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GLOBAL WELL-POSEDNESS FOR 3D GENERALIZED
MAGNETOHYDRODYNAMIC EQUATIONS IN CRITICAL
FOURIER-TRIEBEL-LIZORKIN-MORREY SPACES

TENG MA, LIHUI GUO

ABSTRACT. This article studies the Cauchy problem of the 3D generalized incompressible mag-
netohydrodynamic equations in critical Fourier-Triebel-Lizorkin-Morrey spaces. The introduc-
tion of the Fourier-Triebel-Lizorkin-Morrey spaces facilitates the estimation of nonlinear terms
in the system via Fourier transforms. Moreover, the Fourier-Triebel-Lizorkin-Morrey spaces are
strictly larger than the Fourier-Triebel-Lizorkin spaces. When the initial data are sufficiently
small, the global well-posedness of solutions to the Cauchy problem for the 3D generalized in-
compressible magnetohydrodynamic equations is established using the Littlewood-Paley theory
and the Banach-Picard contraction principle. Furthermore, we derive Gevrey-class regularity of
the solutions in the Fourier-Triebel-Lizorkin-Morrey spaces.

1. INTRODUCTION

This article studies the Cauchy problem for the 3D generalized incompressible magnetohydro-
dynamic (GMHD) equations

o+ (=A)u+ (u-Vu—(b-V)b+VP =0, (z,t)€R>xR",
Ob+ (=A)b+ (u-V)b— (b-V)u=0, (z,t)€R>xR", (1.1)
V-u=0, V-b=0, (r,t)ecR®xR",

with boundary conditions

u(z,0) = up(x), b(x,0) = bo(x). (1.2)
Equation 1.1 describes the macroscopic behavior of incompressible conductive fluids in magnetic
fields [34], where u(z,t) = (u1(z,t),ua(z,t), us(z,t)) denotes the fluid velocity field, b(z,t) =
(bi(z,t),ba(x, 1), bs(x,t)) denotes the magnetic field, P(z,t) denotes the magnetic pressure. (—A)“
denotes the fractional Laplace operator, which is defined as follows

(=A)>f(€) = [€[** f(©),
where 0 < a <1 is the fractional dissipation index for the velocity and magnetic fields.

If a =1, (1.1) reduce to the classical magnetohydrodynamic (MHD) equations, which describe
the movement of conductive fluids such as plasmas, electrolytes, and liquid metals under the action
of electromagnetic fields [23]. Formally, this system is coupled with the Navier-Stokes equations
and the electromagnetic Maxwell equations. In 1972, Duvaut and Lions [8] proved the existence
and uniqueness of solutions to the 3D MHD equations in the Sobolev space H® with s > 3, as
well as the global existence of solutions for small initial data. Miao and Yuan investigated the
Cauchy problem for the 3D incompressible MHD equations in [26] [27], establishing the global

3

well-posedness of solutions for small initial data in the Besov space B, 1(JR?’) and BMO™1(R?)
space, respectively. For more results on the well-posedness of solutions to the Cauchy problem for
the MHD equations, see [0, 111, 24, 30, [32] 35| [38].
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If « =1and b=0, (1.1) become the 3D incompressible Navier-Stokes equations
ou—Au+ (u-Vyu+VP =0, (z,t)cRxRT

V-u=0. (1.3)

These equations describe the dynamics of incompressible viscous fluids. In 1934, Leray considered
the Cauchy problem for (1.3) in his pioneering work [22] and established the existence of a global
weak solution for initial data in L?(R3). In 1950, Hopf [15] obtained the global existence result
of weak solutions for the Cauchy problem of (1.3) in a bounded domain. In the Sobolev space
H %, Fujita and Kato [19] established local well-posedness of solutions to the large initial data
problem and global well-posedness of solutions to the small initial data problem for (1.3). Owing
to the scale invariance of (1.3), scholars have obtained well-posedness results of solutions to the
small initial data problem of (1.3) in various critical function spaces, including the Lebesgue space

3
L3 [17], the Besov space B_;r; [5], the BMO~! space [16], Triebel-Lizorkin spaces [7], and the
Lei-Lin space x ! [20].

Similar to (1.3), (1.1) also possess scaling invariance. In the critical pseudomeasure space PM®,
Liu, Zhao, and Cui [25] obtained the existence of global solutions to the small initial data problem
for (1.1). In the Lei-Lin space x'~2%, Ye [36] established the global well-posedness of solutions to
(1.1) for small initial data. In the critical Fourier-Besov-Morrey spaces, Barakaa and Toumlilin
[9] established global well-posedness of solutions to (1.1) for small initial data. Subsequently,
several scholars investigated the well-posedness of fluid dynamics models in mixed Besov spaces
and Triebel-Lizorkin spaces [II, 10} 13} 14} 28|, 29} 37].

By computing Fourier transforms on the function sequences corresponding to different frequency
bands in the Triebel-Lizorkin spaces, we can more easily derive estimates for the nonlinear terms
n (1.1). This facilitates the investigation of the well-posedness of solutions to the Cauchy problem
(1.1). If the LP norm is replaced by the Morrey norm, the class of function spaces becomes larger.
Accordingly, this paper introduces a new class of mixed-type critical Fourier-Triebel-Lizorkin-
Morrey spaces and establishes the well-posedness and Gevrey-class regularity of solutions to the
Cauchy problem (1.1). Applying the Leray projection operator P = I — VA™!V. to the first
equation of (1.1) yields

ou+ (—A)u+PV- (u®@u—>b®b) =0,

1.4
b+ (=A) b+ V- (u@b—b®u) =0, (14)

where
u®b= (byu,byu,b3u), V-(u®b)=(V-(bu),V-(bou),V-(bsu)), (z,t)eR>xRT.
The solution to the Cauchy problem (1.1)-(1.2) can be expressed as

t
u(z,t) = ety — / e ENENPY L (@ u — b b)(x, T)dr,
°, (1.5)
bz, t) = e M2 py — / e~ ENERY (@b — b u)(z, T)dr

0
This solution is referred to as a mild solution [2] to the Cauchy problem (1.1). By establishing
linear and bilinear estimates on (1.5) and applying the Banach-Picard contraction principle, we
establish the global well-posedness of solutions to the Cauchy problem (1.1)-(1.2) for small initial
data.

Theorem 1.1. Let 1 < g< o0, 1 <p<oo, 3 <a<l, max{3—(5—4a+27a)p,0} <A<3,
2251 < p < o0, %+ % = 1. If there exists a constant € = (p,q,a) such that for (ug,by) €

~4+2582a

D satisfying ||(uo, bo)|| .,y 2=3_,, <€, then (1.1) has a unique global mild solution

Pyq, A

~442=3_9q /.\4_,_%_27@ ~4p A8 2a

(mb)eC’([Qoo),Fp?q’; )ﬁﬁp([O,oo),Fp’q’A p/)ﬂﬁpl([o,oo),Fp’q’; ) (1.6)



EJDE-2026/43 3D GENERALIZED MAGNETOHYDRODYNAMIC EQUATIONS 3

and

o [0,00),F F F

Pyq;A P,q,A P,q,A

[[(u, D) LapAsi_2e . oy S (uo;bo) || ayr=s s, (1.7)
( o z)rm([ )“Hz) B

Remark 1.2. This well-posedness result also holds for the classical magnetohydrodynamic equa-
tions and the Navier-Stokes equations.

A4-|rA 3 _2q

Remark 1.3. The Fourier-Triebel-Lizorkin-Morrey space I, , \ (R3) is a critical space.

Regarding the analytical properties of solutions to (1.1)-(1.2), using the proof method from [2]
Theorem 2], we obtain Gevrey class regularity for solutions to (1.1)-(1.2).

Theorem 1.4. Let 1 < g< o0, 1 <p< oo, 3 <a<l, max{37(574a+27a)p,0}<)\<3,

22: < p < oo, % + % = 1. If there emists a constant €' = €'(p,q, ) such that for (ug,bg) €

~d4+222 20
F

satisfying || (uo, bo)|| .4y 2=3_,., < &', then the solution (u,b) in Theorem 1.1 is analytic
P

Pig;A

DyqsA
in the following sense
(&Y, V%)

P9, )\ o ’Fp,q)\ Pyd,A

4+u,@ ~442=3_2a 5||(u0’b0)”¢4+ﬂfza?
cﬂ([Ooo)F )nm’([ ) g ") V

where VA" denotes the Fourier multiplier, whose multiplier symbol is eVilEl®,

This article is organized as follows: Section 2 introduces the Littlewood-Paley theory, several
function spaces, and provides relevant lemmas. Section 3 establishes linear and bilinear estimates
for the mild solution (1.5) in the Fourier-Triebel-Lizorkin-Morrey spaces. Sections 4 and 5 provide
the proofs of Theorem 1.1 and 1.4, respectively.

2. PRELIMINARIES

This section introduces Morrey spaces, Fourier-Triebel-Lizorkin spaces, and Fourier-Triebel-
Lizorkin-Morrey spaces. The definition of Fourier-Triebel-Lizorkin-Morrey spaces is based on the
Littlewood-Paley decomposition method associated with the Fourier transform. Therefore, we
first introduce the Fourier transform and Littlewood-Paley theory.

Let f € S, where S denotes the class of Schwartz functions.

e The Fourier transform is defined as

Fi©) = F©) = @m 2 [ e, €= (@66 € R
e The inverse Fourier formula is
Fo@) = f@) = a2 [ 6@, v = ranm) <R
e Convolution is defined as
(f = 9)( / f(z—y)g(y)dy.
e There exists x(£) € S(R3) such that 0 < x(£) < 1 and

_ )1 € =3/4,
X(g)_{o €| > 4/3.

Let o(€) = x(§) — x(&), therefore suppp(¢) € {¢]3 < €] < §}. Let x;(6) = x(277€), ¢;(¢) =
©(279¢), j € Z. There are non-homogeneous unit decompositions and homogeneous unit decom-
positions

4> () =1, VEER?,

720

D pi(€) =1, VEeR\{o}.

JEL
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For any u € L?(R?), the following non-homogeneous and homogeneous decompositions hold

u=F " (xFu) +Z]~"71 (pjFu) = ]-"*lx*u+z}"71<pj * U,

j=0 j=0
U= Z}'_l (pjFu) = Z}'_lcpj * U.
JEL JEL

For a homogeneous decomposition, let F~! (p;Fu) = Flp; xu = A]u In addition, the low-
frequency cutoff operator is defined as
Sju = Z Aku.

k<j—1
Based on the definitions of Aj and Sj, it follows that
AjAju=0, |j—kl>2 and A;(Sy_1ulyu) =0, |[j—kl>5.

For more details about the Littlewood-Paley theory, please refer to [24, B]. Next, we introduce
Bony’s paraproduct decomposition formula.

Definition 2.1 ([]). If u,v € §’, Bony’s paraproduct formula reads
UV = Z S'j_luAjv + Z Sj_lvAju + Z AjuAjv,
JEL jEZ JEZ
where

Aj’U = Aj/’l},

l7—4"1<1
The Morrey space MP*(R?) is a generalization of L?(R?) space.
Definition 2.2 ([I8 [31]). Let 1 < p < oo and 0 < X < 3, the Morrey space is defined as

1 1/p
MPAR3) =4 fe Ll (R®): - - / g <
(R?) {f 1oe(R?) [ fllarer m3) B(f,g)%ngs(lB(x,r)W?’ B(M)If(y)l y) 00},

where B(z,r) denotes the ball in R? centered at x with radius r. If A = 0, MP*(R?) = LP(R3).
If A =3, MPAR3) = L>®(R?). If A < 0 or A > 3, MPNR?) = ©, O is the set of measurable
functions on R? that are almost everywhere equal to 0.

Lemma 2.3 (Holder inequality [18, BI]). Let 1 < p1,pa,p3 < 00 and 0 < Ay, A, A3 < 3. If
11 1 s _ A A
2=t andp—;”fp—ier—;, then

||ngMP37*3(R3) < Hf||MP2v*2(R3)HQHMPLM(R3)~

Lemma 2.4 (Young inequality [I8,B1]). Let 1 <p < 0o, 0 < X\ < 3, then

1f * gllarer sy < (1 fllr@s) 19l are s m3)
for all f € LY(R?) and g € MP*(R?).

Lemma 2.5 (Bernstein inequality [12]). Let 1 < ¢ < p < 00, 0 < A1, Ay < 3, % < % and vy

be a multi-index. If suppfc {€:1€] < A27} and A > 0 is a constant, then there exists a constant
C > 0 such that

3—Xy  3—

. ~ : . C3-Xpy o~
1€ Fllagane < €250 Fll o,

Definition 2.6. Let s € R, 1 < p,q < co. The homogeneous Fourier-Triebel-Lizorkin space is
~s

3\ / . ~s
Fp,q(R ) - {u € S \7) . Hu”F‘p’q(R?,) < OO}
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is a Banach space with the norm

= \1/q
H(ZjEZ QJQS‘AJ"LLW) ||LP(R3) 1< q < oo,

Isupjez 27 A jull Lo e 4= 00

Iz gy =

where P is the set of polynomials.

Definition 2.7. Let s e R, 1 < p <o0,1 < g < 00,0 < A< 3. The homogeneous Triebel-
Lizorkin-Morrey space

FS (R ={ueS\P:

P,q,A

(&) < 00}
is a Banach space with the norm

o 1/q
_ ISz 2185ul) ama@sy 1< <o,

Fso (B8 T Py
I SuPjez 2 |Aju|HMP,A(]R3) q = o9,

where P is the set of polynomials.

Definition 2.8. Let s e R, 1 < p < o0, 1 <qg<o00,0< A< 3. The homogeneous Fourier-
Triebel-Lizorkin-Morrey space

~S

Fpga(R%) ={ueS\P: lellz:

P\ < OO}

A(R?)

is a Banach space with the norm

T \1/q
||<Zjez 2”3|Aju|q> [ap sy 1< g < oo,

||u||1;ﬂ = o
| sup;ez 27°| Ajull| prer (r3) q =00

AR3)
where P is the set of polynomials.

~—1
Remark 2.9. If s = -1, p=1,¢=1, A =0, F ; ,(R?) = x "' (R?), where x~'(R?) is Lei-Lin
space [20].

Remark 2.10. If s = 3, ¢ = 0o, A = 3, Fpoo3( 3) = PMP(R?), where PMP(R3) is critical
pseudomeasure space [25].

Lemma 2.11 (Interpolation Inequalities). Let 51,52 eR, 1< pl,pg < oo, 1< q,20 < o0,

0< A, <3 IfO<O<1, 5= (1-0)s1+0s, ; = 119+p7 'q T 1Q19+q 1<p< oo,
-0
1<g<oo, 2= MU0 4 20 ypep
1 0
u U U||=s .
el ooy < | IIFm N M(RB)II ||Fp§,q2,A2(R3>
Proof.
HU,HF (B9) = ||||2j(170)51|Aju|1702j052|Aju|9”lqHM,JA
< 275 1Al 1272 | A gl |y g
= oo T*””HH?J'“lAJ—ulH}q:f’najsz\Ajunmz||Lp(3<x,,-n
(z,r)
js ,M s ./\ 0
< sup 120 A gulllin |t syt 7 12772 Al | o
B(w,r)
< 2 , |\u||%SQ o
PLGLM(R) 172,112,%2( )
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~s+|8]

Lemma 2.12. Operator 8 : F, , | (R?) — Fp o A(R?) is a bounded operator and
A f|=s pote
1Al gy S W0
(Rn) ~ ||fH =stl Rg)

sy S M lzese g

Proof. If for all j € Z, supp ¢,(§) C {§|2f§ <|l¢ < 2]‘%}, then
Bl — 199510.85 ¢
10271z oy = (11212592 e o

< 1271011 Al |

< HH2j32j|[3||90j]?|qu(j€Z)HMPYA(D@)
S I/l

MPA(R3)

~s+18]

g (B3)

Definition 2.13. Let s e R, 1 <p< 00,1 <p,g<00,0<A<3,and I =1[0,T), T € (0,00)].
The Chemin-Lerner type Fourier-Triebel-Lizorkin-Morrey space

~S

LI Fy g 5) = {ueS\P: |lull

is a Banach space with the norm

. i 1/q
lul . 2 = I (Za‘ez 2”SHAJ'“||QLP(I>) apa@sy 1< <00,
ce(IF, . 3) o
(30N H SUPjez 2J8||Aju||Lp(])||MP,A(R3) q = 00,
where P is the set of polynomials.

Lemma 2.14 (Banach-Picard contraction principle [21]). X is a Banach space, || -||x denotes its
norm. B : X x X — X is a bounded bilinear operator satisfying
1B(u, v)||lx < nllullx[[v]x

for allu,v € X and a constantn > 0. Ify € X satisfy |lyl|lx < e < ﬁ, the equation x = y+ B(z, x)
has a unique solution satisfying ||z|| < 2e. Furthermore, the solution depends continuously on y.
In other words, if ||y'||x < e, 2’ be a solution of ¥’ =y’ + B(z', '), then

[ — 2’|l x < =y Il

1—
Lemma 2.15 ([33]). If0<s<t<oo and 0 < a <1, then
[ 1 [ [0 e
tal* = 5 = s*)|2** = slz — " = slyl* < 5

holds for Y,y € R3.

3. LINEAR AND BILINEAR ESTIMATES IN THE FOURIER-TRIEBEL-LIZORKIN-MORREY SPACES

Lemma 3.1. If1§p<oo,1§q§oo,0§)\<3,s€R,1§r§ooand%<a§1. Let
I=10,T),0<T < o0, then

(e 20" ug, e~H=2)" )|

s < o
e S w0 bo)l oz (3.1)

Pyqs A
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Proof. Since supp ¢;(§) C {¢]273 < [¢] < 2]8}, then

—t(—A)™

lle uo| +||ef A%y

Lr(1F,, Lr(LE, )

. . wi T
S 2= AjUOIILr(I)HmHMp,A + (1127 e~ Ajboll |y

— T . r
,S ||(22j5q‘AjU0‘q</o eftr22agdt>Q/ )l/qHMpy)\
JEZL
. - T g q/r\1/q
+ H(ZQ]W‘A]bMQ(/O e—tr22 dt) ) HMPYA

JEL
ja(s—2%) 1 ja(s—22) 1
sI(>C2 Bguol?) Ny + (3229~ 1A50017) 0
JEL JEL
S (o, bo) | o- 2 -
prq)\
O
Lemma 3.2. If1 <p<oo,1<qg< > O§A<3,5€R,1§r<oo,%<a<1and
1<rm <r<oo. Lt I=[0,T),0<T < o0, then

H/ A" f(r)dr)

L"T(I’E‘;q,x) S Hf| 1 (I’Fs‘s—zu(pr%,ﬁ)).

Pyq;A

Proof. Utilizing 1 + % = % + % and Young’s inequality,

' —(t-7)(—A)* d _ 2]€q — €12 (t— T)A d a 1/a
| [ e el = (527 [ gl N
; DY Py 1/q
< <€Z2qu”e AT ) HMM
j
s _o2a — 1/q
<SS ),
j
_ . 1/q
< (%m(s BNA L ) HMN
j
< /] ( A.s-za<1+%-%>>- O
cr(LE,
Lemma 3.3. If 1 <p < oo, 1< q <00, max{3 — (5 — 2a)p, , ) g < o0,

% <a<l, %—i— % =1. Let I =10,T), 0 < T < o0, there exists a constant C such that

U csp2=3_,0\ < COllu _ap2=3_2a7 |V LapA=3 2
” HL‘,l (I,FZJ; K —2 ) H ”LP (I,F":;,)\p i/ ) ” Hﬁp’ (LF:I,:’;’ 2 )
+C||U||£p< A_4+>‘pg’i?)||u||ﬁp, (I E4+%727‘1>'

’Fp,q,A p,a, A
Proof. By Bony’s paraproduct decomposition formula,
Aj(UU) = Z Aj(Sk_luAkv) + Z Aj(Sk_lvAku) + Z Aj(AkuAkv)
[k—jl<4 [k—jl<4 k>j—3
=1, +1I; +111I;.
Then

(542=3 _920) 77
o (A 77 I

Mp:A

j(5+222—2a)) T
||uv||£1 (I;IA«'"”%*%) = HHQJ( ! a)”IjHLl(I)qu Mp.A



8 TENG MA, LIHUI GUO EJDE-2026/43

o+ |12 2O I, s i

MPX

First we have the estimate

Gl < Y e Seoaudiol| g,
|[k—jl<4

< Z Z ||‘PJ"AWAWHL1(1)

lk—j] <4 1<k—2

< Z Z HAW*AWHU(I) (3.3)

lk—j] <4 1<k—2

S (13wl < I3l )

lk—j] <4 1<k—2

< > 3 [ IAwe—p

|k jl<41<k—2

| I)HAW Y[ L -

Using the generalized Minkowski inequality and Young’s inequality, and assuming p > 2a T it
follows from (3.3) that
272G s
= H/s Z 2j(5+¥_2a)HAl“(5_yv') ’LP(I)HAkU(y")HLP'(I)
R\ k—jl<ai<k—2
< /3 Z Z 21(5+¥—2a>HAlu(g_y7.)HLP(I)HAkv(y,.)HLP,U)qudy
B2 e—jl<a1<k—2
S/3 Z Z 2j(5+¥_2a)2l(17%)2l(2ﬁ71)HAlu(g_yv')HLP(I)HAkv(yv')HLP'(I)qud'y
R3S | k—jl<ai<k—2
5/ Z Qi=k)(5+252 —20) gk(4+ 252 S_E)HAW (y,- HLP
B k—jl<a
< 207 At =y |
Nt O L ot S O
S Jes M e (nyllia(kez) P NLe (D) [|1ee (1e2)
A=3_ 2a < 77/ e
S [N A g ey * 12 Nl
By Lemma 2.4, Lemma 2.5 and the inclusion relation {7 C [*°, it follows that
. A=3 o, ~
[ 2G|
A—3 2o¢
< [t ||Akvum llingeen) * 12 0=ty
A;,ia
N H2k(4+ o HAkUHLP’(I)HltJ(kGZ)HMP>\HH2 le (1€z)
A=3_ 2a A 73_27(» (34)
S H2k(4+ ;o )HA"CUHLP (I Hl‘l(keZ)HMPA ’2l(4+ )’MN
A—=3_ 2a 73_27()
< 12422 Al ey g 27 vl
<

u A-3 v ~44 A28 2a -
” £P(171?2:f2ﬁ> ||£"/<I)F:+q,xp 25)
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Similarly,

. ﬁ7 a —~
[+ 252 =2 T S ol

ey S

L4423 _ 20 [l [ sayd=3_2a\ - (3.5)
e <I,Fp,q$>\p P ) Lr (I,FPYMP Iz )
And —
11| (ry < Z Z HA’C“*A”’HLI(I)
k>j—3 |k—1|<1

<3 (1Al 180,00 (3.6)

k>5—-3 |k—1|<1

S DR I I o e e

E>5-3 |k—1|<1

Using the generalized Minkowski inequality, Young’s inequality, and the conditions p > 52%7 and
5+ ”\p3 2a > 0, it follows that
. A=3 _ —
"2](5+ 7 2a)||IIIj||L1(I)’lq
[ X S ARt - v g | Bt o]
R® 1>j—3 |k—1|<1
S DO Dl YOS R S0 N
R >3 |k—1|<1
S/RS Z Z 2j(5+¥72a)21(1_%)21(%_1)HAW(§—ya')||Lp’(I)HAlU(3/7')HLP(I) !
k>j—3 |k—1|<1
S/Rs Z QU)o+ 25320 255 -2 Ko Wow e
k>j—3
203 ]
A=3_ 20
= /RS A )HAW (€—w:") ||Lp’(1)||zq(kez H2 HLP Hloo(lez)dy
H2k(4+M La)HAkuHLP Do rez) * ||2 (I)le(lez).
By Lemma 2.4, Lemma 2.5 and the inclusion relation {7 C [*°, it follows that
H”2j(5+%—20¢)”ﬁ4”[}(1 ||lq MpA
A—3 2o¢ _ 2ca
< 12827 Bl ey * 12 L
A—3 «@ _ 2ca
< 125 = N Akl o o loguesy |, N2 Hlm (12) o
S 1 O I e o
A=3_ 2a 73,2&
< ’|2k(4+ )||AkuHLP (I)qu(keZ) ‘Mp AHHQI(4+ )HAI”HU(I)HH leZ)’ AP
Sz ”UH[;) ([ ;ﬁ4+>‘ 3 2“) ||’U,||£p/ (I E4+A 3 2;")'
pig, T p,g, A
Combining (3.4), (3.5), (3.7), the proof is complete. O

Lemma 3.4. If 1 <p< oo, 1< ¢q< oo, max{3—(5—4a+27“)p,0}<)\<3,SER,lgpgoo,
%<a§1,%+§:1, Let I =10,T), 0<T < o0, then

Huv|| S5+ 258 4a+20‘ < C”UH ¢4+%72—‘} ”U” ’.\4+%—20¢
EP(IquA ) LP(LFp,q,A L ) L‘,oo(I,Fp,q,A )
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+C||U|| ~4pA=3 2o ||u|| 4273 o4\ -
Le (1 o P 4 ) Lo (I F P )

FpLg, A T p,g, A

Using the same proof method as above, we obtain the proof of this lemma.

4. PROOF OF THEOREM 1.1

In this section, we use Lemma 2.14, the Banach-Picard contraction principle.

Proof. From the mild solution (1.5) of the Cauchy problem (1.1)-1.2, it follows that

(u,0) = (e ug, e =2"bg) + B ((u, b), (u, b)), (4.1)
B ((uv b), (u’ b)) = (Bl ((u’ b)? (u7 b)) , Bo ((u7 b)7 (u’ b))) >
where
By ((u,b), (u, b)) = — / t e~ ENEA Pdiv(u @ u — b ® b)(7)dr, (4.3)
0
Ba ((u,b), (u,b)) = — / t e~ EIEA div(u @ b — b @ u)(r)dr. (4.4)
0

First, we need to obtain the linear estimate for (e *(=2)%ugy, e=*=2)"b) in the work space

/:4_5_%_2*0 ,'\4+>\*3_27ﬂ

X — £p([07 00), ) o ) nc ([Q’ 00), F\pgn

Let s=4+ % — 27?, r=pand s=4+ % — 270‘, r = p’ in Lemma 3.1, respectively. Then

(e ug, e 2 bg) | x < Cull(uo, b0 14y 225 s, - (4.5)

P
Py A

H’.\4+

Second, we need to obtain a bilinear estimate for (4.2). Let s = 4+ % - QP—D,‘, r=p,r =1
and s =4+ % — 27", r = p’, r1 =1 in Lemma 3.2, respectively. Using Lemmas 2.12 and 3.3.

~44+258 2q

Based on the boundedness of P in £! (I, Fp)q))\ ), we have

1B ((u, ), (u, b)) [ x
= [|B1 ((u,0), (u,0)) [ x + | B2 ((u,b), (u,)) || x

S H]P’dlv(u®u—b®b)|| ~apA=3 g\ T ||d1V(U®b_b®U)H 244223 _ag
Ll(l, i ) £l (I,F'Mf )
el s HPEH oy e
+ ||u®b” 54 A3 _on + ||b®u|| 54273 o4
B I
< Cy (lulli + 1001% + 2llullx 16l x)
= Cal|(u, 0)||%-
If || (o, bo) || . yyr=3 o, < m, it follows from (4.5) that
B
P,q,A
« (3 1
H(e_t(_A) uO’e_t(_A) bO)”X < C1||(u07b0)||¢4+ﬂ72a < —. (47)
p 4Cy

P,q,A

Combining (4.6), (4.7) and Lemma 2.14, (1.1) has a unique global mild solution which satisfies
1w, D)l x < 2C1 [ (w0, bo) || Luy 2z s - (4.8)

Py, A
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~442=3_9q

To prove (u,b) € C([O, ), F .\

~d442222a
PN )
It follows from 4.8 that

). Let us first prove that (u,b) € L ([0, ), Fpy ya

H(uvb)H ~a42=3 g < ”(e_t(_A)auoae_t(_A)abO)H 244223 g
L£oo ([o,oo), o ) L£oo ([o,oo),Fp,q’; )

(4.9)

+ ”B ((uvb)v (uvb)) ” ~a42=3 94 ¢

Lo ([O,oo),Fp)q)/\p )

Let r=o00,s=4+ % — 2« in Lemma 3.1, then

(et g, e =2 pg) | Lara=s oo S (w0, bo)llL s ass sy, (4.10)

L ([O’OO)’Fp,q,Ap ) p,q,)xp

Let r =00, s =4+ % — 2a, r1 = 1 in Lemma 3.2, applying Lemma 2.12, Lemma 3.3 and the

~4+2522q

boundedness of P in £! (I F

Y ), we have

00),F
’ P, A

||B((7~L7b)v(uvb))Hﬁoo ([ ¢4+%—2a)

P I.F p
T Pa, A TP, A

5 ||Pd1v(u®u—b®b)|| ( ’.\4+A7372a) + ||d1V(u®b—b®u)|| ( ¢4+ﬁ72a>
L1 Lt

Sllu®u s 2= _,\ T [[0®D s A=3 o
” Hﬁl (I, .:rqy/\p 2 ) ” ||£1 (I, ‘i:_’/\PS 2 ) (411)
+ ||7.L®b|| 254273 o + ||b®u|| 254273 o
El(I,prq,)\p ) LI(I,FP,“P )
< (lullX + 1613 + 2llullx (bl x)
S N, b) 1% -
Combining estimates of 4.9, 4.10 and 4.11,
H(ua b)” ( ¢4+ﬁ—2a> S ||(u07b0)H/:4+ﬁ—2a + ||(U;b)||§(, (412)
L2 [0,00), pﬂq‘f Fp‘q,xp
that is
~4+258 2a
(u.b) € £2([0,00), Fypil ) (4.13)

Second, we prove the continuity of u with respect to time ¢, the continuity of b follows similarly.
For 0 <t <ty < o0,

. A=3 94 i i 1/(1
lut2) = wt)ponca < |( D0 275729 Ajulta) = Ague)|*) ||
Fp,q,Ap <N M.
i<
(4 A=3 ooy T o 1/q
+ H (];V 2]q( + P )|AJU(t2) — Aju(t1)|q) MP)\.

~d442222q

Since u € L ([0’ 00), Fpax

| (2 22529 A utea) - Bpuge)?)
j>N

), for all € > 0, there exists N such that

<

e
<35 (4.14)

For ”(ngN 2jq(4+¥72a)|Aju(t2) — Aju(ty)]?) 1/qHMp,)\, using Holder’s inequality and Lemma
2.12, and Lemma 3.4, we have
— 1/qH

(3 262729 | () - Ayue)|")
<N

MP:A
1/q

’ . A—3 _ a -
< |ty — t1|1/ﬁ H( Z 9ia(4+=5=-2 )||atAju||%p[07w))
J<N

MpsA
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/ , A8 44 2a) (90 20 o 1/q
Slta = |( S 2 e e o A, ) |
<N

MP:A
N (2 20 (4eA=3 4o 20 g 1/q
< [ty — 1| M/P 2N 20— 5) ’( Z 9ia(4+25% —dat % )HatAjuHLp[m)) o
j<N

< fto — ta]/# ru A e

Le ([0,00),Fqu)\p e )
< |t2 *t1|1/p,(‘|(7A)au” Sa4A=8 _gap2e T ||Ple(U®U7b®b)” 244223 _yaq2a )

Le ([O,W),Fpﬁqﬁf . ) U([Om),Fp‘q,f’ 0 )

Stta=l (Il sy Ul s

Lo ([O,oo),Fp)q,)\p P ) L‘P([O,oo),Fp’q’Ap L )

+b®b o . )
H ||£p ([0700)7FZZ:T374Q+27>

’Fp,q,A T opya, A

< |to —t 1/’DI(’UJ A=3 2o\ T U A=3 24\ ||U L A=3
St =t 77l ||£P<[O,oo),1?‘i:;_%r> I ”u( ¢4+p-27)|| ||Loo( .4+T_20)

ol ( EMPsi(,x)||b||m(ﬁ4wm>).

Tpg,\ P,a,A

For all € > 0, choosing an appropriate ¢ such that when |to — 1] < 0,

H( > 2jq(4+¥72a)‘1j\u(t2) - A/j\u(tl)‘q>1/q <
J<N

e
<5 (4.15)

Combining (4.14) and (4.15), we obtain ||u(t2) — u(t1) -3, <. It may be concluded that

||A.4
S
Pq,A

(w0 € (o, oo),};4+%_2a)

P,qA

The proof is complete. O

5. PROOF OF THEOREM 1.4
Proof. If v(z,t) = eV u(z,t) and w(z,t) = eV b(x, t), then

t

(@, t) = eV et TR Ty, — e VIAT / e~ (=D P iy (e~ VAT
0
®e VMY — e VA @ e VT w)(1)dr,

t
w(z, t) = eV eTHEA)Tpy VAT / e~ Qiv(e VA

0

®@e VA W — eV @ eTVTA ) (1) dr.
Applying Fourier transform to (5.1), (5.2), and using Lemma 2.15, it follows that
[B(&, 1)) < T g |

t e4 —(t—1 2 STl —y|¥ |~ —JT L
+/ ol Vi—(t=m)l¢] |§|</]R3e VIEUI 53¢ =y, ) @ e~ VT [B(y, 7| dy
0

+ [ eI (e — g, )| eV iy, )l dy ) dr
R3

VEEle =1 200 Lyre|20 )~
— VeI = FHE el g

t
+/ e*%(tff)|£|2“|§|(/ el Vi (=) EP =T EvI" ) 1 5(¢ — o) | @ [3(y)|dy
0 R3
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+/ e\é\“\/f*%(tff)|£|2"fﬁ(|§fy|”+|y|”)|@(§ —y)|® |@(y)|dy)d7
R3

t
< o I g 1 / BT g |TR Y| + [w @ wldr
0

and

By

~ a_yg)2e
(&, )] < VIR g
t
+/ el&l"\/f—(t—f)\f\“m(/ e—ﬁlé—yl‘*‘@(g_yﬂ-”@e—ﬁ\yl"m(yﬂ.”dy
0 R3
4 [ eV (e - ) @ eV iy, )l dy ) dr
R3

a_1 200 14¢(2a,~
— e\/zlfl 2t|£| 2t|£‘ |b0|

t
+/ e*%(tff)lélmm(/ el Vi3 (=P —VTEyI" ) 5(¢ — o) | @ |@(y)|dy
0 R3

+/ 6I§|"\/57%(tff)lélmfﬁ(l&y\%ly\“)|@(§ —y)|® |ﬁ(y)|dy)d7'
R3

t
S B iy 4 [ HIE T + @ ol
0

applying the proof method of Theorem 1.1, the proof of Theorem 1.4 is straightforward. [J
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