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LINEARIZED HIGH-ORDER AND CONVERGENT SCHEME FOR THE

KURAMOTO-SIVASHINSKY EQUATION

YIRAN ZHANG, GUOHUI WANG, YUANFENG JIN

Abstract. In this article, we provide a linearized compact scheme for the Kuramoto-Sivashinsky

equation with the periodic boundary condition. By applying the double reduction order method
and a fourth-order compact operator, the scheme achieves second-order convergence in time and

fourth-order convergence in space. We present proofs of the conservation, unique solvability, and

convergence of the scheme.

1. Introduction

The Kuramoto-Sivashinsky equation is a representative nonlinear dissipative partial differential
equation which are commonly used to describe the dynamical behavior of unsteady fluctuations
and turbulence [14, 18]. Kuramoto and Tsuzuki derived it from a general two-component reaction-
diffusion system and regarded it as a one-dimensional representation of the ring-like propagating
pattern observed experimentally in the Belousov-Zhabotinsky reaction. Sivashinsky obtained the
equation by analyzing the spontaneous instability of a laminar flame’s planar front. It was also
obtained by Cohen et al. [8] through the formulation of a rigorous mathematical model that
investigates the nonlinear saturation of the dissipative trapped-ion mode. Kudryashov et al. [12]
employed the Kuramoto-Sivashinsky equation to capture nonlinear long-wave propagation in a
viscous-elastic tube. In addition, it has a wide range of applications in spatiotemporally chaotic
dynamics [6], free surface film-flows and hydrodynamic instabilities [4, 19].

Many scholars have investigated its analytical solutions and related properties from a theoret-
ical perspective. Lan and Cvitanović [17] explored unstable recurrent patterns in the Kuramoto-
Sivashinsky system, employing Newton descent method to identify periodic solutions and char-
acterizing chaotic dynamics via low-dimensional return maps and symbolic dynamics. Dong and
Lan [9] systematically investigated spatially periodic steady solutions of the Kuramoto-Sivashinsky
equation through the lens of dynamical systems, employing symbolic dynamics for classification
and analyzing bifurcations of fundamental cycles. Kudryashov and Soukharev [13] demonstrated
that many different ansatz methods for solving the Kuramoto-Sivashinsky equation lead to equiv-
alent results. They analyzed various ‘new’ solitary wave solutions and showed that these can be
reduced to two known solutions through algebraic transformations. Frisch et al. [10] analyzed the
Kuramoto-Sivashinsky equation and demonstrated that the stability of cellular solutions is related
to their viscoelastic behavior under large-scale perturbations. Cerpa and Mercado [5] proved the
local exact controllability of the Kuramoto-Sivashinsky equation’s trajectories using Carleman
estimates for the linear system and a local inversion theorem for the nonlinear system.

The Kuramoto-Sivashinsky equation involves the interaction of several physical processes, such
as nonlinear convection, diffusion, and higher-order dissipation effects. Together, these factors
lead to wave instability and complex spatiotemporal structures, making the exact analytical so-
lution difficult to obtain. Hence, it is especially meaningful to devise efficient algorithms for the
Kuramoto-Sivashinsky equation. Christov and Bekyarov [7] introduced a Fourier-Galerkin method
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for solving the soliton solution of the Kuramoto-Sivashinsky equation and demonstrated its high
accuracy and efficiency. Akrivis [1] presented a Crank-Nicolson-type finite difference scheme for
the Kuramoto-Sivashinsky equation with periodic boundary conditions, discussed the linearization
of the nonlinearity, derived second-order error estimates, and proved the existence and uniqueness
of the scheme. Akrivis [2] also investigated semidiscrete and fully discrete finite element methods
with second-order time accuracy to solve the Kuramoto-Sivashinsky equation. Akrivis and Smyrlis
[3] performed a numerical analysis using implicit-explicit BDF schemes for temporal discretization
and pseudo-spectral methods for spatial discretization. Xu and Shu [22] developed a local dis-
continuous Galerkin method for the Kuramoto-Sivashinsky equation, achieving L2 stability and
high-order accuracy. Uddin et al. [21] proposed a mesh-free numerical method using radial basis
functions to solve the Kuramoto-Sivashinsky equations, showing its accuracy and robustness in
comparison to traditional methods. Researchers have developed numerical methods not only for
the Kuramoto-Sivashinsky equation, but also for its generalized form [11, 15, 16].

In this article, we consider the following version of Kuramoto-Sivashinsky equation with the
periodical boundary condition [1]

ut + αuxx + βuxxxx + γuux = 0, x ∈ R, t ∈ [0, T ], (1.1)

u(x, 0) = u0(x), x ∈ R, (1.2)

u(x, t) = u(x+ L, t), x ∈ R, t ∈ [0, T ], (1.3)

where α, β, γ, L and T are positive real constants, L denotes the spatial period, and u0(x) is
a given smooth function. The purpose of the study is to present a linearized compact difference
scheme for the Kuramoto-Sivashinsky equation via the order reduction method, which has fourth-
order in space and second-order in time. This provides more methodical options for the study of
the Kuramoto-Sivashinsky equation.

The rest of this article is organized as follows. In Section 2, employing the double reduction order
method, we design a three-level linearized finite difference scheme for the Kuramoto-Sivashinsky
equation. In Section 3, we obtain a conservative invariant of the difference scheme. Existence
and uniqueness of the solution are established with a rigorous argument in Section 4. Finally, we
demonstrate the convergence of the difference scheme in Section 5.

2. Construction of the difference scheme

This section applies the double order-reduction approach to construct a three-level linear differ-
ence scheme for the problem (1.1)-(1.3) and provides a detailed analysis of the truncation errors.

We divide the domain [0, L] × [0, T ] and take positive integers M and N . Let h = L/M and
τ = T/N . Denote index sets Ih = {j : 1 ≤ j ≤ M} and Iτ = {k : 0 ≤ k ≤ N}. We denote
Ωh = {xj = jh : j ∈ Ih ∪ {0}}, Ωτ = {tk = kτ : k ∈ Iτ} and Ωhτ = Ωh × Ωτ .

For any grid function u =
{
uk
j : j ∈ Ih ∪ {0}, k ∈ Iτ

}
on Ωhτ , we denote

δ+x u
k
j =

1

h
(uk

j+1 − uk
j ), δ2xu

k
j =

1

h
(δ+x u

k
j − δ+x u

k
j−1),

∆xu
k
j =

1

2h
(uk

j+1 − uk
j−1), uk

j+ 1
2
=

1

2
(uk

j + uk
j+1),

u
k+ 1

2
j =

1

2
(uk

j + uk+1
j ), uk̄

j =
1

2
(uk−1

j + uk+1
j ),

δtu
k+ 1

2
j =

1

τ
(uk+1

j − uk
j ), ∆tu

k
j =

1

2τ
(uk+1

j − uk−1
j ).

Let Uh = {u : u = {uj} , uj+M = uj}. For any grid functions u, z ∈ Uh, we define the discrete

inner product ⟨u, z⟩ = h
∑M

j=1 ujzj and the corresponding norms (seminorm)

∥u∥ =
√
⟨u, u⟩, |u|1 =

√
⟨δ+x u, δ+x u⟩, ∥u∥∞ = max

1≤j≤M
|uj |.

In addition, define the function

ϕ(u, z)j =
1

3
[∆x(uz)j + uj∆xzj ] , j ∈ Ih.
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Lemma 2.1 ([23, Lemma 2.3]). Let k(x) belongs to C5[xj−1, xj+1] and denote Kj = k(xj) and
Gj = k′′(xj), then for j ∈ Ih, we have

k(xj)k
′(xj) = ϕ(K,K)j −

h2

2
ϕ(G,K)j +O(h4),

k′′(xj) = δ2xKj −
h2

12
δ2xGj +O(h4).

We rewrite (1.1)-(1.3) as

ut + αz + βw + γuux = 0, x ∈ R, t ∈ [0, T ], (2.1)

z = uxx, x ∈ R, t ∈ [0, T ], (2.2)

w = zxx, x ∈ R, t ∈ [0, T ], (2.3)

u(x, 0) = u0(x), x ∈ R, (2.4)

u(x, t) = u(x+ L, t), z(x, t) = z(x+ L, t), w(x, t) = w(x+ L, t),

x ∈ R, t ∈ [0, T ].
(2.5)

We denote
ĉ0 = max

0≤x≤L,t∈[0,T ]
{|u(x, t)|, |ux(x, t)|, |uxx(x, t)|, |uxxx(x, t)|}

and define grid functions

Uk
j = u(xj , tk), Zk

j = z(xj , tk), W k
j = w(xj , tk), j ∈ Ih, k ∈ Iτ .

Considering (2.1) at the point (xj , t1/2), we have

u(xj , t1/2) + αz(xj , t1/2) + βw(xj , t1/2) + γu(xj , t1/2)ux(xj , t1/2) = 0, j ∈ Ih. (2.6)

From the Taylor expansion and (1.1), we obtain

u(xj , t1/2) =u(xj , t0) +
τ

2
ut(xj , t0) +O(τ2)

=u(xj , t0) +
τ

2
(−αuxx(xj , t0)− βuxxxx(xj , t0)− γu(xj , t0)ux(xj , t0)) +O(τ2)

=u0(xj)−
τ

2
(αu′′

0(xj) + βu′′′′
0 (xj) + γu0(xj)u

′
0(xj)) +O(τ2).

We denote

û(x) = u0(x)−
τ

2
(αu′′

0(x) + βu′′′′
0 (x) + γu0(x)u

′
0(x)), ẑ(x) = û′′(x),

ûj = û(xj), ẑj = ẑ(xj), j ∈ Ih.

Evidently, there exists a constant c̃0 > 0 such that

max
0≤x≤L

{|û(x)|, |û′(x)|, |ẑ(x)|, |ẑ′(x)|} ≤ c̃0.

Then we denote
c0 = max{ĉ0, c̃0}. (2.7)

Lemma 2.1 leads to

u(xj , t1/2)ux(xj , t1/2) = ϕ(û, U1/2)j −
h2

2
ϕ(ẑ, U1/2)j +O(τ2 + h4). (2.8)

Substituting (2.8) into (2.6) and using Taylor expansions, we obtain

δtU
1/2
j + αZ

1/2
j + βW

1/2
j + γ

[
ϕ(û, U1/2)j −

h2

2
ϕ(ẑ, U1/2)j

]
= Q0

j , j ∈ Ih, (2.9)

where
|Q0

j | ≤ c1(τ
2 + h4), j ∈ Ih, (2.10)

with c1 being a positive constant.
For j ∈ Ih and k ∈ Iτ \ {0, N}, from (2.1) at (xj , tk) we derive

∆tU
k
j + αZ k̄

j + βW k̄
j + γ

[
ϕ(Uk, U k̄)j −

h2

2
ϕ(Zk, U k̄)j

]
= Qk

j , (2.11)
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where

|Qk
j | ≤ c2(τ

2 + h4), (2.12)

with c2 being a positive constant.
For j ∈ Ih and k ∈ Iτ \ {N}, from (2.2) and (2.3) at (xj , tk) we derive

Zk
j = δ2xU

k
j − h2

12
δ2xZ

k
j +Rk

j , W k
j = δ2xZ

k
j − h2

12
δ2xW

k
j + Sk

j . (2.13)

There are two positive constant c3 and c4 such that the local truncation errors satisfying

|Rk
j | ≤ c3h

4, |∆tR
k
j | ≤ c3(τ

2 + h4), (2.14)

|Sk
j | ≤ c4h

4, |∆tS
k
j | ≤ c4(τ

2 + h4). (2.15)

Taking into account the initial and boundary conditions (2.4)-(2.5), we obtain

U0
j = u0(xj), j ∈ Ih, (2.16)

Uk
j = Uk

j+M , Zk
j = Zk

j+M , W k
j = W k

j+M , j ∈ Ih, k ∈ Iτ . (2.17)

Omitting the small terms Qk
j , R

k
j and Sk

j , replacing the grid functions Uk
j , Z

k
j ,W

k
j by uk

j , z
k
j , w

k
j

in (2.9), (2.11), (2.13) respectively, and noticing the initial and boundary conditions (2.16)-(2.17),
we construct a finite difference scheme for (2.1)-(2.5) as follows

δtu
1/2
j + αz

1/2
j + βw

1/2
j + γ

[
ϕ(û, u1/2)j −

h2

2
ϕ(ẑ, u1/2)j

]
= 0, j ∈ Ih, (2.18)

∆tu
k
j + αzk̄j + βwk̄

j + γ
[
ϕ(uk, uk̄)j −

h2

2
ϕ(zk, uk̄)j

]
= 0,

j ∈ Ih, k ∈ Iτ \ {0, N},
(2.19)

zkj = δ2xu
k
j − h2

12
δ2xz

k
j , j ∈ Ih, k ∈ Iτ , (2.20)

wk
j = δ2xz

k
j − h2

12
δ2xw

k
j , j ∈ Ih, k ∈ Iτ , (2.21)

u0
j = u0(xj), j ∈ Ih, (2.22)

uk
j = uk

j+M , zkj = zkj+M , wk
j = wk

j+M , j ∈ Ih, k ∈ Iτ . (2.23)

3. Conservation law

This section explores the conservation law of the difference scheme (2.18)-(2.23). We introduce
two lemmas that are used throughout the proof.

Lemma 3.1 ([20, Chapter 1]). For arbitrary grid functions u, z ∈ Uh, we have

∥z∥∞ ≤
√
L

2
|z|1, |z|1 ≤ 2

h
∥z∥, ∥z∥ ≤ L√

6
|z|1,

⟨δ2xu, z⟩ = −⟨δ+x u, δ+x z⟩, ⟨ϕ(u, z), z⟩ = 0.

Lemma 3.2. For any grid functions u, z, w,R, S ∈ Uh, satisfying

zj = δ2xuj −
h2

12
δ2xzj +Rj , wj = δ2xzj −

h2

12
δ2xwj + Sj , j ∈ Ih,

uj = uj+M , zj = zj+M , wj = wj+M , j ∈ Ih ∪ {0},

we have

⟨z, u⟩ = −|u|21 −
h2

12
∥z∥2 + h4

144
|z|21 +

h2

12
⟨z,R⟩+ ⟨R, u⟩, (3.1)

⟨z, u⟩ ≤ −|u|21 −
h2

18
∥z∥2 + h2

12
⟨z,R⟩+ ⟨R, u⟩, (3.2)

⟨w, u⟩ = ∥z∥2 − ⟨z,R⟩+ h2

12
⟨w,R⟩ − h2

12
⟨S, z⟩+ ⟨S, u⟩. (3.3)
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Proof. The proof of (3.1)-(3.2) comes from [23]. The proof of (3.3) is as follows

⟨w, u⟩ =
〈
δ2xz −

h2

12
δ2xw + P, u

〉
= ∥z∥2 − h2

12
|z|21 − ⟨z,R⟩ − h2

12

〈
δ2xz −

h2

12
δ2xw + P, z

〉
− h4

144

〈
w, δ2xz

〉
+

h2

12
⟨w,R⟩+ ⟨P, u⟩

= ∥z∥2 − ⟨z,R⟩+ h2

12
⟨w,R⟩ − h2

12
⟨P, z⟩+ ⟨P, u⟩ . □

Theorem 3.3. Suppose that {uk
j , z

k
j , w

k
j : j ∈ Ih, k ∈ Iτ} are solutions of (2.18)-(2.23). Then

1

2
(∥u1∥2 + ∥u0∥2) + βτ∥z1/2∥2 − ατ

(
|u1/2|21 +

h2

12
∥z1/2∥2 − h4

144
|z1/2|21

)
= ∥u0∥2, (3.4)

E(uk+1, uk) = E(u1, u0), k ∈ Iτ \ {0, N}, (3.5)

where

E(uk+1, uk) =
1

2
(∥uk+1∥2 + ∥uk∥2) + 2βτ

k∑
l=1

∥z l̄∥2 − 2ατ

k∑
l=1

(
|ul̄|21 +

h2

12
∥z l̄∥2 − h4

144
|z l̄|21

)
.

Proof. Taking the inner product of (2.18) with u1/2 and applying Lemma 3.1 leads to

⟨δtu1/2, u1/2⟩+ α⟨z1/2, u1/2⟩+ β⟨w1/2, u1/2⟩ = 0. (3.6)

Averaging (2.20) and (2.21) with superscripts k = 0 and k = 1 yields

z
1/2
j = δ2xu

1/2
j − h2

12
δ2xz

1/2
j , w

1/2
j = δ2xz

1/2
j − h2

12
δ2xw

1/2
j , j ∈ Ih.

For the second and third terms of (3.6), applying (3.1) and (3.3) in Lemma 3.2, we obtain

⟨z1/2, u1/2⟩ = −|u1/2|21 −
h2

12
∥z1/2∥2 + h4

144
|z1/2|21, ⟨w1/2, u1/2⟩ = ∥z1/2∥2.

Substituting above equations into (3.6) gives

1

2τ
(∥u1∥2 − ∥u0∥2)− α

(
|u1/2|21 +

h2

12
∥z1/2∥2 − h4

144
|z1/2|21

)
+ β∥z1/2∥2 = 0.

Rearranging the above equation, we obtain (3.4).

Taking the inner product of (2.19) with uk̄ and applying Lemma 3.1 gives

⟨δtuk, uk̄⟩+ α⟨zk̄, uk̄⟩+ β⟨wk̄, uk̄⟩ = 0, k ∈ Iτ \ {0, N}. (3.7)

According to (2.20) and (2.21), we have

zk̄j = δ2xu
k̄
j − h2

12
δ2xz

k̄
j , wk̄

j = δ2xz
k̄
j − h2

12
δ2xw

k̄
j , j ∈ Ih, k ∈ Iτ \ {0, N}.

Similar to the derivation of ⟨z1/2, u1/2⟩ and ⟨w1/2, u1/2⟩, for k ∈ Iτ \ {0, N}, we have

⟨zk̄, uk̄⟩ = −|uk̄|21 −
h2

12
∥zk̄∥2 + h4

144
|zk̄|21, ⟨wk̄, uk̄⟩ = ∥zk̄∥2.

Substituting above equations into (3.7) yields

1

4τ
(∥uk+1∥2 − ∥uk−1∥2)− α

(
|uk̄|21 +

h2

12
∥zk̄∥2 − h4

144
|zk̄|21

)
+ β∥zk̄∥2 = 0,

for k ∈ Iτ \ {0, N}. Replacing the superscript k with l and summing for l from 1 to k, we obtain
(3.5). □
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4. Existence and uniqueness

This section investigates the conditions for the unique solvability of the difference scheme pre-
sented in (2.18)-(2.23).

Theorem 4.1. When h <
√
12β/α and τ < h2/4α, the finite difference scheme (2.18)-(2.23) is

uniquely solvable.

Proof. From (2.20)-(2.23), u0, z0 and w0 are determined. From (2.18), (2.20) and (2.21), the first
level yields a linear system of equations about u1, z1 and w1. Now we consider its homogeneous
linear system of equations

1

τ
u1
j +

α

2
z1j +

β

2
w1

j +
γ

2
ϕ(u0, u1)j −

γh2

4
ϕ(z0, u1)j = 0, j ∈ Ih, (4.1)

z1j = δ2xu
1
j −

h2

12
δ2xz

1
j , j ∈ Ih, (4.2)

w1
j = δ2xz

1
j − h2

12
δ2xw

1
j , j ∈ Ih. (4.3)

Taking the inner product of (4.1) with u1 and combining Lemma 3.1, we have

1

τ
∥u1∥2 + α

2
⟨z1, u1⟩+ β

2
⟨w1, u1⟩ = 0. (4.4)

Applying (3.1) and (3.3) in Lemma 3.2 yields

⟨z1, u1⟩ = −|u1|21 −
h2

12
∥z1∥2 + h4

144
|z1|21,

⟨w1, u1⟩ = −∥z1∥2.

Substituting above into (4.4) and combining Lemma 3.1, we obtain

0 =
1

τ
∥u1∥2 + α

2

(
− |u1|21 −

h2

12
∥z1∥2 + h4

144
|z1|21

)
+

β

2
∥z1∥2

≥
(1
τ
− 2α

h2

)
∥u1∥2 +

(β
2
− αh2

24

)
∥z1∥2 + αh4

288
|z1|21.

Hence, it follows that ∥u1∥ = 0, ∥z1∥ = 0, when h2 < 12β/α and τ < h2/2α. Therefore, (4.1)-(4.3)
only allow zeros solutions, which implies that (2.18), (2.20) and (2.21) determine u1, z1 and w1

uniquely.
Now we suppose that uk−1, uk, zk−1, zk, wk−1, wk have been determined. From (2.19)-(2.21)

a linear system of equations with respect to uk+1, zk+1 and wk+1 is obtained. Then we consider
the homogeneous system of equations

1

2τ
uk+1
j +

α

2
zk+1
j +

β

2
wk+1

j +
γ

2
ϕ(uk, uk+1)j −

γh2

4
ϕ(zk, uk+1)j = 0, j ∈ Ih, (4.5)

zk+1
j = δ2xu

k+1
j − h2

12
δ2xz

k+1
j , j ∈ Ih, (4.6)

wk+1
j = δ2xz

k+1
j − h2

12
δ2xw

k+1
j , j ∈ Ih. (4.7)

Taking the inner product of (4.5) with uk+1 and applying Lemma 3.1 gives

1

2τ
∥uk+1∥2 + α

2
⟨zk+1, uk+1⟩+ β

2
⟨wk+1, uk+1⟩ = 0. (4.8)

Applying (3.1) and (3.3) in Lemma 3.2, we find that

⟨zk+1, uk+1⟩ = −|uk+1|21 −
h2

12
∥zk+1∥2 + h4

144
|zk+1|21,

⟨wk+1, uk+1⟩ = −∥zk+1∥2.
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Substituting above equations into (4.8) and applying Lemma 3.1 yields

0 =
1

τ
∥uk+1∥2 + α

(
− |uk+1|21 −

h2

12
∥zk+1∥2 + h4

144
|zk+1|21

)
+ β∥zk+1∥2

≥
(1
τ
− 4α

h2

)
∥uk+1∥2 +

(
β − αh2

12

)
∥zk+1∥2 + αh4

144
|zk+1|21.

Then it holds that ∥uk+1∥ = 0, ∥zk+1∥ = 0, when h2 < 12β/α and τ < h2/4α. Therefore, (4.5)-
(4.7) have only the zero solution, implying that (2.19), (2.20) and (2.21) determine uk+1, zk+1

and wk+1 uniquely. Using mathematical induction, we obtain the conclusion. □

5. Convergence

This section analyzes the convergence of scheme (2.18)-(2.23).

Lemma 5.1 ([23, Lemma 2.5]). For an arbitrary grid functions u, z ∈ Uh, we have

∆x(uz)j =
1

2
(δ+x uj)zj+1 +

1

2
(δ+x uj−1)zj−1 + uj∆xzj .

Let h0 and τ0 be two positive constants. We denote

c5 =
8

β
Lc21 + 12Lc23 +

(17h4
0

72
+ 2β

)
Lc24,

c6 = 2α2 +
β

8
+

10

27
γ2L2(Lc0 +

√
L)2 +

5

54
γ2L2

(
Lc0h

2
0 + 3

√
8L+ 2L2c23h

10
0

)2

+
2

9
γ2(c0h

2
0 + c0h0)

2 +
40

243
γ2L2(Lc0 + c0)

2,

c7 = 2Lc22 +
[ 4

27
γ2L2(Lc0 + c0)

2 +
1

3
γ2L2(Lc0 +

√
L)2

+
1

12
γ2L2

(
Lc0h

2
0 + 3

√
8L+ 2L2c23h

10
0

)2

+ 3β +
h4
0

128

]
Lc23 +

(
3β2 +

βh4
0

128

)
Lc24,

c8 = exp
(6c6T

β

)(
c5 +

c7
c6

)
,

c9 = max
{√20L2c5

27
+

2L2

3
,

√
20L2c8

27
+

2L3c23
3

}
.

The following theorem shows that the method converges.

Theorem 5.2 (Convergence). Suppose that {Uk
j , Z

k
j ,W

k
j : j ∈ Ih, k ∈ Iτ} are solutions of (2.1)-

(2.5) and {uk
j , z

k
j , w

k
j : j ∈ Ih, k ∈ Iτ} are solutions of (2.18)-(2.23). We denote ηkj = Uk

j − uk
j ,

ζkj = zkj − zkj , ξ
k
j = W k

j −wk
j , when h ≤ h0, τ ≤ τ0 and τ2 + h4 ≤ 1/c9, the estimate for the error

is given.

|ηk|1 ≤ c9(τ
2 + h4), k ∈ Iτ . (5.1)

Proof. Subtracting (2.18)-(2.23) from (2.9), (2.11), (2.13), (2.16), (2.17), the error system can be
expressed as

δtη
1/2
j + αζ

1/2
j + βξ

1/2
j + γϕ(û, η1/2)j −

γh2

2
ϕ(ẑ, η1/2)j = Q0

j , j ∈ Ih, (5.2)

∆tη
k
j + αζ k̄j + βξk̄j + γ

(
ϕ(Uk, U k̄)j − ϕ(uk, uk̄)j

)
− γh2

2

(
ϕ(Zk, U k̄)j − ϕ(zk, uk̄)j

)
= Qk

j , j ∈ Ih, k ∈ Iτ \ {N},
(5.3)

ζkj = δ2xη
k
j − h2

12
δ2xζ

k
j +Rk

j , j ∈ Ih, k ∈ Iτ , (5.4)

ξkj = δ2xζ
k
j − h2

12
δ2xξ

k
j + Sk

j , j ∈ Ih, k ∈ Iτ , (5.5)

η0j = 0, ζ0j = 0, ξ0j = 0, j ∈ Ih, (5.6)
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ηkj = ηkj+M , ζkj = ζkj+M , ξkj = ξkj+M , j ∈ Ih, k ∈ Iτ . (5.7)

We prove the convergence of the difference scheme using mathematical induction. Prior to this,
we present several preliminary results essential for the proof. It follows from (2.7) that

|Uk|1 ≤
√
Lc0, ∥Uk∥∞ ≤ c0, k ∈ Iτ , (5.8)

∥Zk∥ ≤
√
Lc0, ∥Zk∥∞ ≤ c0, |Zk|1 ≤

√
Lc0, k ∈ Iτ . (5.9)

Taking the inner product of (5.4) with ζk yields

∥ζk∥2 = ⟨δ2xηk, ζk⟩+
h2

12
|ζk|21 + ⟨Rk, ζk⟩

≤ 1

6
∥ζk∥2 + 3

2
∥δ2xηk∥2 +

1

3
∥ζk∥2 + 1

6
∥ζk∥2 + 3

2
∥Rk∥2

≤ 2

3
∥ζk∥2 + 24

h4
∥ηk∥2 + 3

2
∥Rk∥2.

Thus, we have

∥ζk∥2 ≤ 72

h4
∥ηk∥2 + 9

2
∥Rk∥2. (5.10)

Similarly, weobtain

∥∆tζ
k∥2 ≤ 72

h4
∥∆tη

k∥2 + 9

2
∥∆tR

k∥2, (5.11)

∥ξk∥2 ≤ 72

h4
∥ζk∥2 + 9

2
∥Sk∥2. (5.12)

Taking the inner product of (5.4) with δ2xη
k and utilizing Lemma 3.1 gives

∥δ2xηk∥2 = ⟨ζk, δ2xηk⟩+
h2

12
⟨δ2xζk, δ2xηk⟩ − ⟨Rk, δ2xη

k⟩

≤ ∥ζk∥2 + 1

4
∥δ2xηk∥2 +

h4

144
∥δ2xζk∥2 +

1

4
∥δ2xηk∥2 + ∥Rk∥2 + 1

4
∥δ2xηk∥2

≤ 3

4
∥δ2xηk∥2 +

10

9
∥ζk∥2 + ∥Rk∥2,

then we have

∥δ2xηk∥2 ≤ 40

9
∥ζk∥2 + 4∥Rk∥2. (5.13)

Applying Lemma 3.1 leads to

|ηk|21 ≤ L2

6
|δ+x ηk|21 ≤ 20L2

27
∥ζk∥2 + 2L2

3
∥Rk∥2. (5.14)

Firstly, we demonstrate that η1 satisfies (5.1). Taking the inner product of (5.2) with δtη
1/2,

we have

∥δtη1/2∥2 + α⟨f1/2, δtη
1/2⟩+ β⟨ξ1/2, δtη1/2⟩+ γ

〈
ϕ(û, η1/2), δtη

1/2
〉
− γh2

2

〈
ϕ(ẑ, η1/2), δtη

1/2
〉

= ⟨Q0, δtη
1/2⟩.

(5.15)
It follows from (5.6) that

∥δtη1/2∥2 =
1

τ2
∥η1∥2, ⟨ζ1/2, δtη1/2⟩ =

1

2τ
⟨ζ1, η1⟩, ⟨Q0, δtη

1/2⟩ = 1

τ
⟨Q0, η1⟩. (5.16)

Using (5.5) and applying (3.3) in Lemma 3.2 gives

⟨ξ1/2, δtη1/2⟩ =
1

2τ

[
∥ζ1∥2 − ⟨ζ1, R1⟩+ h2

12
⟨ξ1, R1⟩ − h2

12
⟨S1, ζ1⟩+ ⟨S1, η1⟩

]
. (5.17)

With the help of the definition of ϕ⟨u, z⟩j and applying Lemma 3.1, we obtain

⟨ϕ(û, η1/2), δtη1/2⟩ =
1

2τ
⟨ϕ(û, η1), η1⟩ = 0, (5.18)
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⟨ϕ(ẑ, η1/2), δtη1/2⟩ =
1

2τ
⟨ϕ(ẑ, η1), η1⟩ = 0. (5.19)

Substituting (5.16)-(5.19) into (5.15) and using (5.12) yields

1

τ
∥η1∥2 = −α

2
⟨ζ1, η1⟩+ ⟨Q0, η1⟩ − β

2

[
∥ζ1∥2 − ⟨f1, R1⟩+ h2

12
⟨ξ1, R1⟩

− h2

12
⟨S1, ζ1⟩+ ⟨S1, η1⟩

]
≤ α

2
∥ζ1∥∥η1∥+ ∥Q0∥∥η1∥ − β

2
∥ζ1∥2 + β

2
∥ζ1∥∥R1∥

+
βh2

24
∥ξ1∥∥R1∥+ βh2

24
∥ζ1∥∥S1∥+ β

2
∥η1∥∥S1∥

≤ −β

2
∥ζ1∥2 + β

8
∥ζ1∥2 + α2

2β
∥η1∥2 + β

8
∥ζ1∥2 + β

2
∥R1∥2 + βh4

576
∥ξ1∥2 + β

4
∥R1∥2

+
β

16
∥ζ1∥2 + βh4

144
∥S1∥2 + β2

8
∥S1∥2 + 1

2
∥η1∥2 + 1

2
∥Q0∥2 + 1

2
∥η1∥2

≤ −3β

16
∥ζ1∥2 +

(α2

2β
+ 1

)
∥η1∥2 + 1

8
∥ζ1∥2 + βh4

128
∥S1∥2 +

(βh4

144

+
β2

8

)
∥S1∥2 + 3β

4
∥R1∥2 + 1

2
∥Q0∥2.

Rearranging the terms above inequality and using (2.10), (2.14), (2.15), when h ≤ h0 and τ ≤
2β

α2+2β , we have

∥ζ1∥2 ≤ 8

β
∥Q0∥2 + 12∥R1∥2 +

(17h4
0

72
+ 2β

)
∥S1∥2 ≤ c5(τ

2 + h4)2. (5.20)

With the help of (5.14), we obtain

|η1|21 ≤ 20L2

27
∥ζ1∥2 + 2L2

3
∥R1∥2 ≤

(20L2c5
27

+
2L2

3

)
(τ2 + h4)2.

That is, |η1|1 ≤ c9(τ
2 + h4).

We denote

F k =
1

2
(∥ζk∥2 + ∥ζk−1∥2), k ∈ Iτ . (5.21)

From (5.6), (5.21) and (5.20), we have

F 1 =
1

2
(∥ζ1∥2 + ∥ζ0∥2) = 1

2
∥ζ1∥2 ≤ c5

2
(τ2 + h4)2. (5.22)

Taking the inner product of (5.3) with ∆te
k leads to

∥∆tη
k∥2 + α⟨ζ k̄,∆tη

k⟩+ β⟨ξk̄,∆tη
k⟩+ γ

〈
ϕ(Uk, U k̄)− ϕ(uk, uk̄),∆tη

k
〉

− γh2

2

〈
ϕ(Zk, U k̄)− ϕ(zk, uk̄),∆tη

k
〉

= ⟨Qk,∆tη
k⟩, k ∈ Iτ \ {N}.

(5.23)

Secondly, we suppose that (5.1) holds for k = 1, 2, . . . , l with 1 ≤ l ≤ N − 1. When (τ2 + h4) ≤
1/c9, using (5.8)-(5.10) yields

|uk|1 ≤ |Uk|1 + |ηk|1 ≤
√
Lc0 + 1, (5.24)

∥uk∥∞ ≤
√
L

2
|uk|1 ≤

√
L

2

(√
Lc0 + 1

)
, (5.25)

|zk|1 ≤ |Zk|1 + |ζk|1 ≤
√
Lc0 +

2

h
∥ζk∥ ≤

√
Lc0 + 3

√
8

h4
+ 2Lc23h

6, (5.26)

∥zk∥∞ ≤
√
L

2
|zk|1 ≤ Lc0

2
+

3
√
L

2

√
8

h4
+ 2Lc23h

6. (5.27)
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Using (5.4) and (5.5), for 1 ≤ k ≤ l, we obtain

⟨ξk̄,∆tη
k⟩

= ⟨δ2xζ k̄ − h2

12
δ2xξ

k̄ + Sk̄,∆tη
k⟩

= ⟨ζ k̄,∆t(ζ
k +

h2

12
δ2xζ

k −Rk)⟩ − h2

12

〈
ξk̄,∆t(ζ

k +
h2

12
δ2xζ

k −Rk)
〉
+ ⟨Sk̄,∆tη

k⟩

= ⟨ζ k̄,∆tζ⟩+
h2

12
⟨δ2xζ k̄,∆tζ

k⟩ − ⟨ζ k̄,∆tR
k⟩ − h2

12
⟨δ2xζ k̄ − h2

12
δ2xξ

k̄ + Sk̄,∆tζ
k⟩

− h4

144
⟨δ2xξk̄,∆tζ

k⟩+ h2

12
⟨ξk̄,∆tR

k⟩+ ⟨Sk̄,∆tη
k⟩

=
1

4τ
(∥ζk+1∥2 − ∥ζk−1∥2)− ⟨ζ k̄,∆tR

k⟩ − h2

12
⟨Sk̄,∆tζ

k⟩+ h2

12
⟨ξk̄,∆tR

k⟩+ ⟨Sk̄,∆tη
k⟩.

(5.28)

Noticing that

ϕ(Uk, U k̄)j − ϕ(uk, uk̄)j = ϕ(uk, ηk̄)j + ϕ(ηk, U k̄)j

=
1

3

[
uk
j∆xη

k̄
j +∆x(u

kηk̄)j
]
+

1

3

[
ηkj∆xU

k̄
j +∆x(η

kU k̄)j
]
,

and applying Lemma 5.1, we find that

ϕ(Uk, U k̄)j − ϕ(uk, uk̄)j

=
1

3

[
uk
j∆xη

k̄
j +

1

2

(
δ+x η

k̄
j

)
uk
j+1 +

1

2

(
δ+x η

k̄
j−1

)
uk
j−1 + ηk̄j∆xu

k
j

]
+

1

3

[
ηkj∆xU

k̄
j +

1

2

(
δ+x η

k
j

)
U k̄
j+1 +

1

2

(
δ+x η

k
j−1

)
U k̄
j−1 + ηkj∆xU

k̄
j

]
.

(5.29)

Combining (5.8), (5.24), (5.25) with (5.29) leads to

−
〈
ϕ(Uk, U k̄)− ϕ(uk, uk̄),∆tη

k
〉

= −h

3

M∑
j=1

[
uk
j∆xη

k̄
j +

1

2

(
δ+x η

k̄
j

)
uk
j+1 +

1

2

(
δ+x η

k̄
j−1

)
uk
j−1 + ηk̄j∆xu

k
j

]
∆tη

k
j

− h

3

M∑
j=1

[
ηkj∆xU

k̄
j +

1

2

(
δ+x η

k
j

)
U k̄
j+1 +

1

2

(
δ+x η

k
j−1

)
U k̄
j−1 + ηkj∆xU

k̄
j

]
∆tη

k
j

≤ 1

3

(
∥uk∥∞|ηk̄|1 +

1

2
|ηk̄|1∥uk∥∞ +

1

2
|ηk̄|1∥uk∥∞ + ∥ηk̄∥∞|uk|1

)
∥∆tη

k∥

+
1

3

(
∥ηk∥∞|U k̄|1 +

1

2
|ηk|1∥U k̄∥∞ +

1

2
|ηk|1∥U k̄∥∞ + ∥ηk∥∞|U k̄|1

)
∥∆tη

k∥

≤ 1

3

[√L

2

(√
Lc0 + 1

)
|ηk̄|1 +

√
L

2

(√
Lc0 + 1

)
|ηk̄|1 +

(√
Lc0 + 1

) √
L

2
|ηk̄|1

]
∥∆tη

k∥

+
1

3

[√
Lc0

√
L

2
|ηk|1 + c0|ηk|1 +

√
Lc0

√
L

2
|ηk|1

]
∥∆tη

k∥

=
Lc0 +

√
L

2
|ηk̄|1∥∆tη

k∥+ Lc0 + c0
3

|ηk|1∥∆tη
k∥, 1 ≤ k ≤ l.

(5.30)

Similarly, we concluded that

ϕ(Zk, U k̄)j − ϕ(zk, uk̄)j =
1

3

[
zkj∆xη

k̄
j +

1

2

(
δ+x η

k̄
j

)
zkj+1 +

1

2

(
δ+x η

k̄
j−1

)
zkj−1 + ηk̄j∆xz

k
j

]
+

1

3

[
ζkj ∆xU

k̄
j +

1

2

(
δ+x ζ

k
j

)
U k̄
j+1 +

1

2

(
δ+x ζ

k
j−1

)
U k̄
j−1 + ζkj ∆xU

k̄
j

]
.

(5.31)
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Combining (5.9), (5.26), (5.27) with (5.31), for 1 ≤ k ≤ l, we have〈
ϕ(Zk, U k̄)− ϕ(zk, uk̄),∆tη

k
〉

= −h

3

M∑
j=1

[
zkj∆xη

k̄
j +

1

2

(
δ+x η

k̄
j

)
zkj+1 +

1

2

(
δ+x η

k̄
j−1

)
zkj−1 + ηk̄j∆xz

k
j

]
∆tη

k
j

− h

3

M∑
j=1

[
ζkj ∆xU

k̄
j +

1

2

(
δ+x ζ

k
j

)
U k̄
j+1 +

1

2

(
δ+x ζ

k
j−1

)
U k̄
j−1 + ζkj ∆xU

k̄
j

]
∆tη

k
j

≤ 1

3

(
∥zk∥∞|ηk̄|1 +

1

2
|ηk̄|1∥zk∥∞ +

1

2
|ηk̄|1∥zk∥∞ + ∥ηk̄∥∞|zk|1

)
∥∆tη

k∥

+
1

3

(
∥ζk∥∥∆xU

k̄∥∞ +
1

2
|ζk|1∥U k̄∥∞ +

1

2
|ζk|1∥U k̄∥∞ + ∥ζk∥∥∆xU

k̄∥∞
)
∥∆tη

k∥

≤ 1

3

[
2
(Lc0

2
+

3
√
L

2

√
8

h4
+ 2Lc23h

6
)
+

√
L

2

(√
Lc0 + 3

√
8

h4
+ 2Lc23h

6
)]

|ηk̄|1∥∆tη
k∥

+
1

3

(
2c0 +

2

h
c0

)
∥ζk∥∥∆tη

k∥

=
(Lc0

2
+

3
√
L

2

√
8

h4
+ 2Lc23h

6
)
|ηk̄|1∥∆tη

k∥+ 2

3

(
c0 +

c0
h

)
∥fk∥∥∆tη

k∥.

(5.32)

Substituting (5.28), (5.30), (5.32) into (5.23) and using (5.11)-(5.12) gives

∥∆tη
k∥2

≤ −α⟨ζ k̄,∆tη
k⟩ − β

4τ
(∥ζk+1∥2 − ∥ζk−1∥2)

+ β⟨ζ k̄,∆tR
k⟩+ βh2

12
⟨Sk̄,∆tζ

k⟩ − βh2

12
⟨ξk̄,∆tR

k⟩ − β⟨Sk̄,∆tη
k⟩

+ γ
(Lc0 +√

L

2
|ηk̄|1∥∆tη

k∥+ Lc0 + c0
3

|ηk|1∥∆tη
k∥
)

+
γh2

2

[(Lc0
2

+
3
√
L

2

√
8

h4
+ 2Lc23h

6
)
|ηk̄|1∥∆tη

k∥

+
2

3

(
c0 +

c0
h

)
∥ζk∥∥∆tη

k∥
]
+ (Qk,∆tη

k)

≤ − β

4τ
(∥ζk+1∥2 − ∥ζk−1∥2) + α∥ζ k̄∥∥∆tη

k∥+ β∥ζ k̄∥∥∆tR
k∥+ βh2

12
∥Sk̄∥∥∆tζ

k∥

+
βh2

12
∥ξk̄∥∥∆tR

k∥+ β∥Sk̄∥∥∆tη
k∥+ γ(Lc0 +

√
L)

2
|ηk̄|1∥∆tη

k∥

+
γ(Lc0 + c0)

3
|ηk|1∥∆tη

k∥+ γ

2

(Lc0h2

2
+

3
√
L

2

√
8 + 2Lc23h

10
)
|ηk̄|1∥∆tη

k∥

+
γ

3

(
c0h

2 + c0h
)
∥ζk∥∥∆tη

k∥+ ∥Qk∥∥∆tη
k∥

≤ − β

4τ
(∥ζk+1∥2 − ∥ζk−1∥2) + 2α2∥ζ k̄∥2 + 1

8
∥∆tη

k∥2 + β

8
∥ζ k̄∥2 + 2β∥∆tR

k∥2

+ β2∥Sk̄∥2 + h4

576
∥∆tζ

k∥2 + βh4

576
∥ξk̄∥2 + β∥∆tR

k∥2 + 2β2∥Sk̄∥2 + 1

8
∥∆tη

k∥2

+
γ2(Lc0 +

√
L)2

2
|ηk̄|21 +

1

8
∥∆tη

k∥2 + 2γ2(Lc0 + c0)
2

9
|ηk|21 +

1

8
∥∆tη

k∥2

+
γ2

2

(Lc0h2

2
+

3
√
L

2

√
8 + 2Lc23h

10
)2

|ηk̄|21 +
1

8
∥∆tη

k∥2

+
2γ2

9

(
c0h

2 + c0h
)2 ∥ζk∥2 + 1

8
∥∆tη

k∥2 + 2∥Qk∥2 + 1

8
∥∆tη

k∥2
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≤ − β

4τ
(∥ζk+1∥2 − ∥ζk−1∥2) + 7

8
∥∆tη

k∥2 + 2α2∥ζ k̄∥2 + β

8
∥ζ k̄∥2 + 2β∥∆tR

k∥2

+ β2∥Sk̄∥2 + 1

8
∥∆tη

k∥2 + h4

128
∥∆tR

k∥2 + β

8
∥ζ k̄∥2 + βh4

128
∥Sk̄∥2 + β∥∆tR

k∥2

+ 2β2∥Sk̄∥2 +
[γ2(Lc0 +

√
L)2

2
+

γ2
(
Lc0h

2 + 3
√
8L+ 2L2c23h

10
)2

8

]
|ηk̄|21

+
2γ2(Lc0 + c0)

2

9
|ηk|21 +

2γ2

9

(
c0h

2 + c0h
)2 ∥ζk∥2 + 2∥Qk∥2

≤ − β

4τ
(∥ζk+1∥2 − ∥ζk−1∥2) + ∥∆tη

k∥2 +
(
2α2 +

β

8

)
∥ζ k̄∥2

+
2γ2(c0h

2 + c0h)
2

9
∥ζk∥2 + 2γ2(Lc0 + c0)

2

9
|ηk|21

+
[γ2(Lc0 +

√
L)2

2
+

γ2
(
Lc0h

2 + 3
√

8L+ 2L2c23h
10
)2

8

]
|ηk̄|21

+ 2∥Qk∥2 +
(
3β +

h4

128

)
∥∆tR

k∥2 +
(
3β2 +

βh4

128

)
∥Sk̄∥2.

Simplifying and rearranging the above inequality, then using (2.10), (2.14), (2.15) and (5.14), we
have

β

4τ

[
(∥ζk+1∥2 + ∥ζk∥2)− (∥ζk∥2 + ∥ζk−1∥2)

]
≤

(
2α2 +

β

8

)
∥ζ k̄∥2 + 2γ2(c0h

2 + c0h)
2

9
∥ζk∥2 + 2γ2(Lc0 + c0)

2

9

(20L2

27
∥ζk∥2 + 2L2

3
∥Rk∥2

)
+
[γ2(Lc0 +

√
L)2

2
+

γ2
(
Lc0h

2 + 3
√
8L+ 2L2c23h

10
)2

8

](20L2

27
∥ζ k̄∥2 + 2L2

3
∥Rk̄∥2

)
+ 2∥Qk∥2 +

(
3β +

h4

128

)
∥∆tR

k∥2 +
(
3β2 +

βh4

128

)
∥Sk̄∥2

=
[
2α2 +

β

8
+

10γ2L2(Lc0 +
√
L)2

27
+

5γ2L2
(
Lc0h

2 + 3
√

8L+ 2L2c23h
10
)2

54

]
∥ζ k̄∥2

+
[2γ2(c0h

2 + c0h)
2

9
+

40γ2L2(Lc0 + c0)
2

243

]
∥ζk∥2 + 2∥Qk∥2 + 4γ2L2(Lc0 + c0)

2

27
∥Rk∥2

+
[γ2L2(Lc0 +

√
L)2

3
+

γ2L2
(
Lc0h

2 + 3
√
8L+ 2L2c23h

10
)2

12

]
∥Rk̄∥2

+
(
3β +

h4

128

)
∥∆tR

k∥2 +
(
3β2 +

βh4

128

)
∥Sk̄∥2

≤ c6

[∥ζk+1∥2 + ∥ζk∥2

2
+

∥ζk∥2 + ∥ζk−1∥2

2

]
+ c7(τ

2 + h4)2.

Using (5.21), it follows that

β

2τ
(F k+1 − F k) ≤ c6(F

k+1 + F k) + c7(τ
2 + h4)2, 1 ≤ k ≤ l.

With the help of the Gronwall inequality [20], when 2c6τ/β ≤ 1/3, we have

F k+1 ≤ exp
(6c6(k + 1)τ

β

)[
F 1 +

c7
2c6

(τ2 + h4)2
]
, 1 ≤ k ≤ l.

Combining this with (5.22), we derive

F k+1 ≤ c8
2
(τ2 + h4)2, 1 ≤ k ≤ l.
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Noticing that 2F k+1 ≥ ∥ζk+1∥2, we have

∥ζk+1∥2 ≤ c8(τ
2 + h4)2, 1 ≤ k ≤ l.

Then using (2.14) and (5.14) yields

|ηk+1|1 ≤
√

20L2c8
27

+
2L3c23

3
(τ2 + h4) ≤ c9(τ

2 + h4), 1 ≤ k ≤ l.

Therefore, with the help of mathematical induction, we conclude that

|ηk|1 ≤ c9(τ
2 + h4), k ∈ Iτ \ {0}. (5.33)

Finally, combining (5.6) and (5.33), we demonstrate the error estimate

|ηk|1 ≤ c9(τ
2 + h4), k ∈ Iτ .

□

Based on Lemma 3.1 and Theorem 5.2, we find that

∥ηk∥∞ ≤
√
L

2
|ηk|1 ≤ c9

√
L

2
(τ2 + h4), k ∈ Iτ .
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