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LINEARIZED HIGH-ORDER AND CONVERGENT SCHEME FOR THE
KURAMOTO-SIVASHINSKY EQUATION

YIRAN ZHANG, GUOHUI WANG, YUANFENG JIN

ABSTRACT. In this article, we provide a linearized compact scheme for the Kuramoto-Sivashinsky
equation with the periodic boundary condition. By applying the double reduction order method
and a fourth-order compact operator, the scheme achieves second-order convergence in time and
fourth-order convergence in space. We present proofs of the conservation, unique solvability, and
convergence of the scheme.

1. INTRODUCTION

The Kuramoto-Sivashinsky equation is a representative nonlinear dissipative partial differential
equation which are commonly used to describe the dynamical behavior of unsteady fluctuations
and turbulence [14, [18]. Kuramoto and Tsuzuki derived it from a general two-component reaction-
diffusion system and regarded it as a one-dimensional representation of the ring-like propagating
pattern observed experimentally in the Belousov-Zhabotinsky reaction. Sivashinsky obtained the
equation by analyzing the spontaneous instability of a laminar flame’s planar front. It was also
obtained by Cohen et al. [§] through the formulation of a rigorous mathematical model that
investigates the nonlinear saturation of the dissipative trapped-ion mode. Kudryashov et al. [12]
employed the Kuramoto-Sivashinsky equation to capture nonlinear long-wave propagation in a
viscous-elastic tube. In addition, it has a wide range of applications in spatiotemporally chaotic
dynamics [0], free surface film-flows and hydrodynamic instabilities [4] [19].

Many scholars have investigated its analytical solutions and related properties from a theoret-
ical perspective. Lan and Cvitanovié¢ [I7] explored unstable recurrent patterns in the Kuramoto-
Sivashinsky system, employing Newton descent method to identify periodic solutions and char-
acterizing chaotic dynamics via low-dimensional return maps and symbolic dynamics. Dong and
Lan [9] systematically investigated spatially periodic steady solutions of the Kuramoto-Sivashinsky
equation through the lens of dynamical systems, employing symbolic dynamics for classification
and analyzing bifurcations of fundamental cycles. Kudryashov and Soukharev [I3] demonstrated
that many different ansatz methods for solving the Kuramoto-Sivashinsky equation lead to equiv-
alent results. They analyzed various ‘new’ solitary wave solutions and showed that these can be
reduced to two known solutions through algebraic transformations. Frisch et al. [I0] analyzed the
Kuramoto-Sivashinsky equation and demonstrated that the stability of cellular solutions is related
to their viscoelastic behavior under large-scale perturbations. Cerpa and Mercado [5] proved the
local exact controllability of the Kuramoto-Sivashinsky equation’s trajectories using Carleman
estimates for the linear system and a local inversion theorem for the nonlinear system.

The Kuramoto-Sivashinsky equation involves the interaction of several physical processes, such
as nonlinear convection, diffusion, and higher-order dissipation effects. Together, these factors
lead to wave instability and complex spatiotemporal structures, making the exact analytical so-
lution difficult to obtain. Hence, it is especially meaningful to devise efficient algorithms for the
Kuramoto-Sivashinsky equation. Christov and Bekyarov [7] introduced a Fourier-Galerkin method
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for solving the soliton solution of the Kuramoto-Sivashinsky equation and demonstrated its high
accuracy and efficiency. Akrivis [I] presented a Crank-Nicolson-type finite difference scheme for
the Kuramoto-Sivashinsky equation with periodic boundary conditions, discussed the linearization
of the nonlinearity, derived second-order error estimates, and proved the existence and uniqueness
of the scheme. Akrivis [2] also investigated semidiscrete and fully discrete finite element methods
with second-order time accuracy to solve the Kuramoto-Sivashinsky equation. Akrivis and Smyrlis
[3] performed a numerical analysis using implicit-explicit BDF schemes for temporal discretization
and pseudo-spectral methods for spatial discretization. Xu and Shu [22] developed a local dis-
continuous Galerkin method for the Kuramoto-Sivashinsky equation, achieving L? stability and
high-order accuracy. Uddin et al. [2I] proposed a mesh-free numerical method using radial basis
functions to solve the Kuramoto-Sivashinsky equations, showing its accuracy and robustness in
comparison to traditional methods. Researchers have developed numerical methods not only for
the Kuramoto-Sivashinsky equation, but also for its generalized form [111 5] [16].

In this article, we consider the following version of Kuramoto-Sivashinsky equation with the
periodical boundary condition [I]

Ut + QUzy + BUgger +yuu, =0, z €R, t€[0,T], (1.1)
u(z,0) = up(x), z€R, (1.2)
u(z,t) =u(x + L,t), xR, te€][0,T], (1.3)

where «, 3, v, L and T are positive real constants, L denotes the spatial period, and ug(z) is
a given smooth function. The purpose of the study is to present a linearized compact difference
scheme for the Kuramoto-Sivashinsky equation via the order reduction method, which has fourth-
order in space and second-order in time. This provides more methodical options for the study of
the Kuramoto-Sivashinsky equation.

The rest of this article is organized as follows. In Section 2, employing the double reduction order
method, we design a three-level linearized finite difference scheme for the Kuramoto-Sivashinsky
equation. In Section 3, we obtain a conservative invariant of the difference scheme. Existence
and uniqueness of the solution are established with a rigorous argument in Section 4. Finally, we
demonstrate the convergence of the difference scheme in Section 5.

2. CONSTRUCTION OF THE DIFFERENCE SCHEME

This section applies the double order-reduction approach to construct a three-level linear differ-
ence scheme for the problem — and provides a detailed analysis of the truncation errors.

We divide the domain [0, L] x [0,T] and take positive integers M and N. Let h = L/M and
7 = T/N. Denote index sets I, = {j : 1 < j < M} and I, = {k: 0 < k < N}. We denote
O ={x;=jh:jelLU{0}}, Q. ={ty =kr: ke .} and Qp = Q) x Q,.

For any grid function u = {u;c :j € I, U{0},k € I} on -, we denote

Sk = Gk =), a6l —arul ),
Tué“ = %(U?H - U?—l)a U§+% = %(Uf + “?—&-1)’
U;H% _ %(uf +U?+1), uf _ %(u?—l +u?+1)’

5tu§+% = %(“?H —uf), Awf = %(Uﬁﬂ —ub™h).

Let Up = {u:u={u;}, ujym = u;}. For any grid functions u, z € Uj,, we define the discrete
inner product (u,z) =h ZJ]Vil u;jz; and the corresponding norms (seminorm)
lull = V{u,u),  |uly = /(6 u,65u), lulloc = max Juyl.
1<5<M

In addition, define the function

d(u, 2); = 5 [Ap(uz); +ujAgzi], j € I.

W =



EJDE-2026/32 LINEARIZED HIGH-ORDER AND CONVERGENT SCHEME 3

Lemma 2.1 ([23, Lemma 2.3]). Let k(x) belongs to C5[wj_1,a:j+1] and denote K; = k(z;) and
G, = k"(xj), then for j € I},, we have

h2
k(xj)k,(xj) = ¢(K7 K)J - ?¢(G7K)J + O(h4)7

2
K (x5) = 63K — %53@- +O(hY).

We rewrite (1.1)-(1.3) as
u +az+ Pfw+qyuu, =0, zeR, tel0,T], (2
Z =z, xE€R, te]0,T], (2.
W=z, rER, te]0,T], (2
u(z,0) = up(z), z€R, (2
w(z,t) = ulx + L,t), z(x,t)=z(zx+ L,t), wx,t)=w(x+L,t),
zeR, te]0,T].
We denote
o= a0 (00 a0 i 501
and define grid functions
U]’»c = u(z;,tx), Zf = z(zj, tx), Wf =w(xj,ty), Jje€ln kel.
Considering at the point (z;,%1/2), we have
u(wy, tyy2) + az(xy, tyy) + w(xy, t1/2) +yulxj, t1/2)u(v5,t1/2) =0, j € Ip. (2.6)
From the Taylor expansion and , we obtain
u(zj, t1y2) =ulz;, to) + %Ut(l‘j’ to) +O(7?)

z
=u(zj,to) + 5(—Oéum($ja t0) = BUagaa (5, t0) — yu(z;, to)us(z;, t0)) + O(77)

-
=ug(z;) — 5(%8(%‘) + Bug” () + yuo(;)ug(z;)) + O(r?).
We denote

N T A ~
i(z) = uo(w) — 5 (aug(w) + ug” (z) + yuo(w)up(2)),  2(x) = @"(x),
ﬁj Z’[L(l‘j), é’j :2(Q?j), jel.
Evidently, there exists a constant ¢y > 0 such that

max {[a(o)], i (@)],12(2)], 12'(2)]} < Go.

0<z<L
Then we denote
Co = max{éo, 60} (27)
Lemma 2.1] leads to
. h*
w(wj, by )y (5, 1 j0) = (1, UY?); — ?d)(zv U'Y%); +0(r? + h*). (2.8)
Substituting (2.8)) into (2.6) and using Taylor expansions, we obtain
h2
U+ az; + B 4400, UYR), - T2 UY)) = @) el (29)
where
QI < er(r® +hY), j €, (2.10)

with ¢; being a positive constant.
For j € I, and k € I, \ {0, N}, from (2.1) at (z;,tz) we derive

_ _ _ h2 _
AU} + aZf + WS +[e(U, UY); — 6(28,U%);] = Qj, (2.11)
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where
Q¥ < ea(7? + 1Y), (2.12)
with co being a positive constant.

For j € I, and k € I. \ {N}, from (2.2) and ( at (z;,t) we derive

h? h?
= 03U — 1592745 + By, = 022) — S OW + S 2.13
12 7 + ] 12 T + ( )
There are two positive constant cs and ¢4 such that the local truncation errors satisfying
RS < cesh®,  |ARE| < es(r® + 1), (2.14)
|SF] < esh?,  |ASF] < ca(r? + hY). (2.15)
Taking into account the initial and boundary conditions (2.4))-(2.5)), we obtain
UJO = ’U,o(l‘j), jely, (2.16)
UF=Uf . ZF=2ZF o, WF=WFiy, j€ln kel (2.17)
Omitting the small terms Qk Rk and S} k_replacing the grid functions U k, Z Wk b f
in . - - respectlvely, and notlcmg the initial and boundary condltlons 2.17),
we construct a finite difference scheme for (2.1] as follows
h2
Sy + az}? + pul? + y[¢(a, u1/2)j - Tb(é,ul/z)j] =0, jel, (2.18)
ook k
Atu +az +/3’w +7[¢(u u®); — ?(;5(2’ k)] =0, (2.19)
jeln, kel \{0,N},
k 2w h? g
zi = dpuj — ﬁéwzj, jel,, kel (2.20)
k WAL
wi = 0,27 — Eéij’, jely, kel (2.21)
ug = UO(J?]'), j ey, (2.22)
uy =, =2y, wi=wl, jeln, kel. (2.23)

3. CONSERVATION LAW

This section explores the conservation law of the difference scheme (2.18])-(2.23)). We introduce
two lemmas that are used throughout the proof.

Lemma 3.1 (|20, Chapter 1]). For arbitrary grid functions u,z € Uy, we have

VL

2
Il = == l2l Izl < 2lell izl <

L
>~ \/6 1,
(0, 2) = —(6Fu,672),  {B(u,z),2) = 0.

Lemma 3.2. For any grid functions u, z,w, R, S € Uy, satisfying

h2
Zj = (ﬁu] — Eéizj -+ Rj, 'LUj = 5:%2] — (SI"UJ] —+ SJ, j e Ih,
Uj = Uit M, Zj = Zj+M, Wj;= wj+M7 J € I, U{0},
we have
h? ht h?
2 2
PR 1
() = —Jult = TP + T 12B + 56 B) + (Rou) (3.1)
s I s NP
(z,u) S_|u|1_ﬁ||z|| + 15t B) + (R, (3.2)
9 h? h?
(1,0 = |21 = {2, R) + 35 (w, B) = 15(8, ) + (S, ) (33)
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Proof. The proof of (3.1)-(3.2]) comes from [23]. The proof of (3.3) is as follows

2
(w,u) = <522 - h—ézw + P,u>

2
— |2 Hf—\zh (zRf—<52 —Eészer) 144<w 2+t R) + (P
2
= R+ Ry = Py 4 (P 0

Theorem 3.3. Suppose that {uJ, 5 f :j € In,k € I.} are solutions of (2.18))-(2.23)). Then
1 h?
2 )+ el 22 e (2 4 v - ) o,
B uF) = B(u',u°), kel \{0,N}, (3.5)

where

k k
1 r PR I
B(uf ) = S (P 4+ b)) + 287 Y 12 = 207 37 (1 + T3 107 = 171 R).
=1 =1

Proof. Taking the inner product of (2.18]) with u'/2 and applying Lemma leads to
(6,2 ut?) + a2V2 2y 4 Blwt/? ut/?) = 0. (3.6)
Averaging (2.20) and (2.21)) with superscripts k = 0 and k = 1 yields

Wi/ _ 52,12 h? B 52,172

12 _ w12 I /2 ,
Zj _6zuj 126:E 3 i gl 12°% ] y ) € I.
For the second and third terms of (3.6]), applying (3.1)) and (3.3)) in Lemma we obtain
h? h*
(M2, 0?) = 2R = DR 2 ) =

Substituting above equations into (3.6)) gives
L2 — 1) = (o2 + T2 - 2 parzg) 1 g = o
27 D) 144
Rearranging the above equation, we obtain (3.4)).
Taking the inner product of (2.19) with «* and applying Lemma gives
(0¥, uFy + alF uFY + Bk, uF) =0, kel \{0,N}. (3.7

According to and ( -7 we have

_ _ h? - _ h2 ]
zf zéiuf—ﬁéizf, wf zéizf—ﬁéz f, jE€I, keI \{0,N}.
Similar to the derivation of (2!/2,u'/2) and (w'/2,u'/?), for k € I, \ {0, N}, we have
- . h2 - h4 -
() = b} = T LR ) =

Substituting above equations into (3.7)) yields

h4

1 k+12 k—12 (Ez h? k2
(112 = = 2) = (o + 1250 - 1

4t

for k € I \ {0, N}. Replacing the superscript k with | and summing for [ from 1 to k, we obtain
(3.5 U

ZIFR) + Bl =0
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4. EXISTENCE AND UNIQUENESS

This section investigates the conditions for the unique solvability of the difference scheme pre-

sented in (2.18])-(2.23).
Theorem 4.1. When h < \/128/a and 7 < h?/4«, the finite difference scheme (2.18))-(2.23) is

uniquely solvable.

Proof. From (2.20)-(2.23), u°, 2° and w® are determined. From (2.18)), (2.20) and (2.21), the first
level yields a linear system of equations about u!, z' and w'. Now we consider its homogeneous
linear system of equations

1 B yh? ‘
;u + 5,2] + 2w + d)( u'); — Tqﬁ(zo,ul)j =0, j€ly, (4.1)
1 o1 PP
z; =0 u; — —251 iy J € In, (4.2)
1 21 Mooy
wj = 0,25 — Eéij, Jj € Ip. (4.3)
Taking the inner product of (4.1)) with u! and combining Lemma we have
1
f||u1|\2—|-%(zl,u1>+§<wl,u1> =0. (4.4)
Applying (3.1]) and ( in Lemmamylelds
h*
1 LTI
() = i = e e
(wh,u') = —||Z I

Substituting above into (4.4]) and combining Lemma [3.1] we obtain
1 « h? 15}
0= —llutl2 7(_ 12_7 1912 12) P12
i+ 2 (=t - e+ ) + Sy

(- By (2 Py g

Hence, it follows that [[u'|| = 0, ||z'| = 0, when h? < 123/a and 7 < h?/2a. Therefore, (£.1))-(4.3)
only allow zeros solutions, which implies that (2.18)), (2.20) and (2.21)) determine u!, 2! and w!
uniquely.

Now we suppose that u*~1, uF, 2#=1 2% w*=1 wF have been determined. From -

a linear system of equations with respect to ub 1 k+1 and w**! is obtained. Then we conmder
the homogeneous system of equations
Lok k1, B k+1 k1l Th? ok k+1 :
Euj + QZJ + 5 2 =+ d)( )j - T¢( U )j =0, JE€ Iy, (45)
h?
k41 _ 2 kt1 2 _k+1
zj+ :5xuj+ 125x j+ , j €Iy, (4.6)
Bl g2 k1 _ s k1
witt =622} 12536 i € I (4.7)

Taking the inner product of (4.5) with v**! and applying Lemma gives

Lookgry2 | @) k1 k4l B k1 k1

— — (2" = =0. 4.

e T R B R R (43)
Applying (3.1)) and (3.3)) in Lemma [3.2] we find that

k41 k+1 uk L2 L2 4 ShH1)2

(wh k) = 42
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Substituting above equations into (4.8) and applying Lemma yields

0= 1|‘Uk+1|‘2 + a( o |uk+1|2 _ h72||zk+1||2 h4 | k+1| ) +B||Zk+1||2
T D) 144

1 day, & ah?
S (222 +1)12 (_7) k12 SRH112
> (LAY 2 4 (5 - S e 4 OO
Then it holds that [|[u*T1]| =0, ||2**1|| = 0, when h2 < 12ﬂ/a and 7 < h?/4a. Therefore, ([4.5)-
T1

. ) have only the zero solution, implying that (| 7 and - ) determine u’“‘l z
and w**! uniquely. Using mathematical 1nduct10n we obtam the conclusion. O

5. CONVERGENCE
This section analyzes the convergence of scheme (2.18)-(2.23)).

Lemma 5.1 (|23, Lemma 2.5]). For an arbitrary grid functions u, z € Uy, we have
1 1
Ag(uz); = (5 uj)zjt1 + 5 (6 Uj-1)Zj-1 + U Agz;.

Let hg and 79 be two positive constants. We denote

8 17h
= L+ 1206 + ( 2+ 28)Le3,

2
6 = 207 +B+2(7)72L2(Lc +VL)? + 5472L2(Lcoh(2)+3\/8L+2L2c§h})°)

+ ﬁS’YQLz(LCO + 00)2,

1
2L2(LCO + Co) + 572L2(LCO + \/Z)2

2
+ § (Coh2 + Coh0)2

cr = 2Lc3 + [27

1 900 2 2210) h} (2ﬂhé)2
+57°L (Lc0h0+3\/8L+2L Ahi°) 4388+ Tk| L} + (387 + T30 ) Lef,
GCGT Cy
cg = exp (—) (85 + 7)’
B Ce

. {\/2013205 +g 20L2cq N QLSCg}
co = Hhax 27 3V o7 3 J

The following theorem shows that the method converges.

Theorem 5.2 (Convergence). Suppose that {UF, Z¥ W¥ : j € I, k € 1.} are solutions of 1)
and {uj, Twjije Ih, k € I.} are solutions of - ([2:23). We denote nj Uk — u

(k = zf - z], fk Wk —w , when h < hg, 7 < 79 and 7% + h* < 1/cg, the estimate for the error

8 g’“}@’ﬂ

|7,’v|1 < 09(72 +h"), kel. (5.1)
Proof. Subtracting (2.18)-(2.23) from ), (2.11)), (2.13), (2.16)), (2.17)), the error system can be

expressed as

R vh? .
aimy? + a¢)? + e + vo(an'?); — 0z = Q5 G, (5.2)

At +acf + 8¢k +4(oUF UF); — o(u*, ub);)

ok k 77k ko k (5:3)
5 (6(24,U%); =64 uh);) = Q) je Iny ke I \{N},

=2k — Eagg’f +RY, jel, kel (5.4)

eh=o2¢k - E&ig’“ +SF, jeI, kel (5.5)

n =0, (=0, &=0, jel, (5.6)
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77;6 = 77;?+M7 Cjk = j];+M’ gk £]+M’ je Ih’ k € IT' (57)

We prove the convergence of the difference scheme using mathematical induction. Prior to this,
we present several preliminary results essential for the proof. It follows from (2.7)) that

|U*y < VLco, ||U¥loo <co, kel (5.8)
1Z*| < VLeo, |1 2% < co, |Z¥|1 < VLo, kel,. (5.9)
Taking the inner product of (5.4) with ¢* yields

h2
ICH1% = (07n*, ¢*) + 5 ICH 7 + (RE, ¢F)

1 1 1 3
< MR + 8217 4+ SICH? + Sk + SIRN?
6 6 2
2
gIICkII2 h4||77 12+ IIR'“IIQ-
Thus, we have
72 9
IC*)1? < ﬁl\nkll2 + QHRkH2~ (5.10)
Similarly, weobtain
72 9
1ACH|1? < 7||Amk||2 + §||AtRk||2v (5.11)
I€¥)1? < h4||Ck||2 HS'“H2~ (5.12)

Taking the inner product of (5.4) with §21* and utilizing Lemma gives

h2
[[620%]1% = <<’“,6£n’“>+—<6§<k,52 My — (R¥, 62n%)

< [I¢*II* + ||5 " |* + ||<52Ck\|2 H5 " |7+ R+ ||5 UMl
144
< *||5 " |? + HC’CII2 + || R¥1%,
then we have 10
lazn*|* < 5N I” + 4l R¥ 2. (5.13)
Applying Lemma [3.1] leads to
L2
i < s < 28 ek e 4 2 e (5.14)

Firstly, we demonstrate that n' satisfies . Taklng the inner product of (5.2) with &;1'/2
we have

X R, .
”(Sml/QHz + Oé(fl/2,5t771/2> + ﬁ<fl/2,5t771/2> +7<¢(U7771/2)75t771/2> o %<¢(Z7771/2)75t771/2>
= (Q% 6m"?).

)

(5.15)
It follows from (5.6)) that
1 1 1
o' 212 = —lIn*1I?, (¢, 8%y = —(Com'), Q% 0m'%) = —(@" ') (5.16)
Using (5.5) and applying (3.3)) in Lemmagives
1 h? h?
12 s o1/2y _ & [peiy2 el ply o T ply o a1 1,1
(€/2,8m"/2) = o= |IC? = (¢ BY) + 5 (6" BY) = 158", ¢1) + (8% 1)) (5.17)
With the help of the definition of ¢(u, z); and applying Lemma we obtain
. 1 .
(o(a,n'/?),6m'/?) = —(é(a.n").n") =0, (5.18)

2T
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(6(.0%), 60117 = (62 0").m") = 0. (519

Substituting (5.16))-(5.19) into (5.15) and using (5.12)) yields
Loagz @ 1 0,1y B2 1, PP
~Jln’ ———<<,n>+<cz,n>——[u< 12 = (1 RY) + 15 (€1 Y
T 2 12
1 11
(s + ()

1 1 0 1 6 112 5 1 1
< §||C i+ 1@~ = SIS + S ISR

BhQ 1 1 6h2 1 1 B 1 1
+ S IEIR + SISt + St s

B 112 6 112 a2 112 ﬁ 112 B 1 2 2 112
-2 Z = 2 2R R
S ICI+ I + 55l ™ + GICIE + SR + 576H£ I+ || I

1
||51H2 + 7||51||2 *Ilnll\Q + 3 1Q°11 + §||771||2

_% 102 Q- L2 Zyet2 4+ 12 4 57]14
et + ( ﬂ+1)||77 12 e+ O e o (B

DY iste+ Zyre+ oo
8 4 2
Rearranging the terms above inequality and using (2.10]), (2.14)), (2.15), when h < hg and 7 <

B 112

afifw, we have
17hg
72

8
€17 < IQCI + 1201 R +

With the help of (5.14]), we obtain

+ 25) IS < es(m + h*)2. (5.20)

2 2 2 2
'R < B+ BER P < (B 4 B (2 w2
That is, [nt|1 < co(72 + ht).
We denote )
= AP+ 1), kel (5.21)
From (5.6)), and (5.20]), we have
= SIS + 101 = S < D2 4 )2, (522)

Taking the inner product of (5.3 with A;e* leads to
IAmFI* + a(ch, M) + BER, Am) + 1 (o(UF, UF) = o(u*, "), Am?)

h2 _
- L (2%, U") = o(F,ub), A" (5.23)
= <Qk7 Aﬂ?k>7 k € I‘r \ {N}
Secondly, we suppose that (5.1)) holds for k = 1,2,...,l with 1 <1 < N —1. When (72 + h*) <

1/, using (5:8)-(5.10) yields

¥y < |U*1 + s < VIeo +1, (5.24)

[u¥]loo < g\u’“ll < g(ﬁcO + 1), (5.25)
#1125+ 1¢Hs < Vo + ¢k < Veo + 3y 5 + 203, (5.26)
I#Hm < YLty < 00 VE 5 o pge, (5.27)
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Using (5.4) and (5.5)), for 1 < k <, we obtain

(€" A"
= (53¢" - 5655 + 5%, M)
= (¢F At + ﬁaick RY) <£’“ At + Eézck RY)) + (5%, Am')
_ 5.28
= (F 80+ a2 At - <<’2AtRk> R R NS o

h2 _ _
- m<52§k AR + ﬁ@k’ ALRFY + (%, Am*)

1 _ : h?, W2 g :
= U = NICRH) = (€ ARR) = (S, AucE) + 5 (€8, AvRT) + (S, Aurr®).

Noticing that
UEUR); — p(uF,uF); = p(u®,17); + o(n*, UP);
us Aam + Ay (uhn®);] +

MEALUF + A, (FU*);],

5l 5l
and applying Lemma we find that
S(UF,UM); = 0¥, b,
1 1
= g[uﬁ?Amf + 5(5117 ) it (5 - 1) uf_y + b At ] (5.29)
1 1
g (AU + 5 () US + (5% DUy +nf AU
Combining , , with leads to
— (@(U*, UF) = ¢, u"), M)
h - k RooL(er + k k k k
j=1

M

h
75 E |:7]kA Uk (5+ ) +1+ (5 77] 1)Uk 1+77kA U :|At77§:
<1 ||uk||oo|n Wt In 0¥l + g s ¥ o+ Pl i1y ) e
=3 (5.30)
1 _ _
42 (I oo UF1s + SN0 e+ 10+ e U1 e

%[ﬁ(\ﬁcoﬂ)m |1+£(\FCO+1)|77 |1+(ch+1)£\77 a]llam]

VI VI
2 [VEo Ll oty + colnls + VEeooE ot A
LCO + f

LCO + Co

="l A + LAl 1<k <L

Similarly, we concluded that

S(ZF,UR); — o(2F k) = %{Zfﬁwm (‘5+ ) Gt % (% 773—1) Zf—l * ";;szﬂ (5.31)
_|_

1 1 z
+ 3 [CJ]'CAQKUJ]'C (6+<j ) 1Ty (6+CJ 1) -1t CJ]'CAQTUJ]'C] :
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Combining (5.9)), (5.26)), (5.27) with (5.31)), for 1 < k <, we have
($(ZF, U’_“) — $(2F,uP), A

Y Z [ kATnJ (5;775) Ziv1 T 5 (5+77] 1) Z;'C—1 + U?Azzﬂ Am;c

h M ~
g > [ 5 (55 U+ 5 (e U+ U] A
j=1

Lok k Lok ok 2 k k

3(HZ lool?®l1 + 5 In 112" ||l + 2|77 [1112%[loo + 177 [l o |2 |1>||Am [ (5.32)
1 . 1 . .

+§(||C'“||HA1U’“||OO+*|Ck|1||Uk||oo+*\CkllHUkHooJr||C'“H|\AzUk||oo)HAmk||

= %M% - 3\2ﬁ T2k 2h6) * £(‘f00 *%/M)] A

2
+3 (20 + 7o) ICHI A

_ (Lo 3L

0 2L 21 ) At 4+ 2 (e + 2) I£4 At

Substituting (5.28)), (5.30)), (5.32) into (5.23)) and using (5.11)-(5.12) gives

12"

2SI~ 1E5R)

,Bh Bh

< —alC*, APy —

+ B(CF, ARY) + <S’“ ARy - <£ L ARFY — B(S®, A

(Lco+\F

LCQ+CO
I ’“\ 1Am™| + =—=5—

h2r/L 3
20 (Leo  BVE VL
2 2 2 h4

2

+ 2 (o +3) ISEIAm! | + (@, Au)

B
4T

+ v~y

+ 2L3RS ) [ 1 | A" |

- _ h2 _
(ISP = 1S5 + all Pl Ar® | + BIICE I ARF( + fIIS’“IIIIAtC’“II
(LCO + \/>)

<

BhQ k k k
T IEEMIARE |+ BIS [ Am* || + ————

Leg + ¢ Legh? 3\f i
+%m|mm I+ 2 (E 3V Js L) o A

g
+ 5 (coh® + coh) IV Am* || + Q¥ A"

nF (1| Al

8 : b2y L B
< = (G2 = I6H1 %) + 202 CF2 + S I Am® |12 + SIICHI2 + 2814, B2
2 k 2 k 2 k|2 k2 2 k 2 k2
+BSHE 4 AR + CE R 4 A RH 4 262 MR + At
2
v} (Leo + VL)? | & 1 72 (Lo + co)?
+ LD VE b Sl + 22O bz 2 a2
2/ Leoh? 3 2 1
(Lt BV o) R+ LA

22 1 1
+ =5 (coh® + Coh) ICHI + g A1 + 201Q 1 + gl Am™|1®
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. B
4T

_ 1 _
21 k(12 k)2 RI2 4 k2
+ + —||A + —|AR +
BIS™| 8” |l 128” fRE|7 + ||C I 128‘

(Lo + VIR | 52 (Lcoh2 +3y/BL+ 2L2c§h10) |
2 8
292 (Lcg + co)? 2 2
L e ool e 27 g2y cn) ||<kuz 2k

9 9
B _
< = UETHE = NICEH) + A + 202 + Ik

2 2 2 2 9
Y= (coh? + coh 2v2(Leo + o)
= V)b o B0 o) s
9 9
2
v%(Leo + VIL)? v (Lcoh2 +3+/8L + 2L2c§h10>
+] N 8 |

2

2 QMR + (384 1 AR + (35 + 20,

Simplifying and rearranging the above inequality, then using (2.10)), (2.14), (2.15]) and (5.14), we
have

_ 7 k Bk
IGH112 = IC*12) + Sl e |2 + 202 ¢FIP + S ICFI2 + 26 A, B 2

|S*]1* + Bl A RY?

k|2
1

+ 287552 + |

Bl
=N

7"

|S* 1.

— [+ Nick? ) (IS® 1% + 16" H1%)]

k2 4 V2 (coh® +coh)? | 4 2, 29*(Leg 4 o) (2007 2, 2L% i
< (202 + D)1cFI + 5 e R Tl =[S e 2l )

2
. Pz(LCO FVIP 72 (Leoh? + 3y/8L + 2L2h10) (20L2
2

"’;‘Q

L2 _
ICFI2 + =5~ 1R )12)

k|2 n- k12 4 2 4 k|2
42 QM+ (35 + 1 ) IARHE + (362 + ) 57

2
212 2 \/—2210
_ [2a2+ B, 10912 + VP | 592L (Lcoh +3\/8L 1 2023h )
8 27 54
292(coh? + coh)? 40V TA(Leo + o)
g [Ptk cl)”  SEE T Ol ke 1 gty +
2
VI2(Ley+ VI)? 7P (Leoh® +3y/SL+ 20730
+ [ +

3 12
+ (384 Y IARE R + (357 D0 )2

k+1)2 k|2 k|2 k=12
gq{HC I 2+ (S (S +2||C I

Using ((5.21)), it follows that

2£(F’“+1 —F*) < c(FFY 4+ FRY fer (72 +0Y?, 1<k<L
-

With the help of the Gronwall inequality [20], when 2c¢g7/8 < 1/3, we have

ety
4’}/2L2 (LCO + 60)2

Rk 2
ot ooy

iR

] +er(t? + h4)2.

Fk+1§exp<606(k+1)7—)[F1+ (r +h4) , 1<k<I
B 2¢6

Combining this with (5.22)), we derive

FH < 02( Y2 1<k<l.
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Noticing that 2F*1 > ||C5+1||2, we have
[P < es(r? +R%)?, 1<k <L

Then using (2.14)) and (5.14)) yields

20L%cs  2L3¢2
|n’“+1|1§\/068+ B2y nt) <eo(r2+hY), 1<k<l

27 3
Therefore, with the help of mathematical induction, we conclude that
Il < eo(r® +hY), ke I\ {0}, (5.33)

Finally, combining (5.6)) and (5.33)), we demonstrate the error estimate
"1 < co(r? +h%), kel,.

Based on Lemma [3.1] and Theorem we find that
@ cov'L (

2 2
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