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INVERSE SCATTERING FOR THE LINEAR SYSTEM ASSOCIATED WITH
THE COUPLED GERDJIKOV-IVANOV EQUATIONS

RAMAZAN ERCAN

ABSTRACT. We consider a certain first-order linear system of ordinary differential equations,
and we analyze the direct and inverse scattering problems for that linear system. The linear
system involves two potentials in the Schwartz class, and those potentials linearly depend on the
spectral parameter. This linear system is related to the integrable system of nonlinear partial
differential equations known as the DNLS (derivative nonlinear Schrodinger) system I11, which is
also known as the Gerdjikov-Ivanov system. When analyzing the direct problem, we describe the
pertinent properties of the Jost solutions and the scattering coefficients. The bound states poles
and the associated normalization constants are represented via a matrix triplet pair, enabling us
to deal with any number of bound states and any multiplicities. The inverse scattering problem
comprises the determination of the two potentials when the reflection coefficients and the bound-
state information are available. To solve the inverse problem, we establish a linear system of
integral equations where the kernel and nonhomogeneous term are determined by the Fourier
transforms of the reflection coefficients and the matrix triplet pair representing the bound-
state information. This system of linear integral equations is the counterpart of the system of
Marchenko integral equations available for the AKNS system associated with the integrable NLS
(nonlinear Schrédinger) system. We recover the potentials from the solution of our established
Marchenko integral system. When we use the time-evolved reflection coefficients and the time-
evolved matrix triplets, the corresponding time-evolved potential pair yields a solution of the
Gerdjikov-Ivanov system.

1. INTRODUCTION

We consider the linear system

L) - o S ] e A

where x is the independent variable taking values on the real line R, the complex-valued scalar ¢
is the spectral parameter, the coefficients ¢(z) and r(z) are complex-valued potentials, the scalar
@
B
potentials ¢ and r appear in the off-diagonal entries of the coefficient matrix in as (q(z) and
¢r(x), we refer to as a linear system with energy-dependent potentials. This is because the
spectral parameter ¢ in is related to energy in physical applications.

We assume that the potentials ¢ and r in belong to the Schwartz class in x € R. We recall
that the Schwartz class S(R) consists of functions of x where the derivatives of all orders exist
and are continuous and those derivatives vanish as * — +oo faster than any negative power of
|z|. Although our results hold under weaker conditions on the potentials, we present our results
in the simplest form by assuming that ¢ and r belong to S(R).

If the potentials ¢ and r in also contain the temporal parameter ¢, then the wave function
components « and § also depend on the parameter ¢. Let us consider the special case where that

quantities o and 8 are the components of the wave function depending on x and (. Since the
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time dependence is governed by the 2 x 2 AKNS pair [T}, 2, B, [4, [6] matrices X and T, where we
have

(2 i
X — i 24T L, qu 7 (1.2)
cr "+ 5qr
1. [20¢" i + 5 (aer —are) + 54 20%q + iCqa (1.3)
o 203 —iCry 2i¢* + i¢%qr + %(qrac — Q) — %q2r2 .

We remark that X appearing in (1.2)) is the same as the coefficient matrix in ([1.1)) and that the
subscripts in ([1.3)) denote the partial derivatives. When the AKNS pair matrices satisfy the matrix
equality
X;—T,+XT-TX =0,

the time-evolved potentials g(x,t) and r(z, t) satisfy the second-order coupled system of integrable
evolution equations given by

. . 1

1qt + Qe + Zq27’3; + 5‘]372 =0,

1, .

W — Tpx + iquz — §q27‘3 =0.
The nonlinear system (1.4]) is known [I3] as the the Gerdjikov-Ivanov system or as the DNLS
(derivative nonlinear Schrédinger) IIT system. Along with the DNLS I and DNLS II systems, it
has important physical applications in propagation of electromagnetic waves in nonlinear media,
propagation of hydromagnetic waves traveling in a magnetic field, and transmission of ultra short
nonlinear pulses in optical fibers. The DNLS I system, also known as the Kaup—Newell system, is
the integrable system of nonlinear partial differential equations

(1.4)

iGp + Goa — (G 7)e = 0, w5)
i — Tyg — 1(G7)s = 0, '

and it is associated with the linear system

d |a& —i¢? q(x)| |
o[ ) aen ”
The DNLS II system, also known as the Chen-Lee-Liu system [10], is the integrable system of
nonlinear partial differential equations
14t + Qoo — 1447 = 0,
Ty — Ppg — 1477, = 0,

(1.7)

and it is associated with the linear system

N ) ~ N
a [O‘] :[ wo, Siw Hﬂ reR (L8)
dr | CPA(x) i¢*+ Lq(z)7(x)] LB
For the DNLS T and DNLS II systems, we refer the reader to [3 [8 @] 16, 7] and the references
therein.

Our aim is to analyze the direct and inverse scattering problems for and to solve the
inverse problem by introducing the Marchenko method for . In the Marchenko method the
potentials are obtained from the solution of a system of linear integral equations whose kernel and
nonhomogeneous terms are determined by the scattering data set. We refer to that system of linear
integral equation as the Marchenko system. The direct scattering problem for consists of the
determination of the scattering data set when (g, r) is known. The scattering data set comprises the
scattering coefficients and the bound-state information. The bound-state information is made up
of the values of the spectral parameter at which has square-integrable solutions in x € R and
the bound-state normalization constants specified at each multiplicity of the bound states. The
multiplicity of a bound state corresponds to the number of linearly independent square-integrable
solutions to (1.1) at that bound-state value of the spectral parameter. The inverse scattering
problem for consists of the determination of the potentials g and r from the scattering data
set. In this paper, we bring a solution of the inverse problem for by the Marchenko method.
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In other words, we establish the Marchenko system of linear integral equations for , use the
scattering data set as input to the Marchenko system, and recover the potentials from the solution
of the Marchenko system.

The Marchenko method was first used by Vladimir A. Marchenko himself [5, [I5] for the half-line
Schrodinger equation and later by Faddeev [I2] for the full-line Schrédinger equation. Next, it
was applied [2] to the linear system of differential equations known as the AKNS system.
After that, it was generalized to various other differential and difference equations and systems
of such equations. The development of the Marchenko method related to the DNLS systems is
more challenging because of the dependence on the spectral parameter of the potential pairs in
the corresponding linear systems. We refer the reader to [7, [8, [0 1] for the Marchenko method
for (1.6) and to [19] for the Marchenko method for (L.8). In those Marchenko methods, (g, )
in and (¢, 7) in are explicitly obtained from the solution of the respective Marchenko
systems. In an analogous manner, the solutions to the integrable nonlinear systems and
are recovered from the solutions to the respective Marchenko systems when the time-evolved
scattering data sets are used as input. The establishment of the Marchenko method for
presented here follows the ideas used to derive the Marchenko method [7, [8, [@, [IT] for the linear
system and the Marchenko method [I9] for the linear system . Our derivation of the
Marchenko system for is complementary to the techniques used in [, 9] 1T} [19] but not a
trivial consequence of those derivations.

We remark that it was Kaup and Newell [I4] who first derived a system of linear integral
equations for the linear system in the special case where 7(z) = £g(x)*, i.e. for the integrable
nonlinear system

where we use an asterisk to denote complex conjugation. Their system of linear integral equations
is the analog of the Marchenko system for in the aforementioned special case. However, the
recovery of the potential ¢ in [14] from the solution of their Marchenko system is not explicit.
This is because the solution [14] to their Marchenko system does not directly yield the potential ¢
but instead it yields a product of ¢ and a term containing the analogs the function E(z) in
and the constant p in in our paper. This is in contrast to the Marchenko system used in
[, [8, O] [IT], where the solution of that Marchenko system explicitly yields not only (g, 7) but also
explicitly yields the analogs of the quantities F(z) and pu.

Tsuchida [I8] formulated a linear system of integral equations to solve the DNLS I system
7 where ¢ and 7 are recovered from the solution of that system of integral equations. The
integral kernel in Tsuchida’s system of integral equations lacks the symmetry that exists in the
Marchenko systems established in [7}, [, [0} [T}, [19], and it is unclear how that kernel is related to the
scattering data for . In [7,[T1] an alternate linear system of integral equations is derived in the
spirit of Tsuchida’s system of integral equations. The kernel of the alternate Marchenko system
in [7, 1] has the appropriate symmetry and that the kernel and the nonhomogeneous terms in
that alternate Marchenko system are related to a certain integral of the Fourier transform of the
scattering data associated with .

In the analysis of the direct scattering problem, we introduce the four particular solutions to
known as the Jost solutions. We then introduce the scattering coefficients for by using
the spacial asymptotics of those Jost solutions. In order to establish the pertinent properties of the
Jost solutions and scattering coefficients for , we relate those quantities to the corresponding
quantities for the linear system . This is because the appearance of the two potentials ¢ and
7 in is simpler than the appearance of the two potentials ¢ and r in (L.I)). This allows us to
establish various properties such as the analyticity, continuity, spacial asymptotics, and spectral
asymptotics related to with the help of the corresponding properties related to .

We also relate the Jost solutions and scattering coefficients for to the corresponding
quantities associated with the respective two linear systems
d [l [—ix u(x)| [€
L[ K1 <o
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d |v| _ [=ix p(@)] |v
dx L] B L(:c) ix | le] T€ R, (1.10)
where the spectral parameter A is related to the spectral parameter ¢ in (1.1]) as
A= =V, (1.11)

with the square root denoting the principal part of the complex-valued square root function. Each
of the two linear systems in (1.9) and (1.10] is an AKNS system [2] related to the integrable system
of NLS (nonlinear Schrodinger) equations, where the NLS system with the potential pair (u,v) is
given by

WU + Ugy — 2y = 0,

Wy — Uy + 2uv? = 0.

The appearance of (u,v) and (p, s) in (1.9) and (1.10)), respectively, is simpler than the appearance
of (g,r) in (1.1). We observe from (1.9) and (1.10|) that there is no dependence on the spectral

parameter in the appearance of (u,v) and (p,s). Consequently, the properties related to the
analyticity, continuity, spacial asymptotics, and spectral asymptotics for and are easier
to determine than the corresponding properties related to and . This helps us establish
those properties related to by exploiting the corresponding properties related to and
(1.10).

This paper is organized as follows. In Section [2| we relate the linear system to each of
the linear systems , , and, respectively, by choosing (g, 7), (u,v), and (p,s) in a

particular way in terms of (¢, 7) in (1.1)). Our particular choices are motivated by the simplicity of
the corresponding connections between the Jost solutions to and the Jost solutions to each
of (1.6)), , and . In Section We introduce the Jost solutions and scattering coefficients
for (1.1). The scattering coefficients are introduced by using the spacial asymptotics of the Jost
solutions. Since the coefficient matrix in has zero trace, the scattering coefficients for
can also be obtained by using certain Wronskians of the Jost solutions to . The Jost solutions
and scattering coefficients for each of (L.6), (1.9), and are defined in the same manner
the corresponding quantities are defined for (|1.1)). In Section |3| we also relate the Jost solutions
and scattering coefficients for to the corresponding quantities for each of , , and
(1.10). This allows us to establish the pertinent properties of the Jost solutions and scattering
coefficients for (|1.1) with the help of the known properties of the corresponding quantities for
each of , (1.9), and . In Section |4 we introduce the bound-state information for
in terms of the matrix triplet pair (A4, B,C) and (A4, B,C). The use of matrix triplets not only
allows us to deal with any number of bound states with any multiplicities but also provides the
bound-state information as the most suitable input to the Marchenko system. In Section [5| we
introduce our system of Marchenko integral equations associated with . This is done by
first formulating the inverse problem for as a Riemann-Hilbert problem and then modifying
that problem appropriately so that the Fourier transformation is applied and the corresponding
Marchenko system is derived. In Section [5| we also describe how (g,r) is recovered from the
solution of the Marchenko system. In Section [6] we consider the special case when the reflection
coeflicients for are zero. We present the explicit solution of our Marchenko system for
in the reflectionless case. We provide two illustrative examples to recover (¢,r) when the input
scattering data set is specified as a matrix triplet pair. Finally, in Section[7] we conclude our paper
by summarizing the significance of our present work and by mentioning our plan for the relevant
future work.

2. RELATIONSHIPS AMONG THE FOUR LINEAR SYSTEMS

In this section, we relate the linear systems ([1.1)) to each of the linear systems (1.6]), (1.9)),
and (1.10). In each case, we first present a general relationship and then choose a particular
relationship so that the corresponding potential pairs are connected to each other in the simplest
manner.



EJDE-2026/37 INVERSE SCATTERING 5

In the next theorem we relate (1.1) to (1.6) by showing how a solution of (1.1)) is related to a
solution of (1.6)) and how (g, r) is related to (g, 7).

Theorem 2.1. The solutions to the linear system (1.1} and the solutions to the linear system
(1.6) are related to each other as
al  [a1 E(x)! 0 o
e o TR een o
where a; and ay are arbitrary complex constants, (q,r) in (L.1)) is related to (¢,7) in (1.6) as
ay . ag .

o(@) = L @) E@) 2 rla) = () Bl (2.2)

)
)

and the complex-valued scalar quantity FE(z) is given by
i x
B@) i=exn (5 [ dvaw) ), (23)
—oo

Thus, (q,r) belongs to the Schwartz class S(R) if and only if (G,7) belongs to S(R).
Proof. We relate the solutions to (1.1)) and ([1.6]) to each other via a 2 x 2 matrix denoted by F as

4-[)

where we assume that each entry of F' is a function of z and is independent of the spectral
parameter (. Even though the assumption of (-independence puts a constraint on the choices
for F', our proof shows that there still exist matrices F' satisfying our assumption. By taking the
x-derivative of both sides of and using and on the left-hand side of the resulting
equality, we obtain

. /
R R R
. i Flx|=F |- Fl5|, 2.5
o it Tl T ) T g (25)
where we use a prime to denote the x-derivative. We let Fy, Fs, F3, and Fj denote the entries of

the matrix F, i.e. we use

F= [g I]::ﬂ ) (2.6)

We remark that (2.5) must hold for any [g} Hence, with the help of (1.6) and (2.6) we write
(2.5) in the equivalent form as

|:F1/ Fé:| _ |: 7%q7’F1+C(qF3+fF2) 7%q7’F2+C(qF4qu1)
Fy Fy C(rFy—FFy) + F3(2i¢P + 4qr)  ((rFo—GFs) 4+ sqrFy |’
where each of the four equalities associated with the corresponding entries is a polynomial equation
in ¢ with degree 1. Since F' is assumed to be independent of (, in each equality the coefficients
of ¢ on both sides should match and the constant terms should also match. This yields the six
scalar equalities given by

Fl=—qr B, F=0, F=0,

; (2.7)
Fiziqu4, qFy=qF, rF =7F,.

We would like to solve (2.7) to obtain the six quantities Fy, Fy, F3, Fy, ¢, 7 in terms of ¢ and 7.
To solve the equality involving F) in (2.7, we introduce the quantity F(z) as the unique solution
of the initial-value problem

E'(@) = 5q(c)r(@) E@), B(-o0) = 1. (2.8)

In fact, the unique solution of (2.8)) is given by the right-hand side of (2.3)). Thus, we determine Fy
as Fy = asE(x), where as is an arbitrary complex constant. Then, the equality in (2.7) involving
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F/ has the general solution F} = a;E(z)~!, where a; is an arbitrary complex constant. Thus,
when (g,r) is known, the general solution of (2.7) is given by the six equalities

Fi=aE(x)™, F,=0 F;=0,
. a . a _

Fi=aB(z), q(a) = “2q(@) B@)?, 7(x) = r(2) Bx)

1 2
As seen from (2.9)), we observe that the matrix F' becomes independent of ( if we choose the
constants a; and as as independent of . Using the entries of F' given in (2.9) as input to (2.4),
we obtain (2.1). The last two equalities in the second line of (2.9)) yield (2.2)), and the quantity
E(x) in (2.3) corresponds to the unique solution of ([2.8). Hence, the proof is complete. O

(2.9)

From (2.2), we observe that the potential pair (g,r) corresponds to a one-parameter family of
potential pairs (¢,7) parametrized by the complex parameter a;/as. Motivated by simplicity, by
letting a1 = ag we choose the particular potential pair (g, 7) in (1.6]) so that we have the connection

between (g,7) in (1.6) and (gq,r) in (1.1 given by the six equalities
q(r) = E(z)*q(x), 7(x) = E(x) ?r(2). (2.10)
Without loss of generality, from now on we assume that (¢,7) in (1.6]) is related to (g, ) in (1.1)

as in (2.10). When (2.10) holds, from Theorem [2.1| we obtain the following result relating the
solutions to (|1.1)) and (|1.6) to each other.

Corollary 2.2. Suppose that the potentials ¢ and r in (1.1) belong to the Schwartz class S(R).
Let the potentials ¢ and 7 appearing in (1.6]) be related to q and r as in (2.10), where E(x) is the
complez-valued quantity in (2.3)). Then, the potentials ¢ and 7 also belong to S(R). Furthermore,

any solution [g] to (L.1) and any solution [g} to (1.6) are related to each other as

[g} - [E(g(c))_l E(Ox)} [Z] ) (2.11)

where a is an arbitrary complex constant.

Next we establish the connection between the solutions to the linear systems (|1.1) and (1.9)),
respectively, in the spirit of Theorem [2.1

Theorem 2.3. The solutions {g] to (1.1) and the solutions [757-] to (1.9) are related to each other

as
a b 0
HE [bl e 4] B (.12

where by and by are arbitrary complex constants, (q,r) in (L.1) is related to (u,v) in (1.9) as
by by (@) g(a)r(x)?
u(w) = Pa(e), o) = | - T - TR (2.13)
It follows directly from (2.13)) that (u,v) belongs to the Schwartz class S(R) if and only if (q,r)
belongs to S(R).

Proof. The idea of the proof can be found in [7, [I1], [I§]. We premultiply both sides of (1.1]) by
the 2 x 2 constant diagonal matrix diag{1, (}, where we recall that ( is the spectral parameter in
(1.1). The resulting matrix equality can be written as

[ R A | = o

We introduce the 2 x 2 matrix G to connect the modified wave function {gﬁ} in (2.14) and the

wave function [757] by letting

COjB] e m . (2.15)
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We use G1, G2, G3, G4 to denote the entries of G, i.e. we let

_|G1 G
o-[o @]

Contrary to the (-independence assumption for the matrix F appearing in (2.6]), we cannot impose
the restriction of (-independence on the choice for the matrix G. By taking the z-derivative of
both sides of (2.15) and using (2.14)) in the resulting matrix equality, we obtain

g2 _ & ’
R TR N P B 0T P
¢ r(x) iC2 + sq(x)r(x)] [0 n U
Next, we use (|1.9) in the second term on the right-hand side of (2.16)), and we write the resulting
matrix equality in terms of the entries of G as
e —1qrG1 + qG3 — vGs —2i(*Gy — LqrGs + ¢G4 — uG,
Gy Gy [2i(*G3+ (*rGi + tqrGs — vGy (rGe + LqrGy — uGs '
We remark that the right-hand side of (2.17) contains ¢ and ¢? in the coefficients. Viewing (2.17)
as a system of four polynomial equalities in {, we obtain six scalar equations with the six unknown

quantities G1, Ga, G3, G4, u, v to be determined in terms of (g,r). We have the system of six
equalities

(2.17)

Gl = —2qrGi +qGs, Go=0, G}= —qrGs— Gy,
2 2
. (2.18)
2iGs +rG1 =0, W= iqTG4 —uGs, uG1 =qGy.
The general solution of ([2.18)) is given by the six equalities
Gi=h, G=0, Gy=-n"2
, (2.19)
ba bip a'(x)  qla)r(z)?
T P L R
Ga=ba, u(@)=17q(z), vlw)= 5 1
where by and by are arbitrary complex constants. From (2.19) we obtain (2.13)) and we also obtain
the matrix equality
Gi Ga| b1 0
|:G3 G4:| N |:—b1 rézc) b2 ' (2.20)

Using (2.20)) in (2.15) and premultiplying the resulting matrix equality by the inverse of the
diagonal matrix diag{1,(}, we obtain (2.12). From (2.13) it is seen that (¢,r) belongs to S(R) if
and only if (u,v) belongs to S(R). Hence, the proof of the theorem is complete. O

From , we observe that the potential pair (g, r) corresponds to a one-parameter family of
potential pairs (u,v) parametrized by the complex parameter by /bs. Motivated by simplicity, by
letting by = bs in we choose the particular potential pair (u,v) in so that we have the
connection between (u,v) in and (g, r) in given by

ir'(z 2) ()2
u(e) = g@), o(e) = -1 AT

Without loss of generality, from now on we assume that (u,v) in (1.9) is related to (g,r) in (1.1))

as in (2.21)).
When (u,v) in (1.9) and (¢, r) in (L.1)) are related to each other as in (2.21)), from Theorem [2.3]
we obtain the following result relating the respective solutions to (1.1)) and (1.9).

(2.21)

Corollary 2.4. Assume that the potentials ¢ and r in (L.1) belong to the Schwartz class S(R).
Let (u,v) in (1.9) be related to (q,7) as in (2.21). Then, (u,v) also belongs to S(R). Furthermore,
«

any solution 3 to (L.1) and any solution 757 to (L.9) are related to each other as

[g] =’ l— éﬁ? ﬂ m ! (2.22)
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where b is an arbitrary complex constant.

Finally, we relate the solutions to (1.1)) to the solutions to (1.10) by proceeding in a manner
similar to the way we have connected (|1.1)) and (1.9)) in Theorem [2.3|and Corollary Next, we

present the analog of Theorem

Theorem 2.5. The solutions to the linear system (1.1) and the solutions to the linear system
(1.10) are related to each other as
e a(z)
[0‘] — | ¢ 9 m 7 (2.23)
B 0 C2 €

where ¢1 and ¢y are arbitrary complex constants, and (q,r) in (1.1) is related to (p,s) in (1.10) as

co [ig'(x) Q(x)QT(I) =iz
01{ (@) _ oo} } sa) = Lr(a). (2.24)

p(z) =

Consequently, (p, s) belongs to the Schwartz class S(R) if and only if (q,r) belongs to S(R).

Proof. The basic idea behind the proof is similar to the proof of Theorem We premultiply
both sides of (L.1) by the 2 x 2 constant diagonal matrix diag{(, 1}, where we recall that ¢ is the
spectral parameter in (|1.1)). The resulting matrix equality is given by

[Cﬂa:, _ [—iCQ —rizgx)r(x) o fz(;((z)) T(x)] [Cﬁa} . zeR (2.25)

We then introduce the 2 x 2 matrix H to connect the modified wavefunction {Cﬁa ] in (2.25)) and

. 7] . .
the wave function L_ in (1.10) by letting

§]-u]

We use Hi, Ho, H3, Hy to denote the entries of H, i.e. we let

_ |H1 H»

We remark that, contrary to the (-independence assumption for the matrix F' appearing in ,
we cannot impose the restriction of ¢-independence on the choice for the matrix H. By taking the
z-derivative of both sides of and using on the left-hand side of the resulting matrix
equality, we obtain

2z 2 /
r(z) i¢* + 5q(x) r(z) € € €

Next, we use (|1.10) in the second term on the right-hand side of (2.27)), and we write the resulting

matrix equality in terms of the entries of H as

|:H{ Hé:| . |: *%CJTH1 + (qHs — sHy —2i(?Hy — %QTHQ +(%qH, pH1:|

Hy Hi|  [2i¢?Hs +rHy + LqrHs — sHy rHy + %qrHy — pHs

(2.28)
Viewing ([2.28]) as a system of four polynomial equalities in ¢, we obtain six scalar equations with
the six unknown quantities Hy, Ha, H3, Hy, p, s to be determined in terms of (g,7). We have the
system of six equalities
i i
H| = _iqul —sHy, H3=0, Hj= —iqug — pHy,

; (2.29)
—2iHs +qH4 =0, Hfl = 5qu4 +rHy, rHy=sHy.
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The general solution of the system (2.29)) is given by

Hy = ¢, HzZQ@, Hs =0,
i
. (2.30)
1 ca [ig' () q(z)?r(z)
H = = — = — —
4 =ca, S(x) . r(z), p(zx) o [ 5 1 ,
where ¢; and ¢y are arbitrary complex constants. From (12.30)), we obtain (2.24]) and the matrix
equality
Hl H2 (&1 Cl%
= i, 2.31
[Hs sz {O C2 (2:31)

Using (2.31)) in (2.26) and premultiplying the resulting matrix equality by the inverse of the
diagonal matrix diag{¢, 1}, we obtain (2.23). From (2.24) it is seen that (p, s) belongs to S(R) if
and only if (¢, r) belongs to S(R). Hence, the proof of the theorem is complete. O

From ([2.24)), we observe that the potential pair (g,r) corresponds to a one-parameter family of
potential pairs (p, s) parametrized by the complex parameter c¢;/ce. Motivated by simplicity, by
letting ¢; = ¢ in (2.30) we choose the particular potential pair (p, s) in (1.10) so that we have the
connection between (p,s) in ((1.10) and (g, r) in (1.1]) given by

iq'(x q(z)?r(x
pla) = L ATTE ), (232)
Without loss of generality, from now on we assume that (p, s) in (1.10) is related to (g, r) in (L.1))
as in ([2.32)).

When (p, s) in (I.10) and (g, ) in (L)) are related to each other as in (2.32), from Theorem [2.5]

we obtain the following corollary relating the respective solutions to and ((1.10).

Corollary 2.6. Assume that the potentials ¢ and r in (L.1) belong to the Schwartz class S(R).
Let (p, s) in (L.10) be related to (q,r) as in (2.32). Then, (p,s) also belongs to S(R). Furthermore,

: v
to (1.1) and any solution . to (1.10) are related to each other as

- %]

where ¢ is an arbitrary complex constant.

any solution

o
B

Let us address the issue of relating the linear system to two different linear systems given
in and , respectively, rather than relating it to only one of these two AKNS systems.
As seen from the first equality in (2:21]), the potentials u(z) and ¢(z) are related to each other in
a simple manner, and the second equality of shows that the potentials r(z) and s(x) are
related to each other also in a simple manner. On the other hand, we see from that, if we
want to express the potential r(z) in terms of u(x) and v(z), not only we have to use both of
u(z) and v(x) but we also have to solve a Riccati equation. Similarly, we see from that we
cannot express ¢(z) in terms of p(x) and s(z) in a simple manner, and instead we must use both
p(z) and s(x) and we further must solve a Riccati equation. Hence, it is more advantageous to
relate to both and rather than to only one of those two AKNS systems.

3. JOST SOLUTIONS AND SCATTERING COEFFICIENTS

In this section we describe the Jost solutions and the scattering coefficients for and present
their pertinent properties. Those properties are needed later on to establish the Marchenko method
to solve the inverse problem . To obtain the pertinent properties of the Jost solutions and
scattering coefficients, we use the results from Section [2| and relate the Jost solutions to (1.1) to
the Jost solutions to each of the linear systems (|1.6|), (1.9]), and . We recall that the potential
pairs (4, 7), (u,v), (p, s) appearing in 1) [1.10)), respectively, are related to the potential
pair (g, r) in as in (2.10), (2.21), (2.32)), respectively
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We already know from Section [2] that (¢,7) in (L.6), (u,v) in (L.9), and (p,s) in (L.10) each

belong to the Schwartz class S(R) because we assume that the potentials q and r in (1.1)) belong
S(R). As x — 00, each of the linear systems (L.1] , , , and (| reduce to the same

unperturbed linear system given by

d o . 2 o
4 m _ [ 8( 222] m . zeR (3.1)

77LC2:1:

0 }and

The general solution of (3.1]) is a linear combination of the column-vector solutions {e

0
oic%z |- Consequently, the spacial asymptotics of the scattering solutions to each of the linear

systems (|1.1)), (L.6)), , and (1.10) can be treated in the same manner. In particular, the Jost
solutions and the scattering coefficients to those four linear systems can be defined in the same

—i¢%x 0
manner by using the two spacial asymptotics {e 0 } and [e i Czw] for solutions to those four linear

systems. ~ ~

We first introduce the four Jost solutions to (|1.1)), denoted by ({, x), ¥(¢, x), ¢(¢, ), ¢(¢, x),
respectively. We use the subscripts 1 and 2 to identify the respective first and second components
of the Jost solutions, i.e. we let

vy = [0 wcn = [0 2)
=[] sea=[2167)

The Jost solutions to are the solution satisfying the respective spacial asymptotics
WE g] - { ice F1(1+) o(l)J] LT 4
][],
][ e
] = [t Lo o D

Next, we introduce the scattering coefficients associated with the linear system (|1.1)) by using
the spacial asymptotics of the Jost solutions to (|1.1) as

B 1 [L(C) p—i¢Pa o(1)1]
i:ggg B _TT(Z) z;x[[ jo((llﬁ]_ ;T =00, (3.8)
M 1 (1 =i o]
e~ | B o
z:ggg - _TT(%) ;zz[?:oo((llﬁ]_ ;T too, (3.10)
7 1 [BQ-ic*e ] 4 o(1)]
Z;Eg:g B T;Z) ZCCw [51_:_ ((1);]_ , & — +oo. (3.11)

We refer to T'(¢) and T(¢) as the transmission coefficients, L(¢) and L(C) as the left reflection
coefficients, and R({) and R(({) as the right reflection coefficients. Since the trace of the coefficient
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matrix in is zero, the transmission coefficients from the left and right coincide, and hence we
only use the two symbols T'(¢) and T(¢) to denote the transmission coefficients.

Alternatively, the scattering coefficients for can be introduced via certain Wronskians of
the Jost solutions. The Wronskian of any two solutions to does not depend on x, due to the
fact that the coeflicient matrix in has the zero trace. For any two column-vector solutions

[gl] and {%2} to (|1.1]), the Wronskian is given by
1 2
a1 Q9

Bl sl=5 5

where the absolute-value bars in (3.12)) are used to denote the determinant of a 2 x 2 matrix. By
evaluating certain Wronskians of the Jost solutions to (1.1)) as  — o0 and by using (3.4])—(3.11)),
we obtain the equalities

(3.12)

)

(B¢ 0(6.2)) = = (3.13)

[9(¢.2:0(¢.2)] = 75 (3.14)

WGy b)) =~ pid = KEL (3.15)

[F(¢.a)i0(6,)) = ) = —;Eg. (3.16)

Hence, using (3.13)—(3.16) we express the scattering coefficients via certain Wronskians as

0= Gemaa] "0 Feaseal 10
- po el
e e o) @

Let us remark that from (3.13)—(3.16]) we see that the left and right reflection coefficients for (|1.1)
satisfy

1 = -H95, £ = -HHTe, (3.20)
T(O)T(C) =1~ L) L(C) = 1 - RIC) Q) (3.21)

For the Jost solutions to , we use the respective notations (47 (¢, z), Y (@7 (¢, z), 97 (¢, z),
qg(‘ﬁ)(c ,x) by indicating the corresponding potentials in the superscripts. They are the solutions
to satisfying the respective spacial asymptotics given in (3.4)-(3.7). We again use the sub-
scripts 1 and 2 to identify their first and second components. For the scattering coefficients for
(T6), we use 7@ (¢) and 7@ (¢) to denote the transmission coefficients, L@ (¢) and L@ ()
for the left reflection coefficients, and R(@7)(¢) and R(@7)(¢) for the right reflection coefficients.
Those scattering coefficients are obtained from the asymptotics of the corresponding Jost solutions
as in 7. Since the coefficient matrix in has zero trace, those scattering coefficients
can alternatively be introduced by using the Wronskians of the corresponding Jost solutions to
. Hence, they also satisfy the analogs of 73.21.

To denote the Jost solutions to , we use (WU (), z), PV (N x), o) (N x), (W) (N ),
respectively. We recall that A is related to ¢ as in . Those Jost solutions are the solutions to
satisfying the respective spacial asymptotics given in f. We again use the subscripts
1 and 2 to identify their first and second components. As the scattering coefficients for , we
use T(%) () and T(*¥)()\) to denote the transmission coefficients, L(**)(\) and L(**)()) for the
left reflection coefficients, and R(“*)(\) and R(“*)()\) for the right reflection coefficients. Those
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scattering coefficients are obtained from the asymptotics of the corresponding Jost solutions as in
7. Since the coefficient matrix in (1.9 has the zero trace, the scattering coefficients for
can alternatively be introduced by using (3.17)—(3.19]) via the Wronskians of the correspond—
ing Jost solutions to ([1.9)). Those scatterlng coefﬁments also satlsfy the analogs of 73.21.
To denote the Jost solutions to , we use P (X z), PP (\ ), (;S(p’s)()\7:r), oPS) (N, x),
respectively. Those Jost solutions are the solutions to satisfying the respective spacial asymp-
totics given in 7. We again use the subscripts 1 and 2 to identify their first and second
components. As the scattering coefficients for (L.10), we use 7®* (X) and T(*)()) to denote the
transmission coefficients, L(*)(\) and L(®*)(\) for the left reflection coefficients, and R(®*)()\)
and R(®*)()\) for the right reflection coefficients. Those scattering coefficients are obtained from
the asymptotics of the corresponding Jost solutions as in 7. Since the coefficient matrix
in has the zero trace, the scattering coefficients for (1.10) can alternatively be introduced by
using the Wronskians of the corresponding Jost solutions to (1.10). Those scattering coefficients

also satisfy the analogs of (3.13)—(3.21).

In the following theorem, we present the connection between the Jost solutions to (|1.1)) and the

Jost solutions to (|1.6) when (g, ) in (1.1) and (g, ) in (1.6)) are related to each other as in (2.10).

Theorem 3.1. Suppose that (q,7) in (L.1)) belongs to the Schwartz class S(R) and that it is related
o (q,T) as in , where E(x) is the quantity defined in (2.3). Then, we have the following:
(a) The Jost solution (¢, z) to (L.1) is related to the Jost solution @7 (¢, x) to (1.6) as

Lbzggxﬂ —en [Efl)x) E?x)} [ﬁz;giﬂ ) (3.22)

where ¢§‘?”:)(<,x) and wgﬁ)(é,x) denote the respective components of the Jost solution
Y@ (¢, x) and the scalar constant p is defined as

pi [ " dya) r(y). (3.23)

— 00

(b) The Jost solution (¢, z) to (L.1)) is related to the Jost solution 497 (¢, z) to (1.6) as

where 1/3%5’?)({, x) and &éq’?)(C,z) denote the respective components of 97 (¢, ).
(¢) The Jost solution ¢(C,x) to (T.1)) is related to the Jost solution ¢'97) (¢, x) to (1.6) as

€)= s Lb;; Egzﬂ 7 (3.29

where ngq’;)(C,x) and (bgﬁ)(c,x) denote the respective components of P (¢, ).
(d) The Jost solution ¢(C,x) to (L) is related to the Jost solution ¢'¢7) (¢, x) to (L.6) as

Qo] et 0 ] [A0
{¢2(C7$) 10 E(z) ‘éfii) ¢ )|’ (3.26)
where égcﬁ)((,x) and &gi)(gx) denote the respective components of ¢(47) (C, x).

Proof. From (12.3)) we obtain
lim E(z)=1, lim E(z)= "2 (3.27)

T—r—00 xr——+00

To establish ([3.22]), we proceed as follows. From (2.11]) we have

e I e ]

N

(3.28)
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where we recall that a is a constant. We let z — 400 in (3.28]), and we use the second equality

of (3.27) as well as the spacial asymptotics in (3.4]) for the Jost solutions ¥((,z) to (L.1) and
@7 (¢, ) to (1.6). This yields

e L] e oo

From we see that the constant a in is equal to e~*/2. Thus, the proof of (a) is
complete. The relationships presented in (b), (c), and (d) are obtained in a similar manner with
the help of (3.5)—(3.7), the analogs of 7 for the linear system , and the spacial
asymptotics in (3.27)). We use the relationship in for the respective Jost solutions to ([1.1

and , and in each case we determine the explicit value of the constant a appearing in (&
for the corresponding pair of Jost solutions. O

In the following theorem, we describe the connection between the Jost solutions to (1.1)) and
the Jost solutions to (|1.9) when (g,r) in (1.1) and (u,v) in (1.9) are related to each other as in
@.21).

Theorem 3.2. Suppose that (q,7) in (1.1)) belongs to the Schwartz class S(R) and that it is related
to (u,v) in (L.9) as in (2.21). Then, we have the following:
(a) The Jost solution ¢ ((,x) to (T.1)) is related to the Jost solution V) (X, z) to (L.9) as

(u,v)
0 A,
e [ 4, o] o
iﬁg(g,f) o5 1 w2 ’ ()\,{L‘)
where 1/)§”’v)(/\, x) and wgu’”)(A, x) denote the respective components of () (\,z) and we

recall that A and ¢ are related to each other as in (L.11)). B
(b) The Jost solution ¢(C,x) to (T.1) is related to the Jost solution (“V) (X, z) to (T.9) as

b x 7,(u:0) T
[wl(c, >] _ l_ ' g] [ 0, >], (331)

P2(C, @) 2C ¢ éu’v) (A )

where @gu’v)(/\,x) and @éu’v)()\,x) denote the respective components of (V) (\, x).
(¢) The Jost solution ¢(C,x) to is related to the Jost solution ¢(“")(\,x) to (1.9) as

$1(¢,w)| _ 1 0 g“’”)(A,x)
[¢2(C,x)] - [_ Tz(z? é] [ gu,v)(A’x)]’ (3.32)

where ¢>§“’”)(/\,m) and qsg“’”)(/\, x) denote the respective components of PV (N, z).
(d) The Jost solution ¢(C,x) to (L) is related to the Jost solution ¢(**)(\,z) to (L.9) as

)
B[ D[5m0]. 5

21

where éﬁ“’“(/\,x) and (Eé"’v)()\, ) denote the respective components of (V) (), z).

Proof. For the proof of (a), we proceed as follows. From Corollary we know that the Jost
solutions (¢, ) and () (\, x) are related to each other as in (2.22)), i.e. we have

(W) () g
[m(c,x)]:blr(l@ ?] [% (A >], (3.34)

¥2((, 7) 2e ¢ [ (M)
where b is a constant. Using the spacial asymptotics in (3.4) as z — 400 for ¢({,z) and the

analog of ([3.4]) for the linear system (|1.9)), from (3.34) we obtain
o(1) 10 o(1)
) =b .
[ew%u + o(lﬂ {0 é} L o)) T
from which we obtain b = (. This establishes (3.30) and completes the proof of (a). The re-
lationships presented in (b), (c), and (d) are obtained in a similar manner with the help of the
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spacial asymptotics in (3.5| ., and the analogs of . . for the linear system (1.9). We
use the relationship in 1-) for the respective Jost solutions to ) and . determlnmg in

each case the explicit value of the constant b appearing in (2.22) for the corresponding pair of Jost
solutions. O

In the following theorem, we establish the connection between the Jost solutions to (1.1f) and

the Jost solutions to (1.10) when (p, s) in (1.10)) and (g,r) in (1.1)) are related to each other as in
232).

Theorem 3.3. Assume that (q,r) in (1.1)) belongs to the Schwartz class S(R). Suppose that (q,r)
and (p, s) in (1.10) are related to each other as in (2.32)). Then, we have the following:

(a) The Jost solution (¢, x) to (T.1)) is related to the Jost solution 1)P*)(\,x) to (T.10) as
T (p,s)

G2(Go)] o 1| 9PN )

where 1/)(p (N, x) and w(p (X, x) denote the respective components of 1) (X, x) and the
parameters X and ¢ are related to each other as in (1.11)).

(b) The Jost solution (¢, x) to (T.1)) is related to the Jost solution ") (\, x) to (T.10) as
7 q(z) 7,(p,s) A
r@l@’xq s A (3.36)
1/)2@@) 0 C 2p, ()\,1')
where z/?§”’5)(<,x) and &ép’s)(c,ﬂc) denote the respective components of ") ((, x).
(c) The Jost solution ¢(C,x) to (T.1)) is related to the Jost solution ¢P*)(\,x) to (.10) as

[ Rl el

where ¢V (X, z) and o8P (N, z) denote the respective components of ¢'P*) (X, x).
(d) The Jost solution ¢(C,z) to (I.1) is related to the Jost solution ¢P=)(\,xz) to (1.10) as

1(¢2)] |1 Q(f) cfﬁ(p’s)()\ )
Lbz((,m)] N lé C] Lb(p, ( )] ) (3.38)

where ¢1 ’8)()\ x) and (b(p’ (A, ) denote the respective components of ¢P%)(\, z).

Proof. We ﬁrst present the proof of (a). When (g,r) and (p,s) are related to each other as in

- from (2.33) we obtain
1 g (p,
[wl(é,x)] —e|e | U S)(A o) (3.39)
¥2(¢, @) 0 by ()\ x)
where ¢ is a constant. With the help of the asymptotics in and the analog of (3.4) for the
linear system ([1.10)), from (3.39)) we have

e R | P B

from which we see that ¢ = 1. Thus we have established and completed the proof of (a).
The relationships presented in ( , and (d) are obtained in a similar manner with the help of
the spacial asymptotics in 5 and the analogs of | . . for the linear system

We use the relationship in (2.33)) for the respective Jost solutions of (I.1} 1 and -, and in each
case we determine the explicit value of the constant ¢ appearing in for the corresponding
pair of Jost solutions. O

In the next theorem, we describe some pertinent properties of the Jost solutions to (1.1)). Those
properties pertain to the existence of the Jost solutions, their domains of continuity in the spectral
parameter ¢, and their domains of analyticity in ( and .
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Theorem 3.4. Suppose that the potentials ¢ and r in belong to the Schwartz class S(R). Let
the spectral parameter ¢ be related to the pammeter A as in . Let (¢, x), ¢(C,x), ¥(C, ),
and é((, x) denote the Jost solutions to (1.1)) satisfying the respective spacial asymptotics given in
. , where the subscripts 1 and 2 descmbe the respective components of the Jost solutions
as in l-b and (| . Then, we have the following:

(a) For each fized x € R, the Jost solutions ¥((,x), and ¢((,x) exist, are analytic in the first
and third quadrants in the complex (-plane, and are continuous in the closures of those
quadrants. Similarly, for each fived x € R, the Jost solutions 1((,x) and ¢(C,x) exist, are
analytic in the second and fourth quadrants in the complex (-plane, and are continuous in
the closures of those quadrants.

(b) For each fized x € R, the four components 11 (¢, ), ¥2(¢,x), ¢1(¢, ), ¢2(¢,x) are odd in
¢ and the four components (¢, x), ¥2(C,x), ¢1(¢, ), d2(C, ) are even in C.

(¢) For each fized x € R, the four scalar quantities 11 (¢, 2)/C, ¥2(C, ), $1(¢,x), ¢2((,x)/C

are even in C, and hence they are functions of . Those four scalar functions of A are
analytic in A € CT and continuous in \ € C+.

(d) For each fived x € R, the four scalar quantities 11 (¢, x), ¥2(¢,2) /¢, ¢1(¢,x) /¢, a(C, )
are even in , and hence they are functions of . Those four scalar functions of A are
analytic in A € C~ and continuous in X € C—.

Proof. The proof is obtained by proceeding as in Theorem 2.2 of [8], where the corresponding
results are obtained for the linear system (|L.6]). O

The next theorem presents the large (-asymptotics of the components of the Jost solutions to
(1.1). With the help of Theorem [3.4] in the theorem those asymptotics are expressed in terms of
A, which is related to ¢ as in (1.11]).

Theorem 3.5. Suppose that the potentials ¢ and r in belong to the Schwartz class S(R). Let
the parameter A be related to the spectml parameter ¢ as in . Let (¢, 2), ¥(¢,x), ¢(¢, ),

o(C,x ) denote the Jost solutions to satisfying the respective spacial asymptotics given in
. , where the subscripts 1 and 2 describe the respective components of the Jost solutions
as in 1-) and . Then, for each fivred x € R, the Jost solutions ¥((,x) and &((,x) satisfy

the respective asymptotics as A — oo in CT that are given by

wl(g’ 2) _ i [% + 0(%)} (3.40)
wg(c,x)=em[l+q(2;(””)—Q;A/:Odya(ywro(;)}, (3.41)
outc.0) = [1- o [ ayat)+0(55)], (3.42)
¢2(§x) — e - % + O(%)] (3.43)

where the complez-valued scalar quantity o(z) is defined as
0(x) = ~La(a) (@) - Ja(x)? r(z)? (3.44)

Similarly, for each fived x € R, the Jost solutions ¥(¢,x) and ¢((, x) satisfy the respective asymp-
totics as A — oo in C~ that are given by

V1(¢, )—e_”‘“c 1+f/ dyo(y ( )}, (3.45)
$2(C,2) _ —ixe [ _ (i)} (3.46)
1
A2

_C >\
P (Gx) z)\x|:22)\ ( )} (3.47)
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qgg(C,x):ei’\””[l—i—q(%;(x)-i-% ’ dyo( )+O(>\2)} (3.48)

Proof. The asymptotics in (3.40)—(3-43) and (3.45)—(3.48)) can be obtained by using (3.22)—(3.26)

and the already known large (-asymptotics of the J ost Solutions to . The large (-asymptotics
of the Jost solutions to are listed in [8, Theorem 2.4], where we express the potentials ¢ and
7 appearing in those asymptotics in terms of ¢ and r with the help of . We remark that the
expression for o(x) expressed in terms of (g, ) is given in (2.36) of [8] as

o(x) = 1 4(a) 7 (@) + 7l 7(x) (3.49)

We note the second terms on the right-hand sides of (3.44) and (3.49) differ by a sign. Using
in , we obtain the expression for o(x) given in (3.44]) expressed in terms of (g,r).
We mention that the proof can also be obtained by using (3.30)—(3.33)) or (3.35)—(3.38) and the
known large A-asymptotics [4] [7) 1] of the Jost solutions t and ([1.10)) after we express the
potentials u, v, p, s appearing in those asymptotics in terms of ¢ and r with the help of or
2-32). 0

The next theorem presents the relationships between the scattering coefficients for (1.1)) and
the scattering coefficients for each of (1.6)), (1.9)), (1.10), respectively.

Theorem 3.6. Suppose that (q,7) in (1.1) belongs to the Schwartz class S(R). Let (G, 7) in ?1.6
i (1.10

be related to (q,r) as in (2.10), (u,v) in (1.9)) be related to (q,r) as in (2.21)), and (p,s) i
be related to (q,r) as in (2.32)), Let p be the quantity in (5.1), and let the parameters \ and ¢ be

related to each other as in (1.11). Then, we have the following:

(a) The siz scattering coefficients T(¢), T(¢), R(¢), L(¢), R(¢), L(¢) for , the siz scatter-
ing coefficients T@7)(¢), TW@(¢), R (¢), L7 (¢), R (¢), L for . the
siz scattering coefficients TV (X), T (X), R(=V)(X), L) ()), R(“ ”)( ) (wv) (N ) for
(T.9), and the siz scattering coefficients T®*)(X), T®*)(X), RP=)(X), LP=)(X), R®*)()),
L&) (\) for are related to each other as

T(Q) = e"PTED Q) =T (0) =TI (), A eTF, (3.50)
T(¢) = e ™ATEN() =TM(N) =TP()), AeC, (3.51)
CR(Q) = Ce™RID(() = RUM(A) = ARPI(N), A€R, (3.52)
\ (3.53)

(3.54)

(3.55)

CR(C) = ¢eMRID(() = AR™V(A) = R”I(\), A€R,

CL(Q) =L@V = ALt (X)) = LI (N), A€R,

CL(Q) = CLT7(¢) = H“N) ALPI(N), AeR.
(b) The transmission coeﬁczent T(C) for (L.1) is even in ¢, and hence it is a function of \.

As a function of A, the quantity T({) is meromorphic in A € CT and is continuous in
M\ € Ct except at the poles causing the meromorphic property in CT.

(c) The transmission coefficient T(() for is even in (, and hence it is a function of A.
As a function of X\, the quantity T(C) is meromorphic in A\ € C~ and is continuous in
A\ € C— except at the poles causing the meromorphic property in C~.

(d) The four quantities R(C)/¢, R(C)/¢, L(C)/¢, L(C)/¢ associated with are even in
¢, and hence they are all functions of A. As functions of X\, those four quantities are
continuous in A € R.

Proof. For the proof of (a ), we proceed as follows. We use the asymptotics (3.8] ) for the

scattering coefficients for and their analogs for the scattering coefﬁ(:lents for 1-

then use those asymptotlcs in -, respectively. By comparing the leading terms in the

resulting asymptotic equalities, we obtain the first equalities in (3.50)—(3.55). The second and

third equalities in f are similarly established using the analogs of (3.8 . (13.11])
i ,

and (L.10), respectively, and then using those asymptotics in (3.30)~(3.33) and in

respectively. Hence, the proof of (a) is complete. For the proof of (b), we proceed as follows It is
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already known [2,[§] that, when (u,v) in belongs to the Schwartz class S(R), the transmission
coefficients T(“’”)()\) is meromorphic in A € C* and is continuous in A € CT except at the poles
causing the meromorphic property in C*. Then, with the help of 7 from we conclude
that T'(¢) satisfies the properties stated in (b). Thus, the proof of (b) is complete. The proof
of (c) is obtained as in the proof of (b), i.e. by using and the fact |2, 8] that T(“)(\) is
meromorphic in A € C~ and is continuous in A € C~. Finally, the proof of (d) follows from the
first equalities in f and by using the fact that the four reflection coefficients for
are continuous in A € R. For the proof of the continuity of the reflection coeflicients for , we
refer the reader to Theorem 2.5(c) of [§]. O

The next theorem presents the small (-asymptotics of the scattering coefficients for (1.1f). In
the theorem, those asymptotics are expressed in terms of A, which is related to ¢ as in (1.11).

Theorem 3.7. Assume that the potentials ¢ and r in (1.1) belong to the Schwartz class S(R). Let
the parameter X be related to the spectral parameter ¢ as in (1.11). Then, the small (-asymptotics

of the scattering coefficients T'(C), T(C), R(C), R(¢), L(¢), and L(¢) appearing in 7 are

expressed in \ as

T) =e™2[14+0MN)], X—0inCH, (3.56)

T)=e "2[14+0\)], A—0inCF, (3.57)

REC) i [/Z dyr(y) By)2+ 0], A=0inR, (3.58)
RE‘C) _ e*iﬂ[[w dyq(y) Bw)* + 0], A—0mR, (3.59)
PO [y WP 00, A0 (3.60)
LE“O T /OO dyr(y) E(y) 2 +0(), A—0inR, (3.61)

where we recall that E(x) is the quantity defined in (2.3) and p is the constant in (3.23)).

Proof. When (¢, 7) in (1.6]) belongs to S(R), the small {-asymptotics of the scattering coefficients
for (1.6) are known and listed in Theorem 2.5(d) of [8]. We use those asymptotics in the first

equalities of ([3.50)—(3.55]), and we establish (3.56])—(3.61]). O

The next theorem presents the large (-asymptotics of the scattering coefficients for (L.1f). In
the theorem, those asymptotics are expressed in terms of A, which is related to ¢ as in (1.11)).

Theorem 3.8. Assume that the potentials ¢ and r in (1.1) belong to the Schwartz class S(R).
Then, the large (-asymptotics of the scattering coefficients T(C), T(C), R(¢), R(¢), L(¢), L(C) for

(1.1) are given by

T(C) = 1+0(%), A = 00 in CF, (3.62)
T(C) = 0(%), A — oo in CF, (3.63)
R(C) = 0(4—13), R(C) = o(cig), A - oo, (3.64)
L(¢) = 0(4—13), L) = O(C—l?)), A = oo, (3.65)

where we recall that A and ¢ are related to each other as in (1.11)).

Proof. When (g,7) in (1.6 belongs to S(R), the large (-asymptotics of the scattering coefficients
for (1.6) are known and listed in (2.46)—(2.51) of [§]. Using those asymptotics in the first equalities

of (3.50)—(3.55]), we obtain (3.62)—(3.65) as the large (-asymptotics for the scattering coefficients
O
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4. BOUND STATES

The bound states for correspond to square-integrable column-vector solutions to (1.1)).
Such solutions can occur only at certain values of the spectral parameter ¢. In this section we
present the basic information on the bound states for when (g, ) there is supposed to belong
to the Schwartz class S(R). In this paper, we assume that (g,7) in is related to (g,r) as in
(2.10). Hence, (G, 7) also belongs to S(R). When the potentials ¢ and 7 are in S(R), the basic
information for the bound states for is available in Section 3 of [§]. This allows us to obtain
the basic information on the bound states for by exploiting the relationships established in
Section |3| between the Jost solutions and transmission coefficients for and the corresponding

quantities for (1.6]), respectively.
The bound states for (1.6]) are related to the meromorphic properties of the transmission coef-

ficients in the complex (-plane. From and (3.51]) we know that the transmission coefficients
for and the transmission coefficients for ave similar meromorphic properties in the
complex (-plane. Thus, by using the information on the bound states for , we obtain the
facts related to the bound states for (1.1). In the following we provide a summary of the basic
facts related to the bound states for when (g, r) belongs to the Schwartz class.

(a) The bound states for cannot occur when ¢ € R. This can be seen as follows. With
the help of (2.8) we see that at ¢ = 0 has the two linearly independent solutions
E(x)1 q 0
[ 0 } M B()
combination of those two solutions, a bound state at ( = 0 cannot occur. A bound state
when ¢ € R\ {0} cannot occur either. This is because has then the two linearly
independent solutions, namely the Jost solutions (¢, ) and (¢, z), and from and
it follows that it is impossible to have a square-integrable solution that is a linear
combination of those two Jost solutions when ¢ € R\ {0}. A bound state for can
only occur at a nonreal complex (-value at which the transmission coefficient T'(¢) has a
pole in the first or third quadrant in the complex (-plane or the transmission coefficient

T'(¢) has a pole in the second or fourth quadrant. This fact follows from the first equalities
in and and the fact that a bound state for can only occur at a nonreal
complex (-value at which the transmission coefficient T(47)(¢) has a pole in the first or
third quadrant in the complex (-plane or the transmission coefficient T(%7)(¢) has a pole
in the second or fourth quadrant. We know from Theorem b) that the transmission
coefficients T'(¢) and T(¢) are even in (. Consequently, the bound-state (-values for
are located symmetrically with respect to the origin of the complex (-plane. As a result, it
is convenient to describe the bound-state poles of T'(¢) and T'(¢) in terms of the parameter
A, which is related to ¢ as in (1.11]).

(b) The number N of distinct poles of T'(¢) when A € C™ is finite, and we use A for 1 < j < N
to denote those poles. Similarly, the number N of distinct poles of T(¢) when A € C~
is finite, and we use 5\j for 1 < j < N to denote those poles. We recall that an overbar
in our paper does not denote complex conjugation. If T'(¢) has no poles in A € C*, then
we have N = 0. Similarly, if 7(¢) has no poles in A € C~, then N = 0. The multiplicity
of each pole of T'(¢) is finite, and we use m, to denote the multiplicity of the pole at
A = \;. Similarly, the multiplicity of each pole of T'(¢) is finite, and we use m; to denote
the multiplicity of the pole at A = /_\j.

(¢) The bound-state information for can be presented in terms of the two sets {\;, m; }jvzl

. Since we cannot form a square-integrable solution by using a linear

and {Xj,mj}j.v:l. For each bound state and multiplicity, we introduce a bound-state
normalization constant. We use the double-indexed constants c;i for 1 < j < N and
0 <k <mj; — 1 and the double-indexed constants ¢; for 1 < j < Nand 0< k< m; —1
to denote the bound-state normalization constants at A = \; and A = );, respectively.
The construction of c¢j;, and ¢, for is similar to the construction for the correspond-
ing bound-state normalization constants for . We refer the reader to [8, 0] for those
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constructions in terms of the corresponding transmission coefficients and bound-state de-
pendency constants. In summary, the bound-state information for ([1.1)) can be specified
by using the two bound-state input data sets given by

{Aj, mj, {cjk} iy l}j:17 {)\j, M, {Cik } o ! }jzl- (4.1)

(d) To solve the inverse scattering problem for via the Marchenko method, it is the most
convenient to represent the bound-state information with the help of a matrix triplet pair
denoted by (A4, B,C) and (A, B,C). The use of matrix triplets in the Marchenko method
allows us to handle any number of bound states with any multiplicities as if we deal only
with a pair of simple bound states.

The matrix triplet pair (A, B,C) and (A, B, C) is related to (4.1)) as follows. For the bound
state at A = \; with the multiplicity m; for 1 < j < N, we chose the matrix triplet (4, B,C) as

A 0 - 0 0

0 Ay .- 0 0 gl
2
A=|: : |, B=| .|, C=[C1 C Cn], (4.2)
0 0 o AN 0 ’
0 0 0 AN BN

where A is a block diagonal matrix, B is a block column vector, and C is a block row vector. The
matrix subtriplet (A;, B, C;) is given by

A1 0 0 0
0 A 1 0 0 0
0 0 X 0 0 :
A] = : ) B_] = 0 ) (4 3)
0 0 0 A1 1
0 0 0 0 A
Cj = [ejtm—1) Citmy=2) -+ G Cjo] - (4.4)

As seen from , the m; x m; matrix A; is in the Jordan canonical form with \; appearing in
its diagonal entries and the m; x 1 matrix B; has the scalar 0 in the first m; — 1 entries and 1 in
the mjth entry. As seen from , the 1 x m; matrix C; contains the bound-state normalization
constants c;i for 0 < k < mj; — 1 in its entries. From we see that the zeros in the block
diagonal matrix A denote the zero matrices of appropriate matrix sizes. The matrix size of A is
given by N' x N, where the nonnegative integer A is defined as

N
N = ij. (4.5)

As seen from (4.2), the matrix size of B is A’ x 1 and the matrix size of C'is 1 x V.
Similarly, the matrix triplet (A, B, C') are chosen as

A 0 - 0 0 _
0 Ay - 0 0 gl

_ _ 2 _ _ _ _

A= |, B=| .|, C=[C1 C - Cyl, (4.6)
0 0 Ay, 0 .
0 0 0 Ay By
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where the matrix subtriplet (A;, B, C;) is given by

A, 1 0 -+ 0 0
0 X 1 -+ 0 0 0
_ 0 0 X - 0 0 _ :
Aj = ' .|, By= E (4.7)
0 0 0 - X 1 1
[0 0 0 ... 0 X
Cj = [Cjtm;—1) Cjtm—2) " C1 Cjo] - (4.8)

As seen from , the m; x m; matrix A; is in the Jordan canonical form with S\j in its diagonal
entries and the m; x 1 matrix Bj has the scalar 0 in the first m; — 1 entries and 1 in the m;th entry.
As seen from , the entries of the 1 x m; matrix C’j contain the bound-state normalization
constants ¢ for 0 < k < m; — 1. Analogous to , we introduce the nonnegative integer N as

N
./\7 = ij.
j=1

Then, from (4.6) it follows that the matrix size of A is N x N, the matrix size of B is N x 1, and
the matrix size of C' is 1 x N.

5. THE MARCHENKO METHOD

In this section we introduce the Marchenko method for . This is done by deriving the
Marchenko system of linear integral equations for using as input the two right reflection
coefficients R(¢) and R(¢) and the bound-state information consisting of the two matrix triplets
(A,B,C) and (A, B,C). We then show how the potential pair (¢,r) in and the Jost solutions
(¢, x) and Y(¢, x) to are obtained from the solution of the Marchenko system.

For clarity, we first derive our Marchenko system in the absence of bound states. Then, we
show how the bound states affect the kernel and the nonhomogeneous term in the Marchenko
system and thus obtain the Marchenko system in the presence of bound states. The next theorem
presents the Marchenko system of integral equations for in the absence of bound states.

Theorem 5.1. Assume that the potentials ¢ and r in (1.1]) belong to the Schwartz class S(R), and
suppose that there are no bound states for (1.1)). Then, the Marchenko system of linear integral
equations for (L.1)) is given by

_ [Ki(z,y) Ki(z,y) 0 R(z +y)
R(z +y) 0

[8 8} - [K2<x,y> Kzu,y)} *

(5.1)
, T<uy.

Ko(z,2) R(z+y) iKy(z,2) R (2 +y)

The quantities R(y) and é(y) in (5.1) are related to the reflection coefficients R(¢) and R((),
respectively, via the Fourier transforms given by

> o 1 > R(C) i > L 1 * R(C) —idy
R(y).—%/_ood)\Te’\y, R(y).—g/_ood)\Te = (5.2)

with R'(y) and sz'(y) denoting the derivatives of R(y) and ﬁ?(y), respectively. We recall that A

appearing in (5.2)) is related to ¢ as in (L11)). The four quantities Ki(x,y), Ka(z,y), Ki(z,y),
Ks(z,y) in (5.1)) are related to the components of the Jost solutions (¢, x) and ¥(¢,x) appearing

in as
Ki(z,y) = %/ dA{wl(g’@}e—“y, (5.3)

— 00

Ky(z,y) == % /_00 d\ [wg(C,x) — e“‘ﬂ e~ (5.4)
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Ki(z,y) = % /O:O d\ Wl(c,x) - 67“‘1] e, (5.5)
Ko(z,y) == % /_OO dA[%(g’m)}e“y. (5.6)

Proof. For notational simplicity, we suppress the arguments and write 1, v, ¢, 0, T, T, R, R for

(¢, x), ¥(¢, ), ¢(C, ), (¢, x), T(C), T(C), R(C), R(C), respectively. As seen from the asymptotics
in and (3.5), the column-vector Jost solutions ¢ and ¢ to are linearly independent, and
hence they form a fundamental set of column-vector solutions to . Thus, each of the two
column-vector Jost solutions ¢ and ¢ can be expressed as a linear combinations of ¢ and . With

the help of (3.2)—(3.11), for ¢ € R we obtain

1- R
¢ = Tz/} + Ti/%
R (5.7)
¢ = ?Z/J + ?w
We write equivalently as
To=1+R
_q,s Qﬁ v (5.8)
To = R+ 1.

We would like to transform (5.8)) to an equivalent form so that it yields a Riemann-Hilbert problem
in the complex A-plane separated into two regions by the real A-axis. For this we proceed as follows.
From the two column-vector equations in (5.8]), we obtain the 2 x 2 matrix-valued system

[T¢ T¢]=[¢v o]+ [Ry Ry]. (5.9)

With the help of (3.2) and (3.3), we write (5.9)) in terms of the components of the Jost solutions
as

Tor Tér] _ [ Ry Rip
{T@ T¢2} N [% 1/)2} * {R% sz} ' (5.10)
—iAx

We subtract the 2 x 2 diagonal matrix 0 62-9\4 from each side of ([5.10). Then, we divide

the off-diagonal entries by ( in the resulting matrix equality. This yields

Top—e ™ Ty | |dr—e ™ g Ryy (R
%T¢2 Ty — e %% Py — €A Ry Ry

From Theorems |3.4]and [3.6[it follows that each entry in ([5.11)) is even in ¢ and hence is a function of

A. The matrix equality in (5.11]) is the formulation of the Riemann-Hilbert problem of determining
the Jost solutions ¢ and 1) when we use as input the two reflection coefficients R(¢) and R(¢) in
the absence of bound states for . Next, we apply the Fourier transform on by using
ffo dX\e'V /27 in the first columns and by using ffooo d\e~™Y /27 in the second columns. We then

[e.°]

get the 2 X 2 matrix-valued equality given by
LHS = K(z,y) + RHS, (5.12)

, AeR. (5.11)

where the 2 x 2 matrix K(z,y) is defined as

_ [Ki(z,y) Ki(z,y)
K(z,y) 1= [chny) K2<x,y>}’ (5.13)

with the entries K (z,y), Ka(x,y), Ki(z,y), and Ko(z,y) are as in (5.3)—(5.6]), respectively. The
2 x 2 matrix-valued quantities LHS and RHS appearing in (5.12)) are defined, respectively, as

2R MO o) —e e [ R[ITQ)d1(Ca)] e

LHS := . 2 A | |
i [%T(O ¢2(C’x)} e J70 2 [T(C) da(, ) — €] e

. (5.14)
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S R IRQ i)l e [ RLRQ (¢ )|
I 2 [ERQuslc )] e [ 2RO da(Gw)] e
In the absence of bound states, using the continuity and analyticity of the Jost solutions stated
in Theorem and the large (-asymptotics of the Jost solutions stated in Theorem we
conclude the following. When z < y, the integrands in and are analytic in A € CT, are
continuous in A € C+, and vanish as e*¥=2)0(1/)) as A\ — oo in C*+. Similarly, when z < y,
the integrands in and are analytic in A € C~, are continuous in A € C—, and vanish as
e~ A=) 0(1/)) as A — oo in C—. Consequently, with the help of Jordan’s lemma we conclude
that the matrix K(z,y) in is equal to the 2 x 2 zero matrix when x > y. On the other
hand, in the absence of bound states, using the continuity and analyticity of the Jost solutions
stated in Theorem [3.4] the large (-asymptotics of the Jost solutions stated in Theorem [3.5 and the
continuity and asymptotic properties of the scattering coefficients presented in Theorems |3.6H3.8|
when x < y we observe that the integrands in the (1,1) and (2,1) entries on the right-hand side
of are analytic in A € C*, are continuous in A € C+, and behave uniformly as O(1/)\) as
A — oo in C*. Similarly, when = < y, with the help of Theorems we conclude that the
integrands in the (1,2) and (2, 2) entries of are analytic in A € C~, continuous in A € C—,
and decay as O(1/)\) as A — oo in C~. Thus, when z < y the matrix LHS in is equal to the
2 x 2 zero matrix. Moreover, with the help of Theorems we observe that each integrand
in (5.3)—(5-6), (5.14)), and (5.15) is continuous in A € R and decays as O(1/)) as A — +oo. Hence,
the L2-Fourier transforms in 7, 7 and exist. From 7, by using the

inverse Fourier transform we obtain

RHS := (5.15)

oilca) = [ ay Kty (5.16)
Pa(¢, ) = e + /OO dy K»(z,y) e, (5.17)
01(C ) = e A 4 /w dy K (z,y) e, (5.18)
(G = [y Koo, (5.19)
and from we have
Ré() - / " ds R(s) e, EC) - / " ds R(s) e, (5.20)
By using the y-derivatives in , we obtain
R'(y) = i /_O; d\ RéOAem% R(y) = —% _O; d\ RéOAe—“y. (5.21)
The use of the inverse Fourier transform on yields
REO A=—i /Z ds R'(s) e, Réo A= Z/C: ds E'(s) ehs, (5.22)

Next, we apply the Fourier transform on each component of the 2 x 2 matrix RHS in (5.15)). For
this, we proceed as follows. The (1,1) entry on the right-hand side of (5.15)) can be equivalently
expressed as

CdA ; CdN /1 R
We then use and the first equality of on the right-hand side of . This yields
CdA ; e -
| R rOuCa e = i [ ki DR G+ ), (520
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where we recall that Kj(z,z) vanishes when © > z. In a similar manner, the (2,2) entry on the
right-hand side of (5.15)) can equivalently be written as

| R R mcn] e = [ Peow(leD) () (5.25)

We then use (5.19) and the second equality of (5.22)) on the right-hand side of (5.25)), and we
obtain

/ ;l;\ [R(Q) ¥a(¢, )] e T = Z/ dzKs(z, z)R (z+v), (5.26)

x

where we recall that K(x,z) vanishes when x > z. Similarly, we use (5.17), , , and
we write the (1,2) entry and the (2,1) entry on the right-hand side of (5.15)), respectively, as

/ ;li[c R(¢) ¥n (¢, )} Myé(chry)Jr/:odel(:c,z)]:Z(z+y), (5.27)
/_oo ;ii[g R(Q) ¥a(C, )}euy :é($+y)+/; dz Ka(w,2) R(z +y). (5.28)

Thus, by using (5.24), (5.26)), (5.27), and (5.28) in , we conclude that the 2 x 2 matrix RHS
in (5.15]) is equal to the sum of the second and third terms on the right-hand side of (5.1)). Hence,

the proof of the theorem is complete. O

In the presence of bound states for , we modify the proof of Theorem as follows. In
that case, the quantity LHS in is no longer equal to the 2 x 2 zero matrix because we must
take into consideration the bound-state poles of the transmission coefficients T'(¢) and T'(¢) in
the evaluation of the integrals in the entries of LHS. Using the poles of T'(¢) and T(¢) and the
bound-state dependency constants for , we evaluate the aforementioned integrals explicitly.
We then explicitly express the resulting integrals in terms of (A4, B,C) and (A, B, C) appearing in
and , respectively. This yields the Marchenko system of integral equations when
has bound states.

For the Marchenko system of integral equations for in the presence of bound states, we
introduce the 2 x 2 matrix-valued quantities Q(y) and Q(y) by letting

Qy) = R(y) + Ce B, Q(y) .= Rly) + Ce " WB, (5.29)

where ¢4% and e~*4% denote the respective matrix exponentials. Using the y-derivative in (5.29)),
we obtain

V(y) = R(y)+iCAYB, Q(y) =R (y)—iCAe B (5.30)

We present the corresponding Marchenko system for (|1.1) in the next theorem without a proof
because that proof is similar to the proof of Theorem 4.2 of [9], where the Marchenko system for
(1.6]) is derived in the presence of bound states for (|1.6)).

Theorem 5.2. Suppose that (q,r) in . ) belongs to the Schwartz class S(R). Let (A B,C)
and (A, B,C) be the matriz triplet pair representing the bound state information for (1 . Fur-

thermore, let Q(y), Qy), V' (y), Y (y) be the quantztles in and (5.30), and let Kl(x Y),
Ky (z,y), K1(z,y), Ka(z,y) be the quantities in (5.3)~(5.6), respectzvely Then, in the presence of

bound states, the Marchenko system of integral equatwns for . is given by

b9l B,
A B T EE ; ’(<z+y)>

(5.31)
] r<y.
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The 2 x 2 matrix-valued Marchenko system in (5.31)) is equivalent to the coupled system of four
scalar-valued integral equations given by

fcl(z,y)fz‘/ 02Ky (2, 2) V(2 +y) =0, z<y,

Ky (z,y) + O+ y) +/ 02Ky (2,2)z 49) =0, =<y,
- (5.32)
I_(g(a:,y)—i—Q(x—l—y)—F/ dzKo(x,2)Qz+y) =0, z<uy,

Ky(z,y) +i/ dzKy(z,2)V(z+y) =0, z<uy.
x
By uncoupling the coupled Marchenko system in (5.32)), we obtain

Ki(z,y) + Q(z +y) +i/ del(x,z)/ dsQ(z+35)Qs+y) =0, z<uy,
@ @ (5.33)

(oo}

I_(g(x,y)—i-Q(x—i—y)—i/ dzl_(g(:v,z)/ dsQ(z+8)Qs+y)=0, z<uy,

T x

and

mx,y):i/ G Ky (2,2) (2 +y), x<y,
* oo (5.34)
K2<x,y>=—i/ dz Koz, ) V(2 +y), ©<y.

Thus, the solution of the Marchenko system can be achieved as follows. We first solve the two
uncoupled integral equations in and obtain K (z,y) and Ks(x,y), respectively. We then
use those values in and recover K (x,v) and Ko(x,y).

In the next theorem, we show how (g,r) in is recovered from the solution K(z,y) to the
Marchenko system . We recall that K(x,y) is related to the quantities K;(z,y), Ki(z,y),

Ko (z,y), Ko(z,y) as in (5.13)).

Theorem 5.3. Assume that (q,7) in (L.1) belongs to the Schwartz class S(R). Let K(x,y) be the
solution of the Marchenko system (5.31), with the four components Ki(z,y), Ka(z,y), Ki(z,y),
Ky(z,y) asin (5.13). Asy — x™, those four components yield

K (o, 2) = 7%, (5.35)

Ka(ooa) = =20 L [Ty - § [ avawtew? 630)
Raeo) = =1 [ e -5 [ dyat?ror, (5.37)
Ro(z,z) = ,g’ (5.38)

where K (z,1), Ko(z,x), Ki(x,2), Ky(z,2) are used to denote K (x, "), Ky(x,z™), Ki(x,2™),
Ky (z,z7m), respectively.

Proof. We write (5.16) in the equivalent form
d z’)xy
¥i(Gx) C’ / dy K1 (x,y) ( ) (5.39)

A
where we recall that ) is related to ¢ as in (1.11]). Using integration by parts in (5.39)), we obtain

1/’1@@) _ ei)\w _/oo ﬁaKl(xvy)

(5.40)
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where we have used K (x,+00) = 0. As A — oo in CT, from (5.40) we obtain

wl (Ca .13) eiAm 1
=-K —+0(—= ). 5.41
Using the large (-asymptotics of 11 ({, ) given in (3.40)) on the left-hand side of (5.41)), we obtain
e [4(2) ( 1 )} K (2, z)e" ( 1 ) in CF

)\ == — . 42

e [2@')\_'—0 2 B +0 ) A—oo inC (5.42)
By comparing the O(1/))-terms on both sides of (5.42), we establish (5.35)). The equalities given
in (5.36)—(5.38]) are established in a similar manner. d

The next theorem shows how the quantity E(x), the potential pair (¢,7), and the Jost solutions
¥(¢, z) and (¢, z) to ([L.1)) are obtained from the solution K(z,y) to the Marchenko system (5.31]).

Theorem 5.4. Suppose that (q,7) in (L.1) belongs to the Schwartz class S(R). Let K(x,y) be
the solution of the Marchenko system (5.31)) with the components Ky(x,y), Ki(z,y), Ko(x,y),

Ks(x,y) as in (5.13). The quantity E(x) in ([2.3), the constant p in (3.23), the potential pair
(g,7), and the Jost solutions ¥((,x) and (¢, x) to (L.1) are obtained from K(x,y) as follows:

(a) The quantities E(x) and u are recovered as
oo

E(z) = exp (22' / dzP(z)), p=4 / dz P(2), (5.43)

—0o0 — 00

x

where P(x) is the scalar quantity constructed from Ki(x,y) and Ko(z,y) as
P(z) := Ky (z,2) Ko(z, 7). (5.44)
(b) The potential pair (q,r) is recovered via
q(z) = —2K4(z, z), (5.45)
r(z) = —2Ky(z, ). (5.46)

(c) The Jost solutions (¢, x) and ((,x) to are recovered via

) =¢ [y Kt e, (5.47)
a(C,7) = €% 4 / " dy Kolw,y) €€, (5.48)
D1 (C,x) = e 4 /; dy Ky (z,y) e <, (5.49)
Ba(Ga) = [y RaGog) e, (5.50)

where we recall that (¢, x), ¥2(C,x), ¥1(¢,x), and ¥2(C, x) are the components of the
Jost solutions as described in (3.2)).

Proof. Using (5.35)) and (5.38)) on the right-hand side of (5.44]), we see that P(x) defined in (5.44)

is related to (g,r) as
P(r) = 10 r2) (5.51)

Thus, using (2.3), (5.44)), and (5.51) we obtain the first equality of (5.43)). By using (5.51) in
(3.23), we obtain the second equality of (5.43]). This completes the proof of (a). The proof of (b)

directly follows from (5.35)) and ([5.38)). The proof of (c) is obtained directly from (5.16)—(5.19). O
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6. REFLECTIONLESS CASE

In the reflectionless case for (1.1]), the solution of the Marchenko system ([5.31)) can be explicitly
constructed in terms of the matrix triplet pair (A4, B,C) and (4, B, C) appearing in (5.29). This

can be seen as follows. When R(¢) = 0 and R(¢) = 0 for (L.1)), from (5.2)), (5.29)), and (5.30) it
follows that the kernel terms appearing in (5.31]) are explicitly expressed in terms of the matrix

triplet pairs as

Qy) = Ce™B, Q(y) = Ce "B, (6.1)
Q(y) =iCAYB, Q(y) = —iCAe B (6.2)

As seen from and (6.2), the quantities Q(z+y), V' (z+y), Uz +y), & (z+y) are separable in
x and y, and hence the linear integral system , or the equivalent uncoupled system consisting
of and (5.34)), can be explicitly solved by the methods of linear algebra. Since the potential
pair (g, ) in (1.1)) and the Jost solutions to can be explicitly expressed in terms of the solution
of the Marchenko system , we can in turn express the potential pair and the Jost solutions
explicitly in terms of (A, B,C) and (A, B,C). Our formulas for the potential pair and the Jost
solutions are explicit and have compact forms because they contain matrix exponentials involving A
and A. The advantage of using matrix exponentials in our formulas is that those formulas are valid
whether our input data set contains a small number of simple bound states or any large number
of bound states with any multiplicities. The compact expressions for such formulas expressed
with the help of matrix exponentials can easily be converted to the corresponding expressions
in terms of elementary functions without using any matrix exponentials. The latter expressions
become extremely lengthy as the number and multiplicities of the bound states increase. Such
lengthy expressions can be displayed explicitly with the help of a symbolic computational software
such as Mathematica. In this section, we present our formulas compactly expressed in terms of
matrix exponentials in the reflectionless case. We also illustrate the corresponding expressions in
elementary functions in two explicit examples without the use of matrix exponentials.

In the next theorem we present the explicit solution formula for the Marchenko system
corresponding to the reflectionless Marchenko kernels given in and , which are uniquely
determined by (A, B,C) and (A, B,C) with the help of matrix exponentials. We know from
Section [4| that the eigenvalues of A are located in C* and that the eigenvalues of A are located in
C~.

Theorem 6.1. When the reflectionless scattering data set in and s used as input, the
solution of the Marchenko system 1s expressed in closed form as

Ki(z,y) = —Ce T () le "B, (

Ky(z,y) = Ce™* T(z) LA M Ae AV B (

Ki(z,y) = Ce "D(z) e 2 MA@V B, (

Ky(z,y) = —C eI (z) e B. (

Here, (A, B,C) and (A, B,C) are the two matriz triplets appearing in and with the

eigenvalues of A located in C* and the eigenvalues of A located in C~. The quantities T'(z), T'(x),
M, and M are the matrices defined in terms of the two matriz triplets as

[(x) := I — "% M Ae= 4% N[ A7 (6.7)
D(z) := I — e "M Ae* A% Me— A7, (6.8)
0 . — Y — 0 Y — .
M := / dze*BCe ™% M := / dze "% BC et (6.9)
0 0

with I denoting the identity matriz whose size is not necessarily the same in different appearances.
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Proof. Since the Marchenko system is equivalent to the uncoupled system given in
and -, we use (6.1]) and ( . as 1nput to that uncoupled system. The first line of ( - ylelds

Ki(x,y) + Ce As—idyp 4 2/ dz/ ds Ky(z, z)iCAeiAz+"ASBC7'e*MS*MyB =0. (6.10)

Since the matrix products in the second and third terms on the left-hand side of (| - ) contain
e~ 3 as their common last factors, the solution Ki(x,y) has the form
Ki(z,y) = Hi(x) e B, (6.11)
where H;(z) is the matrix to be determined. Using (6.11)) in (6.10)) we obtain

Hi(x) [I —/ dz/ dse "B C % Ae'°BC e‘ms} = —Ce 7, (6.12)
The matrix in the brackets in (6.12)) is equal to I'(z) defined in (6.8)), and this can be seen by
observing that we can write the first and second equalities in (6.9)) in the respective equivalent
forms as
/ ds A BCe 'A% = 1A% [ ¢—A (6.13)
/ dz e A% B etz = e~ iAT ] giAT (6.14)
x

Since the eigenvalues of A are located in C* and the eigenvalues of A are in C7, the two integrals
in are well defined. From_ ‘we also see that the matrices M and M can alternatively be
obtained from (A, B,C) and (A, B,C) by solving the respective linear systems given by

iMA—iAM = BC, iAM —iMA = BC.
Thus, from (6.12) we obtain

Hy(z) = —Ce™ AT ()", (6.15)
Finally, using 1 15)) in we see that . holds. We establish in a similar manner, by
using (6.1]) and (6.2)) as mput in the second line of ( - ) and by utilizing (6.13)) and - Next,
by using (6.3)) and the first equality in as input to the first line of lj we obtain

Ki(z,y) = / dzéefigmf(x)flefmz BC A4t B, (6.16)

With the help of (6.14]), from (6.16)) we obtain (6.5)). Finaly, using and the second equation
in (6.2)) as input to the second line of ([5.34]), we have

el T —
Ky(z,y) = / dz C e (x) 1 BC Ae A B, (6.17)
T
Using (6.13)) in (6.17) we obtain (6.4). Thus, the proof is complete. O
In the next theorem we present the explicit expressmns for the key quantity E 2.3)), th

constant p in , the potentials ¢ and r in , and the Jost solutions w(C, ) nd 1/;(<,
corresponding to the reflectionless scattering data set described by the matrix triplet pair (A, B, C

and (A4, B,C).

Theorem 6.2. Let the quantities Q(y) and Q(y) appearing in (6.1]) comprise the reflectionless
input scattering data set for (L.1) with the eigenvalues of A located in C™* and the eigenvalues of
A located in C~. We then have the following:

(a) The correspondz'ng scalar quantity E(x) defined in and the corresponding constant
defined in are umquely and explicitly determmed in terms of the matriz triplet pair
(A,B,C) and (A B,C) a

E(x) = exp (2@' /_; dz P(z)), "= 4/_2 dz P(z), (6.18)

vvm
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where P(x) is the scalar-valued function of x given by
P(z) = Ce T (z)Le "% BC'A*T ()~ '4* B, (6.19)

We recall that the 2 x 2 matriz-valued quantity I'(x) in is explicitly determined by
the matriz triplet pair as described in . Similarly, the 2 X 2 matriz-valued quantity
f(ac) m 18 explicitly determined by the matriz triplet pair as described in .

(b) The corresponding potentials g and r in are uniquely and explicitly determined in
terms of the matriz triplet pair as

q(z) = 2Ce T (z) te 4% B, (6.20)
r(z) = 2Ce A D(z) "4 B, (6.21)
(c) The Jost solutions (¢, z) and (¢, z) to (L1) appearing in (3.4) are explicitly expressed

in terms of the pair of matrix triplet pair as

g (e
v(Ge) = LK%QQ((Q»T))] o en = Leic%g;(c,x))] | (6.22)
where the quantities g1(¢, ), g2(¢, x), 93(¢, x), 94((, x) are defined as
g1(C, ) = —i C_'e_i’hf(x)_le_i‘h(/_l —C*I)7'B, (6.23)
g2(C,x) =1 —iC e T(2x) e * M A 672”11(;1 —¢*N7B, (6.24)
93(C,2) =1+ iCe T (z) e A" M A ¥ % (A — (*I)'B, (6.25)
94(C, x) := =i C e D (x) " Let 4 (A — ¢21) 7 B. (6.26)

We recall that the constant matrices M and M appearing in are uniquely determined
by (A,B,C) and (A, B,C), and hence the scalar quantities defined in f are
each uniquely and explicitly determined in terms of that matriz triplet pair.

(d) The transmission coefficients T(¢) and T(C) corresponding to the reflectionless input scat-
tering data set associated with (6.1) are explicitly determined by the matriz triplet pair
as

T) = ——, (6.27)
g3, —00)’ (629

where, as seen from (6.24) and (6.25)), the quantities go(¢, —o0) and g3((, —o0) are explic-
itly determined by the matrix triplet pair.

Proof. For the proof of (a), we proceed as follows. Letting y = T in and , we obtain
Ki(z,z) = —C’eiigmf‘(x)flefmxé, (6.29)
Ky(z,x) = —Ce A T(2)~1e'*B. (6.30)
Using an in , we obtain the scalar quantity P(z) given in . Finally,
(6.19) in (5.43),

using in ( we obtain (6.18]). Hence, the proof of (a) is complete. The proof of (b)
is obtained by using (6.29) and (6.30]) in (5.45)) and ([5.46)), respectively. For the proof of (c), we
proceed as follows. We use (6.3]) on the right-hand side of ([5.47)), and we obtain

1(C,x) = —C / T iy Ce AT D(a) e B iy, (6.31)

where we recall that (¢, ) is the first component of ¢(¢, z) as indicated in the first equality of

(3.2). We write (6.31]) in the equivalent form as
D (C ) = —gée*“‘“f(x)*l( / dye*i(fugf)y)f}. (6.32)

x
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By evaluating the integral term on the right-hand side of (6.32)), we write (6.32)) in the equivalent
form as

¥1(Gw) = —i¢Ce D (z) le A DR (A~ 1)1 B,
Thus, the first component in the first equality in (6.22)) is established. In a similar manner, we
establish the equality in the second component in the first equality in (6.22) and also establish

the second equality in (6.22). For this we use (6.4)-(6.6) on the right-hand sides of (5.48)—(5.50),

respectively, and we evaluate the respective integral terms there explicitly. This completes the
proof of (¢). For the proof of (d), we proceed as follows. From (3.8) and (3.9)), we have

1 e,
Po(C,x) = me ST +0(1)], x— —oo, (6.33)
i(¢x) = T(lg“) e_i<2”’[1 +o(l)], z— —o0, (6.34)

where we recall that 15((, ) is the second component of 1(¢, z) and vy (¢, z) is the first component

of ¥(¢, x) as indicated in (3.2). Using (6.22)) on the left-hand sides of (6.33)) and (6.34)), respectively,
we obtain (6.27) and (6.28). Thus, the proof of (d) is complete. O

As seen from (6.20) and (6.21)), in the reflectionless case, the potential pair (¢,r) in (1.1)) is

uniquely determined when the reflectionless scattering data set is specified in terms of the matrix
triplet pair (A, B,C) and (A, B,C). The formulas and contain matrix exponentials
in case we have multiple bound states or the bound states are not simple. This does not present
any difficulty as the matrix exponentials in and can easily be evaluated in terms
of elementary functions. The same remark applies also for the explicit evaluations of the Jost
solutions to in the reflectionless case. The Jost solutions (¢, x) and (¢, x) to can
be explicitly expressed in terms of elementary functions by using and by expressing matrix
exponentials there in terms of elementary functions.

In the next example, we illustrate the use of Theorem for the evaluation of the potential
pair (g,r), the Jost solutions (¢, x) and (¢, z), and the transmission coefficients 7'(¢) and T'(¢)
for in the reflectionless case by using the input scattering data set consisting of a matrix
triplet pair corresponding to two simple bound states.

Example 6.3. In the reflectionless case, as the input scattering data set we use the matrix triplets
(A,B,C) and (A, B,C) given by

A=li], B=[1], ¢c=[2], A=[-i], B=]1], C=][2]. (6.35)
From the expressions for A and A in (6.35), we see that the transmission coefficient T'(¢) has
a simple bound-state pole of at A = ¢ and that the transmission coefficient 7'(¢) has a simple

bound-state pole at A = —i, where we recall that A and ¢ are related to each other as in (1.11)).
Using (6.35) in (6.20) and (6.21]), we obtain the corresponding potentials ¢ and r as

4e2% 4e2%

q(x) = pper
From (6.36) we observe that the potentials g(x) and r(x) are related to each other as r(z) = ¢(z)*,
where we recall that an asterisk denotes complex conjugation. From (6.36) we also see that ¢ and
r are each complex valued, behave as 0(6*2”') as x — o0, and belong to the Schwartz class.
Using (6.35)) in (6.22)—(6.26]), we obtain the corresponding Jost solutions (¢, z) and ¥({, x) as

2<e2z+i(2m

(¢, x) = . (<‘2+i)(1+z‘efz;z) 7 (6.37)

(1 )

ﬂ‘g%(l 2 )

e -+ - - ~

- (¢2—i)(—it+et®)
w(Ca (E) = 2Ce2zfic2z . (638)

(¢2—1)(1—ietw)
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Using the asymptotics of (6.37) and (6.38) as + — —oo and comparing those asymptotics with
(6.33) and (6.34]), we obtain the transmission coefficients as

A+i o A—i
7O =15 TO=30

where we again recall that A and ¢ are related to each other as in . We note that the
result in (6.39) can also be obtained by using and (6.28). In this example, with the help
of 1@] we evaluate the complex-valued scalar quantity E(z) appearing in . Then, by
using the second equality of , we evaluate the constant u in . We obtain

E(x) = exp (2i tan~'(e*")), p=2m,

(6.39)

where tan~! is the single-valued branch of the real-valued tangent inverse function taking values
in the interval (—m/2,7/2).

In the next example, we illustrate the use of and to evaluate the potential pair
(g,r) in in the reflectionless case by using the input scattering data set consisting of a
matrix triplet pair corresponding to four bound states, where two of the bound states each have
multiplicity two.

Example 6.4. Consider the reflectionless scattering data with the bound-state information de-
scribed by the matrix triplets (A, B,C) and (A, B, C') given by

i 1 0 0
A=10 i 0|, B=|1|, C=[1 1 1], (6.40)
0 0 2 1
- 1 0 0
A=|0 —-i 0|, B=|1|, C=[1 1 1]. (6.41)
0 0 -2 1

Using (6.40)) and (6.41)) in (6.20]) and (6.21]), after expressing all the matrix exponentials in terms
of elementary functions, we obtain the corresponding potentials ¢ and r as

—48e2* [22 — 6i + 12z + 27€*" (w1 + w2)]

= = q(2)* R 6.42
T 7265 [72 7 8121 + 912z — 9(ws For)] D) = @), zER, (6.42)

q()
where we have defined

Wy = —i — 96i(8 4 3i + 6x)e*® + 327 [79 — 42i 4 122(11 + 6x)],
wo 1= 1296(1 + i + 2ix)e’” 4 20736ie” + 20736(i + 2x)e',
ws 1= —32ix% + 16(2 — 3i + 2x)e*® + (2592 — 814)e’” — 768(—9 + 5i + 6ix)e5?,
wy = 2592(3 — 2i + 4o + 82%)e® 4 2073647,

From (6.42), we see that ¢ and r are each complex valued, belong to the Schwartz class, and be-
have as O(e~2/*l) as # — +o0. The corresponding Jost solutions (¢, ) and ¥ (¢, x) are explicitly

expressed in ((6.22)) with the help of (6.23))—(6.26]), where those expressions contain matrix exponen-
tials. The equivalent expressions expressed in terms of elementary functions are extremely lengthy

and hence we do not display them here. Using (6.27) and (6.28), we obtain the transmission
coefficients as
A+i)2(AN+2i) (A —i)2(\ — 2i)
TQ) = ~+—5~ 5 100)=1—"5 15
(A —1)2(\ — 24) (A +14)2(\ + 24)
where we again recall that A and ( are related to each other as in (1.11). The corresponding
quantity E(z) is expressed as in (6.18)), but the corresponding equivalent expression expressed in
terms of elementary function is too lengthy to displayed here . In this example, the constant p in

(3.23) is evaluated using the second equality in (6.18]) and we have y = 6.
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7. CONCLUSION

In this paper we present the solution to the inverse scattering problem for the linear system
by establishing the relevant Marchenko inversion method. This is done by deriving the
Marchenko system of linear integral equations, where the kernel and the nonhomogeneous
term are expressed as in in terms of the two reflection coefficients R(¢) and R(¢) and the
matrix triplet pair (A, B,C) and (A, B, C) describing the bound-state information. In and
we show how the potentials g(z) and r(x), respectively are recovered from the solution
to the Marchenko system . The representation of the bound-state information in terms
of a pair of matrix triplets allows us to deal with any number of bound states and with any
multiplicity for each bound state. In the reflectionless case, the kernel and the nonhomogeneous
terms in the Marchenko system each become separable. This yields explicit solutions to
the Marchenko system expressed solely in terms of the matrix triplet pair, and consequently we
obtain the closed-form expressions for the potentials ¢(x) and r(x) explicitly expressed in terms
of elementary functions.

When we use the time-evolved scattering data set as input to the Marchenko system , the
recovered potentials ¢ and r each become functions of the spacial variable x and the time variable
t. In that case, the time-evolved potential pair (g,r) yields a solution to the Gerdjikov-Ivanov
system . In a future publication we will elaborate on this issue and we will also present explicit
solutions to the integrable nonlinear system . Here, we only describe the time evolution of
the scattering data set for .

The time evolution of the scattering data set for the linear system is known [J]. Using
the first equalities in 7 and the known time evolution of the scattering coefficients for
7 we obtain the time evolution of the scattering coefficients for as

T(Ca t) = T(Ca 0)7 T(Ca t) = T(Cv 0)7 (71)
R(C.t) = R(C,0) "™, R(C,t) = R(¢,0) e 1™, (7.2)
= L(¢,0) %<, (7.3)

t)
C) and (A, B,C) appearing in ([#.2)) and
A, and B remain unchanged in time and

As for the time evolution of the matrix triplets (A, B
({4.6), respectively, we mention that the matrices A, B
that the matrices C' and C evolve in time as

C(t) = C(0) ¥4t C(t) = C(0) e 4™, (7.4)

Using (5.2), (7.2), and (7.4) in , we see that the time-evolved kernels for the Marchenko
system (|5.31)) are

L(¢,t) = L(¢,0) e~ L(C,

Qy,t) = S /Oo d\ RE‘O CANTHNY | 0 AiAT Ay
T J-
= 1

Qy,t) = 7/ d\ Réo o~ 4iN t—idy T 66741-‘4%7“&?/3,

where we recall that X is related to ¢ as in (1.9)).
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