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GLOBAL WELL-POSEDNESS FOR 3D GENERALIZED

MAGNETOHYDRODYNAMIC EQUATIONS IN CRITICAL

FOURIER-TRIEBEL-LIZORKIN-MORREY SPACES

TENG MA, LIHUI GUO

Abstract. This article studies the Cauchy problem of the 3D generalized incompressible mag-

netohydrodynamic equations in critical Fourier-Triebel-Lizorkin-Morrey spaces. The introduc-

tion of the Fourier-Triebel-Lizorkin-Morrey spaces facilitates the estimation of nonlinear terms
in the system via Fourier transforms. Moreover, the Fourier-Triebel-Lizorkin-Morrey spaces are

strictly larger than the Fourier-Triebel-Lizorkin spaces. When the initial data are sufficiently

small, the global well-posedness of solutions to the Cauchy problem for the 3D generalized in-
compressible magnetohydrodynamic equations is established using the Littlewood-Paley theory

and the Banach-Picard contraction principle. Furthermore, we derive Gevrey-class regularity of

the solutions in the Fourier-Triebel-Lizorkin-Morrey spaces.

1. Introduction

This article studies the Cauchy problem for the 3D generalized incompressible magnetohydro-
dynamic (GMHD) equations

∂tu+ (−∆)αu+ (u · ∇)u− (b · ∇)b+∇P = 0, (x, t) ∈ R3 × R+,

∂tb+ (−∆)αb+ (u · ∇)b− (b · ∇)u = 0, (x, t) ∈ R3 × R+,

∇ · u = 0, ∇ · b = 0, (x, t) ∈ R3 × R+,

(1.1)

with boundary conditions
u(x, 0) = u0(x), b(x, 0) = b0(x). (1.2)

Equation 1.1 describes the macroscopic behavior of incompressible conductive fluids in magnetic
fields [34], where u(x, t) = (u1(x, t), u2(x, t), u3(x, t)) denotes the fluid velocity field, b(x, t) =
(b1(x, t), b2(x, t), b3(x, t)) denotes the magnetic field, P (x, t) denotes the magnetic pressure. (−∆)α

denotes the fractional Laplace operator, which is defined as follows

̂(−∆)αf(ξ) = |ξ|2αf̂(ξ),
where 0 < α ≤ 1 is the fractional dissipation index for the velocity and magnetic fields.

If α = 1, (1.1) reduce to the classical magnetohydrodynamic (MHD) equations, which describe
the movement of conductive fluids such as plasmas, electrolytes, and liquid metals under the action
of electromagnetic fields [23]. Formally, this system is coupled with the Navier-Stokes equations
and the electromagnetic Maxwell equations. In 1972, Duvaut and Lions [8] proved the existence
and uniqueness of solutions to the 3D MHD equations in the Sobolev space Hs with s ≥ 3, as
well as the global existence of solutions for small initial data. Miao and Yuan investigated the
Cauchy problem for the 3D incompressible MHD equations in [26, 27], establishing the global

well-posedness of solutions for small initial data in the Besov space Ḃ
3
p−1
p,q (R3) and BMO−1(R3)

space, respectively. For more results on the well-posedness of solutions to the Cauchy problem for
the MHD equations, see [6, 11, 24, 30, 32, 35, 38].
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If α = 1 and b = 0, (1.1) become the 3D incompressible Navier-Stokes equations

∂tu−∆u+ (u · ∇)u+∇P = 0, (x, t) ∈ R3 × R+

∇ · u = 0.
(1.3)

These equations describe the dynamics of incompressible viscous fluids. In 1934, Leray considered
the Cauchy problem for (1.3) in his pioneering work [22] and established the existence of a global
weak solution for initial data in L2(R3). In 1950, Hopf [15] obtained the global existence result
of weak solutions for the Cauchy problem of (1.3) in a bounded domain. In the Sobolev space

Ḣ
1
2 , Fujita and Kato [19] established local well-posedness of solutions to the large initial data

problem and global well-posedness of solutions to the small initial data problem for (1.3). Owing
to the scale invariance of (1.3), scholars have obtained well-posedness results of solutions to the
small initial data problem of (1.3) in various critical function spaces, including the Lebesgue space

L3 [17], the Besov space Ḃ
−1+ 3

p
p,∞ [5], the BMO−1 space [16], Triebel-Lizorkin spaces [7], and the

Lei-Lin space χ−1 [20].
Similar to (1.3), (1.1) also possess scaling invariance. In the critical pseudomeasure space PMα,

Liu, Zhao, and Cui [25] obtained the existence of global solutions to the small initial data problem
for (1.1). In the Lei-Lin space χ1−2α, Ye [36] established the global well-posedness of solutions to
(1.1) for small initial data. In the critical Fourier-Besov-Morrey spaces, Barakaa and Toumlilin
[9] established global well-posedness of solutions to (1.1) for small initial data. Subsequently,
several scholars investigated the well-posedness of fluid dynamics models in mixed Besov spaces
and Triebel-Lizorkin spaces [1, 10, 13, 14, 28, 29, 37].

By computing Fourier transforms on the function sequences corresponding to different frequency
bands in the Triebel-Lizorkin spaces, we can more easily derive estimates for the nonlinear terms
in (1.1). This facilitates the investigation of the well-posedness of solutions to the Cauchy problem
(1.1). If the Lp norm is replaced by the Morrey norm, the class of function spaces becomes larger.
Accordingly, this paper introduces a new class of mixed-type critical Fourier-Triebel-Lizorkin-
Morrey spaces and establishes the well-posedness and Gevrey-class regularity of solutions to the
Cauchy problem (1.1). Applying the Leray projection operator P = I − ∇∆−1∇· to the first
equation of (1.1) yields

∂tu+ (−∆)αu+ P∇ · (u⊗ u− b⊗ b) = 0,

∂tb+ (−∆)αb+∇ · (u⊗ b− b⊗ u) = 0,
(1.4)

where

u⊗ b = (b1u, b2u, b3u), ∇ · (u⊗ b) = (∇ · (b1u),∇ · (b2u),∇ · (b3u)) , (x, t) ∈ R3 × R+.

The solution to the Cauchy problem (1.1)-(1.2) can be expressed as

u(x, t) = e−t(−∆)αu0 −
∫ t

0

e−(t−τ)(−∆)αP∇ · (u⊗ u− b⊗ b)(x, τ)dτ,

b(x, t) = e−t(−∆)αb0 −
∫ t

0

e−(t−τ)(−∆)α∇ · (u⊗ b− b⊗ u)(x, τ)dτ.

(1.5)

This solution is referred to as a mild solution [2] to the Cauchy problem (1.1). By establishing
linear and bilinear estimates on (1.5) and applying the Banach-Picard contraction principle, we
establish the global well-posedness of solutions to the Cauchy problem (1.1)-(1.2) for small initial
data.

Theorem 1.1. Let 1 ≤ q ≤ ∞, 1 ≤ p < ∞, 1
2 < α ≤ 1, max{3 − (5 − 4α + 2α

ρ )p, 0} < λ < 3,
2α

2α−1 < ρ ≤ ∞, 1
ρ + 1

ρ′ = 1. If there exists a constant ε = ε(p, q, α) such that for (u0, b0) ∈̂̇F 4+λ−3
p −2α

p,q,λ satisfying ∥(u0, b0)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

< ε, then (1.1) has a unique global mild solution

(u, b) ∈ C
(
[0,∞), ̂̇F 4+λ−3

p −2α

p,q,λ

)
∩ Lρ

(
[0,∞), ̂̇F 4+λ−3

p − 2α
ρ′

p,q,λ

)
∩ Lρ′(

[0,∞), ̂̇F 4+λ−3
p − 2α

ρ

p,q,λ

)
, (1.6)
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and
∥(u, b)∥

Lρ

(
[0,∞), ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)⋂
Lρ′

(
[0,∞), ̂̇F 4+λ−3

p
− 2α

ρ
p,q,λ

) ≲ ∥(u0, b0)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

. (1.7)

Remark 1.2. This well-posedness result also holds for the classical magnetohydrodynamic equa-
tions and the Navier-Stokes equations.

Remark 1.3. The Fourier-Triebel-Lizorkin-Morrey space ̂̇F 4+λ−3
p −2α

p,q,λ (R3) is a critical space.

Regarding the analytical properties of solutions to (1.1)-(1.2), using the proof method from [2,
Theorem 2], we obtain Gevrey class regularity for solutions to (1.1)-(1.2).

Theorem 1.4. Let 1 ≤ q ≤ ∞, 1 ≤ p < ∞, 1
2 < α ≤ 1, max{3 − (5 − 4α + 2α

ρ )p, 0} < λ < 3,
2α

2α−1 < ρ ≤ ∞, 1
ρ + 1

ρ′ = 1. If there exists a constant ε′ = ε′(p, q, α) such that for (u0, b0) ∈̂̇F 4+λ−3
p −2α

p,q,λ satisfying ∥(u0, b0)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

< ε′, then the solution (u, b) in Theorem 1.1 is analytic

in the following sense

∥(e
√
tΛα

u, e
√
tΛα

b)∥
Lρ

(
[0,∞), ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)⋂
Lρ′

(
[0,∞), ̂̇F 4+λ−3

p
− 2α

ρ
p,q,λ

) ≲ ∥(u0, b0)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

,

where e
√
tΛα

denotes the Fourier multiplier, whose multiplier symbol is e
√
t|ξ|α .

This article is organized as follows: Section 2 introduces the Littlewood-Paley theory, several
function spaces, and provides relevant lemmas. Section 3 establishes linear and bilinear estimates
for the mild solution (1.5) in the Fourier-Triebel-Lizorkin-Morrey spaces. Sections 4 and 5 provide
the proofs of Theorem 1.1 and 1.4, respectively.

2. Preliminaries

This section introduces Morrey spaces, Fourier-Triebel-Lizorkin spaces, and Fourier-Triebel-
Lizorkin-Morrey spaces. The definition of Fourier-Triebel-Lizorkin-Morrey spaces is based on the
Littlewood-Paley decomposition method associated with the Fourier transform. Therefore, we
first introduce the Fourier transform and Littlewood-Paley theory.

Let f ∈ S, where S denotes the class of Schwartz functions.
• The Fourier transform is defined as

Ff(ξ) = f̂(ξ) = (2π)−3/2

∫
R3

e−ix·ξf(x)dx, ξ = (ξ1, ξ2, ξ3) ∈ R3.

• The inverse Fourier formula is

F−1f(x) = f̌(x) = (2π)−3/2

∫
R3

eix·ξf(ξ)dξ, x = (x1, x2, x3) ∈ R3.

• Convolution is defined as

(f ∗ g)(x) =
∫
R3

f(x− y)g(y)dy.

• There exists χ(ξ) ∈ S(R3) such that 0 ≤ χ(ξ) ≤ 1 and

χ(ξ) =

{
1 |ξ| ≤ 3/4,

0 |ξ| > 4/3.

Let φ(ξ) = χ( ξ2 ) − χ(ξ), therefore suppφ(ξ) ⊂ {ξ| 34 ≤ |ξ| ≤ 8
3}. Let χj(ξ) = χ(2−jξ), φj(ξ) =

φ(2−jξ), j ∈ Z. There are non-homogeneous unit decompositions and homogeneous unit decom-
positions

χ(ξ) +
∑
j≥0

φj(ξ) = 1, ∀ξ ∈ R3,

∑
j∈Z

φj(ξ) = 1, ∀ξ ∈ R3\{0}.



4 TENG MA, LIHUI GUO EJDE-2026/43

For any u ∈ L2(R3), the following non-homogeneous and homogeneous decompositions hold

u = F−1 (χFu) +
∑
j≥0

F−1 (φjFu) = F−1χ ∗ u+
∑
j≥0

F−1φj ∗ u,

u =
∑
j∈Z

F−1 (φjFu) =
∑
j∈Z

F−1φj ∗ u.

For a homogeneous decomposition, let F−1 (φjFu) = F−1φj ∗ u = ∆̇ju. In addition, the low-
frequency cutoff operator is defined as

Ṡju =
∑

k≤j−1

∆̇ku.

Based on the definitions of ∆̇j and Ṡj , it follows that

∆̇j∆̇ku = 0, |j − k| ≥ 2 and ∆̇j(Ṡk−1u∆̇ku) = 0, |j − k| ≥ 5.

For more details about the Littlewood-Paley theory, please refer to [24, 3]. Next, we introduce
Bony’s paraproduct decomposition formula.

Definition 2.1 ([4]). If u, v ∈ S ′, Bony’s paraproduct formula reads

uv =
∑
j∈Z

Ṡj−1u∆̇jv +
∑
j∈Z

Ṡj−1v∆̇ju+
∑
j∈Z

∆̇ju
˜̇∆jv,

where ˜̇∆jv =
∑

|j−j′|≤1

∆̇j′v.

The Morrey space Mp,λ(R3) is a generalization of Lp(R3) space.

Definition 2.2 ([18, 31]). Let 1 ≤ p < ∞ and 0 ≤ λ < 3, the Morrey space is defined as

Mp,λ(R3) =
{
f ∈ Lp

loc(R
3) : ∥f∥Mp,λ(R3) = sup

B(x,r)⊂R3

( 1

|B(x, r)|λ/3

∫
B(x,r)

|f(y)|pdy
)1/p

< ∞
}
,

where B(x, r) denotes the ball in R3 centered at x with radius r. If λ = 0, Mp,λ(R3) = Lp(R3).
If λ = 3, Mp,λ(R3) = L∞(R3). If λ < 0 or λ > 3, Mp,λ(R3) = Θ, Θ is the set of measurable
functions on R3 that are almost everywhere equal to 0.

Lemma 2.3 (Hölder inequality [18, 31]). Let 1 ≤ p1, p2, p3 < ∞ and 0 ≤ λ1, λ2, λ3 < 3. If
1
p3

= 1
p1

+ 1
p2

and λ3

p3
= λ1

p1
+ λ2

p2
, then

∥fg∥Mp3,λ3 (R3) ≤ ∥f∥Mp2,λ2 (R3)∥g∥Mp1,λ1 (R3).

Lemma 2.4 (Young inequality [18, 31]). Let 1 ≤ p < ∞, 0 ≤ λ < 3, then

∥f ∗ g∥Mp,λ(R3) ≤ ∥f∥L1(R3)∥g∥Mp,λ(R3)

for all f ∈ L1(R3) and g ∈ Mp,λ(R3).

Lemma 2.5 (Bernstein inequality [12]). Let 1 ≤ q ≤ p < ∞, 0 ≤ λ1, λ2 < 3, 3−λ1

p ≤ 3−λ2

q and γ

be a multi-index. If supp f̂ ⊂ {ξ : |ξ| ≤ A2j} and A > 0 is a constant, then there exists a constant
C > 0 such that

∥(iξ)γ f̂∥Mq,λ2 ≤ C2j|γ|+j(
3−λ2

q − 3−λ1
p )∥f̂∥Mp,λ1 .

Definition 2.6. Let s ∈ R, 1 ≤ p, q ≤ ∞. The homogeneous Fourier-Triebel-Lizorkin space iŝ̇F s

p,q(R3) = {u ∈ S ′\P : ∥u∥ ̂̇F s

p,q(R3)
< ∞}



EJDE-2026/43 3D GENERALIZED MAGNETOHYDRODYNAMIC EQUATIONS 5

is a Banach space with the norm

∥u∥ ̂̇F s

p,q(R3)
=

∥
(∑

j∈Z 2
jqs|̂̇∆ju|q

)1/q

∥Lp(R3) 1 ≤ q < ∞,

∥ supj∈Z 2
js|̂̇∆ju|∥Lp(R3) q = ∞,

where P is the set of polynomials.

Definition 2.7. Let s ∈ R, 1 ≤ p < ∞, 1 ≤ q ≤ ∞, 0 ≤ λ < 3. The homogeneous Triebel-
Lizorkin-Morrey space

Ḟ s
p,q,λ(R3) = {u ∈ S ′\P : ∥u∥Ḟ s

p,q,λ(R3) < ∞}

is a Banach space with the norm

∥u∥Ḟ s
p,q,λ(R3) =

∥
(∑

j∈Z 2
jqs|∆̇ju|q

)1/q

∥Mp,λ(R3) 1 ≤ q < ∞,

∥ supj∈Z 2
js|∆̇ju|∥Mp,λ(R3) q = ∞,

where P is the set of polynomials.

Definition 2.8. Let s ∈ R, 1 ≤ p < ∞, 1 ≤ q ≤ ∞, 0 ≤ λ < 3. The homogeneous Fourier-
Triebel-Lizorkin-Morrey spacê̇F s

p,q,λ(R3) = {u ∈ S ′\P : ∥u∥ ̂̇F s

p,q,λ(R3)
< ∞}

is a Banach space with the norm

∥u∥ ̂̇F s

p,q,λ(R3)
=

∥
(∑

j∈Z 2
jqs|̂̇∆ju|q

)1/q

∥Mp,λ(R3) 1 ≤ q < ∞,

∥ supj∈Z 2
js|̂̇∆ju|∥Mp,λ(R3) q = ∞,

.

where P is the set of polynomials.

Remark 2.9. If s = −1, p = 1, q = 1, λ = 0, ̂̇F−1

1,1,0(R3) = χ−1(R3), where χ−1(R3) is Lei-Lin
space [20].

Remark 2.10. If s = β, q = ∞, λ = 3, ̂̇F β

p,∞,3(R3) = PMβ(R3), where PMβ(R3) is critical
pseudomeasure space [25].

Lemma 2.11 (Interpolation Inequalities). Let s1, s2 ∈ R, 1 ≤ p1, p2 < ∞, 1 ≤ q1, q2 ≤ ∞,
0 ≤ λ1, λ2 < 3. If 0 ≤ θ ≤ 1, s = (1 − θ)s1 + θs2,

1
p = 1−θ

p1
+ θ

p2
, 1
q = 1−θ

q1
+ θ

q2
, 1 ≤ p < ∞,

1 ≤ q ≤ ∞, λ
p = λ1(1−θ)

p1
+ λ2θ

p2
, then

∥u∥ ̂̇F s

p,q,λ(R3)
≤ ∥u∥1−θ̂̇F s1

p1,q1,λ1
(R3)

∥u∥θ̂̇F s2

p2,q2,λ2
(R3)

.

Proof.

∥u∥ ̂̇F s

p,q,λ(R3)
=

∥∥∥2j(1−θ)s1 |̂̇∆ju|1−θ2jθs2 |̂̇∆ju|θ∥lq
∥∥
Mp,λ

≤
∥∥∥2js1 |̂̇∆ju|∥1−θ

lq1 ∥2js2 |̂̇∆ju|∥θlq2
∥∥
Mp,λ

= sup
B(x,r)

r−λ/p
∥∥∥2js1 |̂̇∆ju|∥1−θ

lq1 ∥2js2 |̂̇∆ju|∥θlq2
∥∥
Lp(B(x,r))

≤ sup
B(x,r)

r−
λ1(1−θ)

p1

∥∥∥2js1 |̂̇∆ju|∥lq1
∥∥1−θ

Lp1 (B(x,r))
r−

λ2θ
p2

∥∥∥2js2 |̂̇∆ju|∥lq2
∥∥θ
Lp2 (B(x,r))

≤ ∥u∥1−θ̂̇F s1

p1,q1,λ1
(R3)

∥u∥θ̂̇F s2

p2,q2,λ2
(R3)

.

□
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Lemma 2.12. Operator ∂β
x : ̂̇F s+|β|

p,q,λ (R3) → ̂̇F s

p,q,λ(R3) is a bounded operator and

∥Λαf∥ ̂̇F s

p,q,λ(Rn)
≲ ∥f∥ ̂̇F s+α

p,q,λ(R3)
,

∥∇ · f∥ ̂̇F s

p,q,λ(Rn)
≲ ∥f∥ ̂̇F s+1

p,q,λ(R3)
,

∥∆f∥ ̂̇F s

p,q,λ(Rn)
≲ ∥f∥ ̂̇F s+2

p,q,λ(R3)
.

Proof. If for all j ∈ Z, suppφj(ξ) ⊂
{
ξ|2j 3

4 ≤ |ξ| ≤ 2j 8
3

}
, then

∥∂β
xf∥ ̂̇F s

p,q,λ(R3)
=

∥∥∥∥∥2js|φj ∂̂
β
xf |

∥∥
lq(j∈Z)

∥∥∥
Mp,λ(R3)

≤
∥∥∥∥∥2js|φj |ξ||β|f̂ |

∥∥
lq(j∈Z)

∥∥∥
Mp,λ(R3)

≲
∥∥∥∥∥2js2j|β||φj f̂ |

∥∥
lq(j∈Z)

∥∥∥
Mp,λ(R3)

≲ ∥f∥ ̂̇F s+|β|
p,q,λ (R3)

.

□

Definition 2.13. Let s ∈ R, 1 ≤ p < ∞, 1 ≤ ρ, q ≤ ∞, 0 ≤ λ < 3, and I = [0, T ), T ∈ (0,∞].
The Chemin-Lerner type Fourier-Triebel-Lizorkin-Morrey space

Lρ(I, ̂̇F s

p,q,λ) = {u ∈ S ′\P : ∥u∥
Lρ(I, ̂̇F s

p,q,λ)
< ∞}

is a Banach space with the norm

∥u∥
Lρ(I, ̂̇F s

p,q,λ)
=


∥∥(∑

j∈Z 2
jqs∥̂̇∆ju∥qLρ(I)

)1/q∥∥
Mp,λ(R3)

1 ≤ q < ∞,∥∥ supj∈Z 2
js∥̂̇∆ju∥Lρ(I)

∥∥
Mp,λ(R3)

q = ∞,

where P is the set of polynomials.

Lemma 2.14 (Banach-Picard contraction principle [21]). X is a Banach space, ∥ · ∥X denotes its
norm. B : X ×X 7→ X is a bounded bilinear operator satisfying

∥B(u, v)∥X ≤ η∥u∥X∥v∥X

for all u, v ∈ X and a constant η > 0. If y ∈ X satisfy ∥y∥X < ε < 1
4η , the equation x = y+B(x, x)

has a unique solution satisfying ∥x∥ ≤ 2ε. Furthermore, the solution depends continuously on y.
In other words, if ∥y′∥X < ε, x′ be a solution of x′ = y′ +B(x′, x′), then

∥x− x′∥X ≤ 1

1− 4εη
∥y − y′∥X .

Lemma 2.15 ([33]). If 0 < s ≤ t < ∞ and 0 ≤ α ≤ 1, then

t|x|α − 1

2
(t2 − s2)|x|2α − s|x− y|α − s|y|α ≤ 1

2

holds for ∀x, y ∈ R3.

3. Linear and Bilinear estimates in the Fourier-Triebel-Lizorkin-Morrey spaces

Lemma 3.1. If 1 ≤ p < ∞, 1 ≤ q ≤ ∞, 0 ≤ λ < 3, s ∈ R, 1 ≤ r ≤ ∞ and 1
2 < α ≤ 1. Let

I = [0, T ), 0 < T ≤ ∞, then

∥(e−t(−∆)αu0, e
−t(−∆)αb0)∥Lr(I, ̂̇F s

p,q,λ)
≲ ∥(u0, b0)∥ ̂̇F s− 2α

r
p,q,λ

. (3.1)
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Proof. Since suppφj(ξ) ⊂ {ξ|2j 3
4 ≤ |ξ| ≤ 2j 8

3}, then

∥e−t(−∆)αu0∥Lr(I, ̂̇F s

p,q,λ)
+ ∥e−t(−∆)αb0∥Lr(I, ̂̇F s

p,q,λ)

≲
∥∥∥2js∥e−t22αj ̂̇∆ju0∥Lr(I)∥lq

∥∥
Mp,λ +

∥∥∥2js∥e−t22αj ̂̇∆jb0∥Lr(I)∥lq
∥∥
Mp,λ

≲
∥∥(∑

j∈Z
2jsq|̂̇∆ju0|q

(∫ T

0

e−tr22αj

dt
)q/r)1/q∥∥

Mp,λ

+
∥∥(∑

j∈Z
2jsq|̂̇∆jb0|q

(∫ T

0

e−tr22αj

dt
)q/r)1/q∥∥

Mp,λ

≲
∥∥(∑

j∈Z
2jq(s−

2α
r )|̂̇∆ju0|q

)1/q∥∥
Mp,λ +

∥∥(∑
j∈Z

2jq(s−
2α
r )|̂̇∆jb0|q

)1/q∥∥
Mp,λ

≲ ∥(u0, b0)∥ ̂̇F s− 2α
r

p,q,λ

.

□

Lemma 3.2. If 1 ≤ p < ∞, 1 ≤ q ≤ ∞, 0 ≤ λ < 3, s ∈ R, 1 ≤ r ≤ ∞, 1
2 < α ≤ 1 and

1 ≤ r1 ≤ r ≤ ∞. Let I = [0, T ), 0 < T ≤ ∞, then∥∥∫ t

0

e−(t−τ)(−∆)αf(τ)dτ
∥∥
Lr(I, ̂̇F s

p,q,λ)
≲

∥∥f∥∥
Lr1

(
I, ̂̇F s−2α(1+ 1

r
− 1

r1
)

p,q,λ

). (3.2)

Proof. Utilizing 1 + 1
r = 1

θ + 1
r1

and Young’s inequality,∥∥ ∫ t

0

e−(t−τ)(−∆)αf(τ)dτ
∥∥
Lr(I, ̂̇F s

p,q,λ)
=

∥∥∥(∑
j∈Z

2jsq
∥∥ ∫ t

0

e−|ξ|2α(t−τ) ̂̇∆jfdτ
∥∥∥q
Lr(I)

)1/q∥∥∥
Mp,λ

≲
∥∥∥(∑

j∈Z
2jsq

∥∥e−22αjt ∗ ̂̇∆jf
∥∥q
Lr(I)

)1/q∥∥∥
Mp,λ

≲
∥∥∥(∑

j∈Z
2jsq

∥∥e−22αjt
∥∥q
Lθ(I)

∥∥ ̂̇∆jf
∥∥q
Lr1 (I)

)1/q∥∥∥
Mp,λ

≲
∥∥∥(∑

j∈Z
2jq(s−

2α
θ )

∥∥ ̂̇∆jf
∥∥q
Lr1 (I)

)1/q∥∥∥
Mp,λ

≲
∥∥f∥∥

Lr1

(
I, ̂̇F s−2α(1+ 1

r
− 1

r1
)

p,q,λ

). □

Lemma 3.3. If 1 ≤ p < ∞, 1 ≤ q ≤ ∞, max{3− (5− 2α)p, 0} < λ < 3, s ∈ R, 2α
2α−1 < ρ ≤ ∞,

1
2 < α ≤ 1, 1

ρ + 1
ρ′ = 1. Let I = [0, T ), 0 < T ≤ ∞, there exists a constant C such that

∥uv∥
L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

) ≤ C∥u∥
Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥v∥
Lρ′

(
I, ̂̇F 4+λ−3

p
− 2α

ρ
p,q,λ

)
+ C∥v∥

Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥u∥
Lρ′

(
I, ̂̇F 4+λ−3

p
− 2α

ρ
p,q,λ

).
Proof. By Bony’s paraproduct decomposition formula,

∆̇j(uv) =
∑

|k−j|≤4

∆̇j(Ṡk−1u∆̇kv) +
∑

|k−j|≤4

∆̇j(Ṡk−1v∆̇ku) +
∑

k≥j−3

∆̇j(∆̇ku
˜̇∆kv)

= Ij + IIj + IIIj .

Then

∥uv∥
L1

(
I; ̂̇F 5+λ−3

p
−2α

) ≤
∥∥∥∥2j(5+λ−3

p −2α)∥Îj∥L1(I)∥lq
∥∥∥
Mp,λ

+
∥∥∥∥2j(5+λ−3

p −2α)∥ÎIj∥L1(I)∥lq
∥∥∥
Mp,λ
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+
∥∥∥∥2j(5+λ−3

p −2α)∥ÎIIj∥L1(I)∥lq
∥∥∥
Mp,λ

.

First we have the estimate

∥Îj∥L1(I) ≤
∑

|k−j|≤4

∥∥φj · ̂Ṡk−1u∆̇kv
∥∥
L1(I)

≤
∑

|k−j|≤4

∑
l≤k−2

∥∥φj · ̂∆̇lu∆̇kv
∥∥
L1(I)

≤
∑

|k−j|≤4

∑
l≤k−2

∥∥̂̇∆lu ∗ ̂̇∆kv
∥∥
L1(I)

≤
∑

|k−j|≤4

∑
l≤k−2

(∥∥̂̇∆lu
∥∥
Lρ(I)

∗
∥∥ ̂̇∆kv

∥∥
Lρ′ (I)

)
≤

∑
|k−j|≤4

∑
l≤k−2

∫
R3

∥∥̂̇∆lu(ξ − y, ·)
∥∥
Lρ(I)

∥∥ ̂̇∆kv(y, ·)
∥∥
Lρ′ (I)

dy.

(3.3)

Using the generalized Minkowski inequality and Young’s inequality, and assuming ρ > 2α
2α−1 , it

follows from (3.3) that∥∥2j(5+λ−3
p −2α)∥Îj∥L1(I)

∥∥
lq

=
∥∥∥∫

R3

∑
|k−j|≤4

∑
l≤k−2

2j(5+
λ−3
p −2α)

∥∥̂̇∆lu(ξ − y, ·)
∥∥
Lρ(I)

∥∥ ̂̇∆kv(y, ·)
∥∥
Lρ′ (I)

dy
∥∥∥
lq

≤
∫
R3

∥∥∥ ∑
|k−j|≤4

∑
l≤k−2

2j(5+
λ−3
p −2α)

∥∥̂̇∆lu(ξ − y, ·)
∥∥
Lρ(I)

∥∥ ̂̇∆kv(y, ·)
∥∥
Lρ′ (I)

∥∥∥
lq
dy

≤
∫
R3

∥∥∥ ∑
|k−j|≤4

∑
l≤k−2

2j(5+
λ−3
p −2α)2

l(1− 2α
ρ′ )2

l( 2α
ρ′ −1)∥∥̂̇∆lu(ξ − y, ·)

∥∥
Lρ(I)

∥∥ ̂̇∆kv(y, ·)
∥∥
Lρ′ (I)

∥∥∥
lq
dy

≲
∫
R3

∥∥∥ ∑
|k−j|≤4

2(j−k)(5+λ−3
p −2α)2k(4+

λ−3
p − 2α

ρ )
∥∥ ̂̇∆kv(y, ·)

∥∥
Lρ′ (I)

∥∥∥
lq

×
∥∥∥2l(1− 2α

ρ′ )
∥∥̂̇∆lu(ξ − y, ·)

∥∥
Lρ(I)

∥∥∥
l∞

dy

≲
∫
R3

∥∥∥2k(4+λ−3
p − 2α

ρ )
∥∥ ̂̇∆kv(y, ·)

∥∥
Lρ′ (I)

∥∥
lq(k∈Z)

∥∥2l(1− 2α
ρ′ )

∥∥̂̇∆lu(ξ − y, ·)
∥∥
Lρ(I)

∥∥∥
l∞(l∈Z)

dy

≲
∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆kv
∥∥
Lρ′ (I)

∥∥
lq(k∈Z) ∗

∥∥2l(1− 2α
ρ′ )

∥∥̂̇∆lu
∥∥
Lρ(I)

∥∥∥
l∞(l∈Z)

.

By Lemma 2.4, Lemma 2.5 and the inclusion relation lq ⊂ l∞, it follows that∥∥∥∥∥2j(5+λ−3
p −2α)∥Îj∥L1(I)

∥∥
lq

∥∥∥
Mp,λ

≲
∥∥∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆kv
∥∥
Lρ′ (I)

∥∥
lq(k∈Z) ∗

∥∥2l(1− 2α
ρ′ )

∥∥̂̇∆lu
∥∥
Lρ(I)

∥∥
l∞(l∈Z)

∥∥∥
Mp,λ

≲
∥∥∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆kv
∥∥
Lρ′ (I)

∥∥
lq(k∈Z)

∥∥
Mp,λ

∥∥∥∥2l(1− 2α
ρ′ )

∥∥̂̇∆lu
∥∥
Lρ(I)

∥∥
l∞(l∈Z)

∥∥∥
L1

≲
∥∥∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆kv
∥∥
Lρ′ (I)

∥∥
lq(k∈Z)

∥∥
Mp,λ

∥∥∥∥∥2l(4+λ−3
p − 2α

ρ′ )
∥∥̂̇∆lu

∥∥
Lρ(I)

∥∥
l∞(l∈Z)

∥∥∥
Mp,λ

≲
∥∥∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆kv
∥∥
Lρ′ (I)

∥∥
lq(k∈Z)

∥∥
Mp,λ

∥∥∥∥2l(4+λ−3
p − 2α

ρ′ )
∥∥̂̇∆lu

∥∥
Lρ(I)

∥∥
lq(l∈Z)

∥∥∥
Mp,λ

≲ ∥u∥
Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥v∥
Lρ′

(
I, ̂̇F 4+λ−3

p
− 2α

ρ
p,q,λ

).

(3.4)
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Similarly,∥∥∥∥∥2j(5+λ−3
p −2α)∥ÎIj∥L1(I)

∥∥
lq

∥∥∥
Mp,λ

≲ ∥v∥
Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥u∥
Lρ′

(
I, ̂̇F 4+λ−3

p
− 2α

ρ
p,q,λ

). (3.5)

And

∥ÎIIj∥L1(I) ≤
∑

k≥j−3

∑
|k−l|≤1

∥∥ ̂̇∆ku ∗ ̂̇∆lv
∥∥
L1(I)

≤
∑

k≥j−3

∑
|k−l|≤1

(∥∥ ̂̇∆ku
∥∥
Lρ′ (I)

∗
∥∥̂̇∆lv

∥∥
Lρ(I)

)
≤

∑
k≥j−3

∑
|k−l|≤1

∫
R3

∥∥ ̂̇∆ku(ξ − y, ·)
∥∥
Lρ′ (I)

∥∥̂̇∆lv(y, ·)
∥∥
Lρ(I)

dy.

(3.6)

Using the generalized Minkowski inequality, Young’s inequality, and the conditions ρ > 2α
2α−1 and

5 + λ−3
p − 2α > 0, it follows that∥∥∥2j(5+λ−3

p −2α)∥∥ÎIIj∥∥L1(I)

∥∥∥
lq

=
∥∥∥ ∫

R3

∑
k≥j−3

∑
|k−l|≤1

2j(5+
λ−3
p −2α)

∥∥ ̂̇∆ku(ξ − y, ·)
∥∥
Lρ′ (I)

∥∥̂̇∆lv(y, ·)
∥∥
Lρ(I)

dy
∥∥∥
lq

≤
∫
R3

∥∥∥ ∑
k≥j−3

∑
|k−l|≤1

2j(5+
λ−3
p −2α)

∥∥ ̂̇∆ku(ξ − y, ·)
∥∥
Lρ′ (I)

∥∥̂̇∆lv(y, ·)
∥∥
Lρ(I)

∥∥∥
lq
dy

≤
∫
R3

∥∥∥ ∑
k≥j−3

∑
|k−l|≤1

2j(5+
λ−3
p −2α)2

l(1− 2α
ρ′ )2

l( 2α
ρ′ −1)∥∥ ̂̇∆ku(ξ − y, ·)

∥∥
Lρ′ (I)

∥∥̂̇∆lv(y, ·)
∥∥
Lρ(I)

∥∥∥
lq
dy

≤
∫
R3

∥∥∥ ∑
k≥j−3

2(j−k)(5+λ−3
p −2α)2k(4+

λ−3
p − 2α

ρ )
∥∥ ̂̇∆ku(ξ − y, ·)

∥∥
Lρ′ (I)

∥∥∥
lq

×
∥∥∥2l(1− 2α

ρ′ )
∥∥̂̇∆lv(y, ·)

∥∥
Lρ(I)

∥∥∥
l∞

dy

≤
∫
R3

∥∥∥2k(4+λ−3
p − 2α

ρ )
∥∥ ̂̇∆ku(ξ − y, ·)

∥∥
Lρ′ (I)

∥∥
lq(k∈Z)

∥∥2l(1− 2α
ρ′ )

∥∥̂̇∆lv(y, ·)
∥∥
Lρ(I)

∥∥∥
l∞(l∈Z)

dy

≤
∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆ku
∥∥
Lρ′ (I)

∥∥∥
lq(k∈Z)

∗
∥∥2l(1− 2α

ρ′ )
∥∥̂̇∆lv

∥∥
Lρ(I)

∥∥
l∞(l∈Z).

By Lemma 2.4, Lemma 2.5 and the inclusion relation lq ⊂ l∞, it follows that∥∥∥∥∥2j(5+λ−3
p −2α)∥∥ÎIIj∥∥L1(I)

∥∥
lq

∥∥∥
Mp,λ

≲
∥∥∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆ku
∥∥
Lρ′ (I)

∥∥
lq(k∈Z) ∗

∥∥2l(1− 2α
ρ′ )

∥∥̂̇∆lv
∥∥
Lρ(I)

∥∥
l∞(l∈Z)

∥∥∥
Mp,λ

≲
∥∥∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆ku
∥∥
Lρ′ (I)

∥∥
lq(k∈Z)

∥∥∥
Mp,λ

∥∥∥∥2l(1− 2α
ρ′ )

∥∥̂̇∆lv
∥∥
Lρ(I)

∥∥
l∞(l∈Z)

∥∥∥
L1

≲
∥∥∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆ku
∥∥
Lρ′ (I)

∥∥∥
lq(k∈Z)

∥∥
Mp,λ

∥∥∥∥2l(4+λ−3
p − 2α

ρ′ )
∥∥̂̇∆lv

∥∥
Lρ(I)

∥∥
l∞(l∈Z)

∥∥∥
Mp,λ

≲
∥∥∥∥∥2k(4+λ−3

p − 2α
ρ )

∥∥ ̂̇∆ku
∥∥
Lρ′ (I)

∥∥
lq(k∈Z)

∥∥∥
Mp,λ

∥∥∥∥2l(4+λ−3
p − 2α

ρ′ )
∥∥̂̇∆lv

∥∥
Lρ(I)

∥∥
lq(l∈Z)

∥∥∥
Mp,λ

≲ ∥v∥
Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥u∥
Lρ′

(
I, ̂̇F 4+λ−3

p
− 2α

ρ
p,q,λ

).

(3.7)

Combining (3.4), (3.5), (3.7), the proof is complete. □

Lemma 3.4. If 1 ≤ p < ∞, 1 ≤ q ≤ ∞, max{3− (5− 4α+ 2α
ρ )p, 0} < λ < 3, s ∈ R, 1 ≤ ρ ≤ ∞,

1
2 < α ≤ 1, 1

ρ + 1
ρ′ = 1. Let I = [0, T ), 0 < T ≤ ∞, then

∥uv∥
Lρ

(
I, ̂̇F 5+λ−3

p
−4α+2α

ρ
p,q,λ

) ≤ C∥u∥
Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥v∥
L∞

(
I, ̂̇F 4+λ−3

p
−2α

p,q,λ

)
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+ C∥v∥
Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥u∥
L∞

(
I, ̂̇F 4+λ−3

p
−2α

p,q,λ

).
Using the same proof method as above, we obtain the proof of this lemma.

4. Proof of theorem 1.1

In this section, we use Lemma 2.14, the Banach-Picard contraction principle.

Proof. From the mild solution (1.5) of the Cauchy problem (1.1)-1.2, it follows that

(u, b) = (e−t(−∆)αu0, e
−t(−∆)αb0) +B ((u, b), (u, b)) , (4.1)

B ((u, b), (u, b)) = (B1 ((u, b), (u, b)) , B2 ((u, b), (u, b))) , (4.2)

where

B1 ((u, b), (u, b)) = −
∫ t

0

e−(t−τ)(−∆)αP div(u⊗ u− b⊗ b)(τ)dτ, (4.3)

B2 ((u, b), (u, b)) = −
∫ t

0

e−(t−τ)(−∆)α div(u⊗ b− b⊗ u)(τ)dτ. (4.4)

First, we need to obtain the linear estimate for (e−t(−∆)αu0, e
−t(−∆)αb0) in the work space

X = Lρ
(
[0,∞), ̂̇F 4+λ−3

p − 2α
ρ′

p,q,λ

)
∩ Lρ′

(
[0,∞), ̂̇F 4+λ−3

p − 2α
ρ

p,q,λ

)
.

Let s = 4 + λ−3
p − 2α

ρ′ , r = ρ and s = 4 + λ−3
p − 2α

ρ , r = ρ′ in Lemma 3.1, respectively. Then

∥(e−t(−∆)αu0, e
−t(−∆)αb0)∥X ≤ C1∥(u0, b0)∥ ̂̇F 4+λ−3

p
−2α

p,q,λ

. (4.5)

Second, we need to obtain a bilinear estimate for (4.2). Let s = 4 + λ−3
p − 2α

ρ′ , r = ρ, r1 = 1

and s = 4 + λ−3
p − 2α

ρ , r = ρ′, r1 = 1 in Lemma 3.2, respectively. Using Lemmas 2.12 and 3.3.

Based on the boundedness of P in L1
(
I, ̂̇F 4+λ−3

p −2α

p,q,λ

)
, we have

∥B ((u, b), (u, b)) ∥X
= ∥B1 ((u, b), (u, b)) ∥X + ∥B2 ((u, b), (u, b)) ∥X
≲ ∥P div(u⊗ u− b⊗ b)∥

L1

(
I, ̂̇F 4+λ−3

p
−2α

p,q,λ

) + ∥div(u⊗ b− b⊗ u)∥
L1

(
I, ̂̇F 4+λ−3

p
−2α

p,q,λ

)
≲ ∥u⊗ u∥

L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

) + ∥b⊗ b∥
L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

)
+ ∥u⊗ b∥

L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

) + ∥b⊗ u∥
L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

)
≤ C2

(
∥u∥2X + ∥b∥2X + 2∥u∥X∥b∥X

)
= C2∥(u, b)∥2X .

(4.6)

If ∥(u0, b0)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

≤ 1
4C1C2

, it follows from (4.5) that

∥(e−t(−∆)αu0, e
−t(−∆)αb0)∥X ≤ C1∥(u0, b0)∥ ̂̇F 4+λ−3

p
−2α

p,q,λ

≤ 1

4C2
. (4.7)

Combining (4.6), (4.7) and Lemma 2.14, (1.1) has a unique global mild solution which satisfies

∥(u, b)∥X ≤ 2C1∥(u0, b0)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

. (4.8)
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To prove (u, b) ∈ C
(
[0,∞), ̂̇F 4+λ−3

p −2α

p,q,λ

)
. Let us first prove that (u, b) ∈ L∞

(
[0,∞), ̂̇F 4+λ−3

p −2α

p,q,λ

)
.

It follows from 4.8 that

∥(u, b)∥
L∞

(
[0,∞), ̂̇F 4+λ−3

p
−2α

p,q,λ

) ≤ ∥(e−t(−∆)αu0, e
−t(−∆)αb0)∥

L∞

(
[0,∞), ̂̇F 4+λ−3

p
−2α

p,q,λ

)
+ ∥B ((u, b), (u, b)) ∥

L∞

(
[0,∞), ̂̇F 4+λ−3

p
−2α

p,q,λ

). (4.9)

Let r = ∞, s = 4 + λ−3
p − 2α in Lemma 3.1, then

∥(e−t(−∆)αu0, e
−t(−∆)αb0)∥

L∞

(
[0,∞), ̂̇F 4+λ−3

p
−2α

p,q,λ

) ≲ ∥(u0, b0)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

. (4.10)

Let r = ∞, s = 4 + λ−3
p − 2α, r1 = 1 in Lemma 3.2, applying Lemma 2.12, Lemma 3.3 and the

boundedness of P in L1
(
I, ̂̇F 4+λ−3

p −2α

p,q,λ

)
, we have

∥B ((u, b), (u, b))∥
L∞

(
[0,∞), ̂̇F 4+λ−3

p
−2α

p,q,λ

)
≲ ∥P div(u⊗ u− b⊗ b)∥

L1

(
I, ̂̇F 4+λ−3

p
−2α

p,q,λ

) + ∥div(u⊗ b− b⊗ u)∥
L1

(
I, ̂̇F 4+λ−3

p
−2α

p,q,λ

)
≲ ∥u⊗ u∥

L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

) + ∥b⊗ b∥
L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

)
+ ∥u⊗ b∥

L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

) + ∥b⊗ u∥
L1

(
I, ̂̇F 5+λ−3

p
−2α

p,q,λ

)
≲

(
∥u∥2X + ∥b∥2X + 2∥u∥X∥b∥X

)
≲ ∥(u, b)∥2X .

(4.11)

Combining estimates of 4.9, 4.10 and 4.11,

∥(u, b)∥
L∞

(
[0,∞), ̂̇F 4+λ−3

p
−2α

p,q,λ

) ≲ ∥(u0, b0)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

+ ∥(u, b)∥2X , (4.12)

that is

(u, b) ∈ L∞
(
[0,∞), ̂̇F 4+λ−3

p −2α

p,q,λ

)
. (4.13)

Second, we prove the continuity of u with respect to time t, the continuity of b follows similarly.
For 0 ≤ t1 < t2 < ∞,

∥u(t2)− u(t1)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

≤
∥∥∥( ∑

j≤N

2jq(4+
λ−3
p −2α)

∣∣ ̂̇∆ju(t2)− ̂̇∆ju(t1)
∣∣q)1/q∥∥∥

Mp,λ

+
∥∥∥( ∑

j>N

2jq(4+
λ−3
p −2α)

∣∣ ̂̇∆ju(t2)− ̂̇∆ju(t1)
∣∣q)1/q∥∥∥

Mp,λ
.

Since u ∈ L∞
(
[0,∞), ̂̇F 4+λ−3

p −2α

p,q,λ

)
, for all ε > 0, there exists N such that∥∥∥( ∑

j>N

2jq(4+
λ−3
p −2α)

∣∣ ̂̇∆ju(t2)− ̂̇∆ju(t1)
∣∣q)1/q∥∥∥

Mp,λ
<

ε

2
. (4.14)

For ∥
(∑

j≤N 2jq(4+
λ−3
p −2α)|̂̇∆ju(t2) − ̂̇∆ju(t1)|q

)1/q∥Mp,λ , using Hölder’s inequality and Lemma
2.12, and Lemma 3.4, we have∥∥∥( ∑

j≤N

2jq(4+
λ−3
p −2α)

∣∣ ̂̇∆ju(t2)− ̂̇∆ju(t1)
∣∣q)1/q∥∥∥

Mp,λ

≲ |t2 − t1|1/ρ
′
∥∥∥( ∑

j≤N

2jq(4+
λ−3
p −2α)∥∂t ̂̇∆ju∥qLρ[0,∞)

)1/q∥∥∥
Mp,λ
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≲ |t2 − t1|1/ρ
′
∥∥∥( ∑

j≤N

2jq(4+
λ−3
p −4α+ 2α

ρ )2j(2α−
2α
ρ )q

∥∥∂t ̂̇∆ju
∥∥q
Lρ[0,∞)

)1/q∥∥∥
Mp,λ

≲ |t2 − t1|1/ρ
′
2N(2α− 2α

ρ )
∥∥∥( ∑

j≤N

2jq(4+
λ−3
p −4α+ 2α

ρ )
∥∥∂t ̂̇∆ju

∥∥q
Lρ[0,∞)

)1/q∥∥∥
Mp,λ

≲ |t2 − t1|1/ρ
′
∥∂tu∥

Lρ

(
[0,∞), ̂̇F 4+λ−3

p
−4α+2α

ρ
p,q,λ

)
≲ |t2 − t1|1/ρ

′
(
∥(−∆)αu∥

Lρ

(
[0,∞), ̂̇F 4+λ−3

p
−4α+2α

ρ
p,q,λ

) + ∥Pdiv(u⊗ u− b⊗ b)∥
Lρ

(
[0,∞), ̂̇F 4+λ−3

p
−4α+2α

ρ
p,q,λ

))
≲ |t2 − t1|1/ρ

′
(
∥u∥

Lρ

(
[0,∞), ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

) + ∥u⊗ u∥
Lρ

(
[0,∞), ̂̇F 5+λ−3

p
−4α+2α

ρ
p,q,λ

)
+ ∥b⊗ b∥

Lρ

(
[0,∞), ̂̇F 5+λ−3

p
−4α+2α

ρ
p,q,λ

))
≲ |t2 − t1|1/ρ

′
(
∥u∥

Lρ

(
[0,∞), ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

) + ∥u∥
Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥u∥
L∞

(
I, ̂̇F 4+λ−3

p
−2α

p,q,λ

)
+ ∥b∥

Lρ

(
I, ̂̇F 4+λ−3

p
− 2α

ρ′
p,q,λ

)∥b∥
L∞

(
I, ̂̇F 4+λ−3

p
−2α

p,q,λ

)).
For all ε > 0, choosing an appropriate δ such that when |t2 − t1| < δ,∥∥∥( ∑

j≤N

2jq(4+
λ−3
p −2α)

∣∣ ̂̇∆ju(t2)− ̂̇∆ju(t1)
∣∣q)1/q∥∥∥

Mp,λ
<

ε

2
. (4.15)

Combining (4.14) and (4.15), we obtain ∥u(t2)− u(t1)∥ ̂̇F 4+λ−3
p

−2α

p,q,λ

< ε. It may be concluded that

(u, b) ∈ C
(
[0,∞), ̂̇F 4+λ−3

p −2α

p,q,λ

)
.

The proof is complete. □

5. proof of Theorem 1.4

Proof. If v(x, t) = e
√
tΛα

u(x, t) and w(x, t) = e
√
tΛα

b(x, t), then

v(x, t) = e
√
tΛα

e−t(−∆)αu0 − e
√
tΛα

∫ t

0

e−(t−τ)(−∆)αPdiv(e−
√
τΛα

v

⊗ e−
√
τΛα

v − e−
√
τΛα

w ⊗ e−
√
τΛα

w)(τ)dτ,

(5.1)

w(x, t) = e
√
tΛα

e−t(−∆)αb0 − e
√
tΛα

∫ t

0

e−(t−τ)(−∆)α div(e−
√
τΛα

v

⊗ e−
√
τΛα

w − e−
√
τΛα

w ⊗ e−
√
τΛα

v)(τ)dτ.

(5.2)

Applying Fourier transform to (5.1), (5.2), and using Lemma 2.15, it follows that

|v̂(ξ, t)| ≤ e
√
t|ξ|α−t|ξ|2α |û0|

+

∫ t

0

e|ξ|
α
√
t−(t−τ)|ξ|2α |ξ|

(∫
R3

e−
√
τ |ξ−y|α |v̂(ξ − y, τ)| ⊗ e−

√
τ |y|α |v̂(y, τ)|dy

+

∫
R3

e−
√
τ |ξ−y|α |ŵ(ξ − y, τ)| ⊗ e−

√
τ |y|α |ŵ(y, τ)|dy

)
dτ

= e
√
t|ξ|α− 1

2 t|ξ|
2α− 1

2 t|ξ|
2α

|û0|

+

∫ t

0

e−
1
2 (t−τ)|ξ|2α |ξ|

(∫
R3

e|ξ|
α
√
t− 1

2 (t−τ)|ξ|2α−
√
τ(|ξ−y|α+|y|α)||v̂(ξ − y)| ⊗ |v̂(y)|dy
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+

∫
R3

e|ξ|
α
√
t− 1

2 (t−τ)|ξ|2α−
√
τ(|ξ−y|α+|y|α)|ŵ(ξ − y)| ⊗ |ŵ(y)|dy

)
dτ

≲ e−
1
2 t|ξ|

2α

|û0|+
∫ t

0

e−
1
2 (t−τ)|ξ|2α |ξ||v̂ ⊗ v|+ |ŵ ⊗ w|dτ

and

|ŵ(ξ, t)| ≤ e
√
t|ξ|α−t|ξ|2α |̂b0|

+

∫ t

0

e|ξ|
α
√
t−(t−τ)|ξ|2α |ξ|

(∫
R3

e−
√
τ |ξ−y|α |v̂(ξ − y, τ)| ⊗ e−

√
τ |y|α |ŵ(y, τ)|dy

+

∫
R3

e−
√
τ |ξ−y|α |ŵ(ξ − y, τ)| ⊗ e−

√
τ |y|α |v̂(y, τ)|dy

)
dτ

= e
√
t|ξ|α− 1

2 t|ξ|
2α− 1

2 t|ξ|
2α

|b̂0|

+

∫ t

0

e−
1
2 (t−τ)|ξ|2α |ξ|

(∫
R3

e|ξ|
α
√
t− 1

2 (t−τ)|ξ|2α−
√
τ(|ξ−y|α+|y|α)|v̂(ξ − y)| ⊗ |ŵ(y)|dy

+

∫
R3

e|ξ|
α
√
t− 1

2 (t−τ)|ξ|2α−
√
τ(|ξ−y|α+|y|α)|ŵ(ξ − y)| ⊗ |v̂(y)|dy

)
dτ

≲ e−
1
2 t|ξ|

2α

|b̂0|+
∫ t

0

e−
1
2 (t−τ)|ξ|2α |ξ||v̂ ⊗ w|+ |ŵ ⊗ v|dτ.

By applying the proof method of Theorem 1.1, the proof of Theorem 1.4 is straightforward. □
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[13] L. C. Ferreira, J. E. Pérez-López; Besov-Weak-Herz spaces and global solutions for Navier-stokes equations,
Pac. J. Math., 296(2017), 57-77.

[14] P. Hobus, J. Saal; Triebel-Lizorkin-Lorentz spaces and the Navier-Stokes equations, Z. Anal. Anwend.,
38(2019), 41-72.



14 TENG MA, LIHUI GUO EJDE-2026/43
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