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SHENGBING DENG, FANYUN LI

ABSTRACT. In this article, we study a fractional Laplace equation on a compact Riemannian
manifold involving a Hardy potential and a nonlinearity with critical exponent,

(—Dg)°u — o = Af(@)|ulP 2w+ k(@) |u|* “u in M,
dg(z,x0)2s
where n > 2s, s € (0,1), 2 < p < 2%, and 2% = n2_"25 denotes the fractional Sobolev critical

exponent. Under suitable conditions on the parameters p, A and the smooth positive functions
f and k, we employ critical point theory to establish the existence of nontrivial solutions.

1. INTRODUCTION

Let (M, g) be a compact Riemannian manifold without boundary. We investigate the existence
of nontrivial weak solutions to the following fractional critical elliptic equation with a Hardy
potential and combined nonlinearities

s U . —2
(—Ag)*u — HW = A (@)[ulP" u + k(x)[u
where 0 < s < 1,2 < p < 25 A\p >0, and f(x),k(z) € C®°(M) are given positive smooth
functions. Here dg4(z, o) denotes the Riemannian distance from x to a fixed point zg € M, and

the fractional Laplace operator (—A,)® is defined by

27 —2

u in M, (1.1)

s ,_ : u(x) — u(y)
(=Ag)*u(z) = 2 lim o) doa g dvg(y),
where B.(z) denotes the geodesic ball of radius e centered at x, and dv, denotes the volume
element induced by the metric g.

In the Euclidean setting, nonlocal operators, especially the fractional Laplacian (—A)?®, have
garnered significant attention owing to their theoretical profundity and wide-ranging applications
in fields such as physics and finance [?, 7, 7, 7, 7, ?]. Key properties of solutions to such equations
have been established in [?, 7, ?, ?]. A paradigmatic and challenging example is the operator
(—A)* — p|r|~2%, which originates from problems related to stability in relativistic matter [?].
The main analytical challenge stems from the interplay between the nonlocality of (—A)® and the
singularity induced by the Hardy-type potential.

To tackle this class of problems, Fall [?] established existence and nonexistence results for
semilinear fractional elliptic equations with Hardy potentials, extending the classical work of
Brezis and Nirenberg [?]. Dipierro et al. [?] studied the equation

(=) u = T2 —u2 inR", (1.2)
€T S

showing that every positive solution U, satisfies the estimate

C
‘ < Up(z) < s

n—2s —
(Je] 1= (1 fa[2)) 2 (J 1= (1 o [a[27e)) 2

z e R\ {0}.
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where C1,Cz > 0 are constants, v, = 1— — 2 with o, € (0, "_223), and the critical parameter o,

is the unique solution to s () = p. Here ¢, ,, denotes the strictly increasing function defined
by

(2520 (5)

Ep— = M-
L(—=%—=)I(%)
Subsequent advancements include the work of Shang et al. [?], who studied the Euclidean coun-

terpart of (?7),

Psnlay) = 2%

(=A)’u—p = Af(x)uP™t + k(z)u® !, in R, (1.3)

‘1}|25

and proved the existence of positive solutions under appropriate conditions. Ghoussoub and
Shakerian [?] considered equations with double critical exponents, analyzing the non-compactness
of Palais-Smale sequences to establish nontrivial weak solutions for

U |u)?s () =2y,
—A)’u — =|u/>2u4+ " —— inR",
(-A)u =7 = | e
u>0 in R",
where 0 < o < s < 1, n > 25, 27 = n%gs is the fractional Sobolev critical exponent, and

2% (a) = 251”:2‘;) is the weighted fractional Sobolev critical exponent.

Compared to the Euclidean setting, the analysis of nonlocal problems on Riemannian mani-
folds remains relatively underdeveloped, primarily due to geometric complexities and the intricate
behavior of the Riemannian distance function. Most existing results focus on local operators. For
example, Maliki and Terki [?] investigated the existence of multiple solutions to the local elliptic
equation
h(z)

Ay —
o dy(@, 20)?

w= f(x)|ul* 2u, in M,
where 2% = n2" is the classical Sobolev critical exponent. Moreover, Ghomari and Maliki [?] estab-
lished a Struwe-type decomposition for Palais-Smale sequences corresponding to the p-Laplacian
equation

h(x)

_A U — —— p—2 = u
D9 dg(x,xo)a| ‘ ( )l

w, in M,

where p* = np—_”p denotes the p-Sobolev critical exponent and 0 < o < p.

Motivated by the aforementioned works, we investigate the existence of nontrivial weak solutions
to (??) on Riemannian manifolds without boundary. To derive our existence results, we impose
the following assumptions

(H1) k(x) € C>°(M) is positive on M and attains its maximum at some point P € M.

(H2) f(z) € C°°(M) is positive on M and satisfies f(z) > fo > 0 for all z € B,.(xg), where
B,.(zo) denotes the geodesic ball of radius r centered at x.

(H3) The parameter p satisfies 0 < pu < g, where pg is the largest constant such that the
operator £, is coercive.

Let £,, denote the linear operator defined by
Lou=(—Ag)°u

I
'udg(x, x)?*
for all v € WGQ(M) We call £, is coercive if there exists a constant £ > 0 such that
w=[[ OO gy dn) - [ @) 2 s, (0
MxM d ;U y n+28 7 7 M dg(wvxo)zs 7 N weH M)
where ”“HWM(M) is defined by (??). The energy functional corresponding to (??) is the C''-map
I:W*2(M) — R defined by
1 A 1 .
360 =5 [ F@lul?dvy(@) - 5 [ H)luf doy(o). (15)
2 P Jm 25 M

Weak solutions to (??) are exactly the critical points of I. Our main result reads as follows.

I(u) =

coercive
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Theorem 1.1. Let 2 < p < 2% and assume that (H1)—(H3) hold. Then

(i) If n > %’Lt@, then (?77?) has at least one nontrivial weak solution for all X > 0.

(ii) If n < %, then there exists Ag > 0 such that (??) has at least one nontrivial weak
I
solution for all A > Ag,

Remark 1.2. The analysis of (??) on a compact manifold poses several key challenges: the critical
exponent 2% causes a loss of compactness in the underlying Sobolev embedding, and the interaction
between the nonlocal fractional Laplacian (—A,)® and the singular Hardy potential introduces
further technical complexities. To surmount these obstacles, we first establish an optimal Sobolev
inequality (Theorem ?7?), which allows us to determine a sharp energy threshold for the Palais-
Smale condition. This in turn facilitates the application of critical point theory to prove our main
result.

The rest of the paper is organized as follows. Section 7?7 provides the necessary background
on fractional Sobolev spaces over Riemannian manifolds and establishes key embedding theorems.
Section ?7 develops the variational setting for (??) and analyzes the mountain pass geometry of
the energy functional I. Section 7?7 derives energy estimates and proves the existence of nontrivial
weak solutions, thereby establishing Theorem ?77.

2. PRELIMINARIES

This section presents the geometric and analytic foundations for our work. We begin with
essential concepts from Riemannian geometry, then define fractional Sobolev spaces on manifolds
and establish the key inequalities for our analysis.

2.1. Riemannian geometry fundamentals. Let (M, g) be a Riemannian manifold with metric
tensor g;; in local coordinates. A fundamental geometric construct is the length of curves. For
any Cl-curve 7 : [a,b] — M given locally by v(t) = (z'(¢),...,2"(t)), the length is

b
L(y) = / Vo (@) (1) (1) d,

where @' = dx?/dt. This leads to the geodesic distance between points x,y € M, defined as

dg(z,y) = inf {L(’y) : v is a piecewise Cl-curve connecting x and y} .
The metric also defines a canonical volume form, which in local coordinates reads
dvg = \/del/\.../\dz”’
with |g| denoting the determinant of the metric tensor.

Definition 2.1. For any smooth function u € C°°(M), the k-th covariant derivative V¥u has a
pointwise squared norm expressed in local coordinates as

‘vku|2 = giljl T gikjk (vku)hzk (vku)j1---jk7

where ¢ denotes the inverse metric tensor, satisfying the relation g** Jkj = 6; with the Kronecker
delta. In particular, for k = 1, we have (Vu); = V;u and

Vul? = ¢"V;uVu.
J

Definition 2.2. Let z be a point on M. The exponential map at z is a mapping exp, : Vo, = M
defined on some neighborhood V,, C T, M of the origin by

exp, (v) = (1),
where 7, is the unique geodesic satisfying 7, (0) = 2 and ~, (0) = v.

Definition 2.3. The injectivity radius of (M, g), denoted by inj(M ), quantifies the size of regions
where the exponential map remains well-behaved. It is defined as

inj(M) := xlg{/[ sup {r > 0| exp, : B,(0) — M is a diffeomorphism onto its image} .
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For any 0 < r < inj(M) and any = € M, the exponential map exp,, restricts to a diffeomorphism
from the tangent space ball B,(0) = {v € T, M : |v|; < r} onto the geodesic ball B,(z) = {y €
M :dgy(z,y) <r}.

2.2. Fractional Sobolev spaces on Riemannian manifolds. For 0 < s < 1, the homogeneous
fractional Sobolev space H®(R™) is the completion of C§°(R™) with respect to the Gagliardo

seminorm
Ju // [ul@) = u@)F )"
He(Rm) = nxwlx—y|+2

Following Guo et al. [?], we define the fractional Sobolev space on M as
W (M) = {u e L*(M) | [u]s2 < oo},
equipped with the norm

oo = ([ @)l dogto) + i2,) " (21)

where the Gagliardo seminorm is

//MxM dy(z,y) "(+2)l2 dug () dvg(y))l/Q'

We define the support of a function u as supp(u) = {x € M : u(z) # 0}. Since (M, g) is compact
and without boundary, we have Wg*(M) = W*2(M), where

W52 (M) = {u € W*2(M) | supp(u) is compact} .

Thus W#2(M) serves as our working space.

Lemma 2.4 ([?, ?]). Let (M, g) be a complete Riemannian manifold. Then W*2(M) is a uni-
formly convex and reflexive Banach space.

Lemma 2.5 ([?]). Let (M, g) be a compact Riemannian manifold, and let {v;}52, be a bounded

sequence in W*2(M). Then for any q € [1,2%), there exists v € LY(M) such that v; — v strongly
in LI(M).

Lemma 2.6 ([?]). Let (M,g) be a compact Riemannian manifold. Then
(i) For anyu € W*2(M) and 1 < q < 2%, there exists C = C(n,s) > 0 such that

2
lulfoca <€ [ BEI=SE duyo) dy().
X

(ii) For any u € W*2(M), there exists C = C(n, s) > 0 such that

/I . 0, xyn(ﬁ)s' doy(a) doy(9) < [l <€ [ 12 . ngg dog(z) dovy ().

Remark 2.7. By Lemma ??, we can define the equivalent norm on W 2 (M)

ull = //MXM 0007 n(+3l2 dvy () dvg(y)>1/2,

which is equivalent to || - [yys.2(ar)-
The optimal constant in the fractional Sobolev inequality on R™ is

u@) —u@)® g g
S(n,s,2)"2 = inf ffR R eyl 2/2x i
weH ®MuZ0 ([0 |u|?dz)”

(2.2)

As established in [?], this infimum is attained by the family of functions
C n—225
ve(z) = 8—"25, e>0.
(€ +|z?) =




def :PS

thm:mountainpass‘

ountain_geometry‘
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Mukherjee and Tiwari [?] showed that for any e > 0, there exists C. > 0 such that for all
u € W2(M),

. 2/2;
ul*s dvg(z))
( M ) (2.3)

< Stns? o [[ D= doy @) doy(0)+ C [l doyta).

The Hardy-weighted fractional Sobolev constant is
e B2 oty it

S 2(n,s,2) = inf (2.4)
a w€H* (R™), uz0 (fn [u]?tdz) 2/2%
As shown in [?], this infimum is attained and yields solutions to (?7?). By (H3), we claim that

there exists C, > 0 such that for all u € W2(M),

% dvg> = < (S n,s,2) +€) //M Jutz) ~ uy)l® i dvg(z) dvg(y)

<M d 1’ yn+2s

Juf? / 2
— ——————dv,(x +C’€ u|“ dv,.
i e )]+ Co [l g

We will prove this in the appendix. Under the condition of (H3), we define the weighted norm

2 ’U,2
fullp = [ B ) o)~ [ (),

with x¢g € M fixed and u € R. By coercivity and Remark ?7?, this norm satisfies
Elullfyszan < Ilullf < Cllullfys 2 (2.6)

for some &, C > 0, making || - ||, equivalent to || - |lys.2(ar)-

(2.5)

Lemma 2.8. Let (M,g) be a compact Riemannian manifold, then
(i) There exists C > 0 such that for all u € W*2(M),

lu

23 < Clluflwe2(an;
(ii) For 2 < p < 2%, there exists C > 0 such that for allu € W*2(M),
[ullp < Cllullwsz2(a)-

The above lemma follow from Lemma ?? and the inequality (?7?).

3. MOUNTAIN PASS SOLUTION
Definition 3.1. A functional I € CY*(W*?2(M),R) is said to satisfy the Palais-Smale condition
at level ¢ € R if every sequence {u,} C W*2(M) satisfying
I(u,) —c and I'(u,) —0 in (WS2(M))
as n — oo admits a subsequence that converges strongly in W*2(M).
Lemma 3.2 ([?]). Let I € C*(W*2(M),R). Suppose there exist constants p > 0, a > 0, and an

element v € W*2(M) such that I(u) > « for all u € W2(M) with |lullwsz2n) = p, and that
I(v) < 0 with |[v|lws2r) > p. Define

= inf I(~(t
¢ = Inf max (v(1)),

where T = {y € C([0,1], W*2(M)) : v(0) = 0,7(1) = v}. Then there exists a Palais-Smale
sequence {u,} C W*2(M) at level c. Moreover, if I satisfies the Palais-Smale condition at level
¢, then c is a critical value of I.

Lemma 3.3. Let A > 0 and 2 < p < 2%. Suppose hypotheses (H1)-(H3) hold. Then
(i) There exist constants p,a > 0 such that
I(u) > for all u € W**(M) with |u|lwez2n = p-

mu-norm
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(ii) There exists v € W*2(M) \ {0} such that |[v][w=2(a) > p and I(v) < 0.
Proof. For (i), the coercivity condition from (H3) provides £ > 0 such that

Eu(u) > Ellully-2qary-

Since k(z) € C°°(M) by (Hl)and M is compact, k(x) is bounded. Combined with Lemma 77,
there exists C; > 0 such that

| k@)

Similarly, f(x) € C°°(M) by (H2) and Lemma ?? imply the existence of Cy > 0 with

% dvg(z) < Oy

2 (M)

f(x)[ul? d”g(x) < CQHU”?/VS,Z(My

Then,

AC, Ch

€2
I(u) = gllulliyezan = —=Nullwea oy = 2,kH 1352 ar)-

Since 2§ > p > 2, we may choose a small p > 0 such that I(u) > o > 0 whenever ||u(|ys.2r) = p,
which proves (i). For (ii), let ¢ € C°(M) and set vy = t¢. Then

27 .
1) = 5Eu(0) = 2 [ f@)er duy(a) = o [ 1) duyfa).

As t — oo, I(vy) = —oo. Hence, for t sufficiently large, we have ||v¢|lwe2(ar) > p and I(vy) <0,
which establishes (ii). O

Lemma 3.4. If {u,,} C W*2(M) is a Palais-Smale sequence for I at level c, then it is bounded.
Proof. Let {um} C W*2(M) be a Palais-Smale sequence for I at level c. Then

I(um): (i) — 2 /f Vet ? duvg () %/Mk:(x)
(T ). ttm) = Epl) =2 [ F@ o) = [ k@)

% dvg(x) = ¢ + o(1), (3.1)

% dug () = ol|[tm|lw=2(1))-
(3.2)

Combining (??) and (?7), we obtain

(1-2 A/ f(x)\um|pdvg(x)+(1—2%>/ k()

Since p > 2 and 2% > 2, the coefficients 1 — 5 and 1 — —* are positive. Moreover, with A > 0

% dug(x) = o([|um || w2 (any) + 2¢ + o(1).

and f(z), k(x) strictly positive by (H1) and (H2), all terms on the left-hand side are nonnegative.
Consequently, both integrals are bounded, and there exists C' > 0 such that

/ f(@)|um|? dvg(xz) < C and k() [um| % dvg(z) < C.
M M

By the coercivity of £,, from (H3), there exists & > 0 such that &, (u,) > fHUmH%Vs,z(M). Substi-
tuting this into (?7?) yields

€l ey <A [ S@lnl” dvg(o) + [ k@l 2 doy(o)+ ol v-an).

Thus,

Ellwmlfye2ary < AC + C + o([[umllws2(ry )
which implies that the sequence {u,,} is bounded in W*?(M). O
Lemma 3.5. Suppose {u,,} C W*2(M) is a Palais-Smale sequence for the functional I at level

c that converges weakly to u € W*2(M). Then
(I' (u),u) — (I'(u),u) asm — oc.
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Proof. Assume u,, — u vveakly in W*2(M). Then
, () () C) ) [ )
I ). //MxM dg(,y)"+?s v ()dvy (v) M/M dg(l”’xo)%d o)

i\ / £ ()t ()Pt () a() g () — /Mk<x>|um<x>

272, () u(x)dog (z).

(um (z)fum (y))(u(w) 7“(’9))

2%
Since T (o s and |ty |% ~2umu is bounded in L'(M x M) and L%-T (M), they
g (T,

2
converge Weakly in (LY(M x M))" and (L%~ (M))’ respectively. Thus
2
// ()= )00 = ) 100, - [ fu(o) =l 3
MxM dg(z,y)"+2s MxM d (z,y)nt2e

/M B () ot ()25 2t () g () — /Mk<x>|u<a:

By weak convergence u,, — u, we have

M/M ZWEEC )330() )= / (z,m0)? S dvg (),

A [ @@ (@u@dvg@) = [ @) @),
Combining these, we obtain
2 2
. ~ufy) g
) > () = [ B oy 1) e [ Can, (o
@@l - [ ko), @),
M M
‘le_decomposition‘ Lemma 3.6. Let {u,,} C W*2(M) be a Palais-Smale sequence for I at level ¢, with u, — u

weakly in W*2(M). Set vy, = upm — u. Then {v,,} is a Palais-Smale sequence for I at level
¢ — I(u), satisfying

)% dwy ().

and

O

I(vy) = c—I(u) and ||I'(vm)||(we2(ayy =0 asm — oo,

//MXM s (z y)nﬁgs” dug (x)dv, (y)
//MXM ‘Um (z y)v’ﬁ(z“')| dug (@)dvg (y //MXM dy(z,y) n(+z)l,2d g(z)dvg(y) + o(1),

pu, Iy [
_PUm gy, (z) = 7mdvx+/7dvx+017
/M dg(x, x0)** o(®) /M dg(x, x0)% o(@) g (@, 20)2 o(x) +o(1)

| A @lnpdvy(e) = [ A@lonPdv@)+ [ Af@lulPdu o) +o(1),
M M M
[ bl Prauge) = [ K@l av @)+ [ ko) + o)
M M M
Proof. Let Um = Upy + u with u,, — u weakly in W*2(M), which implies v,, — 0 weakly in
we 2(
|t () = um (y)[?
dv,(x)dv, (y
//MxM (x y)"ﬁs s(z)duy(v)

_ Ivm —vm(y) tulz) —u@)f
a //MXM dg(x,y)n+25 d (J( )d Q(y)
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[9m(2) = v (9)P — u(y)P
//MxM (x y)n+2s dvg(x)dvg(y //MXM d,(z, )+ — s —dvy(x)dvy(y)
v (2) — vm(y)) (u(z) — u(y))
w2 f /MXM 4, (2, g) e dug () (y).
As m — oo, we have

//MxM o (z y)”ﬁgs” dvg ()dvy(y)
//MxM ‘Um (x y):j*(Qsﬂ dvg(z)dvg(y //MXM dy(2,9) n(+2)s| dvg(x)dvg(y) + o(1).

By the Brezis-Lieb Lemma[ ], we have

2 2
pug, g, ju
Mgy ()= [ m g kg 1
/]\/I dg(z,x0)? va() / dg(x,x0)? vg(@) +/ dg(x,x0)? V(@) + (L),

/Mw ) thm [Pl (2 / A (@) om Pdu, (2 / A (@) ul?dug () + o(1),

x 2 dv, (z) = x 2 du, (z x
[ bl vy (a) = [ K@lonEdv @+ [ k@)
Substituting into I(u,,) yields

I(um) = I(vm) + I(u) + o(1).

Since I(uy,) — ¢, it follows that I(v,,) — ¢ — I(u). Then
(I'(um), @) = (I'(vm), &) + (I'(u), ¢) + o(1).

As {u,,} is a Palais-Smale sequence and w,, — wu, then (I'(u;),¢) — 0 and (I'(u),$) = 0.
Therefore (I'(vy,), ¢) — 0 for all ¢, and hence ||I'(vy)|| (w2 (ary) — 0. O

deg(:c) + o(1).

Lemma 3.7. Let {u,,} C W*2(M) be a Palais-Smale sequence for the functional I at level c that
converges weakly to u € W*2(M). Setting vy, = U — u, if

n—2s

il —n/s o=
c< nSM(n,s,2) (géalalckz(x)) )

then {v,,} converges strongly to 0 in W2(M), and thus u,, converges strongly to u in W*2(M).

Proof. From Lemmas 7?7 and 77, we have

(I'(vm), vm) = (It ), um) = (I'(u), u) + 0(1) = o(1).

[0 @) — v @) [ mE@
//MXM (z 3/)"+25 dug(@)dvg (y) /M dy(, ZEO)QSd s(@)

—)\/f \vm J[Pdu, (x /k: Yo () dvy () + o(1).

We claim that v, — 0 in W*2(M). Assume to the contrary that v, / 0. Since u,, — u and
VU = U — U, We have v,, — 0. Then

A /Mf<x>|vm<z>|Pdvg<x> -0,

This implies

(3.3)

We set

= "}i_{noo //MXM |V (2 x;;}ﬂ(%)Pdvg(:c)dUg(y) — /M m(ivg(x))_

From (?7?), we have

lim [ E(x)|om(z)* do, (z) = L.
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Applying (?7?) yields
[ k@)on (@) duy @)
M
2/2: 2
< (maxk(:c)) (S (n,s,2)% +¢ // [om () = 0m ()] dvg (z)dvg(y)
M

zeEM <M d 3;‘ y)n+25

/ dy(,20)2° (x) +Ce /M |V () |2duy ().

Taking the limit as m — oo yields

2/2;

2/2*
2/2% ~ ( ) s 2 .
l < gg\a[(k(:c) (Su(n,s,2)* +e)l
By the arbitrariness of € > 0, we conclude that

n—2s

1> (5%31\31(]{:(36)) * S, (n,s,2)7". (3.4)

Since (I'(u),u) = 0, we obtain

Jua) ~ ul)?, 2w
//MXM dg(z,y)n+2s dvg (@)dvg (9) _M/M dg(x,wo)zsd ()

(3.5)
=>\/ f(w)\u(x)lpdvg(x)+/ k() |u(x)|* dvg ().
M M
Substituting (7'7) into (‘77) we obtain
1 .
1) = (5= | @@l + (5= 5) [ bl >0
s M
By Lemma 77, we have
v (z) — vm (y)? 1 / pvm ()
d d —— | —==d
//MXM .23 y)n+29 Ug(.’[) vg(y) 2 i d (.13 .130)23 Ug(x)
- 5 [ K@@ duy(a) =2 [ @)l @)Pdvy o)+ ) -
S
Taking the limit as m — oo, we obtain
fl - —l I
L+ 1) =
Since I(u) > 0, it follows that
(1 — i)l <c
2 25) — 7
Then
s
- <ec.
n
Combining this with (??) and taking the limit as ¢ — 0, we derive
s -t
2s ,,2*”“( k ) <e
2 5u(n,5,2) " (maxk(r) 7 <
This contradicts the assumption on ¢, so v,, — 0 strongly in W*?2(M). ]

Proposition 3.8. Let 2 < p < 2%, A > 0, with hypotheses (H2) satisfied. For any nonnegative
function v € W*2(M) with ||v|ws2r) # 0, then

sup (eo) < 2 (T2 [ pa)upan, o)

t>0 n X(U)

where I(tv) attains its mazimum att =t, > 0, and

//MxM dy(x,y) n(Jr;l dvg(z)dvg(y) _M/M dg(q;(fx)o)%dvg(x),
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= ([ k<x>|v<x>|23dvg<m>>2/2: .

Proof. Define a functional for t > 0 as

1) = 5°6,0) == [ f@lt)lan@) - 5 [ bl

1 .
% dwy ().

S

Since 2% > 2, I(tv) — —o0 as t — 00, so there exists ¢, > 0 such that

1(t,v) = supI(tv).
>0

Let g(t) = I(tv). Then

with

12 12
g(t) = 5&(”) T

N2 % /M F(@)o()Pdvy (),

(0 = 18,(0) = 5@ 2 =07 [ o) Py o).

At t =t,, ¢'(t,) = 0 implies

Thus,

bE(v) = 127 X ()22 4 ap! / F(@)[o(z)Pdv, ().
M

Eu(v) =t ()2 4 /\tﬁfz/ F@) o) [P (z) > £ (v)% /2,
M

and therefore

Its derivative is

Let to = (

increasing

Therefore,

Euv)
2

23
x(v)2
on

12 12 2
- E
> x(v)

f'(@) =t€u(v) — 2Ly (0)F

1
) *7* A direct computation shows that t is a critical point of f(t), and f(¢) is

16 — v T‘g——g z)|v(x)|Pdo, (x
I(tov) < 5 &u(v) x(v) /Mf( )v(z)[Pdvg (). (3.6)

Direct computations show that

= (

Substituting this into

I(t,

v)

IN

Eu(0) N7 _ [ Eal0) VI () Ve ( Eu0) B
Sty (L) g (Gt (G

??), we have

(
LB Y e ) L (BN E v 2 oot Py (o)

I
/N
| =
|
| —
~—
/N
t("}
—~
8l S
N—
E
>
N
4
N~—
L
|
>
~
<3
~
—
8
-
[~
N
8
~
=
Q.
<
Q
—
S
SN—
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Using the definition of x(v), we obtain

I(t,v) < S(ii((vv)) A

n
Since ¢, > ¢ > 0 and A > 0, it follows that At? > C' > 0, and therefore

) < 2 (BN o [ faliara )

n

(@)[o()[Pdvy ().

4. PROOF OF MAIN RESULTS

This section establishes crucial energy estimates for the Palais-Smale sequences of the functional
I, which are essential for proving the existence of nontrivial solutions to problem (??) under critical
growth conditions. The analysis relies on the following lemmas.

4.1. Local geometric expansions and metric comparisons.

lem:metric_det | Lemma 4.1 ([?]). In normal coordinates about P, the metric determinant expands as

1 o
Vigl=1-cRi;(P)z'a’ + O(|=[*),

where R;; are components of the Ricci tensor at P.

etric_comparison‘ Lemma 4.2 ([?]). Let (M,g) be a compact Riemannian manifold. For any e > 0, there exists
§ € (0,ing(M)) such that M has a finite cover by geodesic balls {Bs(x;)}. In each exponential
chart, the distances satisfy

(1= e)dp(w,y) < dg (expy, (2),exp,, () < (1 +€)dp(z,y)
for all x,y € Bs(x;). Moreover, there exists a constant C > 0 such that

1 _ _ _ _
c ’expgcil(x) — expm1 (y)‘ <dg(z,y) < C ’expmil(x) — expm1 (y)‘
for all x,y € M.

To establish the existence of solutions to the fractional equation on M via variational methods,
we construct a test function that concentrates near a point P € M. Let (z!,...,2") denote normal
coordinates centered at P. Select § > 0 sufficiently small such that Bs(P) C M and choose 6 > 1
with 89 € (0,inj(M)). Define a cutoff function n € C5°(Bys(P)) by

_f1 ifa e Bs(P),
77(95)—{0 if z € M\ Bys(P),

with 0 < n(x) < 1. Let U be the positive radial minimizer for the fractional Sobolev inequality
(?7), satisfying

< NHE [U(x) =U@)? U
Ulsd 2)? dx dy — dz). 4.1
([, o) (., // |:cf s dedy—p [ fosds). @) 3

Setting K := S;z(n, s,2), testing the following equation

(AU~ pre = U,

|]25
then we have

Ul = = K.

For 0 < € < 68, we define an exponential chart u(z) = n(z)Ue(|z|), where

U.(z) = 57n_T2SU(§), r € R™.
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Lemma 4.3. Let h: R — R be an increasing

function and define

:/t\/mdﬂ teR.
0

Then for every a,b € R,

(a—=b)(h(a) = h(b)) > |H(a) — H(D)|*.

Proof. Assume a > b without loss of generality. Since h is increasing, h’ > 0 almost everywhere.

Consider
H(a)— H

By the Cauchy-Schwarz inequality

b):/ba VI (7)dr.

a

[ v <[ [(var | [ (V) @] = - [ Wi

/h’ Jdr = h(a) — h(b),

we obtain |H(a) — H(b)|?> < (a — b)( — k(b)) which completes the proof. O

Since

Lemma 4.4. Let U be a minimizer of (??).
that for all r > 1, the function U(r) satisfies
C1

1= (14 rzw)]"%s

Then there exist constants c1,co > 0 and 6 > 1 such

C2

<U(r) < -, (4.2)

[F1= (1+ sz“)}%

where vy, =1 — 2:155 and oy € (O, ”525). Moreover, U(r) satisfies

n

Uuér) 1
< . 4.3
U(lr) — 2 (43)
Proof. Inequality (?7?) follows from the asymptotic analysis of solutions to (??), thus
U(er) S C2 n—2s ) U(T) Z Cl n—2s °
[(6r)! =7 (14 (6r)>7)] [Pt =7 (L r2)] 2
Then
U(6r) <c£( 1= (1+7"27“) )%
Ur) = e \(0r)' = (1 4 (7)) ’
which simplifies to
U(6r) s

1+ 72w )T

Ur) = (5= e

For large 6 > 1,
2

<o

Choosing 6 sufficiently large such that C6~

01_’)% (07/‘)2"//; )

a +wu)(n 2s)

n—2s

_ O4yp)(n=2s)
2

< U

l\')\»—l

Lemma 4.5. Let (M, g) be a compact Riemannian manifold and P € M. For sufficiently small

e > 0, we have the following estimates

2 (n=20) (1)
Wie) ~ VW) 4, dy+0(e ) (4.4)

Cern(n=25)  jif~ (n—2s) < 2,

u 52 S

E 2 //"XR" |x—y|
2 2
uZ(z) / U(x

76&1 X >
/, dy (e zoy W00 2 [ T
max k
/ k() |ue ()% dvog(x) = { max k
M

max k

)dx — < Ce?|Ine| if yu(n —2s) = 2, (4.5)
Ce? if yu(n —2s) > 2,

@IUI: [+ 0E™)]  if e <2,

@) U3 [L + O3 ne))]  if ny, = 2, (4.6)

()

2% [1+0(e?)] if noy, > 2,
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—y“(n 2s)p n— (n— 25)p . 23p(1+ryu)
Ce =z —Ce ifn <50 s
_(n— 25 P . 2sp(1+7,)
P —25)P _ 14 20
f )ue|? dvg = < Ce™ [ Inel ifn =005 (4.7)
m(n 2s)p n—{n= 2*)17 . 2sp(14+v,)
—Ce +Ce ifn> s

Proof. As the explicit form of U remains undetermined, we adapt the test function framework to
suit the manifold context. We define

and consider the non-increasing function

2(me — 1) Uc(6) if 0 < ¢ < U(69),
ge(t) := { m2(Ue(06) — t) 4+ 2(me — 1)Uc(8) if Uc(60) < t < U(9),
(me —1)U(6) — ¢ if t > U.(9).

Because of the absolute continuity of g., we define the nondecreasing function

) 0 if 0 <t < U(69),
) :/ Vo) dr = { m(t - U.(68)) i U.(65) < t < UL(6),
0 t if t > U(6).

Consider the radially symmetric non-increasing function u,(z) := G¢(Uc(|z|)) which satisfies

w(e) = Uc(|z|) if |z| <6,
o if [z > 69.

Let expp : TpM — M denote the exponential map at P € M. For some r > 0, the restriction
expp |B, : Br = B-(P) is a diffeomorphism. Define the scaled function on Bys(P) as

n—2s

Uc(x) =€ U(% exp}%x)), for x € Bys(P).

We define
’LLE(:C) = n(dg(P7 I))UE(I),

where d, (P, z) denotes the geodesic distance from P to z. Split the integral as

u€s2

// feele) — )T g ) oy 0

MxM d l‘ y n+25 g g

_ Wele) = V)P g o) = ) g G
_//B(;(P ng(P) dg(z, y)"T2s dvg () dvg( +2//D dy(z,5)" 2 dvg(x) dug(y)

o [ PO i+ ff ) i),

where

D={(z,y) e M xM |z € Bs(P), y€ B (P), and dgy(x,y) > §/2},
E={(v,y) € M x M |z € Bs(P), y € B (P), and dy(z,y) < §/2}.

Let Z = expp'(z) and § = expp'(y). Define

dg, (x,y) = dy(expp(ex), expp(ey))
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and g.(z) := (expp g)(ez) as the pullback of g via the exponential chart at P. Then

//B(s(P)xBJ(P) dg(z,y)nt2s dvg(z) dvg(y)

—n+2s U X —U Yy 2 "
—en //B B W‘62 dvg, () dvg, (y) (4.9)
5/ 5/ e\

Ux) - Uyl
= 6n+28 // —dv . dv 0.
a5y, Ao (e o7 Pacy)

For a fixed R > 0, set
U 2
e Va0 4y
(R"xR"™)\(Br X Br) |z — y

By the dominated convergence theorem, {r — 0 as R — 4o00. For sufficiently small € > 0 with

R< /e

_ 2

// M dvgé (if) d,Ug6 (y) g Ce—n—ngR.
(BsexBs,O\(BrxBr) dg.(@,y)" 28

By Lemma ?7?, we have
€ 1

—
dg.(x,y) |z —yl

as e — 0

Thus, for any fixed R > 0

lim e"+2° // ( ) dvg_(z) dvg, (y // ( I dx dy.
=0 BrxBr dg. (T y)"+25 ‘ ’ BrxBr |x— oyt

// [UG) = U ;. 4, // @) =UWE 5 00+ 0
R7 xR7 |33— |"+2S BrXBr |9C— y|nt2s 7

taking the limits R — oo and € — 0 gives

1ime"+25// [Uz) U@ dvg, () dv // Uly )|2d dy.
e—0 Bs)xBs). gE LC y)n+25 gs ge S |.’L' _ y|n+25

To estimate the second term in (??), applying Lemma ?7? yields

// o @ yn+23'2d (@) dvg(y)

|u€( )_ue(y)|2

<c / / vep, Ll UL g

y;g: |z — y|t2s
|z—y|>6/2

Jue(z) = uc(y)2
<C dx d
// |l_y|n+25 v
- C[G ( )]5,2

(Ue(x) — UC(y))(g€(U6(x)) — ge(U6<y)))

|z —y[nF2

:c/ U?Z_l(ge(U€)+UE)dz+C’u/ Wd fc/ Ufzdx—C’,u/ U g
n R™ R

. P

. Ue(9:(U) + UL
=0 | UZ g (U) + U)da + Cu ((W)H
R Rn™

Ue(gE(Ue) + Ue)
n | |25

Since

dz — C[U];

,2

<C [ UZ g (U)+ Udx + Cu/ dz.

R™

14b
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Forallt >0
no2e 8 U(%)y-1 no2e 8
)+t < 2U.( 6:2*7U7)[17 } <4 FU (2
9e(t) +t < 2U(9)me =27 = U (- o) S TUR)
Since c
U(r) < ———
[rlf’m(l + 7’*27;1)} 2
we obtain
ge(t) +1 < dee 2 (5) : e :405("‘2“5”“)'
The scaling properties of U, imply
U.(x)% 'da = S Ulz)%Yda,
R~ R
U, v [ U
/ (st) dr =¢ 2 / (;US) dx.
re |7 re ||
Since integrals [,, U(z)dz and [p, ‘[i(lﬁz dx are finite, we have
Ue(a) ~ Uely)]? RO
d d =0 .
/D dg(z,y)n+2s U (%) dvg (y) (6 ’ )

The remaining terms in (?7?) are estimated similarly, establishing (?7). d

Next, we analyze the singular integral
uz ()

H(E) = /M W dvg(x).

Using normal coordinates centered at xg, we localize the integral to a geodesic ball Bys(zg). The
metric volume expansion dv, = (1 + O(|z|?))dz gives

) e [ @), @) o
He - | (1+0(a) ds = [ dot [ O(|zP)de.

sl<os |T|% <05 1] <5 |T|*

The first term satisfies

11:/ ug(x)dac:/l Ug(x)da:+0(1)=/ Ug(x)d:c—/l Ug(w)d;c+0(1),

z|<05 12[* l<sse |T]%* re |T|? a|>o/e |T*

where O(1) arises from the integral over § < |z| < #5. Using the asymptotic decay of U(z), we
obtain

U? 1
/ (23) dx S 02/ n—2s dzx
jo>5/ 1] o >8/e (|17 (1 + |o[290))" "7 |z|?

_ - - d
= CoWnp—1 5/c ,rn—'y“(n—Qs)(l +T2"/“)n—28 "
o [T rrmeang,

d/e
S CE'Yu(n_QS).

Thus

2
I > / Ux|(2”f;) dz — Cew("=25) 1 O(1). (4.10)
R’!L

For the second integral,

o uf(x) 212V d
@/ O(2[?)d

o|<os |T|**
u?(x)

> _C
lzj<05 1]

|z|?dx
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U2 (x)

lz|<06 /e 173572

05/¢
= 7062/ U%(r)rn =25y,
0

= _—Cé dx

By the behavior of U(r),
05/€ 1 05/€
62/ UQ(T)rnH—zsdT:eQ[/ U2(r)r"+1’2sdr+/ U2(r)rmt1=2s gy
0 0 1
05/¢
< O [/ pl=m(n=28) g, 4 O(l)}
1

09/ 4.11
< 062{/ 7‘1_7“(”_25)(17"4-0(1)} ( )
1

Cem(n=28) if oy (n — 2s) < 2,
< Ce?|Inel if yu(n —2s) =2,
Cé? if v, (n —2s) > 2.
Since O(1) is positive, combining estimates (??) and (??) for sufficiently small € > 0 yields

U () Cemn(n=29) if y (n —2s) < 2,
He) > / Y) J — Cemn=29) _ Cé?|Inel if y,(n — 2s) = 2,

$|2s
Cé? if yu(n —2s) > 2.
U () C’e;f"("’%) ?f Yu(n —2s) < 2,
= de — < Ce?|lne| if y,(n —2s) = 2,
Cé? if yu(n —2s) > 2.

Next, we consider the integral transformation at a maximum point P of k(z). In Bys(P), Taylor
expansion gives k(x) = k(P) + O(|z|?). Then

/ () e v, = / k(@) (nU)% /Tglde
M || <08

- /l |<s [£(P) +O(|=)] vz (z)dz + O(1)

:k(P)/I<5 Ufz(x)daﬂ—/ UZ* (2)O(|z|?)dz + O(1).

o] <s

For the first integral,

S+ 0().

/ U2 (2)dz = / U2 (2)dz = ||U
ja|<o

5
|z[<2

For the second integral, we have
/ U2 (2)|z|2dz = 52/ U (
x| <o |lz|<d/e
: :
= 062(/ UZ:(r)ranr—l—/ U2 (r)r"“dr).
0 1

By the properties of U(r), the first integral in (?7?) is constant, so we estimate the second integral
over [1, g} Using the decay of U(r),

x|)\x|2dx

(4.12)

s 3 8
/ U2 (r)yr™Hdr < C/ Pl (A vn gy — C’/ =y,
1 1 1
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Thus,
O(emm) if ny, < 2,
/ U% (s)|z|* dz = { O(e?|Ine|) if ny, = 2,
el 0O(g?) if ny, > 2.
Then
O(gmm) if nvy, < 2,
k(x) s dvg = k(P)| O(e%|ne|) if ny, =2,
M O(g?) if ny, > 2.
For the subcritical case, by hypothesis (H2), we have f(z) > ¢ > 0 on Bs(zg). Then
f(@)|ue|? dvg > C uPdx
lz|<8
n—28)p 1
> Ce" g / (n—25)p T
11816/ (Jaf1= (1 4 [of2))
n—25)p é/e n—1
> Cs"_( 7 / " ey Ar
1 ( 1 ’Yu( -+ 7"2’Yu)) 2
m(n 2s)p n_ (= 25);) . 2sp(1+7,)
CE ( 2 o C lf < pQ(ITiY_T_)i)z’
n— 2 : __ 4sp am
Z C€ s )|l €| . lf n = W,
W 20p 20 25p(14,

Lemma 4.6. Suppose k(x) attains its maximum at P € M. For sufficiently small € > 0,

(
(max k)~2/% S.%(n,s,2) + O(e7(M=25)) jif y, (n — 25) < 2,
(

Eu .
‘((;E)) < < (max k)~2/2 S, 2(n,s,2) + O(e?| Inel) if yu(n —2s) =2,
e (max k)~2/% 5.2(n,s,2) + O0(e?) if yu(n —2s) > 2.
Proof of Theorem ??. Define the constants
g =29p o (n=2)p p 2p(t ) 2
2 2 Pl +u) —2 e

Under the condition 2 < p < 2%, a direct computation shows that v > D. By hypothesis (H2),
there exists C' > 0 such that for sufficiently small £ > 0,

Ce~ if n< D,
f Nue|P dvg > { CePlIne| ifn=
Ce? if n > D
By Proposition 77, we obtain
s (E(ue ) /
sup I (tus) < — —)\C Y uel?P dv
120 (fue) < n(X(us) J@)luel” dvg.

We now analyze three cases based on the value of v, (n — 2s).
Case 1. 7,(n — 2s) < 2, which implies n < 7. When n > D, we have

sup I (tu.) < Z(maxk) e Sﬁs (n,s,2) 4+ Cem(=28) _ \CeP,
t>

If B < yu(n—2s), equivalent to n > W then

sup I'(tue) < i(max l<:)7n578255,fls (n,s,2).

t>0 n

When n = D,

(max k)~ "= SF* (n, s,2) + Ce™ (=29 _ \CeP|Ine|,

sup I (tu.) <
>0

Slw
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which fails to provide the desired estimate. For n < D,

sup I (tu.) < E(max k)*nZiSﬁl (n,s,2) + Cem(M=29) _ \Ce®,
t>0 n

Since M —7u(n —2s) > 0, this estimate is not valid. Thus, for %ﬁ_’; < n <7, we have
sup I (tue) < > ~(max k)™ S’“ (n,s,2).
t>0 n

Case 2. v,(n —2s) = 2, which implies n =y > D. Then

sup I (tue) < f(max k)’ngiszss,fls (n,s,2) + Ce? — \CeP.
t>0 n

Hereﬁ:n—wSn—(n—25)225<2,so

sup I (tue) < E(max k:)_n%ssz,% (n,s,2).
t>0 n

Case 3. 7y,(n—2s) > 2, which implies n > v > D. The analysis is similar to Case 2. Since § < 2,

sup I (tue) < E(max k)7%5§ (n,s,2).
t>0 n

25(27, +P)

oy —2 s We have

Combining these cases, when n >

sup I (tue) < E(max k:)_n%ssz,% (n,s,2).
t>0 n

Now consider n < M Then

P27 —
o ifn< D,
sup I (tu.) < i(1@13&{16)‘715733S’E (n,s,2) + Ce(=29) _\C'{ ef|Ine| if n= D,
t>0 n .
e if n> D.
For sufficiently small € > 0, choose Ay > 0 such that for all A > Ay,
e ifn < D,
2 (max k)~ T S (n, 5,2) + Ce™(72) < AC{ F|lne| ifn=D
n
ef if n> D.

This implies
n—2s o
sup I (tu.) <0< (max k)~ S (n,s,2).

>0
Therefore, for any A > 0 when n > ﬂ#ﬁ?, and for A > \g when n < %ﬁ?, we have
S n—2s 1
sup I (tus) < —(maxk)~ % Sz (n,s,2).
t>0 n
By Lemma ?7, there exists a nontrivial solution to (?7). O

5. APPENDIX

Theorem 5.1. Under hypothesis (H3), for every e > 0, there exists a constant C. > 0 such that
the inequality

o, < 22 v [ DGR g ) 4,

x M d -73 yn+2s

- M/M dg(ahfo)% dvg(:c)} + C. /M [ul? dvy (z)

holds for all w € W*2(M).
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Proof. Fix € > 0 and choose 6 > 0 such that § < inj(M). Cover M by geodesic balls {Bs(z;)}™,
with subordinate partition of unity {n;}7,. Jensen’s inequality gives

1
g; < m Z HmUHS;«
i=1

We define v; = (n;u) o exp,,,, which implies

u2:dvg§(l+s)/ lv;

The critical Sobolev inequality in R™ gives

Jvi(z) — vi()]* vy
HmuHQ* < (14¢€)S,(n,s,2)? //R”XIR” |x— = dedy —p - |x|28dx>. (5.1)

For sufficiently small §; > 0, we decompose

Jvi(z) —vi(y)]?
dx d
//R"XR" \Z*M"“S Y
‘Uz |2 // |Uz ) —vily )|2
dz dy + dz dy.
//x y|>81 |517— |n+25 |z—y|<d1 |$— |n+2s

The first term satisfies

[vi(z) = vi(y) / 2 / 1
drdy <2 vi(x ———dz)dx
//7' y|>81 |l’ - |n+28 n | )‘ ( |z|>61 ‘Z|n+25 )

< 06f25/ Iniul? dvy.
M

Let U; = expy ' (Bs(w;)). Since v;(z) = 0 for z ¢ U;, we obtain

2
// |vl 1’L-£25)| dx dy
lo—y|<s, |7 —y|

[vi(x) — vi()]* // [vi(x) — vi()]*
=2 dz dy dz dy.
//lz_ydf] Tz — gyt y|n+2s T o y|<61 |x — y|n+25 Yy

€U,y

lu

2 dx.

(5.2)

Let K; = exp,!(supp(n;)). There exists a > 0 such that |ac —yl>aforalzeK,;, yeR"\U,
and all 4. Then

lvi(z) — Ui(?!)|2 / 2 / 2
-~ 7 2 7l < . < . . .
//\x—y|<51 o — g dedy < C . |v;(z)]?de < C y Iniul dug (5.3) |eq21
zeU;,y¢U; ‘
Since

vi(x)—vi(y) = mi(exp,, (2)) [u(exp,, (2)) — ulexpy, (y))]+ulexp,, (v) [ni(exp,, () — nilexp,, (v))]
applying the inequality (a + b)? < (1 + E)a + C.b? yields

[vi() = villy )|2dxdy<(1+6)I+C’II
|z — y|<§1 |$— |n+23 — €=

where

ulex — u(ex 2
I_//x y|<d1 |771 pwb( ))|2| ( pz( )) ( pwz(y)” dzx dy,

n+2s
z,ycU; | y|
[m:(exp,, () — ni(expy, ()] )
I = i .
//m y|<U§1 |£U _ y|n+2s ‘U(epri (y))| dx dy
z,ycl;

Since (n;u) o exp,,, is Lipschitz with a uniform constant, we have

Ir<c lul? dvy. (5.4)

Bs(x;)
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For I, we have

1= ([, s e (@ o P, (@) — ulexp WP

<! |z — y|nt2s

_ e Ju() —uly)P

= [ vtz 2nes, 1) o () —exps (s (@ dsly) - (5:5)
z,y€Bs (x;) /

(@ e
<//x,yeBg(zi)m( ) dg(z, y)"T2s dvg(z) dvg(y).

The Hardy potential term satisfies

2 2 2
(3 V5 V5
/ | |l28dx/ |’28 dz+/ |’28 dx
R L zeU; IT z¢U; |
2
2/ viz dx
zeU; ‘x| s

17 (expy, (2))u” (exp,, (2))
= /xeu o dx (5.6)

_ n; (2)u” () do(x
/xem» exp (@) — expr oy o)

2,2
n;u
> —————dv,(x).
/Bg(mi) dg(xax0)2s J

Combining estimates (??) to (??), we obtain

2

//MxM d 55 y "(+2)S|2 . g(as) dvg(y) _H/M mdvg
= g [C/M \m'UIdengC/M Ju|? dvg
+1//z B(m)’fwd () dvg(y )—u/ ﬂdug} o

dg(w,y)"+2 By (as) g (2, 2)28
<C/ lu? dv, + // Ju(@) = uly)I” ) dvg(x) dvg(y) — 1 uizdvg.
MxM d dy(,y)m e v dg(x, 30)%
Therefore,

[[ull3

< Suns2 v ([ D ) doy (0

u
— 7&0 +C’/ ul“ dv
‘LL/M dg(l‘,Io) g | | g

To establish sharpness, assume there exist constants c1, co > 0 such that for all u € W*2(M)

(/"
(5.8) -eq27
<C // ()‘2dv()dv / 2d’(})+62/ |U| dv
MxM d (z, Z/”Jr2g I ol dg(x, x0)% 7 -

Let 1 : [0,00) — [0, 1] be a smooth cutoff function with supp(n) C [0,600] and n = 1 on [0, ¢], where
05 < inj(M). For xy € M, define the test function

o 2/22
s dvg

ue(z) = n(dy(z, 20))Us (), where Ua(x)zef"‘TQ‘*U(‘”‘piﬂ).
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From (?77?), we have

. 2/2%
|ue () [* du,
</ M ) ) (5.9)

|u6($) _ue(y)‘Q / U / 2
<c ——— dv,(x)dv — — ___dv, | +c ue|* dv,,.
1(//M><M dg(,y)n+2s (@) dvg(y) = 1 m dg(z,70) g) ? M| I dvg

Ase — 0,

% da. (5.10)

lim e

% du, :/ |U
e—0 M R”

Substituting this into (??) and applying Lemma ??, we obtain in the limit as € — 0,

TS U) — U)P v
%d < // ——————dxdy — / dx ). A1
(/n v x) - Cl( Roxge [T — Y[R TV fan || I> G11)

Since U is an extremizer for (?7), the optimal constant equals S,(n, s, 2)2, hence

c1 > S,(n,s,2)%.

This proves the sharpness of S, (n, s,2)%. O
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