and ¢ = ¢(data) > 1 such that

(][ W($,|Du\)1+sdax)l+5§c][ (z, |Du]) do
B, B

r

for all B, € Q.

The following lemma describes a self-improving property of the reverse Holder inequality based
on the backward iteration, see [I8, Remark 6.12] or [21, Lemma 3.1].
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Lemma 2.5. Let D be a domain. If for any function g € LllotE(D), there exist b > 0 and A > 0
such that for any B, € D,

1
(][ gH'Edm)HE Sb][ gdx + A,
By)a B

s

(f ) E(l f K @)’ + )

for any T > 0, where B = B(n,b7 T) > 0.

then we have

Then, the conclusion of Lemma [2.4] can be improved by way of Lemma [2.5] To this end, let
@, (t) := t” + a, t* log(e + t)
with @, = f a(z) dz.

Lemma 2.6. Under the same assumptions as Lemma there exist an Ry = Ry (|| Dul|zr(q)) > 0
and ¢ = c¢(data) > 1 such that

(]{9 @ (x,|Dul)'Te dx)
r/2

for any r € (0, Ry) with B, € Q.

1

< c@r(]{g | D dx) ,

s

Proof. Employing the self-improving property of Lemma we obtain

(]{32/2 <W(m’ ‘DUD)HE dx>ll? < C(fBT (u'/(x, |Du\))ﬁ da:)p+1. (2.5)

Note that

(d?(:r, \Du|)> T (|Du|” + (@r — ar + a(x)) solog(\DUI)) T

1

< |Du|7T + (@r + wa(r)) 7 %f (|Dul)) -

1
Since both t77 and @1’321 (t) are concave functions, by the Jensen inequality, we conclude that

(f, (#ipan)™ )™
< c(]{? | Du| 755 d:c)pH + c(ar +wa(r)) (]{? (wlog(lDul))ﬁ dm)pH
c<]{B |DU\dx)p+c(ar+wa(r))<plog(]{3 |Du|daz>

< c@r(]i | Du| dx) + cwq(r) golog(]i | Dl d;v) .

Let us take Ry = m with w,, as the measure of the unit ball in R™. For r € (0, Ry),
the second term of the right-hand side in (2.6) is estimated as follows:

wa(r)golog(]{} | Dul dx) = wqy(r) log (e —l—]ér | Dul dx) (fBT | Du| dx)p

+ wn || D )
Swa(r) log(e wL” U||L1(B7))Wr(f |Du‘dﬂ:>
B

/r-’ﬂ

< wq(r) log (M%) Ll:/r(]{3 | Dl d:ﬂ)
< CW,(]{BT | D dx) .

Combining (2.5)), (2.6) and (2.7, we obtain the desired estimate. O

(2.6)

IN

(2.7)
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3. COMPARISON ESTIMATES

In this section, we mainly perform the perturbation estimates between the original equation and
a local frozen problem over a sequence of concentric balls. For B, = B,.(y) € Q with r € (0, Ry)
and 0 € (0, 1/4), we write

Tj =#'r and Bj =B, (y) for j=0,1,2,....
Moreover, we denote @; and A; as the integral averages of a(z) and A(x) over B; with

a, :][ a(r)dr and A, :][ A(z) dx,
B, B,

J J

and introduce the frozen double phase operator lelj defined by
7 (t) :==t? +a; t” log(e + t).

By (2.1) we readily see that t}(t) ~ ¥;(t) for t > 0. First, we give two inequalities for ¥; which
is useful for the further analysis.

Lemma 3.1. For ¥, (t), we have the following results:
(1) For any &1,&2 € R™\ {0} and A satisfying (1.2), we have

Fi(|€1]a) B Wi (|€2a) IPRSS Tl (€] + 1€2]) e
¢ AR A Gl A& & — &) 2 Tl €1 — & (3.1)
(2) For any & € R™\ {0}, both Ay and Ay satisfying (L.2)), it holds
v _
| J(|§|A1)A1£* J(|§|A2)A2£|§Wj’(|§|)|A17A2‘, (32)

|£‘ Aq |£‘A2

where the constants of the inequalities depend only on p and K.

Proof. We begin with the proof of (1). Without loss of generality, we assume that |£1]a < |€2]a.
By (2.3) we have that

p p—1
<:§;:i) (piog(|£2|A) S @iog(|€1|A) S (:g;:i) (piog(‘£2|A)~

Combined with

1
() ekt < bl = ()" el

we conclude that

S10Y g1 (641) < (6l < (122 2 (6ol
2l |€2]a

Thanks to the mean value theorem, there exists a 6 € (p,p+ 1) such that

1/ 5 971 1/
Zill) = () Tlel
Then we have _
Wi ([€1]a)  Yi(162]a) B
( €1l A& 6l A& & — &)
!p/
= (Bl g, L USl) e i01p, ¢, ~ &) (3.3)
€219 E
!
= LQJA)O&&AA& — &5 AL & - &).
€2]%

On the other hand, it follows from [€2]a < |&2]a + [&1]a < 2|&2|a and that
Pi([6ala)  r(I&ala + [€2]a) W'(|§1| + |§2D
T
L (el +lel)’  (al+ )’
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Moreover, an algebraic inequality in [27] (2.27)] gives

91 01 -1 2
(6187 a8 — 657 6,6 - &) 2 (Jal +1&l) o - &l (3.5)
Combining (3.3)), we obtain the desired result (1).

We now turn to the proof of (2). Without loss of generality, we assume |£|s, < [€|a,. A direct
calculation yields that

Mmg ~ Mmg‘ < ‘(@J/’(HAI) _ @J{(m‘%)) A€+ M(Al —Ag)¢
|§|A1 |§|A2 ~ |§|A1 |£|A2 |£‘A2 (3 6)
G(€l) €L, - |
< J _ . 4 . —
~ ‘ 1€]a, €], €[+ 25(1€D) - [Ar — Ag-

For the first term of the right-hand side, we employ the mean value theorem and tLl:/j’.’ (t) = @j’ (t)
to obtain that there exists a z € (|€|a,, |€|a,) such that

Zi(lgla)  F(IEla) ) ‘Z@]"(Z) ~¥(2)
- =

1], 1€
It follows from (L.2) that [£]> ~ [£]3, ~ [€]Z,, by z € (|€]a,,|€]a,) which implies that

i(2)

22

“6‘&1 - |§|A2| (37)

|- 1€l = 1€lea] S

vi(z) €l — €] ~ wi(l€) [1€12, — 1€13, ]
22 7|§\2 €]ay + €],
~oEPR €]
v (1€])
< A <Ay — Aol
g 1Al
Let us put (3.7) and (3.8) together, to obtain
Iz ! _
|€|A1 |§|A2
We insert (3.9) into (3.6 to conclude the desired result (2). O
Let v; € u+ Wol’1 (%Bj) be a minimizer of the local frozen functional
f(Uj; %Bj) = /1 'jj(‘D’UﬂA) dx. (310)

2 BJ

Note that Dv; as a minimizer of the local frozen functional, which enjoys the higher integrability
governed by the boundary data, see [0, Lemma 4.3] or [5, Theorem 3.4]. More precisely, there
exists a constant ¢ = ¢(n,p, K) > 1 such that

1

(][éBj (iﬂ'(mvﬂ))l+s d‘%)ﬁ < C(][lBj (@‘(|DUD)1+E d;v) e (3.11)

with € as the same in Lemma 2.6
Next we give a comparison estimate between Du and Dv;. To this end, we introduce an
auxiliary vector field Vg (§) : R — R™ defined by

b = (DY

We immediately know that [V (€)[* ~ 7;(|¢]) for € € R™\ {0}; moreover, for any &1, &> € R™\ {0}
it holds '

(& ] +
Vg, (&) — Vg, &)~ M@ - &P, (3.12)

where the implied constant depends only on p, see [13, Lemma 2.4].
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Lemma 3.2. Let u € WH1(Q) be a local minimizer of the functional (L.1)), v; € quWol’l(%Bj) be

a minimizer of the local frozen functional (3.10), and v = @ If a(x) is log-Hélder continuous
as shown in (2.4) and A(z) satisfies (1.2]), then there exists a constant ¢ = c¢(data) > 1 with

5 B 2 _
][1 [V, (Du) = Vi, (Dvy)[* dar < o(a-(r) log(L)) (][ |Dul de).
3B; B

Proof. From the Euler-Lagrange equations of functionals (1.1) and (3.10)), respectively, we use
¢ =u—uv; €Wy (3B;) as the test function to have that

' (z,|D
/ (P ADus) 4 . Du— Du,)da = 0,
iB | Dula

227

! (| Dv;
/ <MADUJ-, Du — Dv;)dz = 0.
1p,  [Dvjla

27

It follows from (B.1)) of Lemma [3.1] that

¥ (|Du| + |Dv;
B gy,
15, 1Dul + D]
U (| Du ¥ (|Dv;
Sc][ <M U—MAva,Du—va>dx
i, |Dula [ Dvjla

v — ———=ADu, Du — va> dx

U (| Du /4 D
:C][ < ](‘ |A)AD (CL’,| u|A)
1g; " |Dula |Dula

<cf o) - a;| [DuP " tog (e + [Dul) [ Du ~ Doy do.
iB

2723
By the Young inequality with € > 0 to be chosen later, we deduce that

f W;(| Dul + [Dv,|)
15,  |Dul+[Dujl

|Du — Dvj|* da
S][ la(z) — a;| |DulP~* log(e + |Dul|) |Du — Dv;| dx
3B;

B+232
< C][;Bj la(z) — & (|Du\ n |va\) log(e + |Dul) | Du — Dvj| dz (313

p 2
<cof o)~ o (1Dul +1Dv))” (1oste + D))" de
1p.

277
p—2
+ ef <|DU|+|DUj|> |Du — Dvj|* da
3B;
= C¢ Il -+ 6]2.

To estimate I, we employ the Holder inequality and Lemma [2.1] to obtain that

I, < (]{B la(x) *@W@ d:z:);“(][lB (‘Du| + |va|)
227 1B,
<l (o ()" (£, (om0 )
2(]153 (jj(lDuD>1+€d.T>ﬁ

p(2+e) 2

(log(e + \Du|))2+€ dm) o
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where we used Lemma [2.6]in the last inequality. For I, it is obvious that
V! (|Du| + |Dv;
Iggc][ j(Dul +[Dv;) |Du — Dv;|? dz.
v, IDul+ Doy

Let us now insert the estimates of I; and I5 into (3.13)), and pick € small enough so as to absorb the
term el into the left-hand side of (3.13]), then we conclude the desired estimate from (3.12). O

In what follows, we introduce the local limiting frozen functional. Let w; € v; + VVO1 1 (%Bj) be
a minimizer of the local functional

F(wy; 1B)) ::[B @; (|Dwjlz,) dz. (3.14)
1B;
It is obvious that the minimizer w; also has the higher integrability governed by the boundary
value. To be concrete, we have

1 1

( f 5 (BDwy)) " dz) ™ 5 ( . (7, (Do) dr) ™

1 e 1 (3.15)
(4 (#(pu)) )™

where ¢ is the same as in Lemma Moreover, by considering w; as the minimizer of frozen
functional with constant coefficients, it enjoys the local gradient Holder continuity, for detail see
[7, Lemma 4.2].

Lemma 3.3. Let w; € Wt (Bj) be a minimizer of the limiting frozen functional (3.14) with
A; satisfying (1.2). Then there are positive constants o = a(n,p) € (0,1), ¢1 = ci(n,p) and
71 = 711(n,p) such that

oscrp; Dw; < C17'a][ |Dw; — (Dw;)g,|dx  for any T € (0,71). (3.16)
B;

We are now in a position to present the comparison estimate between Dv; and Dw;. More
precisely, we have the following lemma.

Lemma 3.4. Let v; € u+ Wol’l(%Bj) be a minimizer of local functional (3.10), w; € v; +

Wol’l(iBj) be a minimizer of limiting functional(3.14)), and v = @ If A(z) satisfies (1.2)),
then there exists a constant ¢ = c(data) > 1 with

]{B_ Vi, (Do;) — Vg, (Duy)|* dar < c(@M(rj))zﬁj(]g (Dul ).

Proof. We use ¢ =v; —w; € Wol’1 (%Bj) as the test function to the Euler-Lagrange equations of

functionals (3.10) and (3.14)), respectively, to conclude that

! (|Dv,
/ <MADU]‘, D’Uj — ij> dr = 0,
1, " |Dvjla

]

U (|Dw;lz ) _
/ <J(|7J|AW)AJ-ij,va — Dw;)dz =0.
1B; |ij|1&j

By (3.1) we have that
][ Zi(|Dv;| + [Dwy))
ip

2
Doi| + [Dw)| |Dvj — Dw;|* dx
j j

1B;
U (|Dv;lz ) - U (| Dw; |z

][ (] ]‘A_)AjDUj_ (1Dwjlg,)

1B; | Dvjl,

][ W}(IDW\&)&DU (| Dvjla)

1p, " [Dvilg, 7T [Dyjla

D, ;. Aijj,va — ij> dx

ADUj, D’Uj - ij> dx.
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By (3.2 ., tw/ @ (t) and the Young inequality, we obtain that

7! (|Dv;| + |Dw;
OB DD g,
BJ

|Dvj| + | Dwj|

= C][l Wi (|Dv;| + [Dwjl) |A; — Al |Dvj — Dw;| dz

1B

1/2 (0 (| Duj| + | Dw,[) \ 1/2
Sc]é A, A|( (\Dv]|+|Dwy|)) (J|va|ﬂ+|ijlf) |Dv; — Dwy|dz  (3.17)

4
<cf V- AP (B0Du) + B(Dw,))) do
1B;

}][ V(| Dv;| + |Dwy))
4 Jip, [Dvj|+ |Duwy]

|Dv; — Dw;|? dz.

To estimate the first term of the right-hand side, we employ the Holder inequality, (3.15) and

(3.11) to show that

1A= AP (2,0Du) + B,(Duy))) da
BJ
2+e 2

(][ iy =2 ) (f (D) T )™
+c(]€ A, — APES dx);“ (]{Bv(@j(pwﬂ))%s dm)ﬁf (3.18)

4 4

24

< c(@,wm? (4 (m0u)

< C(@Aﬁ(rj))Q v, (]ZBj | D d:c>7

where we used Lemma, in the last step. Putting (3.18]) into (3.17), we obtain the desired
estimate in accordance with (3.12)). O

With Lemmas [3.2] and [3.4] in hand, we devote the following to the comparison estimate between
Du and Dw; in the L' senses. Let

T(p) = @a(p) + @a5(p) log(3).

Lemma 3.5. Let u € WH1(Q) be a local minimizer of the functional (L.1), and w; € v; +
Wyt (+B;) be a minimizer of the limit functional (3.14). If a(x) is log-Hélder continuous as (2.4)
and A(z) satisfies (1.2), then there exist a constant ca = co (data) > 1 such that

][113 |Du—ij|daJ§cz(T(rj))# ][ |Du| dz.

127 J

Proof. Note that the Young inequality yields

1Du— Duy| = (7(5) (1Dul + 1Dwy)) - (70) (10ul + 1Dy ) 1D Dy

< 3 (r0r5) (1Dul +1Dwyl) + (Yry) (10wl +1Dwy ) 1Du— D)
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By W;(t) ~ tWj(t), then we conclude that

7;(|Du — Dw;|)

< cQ_/j’(|Du| + |ij|) |Du — Dwj|

< cLZ_/]’(|Du| + |ij|) (T(rj) (|Du| + |ij|) + (T(rj) (|Du| + |ij|))71|Du — ij|2> (3.19)

1 u:/j’(|Du| + |ij|)
|Du| + [Dw,|

= o(T(ry)Z;(1Dul + |Dwy]) + (1)) |Du = Duy ) .

For the second term of the right-hand side, by (3.12)), Lemmas and we deduce that

f 7} (| Dul + | Dw;|)
1p, |Dul+ [Duwy

|Du — Dw;|? dx
123
< c][ |V@J.(Du) - Vg, (ij)’2 dx

1
4=

(3.20)
Sc][ |V@]_(Du) —V@J,(va)|2dx—|—c][ |V@J,(va) —V@J,(ij)|2d1:
15; 1B;
2 —
<c(T(ry)) Ll7]<][ | Dul dx).
B
We integrate (3.19) over B;, and use (3.15) (3.20) to obtain that
][ ¥, (|Du — Dw;]) da < cT(rj)][ ¥; (| Du| + |Dw;|) dz
1B; 1B
_ ¥ (|Du| + | Dw;
+¢(T(ry)) 1f (1wl £ | j|)\Du—ij|2 dz
15, |Dul+ D, o)

<) f, (D) do T () 5 ( f

1B, B

< X (r;) ¥, <]{9 | Dul da:),

We used Lemma [2.6]in the last inequality. Since Y(r;) < ¢ due to the boundness of A and (2.3,
we employ the Jensen inequality, (3.21)) and (2.2) to have

Wj(]éBj |Duwaj|dx) S]{B

| | Dl dx)

¥;(|Du — Dw,]) da

J

< Y (r;) ¥, (fB | Dul dw)

J

_ 1
<Y, (C(T(Tj)) s ][ | Dul dx) ,
B;
which yields the desired estimate in accordance with the non-decreasing property of @j. O

On the basis of Lemma [3.5] we give a decay estimate of the energy functional.

Lemma 3.6. Let u € WH(Q) be a local minimizer of the functional (L.1)). If a(x) is log-Hélder

continuous as shown in [2.4) and A(x) satisfies (1.2), then for any 6 € (0, min{1,71}) there exists
cs = c3 (data) > 1 such that

][ |Du — (Du)p,,,|dx < c3 <9a][ |Du — (Du) ;| dx + 9‘"(1‘(73—))ﬁ ][ | Du| dx) .
Bj+1 B j

J BJ
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Proof. Note that
][ |Du — (Du)p, | dz
Bj+1

§2][ \Du—(ij>Bj+l|d:17
Bjt1

< 2][ |Du — Dw,|dz + Qf |Dw; — (Dwy) g, | dx (3.22)
Bji1 Bjt1
< 09_"][ |Du — Dw,| dx + c@a][ |Dw; — (Dw;j)1p. |dz
1p. 1B, 47

] ZBJ
SG”LJ[ \Du—Dwﬂdw—!—c@a(f |ij—Du|dm+][ \Du—(Du);B,|dx),
15; 1B; 15; o
where we used Lemma in the third inequality. By confining 0 < 6 < i we obtain that

][ |Du—<Du>Bj+1|dm§C(9*"][ |Du—ij\dx+ct90‘f |Du — (Du)1p | dx
Bjt1 1Bj 1B;

< c@‘"(T(rj))"%f \Du|dm+c€a][ |Du — (Du) g, | dz,
E B;
where we used Lemma 3.5 in the last inequality, and we complete the proof. O

In the sequel, we show a comparison estimate between Du and Dw; so as to be used to prove
the iterating decay of Du.

Lemma 3.7. Let u € W1(Q) be a local minimizer of the functional (L.1)), and w; € v; +
Wol’l(iBj) be a minimizer of the limit functional (3.14]). Assume that a(x) is log-Holder contin-
uous as shown in (2.4) and A(x) satisfies (1.2). If for A >0 and A > 1 one has

%g inf |Dw,| and ][ \Dul dz < A, (3.23)
B;

1
iBj+1

then there exists ¢ = c¢(data) > 1 such that

]{B.H |Du — Dw;|dz < c§ AP T (r;) A.
47

Proof. By (3.15)) and Lemma [2.6] we have

@(J[ | Dwj| d:zc) S][ @; (|Dw;l) dv < c&f/j(f |Dul dx) ,
1B, LB, B,

47

which follows from ([2.2)) that

][ |Dw,|dz < c][ |Du| dz . (3.24)
ip. ]

4= J

Therefore, by the Young inequality and 0 < 0 < % we obtain that

1 Du — Duw,|?
][ |Du—ij|dx§T(rj)][ (\Du|+|ij|) dx—|—7][ de
1Bi+1 i i Bj+1

1B, T(rj) |Du| + |Dwj|
1 Du — Dw;|?
< c@‘"T(rj)][ |Du| dx + f | Du | dx
; T(rj) Jip,,, [Dul+ |Dwjl

_ 1 |Du — Dw, |?
< BT (1) + —][ 12U = DO g,
! T(rj) Jip,,, |Dul+ |Duwj]

(3.25)
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To estimate the second term of the right-hand side, we notice that
(1 Dwl) _ #(1Dul + |Duwy)
— — — !
i(A/A) A=Pwi(N)
in 1B, because of (3.23) and (2.3). Then we employ (3.20) to obtain that

][ |Du — Duw; |? dm<][ (| Dul + | Dwjl) | Du — D, >
1, |Dul+Dw;| 7 Jap,, ATPEN) [Dul + [Dwjl

dx

O~ AP @/(| Du| + [ Dwy))
< — ! Du — Dw;|?d
Sy 1, Dul + [Dwy| D0 Pl d
" AP . (3.26)
< =L ) )
<y 1) wj(]{% Du d)
cO~ AP 9 -
< ——(Y(r;)) W (N
GRS

<A (Y ()%,
where we used @j()\) ~ )\@J’»(A) in the last step. By inserting (3.26) into (3.25)) we complete the
proof. O

With Lemma we are able to show the iterating decay associated to Du

Lemma 3.8. Let u € WHY(Q) be a local minimizer of the functional (L.1)). Assume that a(z) is
log-Holder continuous as (2.4) and A(x) satisfies (1.2)). For a given A > 1, if there is a positive
constant 01 = 61(data, A), such that for any 6 € (0,601) and A > 0 it holds

A 037 \ p+1
- S][ |Du| dx ][ |Du|dx <X and Y(r;) < (—) , (3.27)
A Bjt2 Bj c2AA
then there exists a constant ¢f = cf(data, 0, A) > 1 such that
][ |Du — (Du)p,,,|dz < ¢4 Ha][ |Du — (Du)p,,,|dx + 1T (r;) A
Bjt2 Bjt1

with ¢4 being independent of 6.
Proof. Let us use Lemma [3.5] to obtain that

][ |Du — Dw,|dz < 972"][ |Du — Dw,| dz
Bjt2 1B;

4

<™ (T(Tj))ﬁ ][ |Dul| dx

A
<
— 2A

with the last inequality because of (3.27). Therefore, by J%j“ |Du| dx > % as in (|3.27]) we conclude
that

sup |Dw;| 2][ |Dw, | dz
j+2

iBi+1
2][ \Du|da:—][ |Du — Dw,| dx
Bj+2 Bj+t2 (3.28)
A
Z*—][ |Du — Dw, | dx
A Bjt2
A
2N

>
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On the other hand, let us confine 0 < #; < 7 and cf* < ﬁ with 71 as in Lemma For any
0 < 6 < 0y, then by (3.16) and (3.24]) we obtain that

A
’ 0sc Dw]| < 090‘][ |Dw,|dz < c@o‘][ |Du|dz < N < —, (3.29)
1BJ+1 %B]‘ j 4A
where we used f, |Du|dx < X in (3.27) in the last second inequality.
Let us put (3.28) and (3.29) together, to obtain
A A A
gﬁl |Dwj| > 1SBu]]il |Dw;| — | os7c1ij’ TR (3.30)

According to the validity of (3.27) and (3.30)), we use Lemma to obtain

][ |Du — Dwj|dx < c07"AP T (r;) A
TBit1
Finally, we employ the same approach as in (3.22)), to conclude that

][ |Du — (Du)p,,,|dx < c@”Lf |Du—ij|dac—|—ct9°‘][ |Du— (Du)s1p, ., |dx
Bjt2 iBj+1 o

1
1Bj+1

Sﬁ”%@fﬁﬂk+ﬁ“f’ |Du = (Du)1p, | d,

i Bj+1
which yields the desired estimate. O

4. PROOF OF MAIN RESULT

In this section, we prove the continuity of gradient to the local minimizers of the functional

(1.1) by imposing DMO condition on a(z) and A(x) as in (1.3)). First, we show a control relation
by an integral to the DMO assumption on a(z) and A(x) in (1.3]

Lemma 4.1. Let r; = 6ir for 6 € (0,1/4) and j =0,1,2,.... If both a(z) and A(x) are imposed
on the DMO assumption as (1.3), then there exists ¢ = c3(data,0) > 1 such that

e 2r
. dp
S 1 <a | 1)L (4.1)
— 0 P
Proof. A direct calculation yields that

dp j/ 1, dp j[QT_ 1, dp
§ p)l + log (=) —
/0 s Wa,(p) log ( ) P g Wa,~(p) log (p) P

2r
d (4.2)
+Z 70 L+ [ ) L

Ti+1

fh+b+g+h.

For Iy, let p € (1j41,75), and for any y € Q we obtain that
/v 1/~
(f 0 @a,nal de) " < f la~ (a)s,00]" do)
Bj11(y)NQ Bjt1(y)NQ
1 1/
(T / la — (a)B,nal” dm)
T B,(y)NQ

J+1

—ny/ 1 1/~
<ch (—n / la —(a)B,nal” dw) ,
P JIB,(y)NQ

(VAN
o

which follows from Definition of @, , that

Bayy (141) < 07 @y (p). (4.3)
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Then we obtain that

1, d s Ly (7 d
Z/ @a(p)l0g (=) L > e Z‘I’aw(rﬂl)l‘)g(f)/ -
. plp r

j—O "3 i1 P

1 1
= ch~ Zwayrjﬂ)log( )log(e)

j=0 Ti
Since 0 < 6 < 1/4, a simple calculation yields that

log (r—lﬂ) =log (%) + log (%) < 2log (%)log (%) (4.5)

Together with ) and @, we arrive at our first claim

1, dp "o 1
Z/Tﬁl Wa,~(p log( )? > ch~ Zwaﬁ(rﬁl)log(r

=0 i+

). (4.6)

For Iy, by the same argument as (4.3, we see @q () < cwq~(p) for p € (r,2r), which implies

that ) )
" 1, dp N 1 "dp
Wa,y(p)log (=) — = cwq (1) log / -
| wunlo o8 () %L > i rtog (5) [ -
1

> Cq,(r) log (;) .

For I3, we also have wa ~(1j4+1) < = Wy ~(p) for p € (rj1,7;), which implies that

Tjd
5[ o2t w2
Ti+1

j=0 rit1 P

2= _ 1
=7 D@y (rje1)log (5) (4.8)
j=0
> @ay(rje1).
=0

For I4, we obtain that wa ,(r) < cwa ,(p) for p € (r,2r), and it yields

2r
d
| @nlo) 2 2 o) (19)
Finally, let us put (4.6) (4.7) (4.8) and (4.9) into (4.2)), to attain that
2r
dp
T(p)—
| ey
1
> ch Zwav rJH)log( 1) + CWq (1 )log( ) + e~ ZwAA, (1j41) + cion(r)
j=0 Ti+ j=0
> cf5 ZT(rj),
§=0
which completes the proof. O

We now show the local gradient boundedness to the local minimizer of the functional (1.1f).

Theorem 4.2. Let u € WH(Q) be a local minimizer of the functional (1.1). Assume that a(z)
and A(x) satisfy (1.3) and (1.2). Then there exist ¢ = c(data) > 1 and R = R(data) > 0 such
that for r € (0, R) with Ba, € 2 one has

| Dul o (B,) < c][ |Du| dz. (4.10)

27
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Proof. Let y € B, be the Lebesgue point of Du. To specify some constants, we let A = 100, and

0= nin {or, (52) " ()} (a.11)

where #; = 6, (data, A) as in Lemma|[3.8] By Lemma [4.1] we choose R > 0 sufficiently small such
that for any r € (0, R) one has

00 2R 3n 4n 2n
dp ) 0 p+l /0 p+l ¢
N < of < — 0. .
;}T(T‘j) <d ; T(p) > = mm{<10002) ; (40003) ) QOCT} (4.12)
Let
A= 2009_2"][ |Du| dx,
and
of ::][ | Dul| dz + 9*2”][ |Du — (Du) g, | dz. (4.13)
B; Bj

We prove our main result using the exit-time method. To this end, let us define

A
I:={jeNu{o}:C; < %},
We see that J # () because {0} € J. First, if J is infinite, then we can find an infinite subsequence
of {C;}, denoted by {C;}, such that C; < % for all i € NU {0}. Let ¢ — oo, by the Lebesgue
differentiation theorem we obtain that

|[Du(y)| < liminf][ |Du| dz < liminf C; < i < cf |Du| de, (4.14)
Bi(y) 100 50 B (y)

71— 00

which makes (4.10]) true.
Otherwise, we next consider that J is finite. Let j,, = maxJ be the exit time, by the definition

of J we see that

A

Cinm = 55

A
< and C; > =0 for j > jm + 1. (4.15)

7

We set
aj =|(Du)p,| and E; :][ |Du — (Du) ;| d.

B;

In what follows, we use the method of induction to show that

a; +E; <X for j > jn. (4.16)
In the case of j = ji,, it is obvious that a; + E; < C;,, < 2 < A. Assume a; + E; < X for all
j € {jm,--.,k}, we prove that ari1 + Fry1 < A. To this end, by the elementary calculations we
have that
ap4+1 = |<Du>Bk+1 - <Du>Bk + <Du>Bk - <Du>Bjm + <Du>Bjm|

g][ |Du—<Du>Bk|dm+---+][ \Du—(Du)Bjm|dx+][ | Dul da
Bry1 Bjm+1 Jm
OB+ +0E; 41+ Gy, (4.17)

k
=60 > Ej+Cj,.

J=jm+1
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To estimate 67" Z] —j+1 By, let us verify Condition (13.27) of Lemma Applying Lemma

to E;42 repeatedly, together with ¢362* < 5l in (4.11)) we obtain that
Ejo
Jj+1 .
< (ca)?U2IE, e S (T(ri))m][ | Dul dz
1= =Jm z
J 1 1
< (30)%°E;, +c39—"( 3 (X)) ][ |Du|dx> +esf " (Y (rj)) 7 ][ | Dul dz
1=Jm Bi Bj+1 (418)

IN

E. J 1 Pt
o a0 (3 (X00) ™ |Dulda) + a0 (1(ry0) 7 Duldo

i=jm i i

< a0 3 () + () 7T) £ 1Dula.

200 — ;
P=Jm g
Since \
E;, <6C; < 92”% (4.19)
from and - Moreover,
J X e
36" Z ((T(Ti))ﬁ + (Y(rig1))” 1)
3=im (4.20)
e L Con [ T 02
S 2039 ; (T(TZ)) S 2039 (;T(Tl)) S %
because of ;
|Du|dx < a; + E; <X fori € {jm,...,k} (4.21)

from the assumption of induction. Then we put (4.19)) (4.20)) (4.21) into (4.18) to derive that

5 <92n/\+02n/\<92n/\
TF2=7200 7 200 <100
which follows from Cj o > £ that

for j € {jm,... .k},
A A
Duldz = —O0 B > - >-" forje {jm,...,k} 4.22
I R LA N (e

Inequalities (4.22) (4.21) and (4.12) ensure the validity of Condition (3.27)), then we employ
Lemma [3.§] to obtain

1 . . .
Ejio < ZEjJrl +Y(rj) N for j € {jm,..., k},
where we used ¢,60* < 1/4 in (4.11). This implies that

k42 k+1
Z E; < . Z E;+ci A Z Y(r;).
J=jm+2 J =Jjm+1 J=Jm
We add Ej,, +1 to both sides, and use Cj,, < % in and cj ZJ 0o X(r;) < in (£12) to
obtain that
k42 k41 k
> EjS > Ej+Ej 1+ > ()
J=gm+1 J =Jm+1 J=Jm
k+2 k

1

IN

> Ej+20"C, +ciA Y] T(r))

i=im+1 =im
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k+2

1 A A
- Ei+_—0"+_—0"
~ 4 Z 1T 50% T
J=jm+1
Thus,
k+2 \
>, B (4.23)
j=im+1
which implies that Ej41 < 3. Let us now put ([£.23) into (£.17) to deduce that

< A Lo < A N A < A

a = ; S+ =<z

ML= T = T 50 < 2

This makes (4.16]) true for any j > j,,, and it follows from the Lebesgue differentiation theorem
that

|Du(y)| < lim inf][ |Du| dz < liminf (aj + Ej) <A< c][ | Du| dz, (4.24)
7772 JB;(y) Jroe Br(y)
which completes the proof. O
Proof of Theorem[I.3 Let Qy € ' € Q and dist(Q, Q) = dist(,Q) = 1dist(Q0,Q). By
Theorem [£.2] we see that Du is locally bounded in €, and denote

It suffices to prove that (Du)p, () for fixed point y € € is a Cauchy sequence in r, which means
that for any € > 0 there is a radius R, < dist{Qq, 2}/8 such that for any p1, p2 € (0, R.] one has

EA
(Du)B,, (y) — (DWB,,w| < 3 (4.26)

Let p1 = R, p2 — 0 we obtain

P\
|(Du) B () — Du(y)| < 3

In accordance with the absolute continuity of the integral in B,.(y), we see that y — (Du)p, ()
is continuous, and find a small R, € (0, R,) such that for |z — y| < R, one has
€A

(DU B, (2) = (DWW B, )] < 5

which leads to
[Du(x) — Du(y)| < [Du(z) — (Du) By, (o) + (D) B, () = (D) B, (9| + (D) By, () — Du(y)]
< e
To prove (Du)p, () is a Cauchy sequence, we divide this into two steps as follows.

Step 1. VMO type estimate of Du. It suffices to prove that for any € € (0, 1), there exists an
re € (0,1/4) such that for ¢ > 2 one has

]i |Du — <Du>Beir€ |dx < eA. (4.27)
Olre
Let A = 2% and 6; = 6;(data, A) as in Lemma We choose
1/a
6 = min {91, (é) } (4.28)
By Lemma [4.1] we can take r. sufficient small such that
x 2r 3n 2n
¢ d 0 +19
S 1)< / 1) 2 < mm{( ¢ )p , i}. (4.29)
= 0 p 200c, 200c]

We set r; = 0'r. and B; = B, fori=0,1,2,..., and
€A

500 (4.30)

]I::{QgiEN:][ |Du| dz <
B;
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If ¢ € I, then we obtain that

2e\
][ |Du — (Du) ;| dx < 2]1 |Du| dx < =2 e
5, 50 200
Otherwise, if i ¢ I, by (4.30) and ( we see that

_][ |Du|dx and ][ |Du|dx < A,
200 B,

which combined with (4.29) just meets Condition (3.27)), then we employ Lemma to obtain

][ |Du — (Du)p,|dx < 0490‘f |Du — (Du)p, ,|dx + ;T (ri—2)A
B; Bi_1

S 264 0\ -+ CTT(T»L‘_Q) A

Since 2¢460* < 5 is confined in and ¢ (r;—2) <ein , we obtain that ( -
Step 2. Cauchy sequence of (Du> B, for k> 3. More premsely, we prove that

|(Du)p, — (Du)p, | < % for 3 <k < h with k,h € N. (4.31)

By the VMO type estimate of Du, it yields that there exists a new r. € (0,1/4) such that for any

4 > 2 it holds
f"e
Du— (D ) < —\. 4.32
]ii' w— (Du)p, | do < 20N (4.32)

We denote

00, for I =0,
with T as in (4.30]). Let us consider the proof of (4.31]) in three cases.

Case 1. k < h < i,,. By (1.30) and (4.25) we see that
€A
200 —

Employing Lemma together with 2¢460“ < % i , we obtain that
h—1
2][ |Du — (Du) g, | dz:
: B;

<y Z |Du— (Du) g,

) {min]l, for T+ 0,
T

][\Du|dx and f |Du|dz < X forie{k,...,h—1}.
Bi_2

h—3
A 1)

i=k—1 1=k—2
1 h—1 1 h—3
<33, Pu- Dumldrs 5 f DU Dualdet iy 3T
which yields
h—1 h—3
Z][ \Du — (Du)p, | de g][ Du— (Du)p, ,|dz+267 3 1),
i=k” Bi Bp-1 i—k—2

We use (4.32)) and (4.29)) to obtain

Ome 0me O"e
Z][‘|Du7<Du>Bi dx _%)Hr%)\_ 4O>\

Therefore,
h—1

‘<Du>Bk - <Du>Bh’ < Z ’<Du>51 - <DU>B~;+1|
i=k
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h—1
€A
<o Du — (Du)p,|dz < —.
< Zk]é| u—(Du)p,|dr < 72

Case 2. i, < k < h for i,, < co, we claim that

€A
< a0
— 20

A
’(Du>3k|§;—0 and |(Du)p,

EJDE-2026,29

(4.33)

which obviously leads to (4.31]). It suffices to prove the first inequality of (4.33)) in the following,
since the second one can be obtained by the same way. In fact, if k£ € I, it is true obviously. If

k ¢ I, we can find kg € I satisfying 4,, < ko < k and {ko+1,...,k} NI = (. In particular, we have

A
200 —

By Lemma 3.8 with 2c46® < 1 as in ([£.28)) we obtain that

k
2]{3_ |Du — (Du)g, | dx

<][ |Du|dz and ][ |Du|dx < X forie{ko+1,...,k}.
B; B2

i=ko
k
=S ]l |Du—(Du>Bi\dx+][ |Du — (Du)p, | da
i=ko+17 Bi B
k—1 k=2
< ey Z][ |Du — (Du)p,| dz + ¢ A Z Y(r;) +][ |Du — (Du) g, | dx
i=ko” Bi i=ko—1 Brg
1< 0" 0"
<3 Z]éi [Du— (Du)p, | do + SooA+ 550,

i=ko

where we used (4.29) and (4.32)) in the last inequality. Hence

k
"¢
Du— (D Jde < —A\
Z][BL| u < U>Bz 1'740 )

i=ko

and

’<Du>Bk‘ < |<Du>Bk0 - <Du>Bk’ + |<Du>Bk0|
k—1

<> [(Du)p, = (Du)g, ., | +]l |Dul da
i=kho B,

: €A €A
<o Du — (Du)p,|dx + — < —.
= Z;]é' u (Duls e+ o55 < 5

1=K0

Case 3. k < i,, < h for i,, < 0co. From Case 2 with h > i,, we obtain

€A
|<Du>Bh < %a
and by Case 1 with k < 4,, one has
€A
’<Du>Bk - <Du>Blm| < 40

Then we conclude that
€A P\

EA
|<Du>Bk| < |<Du>Bk - <Du>31m’ + |<Du>31m| < E + % < %7

which yields (4.31) as Case 2. By combining Cases 1-3, we obtain that {(Du)p, } is a Cauchy

sequence.
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P2

Finally, we prove (4.26]) in the continuous way with respect to the radius p. For any 0 < p; <
< 037, there exist two integers k, h > 3 such that 8*+1r. < p; < 0Fr, and "1, < py < Or..

By (4.32) it implies that

|(Du)p, — (Du)p,, | S][B |Du — (Du) g, | d

P1

. (ekre)"]{gk \Du — (Du)p, | dz

P1
0™ 2
<O —A= —.
- 200 200
By the same reasoning, we also have
EA
‘<D’U/>Bh - <D'U/>Bp2 S %

It follows from (4.31)) that

[(Du)p,, — (Du)s,,| < |[(Du)p, — (Du), |+ |(Du)p, — (Du)p, |+ |(Du)p, — (Du)s
€A €A €A < €A

10 7200 T200 =73

e

<

Let R. = 63r, then (4.26)) holds for p1, p2 € (0, R.) and y € Q. This completes the proof. O
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