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EXISTENCE OF SOLUTIONS TO PERTURBED CRITICAL BIHARMONIC
EQUATIONS WITH HARDY POTENTIAL

QI LI, YUZHU HAN, JIAN WANG

ABSTRACT. This article studies a perturbed critical biharmonic equation with Hardy potential.
The main challenge arises from the combined effects of critical Sobolev nonlinearity and singu-
lar Hardy potential, which induce a double loss of compactness in the variational framework.
Through delicate analysis of fibering maps and the mountain pass lemma, the existence of at
least one nontrivial mountain pass solution is obtained under appropriate growth conditions on
the nonlinearity.

1. INTRODUCTION

This article concerns the biharmonic elliptic problem

|9 u 2% 9
= |ul u+ f(z,u), x€Q,

|[®
U= Ou =0, x€d,
on
where Q C RN (N > 5) is a bounded domain containing 0, with smooth boundary 9%, 2 < ¢ <
2%*(s) := % < 2% = % for 0 < s <4,2<q< 2" for s =0, A\ is a positive parameter,
A? is the biharmonic operator, and f(z,t): Q x R — R is a continuous function and is odd with
respect to ¢t which satisfies the following two assumptions:

AZy -\
(1.1)

(A1) limy_,o+ f(f’t) 0 and lim;_, 4 o0 tzgff ) — 0 uniformly in z € Q;

(A2) there exists a constant p € (q,2**) such that 0 < pF(x,t) < tf(x,t) for all x € Q and
t € R\{0}, where F(z,t) fo x,7)dr. This condition is usually referred to as the
Ambrosetti-Rabinowitz superhnear condition.

From (A1), we observe that, for any € > 0 , there exist C;(e) > 0, (¢ = 1,2, 3) such that

|f(z, ) <et> L4+ Ci(e)t, zeQ, tER, (1.2)

|f(z,t)] <et+Co(e)t? Y, zeQ, teR, (1.3)
1 -

|F(z,t)] < 55752 +Cs(e)t*, xz€Q, teR. (1.4)

As a consequence of (A2), one sees that there exists a constant C' > 0 such that
F(z,t) > Clt|P, ze€Q,teR. (1.5)

It is worth mentioning that there are many interesting works on nonlinear elliptic problems
with critical exponents. Among the huge amount of literature, we refer the interested reader to
[1, 2, [7, [16], 19, 24] 25] and the references therein. A fundamental challenge in these problems stems
from the loss of compactness caused by critical Sobolev exponents, which has been extensively
studied in the seminal works cited above. For instance, Bernis et al. [3] proved that problem
with s =0, 1 < ¢ < 2 and f(x,u) = 0 has infinitely many solutions for some A > 0. In

2020 Mathematics Subject Classification. 35J35, 35J91.

Key words and phrases. Biharmonic equation; critical exponent; mountain pass lemma; Hardy term.
(©2026. This work is licensed under a CC BY 4.0 license.

Submitted April 6, 2026. Published April 28, 2026.

1



2 Q. L1, Y. HAN, J. WANG EJDE-2026/30

[15] we studied problem with ¢ = 2, s = 0 and f(z,u) = pulnu?, obtaining existence and
nonexistence results under appropriate parameter assumptions. Later, Zhang et al. [23] weakened
part of the existence condition and specified the types and energy levels of solutions. Feng and
Su [8] established existence of ground state solutions for the critical biharmonic equation using
generalized Lions-type theorems.

Beyond this classical difficulty, singularity constitutes another core challenge in the study of such
equations. For instance, singularities arising from the nonlinearity itself have been investigated
systematically. Li et al. [13 [14] studied elliptic equations with strong singularity, namely the v~
term. Their work provides a necessary and sufficient condition for the existence of weak solutions
and proves uniqueness under appropriate conditions.

Another important class of singularities emerges from the differential operator, particularly
through Hardy-type terms |u|‘;j“ which exhibit singular behavior at = 0. These terms present
significant analytical challenges in variational frameworks and have motivated considerable re-
search activity, especially for biharmonic problems with critical Sobolev growth. For example, for
the case ¢ = 2, Kang et al. [9] considered problem with A < Ag2 (see below), 0 < s <2
and f(x,u) = 0. By using the Sobolev-Hardy inequality and variational method, they showed that
problem has at least one nontrivial solution when N > 8 — s. Later, Li et al. [I2] generalized
these results by investigating problem with A > 0, 0 < s < 4 and f(z,u) = f(z). They
proved that there exist at least two nontrivial solutions when the norm of f is appropriately small
and the parameters satisfy certain conditions. Chen and Chen [5] investigated critical biharmonic
problems involving Hardy-type singularities, establishing existence of multiple normalized solu-
tions including ground states and excited states. Yu et al. [22] studied the critical p-biharmonic
equation with Hardy potential, proving existence of ground state solutions via the Nehari manifold
method. Su and Shi [I7] investigated critical biharmonic equations with Hardy potential coupled
with an additional p-Laplacian term in RY, and established the existence of ground state solu-
tion. The interplay between Hardy terms and critical growth reveals particularly rich phenomena.
D’Ambrosio and Jannelli [6] studied problem with ¢ = 2, s = 4 and a linear perturbation
term f(x,u) = pu. Their seminal work identified a striking critical phenomenon: there exists a

threshold value A such that when the Hardy coefficient exceeds this value, solutions exist only for
# bounded away from zero, while non-existence occurs for sufficiently small p.

Despite these advances, several fundamental challenges persist. The main difficulties stem from
the combined effects of critical Sobolev nonlinearity and singular Hardy potential, which cause
a double loss of compactness in the variational setting. This becomes particularly acute when
considering general nonlinear perturbations f(z,u) that depend on both spatial variables and the
solution itself, especially under superlinear growth conditions. Motivated by the aforementioned
works, it is natural to consider the existence of weak solutions to problem with ¢ > 2 and
general nonlinearity f that depends on both x and the unknown function .

In this paper, the above difficulties are overcome by combining a careful analysis of the fibering
maps of the energy functional associated with the problem with the Mountain Pass Lemma [I§]
and Brézis-Lieb’s lemma [4], and a mountain pass type solution to problem is obtained. Let
us explain our strategy in a more detailed way. When 0 < s < 4, with the help of Brézis-Lieb’s
lemma, we prove that the energy functional associated with problem satisfies the (PS).
condition for ¢ < ¢(S) (Lemma [3.5). Then, after some careful estimates on the norms of the
truncated Talenti functions, we show that the energy functional has a mountain pass geometry
around 0 and that the corresponding mountain pass level is small than ¢(S). Finally, on the basis
of the above two steps, a mountain pass type solution to problem follows from a standard
variational approach. When s = 4, by introducing an equivalent norm in Hg(2) (Lemma and
applying a variant of Brézis-Lieb’s lemma, we can also show that the energy functional satisfies
the (PS). condition for ¢ < ¢(S)) (Lemma [3.8). Then the mountain pass level is proved to be
strictly smaller than ¢(Sy) with the help of another group of Talenti functions and the existence
of a mountain pass type solution follows.
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The remainder of this paper is organized as follows. In Section 2 we give some notations,
definitions and introduce some necessary lemmas. The main results of this paper are also stated
in this section. In Section 3 we give the detailed proof of the main results.

2. PRELIMINARIES

In this section, we introduce some notation and definitions that will be used throughout this
paper. In what follows, we denote by || - ||, the LP(£2) norm for 1 < p < 0o, and denote the norm
of the weighted space LP(Q, |z|~%) by

st p 1/p
I lesagoto = ([ lal=1-Paz) ™, 1<p<oo

The Sobolev space HZ(£2) will be equipped with the norm |jul| := [ull 2(2) = [[Aull2, which is
equivalent to the norm due to Poincaré’s inequality, and its dual space is denoted by H~2(2). We
always use — and — to denote the strong and weak convergence in each Banach space, respectively,
and use C,C1,Cy, ... to denote generic positive constants. B,.(zp) is a ball of radius r centered
at xg. For each t > 0, O(t) denotes the quantity satistying |O(t)/t| < C, O;(t) means that there
exist two positive constants C; and Cs such that C1t < Oq(t) < Cat, o(t) means that |o(t)/t] = 0
as t — 0, and 0, (1) denotes an infinitesimal as n — co. In this paper, we consider weak solutions
to problem in the following sense.

Definition 2.1 (Weak solution). A function u € HZ(f2) is called a weak solution to (1.1)), if for
all ¢ € HZ(f2), it holds that

a-2
/ AuApdr — A ul* |gu<pdac / [ul?” ~2upda —/ f(z,u)pdx = 0.
Q Q [T

The energy functional associated with problem (1.1) is
[ul? 4

Ix(u) = *II I” - oz ‘ 2**|| sz—/ﬂ Pz, u)dz, Vue Hy(Q).

From hypotheses (A1) and (A2) and 2 < g < 2**, it is directly verified that I (u) is a C'! functional
in H2(Q) (see [12]).

We then introduce a compactness condition known as local (PS) condition or the (PS). condi-
tion, which will assist us in finding weak solutions to problem .

Definition 2.2 ((PS). condition). Assume that X is a real Banach space, I : X — R is a C!
functional and ¢ € R. We say that I satisfies the (P.S),. condition if each sequence {u,} C X such
that

I(up) — cin R and I'(u,) — 0 in X 1(Q) as n — oo

has a convergent subsequence, where X ~! is the dual space of X.

The following three lemmas are crucial in our analysis. The first one is the famous Mountain
Pass Lemma,; the second one is the Brézis-Lieb’s lemma; and the third one is its variant.

Lemma 2.3 (Mountain Pass Lemma [I8])). Assume that (X,| - |lx) s a real Banach space,
I:X — RisaCl functional and there exist 3 > 0 and r > 0 such that I satisfies the following
mountain pass geometry:

(i) I(u) = B> 0 if fJulx =r;

(i) there exists a w € X such that ||[Tl|x > r and I(u) < 0.
Then there ezist a sequence {u,} C X such that I(u,) — co in R and I'(u,) — 0 in X! as
n — oo, where X 1 is the dual space of X and

o= inf max 1(3(1)) = 5, T ={y € C(0.1,X) :9(0) = 0.5() =},

which is called the mountain level. Furthermore, cg is a critical vale of I if I satisfies the (PS)¢,
condition.
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Lemma 2.4 (Brézis-Lieb’s lemma [4]). Let p € (1,00). Suppose that {u,} is a bounded sequence
in LP(Q2) and u, — u a.e. in Q. Then

Jim (= = ) = |l

Lemma 2.5 ([II]). Let r > 1, ¢ € [1,7] and 0 € [0,%). If {un} is a bounded sequence in
L’"(RN,M_%) and u, — u a.e. in RN. Then

lim [t — [tn — ul? —M gd:sz

n—oo Jpn | 2| |20 |20 ’
lim ’\un|q’;un Jun — ul? (uy, — u) B [ul?tu gdzzz _o
n—oo Jgn | |2 || |z[°

The main results of this paper are summarized in the theorem below,.

Theorem 2.6. Assume that both (A1) and (A2) hold.

(i) For0<s<4andqg=2,if N>8—s ormaX{N g < p <2, then ) has at
least one nontrivial weak solution for 0 < A < g2, where As o s given in
(i) For 0 < s <4 and 2 < q < 2**(s), if ¢ > max{{= 3,2(4 s)} or max{ -, 7 4} <p<
2** then (L.1)) has at least one nontrivial weak solution for all X > O
(iii) For s = 4 and q = 2, if max{%,w} < p < 2% then has at least one
nontrivial weak solution for A € (0, As,2), where vy and Ay o are gwen m Lemmam 3.9 and
Remark[3-3, respectively.

Remark 2.7. A typical example of a function that meets conditions (Al) and (A2) is

ZC )|t

where k € N, ¢ < ¢; < 2"*(s) for 0 < s <4, ¢ < ¢; < 2** for s = 0, and C; € C(Q) is positive.

%2t forxz€Q, teR,

3. PROOFS OF THE MAIN RESULTS

This section starts off with a lemma that provides the Sobolev-Hardy inequality, which is crucial
for getting the (PS). condition of functional Iy. The proof of this result can be found in [21].

Lemma 3.1. Assume that 2 < g < 2**(s) = 2%\[ 5) (0<s<4). Then

1
(i) there exists a constant C > 0 such that C’(fQ ‘lzrdm) Y <l for all w € H2(Q);
(ii) if 2 < q < 2**(s), the mapping u 2(Q2) into L4(Q) is compact.

Remark 3.2. We denote the best Sobolev—Hardy constant by

2
N o
weHF@O\(0} ([, 1 d)2/a
In particular /\4 2 = 15 N?(N — 4)2. We always write A+ as S for simplicity, which satisfies
[ull3 < S~ ||U||2

To prove Theorem the following result, which follows immediately from (3.1} with ¢ = 2,
is needed.

Lemma 3.3. For A € (0,)s2) (0 < s <4), there exists a us > 0 such that

/Q(\AUP— PNl o )dx>,us||u||2 (3.2)

for all w € HZ(Q).
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Remark 3.4. From Lemma |3.3|it follows that the following best Sobolev constant is well defined
for A € (0, Ay2),

(|Auf? — M) dz
Sy=  inf Ja(lA4] '2‘/2** > 0. (3.3)
ueHZ(2)\{0} (fg |u 2**da:)

3.1. Case 0 < s < 4. In general, the functional I)(u) does not satisfy the (PS). condition for
all ¢ € R, because of the appearance of the critical term. However, with the help of Brézis-Lieb’s
lemma, we can find a constant ¢(S) such that the (PS). condition holds for all ¢ < ¢(S). This
will be essential in revealing the main results.

Lemma 3.5. Assume that f(x,t) satisfies (A1) and (A2), and 0 < s < 4. Let {u,} C H3(Q)
be a sequence such that Ix(un,) — ¢ < ¢(S) and I§(u,) — 0 in H %(Q) as n — oo, where
o(S) = £SN/4. Then, I\(u) satisfies the (PS). condition if ¢ = 2 and 0 < X < A2, or
2<q<2%(s) and A > 0.

Proof. We begin by showing the boundedness of {u,} in HZ(Q2). Depending on whether or not ¢
is equal to 2, the proof will be divided into two cases. When ¢ > 2, by (A2), we obtain, for any
A > 0, that

1
c+1+on(D)|lunll > In(un) — §<I:\(un)a Up)

=(5- é) Jall? + (é — o) a3 +/Q (éf(xvun)un = Pl un) )da

> (3= llwal?, n
- — = n .
=\3 q Un ||l 0.}

When ¢ = 2, in accordance with (A2) and (3.2), we obtain, for A € (0, A5 2), that

1
c+ 1+ on(D)|lunll = In(un) — ;(I&(un),um

= (3-3) [ (1 3D yar o (2 Ly
_|_/ (%f(x,un)un - F(a?,un))dx (3.4)
Q
2 (5) [ (o 25
> (3 - %)usnunn?, n oo,

It is obvious that in either case {u,,} is a bounded sequence in HZ(2). Consequently, by recalling
Lemma [3.1] one sees that there is a subsequence of {u,} (which we still denote by {u,}) such that,
as n — 0o,

u, —u in HZ(Q),
u, > u in L"(Q) (1<r<2™),
u, —u in H}(Q),
U, = u in LYQ, |z|7%) (1 <q<2(s)),
> 2y = [u]* 20 in LFE(Q),
Up, — U a.e. in Q.

In view of (1.2]) (with ¢ = 1), there exists a positive constant C, independent of n, such that

| [ #eumunda| < [ 17w unlde < a8+ Ca1)fun < C.
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For each € > 0, take 6 = —=5+—, where Ci(¢) > 0 is given in (1.2). Then for any measur-

Ci(e) 772

able subset E C Q with meas E < §, we obtain, by recalling (1.2]) again and applying Holder’s

inequality, that
[ sunynda] < [ as+Cio) [ funas
E E E

ok 2** —2
< ellun]|3e 4 C1(E) [tin |3 (MesE) 2=

2** 2
< Cie 4 Cye™ 27 s

uniformly with respect to n € N, where C, C5 are positive constants independent of n. Hence the
family of functions {f(x, u,)u,} is equi-absolutely-continuous. In addition, recalling that w, — u
a.e.in Q asn — oo and f(z,t) is continuous, we obtain f(x, u,)u, — f(z,u)u a.e. in Q as n — oo.
This, together with the fact that measQ < oo, implies that f(x,up)u, — f(z,u)u in measure.
Therefore, by the Vitali convergence theorem we obtain

lim | f(z,up)u,de = / f(z, v)udz. (3.6)

n— oo Q

Similarly, we can prove that

lim | F(z,u,)dz = / F(z,u)dx. (3.7

By recalling (with e = 1) and (3.5)), we have
‘/ f(x7un)udx‘ < / |f (2, up)|u|dx
Q Q

< [ uaP M ulde + 1) [ funllulde
Q Q

= Jlull3 + Cr(D)Jul3, 1 — oo,

which, together with the fact that f(x,t) is a continuous function and u,, — u a.e. in Q as n — oo,
shows that f(z,u,)u — f(z,u)u a.e. in Q as n — oo. Then, according to the Lebesgue dominated
convergence theorem, we have

n—oo

lim [ f(z,up)udz = / flz,u)udz. (3.8)
Q

To complete the proof, let w, = u, —u. Then {w,} is also a bounded sequence in H3(Q). So
there exists a subsequence of {w,} (still denoted by {w,}) such that

lim |lw,|*=1>0. (3.9)
n— oo
We claim that [ = 0. Indeed, according to (3.5)), we have
[un? = / |Aw, + Aul*dx
Q
Q Q Q

= llwal® + [[ull® + 0n (1), n — oo.

Moreover, since ||ty ||+ < C and u, — u a.e. in  as n — 0o, one sees, by using Brézis-Lieb’s

lemma, that

[t ]| 2ee = [Jwn||Zen + |Jul|3e +0n( ), n—oc. (3.11)

Therefore, in accordance with (3.5)), (3.6), (3.8]), -, and the assumption that I§ (u,) — 0

in H=2(Q) as n — oo, we have

0= (I;\(un),um +on(1)

q * %
:/ (|Aun‘2 _)\|un‘g )dx— [l || 2 —/ f(z, up)updz + 0 (1)
Q e Q
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ul? -
= /Q (|Au|2 - )\:x||s)dx — |3 —/ f(z,w)udz + ||Jw,||* = [|w,

(I (u) ) + lwn||* = [lwn

2 4 oa(1)

% +o0,(1), n— oo,

and

0= <If\(un),u> + On(l)

q
:/ (|Au\2—/\‘u| )dx—Hu
Q |z[®

= <I§\(u),u> + On(l)7 n — oo.

2. —/f(m,u)udx—l—on(l)
o

Combining the above two equalities one obtains
(I3 (u),u) =0, (3.12)

2 —|Jwa]? = on(1), n — ooc. (3.13)

|y,

In addition, from the Sobolev embedding one has

lwnllZs < S~ Jwn|?" < C, VneN. (3.14)
It follows from (3.9)), (3.13)) and (3.14) that there is a subsequence of {w,} such that
. o s
nh_)ngo||wn||2** = nli)ngonnH =1. (3.15)

Letting n — oo in (3.14]), we have [ < S I > 0, then

> 572 = §V/4, (3.16)
On one hand, in view of (3.5)), (3.7)), (3.10), (3.11) and the fact that Ix(u,) = ¢+ o(1) as

n — oo, we have

c=I\(up) + on(1

|un| 1
= 2l nu2~/ v oo un
|u|
— gl - 2 / o= sl = [ Foups
Q

w3+ 0u (1)

2. - / F(x,uy)daz + 0,(1)
Q

+ gl - 5

= () + gl -

which yields that

1 .
T ||wn||§** +on(1), n— oo,

1 ok
IA(u):c—§||wn||2+ g**—i-on(l), n — 00.

ik ”w"

Recalling (3.15) and (3.16]), we obtain from the above equality that

1 1 2
I(u)=c— (57 2**)l§chSN/4<O.

On the other hand, by (3.12)) and (A2), we can derive
1
In(u) = Ix(u) — 5<I&(u),u>

1 1\, ., (1 1
= (5=l + (G = 7)o

a contradiction. Thus, lim,_, ||w,||?> = = 0, which implies that u,, — u in HZ(Q2) as n — oo.
The proof is complete. O

(3.17)

2z +/Q (éf(:r,u)u - F(:c,u))dx >0,
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Before going further, we list some well-known estimates on the Talenti functions, which will
play a crucial role in estimating the mountain pass level of I around 0. For any € > 0, we define

Uo(z) = [N(N — 4)(N? — 4)]¥LN_4, zeRY.
[e2 + |z|?] =

Then U, (z) is a solution of the critical problem
Au=v*""1 zeRN, N>5,
and ||U.||? = ||U.|j3:- = SN/, where
P T A
weHF@\(0} [[ull3  [|Ue]l3-

is given in Remark
The Talenti functions, after being truncated, are estimated in the following (see [12], [20] and

[210).

Lemma 3.6. Let 7 € C§°(Q) be a cut-off function such that 7(x) = 7(|z]), 0 < 7(z) < 1 for

z €, and
1
iy {1 el <R,
0, |z|> 2R,

where R > 0 is a constant such that Bag(0) C Q. Set u.(x) = 7(x)Uc(x). Suppose that ¢ — 0.
Then

uel|> = SN+ O(eNTY),

ue]|2e: = SN+ O(M).

Set ve(x) = —2%=—. Then

£
llee [+

lve||* = § + O™,

- (3.18)
lvell5+ =1,
0177, 1<p< .
vl = 01(€N_(N%)p|ln8|), p= =, (3.19)
O (N2, B <p<2,
.o 01(5;{”_&_ 1< g\f =,
/Q EE dz =4 0Oi(e o °|nel), ¢=x=3 (3.20)
O1(eN -9), D=2 < g < 27(s)

With the help of the Talenti functions given above, we can show that the mountain pass level
of I around 0 is strictly less than ¢(S).

Lemma 3.7. Assume that (A1), (A2), and the condition (i) or (ii) of Theorem [2.6 hold. Then
there exists a u* € HZ(Q) such that

sup I (tu™) < ¢(9), (3.21)
>0

where ¢(S) == £ SN/,
Proof. Define the fibering maps associated with the energy functional Iy by
Yu(t) = Ix(tu)
Lo, [ |ulf 1

1, 2
= —t7||u||® — =\t dx —
2 el q q |zl Q%%

Recalling (3.18) and the fact that F(z,t) > 0 for any « € Q and ¢ > 0, one sees that as t — 0,

(3.22)

£2°7 |ul| 2 — /Q Fle, tu)de, £ 0.

1
Yo (t) < 57 [lvel* = 0, (3.23)
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uniformly for € € (0,e1), where €1 > 0 is a suitably small but fixed number and v, is given in
Lemma [3.6] Therefore, there exists a ty > 0, independent of e, such that

o, () < c(S), te(0,tp). (3.24)

Setting g(t) = $t2||v.||? — 5%t>" we have

1 |ve|?
Py (t) = g(t) — ~ A2
(t)=g(t) P A r

According to ([L.5]), there exists a positive constant C' such that

dz — / F(z,tve)dz, t>0.
Q

1 q
v 0) < maxg() = 20 [ Par— e
BT Jo Tl (325)
1 |v ‘q .
q £ P
= Tﬁé‘g(t) - &)\to E dz — Ctgllvellf, t € [to,o0).
Direct calculations show that g takes its maximum at ¢* := ||v.| g and g(t*) = %HUEHN/Q'

Therefore, in view of (3.18) and (3.25)), one sees that for t > g,

N
. (0) < gl02) - 20eh /2

ve |4 o 0
BE dz — Ctg|lvels

2 _an /41 |ve|?
— 2 (54 0 - 5)\158/9 e = Ot
\

Ve |? 0 o
r dz — Ctg|lvell, €—0.

1
— o(S) + O(eN 1) — Ly /
q Q

Our goal is to show that for ¢ suitably small,
o, (t) < c(5), € [to, ), (3.26)

which is fulfilled once we can prove that

1 A
O(eN—4) - aAtg/ “;"S dz — Ctf|v.|s < 0. (3.27)
Q

It is easy to see that (3.27) holds if either of the following 2 conditions is valid
(D) O™ = Ctlvelp < 0;
(I O(eN=) = Ixed [, gl <0,
First, when 0 < s <4, ¢ > 2 and max{%, ﬁ} < p < 2% by recalling (3.19), we obtain

, gV —4 L Ny,
lim T (N—D, = lim e 2 = O,
e—0 ng% e—0

which implies that (T) holds.
Next, we show that (II) is fulfilled for small € when other cases in (i) or (ii) of Theorem [2.6|are
satisfied, with the help of (3.20). Indeed, if ¢ = 2 and N = 8 — s, then ¢ = =%, which, together

N—4
with (3.20), implies that

. gN—4 .1
lim —— 55— = lim —— = (3.28)
=0 N=BSHE s | €20 [Inel
If¢g=2and N > 8 — s, then ¢ > %:Z and
. eN—14 . N—(8—s)
iy N, = e =0 (3.29)
€ z

It follows from (3.28)) and (3.29) that (II) is valid if g =2 and N > 8 — s.

Similarly, if ¢ > 2 and max{ %:Z, 2](\‘[1:2)} < q < 2*(s), we have
N4 )
lim ————— = lim 55[(1\[—4)‘1_(8_23)] =0
e—0 EN—L;”—S e—0 ’
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which also implies that (II) holds.
In conclusion, if the condition (i) or (ii) of Theorem [2.6 holds, by combining (3.24) with (3.26)),
we have, for e suitably small, that

sup Py, () < ¢(5).

>0
Fixing such an € > 0 and taking u* = v, the proof is complete. O

In what follows, we shall show the existence of the weak solutions to (L.1) on the basis of
Lemmas [3.5] and 3.7 and the Mountain Pass Lemma.

Proof of Theorem|[2.4| (i) and (ii). We first show that the functional I satisfies the mountain
pass geometry in both cases. If ¢ > 2, according to (|1.4) and (3.1)), for any € > 0, there exists a
C3(e) > 0 such that for any u € H2(Q)\{0},

As S_Q** - aé _ogx o
D) 2 gl = 2Nl = E Tl - 2 eful? - Co)s T ul?
(3.30)
- ||u|| A _z e
= (=233 5 = 2Ll = (5 + Ca(e)) S ul?
If ¢ = 2, by using (1.4)), (3.1) again and (3.2)), we obtain that for any u € HZ(Q)\{0},
e .
s ** )‘0,2
1) 2 22— E_ T - 202 e - oye)
| H2 . (3.31)
— u _2** ..
= (s = Ag4e) 5 — (g + Cal()) 5777 Jlu]*”.

Choosing € > 0 so small that 1 — /\gés >0 and pus — )\gés > (, and noticing 2 < ¢ < 2**, one sees
that there exist 8, r > 0 such that I(u) > S for all |Ju]| = r.

On the other hand, recalling that F'(x,t) > 0 for any € Q and t > 0 by (A2), we have for any
u € Hi(2)\{0}

L 2., (3.32)

[u

2 2

which implies that lim;_, o 1, (t) = —0c0. Therefore, there exists a t,, > 0 suitably large such that
[tuw] > 7 and 9y, (t,) = In(tyu) < 0. Thus, I, satisfies the mountain pass geometry around 0,
and there exists a sequence {u,} C H3(Q) such that I)(u,) — co > 8 and I} (u,) — 0 in H2(Q)
as n — 0o, where

co = inf max Ix(y(t)) and T ={ye C([0,1],H3(Q)):~v(0) = 0,7(1) = t,~u*},

~vel te(0,1]
and u* is given in Lemma In view of (3.30) and ([3.21)), one sees
co < max Iy (tty+u™) < sup I (tu*) < ¢(9). (3.33)
te[0,1] t>0

It then follows from Lemma that Iy(u) satisfies the (PS)., condition. Consequently, there
exists a convergent subsequence of {u,}, still denoted by {u,}, such that u, — u in HZ(Q) as
n — oo, which implies that I)(u) = ¢o and I{(u) = 0, i.e., u is a nontrivial weak solution to
problem (L.1)). The proof of (i) and (ii) of Theorem [2.6]is complete. O

3.2. Case s = 4. In this case the difficulty is the lack of compactness of the mapping u — ﬁ

from HZ(Q) to L*(Q) and the Sobolev embedding H3(Q) — L?>" (), which prevents us from
establishing the usual (PS) condition directly. However, inspired by some ideas from [12], we can
show that I satisfies the (PS). condition for some ¢, and then the existence of a mountain pass
type solution to follows.

Lemma 3.8. Assume thatq = 2, s = 4 and that f(x,t) satisfies (A1) and (A2). Let {u,} C H3(Q2)
be a sequence such that Iy(u,) — ¢ < ¢(Sy) and I§(u,) — 0 in H %(Q) as n — oo, where

c(Sy) == %Siv/‘l. Then Ix(u) satisfies the (PS). condition provided that 0 < A < Ag2.
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Proof. Recalling (3.4) with s = 4, one sees that {u,} is bounded in HZ(£2) when 0 < A\ < A\go.
Hence, according to Lemma [3.1] there is a subsequence of {uy}, still denoted by {u,}, such that,
as n — 0o,
u, —u in HZ(Q),
up, > u in LT(Q) (1 <r < 2"),
up, —u  in HY(Q),

3.34
up, —u in L2(Q,|z|7?), (3:34)

ok *

2**_2’“” N |u‘2**_2u ln LQ** T (Q)’
U, — U a.e. in Q.

As was done in the proof of Lemma we set wy, = u, —u. Then {w,} is bounded in HZ(),
which ensures that there exists a subsequence of {w, }, still denoted by {w,,}, such that

||

lim |lw,|*=1>0.
n—oo

Next we show that [ = 0. In view of (3.34) and Brézis-Lieb’s lemma, we know that (3.10) and
(3.11) are still valid. In addition, from Lemma one see that as n — oo,

|un|2 o |wn|2

uf?
= dz+/ ——dz + 0,(1 3.35
o Tl Sy T e - (3.35)

Combining (3.6), (3.8), (3.10), (3.11), (3.34), (3.35) with the assumption that I}(u,) — 0 in
H~%(Q) as n — oo, one obtains

0= <I/\(u ) un> +0n(1)

/ (|Aun|2 || "|L )d l|tn|3ee — / f(z, up)updz + 0 (1)
[ul W,
= [ (w7 = A Yo = g [ seude+ fwal? -2 [ 1200,

~ (. +||wn||2 3 [

dx— wn||Z + 0n(1), 1 — oo,

and

(I3 (un), u) + 0n(1)
/Q(A |u”||4u>d:17—/ \un|2**72unudx—/f(x,un)udx+on(1)
/Q (18u? = A Yo —

(I\(u),u) + on(l), n — oo.
According to the two equalities above, we obtain (3.12)) and

1
ol = [ o o,

In addition, in view of (3.3)), one has

s /fxuudx—I—on()

2. =0,(1), n— oo (3.36)

k%

2% -zt 2 |7~Un|2 2 2
30 <507 (Jwall? = 2 e ar) T <s " ||wn|? < C. (3.37)

[[wn,

It follows from (3.36) and (3.37) that we can take a subsequence of {wy,} such that
Jim (HwnH2 / [ dm) = lim [lwn,

Q%

2=k>0. (3.38)

PR

Letting n — oo in (3.37), we obtain that k£ < S;Tk T,
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If £ > 0, then
k> ST g (3.39)
In accordance with (3.7), (3.10), (3.11)), (3-34), (3.35) and Ix(un) = ¢+ o(1) as n — oo, we have
¢ = In(ug) + on(1)

1 9 [ty |2 1 -
S (\Aun| Y )dx — a2 = | F(z,up)dz + 0n(1)
2 Ja |z|* 2% Q

1 |u|? 1 -
=- Aul? = A\ - 2. — / F
/Q(\ ul /\‘x|4>dx 2**Hu 3 ; (z,u)dx

2

1 2 1 |wn\2 1 *x

1 5 1 |wp, |2 1 g
= 1)+ gllunl = 53 [ e = ol +oa(D). 0o

which then yields that

1 A |w,]?
In(u) = _<, 2=
) = o= (gt = 5 [ 2

From the above equality and recalling (3.38]) and (3.39)), we have

1 1 2
D =c—(3-55)k <=+ <0,

which contradicts (3.17). Thus, £ = 0. Noticing that 0 < A < Ay 2, we obtain from (3.2) that
there exists a pg4 > 0 such that

1 .
T — %Hwn %) +o,(1), n— oo

|wn|2

a2 < Aw,|? — =0,(1
a2 < [ (1w, 2~ AR e = 0,(1), o,

which implies lim,, , ||w,||? =1 =0, i.e., u,, = uin HZ(Q) as n — oo. The proof is complete. O

The following lemma shows that the mountain pass level of Iy (u) around 0 is strictly less than
¢(Sy); this is parallel to Lemma

Lemma 3.9. Assume that (A1), (A2) and the condition (iii) of Theorem hold. Then there
exists a us € HZ(SY) such that

sup I (tuy) < ¢(Sy), (3.40)
>0

where ¢(Sy) 1= %S/]\VM.

Proof. To estimate the mountain pass level of I around 0, we introduce the Talenti functions.
For any € > 0, define

~ N ~
2

_ x
U (z) =€ UNMZ) A€ 10, M2),
where U, (z) > 0 is radially symmetric and is a solution to the critical problem

U o
AQu—)\WZUQ -1 zeRY, N>5.
x

Then, according to [0, Theorem 1.1], ﬁ&,\(x) is an extremal function of Sy and

_ bos () L
[, (0@ -2 E2 g = [ 7@ e = 5
RN RN

|[*
where Sy is given in Remark Set r = |z|, then one also has
Un(r) = O1(r™), Ti(r) = O1(r"71), 7= +oo,
Ux(r) = O1(r~ ™), r—0,
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where 7\ = (N —4)(1 - §), 7 = (N —4)§, and

VN2 AN +8 4/ (N 27 T A
N -4 ’
It directly verifies that ¢ : [0,A42] — [0,1] is continuous and strictly increasing. Therefore,
@€ (0,1) and 0 <) < &2 <4y < N —4for A € (0, \s2).
Let 7(z) be given by Lemma and set U x(z) = T(a:)ll,A(x). Then as € — 0, we have (see
10, 12))

a:=pA)=1- A€ (0,M2).

/ (18T @) - Alug’;g)z)dx =S5\t + 02—,
Q
e n|3r = SY* 4 02N,
and
O1(Ep(”’*_sz4))7 1<p< %7
lieally = § 01N =" 7| nel), p= 2, (3.41)
O1(eN=7777), No<p<om

As in the proof of Lemma we consider the fibering maps 1, (t) given in (3.22) with u = . .
Since (3.23) still holds for vz_, (), there exists a ty > 0, independent of ¢, such that

Y\ (8) < c(S2), € (0,to). (3.42)
Next, we set
~ 1 ~ |ﬂ NE 1 s, o -
t) = 12 (A 2 )\t )d g2 2
9(t) =5 /Q | AT | o )9~ 5 Ten 2

Then
V() =30~ [ Flatia)de,
Q
On recalling (1.5)) one sees that there exists a positive constant C' such that

w@wam@aw—AFu¢@nm

t2to (3.43)
~ Np ~ 7
< maxg(t) — Ctollue ally, ¢ € [to, 00).
Direct computations show that g attains its maximum at
~ 2
I N (A e e L E—
= ( . ) . (3.44)
e A ll5--

Therefore, by (3.43)) and (3.44]), one sees that for ¢t € [t~o, 00),
Ya. \ (t) < g(t2) — Ctlluz A5
e 2|2 N/4
[Te, x| ) )

(1 1 )(fQ(Aﬂe,/\P_)‘ [z]T

5 (N—4)2%*

2 2**

— Gl

4
Ok

[[e,

2 — . 4-N ~
= N(sj\\’/‘l_’_o(gﬂw—l\g‘l ))N/4(Siv/4+0(82 ’YA—N)) 7 _Ctg”Us,)\”z

= ¢(S)) + O ="F)) — CT a5 as e — 0,

where in the last equality we have used the fact that

To complete the proof, it remains to show that for £ suitably small,

Vg, (t) < c(Sy), tE€ [to,00), (3.45)
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which is fulfilled once we can prove that

O =739 — gl < 0. (3.46)
In view of (3.41)), if p > max{%, %}, one sees that
Oy — N4
lim % — lim sé[p(N74)74(N7277)\)] -0,
e=0 N—=%p e—0

which implies (3.46) is valid for suitably small e. Therefore, for each A € (0, Ay2), (3.45) is valid
for suitably small ¢, which, together with (3.42)), implies, for € suitably small, that

sup ¥z, , (t) < c(Sh)-
>0
Fixing such an € > 0 and letting 4} = u. x, we obtain (3.40)). The proof is complete. O

Proof of Theorem (iii). With the help of Lemmas|[3.8/and[3.9] we can prove Theorem [2.6(iii) in
a way similar to that of Theorem (i) and (ii), and we only sketch the outline. First, by recalling
(3-31) and with ¢ = 2 and s = 4, we see that I, satisfies the mountain pass geometry around
0 and there exists a sequence {u,} C HZ() such that I)(u,) — ¢ and I} (u,) = 0 in H=2(Q) as
n — 0o, where

d = inf max L(3(t)) and T = {7 e C([0,1], H3(%)) : 7(0) = 0,7(1) = tu; U3},
FeT te[0,1] A

and u} is given in Lemma which satisfies I (tz;u3) < 0. In view of Lemma we have

¢o < max Iy (ttg=uy) <supIy(tuy) < c(Sy).
t€[0,1] 2 >0
Consequently, by Lemma [3.8] one sees that I, (u) satisfies the (PS)z, condition. Then there exists

0

a u such that Iy(u) = ¢ and I} (u) = 0, i.e., u is a nontrivial weak solution to problem (L.1). The
proof is complete. O
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