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INVERSE SCATTERING FOR THE LINEAR SYSTEM ASSOCIATED WITH

THE COUPLED GERDJIKOV-IVANOV EQUATIONS

RAMAZAN ERCAN

Abstract. We consider a certain first-order linear system of ordinary differential equations,
and we analyze the direct and inverse scattering problems for that linear system. The linear

system involves two potentials in the Schwartz class, and those potentials linearly depend on the

spectral parameter. This linear system is related to the integrable system of nonlinear partial
differential equations known as the DNLS (derivative nonlinear Schrödinger) system III, which is

also known as the Gerdjikov-Ivanov system. When analyzing the direct problem, we describe the

pertinent properties of the Jost solutions and the scattering coefficients. The bound states poles
and the associated normalization constants are represented via a matrix triplet pair, enabling us

to deal with any number of bound states and any multiplicities. The inverse scattering problem

comprises the determination of the two potentials when the reflection coefficients and the bound-
state information are available. To solve the inverse problem, we establish a linear system of

integral equations where the kernel and nonhomogeneous term are determined by the Fourier
transforms of the reflection coefficients and the matrix triplet pair representing the bound-

state information. This system of linear integral equations is the counterpart of the system of

Marchenko integral equations available for the AKNS system associated with the integrable NLS
(nonlinear Schrödinger) system. We recover the potentials from the solution of our established

Marchenko integral system. When we use the time-evolved reflection coefficients and the time-

evolved matrix triplets, the corresponding time-evolved potential pair yields a solution of the
Gerdjikov-Ivanov system.

1. Introduction

We consider the linear system

d

dx

[
α
β

]
=

[
−iζ2 − i

2q(x) r(x) ζq(x)
ζ r(x) iζ2 + i

2q(x) r(x)

] [
α
β

]
, x ∈ R, (1.1)

where x is the independent variable taking values on the real line R, the complex-valued scalar ζ
is the spectral parameter, the coefficients q(x) and r(x) are complex-valued potentials, the scalar

quantities α and β are the components of the wave function

[
α
β

]
depending on x and ζ. Since the

potentials q and r appear in the off-diagonal entries of the coefficient matrix in (1.1) as ζq(x) and
ζ r(x), we refer to (1.1) as a linear system with energy-dependent potentials. This is because the
spectral parameter ζ in (1.1) is related to energy in physical applications.

We assume that the potentials q and r in (1.1) belong to the Schwartz class in x ∈ R. We recall
that the Schwartz class S(R) consists of functions of x where the derivatives of all orders exist
and are continuous and those derivatives vanish as x → ±∞ faster than any negative power of
|x|. Although our results hold under weaker conditions on the potentials, we present our results
in the simplest form by assuming that q and r belong to S(R).

If the potentials q and r in (1.1) also contain the temporal parameter t, then the wave function
components α and β also depend on the parameter t. Let us consider the special case where that
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time dependence is governed by the 2× 2 AKNS pair [1, 2, 3, 4, 6] matrices X and T, where we
have

X :=

[
−iζ2 − i

2qr ζq

ζr iζ2 + i
2qr

]
, (1.2)

T :=

[
−2iζ4 − iζ2qr + 1

2 (qxr − qrx) +
i
4q

2r2 2ζ3q + iζqx

2ζ3r − iζrx 2iζ4 + iζ2qr + 1
2 (qrx − qxr)− i

4q
2r2

]
. (1.3)

We remark that X appearing in (1.2) is the same as the coefficient matrix in (1.1) and that the
subscripts in (1.3) denote the partial derivatives. When the AKNS pair matrices satisfy the matrix
equality

Xt −Tx +XT−TX = 0,

the time-evolved potentials q(x, t) and r(x, t) satisfy the second-order coupled system of integrable
evolution equations given by

iqt + qxx + iq2rx +
1

2
q3r2 = 0,

irt − rxx + iqxr
2 − 1

2
q2r3 = 0.

(1.4)

The nonlinear system (1.4) is known [13] as the the Gerdjikov-Ivanov system or as the DNLS
(derivative nonlinear Schrödinger) III system. Along with the DNLS I and DNLS II systems, it
has important physical applications in propagation of electromagnetic waves in nonlinear media,
propagation of hydromagnetic waves traveling in a magnetic field, and transmission of ultra short
nonlinear pulses in optical fibers. The DNLS I system, also known as the Kaup–Newell system, is
the integrable system of nonlinear partial differential equations

iq̃t + q̃xx − i(q̃2 r̃)x = 0,

ir̃t − r̃xx − i(q̃r̃2)x = 0,
(1.5)

and it is associated with the linear system

d

dx

[
α̃

β̃

]
=

[
−iζ2 ζq̃(x)
ζ̃ r(x) iζ2

] [
α̃

β̃

]
, x ∈ R. (1.6)

The DNLS II system, also known as the Chen-Lee-Liu system [10], is the integrable system of
nonlinear partial differential equations

iq̂t + q̂xx − iq̂q̂xr̂ = 0,

ir̂t − r̂xx − iq̂r̂r̂x = 0,
(1.7)

and it is associated with the linear system

d

dx

[
α̂

β̂

]
=

[
−iζ2 ζ q̂(x)

ζ r̂(x) iζ2 + i
2 q̂(x) r̂(x)

] [
α̂

β̂

]
, x ∈ R. (1.8)

For the DNLS I and DNLS II systems, we refer the reader to [3, 8, 9, 16, 17] and the references
therein.

Our aim is to analyze the direct and inverse scattering problems for (1.1) and to solve the
inverse problem by introducing the Marchenko method for (1.1). In the Marchenko method the
potentials are obtained from the solution of a system of linear integral equations whose kernel and
nonhomogeneous terms are determined by the scattering data set. We refer to that system of linear
integral equation as the Marchenko system. The direct scattering problem for (1.1) consists of the
determination of the scattering data set when (q, r) is known. The scattering data set comprises the
scattering coefficients and the bound-state information. The bound-state information is made up
of the values of the spectral parameter at which (1.1) has square-integrable solutions in x ∈ R and
the bound-state normalization constants specified at each multiplicity of the bound states. The
multiplicity of a bound state corresponds to the number of linearly independent square-integrable
solutions to (1.1) at that bound-state value of the spectral parameter. The inverse scattering
problem for (1.1) consists of the determination of the potentials q and r from the scattering data
set. In this paper, we bring a solution of the inverse problem for (1.1) by the Marchenko method.
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In other words, we establish the Marchenko system of linear integral equations for (1.1), use the
scattering data set as input to the Marchenko system, and recover the potentials from the solution
of the Marchenko system.

The Marchenko method was first used by Vladimir A. Marchenko himself [5, 15] for the half-line
Schrödinger equation and later by Faddeev [12] for the full-line Schrödinger equation. Next, it
was applied [2] to the linear system (1.9) of differential equations known as the AKNS system.
After that, it was generalized to various other differential and difference equations and systems
of such equations. The development of the Marchenko method related to the DNLS systems is
more challenging because of the dependence on the spectral parameter of the potential pairs in
the corresponding linear systems. We refer the reader to [7, 8, 9, 11] for the Marchenko method
for (1.6) and to [19] for the Marchenko method for (1.8). In those Marchenko methods, (q̃, r̃)
in (1.6) and (q̂, r̂) in (1.8) are explicitly obtained from the solution of the respective Marchenko
systems. In an analogous manner, the solutions to the integrable nonlinear systems (1.5) and
(1.7) are recovered from the solutions to the respective Marchenko systems when the time-evolved
scattering data sets are used as input. The establishment of the Marchenko method for (1.1)
presented here follows the ideas used to derive the Marchenko method [7, 8, 9, 11] for the linear
system (1.6) and the Marchenko method [19] for the linear system (1.8). Our derivation of the
Marchenko system for (1.1) is complementary to the techniques used in [8, 9, 11, 19] but not a
trivial consequence of those derivations.

We remark that it was Kaup and Newell [14] who first derived a system of linear integral
equations for the linear system (1.6) in the special case where r̃(x) = ±q̃(x)∗, i.e. for the integrable
nonlinear system

iq̃t + q̃xx ∓ i(q̃∗q̃2)x = 0,

where we use an asterisk to denote complex conjugation. Their system of linear integral equations
is the analog of the Marchenko system for (1.6) in the aforementioned special case. However, the
recovery of the potential q in [14] from the solution of their Marchenko system is not explicit.
This is because the solution [14] to their Marchenko system does not directly yield the potential q̃
but instead it yields a product of q̃ and a term containing the analogs the function E(x) in (2.3)
and the constant µ in (3.23) in our paper. This is in contrast to the Marchenko system used in
[7, 8, 9, 11], where the solution of that Marchenko system explicitly yields not only (q̃, r̃) but also
explicitly yields the analogs of the quantities E(x) and µ.

Tsuchida [18] formulated a linear system of integral equations to solve the DNLS I system
(1.5), where q̃ and r̃ are recovered from the solution of that system of integral equations. The
integral kernel in Tsuchida’s system of integral equations lacks the symmetry that exists in the
Marchenko systems established in [7, 8, 9, 11, 19], and it is unclear how that kernel is related to the
scattering data for (1.6). In [7, 11] an alternate linear system of integral equations is derived in the
spirit of Tsuchida’s system of integral equations. The kernel of the alternate Marchenko system
in [7, 11] has the appropriate symmetry and that the kernel and the nonhomogeneous terms in
that alternate Marchenko system are related to a certain integral of the Fourier transform of the
scattering data associated with (1.6).

In the analysis of the direct scattering problem, we introduce the four particular solutions to
(1.1) known as the Jost solutions. We then introduce the scattering coefficients for (1.1) by using
the spacial asymptotics of those Jost solutions. In order to establish the pertinent properties of the
Jost solutions and scattering coefficients for (1.1), we relate those quantities to the corresponding
quantities for the linear system (1.6). This is because the appearance of the two potentials q̃ and
r̃ in (1.6) is simpler than the appearance of the two potentials q and r in (1.1). This allows us to
establish various properties such as the analyticity, continuity, spacial asymptotics, and spectral
asymptotics related to (1.1) with the help of the corresponding properties related to (1.6).

We also relate the Jost solutions and scattering coefficients for (1.1) to the corresponding
quantities associated with the respective two linear systems

d

dx

[
ξ
η

]
=

[
−iλ u(x)
v(x) iλ

] [
ξ
η

]
, x ∈ R, (1.9)
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d

dx

[
γ
ϵ

]
=

[
−iλ p(x)
s(x) iλ

] [
γ
ϵ

]
, x ∈ R, (1.10)

where the spectral parameter λ is related to the spectral parameter ζ in (1.1) as

λ = ζ2, ζ =
√
λ, (1.11)

with the square root denoting the principal part of the complex-valued square root function. Each
of the two linear systems in (1.9) and (1.10) is an AKNS system [2] related to the integrable system
of NLS (nonlinear Schrödinger) equations, where the NLS system with the potential pair (u, v) is
given by

iut + uxx − 2u2v = 0,

ivt − vxx + 2uv2 = 0.

The appearance of (u, v) and (p, s) in (1.9) and (1.10), respectively, is simpler than the appearance
of (q, r) in (1.1). We observe from (1.9) and (1.10) that there is no dependence on the spectral
parameter in the appearance of (u, v) and (p, s). Consequently, the properties related to the
analyticity, continuity, spacial asymptotics, and spectral asymptotics for (1.9) and (1.10) are easier
to determine than the corresponding properties related to (1.1) and (1.6). This helps us establish
those properties related to (1.1) by exploiting the corresponding properties related to (1.9) and
(1.10).

This paper is organized as follows. In Section 2 we relate the linear system (1.1) to each of
the linear systems (1.6), (1.9), and (1.10), respectively, by choosing (q̃, r̃), (u, v), and (p, s) in a
particular way in terms of (q, r) in (1.1). Our particular choices are motivated by the simplicity of
the corresponding connections between the Jost solutions to (1.1) and the Jost solutions to each
of (1.6), (1.9), and (1.10). In Section 3 we introduce the Jost solutions and scattering coefficients
for (1.1). The scattering coefficients are introduced by using the spacial asymptotics of the Jost
solutions. Since the coefficient matrix in (1.1) has zero trace, the scattering coefficients for (1.1)
can also be obtained by using certain Wronskians of the Jost solutions to (1.1). The Jost solutions
and scattering coefficients for each of (1.6), (1.9), and (1.10) are defined in the same manner
the corresponding quantities are defined for (1.1). In Section 3 we also relate the Jost solutions
and scattering coefficients for (1.1) to the corresponding quantities for each of (1.6), (1.9), and
(1.10). This allows us to establish the pertinent properties of the Jost solutions and scattering
coefficients for (1.1) with the help of the known properties of the corresponding quantities for
each of (1.6), (1.9), and (1.10). In Section 4 we introduce the bound-state information for (1.1)
in terms of the matrix triplet pair (A,B,C) and (Ā, B̄, C̄). The use of matrix triplets not only
allows us to deal with any number of bound states with any multiplicities but also provides the
bound-state information as the most suitable input to the Marchenko system. In Section 5 we
introduce our system of Marchenko integral equations associated with (1.1). This is done by
first formulating the inverse problem for (1.1) as a Riemann-Hilbert problem and then modifying
that problem appropriately so that the Fourier transformation is applied and the corresponding
Marchenko system is derived. In Section 5 we also describe how (q, r) is recovered from the
solution of the Marchenko system. In Section 6 we consider the special case when the reflection
coefficients for (1.1) are zero. We present the explicit solution of our Marchenko system for (1.1)
in the reflectionless case. We provide two illustrative examples to recover (q, r) when the input
scattering data set is specified as a matrix triplet pair. Finally, in Section 7 we conclude our paper
by summarizing the significance of our present work and by mentioning our plan for the relevant
future work.

2. Relationships among the four linear systems

In this section, we relate the linear systems (1.1) to each of the linear systems (1.6), (1.9),
and (1.10). In each case, we first present a general relationship and then choose a particular
relationship so that the corresponding potential pairs are connected to each other in the simplest
manner.
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In the next theorem we relate (1.1) to (1.6) by showing how a solution of (1.1) is related to a
solution of (1.6) and how (q, r) is related to (q̃, r̃).

Theorem 2.1. The solutions to the linear system (1.1) and the solutions to the linear system
(1.6) are related to each other as[

α
β

]
=

[
a1E(x)−1 0

0 a2E(x)

] [
α̃

β̃

]
, x ∈ R, (2.1)

where a1 and a2 are arbitrary complex constants, (q, r) in (1.1) is related to (q̃, r̃) in (1.6) as

q(x) =
a1
a2
q̃(x)E(x)−2, r(x) =

a2
a1

r̃(x)E(x)2, (2.2)

and the complex-valued scalar quantity E(x) is given by

E(x) := exp
( i
2

∫ x

−∞
dy q(y) r(y)

)
. (2.3)

Thus, (q, r) belongs to the Schwartz class S(R) if and only if (q̃, r̃) belongs to S(R).

Proof. We relate the solutions to (1.1) and (1.6) to each other via a 2× 2 matrix denoted by F as[
α
β

]
= F

[
α̃

β̃

]
, (2.4)

where we assume that each entry of F is a function of x and is independent of the spectral
parameter ζ. Even though the assumption of ζ-independence puts a constraint on the choices
for F , our proof shows that there still exist matrices F satisfying our assumption. By taking the
x-derivative of both sides of (2.4) and using (1.1) and (2.4) on the left-hand side of the resulting
equality, we obtain [

−iζ2 − i
2qr ζq

ζr iζ2 + i
2qr

]
F

[
α̃

β̃

]
= F ′

[
α̃

β̃

]
+ F

[
α̃

β̃

]′
, (2.5)

where we use a prime to denote the x-derivative. We let F1, F2, F3, and F4 denote the entries of
the matrix F , i.e. we use

F =

[
F1 F2

F3 F4

]
. (2.6)

We remark that (2.5) must hold for any

[
α̃

β̃

]
. Hence, with the help of (1.6) and (2.6) we write

(2.5) in the equivalent form as[
F ′
1 F ′

2

F ′
3 F ′

4

]
=

[
− i

2qr F1 + ζ(q F3 + r̃ F2) − i
2qr F2 + ζ(q F4 − q̃ F1)

ζ(r F1 − r̃ F4) + F3(2iζ
2 + i

2qr) ζ(r F2 − q̃ F3) +
i
2qr F4

]
,

where each of the four equalities associated with the corresponding entries is a polynomial equation
in ζ with degree 1. Since F is assumed to be independent of ζ, in each equality the coefficients
of ζ on both sides should match and the constant terms should also match. This yields the six
scalar equalities given by

F ′
1 = − i

2
qr F1, F2 = 0, F3 = 0,

F ′
4 =

i

2
qr F4, q F4 = q̃ F1, r F1 = r̃ F4.

(2.7)

We would like to solve (2.7) to obtain the six quantities F1, F2, F3, F4, q̃, r̃ in terms of q and r.
To solve the equality involving F ′

4 in (2.7), we introduce the quantity E(x) as the unique solution
of the initial-value problem

E′(x) =
i

2
q(x) r(x)E(x), E(−∞) = 1. (2.8)

In fact, the unique solution of (2.8) is given by the right-hand side of (2.3). Thus, we determine F4

as F4 = a2E(x), where a2 is an arbitrary complex constant. Then, the equality in (2.7) involving
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F ′
1 has the general solution F1 = a1E(x)−1, where a1 is an arbitrary complex constant. Thus,

when (q, r) is known, the general solution of (2.7) is given by the six equalities

F1 = a1E(x)−1, F2 = 0, F3 = 0,

F4 = a2E(x), q̃(x) =
a2
a1
q(x)E(x)2, r̃(x) =

a1
a2

r(x)E(x)−2.
(2.9)

As seen from (2.9), we observe that the matrix F becomes independent of ζ if we choose the
constants a1 and a2 as independent of ζ. Using the entries of F given in (2.9) as input to (2.4),
we obtain (2.1). The last two equalities in the second line of (2.9) yield (2.2), and the quantity
E(x) in (2.3) corresponds to the unique solution of (2.8). Hence, the proof is complete. □

From (2.2), we observe that the potential pair (q, r) corresponds to a one-parameter family of
potential pairs (q̃, r̃) parametrized by the complex parameter a1/a2. Motivated by simplicity, by
letting a1 = a2 we choose the particular potential pair (q̃, r̃) in (1.6) so that we have the connection
between (q̃, r̃) in (1.6) and (q, r) in (1.1) given by the six equalities

q̃(x) = E(x)2 q(x), r̃(x) = E(x)−2 r(x). (2.10)

Without loss of generality, from now on we assume that (q̃, r̃) in (1.6) is related to (q, r) in (1.1)
as in (2.10). When (2.10) holds, from Theorem 2.1 we obtain the following result relating the
solutions to (1.1) and (1.6) to each other.

Corollary 2.2. Suppose that the potentials q and r in (1.1) belong to the Schwartz class S(R).
Let the potentials q̃ and r̃ appearing in (1.6) be related to q and r as in (2.10), where E(x) is the
complex-valued quantity in (2.3). Then, the potentials q̃ and r̃ also belong to S(R). Furthermore,

any solution

[
α
β

]
to (1.1) and any solution

[
α̃

β̃

]
to (1.6) are related to each other as[

α
β

]
= a

[
E(x)−1 0

0 E(x)

] [
α̃

β̃

]
, (2.11)

where a is an arbitrary complex constant.

Next we establish the connection between the solutions to the linear systems (1.1) and (1.9),
respectively, in the spirit of Theorem 2.1.

Theorem 2.3. The solutions

[
α
β

]
to (1.1) and the solutions

[
ξ
η

]
to (1.9) are related to each other

as [
α
β

]
=

[
b1 0

−b1 r(x)
2iζ

b2
ζ

] [
ξ
η

]
, (2.12)

where b1 and b2 are arbitrary complex constants, (q, r) in (1.1) is related to (u, v) in (1.9) as

u(x) =
b2
b1
q(x), v(x) =

b1
b2

[
− ir′(x)

2
− q(x) r(x)2

4

]
. (2.13)

It follows directly from (2.13) that (u, v) belongs to the Schwartz class S(R) if and only if (q, r)
belongs to S(R).
Proof. The idea of the proof can be found in [7, 11, 18]. We premultiply both sides of (1.1) by
the 2× 2 constant diagonal matrix diag{1, ζ}, where we recall that ζ is the spectral parameter in
(1.1). The resulting matrix equality can be written as[

α
ζβ

]′
=

[
−iζ2 − i

2q(x) r(x) q(x)

ζ2 r(x) iζ2 + i
2q(x) r(x)

] [
α
ζβ

]
, x ∈ R. (2.14)

We introduce the 2 × 2 matrix G to connect the modified wave function

[
α
ζβ

]
in (2.14) and the

wave function

[
ξ
η

]
by letting [

α
ζβ

]
= G

[
ξ
η

]
. (2.15)
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We use G1, G2, G3, G4 to denote the entries of G, i.e. we let

G =

[
G1 G2

G3 G4

]
.

Contrary to the ζ-independence assumption for the matrix F appearing in (2.6), we cannot impose
the restriction of ζ-independence on the choice for the matrix G. By taking the x-derivative of
both sides of (2.15) and using (2.14) in the resulting matrix equality, we obtain[

−iζ2 − i
2q(x) r(x) q(x)

ζ2 r(x) iζ2 + i
2q(x) r(x)

]
G

[
ξ
η

]
= G′

[
ξ
η

]
+G

[
ξ
η

]′
. (2.16)

Next, we use (1.9) in the second term on the right-hand side of (2.16), and we write the resulting
matrix equality in terms of the entries of G as[

G′
1 G′

2

G′
3 G′

4

]
=

[
− i

2qrG1 + qG3 − vG2 −2iζ2G2 − i
2qrG2 + qG4 − uG1

2iζ2G3 + ζ2rG1 +
i
2qrG3 − vG4 ζrG2 +

i
2qrG4 − uG3

]
. (2.17)

We remark that the right-hand side of (2.17) contains ζ and ζ2 in the coefficients. Viewing (2.17)
as a system of four polynomial equalities in ζ, we obtain six scalar equations with the six unknown
quantities G1, G2, G3, G4, u, v to be determined in terms of (q, r). We have the system of six
equalities

G′
1 = − i

2
qrG1 + qG3, G2 = 0, G′

3 =
i

2
qrG3 − vG4,

2iG3 + rG1 = 0, G′
4 =

i

2
qrG4 − uG3, uG1 = qG4.

(2.18)

The general solution of (2.18) is given by the six equalities

G1 = b1, G2 = 0, G3 = −b1
r(x)

2i
,

G4 = b2, u(x) =
b2
b1
q(x), v(x) =

b1
b2

[
− ir′(x)

2
− q(x) r(x)2

4

]
,

(2.19)

where b1 and b2 are arbitrary complex constants. From (2.19) we obtain (2.13) and we also obtain
the matrix equality [

G1 G2

G3 G4

]
=

[
b1 0

−b1 r(x)
2i b2

]
. (2.20)

Using (2.20) in (2.15) and premultiplying the resulting matrix equality by the inverse of the
diagonal matrix diag{1, ζ}, we obtain (2.12). From (2.13) it is seen that (q, r) belongs to S(R) if
and only if (u, v) belongs to S(R). Hence, the proof of the theorem is complete. □

From (2.13), we observe that the potential pair (q, r) corresponds to a one-parameter family of
potential pairs (u, v) parametrized by the complex parameter b1/b2. Motivated by simplicity, by
letting b1 = b2 in (2.19) we choose the particular potential pair (u, v) in (1.9) so that we have the
connection between (u, v) in (1.9) and (q, r) in (1.1) given by

u(x) = q(x), v(x) = − ir
′(x)

2
− q(x) r(x)2

4
. (2.21)

Without loss of generality, from now on we assume that (u, v) in (1.9) is related to (q, r) in (1.1)
as in (2.21).

When (u, v) in (1.9) and (q, r) in (1.1) are related to each other as in (2.21), from Theorem 2.3
we obtain the following result relating the respective solutions to (1.1) and (1.9).

Corollary 2.4. Assume that the potentials q and r in (1.1) belong to the Schwartz class S(R).
Let (u, v) in (1.9) be related to (q, r) as in (2.21). Then, (u, v) also belongs to S(R). Furthermore,

any solution

[
α
β

]
to (1.1) and any solution

[
ξ
η

]
to (1.9) are related to each other as[

α
β

]
= b

[
1 0

− r(x)
2iζ

1
ζ

] [
ξ
η

]
, (2.22)
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where b is an arbitrary complex constant.

Finally, we relate the solutions to (1.1) to the solutions to (1.10) by proceeding in a manner
similar to the way we have connected (1.1) and (1.9) in Theorem 2.3 and Corollary 2.4. Next, we
present the analog of Theorem 2.3.

Theorem 2.5. The solutions to the linear system (1.1) and the solutions to the linear system
(1.10) are related to each other as [

α
β

]
=

[
c1
ζ c1

q(x)
2iζ

0 c2

] [
γ
ϵ

]
, (2.23)

where c1 and c2 are arbitrary complex constants, and (q, r) in (1.1) is related to (p, s) in (1.10) as

p(x) =
c2
c1

[
iq′(x)

2
− q(x)2 r(x)

4

]
, s(x) =

c1
c2
r(x). (2.24)

Consequently, (p, s) belongs to the Schwartz class S(R) if and only if (q, r) belongs to S(R).

Proof. The basic idea behind the proof is similar to the proof of Theorem 2.3. We premultiply
both sides of (1.1) by the 2× 2 constant diagonal matrix diag{ζ, 1}, where we recall that ζ is the
spectral parameter in (1.1). The resulting matrix equality is given by[

ζα
β

]′
=

[
−iζ2 − i

2q(x) r(x) ζ2q(x)

r(x) iζ2 + i
2q(x) r(x)

] [
ζα
β

]
, x ∈ R. (2.25)

We then introduce the 2 × 2 matrix H to connect the modified wavefunction

[
ζα
β

]
in (2.25) and

the wave function

[
γ
ϵ

]
in (1.10) by letting[

ζα
β

]
= H

[
γ
ϵ

]
. (2.26)

We use H1, H2, H3, H4 to denote the entries of H, i.e. we let

H =

[
H1 H2

H3 H4

]
.

We remark that, contrary to the ζ-independence assumption for the matrix F appearing in (2.6),
we cannot impose the restriction of ζ-independence on the choice for the matrix H. By taking the
x-derivative of both sides of (2.26) and using (2.25) on the left-hand side of the resulting matrix
equality, we obtain[

−iζ2 − i
2q(x) r(x) ζ2q(x)

r(x) iζ2 + i
2q(x) r(x)

]
H

[
γ
ϵ

]
= H ′

[
γ
ϵ

]
+H

[
γ
ϵ

]′
. (2.27)

Next, we use (1.10) in the second term on the right-hand side of (2.27), and we write the resulting
matrix equality in terms of the entries of H as[

H ′
1 H ′

2

H ′
3 H ′

4

]
=

[
− i

2qrH1 + ζqH3 − sH2 −2iζ2H2 − i
2qrH2 + ζ2qH4 − pH1

2iζ2H3 + rH1 +
i
2qrH3 − sH4 rH2 +

i
2qrH4 − pH3

]
. (2.28)

Viewing (2.28) as a system of four polynomial equalities in ζ, we obtain six scalar equations with
the six unknown quantities H1, H2, H3, H4, p, s to be determined in terms of (q, r). We have the
system of six equalities

H ′
1 = − i

2
qrH1 − sH2, H3 = 0, H ′

2 = − i

2
qrH3 − pH1,

−2iH2 + qH4 = 0, H ′
4 =

i

2
qrH4 + rH4, rH1 = sH4.

(2.29)
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The general solution of the system (2.29) is given by

H1 = c1, H2 = c1
q(x)

2i
, H3 = 0,

H4 = c2, s(x) =
c1
c2
r(x), p(x) =

c2
c1

[
iq′(x)

2
− q(x)2 r(x)

4

]
,

(2.30)

where c1 and c2 are arbitrary complex constants. From (2.30), we obtain (2.24) and the matrix
equality [

H1 H2

H3 H4

]
=

[
c1 c1

q(x)
2i

0 c2

]
. (2.31)

Using (2.31) in (2.26) and premultiplying the resulting matrix equality by the inverse of the
diagonal matrix diag{ζ, 1}, we obtain (2.23). From (2.24) it is seen that (p, s) belongs to S(R) if
and only if (q, r) belongs to S(R). Hence, the proof of the theorem is complete. □

From (2.24), we observe that the potential pair (q, r) corresponds to a one-parameter family of
potential pairs (p, s) parametrized by the complex parameter c1/c2. Motivated by simplicity, by
letting c1 = c2 in (2.30) we choose the particular potential pair (p, s) in (1.10) so that we have the
connection between (p, s) in (1.10) and (q, r) in (1.1) given by

p(x) =
iq′(x)

2
− q(x)2 r(x)

4
, s(x) = r(x). (2.32)

Without loss of generality, from now on we assume that (p, s) in (1.10) is related to (q, r) in (1.1)
as in (2.32).

When (p, s) in (1.10) and (q, r) in (1.1) are related to each other as in (2.32), from Theorem 2.5
we obtain the following corollary relating the respective solutions to (1.1) and (1.10).

Corollary 2.6. Assume that the potentials q and r in (1.1) belong to the Schwartz class S(R).
Let (p, s) in (1.10) be related to (q, r) as in (2.32). Then, (p, s) also belongs to S(R). Furthermore,

any solution

[
α
β

]
to (1.1) and any solution

[
γ
ϵ

]
to (1.10) are related to each other as

[
α
β

]
= c

[
1
ζ

q(x)
2iζ

0 1

] [
γ
ϵ

]
, (2.33)

where c is an arbitrary complex constant.

Let us address the issue of relating the linear system (1.1) to two different linear systems given
in (1.9) and (1.10), respectively, rather than relating it to only one of these two AKNS systems.
As seen from the first equality in (2.21), the potentials u(x) and q(x) are related to each other in
a simple manner, and the second equality of (2.32) shows that the potentials r(x) and s(x) are
related to each other also in a simple manner. On the other hand, we see from (2.21) that, if we
want to express the potential r(x) in terms of u(x) and v(x), not only we have to use both of
u(x) and v(x) but we also have to solve a Riccati equation. Similarly, we see from (2.32) that we
cannot express q(x) in terms of p(x) and s(x) in a simple manner, and instead we must use both
p(x) and s(x) and we further must solve a Riccati equation. Hence, it is more advantageous to
relate (1.1) to both (1.9) and (1.10) rather than to only one of those two AKNS systems.

3. Jost solutions and scattering coefficients

In this section we describe the Jost solutions and the scattering coefficients for (1.1) and present
their pertinent properties. Those properties are needed later on to establish the Marchenko method
to solve the inverse problem (1.1). To obtain the pertinent properties of the Jost solutions and
scattering coefficients, we use the results from Section 2 and relate the Jost solutions to (1.1) to
the Jost solutions to each of the linear systems (1.6), (1.9), and (1.10). We recall that the potential
pairs (q̃, r̃), (u, v), (p, s) appearing in (1.6), (1.9), (1.10), respectively, are related to the potential
pair (q, r) in (1.1) as in (2.10), (2.21), (2.32), respectively
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We already know from Section 2 that (q̃, r̃) in (1.6), (u, v) in (1.9), and (p, s) in (1.10) each
belong to the Schwartz class S(R) because we assume that the potentials q and r in (1.1) belong
S(R). As x → ±∞, each of the linear systems (1.1), (1.6), (1.9), and (1.10) reduce to the same
unperturbed linear system given by

d

dx

[◦
α
◦
β

]
=

[
−iζ2 0
0 iζ2

] [◦
α
◦
β

]
, x ∈ R. (3.1)

The general solution of (3.1) is a linear combination of the column-vector solutions

[
e−iζ2x

0

]
and[

0

eiζ
2x

]
. Consequently, the spacial asymptotics of the scattering solutions to each of the linear

systems (1.1), (1.6), (1.9), and (1.10) can be treated in the same manner. In particular, the Jost
solutions and the scattering coefficients to those four linear systems can be defined in the same

manner by using the two spacial asymptotics

[
e−iζ2x

0

]
and

[
0

eiζ
2x

]
for solutions to those four linear

systems.
We first introduce the four Jost solutions to (1.1), denoted by ψ(ζ, x), ψ̄(ζ, x), ϕ(ζ, x), ϕ̄(ζ, x),

respectively. We use the subscripts 1 and 2 to identify the respective first and second components
of the Jost solutions, i.e. we let

ψ(ζ, x) =

[
ψ1(ζ, x)
ψ2(ζ, x)

]
, ψ̄(ζ, x) =

[
ψ̄1(ζ, x)
ψ̄2(ζ, x)

]
, (3.2)

ϕ(ζ, x) =

[
ϕ1(ζ, x)
ϕ2(ζ, x)

]
, ϕ̄(ζ, x) =

[
ϕ̄1(ζ, x)
ϕ̄2(ζ, x)

]
. (3.3)

The Jost solutions to (1.1) are the solution satisfying the respective spacial asymptotics[
ψ1(ζ, x)
ψ2(ζ, x)

]
=

[
o(1)

eiζ
2x [1 + o(1)]

]
, x→ +∞, (3.4)[

ψ̄1(ζ, x)

ψ̄2(ζ, x)

]
=

[
e−iζ2x [1 + o(1)]

o(1)

]
, x→ +∞, (3.5)[

ϕ1(ζ, x)
ϕ2(ζ, x)

]
=

[
e−iζ2x [1 + o(1)]

o(1)

]
, x→ −∞, (3.6)[

ϕ̄1(ζ, x)

ϕ̄2(ζ, x)

]
=

[
o(1)

eiζ
2x [1 + o(1)]

]
, x→ −∞. (3.7)

Next, we introduce the scattering coefficients associated with the linear system (1.1) by using
the spacial asymptotics of the Jost solutions to (1.1) as[

ψ1(ζ, x)
ψ2(ζ, x)

]
=

[
L(ζ)
T (ζ)e

−iζ2x [1 + o(1)]

1
T (ζ)e

iζ2x [1 + o(1)]

]
, x→ −∞, (3.8)

[
ψ̄1(ζ, x)

ψ̄2(ζ, x)

]
=

[
1

T̄ (ζ)
e−iζ2x [1 + o(1)]

L̄(ζ)
T̄ (ζ)

eiζ
2x [1 + o(1)]

]
, x→ −∞, (3.9)

[
ϕ1(ζ, x)
ϕ2(ζ, x)

]
=

[
1

T (ζ)e
−iζ2x [1 + o(1)]

R(ζ)
T (ζ)e

iζ2x [1 + o(1)]

]
, x→ +∞, (3.10)

[
ϕ̄1(ζ, x)

ϕ̄2(ζ, x)

]
=

[
R̄(ζ)
T̄ (ζ)

e−iζ2x [1 + o(1)]

1
T̄ (ζ)

eiζ
2x [1 + o(1)]

]
, x→ +∞. (3.11)

We refer to T (ζ) and T̄ (ζ) as the transmission coefficients, L(ζ) and L̄(ζ) as the left reflection
coefficients, and R(ζ) and R̄(ζ) as the right reflection coefficients. Since the trace of the coefficient
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matrix in (1.1) is zero, the transmission coefficients from the left and right coincide, and hence we
only use the two symbols T (ζ) and T̄ (ζ) to denote the transmission coefficients.

Alternatively, the scattering coefficients for (1.1) can be introduced via certain Wronskians of
the Jost solutions. The Wronskian of any two solutions to (1.1) does not depend on x, due to the
fact that the coefficient matrix in (1.1) has the zero trace. For any two column-vector solutions[
α1

β1

]
and

[
α2

β2

]
to (1.1), the Wronskian is given by[[

α1

β2

]
;

[
α2

β2

]]
:=

∣∣∣∣α1 α2

β1 β2

∣∣∣∣ , (3.12)

where the absolute-value bars in (3.12) are used to denote the determinant of a 2× 2 matrix. By
evaluating certain Wronskians of the Jost solutions to (1.1) as x→ ±∞ and by using (3.4)–(3.11),
we obtain the equalities [

ψ(ζ, x);ϕ(ζ, x)
]
= − 1

T (ζ)
, (3.13)[

ψ̄(ζ, x); ϕ̄(ζ, x)
]
=

1

T̄ (ζ)
, (3.14)

[
ψ(ζ, x); ϕ̄(ζ, x)

]
= − R̄(ζ)

T̄ (ζ)
=
L(ζ)

T (ζ)
, (3.15)

[
ψ̄(ζ, x);ϕ(ζ, x)

]
=
R(ζ)

T (ζ)
= − L̄(ζ)

T̄ (ζ)
. (3.16)

Hence, using (3.13)–(3.16) we express the scattering coefficients via certain Wronskians as

T (ζ) =
1[

ϕ(ζ, x);ψ(ζ, x)
] , T̄ (ζ) =

1[
ψ̄(ζ, x); ϕ̄(ζ, x)

] , (3.17)

R(ζ) =

[
ϕ(ζ, x); ψ̄(ζ, x)

][
ψ(ζ, x);ϕ(ζ, x)

] , R̄(ζ) =

[
ϕ̄(ζ, x);ψ(ζ, x)

][
ψ̄(ζ, x); ϕ̄(ζ, x)

] , (3.18)

L(ζ) =

[
ψ(ζ, x); ϕ̄(ζ, x)

][
ϕ(ζ, x);ψ(ζ, x)

] , L̄(ζ) =

[
ϕ(ζ, x); ψ̄(ζ, x)

][
ψ̄(ζ, x); ϕ̄(ζ, x)

] . (3.19)

Let us remark that from (3.13)–(3.16) we see that the left and right reflection coefficients for (1.1)
satisfy

L(ζ) = − R̄(ζ)T (ζ)
T̄ (ζ)

, L̄(ζ) = −R(ζ) T̄ (ζ)
T (ζ)

, (3.20)

T (ζ) T̄ (ζ) = 1− L(ζ) L̄(ζ) = 1−R(ζ) R̄(ζ). (3.21)

For the Jost solutions to (1.6), we use the respective notations ψ(q̃,r̃)(ζ, x), ψ̄(q̃,r̃)(ζ, x), ϕ(q̃,r̃)(ζ, x),
ϕ̄(q̃,r̃)(ζ, x) by indicating the corresponding potentials in the superscripts. They are the solutions
to (1.6) satisfying the respective spacial asymptotics given in (3.4)–(3.7). We again use the sub-
scripts 1 and 2 to identify their first and second components. For the scattering coefficients for
(1.6), we use T (q̃,r̃)(ζ) and T̄ (q̃,r̃)(ζ) to denote the transmission coefficients, L(q̃,r̃)(ζ) and L̄(q̃,r̃)(ζ)
for the left reflection coefficients, and R(q̃,r̃)(ζ) and R̄(q̃,r̃)(ζ) for the right reflection coefficients.
Those scattering coefficients are obtained from the asymptotics of the corresponding Jost solutions
as in (3.8)–(3.11). Since the coefficient matrix in (1.6) has zero trace, those scattering coefficients
can alternatively be introduced by using the Wronskians of the corresponding Jost solutions to
(1.6). Hence, they also satisfy the analogs of (3.13)–(3.21).

To denote the Jost solutions to (1.9), we use ψ(u,v)(λ, x), ψ̄(u,v)(λ, x), ϕ(u,v)(λ, x), ϕ̄(u,v)(λ, x),
respectively. We recall that λ is related to ζ as in (1.11). Those Jost solutions are the solutions to
(1.9) satisfying the respective spacial asymptotics given in (3.4)–(3.7). We again use the subscripts
1 and 2 to identify their first and second components. As the scattering coefficients for (1.9), we
use T (u,v)(λ) and T̄ (u,v)(λ) to denote the transmission coefficients, L(u,v)(λ) and L̄(u,v)(λ) for the
left reflection coefficients, and R(u,v)(λ) and R̄(u,v)(λ) for the right reflection coefficients. Those
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scattering coefficients are obtained from the asymptotics of the corresponding Jost solutions as in
(3.8)–(3.11). Since the coefficient matrix in (1.9) has the zero trace, the scattering coefficients for
(1.9) can alternatively be introduced by using (3.17)–(3.19) via the Wronskians of the correspond-
ing Jost solutions to (1.9). Those scattering coefficients also satisfy the analogs of (3.13)–(3.21).

To denote the Jost solutions to (1.10), we use ψ(p,s)(λ, x), ψ̄(p,s)(λ, x), ϕ(p,s)(λ, x), ϕ̄(p,s)(λ, x),
respectively. Those Jost solutions are the solutions to (1.9) satisfying the respective spacial asymp-
totics given in (3.4)–(3.7). We again use the subscripts 1 and 2 to identify their first and second
components. As the scattering coefficients for (1.10), we use T (p,s)(λ) and T̄ (p,s)(λ) to denote the
transmission coefficients, L(p,s)(λ) and L̄(p,s)(λ) for the left reflection coefficients, and R(p,s)(λ)
and R̄(p,s)(λ) for the right reflection coefficients. Those scattering coefficients are obtained from
the asymptotics of the corresponding Jost solutions as in (3.8)–(3.11). Since the coefficient matrix
in (1.10) has the zero trace, the scattering coefficients for (1.10) can alternatively be introduced by
using the Wronskians of the corresponding Jost solutions to (1.10). Those scattering coefficients
also satisfy the analogs of (3.13)–(3.21).

In the following theorem, we present the connection between the Jost solutions to (1.1) and the
Jost solutions to (1.6) when (q, r) in (1.1) and (q̃, r̃) in (1.6) are related to each other as in (2.10).

Theorem 3.1. Suppose that (q, r) in (1.1) belongs to the Schwartz class S(R) and that it is related
to (q̃, r̃) as in (2.10), where E(x) is the quantity defined in (2.3). Then, we have the following:

(a) The Jost solution ψ(ζ, x) to (1.1) is related to the Jost solution ψ(q̃,r̃)(ζ, x) to (1.6) as[
ψ1(ζ, x)
ψ2(ζ, x)

]
= e−iµ/2

[ 1
E(x) 0

0 E(x)

][
ψ
(q̃,r̃)
1 (ζ, x)

ψ
(q̃,r̃)
2 (ζ, x)

]
, (3.22)

where ψ
(q̃,r̃)
1 (ζ, x) and ψ

(q̃,r̃)
2 (ζ, x) denote the respective components of the Jost solution

ψ(q̃,r̃)(ζ, x) and the scalar constant µ is defined as

µ :=

∫ ∞

−∞
dy q(y) r(y). (3.23)

(b) The Jost solution ψ̄(ζ, x) to (1.1) is related to the Jost solution ψ̄(q̃,r̃)(ζ, x) to (1.6) as[
ψ̄1(ζ, x)

ψ̄2(ζ, x)

]
= eiµ/2

[ 1
E(x) 0

0 E(x)

] [
ψ̄
(q̃,r̃)
1 (ζ, x)

ψ̄
(q̃,r̃)
2 (ζ, x)

]
, (3.24)

where ψ̄
(q̃,r̃)
1 (ζ, x) and ψ̄

(q̃,r̃)
2 (ζ, x) denote the respective components of ψ̄(q̃,r̃)(ζ, x).

(c) The Jost solution ϕ(ζ, x) to (1.1) is related to the Jost solution ϕ(q̃,r̃)(ζ, x) to (1.6) as[
ϕ1(ζ, x)
ϕ2(ζ, x)

]
=

[ 1
E(x) 0

0 E(x)

] [
ϕ
(q̃,r̃)
1 (ζ, x)

ϕ
(q̃,r̃)
2 (ζ, x)

]
, (3.25)

where ϕ
(q̃,r̃)
1 (ζ, x) and ϕ

(q̃,r̃)
2 (ζ, x) denote the respective components of ϕ(q̃,r̃)(ζ, x).

(d) The Jost solution ϕ̄(ζ, x) to (1.1) is related to the Jost solution ϕ̄(q̃,r̃)(ζ, x) to (1.6) as[
ϕ̄1(ζ, x)

ϕ̄2(ζ, x)

]
=

[ 1
E(x) 0

0 E(x)

] [
ϕ̄
(q̃,r̃)
1 (ζ, x)

ϕ̄
(q̃,r̃)
2 (ζ, x)

]
, (3.26)

where ϕ̄
(q̃,r̃)
1 (ζ, x) and ϕ̄

(q̃,r̃)
2 (ζ, x) denote the respective components of ϕ̄(q̃,r̃)(ζ, x).

Proof. From (2.3) we obtain

lim
x→−∞

E(x) = 1, lim
x→+∞

E(x) = eiµ/2. (3.27)

To establish (3.22), we proceed as follows. From (2.11) we have[
ψ1(ζ, x)
ψ2(ζ, x)

]
= a

[ 1
E(x) 0

0 E(x)

] [
ψ
(q̃,r̃)
1 (ζ, x)

ψ
(q̃,r̃)
2 (ζ, x)

]
, (3.28)
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where we recall that a is a constant. We let x → +∞ in (3.28), and we use the second equality
of (3.27) as well as the spacial asymptotics in (3.4) for the Jost solutions ψ(ζ, x) to (1.1) and
ψ(q̃,r̃)(ζ, x) to (1.6). This yields[

o(1)

eiζ
2x [1 + o(1)]

]
= a

[
e−iµ/2 0

0 eiµ/2

] [
o(1)

eiζ
2x [1 + o(1)]

]
, x→ +∞. (3.29)

From (3.29) we see that the constant a in (3.28) is equal to e−iµ/2. Thus, the proof of (a) is
complete. The relationships presented in (b), (c), and (d) are obtained in a similar manner with
the help of (3.5)–(3.7), the analogs of (3.5)–(3.7) for the linear system (1.6), and the spacial
asymptotics in (3.27). We use the relationship in (2.11) for the respective Jost solutions to (1.1)
and (1.6), and in each case we determine the explicit value of the constant a appearing in (2.11)
for the corresponding pair of Jost solutions. □

In the following theorem, we describe the connection between the Jost solutions to (1.1) and
the Jost solutions to (1.9) when (q, r) in (1.1) and (u, v) in (1.9) are related to each other as in
(2.21).

Theorem 3.2. Suppose that (q, r) in (1.1) belongs to the Schwartz class S(R) and that it is related
to (u, v) in (1.9) as in (2.21). Then, we have the following:

(a) The Jost solution ψ(ζ, x) to (1.1) is related to the Jost solution ψ(u,v)(λ, x) to (1.9) as[
ψ1(ζ, x)
ψ2(ζ, x)

]
=

[
ζ 0

− r(x)
2i 1

] [
ψ
(u,v)
1 (λ, x)

ψ
(u,v)
2 (λ, x)

]
, (3.30)

where ψ
(u,v)
1 (λ, x) and ψ

(u,v)
2 (λ, x) denote the respective components of ψ(u,v)(λ, x) and we

recall that λ and ζ are related to each other as in (1.11).
(b) The Jost solution ψ̄(ζ, x) to (1.1) is related to the Jost solution ψ̄(u,v)(λ, x) to (1.9) as[

ψ̄1(ζ, x)

ψ̄2(ζ, x)

]
=

[
1 0

− r(x)
2iζ

1
ζ

][
ψ̄
(u,v)
1 (λ, x)

ψ̄
(u,v)
2 (λ, x)

]
, (3.31)

where ψ̄
(u,v)
1 (λ, x) and ψ̄

(u,v)
2 (λ, x) denote the respective components of ψ̄(u,v)(λ, x).

(c) The Jost solution ϕ(ζ, x) to (1.1) is related to the Jost solution ϕ(u,v)(λ, x) to (1.9) as[
ϕ1(ζ, x)
ϕ2(ζ, x)

]
=

[
1 0

− r(x)
2iζ

1
ζ

][
ϕ
(u,v)
1 (λ, x)

ϕ
(u,v)
2 (λ, x)

]
, (3.32)

where ϕ
(u,v)
1 (λ, x) and ϕ

(u,v)
2 (λ, x) denote the respective components of ϕ(u,v)(λ, x).

(d) The Jost solution ϕ̄(ζ, x) to (1.1) is related to the Jost solution ϕ̄(u,v)(λ, x) to (1.9) as[
ϕ̄1(ζ, x)

ϕ̄2(ζ, x)

]
=

[
ζ 0

− r(x)
2i 1

][
ϕ̄
(u,v)
1 (λ, x)

ϕ̄
(u,v)
2 (λ, x)

]
, (3.33)

where ϕ̄
(u,v)
1 (λ, x) and ϕ̄

(u,v)
2 (λ, x) denote the respective components of ϕ̄(u,v)(λ, x).

Proof. For the proof of (a), we proceed as follows. From Corollary 2.4 we know that the Jost
solutions ψ(ζ, x) and ψ(u,v)(λ, x) are related to each other as in (2.22), i.e. we have[

ψ1(ζ, x)
ψ2(ζ, x)

]
= b

[
1 0

r(x)
2iζ

1
ζ

][
ψ
(u,v)
1 (λ, x)

ψ
(u,v)
2 (λ, x)

]
, (3.34)

where b is a constant. Using the spacial asymptotics in (3.4) as x → +∞ for ψ(ζ, x) and the
analog of (3.4) for the linear system (1.9), from (3.34) we obtain[

o(1)

eiζ
2x[1 + o(1)]

]
= b

[
1 0
0 1

ζ

] [
o(1)

eiζ
2x [1 + o(1)]

]
, x→ +∞,

from which we obtain b = ζ. This establishes (3.30) and completes the proof of (a). The re-
lationships presented in (b), (c), and (d) are obtained in a similar manner with the help of the
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spacial asymptotics in (3.5)–(3.7), and the analogs of (3.5)–(3.7) for the linear system (1.9). We
use the relationship in (2.22) for the respective Jost solutions to (1.1) and (1.9), determining in
each case the explicit value of the constant b appearing in (2.22) for the corresponding pair of Jost
solutions. □

In the following theorem, we establish the connection between the Jost solutions to (1.1) and
the Jost solutions to (1.10) when (p, s) in (1.10) and (q, r) in (1.1) are related to each other as in
(2.32).

Theorem 3.3. Assume that (q, r) in (1.1) belongs to the Schwartz class S(R). Suppose that (q, r)
and (p, s) in (1.10) are related to each other as in (2.32). Then, we have the following:

(a) The Jost solution ψ(ζ, x) to (1.1) is related to the Jost solution ψ(p,s)(λ, x) to (1.10) as[
ψ1(ζ, x)
ψ2(ζ, x)

]
=

[
1
ζ

q(x)
2iζ

0 1

][
ψ
(p,s)
1 (λ, x)

ψ
(p,s)
2 (λ, x)

]
, (3.35)

where ψ
(p,s)
1 (λ, x) and ψ

(p,s)
2 (λ, x) denote the respective components of ψ(p,s)(λ, x) and the

parameters λ and ζ are related to each other as in (1.11).
(b) The Jost solution ψ̄(ζ, x) to (1.1) is related to the Jost solution ψ̄(p,s)(λ, x) to (1.10) as[

ψ̄1(ζ, x)

ψ̄2(ζ, x)

]
=

[
1 q(x)

2i

0 ζ

][
ψ̄
(p,s)
1 (λ, x)

ψ̄
(p,s)
2 (λ, x)

]
, (3.36)

where ψ̄
(p,s)
1 (ζ, x) and ψ̄

(p,s)
2 (ζ, x) denote the respective components of ψ̄(p,s)(ζ, x).

(c) The Jost solution ϕ(ζ, x) to (1.1) is related to the Jost solution ϕ(p,s)(λ, x) to (1.10) as[
ϕ1(ζ, x)
ϕ2(ζ, x)

]
=

[
1 q(x)

2i
0 ζ

] [
ϕ
(p,s)
1 (λ, x)

ϕ
(p,s)
2 (λ, x)

]
, (3.37)

where ϕ
(p,s)
1 (λ, x) and ϕ

(p,s)
2 (λ, x) denote the respective components of ϕ(p,s)(λ, x).

(d) The Jost solution ϕ̄(ζ, x) to (1.1) is related to the Jost solution ϕ̄(p,s)(λ, x) to (1.10) as[
ϕ̄1(ζ, x)

ϕ̄2(ζ, x)

]
=

[
1
ζ

q(x)
2iζ

0 1

][
ϕ̄
(p,s)
1 (λ, x)

ϕ̄
(p,s)
2 (λ, x)

]
, (3.38)

where ϕ̄
(p,s)
1 (λ, x) and ϕ̄

(p,s)
2 (λ, x) denote the respective components of ϕ̄(p,s)(λ, x).

Proof. We first present the proof of (a). When (q, r) and (p, s) are related to each other as in
(2.32), from (2.33) we obtain[

ψ1(ζ, x)
ψ2(ζ, x)

]
= c

[
1
ζ

q(x)
2iζ

0 1

][
ψ
(p,s)
1 (λ, x)

ψ
(p,s)
2 (λ, x)

]
, (3.39)

where c is a constant. With the help of the asymptotics in (3.4) and the analog of (3.4) for the
linear system (1.10), from (3.39) we have[

o(1)

eiζ
2x [1 + o(1)]

]
= c

[ 1
ζ 0

0 1

] [
o(1)

eiζ
2x [1 + o(1)]

]
, x→ +∞,

from which we see that c = 1. Thus, we have established (3.35) and completed the proof of (a).
The relationships presented in (b), (c), and (d) are obtained in a similar manner with the help of
the spacial asymptotics in (3.5)–(3.7) and the analogs of (3.5)–(3.7) for the linear system (1.10).
We use the relationship in (2.33) for the respective Jost solutions of (1.1) and (1.10), and in each
case we determine the explicit value of the constant c appearing in (2.33) for the corresponding
pair of Jost solutions. □

In the next theorem, we describe some pertinent properties of the Jost solutions to (1.1). Those
properties pertain to the existence of the Jost solutions, their domains of continuity in the spectral
parameter ζ, and their domains of analyticity in ζ and λ.
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Theorem 3.4. Suppose that the potentials q and r in (1.1) belong to the Schwartz class S(R). Let
the spectral parameter ζ be related to the parameter λ as in (1.11). Let ψ(ζ, x), ϕ(ζ, x), ψ̄(ζ, x),
and ϕ̄(ζ, x) denote the Jost solutions to (1.1) satisfying the respective spacial asymptotics given in
(3.4)–(3.7), where the subscripts 1 and 2 describe the respective components of the Jost solutions
as in (3.2) and (3.3). Then, we have the following:

(a) For each fixed x ∈ R, the Jost solutions ψ(ζ, x), and ϕ(ζ, x) exist, are analytic in the first
and third quadrants in the complex ζ-plane, and are continuous in the closures of those
quadrants. Similarly, for each fixed x ∈ R, the Jost solutions ψ̄(ζ, x) and ϕ̄(ζ, x) exist, are
analytic in the second and fourth quadrants in the complex ζ-plane, and are continuous in
the closures of those quadrants.

(b) For each fixed x ∈ R, the four components ψ1(ζ, x), ψ̄2(ζ, x), ϕ̄1(ζ, x), ϕ2(ζ, x) are odd in
ζ and the four components ψ̄1(ζ, x), ψ2(ζ, x), ϕ1(ζ, x), ϕ̄2(ζ, x) are even in ζ.

(c) For each fixed x ∈ R, the four scalar quantities ψ1(ζ, x)/ζ, ψ2(ζ, x), ϕ1(ζ, x), ϕ2(ζ, x)/ζ
are even in ζ, and hence they are functions of λ. Those four scalar functions of λ are
analytic in λ ∈ C+ and continuous in λ ∈ C+.

(d) For each fixed x ∈ R, the four scalar quantities ψ̄1(ζ, x), ψ̄2(ζ, x)/ζ, ϕ̄1(ζ, x)/ζ, ϕ̄2(ζ, x)
are even in ζ, and hence they are functions of λ. Those four scalar functions of λ are
analytic in λ ∈ C− and continuous in λ ∈ C−.

Proof. The proof is obtained by proceeding as in Theorem 2.2 of [8], where the corresponding
results are obtained for the linear system (1.6). □

The next theorem presents the large ζ-asymptotics of the components of the Jost solutions to
(1.1). With the help of Theorem 3.4, in the theorem those asymptotics are expressed in terms of
λ, which is related to ζ as in (1.11).

Theorem 3.5. Suppose that the potentials q and r in (1.1) belong to the Schwartz class S(R). Let
the parameter λ be related to the spectral parameter ζ as in (1.11). Let ψ(ζ, x), ψ̄(ζ, x), ϕ(ζ, x),
ϕ̄(ζ, x) denote the Jost solutions to (1.1) satisfying the respective spacial asymptotics given in
(3.4)–(3.6), where the subscripts 1 and 2 describe the respective components of the Jost solutions
as in (3.2) and (3.3). Then, for each fixed x ∈ R, the Jost solutions ψ(ζ, x) and ϕ(ζ, x) satisfy

the respective asymptotics as λ→ ∞ in C+ that are given by

ψ1(ζ, x)

ζ
= eiλx

[q(x)
2iλ

+O
( 1

λ2

)]
, (3.40)

ψ2(ζ, x) = eiλx
[
1 +

q(x) r(x)

4λ
− 1

2iλ

∫ ∞

x

dy σ(y) +O
( 1

λ2

)]
, (3.41)

ϕ1(ζ, x) = e−iλx
[
1− 1

2iλ

∫ x

−∞
dy σ(y) +O

( 1

λ2

)]
, (3.42)

ϕ2(ζ, x)

ζ
= e−iλx

[
− i r(x)

2λ
+O

( 1

λ2

)]
, (3.43)

where the complex-valued scalar quantity σ(x) is defined as

σ(x) := − i

2
q(x) r′(x)− 1

4
q(x)2 r(x)2. (3.44)

Similarly, for each fixed x ∈ R, the Jost solutions ψ̄(ζ, x) and ϕ̄(ζ, x) satisfy the respective asymp-

totics as λ→ ∞ in C− that are given by

ψ̄1(ζ, x) = e−iλx
[
1 +

1

2iλ

∫ ∞

x

dy σ(y) +O
( 1

λ2

)]
, (3.45)

ψ̄2(ζ, x)

ζ
= e−iλx

[
− r(x)

2iλ
+O

( 1

λ2

)]
, (3.46)

ϕ̄1(ζ, x)

ζ
= eiλx

[q(x)
2iλ

+O
( 1

λ2

)]
, (3.47)
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ϕ̄2(ζ, x) = eiλx
[
1 +

q(x) r(x)

4λ
+

1

2iλ

∫ x

−∞
dy σ(y) +O

( 1

λ2

)]
. (3.48)

Proof. The asymptotics in (3.40)–(3.43) and (3.45)–(3.48) can be obtained by using (3.22)–(3.26)
and the already known large ζ-asymptotics of the Jost solutions to (1.6). The large ζ-asymptotics
of the Jost solutions to (1.6) are listed in [8, Theorem 2.4], where we express the potentials q̃ and
r̃ appearing in those asymptotics in terms of q and r with the help of (2.10). We remark that the
expression for σ(x) expressed in terms of (q̃, r̃) is given in (2.36) of [8] as

σ(x) := − i

2
q̃(x) r̃′(x) +

1

4
q̃(x)2 r̃(x)2. (3.49)

We note the second terms on the right-hand sides of (3.44) and (3.49) differ by a sign. Using
(2.10) in (3.49), we obtain the expression for σ(x) given in (3.44) expressed in terms of (q, r).
We mention that the proof can also be obtained by using (3.30)–(3.33) or (3.35)–(3.38) and the
known large λ-asymptotics [4, 7, 11] of the Jost solutions to (1.9) and (1.10) after we express the
potentials u, v, p, s appearing in those asymptotics in terms of q and r with the help of (2.21) or
(2.32). □

The next theorem presents the relationships between the scattering coefficients for (1.1) and
the scattering coefficients for each of (1.6), (1.9), (1.10), respectively.

Theorem 3.6. Suppose that (q, r) in (1.1) belongs to the Schwartz class S(R). Let (q̃, r̃) in (1.6)
be related to (q, r) as in (2.10), (u, v) in (1.9) be related to (q, r) as in (2.21), and (p, s) in (1.10)
be related to (q, r) as in (2.32), Let µ be the quantity in (5.1), and let the parameters λ and ζ be
related to each other as in (1.11). Then, we have the following:

(a) The six scattering coefficients T (ζ), T̄ (ζ), R(ζ), L(ζ), R̄(ζ), L̄(ζ) for (1.1), the six scatter-
ing coefficients T (q̃,r̃)(ζ), T̄ (q̃,r̃)(ζ), R(q̃,r̃)(ζ), L(q̃,r̃)(ζ), R̄(q̃,r̃)(ζ), L̄(q̃,r̃)(ζ) for (1.6), the
six scattering coefficients T (u,v)(λ), T̄ (u,v)(λ), R(u,v)(λ), L(u,v)(λ), R̄(u,v)(λ), L̄(u,v)(λ) for
(1.9), and the six scattering coefficients T (p,s)(λ), T̄ (p,s)(λ), R(p,s)(λ), L(p,s)(λ), R̄(p,s)(λ),
L̄(p,s)(λ) for (1.10) are related to each other as

T (ζ) = eiµ/2T (q̃,r̃)(ζ) = T (u,v)(λ) = T (p,s)(λ), λ ∈ C+, (3.50)

T̄ (ζ) = e−iµ/2 T̄ (q̃,r̃)(ζ) = T̄ (u,v)(λ) = T̄ (p,s)(λ), λ ∈ C−, (3.51)

ζ R(ζ) = ζeiµR(q̃,r̃)(ζ) = R(u,v)(λ) = λR(p,s)(λ), λ ∈ R, (3.52)

ζR̄(ζ) = ζe−iµR̄(q̃,r̃)(ζ) = λR̄(u,v)(λ) = R̄(p,s)(λ), λ ∈ R, (3.53)

ζ L(ζ) = ζ L(q̃,r̃)(ζ) = λL(u,v)(λ) = L(p,s)(λ), λ ∈ R, (3.54)

ζL̄(ζ) = ζL̄(q̃,r̃)(ζ) = L̄(u,v)(λ) = λL̄(p,s)(λ), λ ∈ R. (3.55)

(b) The transmission coefficient T (ζ) for (1.1) is even in ζ, and hence it is a function of λ.
As a function of λ, the quantity T (ζ) is meromorphic in λ ∈ C+ and is continuous in

λ ∈ C+ except at the poles causing the meromorphic property in C+.
(c) The transmission coefficient T̄ (ζ) for (1.1) is even in ζ, and hence it is a function of λ.

As a function of λ, the quantity T̄ (ζ) is meromorphic in λ ∈ C− and is continuous in

λ ∈ C− except at the poles causing the meromorphic property in C−.
(d) The four quantities R(ζ)/ζ, R̄(ζ)/ζ, L(ζ)/ζ, L̄(ζ)/ζ associated with (1.1) are even in

ζ, and hence they are all functions of λ. As functions of λ, those four quantities are
continuous in λ ∈ R.

Proof. For the proof of (a), we proceed as follows. We use the asymptotics (3.8)–(3.11) for the
scattering coefficients for (1.1) and their analogs for the scattering coefficients for (1.6). We
then use those asymptotics in (3.22)–(3.26), respectively. By comparing the leading terms in the
resulting asymptotic equalities, we obtain the first equalities in (3.50)–(3.55). The second and
third equalities in (3.50)–(3.55) are similarly established using the analogs of (3.8)–(3.11) for (1.9)
and (1.10), respectively, and then using those asymptotics in (3.30)–(3.33) and in (3.35)–(3.38),
respectively. Hence, the proof of (a) is complete. For the proof of (b), we proceed as follows. It is
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already known [2, 8] that, when (u, v) in (1.6) belongs to the Schwartz class S(R), the transmission

coefficients T (u,v)(λ) is meromorphic in λ ∈ C+ and is continuous in λ ∈ C+ except at the poles
causing the meromorphic property in C+. Then, with the help of (1.11), from (3.50) we conclude
that T (ζ) satisfies the properties stated in (b). Thus, the proof of (b) is complete. The proof
of (c) is obtained as in the proof of (b), i.e. by using (3.51) and the fact [2, 8] that T̄ (u,v)(λ) is

meromorphic in λ ∈ C− and is continuous in λ ∈ C−. Finally, the proof of (d) follows from the
first equalities in (3.52)–(3.55) and by using the fact that the four reflection coefficients for (1.6)
are continuous in λ ∈ R. For the proof of the continuity of the reflection coefficients for (1.6), we
refer the reader to Theorem 2.5(c) of [8]. □

The next theorem presents the small ζ-asymptotics of the scattering coefficients for (1.1). In
the theorem, those asymptotics are expressed in terms of λ, which is related to ζ as in (1.11).

Theorem 3.7. Assume that the potentials q and r in (1.1) belong to the Schwartz class S(R). Let
the parameter λ be related to the spectral parameter ζ as in (1.11). Then, the small ζ-asymptotics
of the scattering coefficients T (ζ), T̄ (ζ), R(ζ), R̄(ζ), L(ζ), and L̄(ζ) appearing in (3.8)–(3.11) are
expressed in λ as

T (ζ) = eiµ/2 [1 +O(λ)] , λ→ 0 in C+, (3.56)

T̄ (ζ) = e−iµ/2 [1 +O(λ)] , λ→ 0 in C+, (3.57)

R(ζ)

ζ
= eiµ

[ ∫ ∞

−∞
dy r(y)E(y)−2 +O(λ)

]
, λ→ 0 in R, (3.58)

R̄(ζ)

ζ
= e−iµ

[ ∫ ∞

−∞
dy q(y)E(y)2 +O(λ)

]
, λ→ 0 in R, (3.59)

L(ζ)

ζ
= −

∫ ∞

−∞
dy q(y)E(y)2 +O(λ), λ→ 0 in R, (3.60)

L̄(ζ)

ζ
= −

∫ ∞

−∞
dy r(y)E(y)−2 +O(λ), λ→ 0 in R, (3.61)

where we recall that E(x) is the quantity defined in (2.3) and µ is the constant in (3.23).

Proof. When (q̃, r̃) in (1.6) belongs to S(R), the small ζ-asymptotics of the scattering coefficients
for (1.6) are known and listed in Theorem 2.5(d) of [8]. We use those asymptotics in the first
equalities of (3.50)–(3.55), and we establish (3.56)–(3.61). □

The next theorem presents the large ζ-asymptotics of the scattering coefficients for (1.1). In
the theorem, those asymptotics are expressed in terms of λ, which is related to ζ as in (1.11).

Theorem 3.8. Assume that the potentials q and r in (1.1) belong to the Schwartz class S(R).
Then, the large ζ-asymptotics of the scattering coefficients T (ζ), T̄ (ζ), R(ζ), R̄(ζ), L(ζ), L̄(ζ) for
(1.1) are given by

T (ζ) = 1 +O
( 1

λ

)
, λ→ ∞ in C+, (3.62)

T̄ (ζ) = 1 +O
( 1

λ

)
, λ→ ∞ in C+, (3.63)

R(ζ) = O
( 1

ζ3

)
, R̄(ζ) = O

( 1

ζ3

)
, λ→ ±∞, (3.64)

L(ζ) = O
( 1

ζ3

)
, L̄(ζ) = O

( 1

ζ3

)
, λ→ ±∞, (3.65)

where we recall that λ and ζ are related to each other as in (1.11).

Proof. When (q̃, r̃) in (1.6) belongs to S(R), the large ζ-asymptotics of the scattering coefficients
for (1.6) are known and listed in (2.46)–(2.51) of [8]. Using those asymptotics in the first equalities
of (3.50)–(3.55), we obtain (3.62)–(3.65) as the large ζ-asymptotics for the scattering coefficients
for (1.1). □
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4. Bound states

The bound states for (1.1) correspond to square-integrable column-vector solutions to (1.1).
Such solutions can occur only at certain values of the spectral parameter ζ. In this section we
present the basic information on the bound states for (1.1) when (q, r) there is supposed to belong
to the Schwartz class S(R). In this paper, we assume that (q̃, r̃) in (1.6) is related to (q, r) as in
(2.10). Hence, (q̃, r̃) also belongs to S(R). When the potentials q̃ and r̃ are in S(R), the basic
information for the bound states for (1.6) is available in Section 3 of [8]. This allows us to obtain
the basic information on the bound states for (1.1) by exploiting the relationships established in
Section 3 between the Jost solutions and transmission coefficients for (1.1) and the corresponding
quantities for (1.6), respectively.

The bound states for (1.6) are related to the meromorphic properties of the transmission coef-
ficients in the complex ζ-plane. From (3.50) and (3.51) we know that the transmission coefficients
for (1.1) and the transmission coefficients for (1.6) have similar meromorphic properties in the
complex ζ-plane. Thus, by using the information on the bound states for (1.6), we obtain the
facts related to the bound states for (1.1). In the following we provide a summary of the basic
facts related to the bound states for (1.1) when (q, r) belongs to the Schwartz class.

(a) The bound states for (1.1) cannot occur when ζ ∈ R. This can be seen as follows. With
the help of (2.8) we see that (1.1) at ζ = 0 has the two linearly independent solutions[
E(x)−1

0

]
and

[
0

E(x)

]
. Since we cannot form a square-integrable solution by using a linear

combination of those two solutions, a bound state at ζ = 0 cannot occur. A bound state
when ζ ∈ R \ {0} cannot occur either. This is because (1.1) has then the two linearly
independent solutions, namely the Jost solutions ψ(ζ, x) and ψ̄(ζ, x), and from (3.4) and
(3.5) it follows that it is impossible to have a square-integrable solution that is a linear
combination of those two Jost solutions when ζ ∈ R \ {0}. A bound state for (1.1) can
only occur at a nonreal complex ζ-value at which the transmission coefficient T (ζ) has a
pole in the first or third quadrant in the complex ζ-plane or the transmission coefficient
T̄ (ζ) has a pole in the second or fourth quadrant. This fact follows from the first equalities
in (3.50) and (3.51) and the fact that a bound state for (1.6) can only occur at a nonreal
complex ζ-value at which the transmission coefficient T (q̃,r̃)(ζ) has a pole in the first or
third quadrant in the complex ζ-plane or the transmission coefficient T̄ (q̃,r̃)(ζ) has a pole
in the second or fourth quadrant. We know from Theorem 3.6(b) that the transmission
coefficients T (ζ) and T̄ (ζ) are even in ζ. Consequently, the bound-state ζ-values for (1.1)
are located symmetrically with respect to the origin of the complex ζ-plane. As a result, it
is convenient to describe the bound-state poles of T (ζ) and T̄ (ζ) in terms of the parameter
λ, which is related to ζ as in (1.11).

(b) The number N of distinct poles of T (ζ) when λ ∈ C+ is finite, and we use λj for 1 ≤ j ≤ N
to denote those poles. Similarly, the number N̄ of distinct poles of T̄ (ζ) when λ ∈ C−

is finite, and we use λ̄j for 1 ≤ j ≤ N̄ to denote those poles. We recall that an overbar
in our paper does not denote complex conjugation. If T (ζ) has no poles in λ ∈ C+, then
we have N = 0. Similarly, if T̄ (ζ) has no poles in λ ∈ C−, then N̄ = 0. The multiplicity
of each pole of T (ζ) is finite, and we use mj to denote the multiplicity of the pole at
λ = λj . Similarly, the multiplicity of each pole of T̄ (ζ) is finite, and we use m̄j to denote
the multiplicity of the pole at λ = λ̄j .

(c) The bound-state information for (1.1) can be presented in terms of the two sets {λj ,mj}Nj=1

and
{
λ̄j , m̄j

}N̄

j=1
. For each bound state and multiplicity, we introduce a bound-state

normalization constant. We use the double-indexed constants cjk for 1 ≤ j ≤ N and
0 ≤ k ≤ mj − 1 and the double-indexed constants c̄jk for 1 ≤ j ≤ N̄ and 0 ≤ k ≤ m̄j − 1
to denote the bound-state normalization constants at λ = λj and λ = λ̄j , respectively.
The construction of cjk and c̄jk for (1.1) is similar to the construction for the correspond-
ing bound-state normalization constants for (1.6). We refer the reader to [8, 9] for those
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constructions in terms of the corresponding transmission coefficients and bound-state de-
pendency constants. In summary, the bound-state information for (1.1) can be specified
by using the two bound-state input data sets given by{

λj ,mj , {cjk}
mj−1
k=0

}N

j=1
,

{
λ̄j , m̄j , {c̄jk}

m̄j−1
k=0

}N̄

j=1
. (4.1)

(d) To solve the inverse scattering problem for (1.1) via the Marchenko method, it is the most
convenient to represent the bound-state information with the help of a matrix triplet pair
denoted by (A,B,C) and (Ā, B̄, C̄). The use of matrix triplets in the Marchenko method
allows us to handle any number of bound states with any multiplicities as if we deal only
with a pair of simple bound states.

The matrix triplet pair (A,B,C) and (Ā, B̄, C̄) is related to (4.1) as follows. For the bound
state at λ = λj with the multiplicity mj for 1 ≤ j ≤ N , we chose the matrix triplet (A,B,C) as

A =


A1 0 · · · 0 0
0 A2 · · · 0 0
...

...
. . .

...
...

0 0 · · · AN−1 0
0 0 · · · 0 AN

 , B =


B1

B2

...
BN

 , C =
[
C1 C2 · · · CN

]
, (4.2)

where A is a block diagonal matrix, B is a block column vector, and C is a block row vector. The
matrix subtriplet (Aj , Bj , Cj) is given by

Aj :=



λj 1 0 · · · 0 0
0 λj 1 · · · 0 0
0 0 λj · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · λj 1
0 0 0 . . . 0 λj


, Bj :=


0
...
0
1

 , (4.3)

Cj :=
[
cj(mj−1) cj(mj−2) · · · cj1 cj0

]
. (4.4)

As seen from (4.3), the mj ×mj matrix Aj is in the Jordan canonical form with λj appearing in
its diagonal entries and the mj × 1 matrix Bj has the scalar 0 in the first mj − 1 entries and 1 in
the mjth entry. As seen from (4.4), the 1×mj matrix Cj contains the bound-state normalization
constants cjk for 0 ≤ k ≤ mj − 1 in its entries. From (4.2) we see that the zeros in the block
diagonal matrix A denote the zero matrices of appropriate matrix sizes. The matrix size of A is
given by N ×N , where the nonnegative integer N is defined as

N :=

N∑
j=1

mj . (4.5)

As seen from (4.2), the matrix size of B is N × 1 and the matrix size of C is 1×N .
Similarly, the matrix triplet (Ā, B̄, C̄) are chosen as

Ā =


Ā1 0 · · · 0 0
0 Ā2 · · · 0 0
...

...
. . .

...
...

0 0 · · · ĀN̄−1 0
0 0 · · · 0 ĀN̄

 , B̄ =


B̄1

B̄2

...
B̄N̄

 , C̄ =
[
C̄1 C̄2 · · · C̄N̄

]
, (4.6)
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where the matrix subtriplet (Āj , B̄j , C̄j) is given by

Āj :=



λ̄j 1 0 · · · 0 0
0 λ̄j 1 · · · 0 0
0 0 λ̄j · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · λ̄j 1
0 0 0 . . . 0 λ̄j


, B̄j :=


0
...
0
1

 , (4.7)

C̄j :=
[
c̄j(m̄j−1) c̄j(m̄j−2) · · · c̄j1 c̄j0

]
. (4.8)

As seen from (4.7), the m̄j × m̄j matrix Āj is in the Jordan canonical form with λ̄j in its diagonal
entries and the m̄j×1 matrix B̄j has the scalar 0 in the first m̄j−1 entries and 1 in the m̄jth entry.
As seen from (4.8), the entries of the 1 × m̄j matrix C̄j contain the bound-state normalization
constants c̄jk for 0 ≤ k ≤ m̄j − 1. Analogous to (4.5), we introduce the nonnegative integer N̄ as

N̄ :=

N̄∑
j=1

m̄j .

Then, from (4.6) it follows that the matrix size of Ā is N̄ × N̄ , the matrix size of B̄ is N̄ × 1, and
the matrix size of C̄ is 1× N̄ .

5. The Marchenko method

In this section we introduce the Marchenko method for (1.1). This is done by deriving the
Marchenko system of linear integral equations for (1.1) using as input the two right reflection
coefficients R(ζ) and R̄(ζ) and the bound-state information consisting of the two matrix triplets
(A,B,C) and (Ā, B̄, C̄). We then show how the potential pair (q, r) in (1.1) and the Jost solutions
ψ(ζ, x) and ψ̄(ζ, x) to (1.1) are obtained from the solution of the Marchenko system.

For clarity, we first derive our Marchenko system in the absence of bound states. Then, we
show how the bound states affect the kernel and the nonhomogeneous term in the Marchenko
system and thus obtain the Marchenko system in the presence of bound states. The next theorem
presents the Marchenko system of integral equations for (1.1) in the absence of bound states.

Theorem 5.1. Assume that the potentials q and r in (1.1) belong to the Schwartz class S(R), and
suppose that there are no bound states for (1.1). Then, the Marchenko system of linear integral
equations for (1.1) is given by[

0 0
0 0

]
=

[
K̄1(x, y) K1(x, y)
K̄2(x, y) K2(x, y)

]
+

[
0 ˆ̄R(x+ y)

R̂(x+ y) 0

]

+

∫ ∞

x

dz

[
−iK1(x, z) R̂

′(z + y) K̄1(x, z)
ˆ̄R(z + y)

K2(x, z) R̂(z + y) iK̄2(x, z)
ˆ̄R′(z + y)

]
, x < y.

(5.1)

The quantities R̂(y) and ˆ̄R(y) in (5.1) are related to the reflection coefficients R(ζ) and R̄(ζ),
respectively, via the Fourier transforms given by

R̂(y) :=
1

2π

∫ ∞

−∞
dλ

R(ζ)

ζ
eiλy, ˆ̄R(y) :=

1

2π

∫ ∞

−∞
dλ

R̄(ζ)

ζ
e−iλy, (5.2)

with R̂′(y) and ˆ̄R′(y) denoting the derivatives of R̂(y) and ˆ̄R(y), respectively. We recall that λ
appearing in (5.2) is related to ζ as in (1.11). The four quantities K1(x, y), K2(x, y), K̄1(x, y),
K̄2(x, y) in (5.1) are related to the components of the Jost solutions ψ(ζ, x) and ψ̄(ζ, x) appearing
in (3.2) as

K1(x, y) :=
1

2π

∫ ∞

−∞
dλ

[ψ1(ζ, x)

ζ

]
e−iλy, (5.3)

K2(x, y) :=
1

2π

∫ ∞

−∞
dλ

[
ψ2(ζ, x)− eiλx

]
e−iλy, (5.4)
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K̄1(x, y) :=
1

2π

∫ ∞

−∞
dλ

[
ψ̄1(ζ, x)− e−iλx

]
eiλy, (5.5)

K̄2(x, y) :=
1

2π

∫ ∞

−∞
dλ

[ ψ̄2(ζ, x)

ζ

]
eiλy. (5.6)

Proof. For notational simplicity, we suppress the arguments and write ψ, ψ̄, ϕ, ϕ̄, T , T̄ , R, R̄ for
ψ(ζ, x), ψ̄(ζ, x), ϕ(ζ, x), ϕ̄(ζ, x), T (ζ), T̄ (ζ), R(ζ), R̄(ζ), respectively. As seen from the asymptotics
in (3.4) and (3.5), the column-vector Jost solutions ψ and ψ̄ to (1.1) are linearly independent, and
hence they form a fundamental set of column-vector solutions to (1.1). Thus, each of the two
column-vector Jost solutions ϕ and ϕ̄ can be expressed as a linear combinations of ψ and ψ̄. With
the help of (3.2)–(3.11), for ζ ∈ R we obtain

ϕ =
1

T
ψ̄ +

R

T
ψ,

ϕ̄ =
R̄

T̄
ψ̄ +

1

T̄
ψ.

(5.7)

We write (5.7) equivalently as

Tϕ = ψ̄ +Rψ,

T̄ ϕ̄ = R̄ψ̄ + ψ.
(5.8)

We would like to transform (5.8) to an equivalent form so that it yields a Riemann-Hilbert problem
in the complex λ-plane separated into two regions by the real λ-axis. For this we proceed as follows.
From the two column-vector equations in (5.8), we obtain the 2× 2 matrix-valued system[

Tϕ T̄ ϕ̄
]
=

[
ψ̄ ψ

]
+

[
Rψ R̄ψ̄

]
. (5.9)

With the help of (3.2) and (3.3), we write (5.9) in terms of the components of the Jost solutions
as [

Tϕ1 T̄ ϕ̄1
Tϕ2 T̄ ϕ̄2

]
=

[
ψ̄1 ψ1

ψ̄2 ψ2

]
+

[
Rψ1 R̄ψ̄1

Rψ2 R̄ψ̄2

]
. (5.10)

We subtract the 2 × 2 diagonal matrix

[
e−iλx 0
0 eiλx

]
from each side of (5.10). Then, we divide

the off-diagonal entries by ζ in the resulting matrix equality. This yields[
Tϕ1 − e−iλx 1

ζ T̄ ϕ̄1
1
ζ Tϕ2 T̄ ϕ̄2 − eiλx

]
=

[
ψ̄1 − e−iλx 1

ζψ1
1
ζ ψ̄2 ψ2 − eiλx

]
+

[
Rψ1

1
ζ R̄ψ̄1

1
ζ Rψ2 R̄ψ̄2

]
, λ ∈ R. (5.11)

From Theorems 3.4 and 3.6 it follows that each entry in (5.11) is even in ζ and hence is a function of
λ. The matrix equality in (5.11) is the formulation of the Riemann-Hilbert problem of determining
the Jost solutions ψ and ψ̄ when we use as input the two reflection coefficients R(ζ) and R̄(ζ) in
the absence of bound states for (1.1). Next, we apply the Fourier transform on (5.11) by using∫∞
−∞ dλeiλy/2π in the first columns and by using

∫∞
−∞ dλe−iλy/2π in the second columns. We then

get the 2× 2 matrix-valued equality given by

LHS = K(x, y) + RHS, (5.12)

where the 2× 2 matrix K(x, y) is defined as

K(x, y) :=

[
K̄1(x, y) K1(x, y)
K̄2(x, y) K2(x, y)

]
, (5.13)

with the entries K1(x, y), K2(x, y), K̄1(x, y), and K̄2(x, y) are as in (5.3)–(5.6), respectively. The
2× 2 matrix-valued quantities LHS and RHS appearing in (5.12) are defined, respectively, as

LHS :=

∫∞
−∞

dλ
2π

[
T (ζ)ϕ1(ζ, x)− e−iλx

]
eiλy

∫∞
−∞

dλ
2π

[
1
ζ T̄ (ζ) ϕ̄1(ζ, x)

]
e−iλy∫∞

−∞
dλ
2π

[
1
ζT (ζ)ϕ2(ζ, x)

]
eiλy

∫∞
−∞

dλ
2π

[
T̄ (ζ) ϕ̄2(ζ, x)− eiλx

]
e−iλy

 , (5.14)
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RHS :=

 ∫∞
−∞

dλ
2π [R(ζ)ψ1(ζ, x)] e

iλy
∫∞
−∞

dλ
2π

[
1
ζ R̄(ζ) ψ̄1(ζ, x)

]
e−iλy∫∞

−∞
dλ
2π

[
1
ζ R(ζ)ψ2(ζ, x)

]
eiλy

∫∞
−∞

dλ
2π

[
R̄(ζ) ψ̄2(ζ, x)

]
e−iλy

 . (5.15)

In the absence of bound states, using the continuity and analyticity of the Jost solutions stated
in Theorem 3.4 and the large ζ-asymptotics of the Jost solutions stated in Theorem 3.5, we
conclude the following. When x < y, the integrands in (5.3) and (5.4) are analytic in λ ∈ C+, are

continuous in λ ∈ C+, and vanish as eiλ(y−x)O(1/λ) as λ → ∞ in C+. Similarly, when x < y,

the integrands in (5.5) and (5.6) are analytic in λ ∈ C−, are continuous in λ ∈ C−, and vanish as

e−iλ(y−x)O(1/λ) as λ → ∞ in C−. Consequently, with the help of Jordan’s lemma we conclude
that the matrix K(x, y) in (5.13) is equal to the 2 × 2 zero matrix when x > y. On the other
hand, in the absence of bound states, using the continuity and analyticity of the Jost solutions
stated in Theorem 3.4, the large ζ-asymptotics of the Jost solutions stated in Theorem 3.5, and the
continuity and asymptotic properties of the scattering coefficients presented in Theorems 3.6–3.8,
when x < y we observe that the integrands in the (1, 1) and (2, 1) entries on the right-hand side

of (5.14) are analytic in λ ∈ C+, are continuous in λ ∈ C+, and behave uniformly as O(1/λ) as

λ → ∞ in C+. Similarly, when x < y, with the help of Theorems 3.4–3.8, we conclude that the
integrands in the (1, 2) and (2, 2) entries of (5.14) are analytic in λ ∈ C−, continuous in λ ∈ C−,

and decay as O(1/λ) as λ→ ∞ in C−. Thus, when x < y the matrix LHS in (5.14) is equal to the
2× 2 zero matrix. Moreover, with the help of Theorems 3.4– 3.8, we observe that each integrand
in (5.3)–(5.6), (5.14), and (5.15) is continuous in λ ∈ R and decays as O(1/λ) as λ→ ±∞. Hence,
the L2-Fourier transforms in (5.3)–(5.6), (5.14), and (5.15) exist. From (5.3)–(5.6), by using the
inverse Fourier transform we obtain

1

ζ
ψ1(ζ, x) =

∫ ∞

x

dyK1(x, y) e
iλy, (5.16)

ψ2(ζ, x) = eiλx +

∫ ∞

x

dyK2(x, y) e
iλy, (5.17)

ψ̄1(ζ, x) = e−iλx +

∫ ∞

x

dy K̄1(x, y) e
−iλy, (5.18)

1

ζ
ψ̄2(ζ, x) =

∫ ∞

x

dy K̄2(x, y) e
−iλy, (5.19)

and from (5.2) we have

R(ζ)

ζ
=

∫ ∞

−∞
ds R̂(s) e−iλs,

R̄(ζ)

ζ
=

∫ ∞

−∞
ds ˆ̄R(s) eiλs. (5.20)

By using the y-derivatives in (5.2), we obtain

R̂′(y) =
i

2π

∫ ∞

−∞
dλ

R(ζ)

ζ
λ eiλy, ˆ̄R′(y) = − i

2π

∫ ∞

−∞
dλ

R̄(ζ)

ζ
λ e−iλy. (5.21)

The use of the inverse Fourier transform on (5.21) yields

R(ζ)

ζ
λ = −i

∫ ∞

−∞
ds R̂′(s) e−iλs,

R̄(ζ)

ζ
λ = i

∫ ∞

−∞
ds ˆ̄R′(s) eiλs. (5.22)

Next, we apply the Fourier transform on each component of the 2× 2 matrix RHS in (5.15). For
this, we proceed as follows. The (1, 1) entry on the right-hand side of (5.15) can be equivalently
expressed as ∫ ∞

−∞

dλ

2π
[R(ζ)ψ1(ζ, x)] e

iλy =

∫ ∞

−∞

dλ

2π
eiλy

(1
ζ
ψ1(ζ, x)

)(R(ζ)
ζ

λ
)
. (5.23)

We then use (5.16) and the first equality of (5.22) on the right-hand side of (5.23). This yields∫ ∞

−∞

dλ

2π
[R(ζ)ψ1(ζ, x)] e

iλy = −i
∫ ∞

x

dz K1(x, z)R̂
′(z + y), (5.24)
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where we recall that K1(x, z) vanishes when x > z. In a similar manner, the (2, 2) entry on the
right-hand side of (5.15) can equivalently be written as∫ ∞

−∞

dλ

2π

[
R̄(ζ) ψ̄2(ζ, x)

]
e−iλy =

∫ ∞

−∞

dλ

2π
e−iλy

( ψ̄2(ζ, x)

ζ

)( R̄(ζ)
ζ

λ
)
. (5.25)

We then use (5.19) and the second equality of (5.22) on the right-hand side of (5.25), and we
obtain ∫ ∞

−∞

dλ

2π

[
R̄(ζ) ψ̄2(ζ, x)

]
e−iλy = i

∫ ∞

x

dzK̄2(x, z)
ˆ̄R′(z + y), (5.26)

where we recall that K̄2(x, z) vanishes when x > z. Similarly, we use (5.17), (5.18), (5.20), and
we write the (1, 2) entry and the (2, 1) entry on the right-hand side of (5.15), respectively, as∫ ∞

−∞

dλ

2π

[1
ζ
R̄(ζ) ψ̄1(ζ, x)

]
e−iλy = ˆ̄R(x+ y) +

∫ ∞

x

dz K̄1(x, z)
ˆ̄R(z + y), (5.27)∫ ∞

−∞

dλ

2π

[1
ζ
R(ζ)ψ2(ζ, x)

]
eiλy = R̂(x+ y) +

∫ ∞

x

dz K2(x, z) R̂(z + y). (5.28)

Thus, by using (5.24), (5.26), (5.27), and (5.28) in (5.15), we conclude that the 2× 2 matrix RHS
in (5.15) is equal to the sum of the second and third terms on the right-hand side of (5.1). Hence,
the proof of the theorem is complete. □

In the presence of bound states for (1.1), we modify the proof of Theorem 5.1 as follows. In
that case, the quantity LHS in (5.14) is no longer equal to the 2× 2 zero matrix because we must
take into consideration the bound-state poles of the transmission coefficients T (ζ) and T̄ (ζ) in
the evaluation of the integrals in the entries of LHS. Using the poles of T (ζ) and T̄ (ζ) and the
bound-state dependency constants for (1.1), we evaluate the aforementioned integrals explicitly.
We then explicitly express the resulting integrals in terms of (A,B,C) and (Ā, B̄, C̄) appearing in
(4.2) and (4.8), respectively. This yields the Marchenko system of integral equations when (1.1)
has bound states.

For the Marchenko system of integral equations for (1.1) in the presence of bound states, we
introduce the 2× 2 matrix-valued quantities Ω(y) and Ω̄(y) by letting

Ω(y) := R̂(y) + CeiAyB, Ω̄(y) := ˆ̄R(y) + C̄e−iĀyB̄, (5.29)

where eiAy and e−iĀy denote the respective matrix exponentials. Using the y-derivative in (5.29),
we obtain

Ω′(y) = R̂′(y) + i CA eiAyB, Ω̄′(y) = ˆ̄R′(y)− i C̄Āe−iĀyB̄. (5.30)

We present the corresponding Marchenko system for (1.1) in the next theorem without a proof
because that proof is similar to the proof of Theorem 4.2 of [9], where the Marchenko system for
(1.6) is derived in the presence of bound states for (1.6).

Theorem 5.2. Suppose that (q, r) in (1.1) belongs to the Schwartz class S(R). Let (A,B,C)
and (Ā, B̄, C̄) be the matrix triplet pair representing the bound-state information for (1.1). Fur-
thermore, let Ω(y), Ω̄(y), Ω′(y), Ω̄′(y) be the quantities in (5.29) and (5.30), and let K1(x, y),
K2(x, y), K̄1(x, y), K̄2(x, y) be the quantities in (5.3)–(5.6), respectively. Then, in the presence of
bound states, the Marchenko system of integral equations for (1.1) is given by[

0 0
0 0

]
=

[
K̄1(x, y) K1(x, y)

K̄2(x, y) K2(x, y)

]
+

[
0 Ω̄(x+ y)

Ω(x+ y) 0

]
+

∫ ∞

x

dz

[
−iK1(x, z) Ω

′(z + y) K̄1(x, z) Ω̄(z + y)

K2(x, z) Ω(z + y) iK̄2(x, z) Ω̄
′(z + y)

]
, x < y.

(5.31)
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The 2×2 matrix-valued Marchenko system in (5.31) is equivalent to the coupled system of four
scalar-valued integral equations given by

K̄1(x, y)− i

∫ ∞

x

dz K1(x, z) Ω
′(z + y) = 0, x < y,

K1(x, y) + Ω̄(x+ y) +

∫ ∞

x

dz K̄1(x, z) Ω̄(z + y) = 0, x < y,

K̄2(x, y) + Ω(x+ y) +

∫ ∞

x

dz K2(x, z) Ω(z + y) = 0, x < y,

K2(x, y) + i

∫ ∞

x

dzK̄2(x, z) Ω̄
′(z + y) = 0, x < y.

(5.32)

By uncoupling the coupled Marchenko system in (5.32), we obtain

K1(x, y) + Ω̄(x+ y) + i

∫ ∞

x

dz K1(x, z)

∫ ∞

x

dsΩ′(z + s)Ω̄(s+ y) = 0, x < y,

K̄2(x, y) + Ω(x+ y)− i

∫ ∞

x

dz K̄2(x, z)

∫ ∞

x

ds Ω̄′(z + s) Ω(s+ y) = 0, x < y,

(5.33)

and

K̄1(x, y) = i

∫ ∞

x

dz K1(x, z) Ω
′(z + y), x < y,

K2(x, y) = −i
∫ ∞

x

dz K̄2(x, z) Ω̄
′(z + y), x < y.

(5.34)

Thus, the solution of the Marchenko system can be achieved as follows. We first solve the two
uncoupled integral equations in (5.33) and obtain K1(x, y) and K̄2(x, y), respectively. We then
use those values in (5.34) and recover K̄1(x, y) and K2(x, y).

In the next theorem, we show how (q, r) in (1.1) is recovered from the solution K(x, y) to the
Marchenko system (5.31). We recall that K(x, y) is related to the quantities K1(x, y), K̄1(x, y),
K2(x, y), K̄2(x, y) as in (5.13).

Theorem 5.3. Assume that (q, r) in (1.1) belongs to the Schwartz class S(R). Let K(x, y) be the
solution of the Marchenko system (5.31), with the four components K1(x, y), K2(x, y), K̄1(x, y),
K̄2(x, y) as in (5.13). As y → x+, those four components yield

K1(x, x) = −q(x)
2
, (5.35)

K2(x, x) = − i q(x) r(x)
4

− i

4

∫ ∞

x

dy q(y) r′(y)− 1

8

∫ ∞

x

dy q(y)2 r(y)2, (5.36)

K̄1(x, x) = − i

4

∫ ∞

x

dy q(y) r′(y)− 1

8

∫ ∞

x

dy q(y)2 r(y)2, (5.37)

K̄2(x, x) = − r(x)

2
, (5.38)

where K1(x, x), K2(x, x), K̄1(x, x), K̄2(x, x) are used to denote K1(x, x
+), K2(x, x

+), K̄1(x, x
+),

K̄2(x, x
+), respectively.

Proof. We write (5.16) in the equivalent form

ψ1(ζ, x)

ζ
=

∫ ∞

x

dyK1(x, y)
d

dy

(eiλy
iλ

)
, (5.39)

where we recall that λ is related to ζ as in (1.11). Using integration by parts in (5.39), we obtain

ψ1(ζ, x)

ζ
= −K1(x, x)

eiλx

iλ
−

∫ ∞

x

dy
eiλy

iλ

∂ K1(x, y)

∂y
, (5.40)
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where we have used K1(x,+∞) = 0. As λ→ ∞ in C+, from (5.40) we obtain

ψ1(ζ, x)

ζ
= −K1(x, x)

eiλx

iλ
+O

(
1

λ2

)
. (5.41)

Using the large ζ-asymptotics of ψ1(ζ, x) given in (3.40) on the left-hand side of (5.41), we obtain

eiλx
[q(x)
2iλ

+O
( 1

λ2

)]
= −K1(x, x)e

iλx

iλ
+O

( 1

λ2

)
, λ→ ∞ in C+. (5.42)

By comparing the O(1/λ)-terms on both sides of (5.42), we establish (5.35). The equalities given
in (5.36)–(5.38) are established in a similar manner. □

The next theorem shows how the quantity E(x), the potential pair (q, r), and the Jost solutions
ψ(ζ, x) and ψ̄(ζ, x) to (1.1) are obtained from the solution K(x, y) to the Marchenko system (5.31).

Theorem 5.4. Suppose that (q, r) in (1.1) belongs to the Schwartz class S(R). Let K(x, y) be
the solution of the Marchenko system (5.31) with the components K1(x, y), K̄1(x, y), K2(x, y),
K̄2(x, y) as in (5.13). The quantity E(x) in (2.3), the constant µ in (3.23), the potential pair
(q, r), and the Jost solutions ψ(ζ, x) and ψ̄(ζ, x) to (1.1) are obtained from K(x, y) as follows:

(a) The quantities E(x) and µ are recovered as

E(x) = exp
(
2i

∫ x

−∞
dz P (z)

)
, µ = 4

∫ ∞

−∞
dz P (z), (5.43)

where P (x) is the scalar quantity constructed from K̄1(x, y) and K2(x, y) as

P (x) := K1(x, x) K̄2(x, x). (5.44)

(b) The potential pair (q, r) is recovered via

q(x) = −2K1(x, x), (5.45)

r(x) = −2K̄2(x, x). (5.46)

(c) The Jost solutions ψ(ζ, x) and ψ̄(ζ, x) to (1.1) are recovered via

ψ1(ζ, x) = ζ

∫ ∞

x

dyK1(x, y) e
iζ2y, (5.47)

ψ2(ζ, x) = eiζ
2x +

∫ ∞

x

dyK2(x, y) e
iζ2y, (5.48)

ψ̄1(ζ, x) = e−iζ2x +

∫ ∞

x

dy K̄1(x, y) e
−iζ2y, (5.49)

ψ̄2(ζ, x) = ζ

∫ ∞

x

dy K̄2(x, y) e
−iζ2y, (5.50)

where we recall that ψ1(ζ, x), ψ2(ζ, x), ψ̄1(ζ, x), and ψ̄2(ζ, x) are the components of the
Jost solutions as described in (3.2).

Proof. Using (5.35) and (5.38) on the right-hand side of (5.44), we see that P (x) defined in (5.44)
is related to (q, r) as

P (x) =
q(x) r(x)

4
. (5.51)

Thus, using (2.3), (5.44), and (5.51) we obtain the first equality of (5.43). By using (5.51) in
(3.23), we obtain the second equality of (5.43). This completes the proof of (a). The proof of (b)
directly follows from (5.35) and (5.38). The proof of (c) is obtained directly from (5.16)–(5.19). □
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6. Reflectionless case

In the reflectionless case for (1.1), the solution of the Marchenko system (5.31) can be explicitly
constructed in terms of the matrix triplet pair (A,B,C) and (Ā, B̄, C̄) appearing in (5.29). This
can be seen as follows. When R(ζ) ≡ 0 and R̄(ζ) ≡ 0 for (1.1), from (5.2), (5.29), and (5.30) it
follows that the kernel terms appearing in (5.31) are explicitly expressed in terms of the matrix
triplet pairs as

Ω(y) = CeiAyB, Ω̄(y) = C̄e−iĀyB̄, (6.1)

Ω′(y) = i CA eiAyB, Ω̄′(y) = −iC̄Ā e−iĀyB̄. (6.2)

As seen from (6.1) and (6.2), the quantities Ω(x+y), Ω′(x+y), Ω̄(x+y), Ω̄′(x+y) are separable in
x and y, and hence the linear integral system (5.31), or the equivalent uncoupled system consisting
of (5.33) and (5.34), can be explicitly solved by the methods of linear algebra. Since the potential
pair (q, r) in (1.1) and the Jost solutions to (1.1) can be explicitly expressed in terms of the solution
of the Marchenko system (5.31), we can in turn express the potential pair and the Jost solutions
explicitly in terms of (A,B,C) and (Ā, B̄, C̄). Our formulas for the potential pair and the Jost
solutions are explicit and have compact forms because they contain matrix exponentials involvingA
and Ā. The advantage of using matrix exponentials in our formulas is that those formulas are valid
whether our input data set contains a small number of simple bound states or any large number
of bound states with any multiplicities. The compact expressions for such formulas expressed
with the help of matrix exponentials can easily be converted to the corresponding expressions
in terms of elementary functions without using any matrix exponentials. The latter expressions
become extremely lengthy as the number and multiplicities of the bound states increase. Such
lengthy expressions can be displayed explicitly with the help of a symbolic computational software
such as Mathematica. In this section, we present our formulas compactly expressed in terms of
matrix exponentials in the reflectionless case. We also illustrate the corresponding expressions in
elementary functions in two explicit examples without the use of matrix exponentials.

In the next theorem we present the explicit solution formula for the Marchenko system (5.31)
corresponding to the reflectionless Marchenko kernels given in (6.1) and (6.2), which are uniquely
determined by (A,B,C) and (Ā, B̄, C̄) with the help of matrix exponentials. We know from
Section 4 that the eigenvalues of A are located in C+ and that the eigenvalues of Ā are located in
C−.

Theorem 6.1. When the reflectionless scattering data set in (6.1) and (6.2) is used as input, the
solution of the Marchenko system (5.31) is expressed in closed form as

K1(x, y) = −C̄e−iĀxΓ̄(x)−1e−iĀyB̄, (6.3)

K2(x, y) = CeiAx Γ(x)−1eiAxMĀe−iĀ(x+y)B̄, (6.4)

K̄1(x, y) = C̄e−iĀxΓ̄(x)−1e−iĀxM̄A eiA(x+y)B, (6.5)

K̄2(x, y) = −C eiAxΓ(x)−1eiAyB. (6.6)

Here, (A,B,C) and (Ā, B̄, C̄) are the two matrix triplets appearing in (5.29) and (5.30) with the
eigenvalues of A located in C+ and the eigenvalues of Ā located in C−. The quantities Γ(x), Γ̄(x),
M , and M̄ are the matrices defined in terms of the two matrix triplets as

Γ(x) := I − eiAxMĀe−2iĀxM̄eiAx, (6.7)

Γ̄(x) := I − e−iĀxM̄ Ae2iAxMe−iĀx, (6.8)

M :=

∫ ∞

0

dz eiAzB C̄e−iĀz, M̄ :=

∫ ∞

0

dz e−iĀz B̄ C eiAz, (6.9)

with I denoting the identity matrix whose size is not necessarily the same in different appearances.
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Proof. Since the Marchenko system (5.31) is equivalent to the uncoupled system given in (5.33)
and (5.34), we use (6.1) and (6.2) as input to that uncoupled system. The first line of (5.33) yields

K1(x, y) + C̄e−iĀx−iĀyB̄ + i

∫ ∞

x

dz

∫ ∞

x

dsK1(x, z) i C Ae
iAz+iAsBC̄e−iĀs−iĀyB̄ = 0. (6.10)

Since the matrix products in the second and third terms on the left-hand side of (6.10) contain

e−iĀyB̄ as their common last factors, the solution K1(x, y) has the form

K1(x, y) = H1(x) e
−iĀyB̄, (6.11)

where H1(x) is the matrix to be determined. Using (6.11) in (6.10) we obtain

H1(x)
[
I −

∫ ∞

x

dz

∫ ∞

x

ds e−iĀzB̄ C eiAz AeiAsBC̄ e−iĀs
]
= −C̄ e−iĀx. (6.12)

The matrix in the brackets in (6.12) is equal to Γ̄(x) defined in (6.8), and this can be seen by
observing that we can write the first and second equalities in (6.9) in the respective equivalent
forms as ∫ ∞

x

ds eiAsBC̄e−iĀs = eiAxM e−iĀx, (6.13)∫ ∞

x

dz e−iĀzB̄ CeiAz = e−iĀxM̄ eiAx. (6.14)

Since the eigenvalues of A are located in C+ and the eigenvalues of Ā are in C−, the two integrals
in (6.9) are well defined. From (6.9) we also see that the matrices M and M̄ can alternatively be
obtained from (A,B,C) and (Ā, B̄, C̄) by solving the respective linear systems given by

iMĀ− iAM = BC̄, iĀM̄ − iM̄A = B̄C.

Thus, from (6.12) we obtain

H1(x) = −C̄e−iĀxΓ̄(x)−1. (6.15)

Finally, using (6.15) in (6.11) we see that (6.3) holds. We establish (6.6) in a similar manner, by
using (6.1) and (6.2) as input in the second line of (5.33) and by utilizing (6.13) and (6.14). Next,
by using (6.3) and the first equality in (6.2) as input to the first line of (5.34), we obtain

K̄1(x, y) =

∫ ∞

x

dz C̄ e−iĀxΓ̄(x)−1e−iĀz B̄ C AeiA(z+y)B. (6.16)

With the help of (6.14), from (6.16) we obtain (6.5). Finaly, using (6.6) and the second equation
in (6.2) as input to the second line of (5.34), we have

K2(x, y) =

∫ ∞

x

dz C eiAx Γ(x)−1eiAzBC̄ Ā e−iĀ(z+y)B̄. (6.17)

Using (6.13) in (6.17) we obtain (6.4). Thus, the proof is complete. □

In the next theorem we present the explicit expressions for the key quantity E(x) in (2.3), the
constant µ in (3.23), the potentials q and r in (1.1), and the Jost solutions ψ(ζ, x) and ψ̄(ζ, x)
corresponding to the reflectionless scattering data set described by the matrix triplet pair (A,B,C)
and (Ā, B̄, C̄).

Theorem 6.2. Let the quantities Ω(y) and Ω̄(y) appearing in (6.1) comprise the reflectionless
input scattering data set for (1.1) with the eigenvalues of A located in C+ and the eigenvalues of
Ā located in C−. We then have the following:

(a) The corresponding scalar quantity E(x) defined in (2.3) and the corresponding constant µ
defined in (3.23) are uniquely and explicitly determined in terms of the matrix triplet pair
(A,B,C) and (Ā, B̄, C̄) as

E(x) = exp
(
2i

∫ x

−∞
dz P (z)

)
, µ = 4

∫ ∞

−∞
dz P (z), (6.18)
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where P (x) is the scalar-valued function of x given by

P (x) = C̄e−iĀxΓ̄(x)−1e−iĀxB̄CeiAxΓ(x)−1eiAxB. (6.19)

We recall that the 2× 2 matrix-valued quantity Γ(x) in (6.19) is explicitly determined by
the matrix triplet pair as described in (6.7). Similarly, the 2 × 2 matrix-valued quantity
Γ̄(x) in (6.19) is explicitly determined by the matrix triplet pair as described in (6.8).

(b) The corresponding potentials q and r in (1.1) are uniquely and explicitly determined in
terms of the matrix triplet pair as

q(x) = 2 C̄e−iĀxΓ̄(x)−1e−iĀxB̄, (6.20)

r(x) = 2CeiAx Γ(x)−1eiAxB. (6.21)

(c) The Jost solutions ψ(ζ, x) and ψ̄(ζ, x) to (1.1) appearing in (3.4) are explicitly expressed
in terms of the pair of matrix triplet pair as

ψ(ζ, x) =

[
ζeiζ

2xg1(ζ, x)

eiζ
2x g2(ζ, x)

]
, ψ̄(ζ, x) =

[
e−iζ2xg3(ζ, x)

ζe−iζ2xg4(ζ, x)

]
, (6.22)

where the quantities g1(ζ, x), g2(ζ, x), g3(ζ, x), g4(ζ, x) are defined as

g1(ζ, x) := −i C̄e−iĀxΓ̄(x)−1e−iĀx(Ā− ζ2I)−1B̄, (6.23)

g2(ζ, x) := 1− i C eiAx Γ(x)−1eiAxMĀe−2iĀx(Ā− ζ2I)−1B̄, (6.24)

g3(ζ, x) := 1 + i C̄e−iĀxΓ̄(x)−1e−iĀxM̄A e2iAx(A− ζ2I)−1B, (6.25)

g4(ζ, x) := −i C eiAx Γ(x)−1eiAx (A− ζ2I)−1B. (6.26)

We recall that the constant matrices M and M̄ appearing in (6.9) are uniquely determined
by (A,B,C) and (Ā, B̄, C̄), and hence the scalar quantities defined in (6.23)–(6.26) are
each uniquely and explicitly determined in terms of that matrix triplet pair.

(d) The transmission coefficients T (ζ) and T̄ (ζ) corresponding to the reflectionless input scat-
tering data set associated with (6.1) are explicitly determined by the matrix triplet pair
as

T (ζ) =
1

g2(ζ,−∞)
, (6.27)

T̄ (ζ) =
1

g3(ζ,−∞)
, (6.28)

where, as seen from (6.24) and (6.25), the quantities g2(ζ,−∞) and g3(ζ,−∞) are explic-
itly determined by the matrix triplet pair.

Proof. For the proof of (a), we proceed as follows. Letting y = x+ in (6.3) and (6.6), we obtain

K1(x, x) = −C̄e−iĀxΓ̄(x)−1e−iĀxB̄, (6.29)

K̄2(x, x) = −CeiAx Γ(x)−1eiAxB. (6.30)

Using (6.29) and (6.30) in (5.44), we obtain the scalar quantity P (x) given in (6.19). Finally,
using (6.19) in (5.43), we obtain (6.18). Hence, the proof of (a) is complete. The proof of (b)
is obtained by using (6.29) and (6.30) in (5.45) and (5.46), respectively. For the proof of (c), we
proceed as follows. We use (6.3) on the right-hand side of (5.47), and we obtain

ψ1(ζ, x) = −ζ
∫ ∞

x

dy C̄ e−iĀx Γ̄(x)−1e−iĀyB̄ eiζ
2y, (6.31)

where we recall that ψ1(ζ, x) is the first component of ψ(ζ, x) as indicated in the first equality of
(3.2). We write (6.31) in the equivalent form as

ψ1(ζ, x) = −ζC̄e−iĀxΓ̄(x)−1
(∫ ∞

x

dy e−i(Ā−ζ2I)y
)
B̄. (6.32)
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By evaluating the integral term on the right-hand side of (6.32), we write (6.32) in the equivalent
form as

ψ1(ζ, x) = −iζC̄e−iĀxΓ̄(x)−1e−i(Ā−ζ2I)x(Ā− ζ2I)−1B̄.

Thus, the first component in the first equality in (6.22) is established. In a similar manner, we
establish the equality in the second component in the first equality in (6.22) and also establish
the second equality in (6.22). For this we use (6.4)–(6.6) on the right-hand sides of (5.48)–(5.50),
respectively, and we evaluate the respective integral terms there explicitly. This completes the
proof of (c). For the proof of (d), we proceed as follows. From (3.8) and (3.9), we have

ψ2(ζ, x) =
1

T (ζ)
eiζ

2x[1 + o(1)], x→ −∞, (6.33)

ψ̄1(ζ, x) =
1

T̄ (ζ)
e−iζ2x[1 + o(1)], x→ −∞, (6.34)

where we recall that ψ2(ζ, x) is the second component of ψ(ζ, x) and ψ̄1(ζ, x) is the first component
of ψ̄(ζ, x) as indicated in (3.2). Using (6.22) on the left-hand sides of (6.33) and (6.34), respectively,
we obtain (6.27) and (6.28). Thus, the proof of (d) is complete. □

As seen from (6.20) and (6.21), in the reflectionless case, the potential pair (q, r) in (1.1) is
uniquely determined when the reflectionless scattering data set is specified in terms of the matrix
triplet pair (A,B,C) and (Ā, B̄, C̄). The formulas (6.20) and (6.21) contain matrix exponentials
in case we have multiple bound states or the bound states are not simple. This does not present
any difficulty as the matrix exponentials in (6.20) and (6.21) can easily be evaluated in terms
of elementary functions. The same remark applies also for the explicit evaluations of the Jost
solutions to (1.1) in the reflectionless case. The Jost solutions ψ(ζ, x) and ψ̄(ζ, x) to (1.1) can
be explicitly expressed in terms of elementary functions by using (6.22) and by expressing matrix
exponentials there in terms of elementary functions.

In the next example, we illustrate the use of Theorem 6.2 for the evaluation of the potential
pair (q, r), the Jost solutions ψ(ζ, x) and ψ̄(ζ, x), and the transmission coefficients T (ζ) and T̄ (ζ)
for (1.1) in the reflectionless case by using the input scattering data set consisting of a matrix
triplet pair corresponding to two simple bound states.

Example 6.3. In the reflectionless case, as the input scattering data set we use the matrix triplets
(A,B,C) and (Ā, B̄, C̄) given by

A =
[
i
]
, B =

[
1
]
, C =

[
2
]
, Ā =

[
−i

]
, B̄ =

[
1
]
, C̄ =

[
2
]
. (6.35)

From the expressions for A and Ā in (6.35), we see that the transmission coefficient T (ζ) has
a simple bound-state pole of at λ = i and that the transmission coefficient T̄ (ζ) has a simple
bound-state pole at λ = −i, where we recall that λ and ζ are related to each other as in (1.11).
Using (6.35) in (6.20) and (6.21), we obtain the corresponding potentials q and r as

q(x) =
4e2x

−i+ e4x
, r(x) =

4e2x

i+ e4x
, x ∈ R. (6.36)

From (6.36) we observe that the potentials q(x) and r(x) are related to each other as r(x) = q(x)∗,
where we recall that an asterisk denotes complex conjugation. From (6.36) we also see that q and
r are each complex valued, behave as O(e−2|x|) as x → ±∞, and belong to the Schwartz class.
Using (6.35) in (6.22)–(6.26), we obtain the corresponding Jost solutions ψ(ζ, x) and ψ̄(ζ, x) as

ψ(ζ, x) =

 2ζe2x+iζ2x

(ζ2+i)(1+ie4x)

eiζ
2x
(
1 + 2

(ζ2+i)(i+e4x)

)
 , (6.37)

ψ̄(ζ, x) =

e−iζ2x
(
1 + 2

(ζ2−i)(−i+e4x)

)
2ζe2x−iζ2x

(ζ2−i)(1−ie4x)

 . (6.38)
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Using the asymptotics of (6.37) and (6.38) as x → −∞ and comparing those asymptotics with
(6.33) and (6.34), we obtain the transmission coefficients as

T (ζ) =
λ+ i

λ− i
, T̄ (ζ) =

λ− i

λ+ i
, (6.39)

where we again recall that λ and ζ are related to each other as in (1.11). We note that the
result in (6.39) can also be obtained by using (6.27) and (6.28). In this example, with the help
of (6.7)–(6.9), we evaluate the complex-valued scalar quantity E(x) appearing in (2.3). Then, by
using the second equality of (3.27), we evaluate the constant µ in (3.23). We obtain

E(x) = exp
(
2i tan−1(e4x)

)
, µ = 2π,

where tan−1 is the single-valued branch of the real-valued tangent inverse function taking values
in the interval (−π/2, π/2).

In the next example, we illustrate the use of (6.20) and (6.21) to evaluate the potential pair
(q, r) in (1.1) in the reflectionless case by using the input scattering data set consisting of a
matrix triplet pair corresponding to four bound states, where two of the bound states each have
multiplicity two.

Example 6.4. Consider the reflectionless scattering data with the bound-state information de-
scribed by the matrix triplets (A,B,C) and (Ā, B̄, C̄) given by

A =

i 1 0
0 i 0
0 0 2i

 , B =

01
1

 , C =
[
1 1 1

]
, (6.40)

Ā =

−i 1 0
0 −i 0
0 0 −2i

 , B̄ =

01
1

 , C̄ =
[
1 1 1

]
. (6.41)

Using (6.40) and (6.41) in (6.20) and (6.21), after expressing all the matrix exponentials in terms
of elementary functions, we obtain the corresponding potentials q and r as

q(x) =
−48e2x

[
22− 6i+ 12x+ 27e2x(ω1 + ω2)

]
1 + 72e4x [72 + 812i+ 912ix− 9(ω3 + ω4)]

, r(x) = q(x)∗, x ∈ R, (6.42)

where we have defined

ω1 := −i− 96i(8 + 3i+ 6x)e2x + 32e4x [79− 42i+ 12x(11 + 6x)] ,

ω2 := 1296(1 + i+ 2ix)e6x + 20736ie8x + 20736(i+ 2x)e10x,

ω3 := −32ix2 + 16(2− 3i+ 2x)e2x + (2592− 81i)e4x − 768(−9 + 5i+ 6ix)e6x,

ω4 := 2592(3− 2i+ 4x+ 8x2)e8x + 20736ie12x.

From (6.42), we see that q and r are each complex valued, belong to the Schwartz class, and be-
have as O(e−2|x|) as x→ ±∞. The corresponding Jost solutions ψ(ζ, x) and ψ̄(ζ, x) are explicitly
expressed in (6.22) with the help of (6.23)–(6.26), where those expressions contain matrix exponen-
tials. The equivalent expressions expressed in terms of elementary functions are extremely lengthy
and hence we do not display them here. Using (6.27) and (6.28), we obtain the transmission
coefficients as

T (ζ) =
(λ+ i)2(λ+ 2i)

(λ− i)2(λ− 2i)
, T̄ (ζ) =

(λ− i)2(λ− 2i)

(λ+ i)2(λ+ 2i)
,

where we again recall that λ and ζ are related to each other as in (1.11). The corresponding
quantity E(x) is expressed as in (6.18), but the corresponding equivalent expression expressed in
terms of elementary function is too lengthy to displayed here . In this example, the constant µ in
(3.23) is evaluated using the second equality in (6.18) and we have µ = 6π.
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7. Conclusion

In this paper we present the solution to the inverse scattering problem for the linear system
(1.1) by establishing the relevant Marchenko inversion method. This is done by deriving the
Marchenko system (5.31) of linear integral equations, where the kernel and the nonhomogeneous
term are expressed as in (5.29) in terms of the two reflection coefficients R(ζ) and R̄(ζ) and the
matrix triplet pair (A,B,C) and (Ā, B̄, C̄) describing the bound-state information. In (5.45) and
(5.46) we show how the potentials q(x) and r(x), respectively are recovered from the solution
to the Marchenko system (5.31). The representation of the bound-state information in terms
of a pair of matrix triplets allows us to deal with any number of bound states and with any
multiplicity for each bound state. In the reflectionless case, the kernel and the nonhomogeneous
terms in the Marchenko system (5.31) each become separable. This yields explicit solutions to
the Marchenko system expressed solely in terms of the matrix triplet pair, and consequently we
obtain the closed-form expressions for the potentials q(x) and r(x) explicitly expressed in terms
of elementary functions.

When we use the time-evolved scattering data set as input to the Marchenko system (5.31), the
recovered potentials q and r each become functions of the spacial variable x and the time variable
t. In that case, the time-evolved potential pair (q, r) yields a solution to the Gerdjikov-Ivanov
system (1.4). In a future publication we will elaborate on this issue and we will also present explicit
solutions to the integrable nonlinear system (1.4). Here, we only describe the time evolution of
the scattering data set for (1.1).

The time evolution of the scattering data set for the linear system (1.6) is known [9]. Using
the first equalities in (3.50)–(3.55) and the known time evolution of the scattering coefficients for
(1.6), we obtain the time evolution of the scattering coefficients for (1.1) as

T (ζ, t) = T (ζ, 0), T̄ (ζ, t) = T̄ (ζ, 0), (7.1)

R(ζ, t) = R(ζ, 0) e4iζ
4t, R̄(ζ, t) = R̄(ζ, 0) e−4iζ4t, (7.2)

L(ζ, t) = L(ζ, 0) e−4iζ4t, L̄(ζ, t) = L̄(ζ, 0) e4iζ
4t. (7.3)

As for the time evolution of the matrix triplets (A,B,C) and (Ā, B̄, C̄) appearing in (4.2) and
(4.6), respectively, we mention that the matrices A, B, Ā, and B̄ remain unchanged in time and
that the matrices C and C̄ evolve in time as

C(t) = C(0) e4iA
2t, C̄(t) = C̄(0) e−4iĀ2t. (7.4)

Using (5.2), (7.2), and (7.4) in (5.29), we see that the time-evolved kernels for the Marchenko
system (5.31) are

Ω(y, t) =
1

2π

∫ ∞

−∞
dλ

R(ζ)

ζ
e4iλ

2t+iλy + C e4iA
2t+iAyB,

Ω̄(y, t) =
1

2π

∫ ∞

−∞
dλ

R̄(ζ)

ζ
e−4iλ2t−iλy + C̄ e−4iĀ2t−i ĀyB̄,

where we recall that λ is related to ζ as in (1.9).
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