Electronic Journal of Differential Equations, Vol. 2026 (2026), No. 40, pp. 1-13.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, DOIL: 10.58997/ejde.2026.40

EXISTENCE OF WEAK SOLUTIONS FOR FRACTIONAL
(p1(z,y), p2(z,y))-LAPLACIAN PROBLEMS WITH INDEFINITE WEIGHTS

ABDELLATIF AGLZIM, HOUSSAM BALADI, NAJIB TSOULI

ABSTRACT. We study nonlocal elliptic problems driven by the fractional (pi(z,y),p2(x,y))-
Laplacian operator under Dirichlet boundary conditions, where p1 (-, -) and p2(-, -) are continuous
functions defined on a bounded domain @ C RN (N > 2). The model includes indefinite weight
functions, which may change the sign within the domain. By applying variational methods,
we establish the existence of at least one nontrivial weak solution. Our results extend recent
contributions in the literature on nonlocal problems with variable exponent operators, and
provide new insights into the interaction between fractional order, and sign-changing weights.

1. INTRODUCTION

The study of differential equations involving the fractional p(z, y)-Laplacian or the more general
fractional (p1(z,y), p2(z,y))-Laplacian operator has gained considerable attention in recent years,
owing to their ability to model a wide range of complex and nonlocal phenomena. These operators
combine the nonlocal nature of fractional derivatives with the flexibility of variable exponents, giv-
ing rise to a rich class of nonlinear problems. Such models are better suited to describing physical
processes involving spatial heterogeneity and long-range interactions. Important applications arise
in fluid mechanics [23], image processing [l 20], elasticity theory [8, 22] 26], and porous media
flow [3].

In this paper, we study the following problem for the fractional (p1(z,y),p2(z,y))-Laplacian
operator, under homogeneous Dirichlet boundary conditions

(=), oy ul@) + (=A)3 ( yul@) + V(@) |u]*® 2y
— o (@) (@) 2u(z) — pma(@)|u(@) (@) in (L1)
u(z) =0 on 09,

where ) is a smooth bounded domain in RY (N > 2), (For example: 2 C RY is a bounded domain
of class C%™ for (m € (0,1))). (=A)% ., (0 < s < 1) is the fractional p;(-)-Laplacian, i.e.

pi(*)
(WP () — uly)
& — gV

(= yil) = 2, [ )

where p.v. is the principal value, p; € C(Q x Q), q,r; € C(Q) (i = 1,2), V, my, and my are three
indefinite weight functions, and A and p are positive parameters. Let

y, T €,

Pmax (2, y) = max{p1(z,9), p2(2,9)},  Pmax(®) 1= max{p1(z, z), p2(2, )},

and define

Nﬁnlax (x)
N — Spmax (LC)’
for all z,y € Q. Throughout this paper, we assume that

(Prmax)s(2) :=
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~ . N
2<p; = min _pi(z,y) <pi(z,y) <pf = max _pi(z,y) < — < +oo,
(z,y)eQXQ (z,y)€QXQ S

p; is symmetric, that is, p;(x,y) = pi(y, z) for all (z,y) € Q x Q, and
(Prmax) . (z) ()
(Pmax), (z) + ()

for all 2 € Q, where « is given by (H2). o
(H2) 1 < max{ri(z),r2(2)} < pmax(z,y) < & <min{a(z), B1(z), B2(x)} for all (z,y) € Q x Q.

where «, 81,82 € C(Q), and m; € L% (i = 1,2), such that m; > 0 in some subset
Qp CC Q with meas(Q) > 0, and mg > 0 in Q. Moreover V € L) (Q) satisfies

)2 (0) ) < (o))

Pmax(z) < ¢(x) < min (

¢

2p$axcq7
where C is the best Sobolev embedding constant from the space Wy(2) into the Lebesgue
space L10)o()(Q).

(H3)

(RIS

min ry(e) <min{  min _pie,y),  min _ ps(e,y), min g(x), min ra(x)},
€Q (I,y)GQQXQQ (z,y)EQDXQO T€Q FASION)

where Qg is given by (H2).

When s = 1, problem (1.1) reduces to the p(-)-Laplacian problem characterized by a nonstan-
dard growth condition. This problem has garnered attention from numerous mathematicians; see,
for example [6], 16, [I'7, 25]. Interest in these types of equations has grown, largely due to their
relevance in mathematical modeling of non-Newtonian fluids, particularly electrorheological fluids.

When V(x) = 1, the problem reduces to a special case already studied in the literature. In
particular, in [9], Chung and Toan studied the problem

(A5, (o u(@) + (D) yul@) + [u] 120
= AV (@)lu(@) " 2u(e) — pVa (@) fu(@)|* ) 2u(@) in ©, (1.2)
u(z) =0 on 09,
where A, p are two positive parameters. Under the conditions:

(1) p; is symmetric, 2 < p;(z,y) < % for all (z,7) € Q x Q and prax(7) < q(z) < (ﬁmax):(x)
for all z € Q,

(2) 1 < max{ri(z),r2(2)} < pmax(z,y) < & < min{a(z), as(z)} for all z,y € Q, where
a0 € C(Q), V7 € L0O(Q) such that V7 > 0 in Qp CC Q with [Qo| > 0 and V, €
L20)(Q),V, > 0 in Q,

(3) infg, ™ (z) < min { inf(z,y)eﬁo T P1 (z,y), inf(z,y)eﬁoxﬁo pa(z,y), infg, q(x), inf, g, 72 (a:)}
They showed that there exist two positive critical values A and )\ such that, for every p > 0, the
problem (1.2) has a nontrivial weak solution for all A > X and 0 < A < ),

Inspired by the work mentioned above and building on the variational framework developed in
[9], we apply critical point theory specifically Ekeland’s variational principle, to investigate the
existence of weak solutions for problem (1.1). We establish the existence of a positive critical value
A* > 0 such that, for every A € (0, \*), problem (1.1) admits at least one nontrivial weak solution.

Our main result extends and generalizes the findings of Chung and Toan [9]. In particular, while
their work assumes the presence of a fixed positive weight, our setting incorporates a sign-changing
weight function V(z), which introduces additional mathematical challenges. The presence of
such an indefinite potential affects both the geometry of the associated energy functional and
the compactness properties required to apply variational methods, making our contribution a
nontrivial generalization.
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The structure of the paper is as follows. In Section 2, we provide essential definitions and
fundamental concepts related to generalized Lebesgue and Sobolev spaces with variable exponents,
as well as fractional Sobolev spaces with variable exponents. Section 3 is devoted to the statement
and proof of our main result.

2. PRELIMINARIES

In this section, we introduce some definitions and concepts within the framework of generalized
function spaces. In particular, we consider the variable exponent Lebesgue spaces Lp(')(Q)7 the

generalized Sobolev spaces Wol’q(')(Q)7 and the fractional Sobolev spaces Wg’q(')’p("')(ﬂ), where
Q ¢ RY is a smooth bounded domain. For further details and background, we refer the reader to
[5, 111 [24]. We begin by introducing the set

Cr(Q) ={qeC(Q):q(z) >1forall z € Q}.

For ¢ € C1(9), we define

¢ =maxq(z) and ¢~ =ming(z).
ze xEQ

The variable exponent Lebesque space L1C)(Q) is defined as
L1O)(Q) = {u: © — R measurable such that / lu(z)]9®) da < oo},
Q
and it is endowed with the Luzemburg norm

ullgey = inf {p>0: /| |q<xd <1}

It is well known that (Lq(‘ (), lg()) is a separable and uniformly convex Banach space. This

space is referred to as a generalized Lebesgue space. Let ¢' € C(Q) be the conjugate exponent of
q, defined by
1 n 1
¢(x)  qx)
Then, for all u € L) (Q) and v € qu(‘)(Q), the following Holder-type inequality holds.

=1 forallzeq.

Lemma 2.1 ([I1]). Ifu € LY(Q) and v € LY )(Q), then
| [wvda < (=+ ,,)Hunq ol < 2lullgs llelly-
Q

It is known that the embedding L%()(Q) < L&) (Q) holds for all functions ¢1,qa € Cy(Q)
such that ¢;(z) < go(z) for every x € Q. Moreover, this embedding is continuous.

Among the fundamental tools in the study of generalized Lebesgue spaces is the modular asso-
ciated with the space L9()(Q). It is defined as the mapping Pg(-) L) (Q) — R given by

P () = / |u|?™) da.
Q

Proposition 2.2. [I5] [14] If (u,
) Nl > 1 = JullZy, < peo ) < [l
+

@) llullyy <1 = ), < pycs () < lull?,,
(3) lum — gy = 0 <= gy (tn — ) = 0.

), u € LIO(Q) and ¢t < 400 then the following relations hold

Proposition 2.3 ([12]). Let v and q be measurable functions such that v € L™ (RY) and 1 <
v(z)q(z) < 00, for a.e. z € RN. Let u € LI (RN),u 0. Then

[ully(yq) €1 = H“”W( Ya) = HHU”’Y()H < ||u||7( a()?

”“Hw( Ya() 2 1 = HUH»Y( ey = ||Hu||’y )H < ||U||,y( el
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In particular, if y(-) = 7 is constant, then

k| ,

= Hu||vq(.)~

q(’)

Let ¢ € C4(Q). The variable exponent Sobolev space W9()(Q) consists of all functions u €
L) (Q) whose distributional gradient Vu exists almost everywhere and satisfies Vu € [L2C) (Q)]V.
That is,

Whi(Q) = {u e L1(Q) : |Vu| € L1O(Q)}.
This space can be equipped with the norm
el gy = inf {2 >0 /Q [|V“T(’“°)|q(“ + y@\‘m)]dx <1},
or equivalently,
lull,qc) = llullqe) + [Vullge).-

We denote by Wo %) (Q) the closure of C3°(€2) in W140)(Q). Both spaces W()(€) and Wy %) (€)
are separable and reflexive Banach spaces.

Moreover, the Poincaré inequality holds in WO1 ’q(')(Q), namely:

[ull1.g0) < CIVullgey, for all u € Wy (),

which implies that the norms |lul|; 4.y and [[Vu||4(.) are equivalent on Wol’q(')(ﬂ).
Let r € C(Q) be such that r(z) < ¢*(x) for all x € Q, where ¢*(z) denotes the Sobolev critical

exponent, defined by:
oy [ ) <N
+o0 if g(z) > N.

Then, the embedding W) (Q) — L"()(Q) is continuous and compact.

In what follows, we introduce some properties of fractional Sobolev spaces with variable ex-
ponents. For a more detailed exposition, we refer the reader to [5, [I8]. We define the fractional
Sobolev space with variable exponents using the Gagliardo approach as

_ (z,y)
5.4()2() () — a0 Q) - |u(z) — u(y)?
W Q) = {u e L1(Q): /QXQ €o(@) | — y|N+sp(e.y) dzx dy < oo for some A > 0}7

where ¢ : Q — (1,00) is continuous and satisfies:

1< ¢ :=ming(z) < g(r) < maxq(z) =: ¢~ < c0.
z€Q z€Q

The associated Gagliardo seminorm is

. ‘ |u(z) — u(y)[P)
[U] s p(.,.) := inf {)\ >0: /QXQ N 7 =y V) drdy < 1}.

If we equip the space W*4()-2()(Q) with the norm
[ullwsaeroeo@) = [Wspe,) + lullge)s (2.1)
then W*4()-2()(Q) becomes a Banach space.

Definition 2.4 ([4]). Let p: Q x Q — (1, +0c0) be a continuous variable exponent and s € (0, 1).
For any u € W#10):2(:)(Q), we define the modular p,(..y : W*20-P()(Q) — R by

e

lu(z) — u(y) Py / (z)
Pp(-, (w =/ ——drdy+ | |u(z)|""dz,
w2 () axq |z —y|Ntee@y) Q

and }
”quP(,,,) = inf {A >0: pp('7-) (X) < 1}
Remark 2.5. (@) I lloy., is a norm on W=4()p()(Q) which is equivalent to the norm

| - [lws.acr.p¢0 () (For the proof of this norm-modular equivalence, one can use the same
techniques as in [2I Proposition 2.1])
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(ii) pp(.,.) also checks the results of Proposition 2.2.

Lemma 2.6 ([26]). Let p: Q x Q — (1,400) be a continuous variable exponent and s € (0,1).
For any u € W90)20)(Q) ) we have

- |u(z) — u(y)[P) ot
< ulspe) = lulg ) < /am l — y| Vo) drdy < [uld ),

— p(z,y)
[ap(y <1 = [, < / |u(z) — u(y)|
QxQ

o
s,p() |z — y|N+sp(w) dudy < [u]

s,p(+,)"

In the following theorem, we establish a result on the compact embedding into Lebesgue spaces
with variable exponents. This result was demonstrated in [I0] under the condition ¢(z) > p(x) =
p(z, ) for all z € Q, and it was further refined by Azroul et al. [4], in the case where q(z) = p(x)
for all x € Q.

Theorem 2.7 ([]). Let  C R™ be a smooth bounded domain and s € (0,1). Let p € C(2 x Q)
with sp(z,y) < N for all (z,y) € Q x Q let (H1) be satisfied. Assume that v : Q — (1,00) is a
continuous function such that

- Np(x) - . o
= > — .
Pa(x) = N = sp(@) >y(x) >~ =miny(x) >1 forallz e

Then, there exists a positive constant C = C(N, s,p, q,7,Q) such that for every u € W#9()P(:) (),
it holds that
lullyey < Cllullweacr e @)

Thus, the space W9O)PC)(Q) is continuously embedded in LY (Q),1 < y(z) < p*(x) for all
x € Q. Moreover, this embedding is compact.

Let Wg’q(')’p("')(Q) denote the closure of C$°(Q) in W#49():P(-)(Q). Theorem 2.7 remains true
if W*10):r()(Q) is replaced by Wy ') (Q). Specifically, the embedding W) (Q)

LYO(Q), where 1 < ~(x) < p*(x) for all z € Q, is continuous and compact. For any u €
VVS,Q(-)»P(W)(Q)7 the following inequality holds,

Hu”w(-) < CHUHW;,q(.),p(.,.)(Q). (2.2)

Moreover, from (2.2) if 1 < ¢~ < g(z) < ¢© < pi(x) for all z € Q, then WS’Q(')”)("')(Q) is a
separable reflexive Banach space with the norm (see [26])

HUHW(';JZ(')W('V)(Q) = [U]S,p(‘7.). (2.3)

3. MAIN RESULTS

In this section, we present our main results. We follow the notation introduced in Sections 1
and 2. Under assumption (H1), the fractional Sobolev spaces W*4():P1(:)(Q) and W#4()-22()(Q)
are defined as in Section 2. To simplify the notation, we set

W = WS;Q('))pmax('7') (Q)

We denote by Wy the closure of C§°(€2) in the space W. It is straightforward to verify that both
W and Wy are reflexive Banach spaces when equipped with the norms

[ullw = [u]s pras () +tlgey,  and - fullwy = [uls pru)s
respectively, see (2.1) and (2.3).

Furthermore, we observe that the space W is continuously embedded in each of the fractional
Sobolev spaces W‘G’Q(')’pi("')(Q) for i = 1,2, and similarly, Wy is continuously embedded in the
corresponding zero-boundary version W )?()(Q). These embeddings will play a key role in
the variational framework used to prove the existence of weak solutions.
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Definition 3.1. Let u € Wy, we say that u is a weak solution of problem (1.1), if it holds that

[l u(y) D2 () —ulw)) (o) — o)
QxQ

|I’ — y|N+5pl (mi‘/)

[u(@) — uly) D2 (u(z) - u(y))(p(@) — o))
+/ Ty \N“pm e (3.1)

+ [ V@@ u@)plz) dz - A /m1 ) (@) O 2u(z)p() do
+u/m2 (@)~ 2u(@)p(x) do =

for all p € W

Definition 3.2. For u € Wy, let the energy functional F) , corresponding to the problem (1.1),
defined by Ey , : Wy = R,

1 Ju(e) — u(y) @ [ fu(z) — u(y) P2
E u) = dx dy + dx d
anlv) /Mm(x,y) o g CWE | ) |x— |N+ém<w> v
V() (@) ma(e
+/—ua; 1) g — ) )@ da + / z)|"2® dz
o o) M@l ) @)

for all A > 0 and p > 0.

Standard arguments similar to those used in [4, 5] demonstrate that E , € C*(Wy,R) and for
all u,p € Wy, its derivative is given by

u(z) — u(y) PP @2 (u(z) —u T)—
B = [ 1) Pl ) pl) = o0

|z — y‘N+sp1(x,y)

b [ ) O a) ) =)

|z — |N+sp2(fm/

2)|u(z) 1@~ T — my (z)|u(z ”I)Z
+/QV<>|<>| 2u(z)p(c) d / ) lu(@) @2 u(2)p(z) d
+u / (@) ()| 22 p()

3.1. Some lemmas. In this section, we present lemmas showing that the functional Ej , sat-
isfies the geometric conditions imposed by the Mountain Pass Theorem (see [2]), under suitable
conditions on the weights V', m; and mo. These conditions are essential for proving the existence
of a nontrivial solution.

The following lemma shows that the functional E) , satisfies the first geometrical condition of
the Mountain Pass Theorem.

Lemma 3.3. Assume that the conditions (H1) and (H2) hold. Then there exist \* > 0 such that,
for any A € (0,\*), there exist 6 € (0,1) and a constant a > 0 such that, Ey ,(u) > a > 0 for all
u € Wy with ||u|lw, = 9.

Proof. Let o(z) = ¢(x)d/(z) by conditions (H1) and (H2), we have

« N — N
O’(I) < (_max)s(x) ¥ S X N3

then, o(x) < (Pax)i(z) for all x € Q. Therefore, under (H1) and (H2), the embedding Wy <
L7()(Q) is continuous and compact. Then there exists C' > 0 such that

ullo(z) < Cllullw,, forall u € Wy. (3.2)

We fix § € (0,1) such that § = [lullw, < min{1, &}, then we deduce that |lul|,;) < 1. From
(H1), lemma 2.1 and proposition 2.3 we infer that for all u € Wy with |ullw, =9,

(3.3)

V T xT
| / @) da] < ZIV oo Ny < =Vl Il
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Since 11 ()81 () < (Pax) s () similarly, we have
||uHT1(.)5£(.) < ClHU”WO, for all u € Wy. (3.4)
where C is the best Sobolev embedding constant from the space Wy () into the Lebesgue space
L OAO(Q). Moreover

| mi (z)
o ri(z)

On the other hand, it is easy to verify that the following inequality holds,

jule) —u@)P D Julx) —u@)PD  Jule) — uy) e

|a: _ y‘N—&-spl(x,y) + |a: _ y|N+Sp2(a:,y) = \m _ y|N+spmax(m7y) ’

By relations (3.2), (3.3), (3.4), (3.5), (3.6) and the conditions (H1) and (H2), we deduce that for
any u € Wy with [Ju|lw, =6 € (0,1),

ri(x 2 Ty
@I da] < =l ol g (3.5)

(3.6)

L Juz) —u(y)[ v / L Juz) —u(y)P>=v)
By (u) = dx dy + dx dy
)= [ e e g [ e ) T
+ / V) o o — o [ 218y @ g+ / P28 ()72 da
o q(z) ri(z)

1 — pmaX(T y) V
ax0 Pmax(2,Y) |z —yl +Sp"'ax($7y) Q Q(x)

. |m1(x)| wlx r1(z) 3?
A/—m) (o))" d

2 - 2\ e
= W llacollallcy = s o el

= Z IVl lullfy €7 = mell\fsuC el
§Ps 7||V|| (167 CT - —Hm1||ﬁ< T
pmax
O ——uvna( 0T T —*llmlllﬂ )
pmax
(3.7)
By the inequality above, we can choose A\* such that
0 < T = Vo8 TTCT —_||m1||5()01 ’
i.e.
1 -2 -\ _ 6T Ty
A< (gt = Zpen )
Prmax 2[lmallp)Cy!
It p$ax > ¢~ and = (07 1) then 5p$ax7q_ < 1. Hence
1 2 -\ 04 Ty
A< (o = SV a7 ) ———
P 4 2ljma ) C}'
By condition (H2) we have p+1 - q%HVHa(.)C‘f > 0. Therefore, we choose
1 2 -\ 0% i
3 = (= Z Va7 ) >0 (35
Pmax 4 2[lmallg) Gy

Otherwise, if pif . < q’ then Pmax=9" > 1. Hence

1
st = ZVllay O > —

max max
p

2 _
- quIVHan)Cq > 0.



8 A. AGLZIM, H. BALADI, N. TSOULI EJDE-2026/40

Then, we choose

§9 Ty
A= ( Pt —||V||a( o) (3.9)
Pmax 2Hm1||ﬁ()011
Then for all A € (0, A*) and all u € Wy with ||u|lw, = 0 there exists a > 0 such that
Ey(u)>a>0.
The proof is complete. O

The following lemma shows that the functional ) , satisfies the second geometrical condition
of the mountain pass theorem.

Lemma 3.4. Assume that conditions (H1)-(H3) hold. Then for any A > 0 and p > 0 there exists
po € Wy such that po > 0, and Ey ,(tpo) < 0 for all t > 0 small enough.

Proof. We set

pio= min _ pi(z,y), pop= min _ pa(x,y), 7o= minr(z),
(I,y)eﬂ()XSZo (z,y)GQQXQO IGQO
T30 = min ro(x), rfo =maxr(z), ¢, = ming(z), (o= min {pl’o,pzo,qa,rio} .
HASION) z€Qg zE€Q

By condition (H3) we have r7j < (o. Let & > 0 be such that r7j +¢& < (o. Since 11 € C(Qo),
there exists an open set £ CC €y such that

[ri(x) —riol <e forallx e Q.

Thus r(z) < rio+e < (o forall z € Q. Let py € C§°(2) be such that supp (po) c Q) CC
Qo,po =1 in a subset Q) C supp (po), 0 < po <1 in ;. Therefore, for any ¢ € (0,1) we have

Exu(tpo)

1 t —t pi(zy) 1 t —t p2(z,y)
-/ o) g0 / fon(e) @
axa pi(z,y) |z —y|Ntsp(@y) axa p2(z,y) |9U—?/| tep2(Ty

1%
+/—($)|tp( )| da — /ml (@)|"*@ da 4 p /m2 |tpo ()| da
o q(x)
P10 — p1(2,y) P20 _ p2(2,y)
. / lpo(z) Jpvi(sy)l(m L dwdy+ / lpo(z) Jpvi(sy)l(m 2 dndy
P10 JQoxQ0 |x*y| P1l%Y p20 Qo xS |x*y| P2iE:Y
tdo . AtTote o
- [V (@)]|po ()| dor — = m1 ()| po ()| ) da
4o JQ0 10 921
t"2.0
+ 5 [ ma(@)|po ()72 da
Ta0 JQo
1
<t [a@0) + = [ WV@loo@/" do+ L [ ma(@)lp(@)*) da]
4y JQo T2,0 /0
)\tTiO-i-!:‘
T TF m1(z)|po(x)|" ") da,
71,0 Q
such that

A(Qp) = 1 lpo(z) — po(y) [P (@) d dy + 1 |po(x) — po(y)[P2=w) ind
’ |'75 - |N+Sp1(m’y) Y 0 |,7; — |N+SP2(9:,y) Y
P10 J20x90 Yy D20 Jux0 Y

Then E . (tpo) < 0 for all 0 < t < 6%, where

1
w=———— and 0<6<min{l,0},
Go—rip—¢
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and 6y > 0 is given by
A Jo, ma(@)]po(x)| ) da
o (4Q0) + L Jo, V(@) llpo(@)|90) dw + 2= [, maa) po(w) ) dr)

72,0

90 =

Now, we point out that
1
)+ = [ W@llpo@ 4L [ ol da > 0.
dy JQo T2.0 /0
Indeed, if it is not true then
1
A(o) + T/ IV ()[po(@) 1) do + L= [ ma(@)|po ()| do = 0,
do JQo T2.0 /0

thus ||pollw, = 0, hence po = 0 in €. This is a contradiction. The proof is complete. O
3.2. Existence result.

Theorem 3.5. Assume that conditions (H1)-(H3) are satisfied. Then, for every pu > 0 there
exists a constant \* > 0 such that for all A € (0, X*), problem (1.1) has a nontrivial weak solution.

Proof. We use the same techniques as in [4] and [9]. Let A* > 0 be defined as in (3.8) or (3.9) and
A€ (0,\%), p> 0. By Lemma (3.3) it follows that
inf Ey, >0 (3.10)
9B;5(0)

where 0B5(0) = {u € Bs(0) : ||u|]lw, = d} and B;(0) is the ball centered at the origin and of radius
J.

On the other hand, by Lemma (3.4), there exists py € Wy such that E , (tpo) < 0 for all t > 0
small enough. Moreover, by inequality (3.7) we have

1
By pu(u) > ——lu

max

for all w € Bs(0). It follows that

+ 2 - — 2\ - ry
e = WVl € = Zlmalay T Iully, (311
1

—oo <¢:= inf E), <0. (3.12)
Bs(0)

By (3.10) and (3.12), we have

0< inf FEy,— inf E),,
oBs(0) M Byio) MM
hence, we can suppose that

S

0<7< inf E)y
9B;5(0)
Using the above information, the functional E ,, : B5(0) — R, is bounded from below on Bs(0) and
E\,€C? <35 (0), R). Then applying Ekeland’s variational principle [13], there exists u. € B;s(0)
such that

— inf E) .
Bl(?(O) bW’

inf EA,M < E/\,,u (UE) < inf E)\»M + ¢,
Bs(0) Bs5(0) (3.13)

By (ue) < Exp(u) +ellu — ue|lw, for all u € Bs(0) and u # u..

So

FE u) < inf Ey, +e< inf E, ,+e< inf E,,.
o (te) By M Bs(0) M oBs(0) M

Then we deduce that u. € Bs(0). Now, we consider the function J5 . Bs (0) — R defined as
TX () = Ex u(u) + ellu — uellw,.-
By (3.13), we obtain
T (ue) = Ex u(ue) < Jx ,(u) for all u # u..
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It follows that u. is a minimum point of Jy , on B;s(0). Then, for any ¢ > 0 small enough and
v € Bs (0),

j)ip, (uE + tl;) - j)iy, (UE) 2 0
Then, we obtain that
Exu (ue +tv) — Exu (ue)
t

+&llvllwg = 0.

Let t tends to 0. Then
(ES ,, (ue),v) +ellv]lw, >0,

thus
1B 0 (ue) [lws <e. (3.14)
From this inequality, we deduce that there exists a sequence {w,} C Bs(0) such that
Exu(w,) —¢ and E) , (w,) — 0. (3.15)

From (3.11) and (3.15), it is clear that {w,} is bounded in Wy. Thus there exists w € Wy such
that w, — w in Wy. By (H1) and (H2), we have that

(Prmax) s (#) ()

q(z) < = = (@) (Prmax)s (2) + (@) < (Prnax)s ()@
() B )t (@) £ @) (@) (Pmax)s () + (@) < (Prax)s (2) ()

= a(2)q(r) < Prax)s (@) () = (Praax)s (#)a (@)

a(e)g(z) _ .
— ——V 5 < (Pmax)s(T)-
a(@) - a(a) < P>

Therefore, k(x) = % < (Pyax) () for all z € Q, so by Theorem 2.7, we deduce that W is
compactly embedded in LF()(Q); then

w, —w in LFO(Q). (3.16)

Using Holder inequality, we have
/ V(@) |wa| " 2w, (wy, — w) dz < 2|V (@)]|a ) [[wn] 7P wp(ws = w) e
Q

<20V (@) o ll1wn] " 2 wn [l llwn — w]lx(,)-

If H|wn|q“§)*2wn

o0 <1, then

/QV(x)|wn|‘I(l')_2wn(wn —w)de < 2V(@)]lagslon — wlliey — 0.

> 1, thus we have ’|‘wn|Q(m)_2wn

. o) N .
Now if |[|w,,[7®) aniq,(.) g S l[unll3)- Since g(z) <
(Bona ) () for all z € Q, then we have the compact embedding Wy < L) (2), and by (3.16), we
obtain

lim V() |w,| 1™ 2w, (w, — w)dx = 0. (3.17)

n——+00 Q

From (H2) we have 7;(2) < (Ppax)s(z) and h;(z) = % < (Pmax)s(x). Using the same

techniques as above, we obtain

Erf / my () |w, | 2w, (w, — w)dz =0, (3.18)
n o0 O

Erf / ma () |w,|"2® 2w, (w, —w) dx = 0. (3.19)
n (o) Q

On the other hand, from (3.15), we have

nEIJIrlOO(E’AH (W) w, —w) = 0.
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That is,

| [ (@) = wa @02 (wa(@) — wi(y) (wale) = w(x)) ~ (waly) — w()))
i { /QXQ

n=ytoo |z — y‘N+sp1(w,y)

. [wn () = wa @) (wa(@) —wn(y)) ((wn (@) —w()) ~ (waly) — w(y))
Qx0

|z — y|N+spz(z,y)

dx dy

dx dy

2)|wy, (2)|7) 240, (2) (0, () — w(zx)) do — my () |w, (2) 22w, (2) (w, (z) — w(z)) dz
+/QV()|()\ (@) (wn(2) —w(x)) d )\/Q ()|wn (2)] () (wn(2) —w(x)) d
— it [ ma(@ln @), @) w0, (0) — w(o) dey =0

By using the relations (3.17), (3.18) and (3.19) we obtain

lim {/ |wp, (x) — wn(y)|p1(x,y)—2 (wn(x) — wn(y) (wnlz) —w(z)) — (waly) — w(y)))
QxQ

n——+oo |z — y|N+spi(ey) dx dy
00(@) = wa )7 (wn(2) = wal0)) (1w 0) = 0(2) = (wn(y) = ()
+/Q><Q |z — y|N+spe(2.) dxdy}
=0
(3.20)

On the other hand, since {wy} converges weakly to w in Wo, we have £  (w)(w, —w) — 0 as
n — 0o or

lim { / w(@) — w(y) 102 (w(@) — w(y)) (wa(z) —w(z)) — (waly) — w(y)))
QxQ

n—-+oo |I — y|N+3Pl(z’y)

N / |w(z) — w(y) P>V 2 (w(z) - w(y)) (wa(z) - w(z)) = (waly) - w(y)))
QxQ

|.'I; — y|N+3p2($7y)

+ / V (2)|w| "™ 2w (w, — w)dr — )\/ my (z)|w|™ 2w (w, —w) dz
Q Q

dx dy

+u/ ma(z)|w] = 2w(w, — w) dx} =0,
Q

which implies by using the same arguments as before that

. [w(z) — w(y)|P* @92 (w(z) — w(y)) ((walz) = w(z)) = (waly) — w(y)))
ngr-ll-loo { /QxQ |z — y|N+spi(z.y) dz dy
lw(z) — w(y)[P* @92 (w(z) — w(y)) ((waz) — w(z) = (waly) — w(y)))
. PR dody)
=0.

(3.21)
Let Ap(z,y) = wn(x) — wp(y) and A(z,y) = w(r) — w(y). By subtracting equation (3.20) from
equation (3.21) and using the well-known inequality [9],

_ _ 1 X
(Im " 2m = |m2|""2n2) (m —m2) > o Im —mna|", forallr >2, ny,me € RY,

we obtain

(1An () P72 A () = A2, ) PP ED2A(2,9) ) (An(2,y) = Az, y)
A, = / dx dy
QxQ

|z — y‘N“'Spl(mvy)

(140 (@)= 072 A (2,y) = A2, )PP -2 A (@) ) (An(e,y) = A, 1))
+ / dx dy
QxQ

‘x — y|N+5P2($vy)

1 A, _A p1(z,y) A, _A p2(z,y)
axq 2P(@y) |z — y|N+sp1(w,y) axQ 2p2(2,y) |z — y|N+spz(w,y)
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1 A, _A p1(z,y) 1 A _A p2(2,y)
O N N Wy ) WYC E YE
2r1 Jaxa |z — y| +sp1(z,y) or3 Jasa |z — vy +sp2 (z,y)
1 An(z,y) — Az, y)[Po==)
S R
2Pmax Jw Q) |gg—y| Pmax (T,
-/ (wn = w)(z) — (wn —w)@)P0
2pmax QxQ |"Ij — y|N+5pmax(I7y)
1 +
> i o =l

Since limy,,—, oo Ap, = 0, it follows that lim,_, . ||wn — w|lw, = 0. Therefore, the sequence (wy,)
converges strongly to w in Wy. Since Ej ,, € C*(Wp, R), it follows that

B\ (w,) = EY (w), asn — oo, (3.22)
Then by relations (3.22) and (3.15), we obtain
- —z / —
By (w) = ngrfoo Eyu(wy,)=¢<0 and E) ,(w)=0.

We deduce that w is a nontrivial critical point of E} ,, then w is a weak solution for problem
(1.1). Moreover, since Ej ,(w) < 0 thus, w is a nontrivial weak solution for problem (1.1). Finally,
for every A € (0, A*), problem (1.1) admits a nontrivial weak solution. The proof of Theorem 3.5
is now complete. O
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