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LEAST SQUARES ESTIMATION FOR SUB-FRACTIONAL BROWNIAN

BRIDGE WITH LINEAR DRIFT

NENGHUI KUANG, HUANTIAN XIE

Abstract. In this article we consider least squares estimation (LSE) for sub-fractional Brow-
nian bridge with linear drift defined by

dXt =
α(k −Xt)

T − t
dt+ dSH

t , 0 ≤ t < T, X0 = x0,

where α > 0, k ∈ R and τ := αk are unknown parameters, and SH is a sub-fractional Brownian

with Hurst index H ∈ (1/2, 1). We prove that the LSE has strong consistency as t → T
depending on the value of α. When it has consistency, we obtain the rate of this convergence.

This work extends the results by Kuang and Liu [11] who studied the case k = 0 and x0 = 0.

1. Introduction and main results

Let W be a standard Brownian motion and let α be a non-negative real parameter. In recent
years, the study of various problems related to the (so-called) α-Wiener bridge, that is, to the
solution X to

dXt = −α Xt

T − t
dt+ dWt, 0 ≤ t < T, X0 = 0, (1.1)

has attracted interest. For a motivation and further references, we refer the reader to Barczy and
Pap [2, 3], as well as Mansuy [15]. Because (1.1) is linear, it is immediate to solve it explicitly,
one then gets the formula

Xt = (T − t)α
∫ t

0

(T − s)−αdWs, t ∈ [0, T ),

the integral with respect to W being a Wiener integral.
An example of interesting problem related to X is the statistical estimation of α when one

observes the whole trajectory of X. A natural candidate is the maximum likelihood estimator
(MLE), which can be easily computed for this model, because of the specific form of (1.1), one
obtains

α̂t = −
∫ t
0

Xu

T−udXu∫ t
0

X2
u

(T−u)2 du
, 0 ≤ t < T. (1.2)

It is worth noticing that the MLE α̂t coincides with the LSE, indeed, α̂t (formally) minimizes

α→
∫ t

0

∣∣Ẋu + α
Xu

T − u

∣∣2du.
By (1.1) and (1.2), we obtain

α− α̂t =

∫ t
0

Xu

T−udWu∫ t
0

X2
u

(T−u)2 du
. (1.3)

It is not very difficult to check that α̂t is indeed a strongly consistent estimator of α. Zhao and
Chen [25] studied large deviation expansion for maximum likelihood estimator of α-Brownian
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bridge. Zhao, Liu and Chen [24] investigated the large deviation principle for maximum likelihood
estimator of α-Brownian bridge.

Es-Sebaiy and Nourdin [7] obtained the asymptotic behavior of the LSE when W in (1.1) is
fractional Brownian motion. Han, Shen and Yan [8] studied the case when W in (1.1) is weighted
fractional Brownian motion. Kuang and Liu [11] investigated the case when W in (1.1) is sub-
fractional Brownian motion. Han et al. [9] considered least squares estimation for fractional
Brownian bridge with linear drift, and proved that the LSE had strong consistency as t → T
depending on the value of α. When it had consistency, they obtained the rate of this convergence.

Motivated by all these results, in this paper, we study the asymptotic behavior of the LSE for
sub-fractional Brownian bridge with linear drift defined by

dXt =
α(k −Xt)

T − t
dt+ dSHt , 0 ≤ t < T, X0 = x0, (1.4)

where α > 0, k ∈ R and τ := αk are unknown parameters, and SH is a sub-fractional Brownian
with Hurst index H ∈ ( 12 , 1). We extend the results of Kuang and Liu [11]. For more on sub-
fractional Brownian motion, we can see Bojdecki et al. [4], Tudor [20, 21, 22], Yan and Shen [23]
Diedhiou et al. [6], Shen and Yan [19], Liu and Yan [14], Shen and Chen [18], Kuang and Xie [12],
Kuang and Liu [11], Kuang and Li [10], and Kuang and Xie [13].

By using the least square method, the estimators are formally obtained by minimizing the
function

L(α, τ) =

∫ t

0

∣∣∣Ẋu −
τ − αXu

T − u

∣∣∣2du.
We can obtain the least squares estimators of α, τ and k as follows

α̂t =

∫ t
0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2 , (1.5)

τ̂t =

∫ t
0
dXu

T−u
∫ t
0

X2
u

(T−u)2 du−
∫ t
0

Xu

T−udXu

∫ t
0

Xu

(T−u)2 du

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2 , (1.6)

k̂t =
τ̂t
α̂t

=

∫ t
0
dXu

T−u
∫ t
0

X2
u

(T−u)2 du−
∫ t
0

Xu

T−udXu

∫ t
0

Xu

(T−u)2 du∫ t
0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

, (1.7)

for all 0 < t < T .
Our main results read as follows.

Theorem 1.1. (1) When 0 < α ≤ 1
2 , as t→ T , we have

α̂t
a.s.−−→ α. (1.8)

When 1
2 < α < H, as t→ T , we have

α̂t
a.s.−−→ 1

2

(
1 +

(x0−k)2
T∫ T

0
(Xu−k)2
(T−u)2 du

)
. (1.9)

(2) When 0 < α < H, as t→ T , we have

k̂t
a.s.−−→ k. (1.10)

(3) As t→ T , we have

τ̂t = α̂tk̂t
a.s.−−→


αk = τ, if 0 < α ≤ 1/2;

k
2

(
1 +

(x0−k)2

T∫ T
0

(Xu−k)2

(T−u)2
du

)
, if 1/2 < α < H.

(1.11)

Since (1.4) is linear, one obtains the solution easily:

Xt = k +
x0 − k

Tα
(T − t)α + (T − t)α

∫ t

0

(T − u)−αdSHu , t ∈ [0, T ), (1.12)
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where the integral can be understood either in the Young sense, or in the Skorohod sense.
For convenience, we introduce the following two processes related to X: for t ∈ [0, T ],

ξt =

∫ t

0

(T − u)−αdSHu , (1.13)

ηt =

∫ t

0

[
(T − u)α−1

∫ u

0

(T − v)−αdSHv

]
dSHu =

∫ t

0

(T − u)α−1ξudS
H
u . (1.14)

In particular, we observe that, for t ∈ [0, T ),

Xt = k +
x0 − k

Tα
(T − t)α + (T − t)αξt. (1.15)

For t ∈ [0, T ], we denote

ϕt =

∫ t

0

(T − u)α−1dSHu , (1.16)

ψt =

∫ t

0

dSHu
T − u

. (1.17)

Thus we obtain the following theorem.

Theorem 1.2. Let N ∼ N (0, 1) be independent of SH , and let β(a, b) =
∫ 1

0
xa−1(1 − x)b−1dx

denote the usual Beta function.

(1) Assume that α ∈ (0, 1−H). Then, as t→ T ,

(T − t)α−H(α− α̂t)
law−−→ (1− α)2(1− 2α)

α2
σ1 ×

N

ξT + x0−k
Tα

, (1.18)

(T − t)α−H(τ − τ̂t)
law−−→ k(1− α)2(1− 2α)

α2
σ1 ×

N

ξT + x0−k
Tα

, (1.19)

(T − t)−H(k − k̂t)
law−−→ (1− α)2(1− 2α)

α3
σ2 ×N, (1.20)

where

σ2
1 =

αH(2H − 1)

(1− α)(2− α− 2H)

[ (α+ 2H − 1)β(2− α− 2H, 2H − 1)

1−H − α

+
(1− 2H)β(2− 2H, 2H − 1)

(1− α)(1−H)

]
,

(1.21)

σ2
2 =

αH(2H − 1)

(1− α)(1− 2α)(2− α− 2H)

[ (2H − 1)β(2− α− 2H, 2H − 1)

(1− α)(1−H − α)

+
(α+ 1− 2H)β(2− 2H, 2H − 1)

(1− 2α)(1−H)

]
.

(1.22)

(2) Assume that α ∈ (1−H, 12 ). Then, as t→ T ,

(T − t)2α−1(α− α̂t)
law−−→

(1− α)2(1− 2α)
(
ηT + x0−k

Tα ϕT
)

α2
(
ξT + x0−k

Tα

)2 , (1.23)

(T − t)2α−1(τ − τ̂t)
law−−→

k(1− α)2(1− 2α)
(
ηT + x0−k

Tα ϕT
)

α2
(
ξT + x0−k

Tα

)2 , (1.24)

(T − t)α−1(k − k̂t)
law−−→

(1− α)(1− 2α)
(
ηT + x0−k

Tα ϕT
)

α3
(
ξT + x0−k

Tα

) , (1.25)

where ξT , ηT and ϕT are defined by (1.13), (1.14), and (1.16), respectively.
(3) Assume that α = 1/2. Then, as t→ T ,

| log(T − t)|(α− α̂t)
law−−→

ξT
(
1
2ξT + x0−k

Tα

)(
ξT + x0−k

Tα

)2 , (1.26)
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| log(T − t)|(τ − τ̂t)
law−−→

kξT
(
1
2ξT + x0−k

Tα

)(
ξT + x0−k

Tα

)2 , (1.27)

| log(T − t)|
(T − t)α

(k − k̂t)
law−−→

4ξT
(
1
2ξT + x0−k

Tα

)
ξT + x0−k

Tα

, (1.28)

where ξT is defined by (1.13).

Since we can not prove the existence of the limiting variance of ϕt√
| log(T−t)|

as t→ T , we can not

obtain the limiting distribution of the estimators α̂t, τ̂t and k̂t in the case α = 1−H. This will be
our work in the future. The rest of this paper is organized as follows. In Section 2, we give some
lemmas and the proofs of Theorem 1.1 and 1.2. In the appendix, we list the preliminaries tools
that we will need throughout this paper: Malliavin derivative, Young integral, Skorohod integral,
and the link between Young and Skorohod integrals.

2. Proofs of Theorems 1.1 and 1.2

First we give some useful lemmas. Lemmas 2.1 and 2.4 come from Kuang and Liu [11, Lemmas
3.2, 3.3, 3.4, 3.6 and 3.7].

Lemma 2.1. Let α ∈ (0, H) and ξt be defined by (1.13). Then ξT := limt→T ξt exists in L2.
Moreover, for all ϵ ∈ (0, H − α), the process ξ = {ξt}t∈[0,T ] admits a modification with (H −
α − ϵ)-Hölder continuous paths, still denoted ξ in the sequel. In particular, ξt

a.s.−−→ ξT as t → T .
Furthermore, as t→ T ,

(1) if 0 < α < 1/2, then

(T − t)1−2α

∫ t

0

ξ2s (T − s)2α−2ds
a.s.−−→ ξ2T

1− 2α
, (2.1)

(2) if α = 1/2, then
1

| log(T − t)|

∫ t

0

ξ2s
T − s

ds
a.s.−−→ ξ2T , (2.2)

(3) if 1/2 < α < H, then∫ t

0

ξ2s (T − s)2α−2ds
a.s.−−→

∫ T

0

ξ2s (T − s)2α−2ds, (2.3)

with
∫ T
0
ξ2s (T − s)2α−2ds <∞, a.s..

Remark 2.2. If α ∈ (1−H, 1). Then ϕT := limt→T ϕt exists in L
2. In particular, ϕt

a.s.−−→ ϕT as
t→ T .

Remark 2.3. By the Hölderianity of ξ, if α ∈ (0, H), we have an analogous result: as t→ T ,

(T − t)1−α
∫ t

0

ξs(T − s)α−2ds
a.s.−−→ ξT

1− α
. (2.4)

Lemma 2.4. Let α ∈ (1 − H,H) and ηt be defined by (1.14). Then ηT := limt→T ηt exists in
L2. Moreover, there exists κ > 0 such that η = {ηt}t∈[0,T ] admits a modification with κ−Hölder

continuous paths, still denoted η in the sequel. In particular, ηt
a.s.−−→ ηT as t→ T .

Furthermore, for any t ∈ [0, T ), we have

ηt =

∫ t

0

(T − u)α−1dSHu ×
∫ t

0

(T − s)−αdSHs −
∫ t

0

δSHs (T − s)−α
∫ s

0

δSHu (T − u)α−1

−
∫ t

0

ds(T − s)−α
∫ s

0

du(T − u)α−1φ(s, u)

= phitξt −
∫ t

0

δSHs (T − s)−α
∫ s

0

δSHu (T − u)α−1 −
∫ t

0

ds(T − s)−α
∫ s

0

du(T − u)α−1φ(s, u).

(2.5)
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If α ∈ (0, 1−H]. Then

lim sup
t→T

E
[( ∫ t

0

δSHu (T − u)−α
∫ u

0

δSHv (T − v)α−1
)2]

<∞. (2.6)

Lemma 2.5. Let Z be any σ(SH)-measurable random variable satisfying P(Z <∞) = 1, and let
N ∼ N (0, 1) be independent of SH .

(1) If α ∈ (0, 1−H). Then, as t→ T ,(
Z, (T − t)2−H−α

[ t

T (T − t)
ϕt −

(T − t)α−1

1− α
ψt

])
law−−→ (Z, σ1N) , (2.7)

where σ2
1 is defined by (1.21).

(2) If α ∈ (0, 1−H). Then, as t→ T ,(
Z, (T − t)2−H−2α

[ (T − t)α−1

1− α
ϕt −

(T − t)2α−1

1− 2α
ψt

])
law−−→ (Z, σ2N) , (2.8)

where σ2
2 is defined by (1.22).

Proof. For any d ≥ 1, s1, . . . , sd ∈ [0, T ), we shall prove that, as t→ T ,(
SHs1 , . . . , S

H
sd
, (T − t)2−H−α

[ t

T (T − t)
ϕt −

(T − t)α−1

1− α
ψt

])
law−−→

(
SHs1 , . . . , S

H
sd
, σ1N

)
, (2.9)

which is sufficient to obtain the desired conclusion. Because the left-hand side in the previous
convergence is a Gaussian vector (see proofs of Mendy [16, Lemma 4.3], Es-Sebaiy and Nourdin
[7, Lemma 7], or Kuang and Liu [11, lemma 3.5]). To obtain (2.9), it is sufficient to check
the convergence of its covariance matrix. Let us first compute the limiting variance of (T −
t)2−H−α[ t

T (T−t)ϕt −
(T−t)α−1

1−α ψt
]
. We have

E
[(

(T − t)2−H−α
[ t

T (T − t)
ϕt −

(T − t)α−1

1− α
ψt

])2]
=

t2

T 2
E
[(

(T − t)1−H−αϕt

)2]
+

1

(1− α)2
E
[(

(T − t)1−Hψt

)2]
− 2t

T (1− α)
E
[
(T − t)2−2H−αϕtψt

]
.

(2.10)

As t→ T , we obtain

E
[(

(T − t)1−H−αϕt

)2]
= (T − t)2−2H−2α

∫ t

0

ds(T − s)α−1

∫ t

0

du(T − u)α−1φ(s, u)

= (T − t)−2H

∫ t

0

ds
(T − s

T − t

)α−1
∫ t

0

du
(T − u

T − t

)α−1

φ(s, u)

= (T − t)2−2H

∫ T
T−t

1

dssα−1

∫ T
T−t

1

duuα−1φ(T − (T − t)s, T − (T − t)u)

=

∫ T
T−t

1

dssα−1

∫ T
T−t

1

duuα−1
[
(T − t)2−2Hφ(T − (T − t)s, T − (T − t)u)

]
→ H(2H − 1)

∫ ∞

1

dssα−1

∫ ∞

1

duuα−1|s− u|2H−2,
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where we use that

lim
t→T

(T − t)2−2Hφ(T − (T − t)s, T − (T − t)u)

= lim
t→T

(T − t)2−2HH(2H − 1)
{
(T − t)2H−2|s− u|2H−2 − [2T − (T − t)(s+ u)]

2H−2
}

= H(2H − 1)|s− u|2H−2 − lim
t→T

H(2H − 1)(T − t)2−2H [2T − (T − t)(s+ u)]
2H−2

= H(2H − 1)|s− u|2H−2.

(2.11)

From Es-Sebaiy and Nourdin [18], we obtain∫ ∞

1

dssα−1

∫ ∞

1

duuα−1|s− u|2H−2 =
β(2− α− 2H, 2H − 1)

1−H − α
. (2.12)

Hence, we obtain

lim
t→T

E
[(
(T − t)1−H−αϕt

)2]
=
H(2H − 1)β(2− α− 2H, 2H − 1)

1−H − α
. (2.13)

Similarly, by (2.11), for any t ∈ [0, T ), as t→ T ,

E
[(

(T − t)1−Hψt

)2]
= (T − t)2−2H

∫ t

0

ds
1

T − s

∫ t

0

du
1

T − u
φ(s, u)

= (T − t)−2H

∫ t

0

ds
T − t

T − s

∫ t

0

du
T − t

T − u
φ(s, u)

=

∫ T
T−t

1

ds
1

s

∫ T
T−t

1

du
1

u

[
(T − t)2−2Hφ(T − (T − t)s, T − (T − t)u)

]
→ H(2H − 1)

∫ ∞

1

∫ ∞

1

|s− u|2H−2

su
ds du.

Since∫ ∞

1

∫ ∞

1

|s− u|2H−2

su
ds du =

∫ ∞

1

dss2H−3

∫ ∞

1

du
(u− 1)2H−2

u
+

∫ ∞

1

dss2H−3

∫ 1

1/s

du
(1− u)2H−2

u

=
β(2− 2H, 2H − 1)

2(1−H)
+

∫ 1

0

du
(1− u)2H−2

u

∫ ∞

1/u

dss2H−3

=
β(2− 2H, 2H − 1)

1−H
.

We have

lim
t→T

E
[(

(T − t)1−Hψt

)2]
=
H(2H − 1)β(2− 2H, 2H − 1)

1−H
. (2.14)

By (2.11), as t→ T , we obtain

E
[
(T − t)2−2H−αϕtψt

]
= (T − t)2−2H−α

∫ t

0

∫ t

0

(T − s)α−1 1

T − u
φ(s, u) ds du

= (T − t)−2H

∫ t

0

∫ t

0

(T − s

T − t

)α−1 T − t

T − u
φ(s, u) ds du

=

∫ T
T−t

1

∫ T
T−t

1

sα−1

u

[
(T − t)2−2Hφ(T − (T − t)s, T − (T − t)u)

]
ds du

→ H(2H − 1)

∫ ∞

1

∫ ∞

1

sα−1

u
|s− u|2H−2 ds du,

with ∫ ∞

1

∫ ∞

1

sα−1

u
|s− u|2H−2 ds du =

β(2− α− 2H, 2H − 1) + β(2− 2H, 2H − 1)

2− α− 2H
.
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Therefore,

lim
t→T

E
[
(T − t)2−2H−αϕtψt

]
=
H(2H − 1)[β(2− α− 2H, 2H − 1) + β(2− 2H, 2H − 1)]

2− α− 2H
. (2.15)

By (2.10), (2.13), (2.14) and (2.15), we obtain

lim
t→T

E
[(

(T − t)2−H−α
[ t

T (T − t)
ϕt −

(T − t)α−1

1− α
ψt

])2]
= σ2

1 ,

where σ2
1 is defined by (1.21).

On the other hand, for any v < t < T , as t→ T , we have

E
{
SHv × (T − t)2−H−α

[ t

T (T − t)
ϕt −

(T − t)α−1

1− α
ψt

]}
=
t(T − t)1−H−α

T

∫ t

0

du(T − u)α−1

∫ v

0

dsφ(s, u)− (T − t)1−H

1− α

∫ t

0

du

T − u

∫ v

0

dsφ(s, u)

=
tH(2H − 1)(T − t)1−H−α

T

∫ t

0

du(T − u)α−1

∫ v

0

ds
[
|s− u|2H−2 − (s+ u)2H−2

]
− H(2H − 1)(T − t)1−H

1− α

∫ t

0

du

T − u

∫ v

0

ds
[
|s− u|2H−2 − (s+ u)2H−2

]
=
tH(T − t)1−H−α

T

∫ t

0

(T − u)α−1
[
u2H−1 + sign(v − u)× |v − u|2H−1

]
du

− tH(T − t)1−H−α

T

∫ t

0

(T − u)α−1
[
(u+ v)2H−1 − u2H−1

]
du

− H(T − t)1−H

1− α

∫ t

0

1

T − u

[
u2H−1 + sign(v − u)× |v − u|2H−1

]
du

+
H(T − t)1−H

1− α

∫ t

0

1

T − u

[
(u+ v)2H−1 − u2H−1

]
du→ 0.

Hence we have proveed (2.9), and so (2.7) holds. Similarly, we can obtain the proof of (2.8),
therefore, we complete the proof of Lemma 2.5. □

According to the proof, as t→ T , we also have(
Z, (T − t)1−Hψt

) law−−→
(
Z,

√
H(2H − 1)β(2− 2H, 2H − 1)

1−H
N
)
. (2.16)

Lemma 2.6. (1) Let Xt be given by (1.15). If 0 < α < H, then, as t→ T ,

Xt − k

(T − t)α
a.s.−−→ ξT +

x0 − k

Tα
, (2.17)

(T − t)1−α
∫ t

0

Xu − k

(T − u)2
du

a.s.−−→ 1

1− α

(
ξT +

x0 − k

Tα

)
. (2.18)

(2) If 0 < α < 1
2 , then, as t→ T ,

(T − t)1−2α

∫ t

0

(Xu − k)2

(T − u)2
du

a.s.−−→ 1

1− 2α

(
ξT +

x0 − k

Tα

)2

. (2.19)

(3) If α = 1
2 , then, as t→ T ,

1

| log(T − t)|

∫ t

0

(Xu − k)2

(T − u)2
du

a.s.−−→
(
ξT +

x0 − k

Tα

)2

. (2.20)

(4) If 1
2 < α < H, then, as t→ T ,∫ t

0

(Xu − k)2

(T − u)2
du

a.s.−−→
∫ T

0

(Xu − k)2

(T − u)2
du <∞. (2.21)
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Proof. By (1.15), we obtain

Xt − k

(T − t)α
= ξt +

x0 − k

Tα
,

(T − t)1−α
∫ t

0

Xu − k

(T − u)2
du =

1

1− α

x0 − k

Tα
+

1

α− 1

x0 − k

T
(T − t)1−α

+ (T − t)1−α
∫ t

0

ξs(T − s)α−2ds,

(2.22)

∫ t

0

(Xu − k)2

(T − u)2
du =

∫ t

0

(T − u)2α−2
(
ξu +

x0 − k

Tα

)2

du. (2.23)

Thus, (2.17)-(2.21) can be obtained by Lemma 2.1 and Remark 2.3. □

Lemma 2.7. Let Xt, ϕt and ψt be given by (1.15), (1.16) and (1.17), respectively.
(1) If α ∈ (0, 12 ], then, for 0 < t < T , we have∫ t

0

dXu

T − u

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dXu

= α
[ t

T (T − t)

∫ t

0

X2
u

(T − u)2
du−

(∫ t

0

Xu

(T − u)2
du

)2]
− t

T (T − t)

(
ηt +

x0 − k

Tα
ϕt

)
+ ψt

∫ t

0

Xu − k

(T − u)2
du,

(2.24)

and ∫ t

0

dXu

T − u

∫ t

0

X2
u

(T − u)2
du−

∫ t

0

Xu

T − u
dXu

∫ t

0

Xu

(T − u)2
du

= τ
[ t

T (T − t)

∫ t

0

X2
u

(T − u)2
du−

(∫ t

0

Xu

(T − u)2
du

)2]
− k

t

T (T − t)

(
ηt +

x0 − k

Tα
ϕt

)
−Qt,

(2.25)
where

Qt =

∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du

(
ηt +

x0 − k

Tα
ϕt − kψt

)
− ψt

∫ t

0

(T − u)2α−2
(
ξu +

x0 − k

Tα

)2

du.

(2.26)

(2) If α ∈ (0, 1−H], for 0 < t < T , we also have∫ t

0

dXu

T − u

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dXu

= α
[ t

T (T − t)

∫ t

0

X2
u

(T − u)2
du−

(∫ t

0

Xu

(T − u)2
du

)2]
−
(
ξt +

x0 − k

Tα

)[ t

T (T − t)
ϕt −

(T − t)α−1

1− α
ψt

]
−At,

(2.27)

and ∫ t

0

dXu

T − u

∫ t

0

X2
u

(T − u)2
du−

∫ t

0

Xu

T − u
dXu

∫ t

0

Xu

(T − u)2
du

= τ
[ t

T (T − t)

∫ t

0

X2
u

(T − u)2
du−

(∫ t

0

Xu

(T − u)2
du

)2]
− k

(
ξt +

x0 − k

Tα

)[ t

T (T − t)
ϕt −

(T − t)α−1

1− α
ψt

]
− kAt −Bt,

(2.28)

where ξt is given by (1.13), and At, Bt are defined by

At =
ψ2
t

1− α
+
x0 − k

T

ψt
1− α

− t

T (T − t)
(ϕtξt − ηt), (2.29)
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Bt =
(
ξt +

x0 − k

Tα

)2[ (T − t)α−1

1− α
ϕt −

(T − t)2α−1

1− 2α
ψt

]
+Rt, (2.30)

with

Rt =
(
ξt +

x0 − k

Tα

)
ϕt

[ ψt
(1− α)(1− 2α)

− 1

1− α

x0 − k

T

]
+

ψt
1− 2α

(x0 − k)2

T

−
[ ∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du+

2ψt
1− 2α

]
(ϕtξt − ηt).

(2.31)

Proof. By (1.4), we obtain∫ t

0

dXu

T − u

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dXu

= α
[ t

T (T − t)

∫ t

0

X2
u

(T − u)2
du−

(∫ t

0

Xu

(T − u)2
du

)2]
+ ψt

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dSHu .

(2.32)

By (1.15), we obtain ∫ t

0

Xu

T − u
dSHu = kψt +

x0 − k

Tα
ϕt + ηt, (2.33)∫ t

0

Xu

(T − u)2
du =

kt

T (T − t)
+

∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du. (2.34)

From (2.34), we obtain∫ t

0

Xu − k

(T − u)2
du =

∫ t

0

Xu

(T − u)2
du− kt

T (T − t)
=

∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du. (2.35)

Hence (2.24) holds from (2.32)-(2.35). From (3.5), we have∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du =

(
ξt +

x0 − k

Tα

) (T − t)α−1

1− α
− ψt

1− α
− 1

1− α

x0 − k

T
. (2.36)

Thus (2.27) holds from (2.24), (2.35) and (2.36).
Similarly, we obtain∫ t

0

dXu

T − u

∫ t

0

X2
u

(T − u)2
du−

∫ t

0

Xu

T − u
dXu

∫ t

0

Xu

(T − u)2
du

= τ
[ t

T (T − t)

∫ t

0

X2
u

(T − u)2
du−

(∫ t

0

Xu

(T − u)2
du

)2]
+ ψt

∫ t

0

X2
u

(T − u)2
du−

∫ t

0

Xu

(T − u)2
du

∫ t

0

Xu

T − u
dSHu .

(2.37)

By (1.12), we have∫ t

0

X2
u

(T − u)2
du =

k2t

T (T − t)
+ 2k

∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du

+

∫ t

0

(T − u)2α−2
(
ξu +

x0 − k

Tα

)2

du.

(2.38)

Hence (2.25) holds from (2.37), (2.38), (2.34), and (2.33).
By (3.5), we obtain

1− 2α

2

∫ t

0

(T − u)2α−2
(
ξu +

x0 − k

Tα

)2

du

=
(T − t)2α−1

2

(
ξt +

x0 − k

Tα

)2

− ηt −
x0 − k

Tα
ϕt −

(x0 − k)2

2T
.

(2.39)
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We can obtain (2.28) by (2.37), (2.38), (2.34), (2.33), (2.36), and (2.39) after some calculations.
So the proof is complete. □

Remark 2.8. By (1.13) and (1.16), when α = 1
2 , we have ξt = ϕt. Thus, we have ηt =

1
2ξ

2
t by

(2.39) when α = 1/2.

2.1. Proof of Theorem 1.1. The proof is done in 5 steps. (1) prove (1.8) holds as 0 < α < 1
2 .

(2) prove (1.8) holds as α = 1
2 . (3) prove (1.9) holds as 1

2 < α < H. (4) prove (1.10) holds as
0 < α < H. (5) prove (1.11) holds by (1.8), (1.9) and (1.10).

Note that

t

T (T − t)

∫ t

0

(Xu − k)2

(T − u)2
du−

(∫ t

0

Xu − k

(T − u)2
du

)2

=
t

T (T − t)

∫ t

0

X2
u

(T − u)2
du−

(∫ t

0

Xu

(T − u)2
du

)2

.

By (1.5), we have

α̂t =

∫ t
0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2

=

∫ t
0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

t
T (T−t)

∫ t
0

(Xu−k)2
(T−u)2 du−

( ∫ t
0

Xu−k
(T−u)2 du

)2 .

(2.40)

By (3.5), for any t ∈ [0, T ), we obtain∫ t

0

dXu

T − u
=

Xt

T − t
− x0
T

−
∫ t

0

Xu

(T − u)2
du =

Xt − k

T − t
−
∫ t

0

Xu − k

(T − u)2
du− x0 − k

T
, (2.41)

and ∫ t

0

Xu

T − u
dXu =

1

2

[ X2
t

T − t
− x20
T

−
∫ t

0

X2
u

(T − u)2
du

]
=

1

2

[ (Xt − k)2

T − t
−
∫ t

0

(Xu − k)2

(T − u)2
du− (x0 − k)2

T

]
+ k

∫ t

0

dXu

T − u
.

(2.42)

Then, we obtain ∫ t

0

dXu

T − u

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dXu

=
[Xt − k

T − t
−
∫ t

0

Xu − k

(T − u)2
du− x0 − k

T

] ∫ t

0

Xu − k

(T − u)2
du

− t

2T (T − t)

[ (Xt − k)2

T − t
−
∫ t

0

(Xu − k)2

(T − u)2
du− (x0 − k)2

T

]
.

Step 1: If 0 < α < 1
2 , then by (2.17), (2.18), and (2.19). As t→ T , we have

(T − t)2−2α
[ t

T (T − t)

∫ t

0

(Xu − k)2

(T − u)2
du−

(∫ t

0

Xu − k

(T − u)2
du

)2]
=

t

T
(T − t)1−2α

∫ t

0

(Xu − k)2

(T − u)2
du−

[
(T − t)1−α

∫ t

0

Xu − k

(T − u)2
du

]2
a.s.−−→ α2

(1− 2α)(1− α)2

(
ξT +

x0 − k

Tα

)2

(2.43)
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and

(T − t)2−2α
[ ∫ t

0

dXu

T − u

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dXu

]
=

[ Xt − k

(T − t)α
− (T − t)1−α

∫ t

0

Xu − k

(T − u)2
du− (T − t)1−α

x0 − k

T

]
(T − t)1−α

∫ t

0

Xu − k

(T − u)2
du

− t

2T

[ (Xt − k)2

(T − t)2α
− (T − t)1−2α

∫ t

0

(Xu − k)2

(T − u)2
du− (T − t)1−2α (x0 − k)2

T

]
a.s.−−→ α3

(1− 2α)(1− α)2

(
ξT +

x0 − k

Tα

)2

.

(2.44)

By (2.40), (2.43), and (2.44), we obtain α̂t
a.s.−−→ α as t→ T , Thus (1.8) holds.

Step 2: If α = 1
2 , then by (2.17), (2.18) and (2.20). As t→ T , we have

T − t

| log(T − t)|

[ t

T (T − t)

∫ t

0

(Xu − k)2

(T − u)2
du−

(∫ t

0

Xu − k

(T − u)2
du

)2]
=

t

T | log(T − t)|

∫ t

0

(Xu − k)2

(T − u)2
du− 1

| log(T − t)|

[
(T − t)1/2

∫ t

0

Xu − k

(T − u)2
du

]2
a.s.−−→

(
ξT +

x0 − k

Tα

)2

,

(2.45)

and

T − t

| log(T − t)|

[ ∫ t

0

dXu

T − u

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dXu

]
=

[ 1

| log(T − t)|
Xt − k

(T − t)1/2
− (T − t)1/2

| log(T − t)|

∫ t

0

Xu − k

(T − u)2
du

− (T − t)1/2

| log(T − t)|
x0 − k

T

]
(T − t)1/2

∫ t

0

Xu − k

(T − u)2
du

− t

2T

[ 1

| log(T − t)|
(Xt − k)2

T − t
− 1

| log(T − t)|

∫ t

0

(Xu − k)2

(T − u)2
du− 1

| log(T − t)|
(x0 − k)2

T

]
a.s.−−→ 1

2

(
ξT +

x0 − k

Tα

)2

.

(2.46)

Then by (2.40), (2.45), and (2.46), we obtain α̂t
a.s.−−→ α = 1

2 as t→ T . Hence (1.8) holds.

Step 3: If 1
2 < α < H, then by (2.17), (2.18), and (2.21). As t→ T , we have

(T − t)
[ t

T (T − t)

∫ t

0

(Xu − k)2

(T − u)2
du−

(∫ t

0

Xu − k

(T − u)2
du

)2]
=

t

T

∫ t

0

(Xu − k)2

(T − u)2
du− (T − t)2α−1

[
(T − t)1−α

∫ t

0

Xu − k

(T − u)2
du

]2
a.s.−−→

∫ T

0

(Xu − k)2

(T − u)2
du <∞,

(2.47)
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and

(T − t)
[ ∫ t

0

dXu

T − u

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dXu

]
= (T − t)2α−1

[ Xt − k

(T − t)α

− (T − t)1−α
∫ t

0

Xu − k

(T − u)2
du− (T − t)1−α

x0 − k

T

]
(T − t)1−α

∫ t

0

Xu − k

(T − u)2
du

− t

2T

[
(T − t)2α−1 (Xt − k)2

(T − t)2α
−
∫ t

0

(Xu − k)2

(T − u)2
du− (x0 − k)2

T

]
a.s.−−→ 1

2

∫ T

0

(Xu − k)2

(T − u)2
du+

(x0 − k)2

2T
.

(2.48)

Thus (1.9) holds by (2.40), (2.47) and (2.48).

Step 4: Now we prove (1.10). By (2.41) and (2.42), we obtain

∫ t

0

dXu

T − u

∫ t

0

X2
u

(T − u)2
du−

∫ t

0

Xu

T − u
dXu

∫ t

0

Xu

(T − u)2
du

=

∫ t

0

dXu

T − u

[ ∫ t

0

(Xu − k)2

(T − u)2
du+ k

∫ t

0

Xu − k

(T − u)2
du+ k

∫ t

0

Xu

(T − u)2
du

]
−
∫ t

0

Xu

T − u
dXu

∫ t

0

Xu

(T − u)2
du

=

∫ t

0

dXu

T − u

[ ∫ t

0

(Xu − k)2

(T − u)2
du+ k

∫ t

0

Xu − k

(T − u)2
du

]
−
[ ∫ t

0

Xu

T − u
dXu − k

∫ t

0

dXu

T − u

] ∫ t

0

Xu

(T − u)2
du

=
[Xt − k

T − t
−
∫ t

0

Xu − k

(T − u)2
du− x0 − k

T

][ ∫ t

0

(Xu − k)2

(T − u)2
du+ k

∫ t

0

Xu − k

(T − u)2
du

]
− 1

2

[ (Xt − k)2

T − t
−
∫ t

0

(Xu − k)2

(T − u)2
du− (x0 − k)2

T

][ ∫ t

0

Xu − k

(T − u)2
du+

kt

T (T − t)

]
.

Hence, when 0 < α < 1/2, by (2.17), (2.18) and (2.19), as t→ T , we have

(T − t)2−2α
[ ∫ t

0

dXu

T − u

∫ t

0

X2
u

(T − u)2
du−

∫ t

0

Xu

T − u
dXu

∫ t

0

Xu

(T − u)2
du

]
=

[ Xt − k

(T − t)α
− (T − t)1−α

∫ t

0

Xu − k

(T − u)2
du− (T − t)1−α

x0 − k

T

]
×
[
(T − t)α(T − t)1−2α

∫ t

0

(Xu − k)2

(T − u)2
du+ k(T − t)1−α

∫ t

0

Xu − k

(T − u)2
du

]
− 1

2

[ (Xt − k)2

(T − t)2α
− (T − t)1−2α

∫ t

0

(Xu − k)2

(T − u)2
du− (T − t)1−2α (x0 − k)2

T

]
×
[
(T − t)α(T − t)1−α

∫ t

0

Xu − k

(T − u)2
du+

kt

T

]
a.s.−−→ kα3

(1− 2α)(1− α)2

(
ξT +

x0 − k

Tα

)2

.

(2.49)
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By (1.7), (2.44), and (2.49), we obtain k̂t
a.s.−−→ k as t → T . When α = 1

2 , by (2.17), (2.18), and
(2.20), as t→ T , we have

T − t

| log(T − t)|

[ ∫ t

0

dXu

T − u

∫ t

0

X2
u

(T − u)2
du−

∫ t

0

Xu

T − u
dXu

∫ t

0

Xu

(T − u)2
du

]
=

[ Xt − k

(T − t)1/2
− (T − t)1/2

∫ t

0

Xu − k

(T − u)2
du− (T − t)1/2

x0 − k

T

]
×
[ (T − t)1/2

| log(T − t)|

∫ t

0

(Xu − k)2

(T − u)2
du+ k

(T − t)1/2

| log(T − t)|

∫ t

0

Xu − k

(T − u)2
du

]
− 1

2

[ 1

| log(T − t)|
(Xt − k)2

T − t
− 1

| log(T − t)|

∫ t

0

(Xu − k)2

(T − u)2
du− 1

| log(T − t)|
(x0 − k)2

T

]
×
[
(T − t)1/2(T − t)1/2

∫ t

0

Xu − k

(T − u)2
du+

kt

T

]
a.s.−−→ k

2

(
ξT +

x0 − k

Tα

)2

.

(2.50)

By (1.7), (2.46), and (2.50), we obtain k̂t
a.s.−−→ k as t→ T . When 1

2 < α < H, similarly, as t→ T ,
we obtaain

(T − t)
[ ∫ t

0

dXu

T − u

∫ t

0

X2
u

(T − u)2
du−

∫ t

0

Xu

T − u
dXu

∫ t

0

Xu

(T − u)2
du

]
a.s.−−→ k

2

[ ∫ T

0

(Xu − k)2

(T − u)2
du+

(x0 − k)2

T

]
.

(2.51)

By (1.7), (2.48), and (2.51), we obtain k̂t
a.s.−−→ k as t→ T . Thus (1.10) holds.

Step 5: It is obvious that (1.11) also holds from (1.8)-(1.10). So we complete the proof of Theorem
1.1.

2.2. Proof of Theorem 1.2. We prove the theorem in three steps.

Step 1: we prove the asymptotic properties of estimator α̂, namely (1.18), (1.23), and (1.26).
(1) If 0 < α < 1−H, by (1.5) and (2.27), we have

(T − t)α−H(α− α̂t)

= (T − t)2−H−α
[ t

T (T − t)
ϕt −

(T − t)α−1

1− α
ψt

] ξt +
x0−k
Tα

(T − t)2−2α
[

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2]

+
(T − t)2−H−αAt

(T − t)2−2α
[

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2]

:= at × bt + ct.

By (2.7), we obtain that at
law−−→ σ1N . Combing Lemma 2.1 with (2.43), we have, as t→ T ,

bt
a.s.−−→ (1− α)2(1− 2α)

α2
(
ξT + x0−k

Tα

) .

Since

(T − t)2−H−αAt = (T − t)H−α [(T − t)1−Hψt]
2

1− α
+ (T − t)1−α

x0 − k

T

(T − t)1−Hψt
1− α

− (T − t)1−H−α t

T
(ϕtξt − ηt)

law−−→ 0,

(2.52)

as t→ T , where we use (2.29) and (2.16). Therefore (1.18) holds.
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(2) If 1−H < α < 1
2 , by (1.5) and (2.24), as t→ T , we have

(T − t)2α−1(α− α̂t) =

t
T

(
ηt +

x0−k
Tα ϕt

)
− (T − t)α−(1−H)

[
(T − t)1−Hψt

]
(T − t)1−α

∫ t
0

Xu−k
(T−u)2 du

(T − t)2−2α
[

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2]

law−−→ (1− α)2(1− 2α)

α2

ηT + x0−k
Tα ϕT(

ξT + x0−k
Tα

)2 ,
where we use Lemma 2.4, Remark 2.2, (2.16), (2.18), and (2.43). Hence (1.23) holds.

(3) If α = 1
2 , by (1.5) and (2.24), as t→ T , we have

| log(T − t)|(α− α̂t)

=

t
T

(
ηt +

x0−k
Tα ϕt

)
− (T − t)H− 1

2

[
(T − t)1−Hψt

]
(T − t)1/2

∫ t
0

Xu−k
(T−u)2 du

T−t
| log(T−t)|

[
t

T (T−t)
∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2]

law−−→
ηT + x0−k

Tα ϕT(
ξT + x0−k

Tα

)2
=
ξT

(
1
2ξT + x0−k

Tα

)(
ξT + x0−k

Tα

)2 ,

where we use Lemma 2.4, Remark 2.2, (2.16), (2.18), (2.45), and Remark 2.8. Hence (1.26) holds.

Step 2: we prove the asymptotic properties of estimator τ̂ , namely (1.19), (1.24), and (1.27).
(1’) If 0 < α < 1−H, by (1.7) and (2.28), we have

(T − t)α−H(τ − τ̂t)

= k

(
ξt +

x0−k
Tα

)
(T − t)2−H−α[ t

T (T−t)ϕt −
(T−t)α−1

1−α ψt
]

(T − t)2−2α
[

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
(∫ t

0
Xu

(T−u)2 du
)2 ]

+
(T − t)2−H−α(kAt +Bt)

(T − t)2−2α
[

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2] .

(2.53)

Note that, by (2.30), (2.31), and (2.36),

(T − t)2−H−αBt =
(
ξt +

x0 − k

Tα

)2

(T − t)2−H−α
[ (T − t)α−1

1− α
ϕt −

(T − t)2α−1

1− 2α
ψt

]
+ (T − t)2−H−αRt,

(2.54)

and
(T − t)2−H−αRt

=
(
ξt +

x0 − k

Tα

)
ϕt

[ (T − t)1−α(T − t)1−Hψt
(1− α)(1− 2α)

− (T − t)2−H−α

1− α

x0 − k

T

]
+

(T − t)1−α(T − t)1−Hψt
1− 2α

(x0 − k)2

T

=
(
ξt +

x0 − k

Tα

)
ϕt

[ (T − t)1−α(T − t)1−Hψt
(1− α)(1− 2α)

− (T − t)2−H−α

1− α

x0 − k

T

]
+

(T − t)1−α(T − t)1−Hψt
1− 2α

(x0 − k)2

T

−
[(
ξt +

x0 − k

Tα

) (T − t)1−H

1− α
− (T − t)1−α(T − t)1−Hψt

1− α

− (T − t)2−H−α

1− α

x0 − k

T
+

2(T − t)1−α(T − t)1−Hψt
1− 2α

]
(ϕtξt − ηt)

law−−→ 0,

(2.55)
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as t → T , by Lemma 2.1, Remark 2.2, (2.16), (2.5), and (2.6). Hence (1.19) holds from (2.52)-
(2.55), Lemma 2.1, (2.7), (2.8) and (2.43).

(2’) If 1−H < α < 1
2 , by (1.7) and (2.25), we have

(T − t)2α−1(τ − τ̂t) =
k tT

(
ηt +

x0−k
Tα ϕt

)
+ (T − t)Qt

(T − t)2−2α
[

t
T (T−t)

∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2] . (2.56)

Note that, by (2.26), (2.36), and (2.39),

(T − t)Qt

= (T − t)

∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du

(
ηt +

x0 − k

Tα
ϕt − kψt

)
− (T − t)ψt

∫ t

0

(T − u)2α−2
(
ξu +

x0 − k

Tα

)2

du

= (T − t)
[(
ξt +

x0 − k

Tα

) (T − t)α−1

1− α
− ψt

1− α
− 1

1− α

x0 − k

T

](
ηt +

x0 − k

Tα
ϕt − kψt

)
− (T − t)ψt

∫ t

0

(T − u)2α−2
(
ξu +

x0 − k

Tα

)2

du

=
[(
ξt +

x0 − k

Tα

) (T − t)α−(1−H)

1− α
− (T − t)2H−1(T − t)1−Hψt

1− α
− (T − t)H

1− α

x0 − k

T

]
×
[
(T − t)1−Hηt + (T − t)1−H

x0 − k

Tα
ϕt − k(T − t)1−Hψt

]
− (T − t)1−Hψt

[ (T − t)2α−1+H

1− 2α

(
ξt +

x0 − k

Tα

)2

− 2(T − t)Hηt
1− 2α

− 2(T − t)H

1− 2α

x0 − k

Tα
ϕt −

(T − t)H

1− 2α

(x0 − k)2

T

]
law−−→ 0,

(2.57)

as t → T , by Lemma 2.1, Lemma 2.4, Remark 2.2 and (2.16). Hence (1.24) holds from (2.56),
(2.57), Lemma 2.4, Remark 2.2 and (2.43).

(3’) If α = 1
2 , by (1.7) and (2.25), we have, as t→ T ,

| log(T − t)|(τ − τ̂t) =
k tT

(
ηt +

x0−k
Tα ϕt

)
+ (T − t)Qt

T−t
| log(T−t)|

[
t

T (T−t)
∫ t
0

X2
u

(T−u)2 du−
( ∫ t

0
Xu

(T−u)2 du
)2]

law−−→
k
(
ηT + x0−k

Tα ϕT
)(

ξT + x0−k
Tα

)2
=
kξT

(
1
2ξT + x0−k

Tα

)(
ξT + x0−k

Tα

)2 ,

where we used Lemma 2.4, Remark 2.2, (2.57), (2.45), and Remark 2.8. Hence (1.27) holds.

Step 3: We prove the asymptotic properties of estimator k̂, namely (1.20), (1.25), and (1.28). It
is obvious that

k − k̂t =
1

α̂t
[τ − τ̂t − k(α− α̂t)] .

(1”) If 0 < α < 1−H, by (2.27) and (2.28), we have

(T − t)−H(k − k̂t) =

(
ξt +

x0−k
Tα

)2
(T − t)2−H−2α

[ (T−t)α−1

1−α ϕt − (T−t)2α−1

1−2α ψt
]

(T − t)2−2α
[ ∫ t

0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

]
+

(T − t)2−H−2αRt

(T − t)2−2α
[ ∫ t

0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

] . (2.58)
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Note that

(T − t)2−H−2αRt

=
(
ξt +

x0 − k

Tα

)
ϕt

[ (T − t)1−2α(T − t)1−Hψt
(1− α)(1− 2α)

− (T − t)1−H−α+1−α

1− α

x0 − k

T

]
+

(T − t)1−2α(T − t)1−Hψt
1− 2α

(x0 − k)2

T

− (T − t)2−H−2α
[ ∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du+

2ψt
1− 2α

]
(ϕtξt − ηt)

=
(
ξt +

x0 − k

Tα

)
ϕt

[ (T − t)1−2α(T − t)1−Hψt
(1− α)(1− 2α)

− (T − t)1−H−α+1−α

1− α

x0 − k

T

]
+

(T − t)1−2α(T − t)1−Hψt
1− 2α

(x0 − k)2

T

−
[(
ξt +

x0 − k

Tα

) (T − t)1−H−α

1− α
− (T − t)1−2α(T − t)1−Hψt

1− α

− (T − t)1−H−α+1−α

1− α

x0 − k

T
+

2(T − t)1−2α(T − t)1−Hψt
1− 2α

]
(ϕtξt − ηt)

law−−→ 0,

(2.59)

as t → T , by Lemma 2.1, Remark 2.2, (2.16), (2.5), and (2.6). Thus (1.20) holds from (2.58),
Lemma 2.1, (2.8), (2.44) and (2.59).

(2”) If 1−H < α < 1
2 , by (2.24) and (2.25), we have

(T − t)α−1(k − k̂t) =
(T − t)1−α

(
Qt + kψt

∫ t
0

Xu−k
(T−u)2 du

)
(T − t)2−2α

[ ∫ t
0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

] .
By (2.26), (2.35), and (2.23), we have

Qt + kψt

∫ t

0

Xu − k

(T − u)2
du

=

∫ t

0

(T − u)α−2
(
ξu +

x0 − k

Tα

)
du

(
ηt +

x0 − k

Tα
ϕt − kψt

)
− ψt

∫ t

0

(T − u)2α−2
(
ξu +

x0 − k

Tα

)2

du+ kψt

∫ t

0

Xu − k

(T − u)2
du

=

∫ t

0

Xu − k

(T − u)2
du

(
ηt +

x0 − k

Tα
ϕt − kψt

)
− ψt

∫ t

0

(Xu − k)2

(T − u)2
du+ kψt

∫ t

0

Xu − k

(T − u)2
du

=
(
ηt +

x0 − k

Tα
ϕt

)∫ t

0

Xu − k

(T − u)2
du− ψt

∫ t

0

(Xu − k)2

(T − u)2
du.

(2.60)

Hence, by Lemma 2.4, Remark 2.2, (2.18), (2.19), (2.16), and (2.44), we obtain, as t→ T ,

(T − t)α−1(k − k̂t)

=

(
ηt +

x0−k
Tα ϕt

)
(T − t)1−α

∫ t
0

Xu−k
(T−u)2 du− (T − t)α−(1−H)(T − t)1−Hψt(T − t)1−2α

∫ t
0

(Xu−k)2
(T−u)2 du

(T − t)2−2α
[ ∫ t

0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

]
law−−→

(1− α)(1− 2α)
(
ηT + x0−k

Tα ϕT
)

α3
(
ξT + x0−k

Tα

) .

Therefore (1.25) holds.
(3”) If α = 1/2, similarly as t→ T , we obtain

| log(T − t)|
(T − t)1/2

(k − k̂t)
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=
(T − t)1/2

[ (
ηt +

x0−k
Tα ϕt

) ∫ t
0

Xu−k
(T−u)2 du− ψt

∫ t
0

(Xu−k)2
(T−u)2 du

]
T−t

| log(T−t)|
[ ∫ t

0
dXu

T−u
∫ t
0

Xu

(T−u)2 du− t
T (T−t)

∫ t
0

Xu

T−udXu

]
=

[(
ηt +

x0 − k

Tα
ϕt

)
(T − t)1/2

∫ t

0

Xu − k

(T − u)2
du

− (T − t)H− 1
2 | log(T − t)|(T − t)1−Hψt

1

| log(T − t)|

∫ t

0

(Xu − k)2

(T − u)2
du

]
÷
[ T − t

| log(T − t)|
[ ∫ t

0

dXu

T − u

∫ t

0

Xu

(T − u)2
du− t

T (T − t)

∫ t

0

Xu

T − u
dXu

]]
law−−→

4
(
ηT + x0−k

Tα ϕT
)

ξT + x0−k
Tα

=
4ξT

(
1
2ξT + x0−k

Tα

)
ξT + x0−k

Tα

.

Hence (1.28) holds. The proof of Theorem 1.2 is complete.

3. Appendix

In this section we describe some basic facts on the stochastic calculus with respect to sub-
fractional Brownian motion SH . Some surveys and complete literatures could be found in Alòs
and Nualart [1] and Nualart [17].

Fix a time interval [0, T ]. We denote by HSH canonical Hilbert space associated to the sub-
fractional Brownian motion SH . That is, HSH is the closure of the linear span ε generated by the
indicator function with respect to the scalar product

⟨I[0,t], I[0,s]⟩ = R(t, s) = E(SHt S
H
s ) = s2H + t2H − 1

2

[
(s+ t)2H + |s− t|2H

]
.

We know that the covariance of sub-fractional Brownian motion SH can be written as

R(t, s) = E(SHt S
H
s ) =

∫ t

0

∫ s

0

φ(u, v)dudv, (3.1)

where φ(u, v) = H(2H − 1)
[
|u− v|2H−2 − (u+ v)2H−2

]
. Note that for any H > 1/2, we have

φ(u, v) ≤ H(2H − 1)|u− v|2H−2. (3.2)

Let C∞
b (Rn,R) be the class of infinitely differentiable functions f : Rn → R such that f and its

partial derivatives are bounded. We denote by S the class of smooth cylindrical random variables
F = f(SH(φ1), . . . , S

H(φn)), for φi ∈ HSH , i = 1, . . . , n, and f ∈ C∞
b (Rn,R). The Malliavin

derivative operator D of a smooth cylindrical random variables F = f(SH(φ1), . . . , S
H(φn)) is

defined as the HH
S -valued random variable

DsF =

n∑
j=1

∂f

∂xj
(SH(φ1), . . . , S

H(φn))φj(s), s ∈ [0, T ].

In particular DsS
H
t = I[0,t](s). As usual, D1,2 denotes the closure of the set of smooth random

variables with respect to the norm

∥F∥21,2 = E(F 2) +E[∥DF∥2HSH
].

The Skorohod integral δ is the adjoint of the derivative operator D. If a random variable u ∈
L2(Ω,HSH ) belongs to the domain of the Skorohod integral (denoted by dom(δ)), that is, if it
verifies

|E⟨DF, u⟩HSH
| ≤ cu

√
E(F 2) for all F ∈ S.

Then δ(u) is defined by the duality relationship

E[δ(u)F ] = E[⟨DF, u⟩HSH
], for every F ∈ D1,2.
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We will use the notation

δ(u) =

∫ T

0

usδS
H
s , u ∈ dom(δ).

It is well-known that D1,2(HSH ) is included in the domain of δ. Note that E(δ(u)) = 0 and the
variance of δ(u) is given by

E(δ2(u)) = E
(
∥u∥2HSH

)
+E

(
⟨Du, (Du)∗⟩HSH⊗HSH

)
,

if u ∈ D1,2(HSH ), where (Du)∗ is the adjoint of Du in the Hilbert space HSH ⊗ HSH . We will
use the property

Fδ(u) = δ(Fu) + ⟨DF, u⟩HSH
,

if F ∈ D1,2 and u ∈ dom(δ) such that Fu ∈ dom(δ). We also need the commutativity relationship
between D and δ,

Dδ(u) = u+

∫ 1

0

DusδS
H
s ,

if u ∈ D1,2(HSH ) and the process {Dus, s ∈ [0, 1]} belongs to the domain of δ.
For every q ≥ 1, let Hq be the qth Wiener chaos of SH , that is, the closed linear subspace of

L2(Ω) generated by the random variables
{
Hq(S

H(h)), h ∈ HSH , ∥h∥HSH
= 1

}
, where Hq is the

qth Hermite polynomial. The mapping Iq(h
⊗q) = Hq(S

H(h)) provides a linear isometry between

the symmetric tensor product H⊙q
SH (equipped with the modified norm ∥ · ∥H⊙q

SH
=

√
q!∥ · ∥H⊗q

SH
and

Hq. Specifically, for all f, g ∈ H⊙q
SH and q ≥ 1, one has

E[Iq(f)Iq(g)] = q!⟨f, g⟩H⊗q

SH
. (3.3)

On the other hand, it is well-known that any random variable Z belonging to L2(Ω) admits the
following chaotic expansion:

Z = E[Z] +

∞∑
q=1

Iq(fq), (3.4)

where the series converges in L2(Ω) and the kernels fq, belonging to H⊙q
SH , are uniquely determined

by Z.
Let f, g : [0, T ] → R be Hölder continuous functions of order α ∈ (0, 1) and β ∈ (0, 1) with

α+β > 1. Young in 1936 proved that the Riemman-Stiltjes (so-called Young integral)
∫ T
0
f(s)dg(s)

exists. Moreover, if α = β ∈ ( 12 , 1) and ψ : R2 → R is a function of class C1, the integrals∫ •
0
∂ψ
∂f (f(u), g(u))df(u) and

∫ •
0
∂ψ
∂g (f(u), g(u))dg(u) exist in the Young sense and the following

change variables holds,

ψ(f(t), g(t)) = ψ(f(0), g(0)) +

∫ t

0

∂ψ

∂f
(f(u), g(u))df(u) +

∫ t

0

∂ψ

∂g
(f(u), g(u))dg(u), (3.5)

for 0 ≤ t ≤ T . As a consequence, if 1
2 < H < 1 and (ut, t ∈ [0, T ]) is a process with Hölder paths

of order α > 1−H, the integral
∫ T
0
usdS

H
s is well-defined as a Young integral. Suppose moreover

that for any t ∈ [0, T ], ut ∈ D1,2, and

P
(∫ T

0

∫ T

0

|Dsut|
[
|t− s|2H−2 − (t+ s)2H−2

]
ds dt <∞

)
= 1. (3.6)

Then, by (3.2) and the same argument as in Alòs and Nualart [17] or see the proof of Cai, Wang
and Xiao [5, Lemma 2.7], we have∫ T

0

usdS
H
s =

∫ T

0

usδS
H
s +

∫ T

0

∫ T

0

Dtusφ(t, s) dt ds. (3.7)

In fact, let uϵt =
1
2ϵ

∫ t+ϵ
t−ϵ usds. Using integration by parts, we have

Fδ(u) = δ(Fu) + ⟨DF, u⟩HSH
,
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if F ∈ D1,2 and u ∈ dom(δ) such that Fu ∈ dom(δ). When u satisfied the condition (3.6), we
obtain∫ T

0

us
SHs+ϵ − SHs−ϵ

2ϵ
ds =

∫ T

0

us
1

2ϵ

∫ s+ϵ

s−ϵ
dSHv ds

=

∫ T

0

usδ
( 1

2ϵ
I[s−ϵ,s+ϵ]

)
ds

=

∫ T

0

δ
(
us

1

2ϵ
I[s−ϵ,s+ϵ]

)
ds+

1

2ϵ

∫ T

0

⟨Dus, I[s−ϵ,s+ϵ]⟩HSH
ds

= δ(uϵ) +
1

2ϵ

∫ T

0

⟨Dus, I[s−ϵ,s+ϵ]⟩HSH
ds

= δ(uϵ) +
1

2ϵ

∫ T

0

[ ∫ T

0

∫ T

0

DtusI[s−ϵ,s+ϵ](r)φ(t, r) dt dr
]
ds

= δ(uϵ) +

∫ T

0

[ ∫ T

0

1

2ϵ

∫ s+ϵ

s−ϵ
Dtusφ(t, r) dt dr

]
ds

= δ(uϵ) +

∫ T

0

∫ T

0

Dtus

[ 1

2ϵ

∫ s+ϵ

s−ϵ
φ(t, r)dr

]
dt ds,

(3.8)

since

lim
ϵ→0

1

2ϵ

∫ s+ϵ

s−ϵ
φ(t, r)dr = lim

ϵ→0

φ(t, s+ ϵ) + φ(t, s− ϵ)

2
= φ(t, s).

Thus (3.7) can be easily obtained by taking the limit ϵ → 0 on both sides of (3.8). In particular,
when u is a non-random Hölder continuous function of order α > 1−H, we obtain∫ t

0

usdS
H
s =

∫ t

0

usδS
H
s . (3.9)

This article extends the results of Han et al. [8] for fractional Brownian bridge with linear drift.
The differences between our paper and Han et al. [9] lie in: (1) We prove the existence of the

limiting variance of (T − t)2−H−α
[

t
T (T−t)ϕt −

(T−t)α−1

1−α ψt

]
by above (2.11). (2) We give the proof

of (3.7).
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