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EXISTENCE OF ENTROPY SOLUTIONS FOR NONLINEAR ELLIPTIC
PROBLEM IN A TWO-COMPONENT DOMAIN

YOUSSEF HAJJI, HASSANE HJIAJ, ISMAIL JAMIAI, MOHAMED YARMAK

ABSTRACT. In this article, we study the degenerated quasilinear elliptic equations
—div(B(z,v1, Dv1)) + g(z,v1) = f(z) in O,
—div(B(z,v2, Dv2)) + g(z,v2) = f(z) in Qa,

v; =0 on 99,
B(x,v1, Dvy) - v1 = B(z,v2, Dvz)-v1 onT,
B(z,v1,Dv1) - v1 = —h(z)|v1 — v2\772(vl —wv2) onT,

where Q is a connected bounded open set of RY (N > 2), and can be decomposed as Q =
Q1 U Qo UL, where Q2 is an open subset included in 2, and 21 = Q \Qiz and I' = 9Q2, with
24+ X — % < p < N, and also we assume that g(-, s) satisfying some growth condition. We
will show the existence of entropy solutions for this class of equation and we conclude some
regularity results.

1. INTRODUCTION

The study of entropy solutions in the case of one-component domains has garnered significant
interest among researchers. Bénilan et al. [6] established the existence, uniqueness, and regularity
properties of entropy solutions for quasilinear elliptic equations, for the prototype problem

A(u) = f(z,u) in Q,
u=0 on 09, (1.1)

where A(u) = —div(B(z,u)Du) and f(x,s) is a Caratheodory function. Boccardo et al. [J]
proved the existence of entropy solutions for the elliptic problem , where the operator Au =
—div B(x,u, Du) and the term f(z,u) = f — divé(u), with f € LY(Q) and ¢(-) € CO(R,RY).
For additional related literature, we refer to [2 [I0, 19]. For non-coercive principal operators,
Boccardo et al. [11] further investigated the existence and regularity of solutions to problem ,
when f(xz,u) = f(x) (independent of u) and f € L™(Q) for some m > 1. Additional related
results can be found in [11], 16} 19, [32] 39].

The concept of entropy solutions was first introduced by Bénilan et al. [6]. The equivalent
notion of renormalized solutions was developed by P.L. Lions and Di Perna [20] in their analysis of
the Boltzmann equation. This notion was later adapted to elliptic problems with L'-data in [12]
(see also [34] 35]) and extended to elliptic problems involving bounded measure data in [I8]. For
parabolic equations with L! -data, renormalized solutions were adapted by Blanchard and Murat
[7] and further introduced by Blanchard et al. [g].
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In this paper, we are interested in the study of nonlinear elliptic equations of the type
—div(B(z,v1, Dvy)) + g(z,v1) = f(z) in Oy,
—div(B(x,ve, Dvg)) + g(x,v2) = f(x) in Qo

v =0 on 99N, (1.2)
B(x,v1, Dvy) - vy = B(z,v2, Dvg) -v1 on T,
B(x,v1,Dvy) - v = —h(x)|vy — UQ‘p72(’U1 —vy) onl,

Here, Q is a connected open bounded subset of RY (N > 2). It is defined as 2 = Q; UQ, UT,
where 5 be an open set such that Q5 is a set included in €, with a Lipschitz boundary and
2, =Q\ Qs. We denote by v; the vector unit outward normal to ; for ¢ = 1,2. This study
extends previous investigations into quasilinear elliptic equations with mixed boundary conditions.
Fulgencio and Guibé [26] established the existence of renormalized solutions for systems governed
by matrix fields B(x,v;) where ¢ = 1,2. Subsequent contributions, such as [27], strengthened
these findings by proving the uniqueness of solution and expanded the scope to homogenization
analysis [21]. Complementary results can be found in [24] 25] [37, [38].

In a related direction, Guibé and Oropeza [28] examined some quasilinear elliptic equations
with nonlinear Robin boundary condition

—div(A(z,u)Vu) = f in Q,
u=0 on Dy, (1.3)
B(z,u)Vu -1+ vy(z)h(u) =g onTy,

Their analysis focused on a domain €2 where solutions satisfy nonlinear flux conditions on a bound-
ary I'1, coupling the solution v and its normal derivative, alongside Dirichlet conditions on another
segment I'g. Using approximation methods and a priori bounds, they established both existence
and uniqueness. Such problems have attracted substantial interest, with studies such as [4, []
addressing linear Robin conditions in perforated domains. Moreover, the authors of [14] have
resolved quasilinear problems with nonlinear Robin constraints using Schauder’s fixed-point the-
orem, adapting uniqueness arguments from [Il [[5]. Cioranescu et al. proved the existence and
uniqueness of solution for analogous systems by using Minty-Browder theorem. For additional
results in this area, we refer the reader to [4l, 22] 23] 29] B0].

In [I3], the authors established the existence of renormalized solution to problem for
1 < p < N and under the standard coercivity condition. The lower order term required to satisfy
the coercivity condition g(z,s)sign(s) > |s|® for § > min{1,p’ — 1} which plays a key role in
controlling the interface term on I' and ensuring its integrability. The present paper focuses on
the existence of entropy solutions to problem under the assumption 2+ A — % <p < N, with
a degenerated coercivity condition and g(x, s) satisfying only a sign and some growth condition.

In the classical one-component setting, the notion of entropy and renormalized solutions are
known to be equivalent. However, for the two-components setting, where the interface condition
involves the jump term h(z)|v; — va|P~2(v; — v3). The difficulty is that the regularity guaranteed
by the renormalized framework (see [13, Definition 2]) is not sufficient to ensure that this term is
integrable in the entropy formulation. To address this issue, we introduce the notion of entropy
solution and exploit Lemma 2.5 (see section 2), which provides additional regularity for the solution
in Lorentz spaces. Specifically, under the condition 2 — % 4+ A < p < N, this lemma yields for
i1=1,2,

wi|P~2 A0 € L¥5°(Q;) and  |Dug|P"2 A Du; € L¥1°°(€),
which in turn guaranties that the jump term
|’U1 — ’U2|p_2(U1 — ’UQ) S Ll (F),

is well-defined using the Lorentz space regularity which making sense the notion of entropy solution

for problem ([1.2)).

This paper is organized as follows. Section 2 presents the fundamental assumptions on the
Carathéodory functions B(z, s,£) and g(z, s) that guarantee the existence of at least one entropy
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solution. This section also recalls the essential technical lemmas required for establishing our
main result. Section 3 presents the main contribution of this paper, together with the definition
of entropy solution for the problem . The last section is devoted to proving the existence
of entropy solutions for the degenerated quasilinear elliptic problem , and conclude some
regularity results.

2. ESSENTIAL ASSUMPTIONS

Consider a connected, bounded, open domain Q C RY (N > 2) with Lipschitz-continuous
boundary 9€2. The domain €2 can be partitioned into two open sets £2; and 29, separated by an
interface I', such that

e ()5 is an open subset of © with a Lipschitz boundary I' = 0€22. The closure of s lies
entirely within Q (i.e., Q2 C Q).
e O is defined as Q) \ Q5 representing the remaining part of Q outside Q.
Thus, the domain decomposes as 2 = Q1 U Qo UT', where I' is the internal interface between 4
and Q5. Let p satisfy

1
24— =<p<N, 2.1
+A- <P (2.1)
where 0 < A< N — 2+ % and let p’ = ]% denote its Holder conjugate exponent, and p* = NN—_’;

the Sobolev conjugate exponent. Let v be a measurable function defined on Q\T'. The restriction
of v to each subdomain §2; is denoted by v; = v|q, for i =1,2.

The principal aim of this study is to demonstrate the existence of an entropy solution for the
class of degenerated quasilinear elliptic problems modeled by the prototype problem

—div(B(z,v1, Dvy)) + g(z,v1) = f(z) in Qy,
—div(B(z, v2, Dvs)) + g(x,v2) = f(x) in Qo,

v =0 on 99, (2.2)
B(xz,v1, Dvy) - vy = B(x,ve, Dvg) -1 on T,
B(z,v1, Dvy) - vy = —h(x)|v1 — v2|P"?(v; —v2) onT,

where B: Q x R x RY — R is a Carathéodory functions, which satisfy the following conditions:
(i) There exists A € L? (), and 8 > 0 such that

B(z,s,¢)] < B(A(2) + [sP~ + [¢P7), (2.3)
(ii) The Carathéodory function B is strictly monotone in ; that is, for all ¢ # (’,
(B(I,S,C)—B([E,S,C’))(C—C’) >07 (24)
(i) There exists a positive constant by > 0 such that
bo
B(z,5,¢)¢ = b(|s)[¢” and  b(]s]) = En (2.5)

where 0 < A < min{%, N —2+ 1}, and the decreasing function b(-) : R* + R* belongs
to L1(R) N L*°(R).
The function g(-,-) : @ x R — R is also of Carathéodory type and satisfies only the growth
condition:

g(w,s)sign(s) >0 and  sup |g(z,s)] € L*(Q) forall k> 0. (2.6)
{Is|<k}

Finally we assume that
feLYQ\T), and h(-)€ L>®(T) with 0<hg<h(z)ae. onT. (2.7)

Let us begin by reviewing essential definitions and a key proposition required to establish our
principal theorems. We first define the space

Vi={veW"P():v=00n0d9} with [v|v, :=|Dv|rr0s):
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and
V= {v=(vi,v2) 1 v1 €V} and vy € WP(Qq)},
equipped with the norm
[l = D1l ) + 1DvlE 0y + lox = vl . (2.8)

Remark 2.1 (see [29]). The norm (2.8)) is equivalent to the norm of V; x W1P(Qy), i.e., there
exist two positive constants ¢; and ¢ such that

cillvllv < vllv, xwiry) < c2llvfly forallv e V.

Now, we recall some definition and key properties of Lorentz spaces, which we will use in the
following. For more details, we refer the reader to [36].
Let us denote by f* the decreasing rearrangement of f, i.e.

£*(t) = inf{s > 0 : meas{x € Q : |f(x)| > s} < t}, t € [0, meas(Q)]. (2.9)
Moreover, for 1 < ¢ < oo and 1 < s < 0o, we denote
meas(Q) r py Logdt /s .
Flloriy = § (1081 i < oo, (2.10)

SUps o tmeas{z € Q : |f(z)| > t}]'/9 if s = 0.
The Lorentz space L?°(£2) is the space of Lebesgue measurable functions such that

Ilfllpas ) < 400.

These spaces are equipped with the norm specified in equation (2.10]). They serve as interpolation
spaces between Lebesgue spaces, in the sense that for every 1 < s < r < oo, we have

L™(Q) c L™ (Q) = L"(Q) € L">°(Q) c L*¥(Q). (2.11)

Lemma 2.2. (see. [29]) Let h > 0, assuming that (2.3)-(2.5) hold, and let (v, := (Vn1,Vn2))n
be a sequence in 'V and let v = (v1,v3) be such that v, — v weakly in V, and

2
Z/ (B(m,Th(Un)i),Dvn,i) — B(aﬁ,Th(Un)i),DUi))(DUn’i — Dv;)de — 0 as n — o0, (2.12)
i=1"%%

then v, — v strongly in V for a subsequence.

Definition 2.3. Let £ > 0, we consider the truncation function Tj(-) : R — R, given by
S if |s| <k,
Ti(s) = s
ks/|s| if |s| > k,
and we define
T :={v:= (v1,v2) : @\ T — R measurable, such that Ty (v) € V for all k > 0}.
Proposition 2.4 (see [0], [26], [28]). Let v := (v1,v3) € T. Fori = 1,2, we have:
(1) There exists a unique measurable function u; : Q; — RY such that for all k > 1,
DTy (v;) = UiX{|vs|<k} a-€- in €, (2.13)

where X{|v,|<k} denotes the characteristic function of {x € Q; : |vi(z)| < k}. We denote
by u; the gradient of v;, i.e., u; = Duv;.

(2) If supysy £ Tk(v)||} < oo, then there exists a unique measurable function w; : ' — R,
Q1 =Q\ Qy fori=1,2 such that for all k > 1, we have

vi(Tk(v;)) = Ti(w;)  almost everywhere on T,

where ~y; : WHP(Q,) — LP(T') is the trace operator, we define the function w; as the trace
of vi on T' and we set
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Lemma 2.5. Let v := (v1,v2) € T, and we assume that p satisfies (2.1)), such that

| Tw()][7, < ME™, (2.14)
where M > 0, then
H'“ilp_l_AHLN%pm(m) <C(N,p)M fori=1,2, (2.15)
and
[IDo =2y e, S CNRITE =2 fri=12 (216)

where C(N,p) is a positive constant depending only on N and p.

Proof. We first establish the validity of (2.15). Applying the Gagliardo-Nirenberg-Sobolev in-
equality, Proposition and relation (2.14]), we obtain:

kP" meas{z € Q; : |v;| > k} < / | Ty (0:) [P da
of

< Co(N,p)||Tw(v)

(N, HleWLp(QQ) (2.17)
< CL(N,p)||Tk()|]},
< Cy(N, p)(MEMH )P /P,

Let h = kP~ we obtain

h7=Tx meas{z € Q; : [u;|P""* > b} < Cg(N,p)(Mhpii%)p*/p.

Then

*
14X

meas{z € Q; : [v;|P77* > h} < C3(N, p) (Mh(77 ))p*pl*A = C3(N,p) (Mh_l)p*/p.
Which implies that, for all A > 0,
h meas{z € € : |v;[P"1* > h} 7T < C4(N, p)M.

Thus
| os|P~ 12| = sup (h meas{z € Q; : [P > h}p/”*) < Cy(N,p)M.
L5 Q) pso
Now, we will show (2.16]). Thanks to (2.14)), for all 6 > 0 which yields
0P meas{x € Q; : |Dv;| > 6, |v;| <k} < / | Duv;|P dx
{lvil<k}
< HTk(U)”Z\)/lxwl,p(Qz)
< G5 Te () 1%
< Cs ME,

Let = 0P~'=*, we obtain
pr=i=x meas{z € Q; : |[Du; P71 > p, o] < K} < CsMEYA, (2.18)
By combining and , yield that
meas{z € Q; : [Dv;|P71 7 > p}
< meas{z € Q; : |Du[P71 7N >, |ug] < kY +meas{x € Q; ¢ v >k}

OsMk1+A Co(N,p) (MK P /P
s = v’ '

(2.19)

N—
Since M > 0 and p > 0, by taking k = M~=T ;L(N—l)(r’—pl—ﬂ in (2.19), we arrive at

N(N—p+X) —-N

meas{x € Q; : |Dv;[P~1~ )‘>u}<C’5MN 1[LN e S NGRS + Ca(N, p)M<N DN=p) [ N-T,



6 Y. HAJJI, H. HJIAJ, I. JAMIAI, M. YARMAK EJDE-2026/42

It follow that for all © > 1, we have

N—p+2A

— A
pmeas{z € Q; : |Du;|P717 > u}% < CgM ™~ wo NG-1=% 4 C7(N,p)M ~-»

N—p+2A

< Cy(N,p)(M™% + M 75,

Having in mind that
pmeas{z € Q; : |[Du; [P~ > u}¥ < meas{Qi}¥ forall 0 < p < 1.
We conclude that

H|DU1:|p717)‘H = sup pmeas{z € Q; : |Dy; [P~ > u}¥
n>0

N
LN-T"°°(Q;)
N—p+X

< Co(N,p) 1+ M™% + M 55 ). O

3. MAIN RESULTS

Definition 3.1. A measurable function v is called an entropy solution of the degenerated quasi-
linear elliptic problem ({2.2)), if Ty (v) € V,

| Tk(0)|}, < CE* for all k > 0, (3.1)
and
g(x,v;) € L Q) fori=1,2; (3.2)
Moreover v satifies the inequality

/ B(x,v1, Dvy) - DTk (v1 — 1) dz +/ B(x,vq, Dvg) - DTy (vy — p2) dx
Ql QZ

+ g(z,v1)T(v1 — p1) do + g(x,v2) Tk (vy — p2) dx
Ah /QZ (33)
+ /F h(z)v1 — v2|P 2 (v1 — v2) (T (v — 1) — Tk(v2 — 2)) do

Ti(v—)d
< /Qf k(U 90) €,
for every ¢ = (1, p2) € VN (L™(2) x L=(2)).

Remark 3.2. Under the conditions (3.1)—(3.2)), and the fact that Ty(v) € V for any k > 0, all
the terms in (3.3)) are defined. Indeed

e For each i = 1, 2, it follows that
DT (vi — i) = (DTm(vi) — Dpi)X{jvi—pi| <k} a-e. in €,

where M = k+ ||¢]|oo- Using assumption (2.3), and the fact that Ths(v) € V', we conclude
that for all ¢ = (¢1,92) € VN (L*(Q1) x L>(Q3)), we have

| / B(x,v;, Dv;) - DT (v; — ¢i) dx}
Q;
= |/Q B(x, Ta (vi), DTar (i) - (DT (vi) — Dpi) X (v, —pi| <k} dT

(3.4)
<5 [ (4 277 IDTas(w0)| + DT (00
Q.

i

+ (K—i—Mp_1 + \DTM(Ui)|p_1) |D<p|d:v) < 0.

e In view of Lemma the assumption (3.1)), and the continuous embedding

N i, 510y
LY-1°(Q;) — L () fora111<s<N_1,
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we conclude that

Np—1-—2A
v; € Wh(Q,) forall 1<g< Np=1=% (3.5)
N -1
In light of the condition p > 24+ A\ — %, and the continuity of the trace operators
vt WH(Qy) — LYT) fori=1,2,
it follows that
Np-1-2A
vi(v;)) € LIT) foralll <g< M,
N-1
Therefore,
1
vy — Pt e LMT) forp>p>24 N — N
Hence
| [ H@lor = val? =201 = 02) (Tulor = 1) = Tien = ) do
r (3.6)

< 2| ook / (01— afP L dor < 0.
T

e Thanks to (3.2) and the assumption f(z) € L'(Q\T) it follows that
g(z,v)T(v; — ;) € L) and  f(2)Te(v — @) € LY(Q\T).

Theorem 3.3. Assume that 2+ X — & < p < N, and that conditions [2.3)-(2.7) hold. Then
the degenerated quasilinear elliptic problem (2.2)) has at least one entropy solution v. Moreover,

v = (v1,v2) € WHe(Qq) x Wh4(Qy) for all 1 < g < %.

4. EXISTENCE OF ENTROPY SOLUTIONS
This section is divided into three subsections:

e Subsection formulates the approximate problem;
e Subsection [4.2] establishes crucial a priori estimates and develops the limiting arguments;
e Subsection 3] completes the proof of Theorem [3.3] by combining these results.

4.1. Approximate problems. Let n > 0. Define
(1) folz) = Tn(f(z)) € L®(Q\T). It easy to see that f,(x) converges to f(x) strongly in
LY(Q\T) as n — oo.
(2) gn(x,r) =T, (g(z,r)) for a.e. x € Q and for any r € R.
(3) Bp(x,r,9) = B(x, Ty(r),V) for a.e. z € Q and for all (r,9) € R x RV,

Then, the approximate approximate problem is formulated as follows

—div(B,(z, Un,1, Dup 1)) + gn(x,vn1) = fo(z) in Qy,
—div(By(z, Un,2, DUp 2)) + gn(x,Un2) = fo(z) in Qg

Un1 =0 on 09, (4.1)
By (z, 05,1, Dvp 1) - v1 = By (2, Un,2, Dup o) -1 on T,

B, (2,051, Dvp 1) -1 = —h(z)|v, 1 — vn,2|p_2(vn,1 —Up2) onl.
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From Proposition and by using [33, Theorem 2.7, p.180], we conclude that there exists at least
one weak solution vy, := (vp1,Un2) € V, ie.

B(z, T, (vn,1), Dun1) - Doy da + B(z, T, (Un,2), DUy 2) - Do dz
Q1 Qo

+/ Gn (2, Un,1)p1 do +/ Gn (2, U 2)p2 dz

Q1 Q2

+ / h(x)[n1 — Vn 2P 2 (VUn1 — Un2) (1 — p2) do
I

= fn(x) dz,

o\

forall p € V.

4.2. A priori estimates.

Theorem 4.1. Assume that (2.3)-(2.7) hold. Let v, = (vp1,vUn2) be a weak solution of the
approzimate problem (4.1)). Then we have the following estimates

(i) There exists a constant C = C(N,p,a) > 0 such that
Tk (v)||E < CEYFA for all k> 0.
(i1) There exists a constant C' = C(N,p,a) > 0 such that

meas{|v,| > k} < e

(i) There exists a constant C = C(N,p,a) > 0 such that

measr{|7i(vnq)| > k} < i=1,2

Y for

Proof. (i) By taking ¢ = (Tk(vn’l)7 Tk(’l}nﬁg)) € V as a test function for the approximate problem

(4.2), we have
Li+LaotI+1p+ I3 =14 (4.3)

where, for i = 1,2

I ; = / B(x, T, (Vn,i), Dvp i) - DTy (vp i) dx,
Q

i

L, — / (3 0n.0) T (vm) d,

i

I — / B(@) ot — On 2?2 (0ns — vna) (To(Wnt) — Ti(vn.2) do,
T

I, = / fun(2)Tk(vy) d.
Q
For the first term I; ;, using (2.13)) and (2.5]), we have

L= / B, T (vn1), DTy (vns)) - DTy (vns) da
Q;

> / BT DIDT (v ) e

bo| DT} (i) |”
> ’ dz
/ni (14 [T (vn,1) )Y

bo



EJDE-2026/42 ELLIPTIC PROBLEM IN A TWO-COMPONENT DOMAIN 9

Concerning the term I, in view of (2.6) it is clear that

I, = / n (@, vn,i) Tk (Vy ;) dz > 0. (4.5)
For the behavior of I5, by (2.7) and since |vp1 — Un2| > |Tk(vn1) — Ti(vn,2)| a.e. on I, we arrive
at
Ig Z ho/ |Tk(Un71) - Tk(Un72)|p do. (46)
r
Now we study the behavior of Iy. Thanks to (2.6) we have
=1 [ @t <k [ 5@ (4.7)
O\T O\

It follows that, by putting together (4.3)—(4.7) and using (2.6)), there exists a constant C' =
C(N,p,a) > 0 independent of k& and n such that

2
bo
—_— DTy (v, 4)|P d Ti(vn1) — Tk(vp2)|P do < Ck. 4.8
T 2 [, 1PTetensll ot [ Tulins) = Teluna)pdo (19
Hence
| Tk (0B < CEMFA for k> 1. (4.9)
The proofs of (ii) and (iii) follow the same reasoning as in [I3, Lemma 2]. O

Corollary 4.2 ([I3| Lemma 3]). Choosing k > 0, and let v, = (vy1,Un2) € V be a solution
of the approximate problem . Then, there exists a measurable function v = (v1,v2) and a
subsequence of (vy)n still denoted by (vy,)n, which satisfies the following properties

(i) vni — v; a.e. inQy; fori=1,2;

(ii) vi(vns) = vi(vi) a.e. on T fori=1,2;

(itl) Tk(vn) = Tk(v) weakly in V;

(iv) Tk(vn,i) = Tk(v;) strongly in LP(Q;) and a.e. in $Q;

(V) %i(Tk(Vn,s)) = 7 (Tk(vs)) strongly in LP(I") and a.e. onT.

Lemma 4.3. Under the same assumptions of Theorem[3.3, we have

Gn(T,0n:) — g(z,v;) strongly in L*(Q;)  fori=1,2; (4.10)
|Un,1 — ’Un’g‘p_2(1}n71 —Up2) = |v1 — Uo|P72(vy — va)  strongly in L'(T) (4.11)
Proof. To establish (4.10)), we follow a similar approach to the one outlined in the proof of [3].
Now, we prove that (4.11]). According to (4.9)), we can apply Lemma to deduce that
Np—1-2X
|Vnillwia,) <C foralll1<g< M (4.12)

N -1
This implies that the sequence (vy,;), is uniformly bounded in W4(Q;). In view of and
the condition p > 2 + X\ — ﬁ, we have
N(p—-1-2X)

N -1 ’
Consequently, since the trace operator v; : Wh4(Q;) — L4(T') is compact, there exists a subse-
quence, still denoted by (vy,;)n, such that

Uni — v; weakly in WhH4(Q,;) foralll1<g¢g<

)

Np—-1-2X
Up,i — v strongly in L") for all 1 < ¢ < %7
Therefore,
pIN—1-2)
N-1 "~
On the one hand, since the embedding L7(T') < L(T") is continuous for every 1 < g < %,
we deduce that

[Un1 — Vno|P™t = Jug — Pt strongly in LY(T') forall 1 <g<

P71 5 jup —0g|P™t strongly in - LY(T),

|Un,1 — Un,2
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Equivalently, we can write
[Un1 — Un2|P 2 (Un1 — Una) = |v1 — v2|P"2(v; —vg)  strongly in L'(T).

O

Lemma 4.4. Assume that (2.3)-(2.7) hold. Let vy, = (vp1,Un2) be a weak solution of the ap-
proximate problem (4.1)), then

Ti(vn) = Te(v)  strongly in 'V, (4.13)

and
Duv,,; — Dv; a.e. in§; (for a subsequence). (4.14)

Proof. We set z, = v, — Th(Un) + Ti(vn) — Ti(v), by taking ¢ = Tor(2,) € V as a test function
for the approximate problem (4.2)), we obtain

2 2
> [ B Tu(0ni) Don) Dlon(en) di+ Y- [ gula,vns)Tarlens) da

+ / h(m)|vn’1 — Un’2|p_2(vn’1 — Umg)(Tgk(Zn’l) - Tgk(zn,g)) dO’ (415)
r

- Z/Q Jn(2)Top(2n,) do

Following the same approach in [31] the first term on the left-hand side of (4.15)) can be estimated
as follows

/B(z,Tn(Un,i),Dvn,i)DTgk(znVi)dx
Q;

> /Q (B(x, Ty (Vn,i), DTy (vn,i)) — Bz, T (vn,), DTk(Ui))) (DTy(vn,i) — DTy (vs)) dx +(n).

i 4.16)

where lim,, ., e(n) = 0. The convergence of the remaining terms in the equation (4.15]) are

established using the same method. Firstly, we have Tax(zn:) — Top(v; — Th(v;)) weak-* in

L*>°(€;) and thanks to (4.10)), we obtain

lim gn (@, 0p,) ok (2n,:) dx = / g(x, v)Tor(v; — Th(v;)) da. (4.17)

n— o0 Qz Qz
Observe that To,(v; — Th(v;)) = 0 a.e. in ©; and
|9 (2, i) Tar (v; — Ty (vi))| < 2k|g(z,v5)| € L ().

In view of Lebesgue’s dominated convergence theorem, we obtain

lim g(x,v)Tog(v; — Th(v;)) dz = 0. (4.18)

h—o0 Q;

Similarly, we have Tog(25,i) — Tox(v; — Th(v;)) weak-* in L>°(T'), and by using (4.11), we obtain

lim lim h($)|vn’1 — ’Un’2|p_2(’0n,1 — ’Un’g)TQk(Zn,i) do
h—oon—oo Jp

(4.19)
= lim [ h(z)|vr — volP % (v1 — v2) Tk (vi — Th(v;)) do = 0,

h—o00 T

and

2
lim lim ;/Ql fn(2)Tog(2n,) de = hm Z/ f(@)Tog(v; — Th(v;)) dz = 0. (4.20)
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By combining (4.15)) and (4.16])-(4.20]), we deduce that

2
; ‘/QL (B((E, Tk('Un,i), DTk(Un,z)) - B(.’E, Tk('Un,i); DTk(UZ))) (DTk(Un,i) — DTk(Uz)) dx (421)

<e(n,h),
where limp_, o0 limy, 00 £(n, B) = 0. Then, by letting n and h tend to infinity, we arrive at

lim ; /97 (B(x, Ti(vn,i), DTk (vn5)) — B(x, T (vn,i), DTk(v;))) - (DTg(vn,i) — DTk (v;)) dz = 0.

n— oo -

(4.22)
In view of Lemma we conclude that

Ti(vp) — Ti(v) strongly in V' and Dv, — Dv a.e. in Q\ I

4.3. Proof of Theorem In this subsection, we prove that v is an entropy solution to the
degenerated quasilinear elliptic problem . First, combining Theorem (i) and Corollary
(iii) we conclude that v satisfies . Moreover, in view of , we have v satisfies .

It remains to show that v satisfies (3.3). Indeed, let ¢ € V N (L>() x L>(s)) and M =
k+ |l¢lloo with & > 0. By taking v = Ti(v, — ¢) € V as a test function for the variational
formulation , we obtain

2 2
Z/ B(x,Tn(Vn,i), Dvn) - DTk(vn,i — @i) do + Z/ 9 (2, 0n,i) Ti(Vn i — i) da
i=1 7% i=1 7

+ / h(x)n1 — Vn 2P 2 (Vn1 — Un2)Tk(Vn1 — 1) do
r (4.23)

_ / B [omt — vmalP 2 (0t — Ona)Te(Onz — p2) do
IN

= frn(@)Tk (v, — @) da.
O\l

Firstly, we have {|v,; — ¢i| < k} C {Jun| < M}, then the first term on the left-hand side of

can be written as
/Qi B(z, T (vn,i), Dni) - DTi(Vni — ©i)X{|vn.c—pi| <k} AT
= /QB(:E,TM(UH,,;),DTM(UTL,,;)) (DT (vp i) — DSDi)X{\un,i—w\gk} dx
= /Q(B(%TM(Un,i)v DTn(vn,)) — B(x, Tar(vn,i), D)) - (DTas(vn,i) = DPi)X{jon,i—psl <k} 4T
+ /Q B(z, Ty (vn,i), Dpi)) - (DTai(Uni) — Di)X{jv, s il <k} A2
In view of Fatou’s Lemma, we obtain

n—o0

lim inf/ B(:L‘, Tn(Un,i)7 D’Un,i) . DTk<’Un’i — (pi)X{lvn,i*%\Sk} dzr
Q;

Z/Q (B(z, Tn (vi), DT (vi) — B(@, Tar (vi), D)) - (DTwa (Vi) — Dpi) X {jvi— s | <k} AT

K

+ li_}rn B(z, Tar(vn,i), Dgi)) - (DTar(vn,i) — D0i)X{on.—pi|<k} AT (4.24)
n o0 O

:/ B(x, Tar(vi), DTar(vi)) - (DTar(vi) — Doi) X (v, — | <k} AT
Q;

B / B(z,vi, Dv;) - DTy, (v; — D) da.
Q;
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For the remaining terms, we note that Ty (v, ; — i) = Ti(v; — ;) weak-* in L*°(Q;) and weak-*
in L*°(T"). having in mind that (4.10) and (4.11)), we conclude that

/ n (@, 0,i) Tk (Un s — i) do — / g(x,v)Tp(v; — ;) dx  as n — oo, (4.25)
Q Q;

i

and

/ B(@) [omt — Vs P2 (Wt — vna)Te(Vns — o) do
I

(4.26)
— / h(z)|vy — va|P 72 (1 — )Tk (vs — @) do as n — oo.
r
Moreover, we have f,(r) — f(z) strongly in L*(Q\ T'), then
fn(@) Tk (v, — @) dx — f(@)Tk(v —p)dx asn — oo. (4.27)

Q\I o\l

Consequently, by combining (4.23)-(4.27)), we deduce that

for

(10]
(11]
(12]

(13]

14]

[15]
(16]

B(z,v1, Dvr) - DTy (v1 — ¢1) dz + | B(z,v9, Dvg) - DTy (v2 — p2) d
Q1 Qo

—i—/Q g(x,v1)Te(v1 — 1) da —&-/Q g(x,v2) Tk (va — 2) dz:
+ / h(@)lor — valP (01 — 02)(Th(vr — 1) — Ti(v2 — 2)) do

< f@)Tk(v = ¢) da,
O\

every p € VN (L>(Qq) x L>(93)), which complete the proof of the Theorem [3.3
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