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LEAST SQUARES ESTIMATION FOR SUB-FRACTIONAL BROWNIAN
BRIDGE WITH LINEAR DRIFT

NENGHUI KUANG, HUANTIAN XIE

ABSTRACT. In this article we consider least squares estimation (LSE) for sub-fractional Brow-
nian bridge with linear drift defined by
a(k Xt)

dX; = dt+dsE, 0<t<T, Xo==o,

where a > 0, k € R and 7 := ak are unknown parameters, and S¥ is a sub-fractional Brownian
with Hurst index H € (1/2,1). We prove that the LSE has strong consistency as t — T
depending on the value of . When it has consistency, we obtain the rate of this convergence.
This work extends the results by Kuang and Liu [I1I] who studied the case k = 0 and z¢ = 0.

1. INTRODUCTION AND MAIN RESULTS

Let W be a standard Brownian motion and let o be a non-negative real parameter. In recent
years, the study of various problems related to the (so-called) a-Wiener bridge, that is, to the
solution X to

dX, = —

0<t<T, Xo=0, (1.1)

has attracted interest. For a motivation and further references, we refer the reader to Barczy and
Pap [2, 3], as well as Mansuy [15]. Because (1.1 is linear, it is immediate to solve it explicitly,
one then gets the formula

X, = (T — ) /Ot(T—s)‘“dWs, te0,7),

the integral with respect to W being a Wiener integral.

An example of interesting problem related to X is the statistical estimation of « when one
observes the whole trajectory of X. A natural candidate is the maximum likelihood estimator
(MLE), which can be easily computed for this model, because of the specific form of (1.1)), one
obtains

t X
Xy,
Gy = — Jo 72X tos - 0<t<T. (1.2)
fO (T u)2
It is worth noticing that the MLE &; coincides with the LSE, indeed, &; (formally) minimizes
t
) X,
a—)/o ’Xu+aT_u’2du.
By (1.1) and (1.2), we obtain
Xy dW
o—dy = o 7 O Tu 7 (1.3)
fO (T—u)2 du

It is not very difficult to check that &; is indeed a strongly consistent estimator of . Zhao and
Chen [25] studied large deviation expansion for maximum likelihood estimator of a-Brownian
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bridge. Zhao, Liu and Chen [24] investigated the large deviation principle for maximum likelihood
estimator of a-Brownian bridge.

Es-Sebaiy and Nourdin [7] obtained the asymptotic behavior of the LSE when W in (1.1)) is
fractional Brownian motion. Han, Shen and Yan [8] studied the case when W in is weighted
fractional Brownian motion. Kuang and Liu [I1] investigated the case when W in is sub-
fractional Brownian motion. Han et al. [9] considered least squares estimation for fractional
Brownian bridge with linear drift, and proved that the LSE had strong consistency as t — T
depending on the value of a. When it had consistency, they obtained the rate of this convergence.

Motivated by all these results, in this paper, we study the asymptotic behavior of the LSE for
sub-fractional Brownian bridge with linear drift defined by

Tt
where a > 0, k € R and 7 := ak are unknown parameters, and S¥ is a sub-fractional Brownian
with Hurst index H € (%7 1). We extend the results of Kuang and Liu [1I]. For more on sub-
fractional Brownian motion, we can see Bojdecki et al. [4], Tudor [20, 21l 22], Yan and Shen [23]
Diedhiou et al. [6], Shen and Yan [I9], Liu and Yan [14], Shen and Chen [I8], Kuang and Xie [12],
Kuang and Liu [I1], Kuang and Li [I0], and Kuang and Xie [13].

By using the least square method, the estimators are formally obtained by minimizing the

function .
L(avT) :/ )Xu .
0

We can obtain the least squares estimators of a, 7 and k as follows

dX, = dt +dSH, 0<t<T, Xo=x, (1.4)

t dX, Xy t X,
. Jo 7= Jo Ty du — T(T D) f T dXy 15
ap = P t Xﬁ d d ) ( . )
T(T—1) o T—u)z 0% — (fo (T—u B “)
tax, t X2 t X,
N = Tz du = Jo 72 udX fo Tz du
Tt = p 7 Xu 3 (16)
T(T—t) o (T—u)? du — (fo (Tfu 2d“)
tax, t X2 t X,
- % o 2= [ Tz du = |, TXudX fo )2d
kt = OA[— = 7 IX. I X, d X. dX 5 (17)
t Jo 722 [ T—uw)z U — T(T ) fo
forall 0 <t <T.
Our main results read as follows.
Theorem 1.1. (1) When0<a <3, ast— T, we have
ar =25 a. (1.8)
When%<a<H, ast — T, we have
1 (wO k)2
Qp =2 E(1+7>. (1.9)
fo T—ayz du
(2) WhenO0< a < H, ast— T, we have
ke 225 k. (1.10)
(3) Ast — T, we have
ak =T, if0<a<1/2;
Fr= Gk 22 (zg=1)? 1.11
T LRt E<1+T(Xo1#>7 if1/2 < a< H. ( )
ey du
Since (1.4)) is linear, one obtains the solution easily:
—k t
X =k+ iEoTa (T -0+ (T - t)”‘/ (T —u)~“dSH, tec|0,T), (1.12)
0
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where the integral can be understood either in the Young sense, or in the Skorohod sense.
For convenience, we introduce the following two processes related to X: for t € [0, T,

t
& =/ (T —u)~"dS;, (1.13)
0
t u t
" :/ [(T—u)a*/ (1~ v)-dsy]as?! :/ (T — u)*~g,dS™H. (1.14)
0 0 0
In particular, we observe that, for ¢ € [0,T),
—k
X, =k + ”“"OTQ (T —)* + (T — t)°¢,. (1.15)
For t € [0,T], we denote
t
br = / (T —u)*tdsH, (1.16)
0
tasH
b = /0 T (1.17)

Thus we obtain the following theorem.

Theorem 1.2. Let N ~ N(0,1) be independent of ST, and let B(a,b) = fol

denote the usual Beta function.
(1) Assume that o € (0,1 — H). Then, ast — T,

1—a)?(1-2 N
00 -20)

22711 — )P~ ldz

(T — 1) (a — ) 1o

a? Er + B9k (1.18)
~ aw k(1 -« 2 12« N
(T — ) H(r — 7,) 122 ( L,f )01 e ey (1.19)
(T — ) H (s — o) Loy L= a)ig —20) % N, (1.20)
where
»  aH(2H 1) (a+2H —1)3(2 — o — 2H,2H — 1)
Ul_(l—a)(2—a—2H){ 1-H—a Lol
(1—2H)B(2 —2H,2H —1) (1.21)
(1—a)(1—H) }
o oH(2H — 1) [(QH ~1)B(2—a—2H,2H — 1)
27 1-a)(1-2a)(2—a—2H) (1—a)(1-—H—a) (1.22)
(a+1—2H)3(2—2H,2H — 1) '
(1—2a)(1—H) }
(2) Assume that € (1 — H,%). Then, ast — T,
— 2(1 _ «a zo—k
(T — 1) Mo — &) 2% (1-o) ;(;:SZT;JBQT“ ¢T), (1.23)
(7 — 1y (r — 5 Loy, KL= 00 = 20) or + S om), (1.2

a?(er + %=k)°
amigg gy daw, (L= o)(1—20) (nr + %<5 or)
(T =) (k= k) — o (e + 5E) , (1.25)

where &, nr and ¢ are defined by (1.13), , and (1.16)), respectively.
(3) Assume that o« =1/2. Then, ast — T,

M §T (%gT + x%%k)

log(T — C\{*OA[t 3
g7 = (o = ) 22 L

(1.26)
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law kgT( §T+ e k)
=
o+ )
[o8(T — )] ). _ ;.\ tau, 467 (367 + *457)
—— (k- k
(T*t)o‘ ( t) €T+z0 k
where {r is defined by (1.13]).

Since we can not prove the existence of the limiting variance of

|log(T" — t)|(T — 7¢) (1.27)

: (1.28)

0t ast— T, we can not
[log(T'—1)]

obtain the limiting distribution of the estimators &y, 7¢ and l;:t in the case « = 1 — H. This will be

our work in the future. The rest of this paper is organized as follows. In Section 2, we give some

lemmas and the proofs of Theorem [[.1] and [I.2] In the appendix, we list the preliminaries tools

that we will need throughout this paper: Malliavin derivative, Young integral, Skorohod integral,

and the link between Young and Skorohod integrals.

2. PROOFS oF THEOREMS [[.1] AND [T.2]

First we give some useful lemmas. Lemmas[2.1] and [2.4] come from Kuang and Liu [1T, Lemmas
3.2, 3.3, 3.4, 3.6 and 3.7].

Lemma 2.1. Let a € (0,H) and & be defined by (L.13). Then & = limy_,7 & emists in L>.
Moreover, for all € € (0,H — «), the process § = {&}iepo,r) admits a modification with (H —

a — €)-Holder continuous paths, still denoted & in the sequel. In particular, & L érast — T.
Furthermore, ast — T,

(1) if0 < a<1/2, then

2
1 2c 2 2a 2 S- gT
/ &(T ds 22 T 20’ (2.1)
(2) if « =1/2, then
1 t 52 a.s
S _ds X2 €2, (2.2)

[log(T' —t)| Jo T —s
(3) if1/2 < a< H, then

/ (T — 5)** 2ds == / §(T — 5)**?ds, (2.3)
with fo E2(T — 5)**72ds < o0, a.s..

Remark 2.2. If o € (1 — H,1). Then ¢p := lim;_,7 ¢; exists in L. In particular, ¢; =% ¢7 as
t—1T.

Remark 2.3. By the Holderianity of &, if « € (0, H), we have an analogous result: as t — T,

T 1) /5 T — s)o-2ds 25y ST (2.4)

1—a’

Lemma 2.4. Let o € (1 — H,H) and n; be defined by (1.14 - Then nr = limy_,7 1, exists in
L?. Moreover, there exists k > 0 such that n = {nt}eefo,m) admits a modification with k—Hélder

continuous paths, still denoted n in the sequel. In particular, ny —= np ast — T.
Furthermore, for any t € [0,T), we have

¢ ¢ ¢ s
N = / (T —u)* tdSH x / (T — s)~*dS? —/ 5Sf(T—s)*a/ SSH(T — )t
0 0 0 0

_ /Ot ds(T — s)~° /OS du(T —u)* (s, u)

t s t s
:phit&*/o 5Sf(Tfs)*o‘/0 5Sf(Tfu)o‘*17/0 ds(Tfs)*a/O du(T — u)* (s, u).
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If « € (0,1 — HJ|. Then

lim sup E [( /Ot SSH(T —w)=@ /0“ sSH(T - U)a_l)Z] < 0. (2.6)

t—T

Lemma 2.5. Let Z be any o(SH)-measurable random variable satisfying P(Z < 00) =1, and let
N ~ N(0,1) be independent of SH.

(1) If « € (0,1 — H). Then, ast — T,

AR [T(th 5%~ (T;j>:_lwt}) = (Z,01N), (2.7)

where 0% is defined by (1.21)).
(2) Ifa € (0,1 —H). Then, ast — T,

(T_t)a—l B (T_t)Qa—l
! 1- 20

(Z, (T — t)2~H-2 { wt]) % (Z,02N), (2.8)

l1—«

where o3 is defined by (1.22).

Proof. For any d > 1,s1,...,54 € [0,T), we shall prove that, as t — T,

(sj{,.

st o T ) I (s st oN), (29)

which is sufficient to obtain the desired conclusion. Because the left-hand side in the previous
convergence is a Gaussian vector (see proofs of Mendy [16, Lemma 4.3], Es-Sebaiy and Nourdin

[7, Lemma 7], or Kuang and Liu [IIl lemma 3.5]). To obtain (2.9)), it is sufficient to check
the convergence of its covariance matrix. Let us first compute the limiting variance of (T' —

_pa—1
82 [ty b — T2 —y] . We have

—a
E[((T _py2Hea {T(Tt_ 5 B0 — (T;_t);ﬂ?/’tbﬁ
- %E[((T - t)l_H_a@)Z] + ﬁE[((T - t)l‘Hwt)Q} (2.10)

_ ﬁE [(T _ t)2—2H—a¢t¢t} .

As t — T, we obtain
(-0t ]
= (T — t)?> 22 /t ds(T — s)** /t du(T —u)* (s, u)

0 0

S K = R R

T T

— (T — )220 / T dsso! / N T o(T — (T = )8, T — (T — t)u)
1 1

= /TTt dss® ! /TTt duu®~! [(T — ) (T — (T = 1)s, T — (T - t)u)}

—>H(2H—1)/ dsso‘fl/ duu® s — u|*H =2,
1 1
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where we use that
lim (T — t)> " 2H (T — (T — t)s,T — (T — t)u)
t—T

— lim (T — )2 2" H(2H — 1){(T —4)2H=2|g _y2H=2 9T (T — 1)(s + u)]2H 2 }

=T (2.11)
= H(2H —1)|s —u*" "> — lim HQ2H — 1)(T —t)* " 2T — (T — t)(s +w)]*"
—
= H(2H —1)|s — u*"72
From Es-Sebaiy and Nourdin [I8], we obtain
—2H,2H — 1)
dss® 1 duu®=1 2H-2 _ B2 -« ) ) 92,12
/ s / wu®" s — ul T o (2.12)
Hence, we obtain
.  N—H-a, 2] _ H(2H -1)B(2—-a—2H,2H — 1)
lim B [((T £) é1) } = 7 . (2.13)

Similarly, by (2.11)), for any ¢t € [0,T), ast — T,

E[((T—t)l_Hwt)z} = t)*~ 2H/ ds —s/ duT_ (s, u)
=(T-1t)" 2H/0 ds;_s/o du%gp(s,u)
- /TT& dst /TT dut [(T )2 (T (T — )8, T — (T — t)u)
1 s ) u

oo o'} _ . |2H-2
—>H(2H—1)/ / wdsdu.
1 1

SU

Since

s 2H -2 )2H=2 I 1 1 — y)2H-2
/ / |s ‘ dsdu—/ dss*H— 3/ dy————— / dss?H—3 du%
1/s

B(2—2H,2H — ! 2H -2
)Jr/ du(l u) / dss2H—3

_ B(2—2H,2H —1)
n 1—-H ‘

We have

(- )] - M)

By (2.11), as t — T', we obtain

(2.14)

B[~ 0 6] = (r - [ t / (9t s, ds

B —oH —s a—17T —1¢
= // t T_ugo(s,u)dsdu

_ /1 - /1” Sau : (T — )25 o(T — (T — t)s, T — (T — t)u)] ds du
—>H(2H—1)/:O/100 o

B(2—a—-2H,2H — 1)+ p(2—2H,2H — 1)
2—a—2H '

u|?=2 ds du,
with

ul*72 ds du =

I
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Therefore,
. Con H(2H —1)[3(2 — a — 2H,2H — 1) + B(2 — 2H,2H — 1)]
_ 41\2—2H—-« _ ) )
g BT =06 P 219
By (2.10), (2.13), (2.14) and (2.15]), we obtain
. H t (T—1)*"1 1\2
_ \2—H—-« _ — 52
tll—%E[((T 2 [T(T —t) o 1—a 1/)t]) ] a1
where o7 is defined by (1.21)).
On the other hand, for any v <t < T, as t — T, we have
H  p2-H-a t (Tt
B{SH x (T ~1) [T(T_t)ast — |}
t(T —t)t—H-o rt (7 (T —t)'=H ' du [
=—t | du(T —u)® d — d
T /0 u( w) /0 sp(s,u) - /0 T /0 sp(s,u)
tH(2H — 1)(T —t)*~H- [t v
_ ( )( ) / du(T—u)O‘_l/ ds [|S_u|2H—2_(8+u)2H—2]
T 0 0
H(ZH - )T -t /t du /U 2H—2 2H—2
d _ _
T—o T—u s [|s — ul (s+u) ]
tH(T —t)'—H-o ot
= ( T) / (T —w)* [ + sign(v —u) x Jv—u*" 1] du
0
tH(T —t 1-H—« t
o ( ) / (T o u)afl [(U + U)2H71 _ u2H71] du
T 0
H(T-t)H 1
_H 17; /0 Tiu[uQH_l—l—sign(v—u)><|v—u|2H_1] du

H(T —¢)'=" t 1
+ (1_; /0T_u[(u+v)2H*17u2H’1]du%O.

Hence we have proveed (2.9)), and so (2.7) holds. Similarly, we can obtain the proof of (2.8),
therefore, we complete the proof of Lemma O

According to the proof, as t — T', we also have

W H(2H —1)8 2—2H 2H —
(2,(T — )~ Hy,) 1o J Un). (2.16)
Lemma 2.6. (1) Let X; be given by - If0<a< H, then, ast — T,
Xt—]f a.s. .lfo—k
LS 2.17
(T —t)e 7+ ~ra (2.17)
b X, —k 1 zo — k
T—t)' = | ——du = : 2.1
-9 /0 (T — w2 ™ 1—04(&+ Ta ) (2.18)
(2) If0<a< %, then, ast — T,
P (X, —k)? 1 zo — k\2
T_tl_ga/ (uid a.s. 0 ] 219
(T-9 o (T—w? ™ 17204(6T+ T ) (2.19)
3) Ifa= %, then, ast — T,
1 (X, — k)2 xo — k\2
du =25 . 2.20
\log(T—t)|/0 (T —u)? “ (ET_'_ T ) (2.20)

(4) If%<a<H, then, ast — T,

PR e [T Xa kP
/O(T_u) d /0 (T—u)Zd < . (2.21)
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Proof. By (1.15]), we obtain

Xo—k . mo—k
(T _ t)O‘ - gt + Ta 9
¢ X, —k 1 To — k 1 To — k
(T—t)l’o‘/ Tl + (T — 1)1=e
T —u)? 1-— T -1 T
o (T'=u) “ O (2.22)
+ (T — )i« / £(T — 5)*2ds,
0
t 2 t

(Xu - k) / 200—2 o — kN2
LT gu= | (T —u)>2(g, du. 9.23
| G [ w6 ) (223)
Thus, (2.17)-(2.21) can be obtained by Lemma [2.1]and Remark O

Lemma 2.7. Let X3, ¢y and ¢ be given by (1.15), (1.16]) and (1.17), respectively.
(1) If a € (0, 3], then, for 0 <t < T, we have

/t dX, [t X, t X,
du
0

— dXy

t t X2 t X 2 " Zo — k
= - - v — 2.24
a[T(T—t)/O T = a2 (/0 (T—u)2du) } T(T_t)(”tJr Ta ¢t) (2.24)
b X, —k
+wt/0 mdu,
and
tax, [t X? tox, tox,

- T{T(Tt— ?) /0 (T)juu)2du - (/0 (T)_(iuuyd“) 2} N kT(Tt— ) (”t * zOT; k‘bt) —Qn

(2.25)
where ,
_ —k —k
Qt:/ (T —w)* 2(§u+x0Ta )du(nt+$oTa ¢t—k¢t)
o, i (2.26)
_ \2a—2 Lo —
" /0 (T —u) (gu+ - ) du.
(2) If a € (0,1 — H], for 0 <t < T, we also have
tax, [t X, t X,
- X
/0 T—u), w2 ™ Tr=p ), T—a®™
t D ¢ ¢ 2
_ u _ Lu 2.27
a{T(T—t)/O T —ap (/0 (T_U)Zd“” (2.27)
xo—k t (T —t)o—t
_<€t+ T )[T(T—t)¢t_ 1—a wt]_At’
and t t 2 t t
b dX, X bX, X,
U _ X e
/0 T—u), T—wr™ /0 T—u’ “/0 T =™
t tox2 toX 2
_ u _ u__ 2.28
T{T(T—t)/o T —ap ™ (/0 (T—u)2d“> } (228)
zo —k t (T —t)e—1
_k(gtJr T )[T(T—t)¢t— 1-a %] — kA =By,
where & is given by (1.13)), and Ay, By are defined by
2 —k t
A= By T b _ (6e& — 1), (2.29)

Cl-a T 1—-a T(T-1)
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O L R
with
_ _ AV
(5’5 = ak)¢ [(l—a;/(}tl—Qa) a lioszT k} + 1ipt2a (%Tk)

_ [/Ot(T_u)a—Q(gﬁ”” [
Proof. By , we obtain

/t dx, [t X, - t t X,

:a{T(th ) /0 (T)juuyd“_ ( /0 (Ti(uu)zd“ﬂ

tX t tX
Y du— v dqsH.
ﬂbt/o T—w2™  TT—t) )y T—u""

dX,

By (1.15), we obtain

U GSH = gy 4+ Z

| T— ¢t+7lta

toXx kt ¢ zo—k
Y _du = T —uw)2(&, du.
/0 T —up™ T(T—t)+/0( W) (6 S ) du
From ([2.34), we obtain
t X, —k t X kt ¢ xo — k
o du = “du — = [ (T—uw*?(& du.
/0 (T —u2™ ™ /O (T—u)2 “ T(T—t) /O( w) (5 e )“
Hence (| - ) holds from - From , we have

(03

Ta

Thus (2.27) holds from (2.24]), (2.35) and (2.36]).
Similarly, we obtain

/t dX, [t X2
2du7
o T—ujo (T—u)

=iy [ o () @) ]

t X2 t X t X
7d _ v g 2 geH
v [t [ s | 7ot
By , we have

tox2 kQ xo — k
U _ 2 a 2
/0 (T—u)2d T(T —t) + k/ 5“ T )d“

20—2 zo — k2
+/O(T w) (gu = )du.
Hence (2.25) holds from (2.37), ([@.38), (2.34), and (2.33).
3.5

-« l-a 1—a T

/Ot(T—u)“(guﬂO_k)du:(ft ‘”’“"O_k)(Tl‘”a”_ G 1wk

T —u)?

By (3.5)), we obtain

1—2a (1 20—2 z0—k
. /O(T—u) (6 + 2 )du

o (T*t)Qail zo — k\2 To— k (.Z‘Ofk)Q
= 5 (ft Ta ) T e Ot o

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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We can obtain (2.28)) by (2.37), (2.38), (2.34), (2.33), (2.36), and (2.39) after some calculations.

So the proof is complete.

O

Remark 2.8. By (1.13) and (1.16)), when o = %, we have & = ¢;. Thus, we have n; = %gf by

(2.39) when o = 1/2.

2.1. Proof of Theorem [1.1} The proof is done in 5 steps. (1) prove (L.8) holds as 0 < a < 1.
(2) prove . ) holds as o = l. (3) prove 1-) holds as £ < a < H. (4) prove (.10) holds as

0 < a < H. (5) prove (I.1T) holds by (L.8), (L9) and (L.10).

Note that
o (<T—uk§) wu= ([ )
¢ t X2 tox, 9
:T(T—t)/o (T — u)? du _</0 (T_u)2d“> '

By (1.5)), we have

t t
G — 0 %)EZ fO T u)2 T(T t) fO TqudX
.=
T(Tfft) fo (Tfu)Q du — (fo (T ) d“)

t dx,, X t X,
:fOT ufO (T— u)2d _T(Té t) Jo T— udX

T (X,—k)2 t x._
T(T t)f Tz du — (f ()T< ukdu)

By (3.5)), for any ¢ € [0,T), we obtain

/’f X, X, _xo_/t X, du_Xt—k_/t Xy—k -
o T—u T—t T o (T—w?2 " T—t o (T —u)? T

and

Then, we obtain

- X
T—u), T—wr™ 7= ), T—u™

- {)I(f : tk B /0 (;f"_u;zdu xOIT k} /0 (;f"_u;zdu
ol [ et ez

/f dx, ¢ X, t X,
0

(T —u)32 ™ T

Step 1: If 0 < a < %, then by (2.17), (2.18)), and (2.19). As ¢t — T, we have

(T*t)Ha{T(Tt_ 0 /0 ((); —_uk)) du— ( /0 ();__ulfzd“) ]

_ %(T _pyl-2a /Ot Mdu - {(T — )l /Ot mdur

a.s. OZ2
T U201 —a)y (6r +

(2.40)

(2.41)

(2.42)

(2.43)
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and
bax, 10X t ¢
T — 2—201/ u u _ u Xu
(T-1) [0 T—u )y T—w2™ Tr=p ), T—u" }
X, —k L /t X, —k L aZo—k 1, /t X, —k
==L —Tr-t | 2 du— (T -t e (T -t | 2d
[(T—t)a T=07" ) T - T-Y T }( ) T
tor(Xe — k) 1-2 /f( k) 1-2 (wO_k‘)2
MY (T — a u Y du— (T — a\?t
QT{(T e~ (T | Sy du— (T =1) ]
as. ad xo — k\2
_>(1—2a)(1—04)2(£TJr Te )
(2.44)
By (2.40), (2.43), and (2.44)), we obtain &; = « as t — T, Thus (1.§) holds.
Step 2: If a = %, then by (2.17)), and . Ast — T, we have
Tt [ t /t(X —k)Qd_(/t H
[Tog(T >| T(T—1) <T—u>2 IRV
t
/ 1 7o) 1/2/ Xu (2.45)
T|10g — )] 2 - [log(T - 0
xo—
(§T+ Ta )7
and
Tt bax, [t X, t X
- X
Tog(T — )|{/0 T—ul, (T—u)2du A T—ud “}
_[ 1 X -k —t1/2/
 log(T = t)[(T = )12 [log(T —t)| Jo (T -
(T —t)Y? 29—k 1/2/ X, —k
- T—t —r "4
Nog(T—t)] T }( A ke
_L[ 1 (Xe-k? 1 /%Xu—k)zd 1 (xo—k)Q}
2T L log(T —t)| T —t [log(T — )| Jo (T —u)? b [log(T —t)| T
as. 1 o — k\2
_>§<5T+ To )

(2.46)

Then by (2.40), (2-45), and (2.46), we obtain & ~= a = 3 as t — T. Hence (L.8) holds.

Step 3: If%< a < H, then by (2.17), (2.18), and (2.21). As t — T, we have

(T_t)[T(Tt_ t)/ (():(F —_uk)) du = (/0 %d“ﬂ
/ d (r t)Qal[(T—t)la/Ot ()T(“__u;"zdur (2.47)

/ du<oo
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and
tax, [t X, t tX,
T — — X
( t)[/o T—u), T—w2™ Tr=p ), T—u" “}
X, —k
— (T — ¢)20—1 t
e

_(T—t)l—a/o mdu—(:r—t)l—a“;k}(ar—t)l—a/o (X“_kdu (2.48)

T —u)?
_t [(T _f)2a-l (X¢ —k)? /Ot (Xu — k) du — (zo — k)Q}

ST (T —t)2e T —u)? T
a.s. 1 T (Xu - k)2 (xO - k)2

Thus holds by (2.40), (2:47) and (2.48).
Step 4: Now we prove (| - By (2.41) and -, we obtain

tdx, 4 X? t X, tX,
/OTfu | (T—u)Qdu_/ 7uqu/ 77u2du

t dX t( t Xu
_/0 T—u[/ d +k/ d T 0 (T_U)Qdu}

dX/
—u

t t

:/ dXy [/ (Xu — d +k/
T—u (T — u)?
X tdax, Xu
k/ T—u}/o (T—u)2d“

B —k zo— k11 [ (X —k)? "X, —k
_[Tft _/0 (Tfu)Qdu_ T H/O (T —u)? d“”“/o (T—u)Qdu}

— k)2 ¢ 20— k)21 [t X, —
*%{(XT—IZ) */0 (éu—uk)) du—! OTk) H/O (;(—ul)zdu+T(7]ft—t)]

Hence, when 0 < a < 1/2, by (2.17), (2.18)) and (2.19), as t — T, we have

Lax, [t X? b X ¢
T _ )220 / u _Pu Xu/ _ A
( 2 [ o T—ujy (T—u)? du = T—ud 0 (T—u)zdu

= {(Xti_k (T — )i /Ot (Xui_kdu B (T—t)l_axO; k]

T —t)~ T —u)?
12« ! (Xu k)Z —a ! Xu —k
< [T — o —v 20 Tyt k(T — 1)} i
£ (X, — k)2 /0 (T_tg k) /0 (T(_u)zk)z] (2.49)
t— —2a u _2a \T0o —
sl - @0 [ e w2
X [(T—t)a(T—t)l_“/O Hdu—i— ’;ﬂ

as. ko? xo — k\2
- (1—204)(1—04)2(£T+ )
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By (1.7)), (2.44)), and (2.49), we obtain ke 225 kast — T. When o = %, by (2.17), (2.18]), and

(12.20), as t — T, we have

T—t tax, [t X? t X tXx
u — v dX v
\log(T—t)|[/0 T—u (T—u)Qdu /0 T—ud u/o (T—u)2du

- [(Xt_k—(T—t)W/Ot(Xkdu—( t)l/zL;’f}

T —t)4/? T —u)?
T —t)1/? T — t)1/2
o /
\log / |1 og(T | (2.50)
1[ I<:)2 1 1 (vo — k)?
Ilog( )I T*t [log(T — )| Jo 2 S Jlog(T—t)] T

x [0 - 012 - 1)2 / t ()T(_fdm T}

as xo — k\2
(’fT+ e >~
By (L.7), ([246), and (2-50), we obtain k; *+ k as t — T. When i < a < H, similarly, as t — T,
weobtaam
tdx toox2
Tft[ u Uy — d}
( ) /0 T—ufy (T—u)? " T —u)? "

(2.51)

=3l e )

By (L.7), (2.48), and (2.51)), we obtain k; ==+ k as t — 7. Thus (L.10) holds.

Step 5: It is obvious that ((1.11]) also holds from ([1.8))-(1.10). So we complete the proof of Theorem
1.1.

2.2. Proof of Theorem We prove the theorem in three steps.

Step 1: we prove the asymptotic properties of estimator &, namely (|1.18)), (1.23)), and ([1.26).
() If0<a<1—H,by (1.5) and (2.27)), we have

(T —t)*H(a - d)

e t (T —t)*!
= (T —t)>H~o ¢ — t 2
[T(T —1) l-a } (T = t)*2 [z fo (T u)2 ~(fo (T T du)]
N (T _ t)Q—H—aAt
2 b Xz b X, 2
(T = )220 [y Jo e du — (o sz du)”]
=a¢ X bt + ¢t

By (2.7), we obtain that a; low, o1 N. Combing Lemma with (2.43)), we have, as t — T,

a.s. (1_04)2(1—20[)
b — a2(§T+x0 k) .

Since

H-a (T =)
11—«

ro—k (T — t)l_H¢t
T l1-o (2.52)

(T - t)Q_H_aAt = (T — t) + (T _ t)l—a
(T~ t)l‘H“*i(@gt ) = 0,

as t — T, where we use and - Therefore ) holds.
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2)If1— H <a < 2, by (L5) and (2.24)), as t — T, we have
2

%(nt + E%;k(lst) —(T - t)af(liH) [( )1 Hi/’ ] —t) 1me ft ()T( ;;czdu

14

(T —t)** Ha—d&) = —
(T —1) [T(T D) fo T u)2 - (fo Wdu) ]

law, (1 —@)2(1 —2a) nr + “=Eor
O[Q (é_ + To— k)2
where we use Lemma [2.4] Remark [2.2] (2.16), (2.18), and (2.43)). Hence (1.23) holds.

B)Ifa= %, by (1.5) and (2.24)), as ¢t — T, we have
[og(T' — t)[(o — &)

% (e + I%Zk(?t) — (T —t)-3 (T =)' Hap | (T — 1) 1/2 ft (é“( ;;62 du

- _ t X2 t
|1ogT(Tt—t)| [T(Tf—t) Jo Ttz du — (o ﬁd“) ]

law, nr + z%:k(bT
(6 + 5=t)°
_ ar(3&r + 5=)
ey
where we use Lemma [2.4] Remark 2.2 (2.16)), (2.18), (2.45)), and Remark 2.8 Hence holds.

i

Step 2: we prove the asymptotic properties of estimator 7, namely (1.19)), (1.24), and (1.27).

(I If0<a<1—H,by (L.7) and (2.28), we have
(T — ) H(r — %)

(gt 4 o= k) (T _ t)27Hfoz [T(jf_t) d)t _ (Tzi):*1¢t]
5 2
(T_t)Q 2« [T(T t fO TXU)Q - (f(:/ (T)EZ)Q du) ] (253)
(T —t)>~H- a(kAt+Bt)
5
(T_t)Q_Qa[T(T %) fo T u)2 - (fot (T)Eiz)zdu) J

Note that, by (2.30)), (2.31]), and (2.36]),

> H-ap _ xo — k\2 o o [(T =)t (T — t)20-1
(=t~ = 6+ S (= 0P [ e = (2.54)
+ (T - t)27H7aRta
and
(T_t)2—H—o¢R
(T T =)'y (T "%z —k
SRR o (e e e
n (T - t)l_a(T — ) ey (29 — k)?
1 -2« T
20— kY, (T =T =) Hyy (T =)~k
:(§t+ 0 >¢t[ (1-a)(1-2a) B 11—« OT ] (2.55)
n (T - t)l_a(T — ) ey (wo — k)?
1 -2« T
zg—k\ (T —t)'H (T —0)'=(T — t)! Hyy
6+ =) =~ T

(T —t)> " H=>pg—k  2(T —t)'=%(T —t) = Hyy, law
T 1-a T 1-2a J@rg = m) 20,
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as t — T, by Lemma [2.1] Remark 2.20 (2.16]), (2.5 , and . Hence ) holds from

Lemma. m) i and 1-)
( JI1-H<a< by 1.7) and (2.25)), we have

kL (e + 202k y) + ( —1)Q:

(T —t)** M r—7) = © . (2.56)
' (T —t)>—2 [T(T 1) fo (T— u)2 (fo (T— u)2d )2}
Note that, by 1|2.26|b, (|2.36| , and |2.39|),
(T —1)Q
t
k
—(T—+¥ /O (T = )2 (g + 5= )du (e + = g i)
t —
T =t [ (w6 + T k)Qdu
. To — k (T — t)a_l Py 1 x20—k zo — k
=(T )[(& Te ) l-a 1-a 1l-a T ](nt—'_ ¢t_kwt)
— kN2
(T -ty / R ] (R L (2.57)
xo— kN (T — )= O=H) (7 —)2H-Y(T — )1 =Hypy (T —t)" 29— k
Kft Te ) 11—« B 11—« Cl-a T ]

< [ =0 (1= gy kT - 0]

_ (T — t)2e—1+H ro—k\2 2(T —t)Hn
— (-1 Hwt{ 1—2a (5t >_ 1—2a :

20T —t)H xg — k (T — )" (20 — k)*7 1aw
1-2a 7T 9" 1224 T ]_”)’

ast — T, by Lemma Lemma emark n and - Hence ) holds from ,

(12.57)), Lemma. Remark - and
(3) If = 3, by (1.7) and ,Wehave ast— T,

k% (TltJrzO k¢t) + (T —)Q:
2

|log:,ET t)|[ T t) fo (T u)2 (fo (T— u)2d ) ]
law. k(07 + %= k¢T)
—

(6 + 5’
5 ( g +x0 k)
e+ 252’

where we used Lemman Remark. -, -, and Remark. Hence ) holds.

Step 3: We prove the asymptotic properties of estimator k7 namely (T.20)), (|1.25|}, and (T.28). It
is obvious that

a

[og(T' = t)[(1 — 7¢) =

k—ky = 1[%% k(o — éy)].

(") If0<a<1—H,by (2.27) and -, we have

_pya-—1 _2a—1
» . (f 4 Zo— k) (Tit)szfza[(Tli)a br — (Tlt)2a 1/%]
(Tﬁt) (kikt) 2_%2q tdx, rt X, t t X,
(T —1t) (o 7% o Ttigedu — 77— Jo 754X ] (2.58)

N (T t>2—H—2aR
(T —1)*~ MUJ o fo = u)2du T(T ) ft 7o dX ]
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Note that
(T _ t)Q—H—QaR
<§t )¢t [(T _ t)172a(T _ t)lwat B (T _ t)lfoaJrlfoc o — k
(1-a)(1-2a) 1—a T
(T - t)l_za(T =)'y (w0 — K)?
1—2« T
t J—
e I N e (e e L ()
(& )¢t[(T _ t)l—Za(T _ t)l_H¢t - (T — t)l H-—atl-a g L (2.59)
(1-a)(1-2a) 11—« T
N (T _ t)172a(T _ t)lwat (580 _ k)2
1 -2« T
[+ Ty o0 (o=
T 1 —« 11—«
_ N\1-H—a+1l—« _ _ \1—2« _ \1-H
7ﬂ’ta_a mTk+20’t)1f£¥0 %k%& 1 o

as t — T, by Lemma [2.1] Remark [2.2] . , , and (| . Thus (| - ) holds from ,
Lemman 23, -D and 2.59)).
(27)If 1 — H <« < 1, by (2.24) and (2.25), we have

(T =1 (Q + Ky [y 25t ;ﬁzdu)
t t
(T —t)2=2a] [y 42 fo = u)2du = 5Jo 7 7o dX ]

By (2.26)), (2.35)), and (2.23]), we have

(T —t)* Yk — k) =

b X, -k
Qi + kwt/ ———du
o (T'—u)?
— /Ot(T — u)o‘*Q (fu + %)du(m + ¢t kq/)t>
— iy /t(T — )22 (gu + xoT; k)2du + kg /Ot é,{u__u;du (2.60)
[ o ko) [ e [

—k t (X, — k)2
(77t+ </>t)/0 ();j —wt/o Hdu.

Hence, by Lemma [2.4] Remark 2.2 (2.18), (2-19), (2.16), and (2-44), we obtain, as t — T,

(T =) (k — k)

B (771:4' z%;k(lst)( —t 1— afo (T“—k du — (T_t)af(lfH)(T_t)lfde( —t)l 2c J((); *uk))2 du

t t t
(T —t)>~ Q(X[fo %{u Jo (T)Evfmd“ - T(Yzft) 0 Yf(uudX ]
i, (1= 0)(1—20) (nr + 24 r)
of (&r + %5")

Therefore ([1.25)) holds.
o= 1/27 similarly as t — T', we obtain

| log(T" — #)| ?
m(k — k)
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(7 05 o+ 2420 e~y Gt
- 7 t
\logjoit Lo %fo (Tfu)2d“ T o) Jo 725 dX.]

zo — k o [t Xu—k
|:<”7t+ To ¢t> (Tit)l 2A (T—’U,)2du

1- —k)?
L e e )
_ Tt bax, [P X, ot tXu
_[|log( )|[/ T—u)y w2 ™ Tr=0 ), 7]

law 4(77T+ G k¢T)
=,

_Aer (36 + 5 k)
§r + 5 k .
Hence ([1.28)) holds. The proof of Theorem [1.2]is complete.

3. APPENDIX

In this section we describe some basic facts on the stochastic calculus with respect to sub-
fractional Brownian motion S¥. Some surveys and complete literatures could be found in Alos
and Nualart [I] and Nualart [I7].

Fix a time interval [0,7]. We denote by Hgn canonical Hilbert space associated to the sub-
fractional Brownian motion S¥. That is, Hgxu is the closure of the linear span & generated by the
indicator function with respect to the scalar product

1
X0, Xj0,5)) = R(t, s) = B(SFSH) = 27 4 21 — 5 [(s+ )27 + s —t]*"].
We know that the covariance of sub-fractional Brownian motion S can be written as

t s
R(t,s) = E(SHSH) :/ / o(u, v)dudv, (3.1
0 Jo
where ¢(u,v) = H(2H — 1) [Ju — v[*72 — (u + v)*72]. Note that for any H > 1/2, we have
o(u,v) < H(2H — 1)ju — o>, (3.2)

Let Cp°(R™,R) be the class of infinitely differentiable functions f : R™ — R such that f and its
partial derivatives are bounded. We denote by S the class of smooth cylindrical random variables
F = f(S9(p1),...,8%(p,)), for ¢; € Hgu,i = 1,...,n, and f € C°(R",R). The Malliavin
derivative operator D of a smooth cylindrical random variables F' = f(S(¢1),...,S"(¢,)) is
defined as the HH -valued random variable

DyF = Z gxi(sH(%), L SH (e ))pi(s),5 € [0,T).

In particular D,SH = Ijo.4(s). As usual, D'2 denotes the closure of the set of smooth random
variables with respect to the norm

IFI3 » = E(F?) + E[|DF|7,_,].

The Skorohod integral § is the adjoint of the derivative operator D. If a random variable u €
L?(Q,Hgn) belongs to the domain of the Skorohod integral (denoted by dom(d)), that is, if it
verifies

|E(DF,u)3 ;| < cuVE(F?) forall F e S.
Then §(u) is defined by the duality relationship

E[§(u)F| = E[(DF,u)%_,], forevery F' € D2,
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We will use the notation .
0(u) :/ us6SH . u € dom(d).
0
It is well-known that D12(Hgx) is included in the domain of §. Note that E(d(u)) = 0 and the
variance of §(u) is given by
E(*(u)) = E(Jlully,,, ) + B ((Du, (Du) Yoty on)

if u € DY2(Hgn), where (Du)* is the adjoint of Du in the Hilbert space Hgn ® Hgn. We will
use the property

Fé(u) = 0(Fu) + (DF,u)y
if F € DY? and u € dom(§) such that Fu € dom(d). We also need the commutativity relationship
between D and 9,

SH?

1
Dé(u) :u+/ Dug6SH,
0

if u € DY?(Hgu) and the process { Dus, s € [0,1]} belongs to the domain of 6.

For every g > 1, let H4 be the gth Wiener chaos of SH . that is, the closed linear subspace of
L?(£2) generated by the random variables { Hy(S*(h)),h € Hgn, ||h|l3 , = 1}, where H, is the
gth Hermite polynomial. The mapping I,(h®?) = H,(S*(h)) provides a linear isometry between
the symmetric tensor product Hg}.}, (equipped with the modified norm || - ||ng = 4| ||H§>Iq{ and

H,. Specifically, for all f,g € HCSDZ and ¢ > 1, one has
L, (7)1,(0)] = 0107.) o5, 33)

On the other hand, it is well-known that any random variable Z belonging to L*(£) admits the

following chaotic expansion:
o0

Z=E[Z]+ Y L(fo). (34)

q=1
where the series converges in L?({2) and the kernels f,, belonging to "Hgg, are uniquely determined
by Z.

Let f,g : [0,7] — R be Holder continuous functions of order @ € (0,1) and 8 € (0,1) with
a+6 > 1. Young in 1936 proved that the Riemman-Stiltjes (so-called Young integral) fOT f(s)dg(s)
exists. Moreover, if « = 3 € (%,1) and 1 : R? — R is a function of class C, the integrals
N g—’ﬁ(f(u),g(u))df(u) and [ %(f(u),g(u))dg(u) exist in the Young sense and the following
change variables holds,

B 0.9(0) = 6(£0).90) + [ GGt + [ 5

for 0 <t < T. As a consequence, if % < H < 1 and (ug,t € [0,T]) is a process with Holder paths

(f(u), g(u))dg(u), (3.5)

of order a > 1 — H, the integral fOT usdSH is well-defined as a Young integral. Suppose moreover
that for any t € [0, 7], u; € D2, and

P(/OT /OT Do [Jt = 572 (¢ + 5)2] dsdt < o) = 1. (3.6)

Then, by (3.2) and the same argument as in Alos and Nualart [I7] or see the proof of Cai, Wang
and Xiao [5, Lemma 2.7], we have

T T T T
/ usdSH :/ us6SH —|—/ / Dyusp(t, s)dtds. (3.7
0 0 o Jo

= :f: usds. Using integration by parts, we have

Fé(u) = 0(Fu) + (DF,u)y

In fact, let uj =

sH?
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if F € DY? and u € dom(d) such that Fu € dom(§). When u satisfied the condition (3.6)), we
obtain

T SH —SH
/ Us S+6 ST ST ds = / Us 5o / dsH ds
0
1
:/0 Usé(il[sfe,ere])dS
T

T
1
:/ 6( I[s € s+e])d5 + > 9 <Du371[s—e,s+e]>’HSH ds
0 €

€ 1 r
6(“ ) + Z/O <DuSaI[sfe,s+e]>HSH ds (38)
1 T T T
= (u) + 5 / / / Dyt Yo e (P)p(t, ) di dr] ds
€
T
= §(uf) +/ / / Dyuso(t, 7) dtdr}d
0
/ / D,guS / (t,r)dr} dtds,

1/S+6 . p(tste)+ots—€)

since

p(t,r)dr = 612% 9 = ¢(t, s).
Thus (3.7) can be easily obtained by taking the limit ¢ — 0 on both sides of (3.8). In particular,

when u is a non-random Hoélder continuous function of order o > 1 — H, we obtain

t t
/ usdSH = / u 68, (3.9)
0 0

This article extends the results of Han et al. [§] for fractional Brownian bridge with linear drift.
The differences between our paper and Han et al. [9] lie in: (1) We prove the existence of the

limiting variance of (T'—t)2~H~-« [T(jfit) o — (TIﬁ):;l wt} by above (2.11)). (2) We give the proof

of .
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