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SOCIO-ENVIRONMENTAL MODELS WITH LOW-DIMENSIONAL
NONLINEAR ODES

MARINO BADIALE, ISABELLA CRAVERO

ABSTRACT. We study a low-dimensional system of ordinary differential equations modeling
the interactions between nature and society. The variables are renewable and non-renewable
resources (nature), and population, wealth and pollution (society). We find equilibria for the
system and study their stability. Also we obtain several results on the stability of trajectories,
possible collapse trajectories, and societal “safe-harbors.”

1. INTRODUCTION

In this article we introduce low-dimensional systems of ordinary differential equations intended
to model the interactions between nature and humanity, the former through renewable and non-
renewable resources, and the latter through the levels of population, wealth and pollution. Re-
search on mathematical models of this kind started at least with the “World3 model” used by the
MIT group that wrote the famous book Limits to Growth [I1]. This work generated much discus-
sion and many analyses that are still ongoing: see [2I], 19] for early analysis, [I0] for a thirty-year
update, and [9] [13] [14] for recent discussions.

More recently, the concern about ecological crises, and in particular climate change, led many
researchers to introduce many other different types of models for the interactions between nature
and human activities; see for example the review articles [7, I8]. Such models may be high-
dimensional, as in the case of World3, and are therefore studied primarily by means of numerical
simulations. Another research direction concerns the development of low-dimensional models.
Their main advantage lies in their simplicity, which allows the application of the qualitative theory
of ODE systems. On the other hand, precisely because of this simplicity, they cannot describe real-
world systems with high accuracy. Consequently, they are not suitable for quantitative predictions,
but they can provide insight into the qualitative behavior of the system under study. A low-
dimensional model of this kind is the HANDY (Human and Nature Dynamics) model, introduced
in 2014 [12] and subsequently developed by several authors (see, for example, [11 [8] [20]). Another
example of such a low-dimensional system is given in [I5].

The starting point of our research was the HANDY model. In our paper [2], following [I7],
we distinguished between renewable and non-renewable resources, with the new feature of the
introduction of a term describing the replenishment of non-renewable resources due to human
ingenuity. Subsequently, we proposed several modifications of the original model, thereby moving
beyond the HANDY framework; see [3, [5, [4].

In this article, we build upon the model developed in [4] by introducing pollution and analyzing
its impact on nature and society. Pollution is a relevant variable in several models, starting of
course with World3, but our approach to modeling it was influenced by a paper by Perissi (see [16],
in particular the equations on page 9) and an article by Bardi (see [6], in particular the “Seneca
equations” in the Appendix). Differently from previous works, a relevant feature of the present
paper is that we consider wealth the main driver of societal dynamics, while population becomes
a variable which does not influence the others but is influenced by them.
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As in our previous papers, we denote by x the population, by y the renewable resources, by z
the non-renewable resources, and by w the wealth derived from them. In the present paper, we
introduce a new variable p to account for pollution.

Let us now introduce the equations of the system and provide some explanations.

(i) The equation for z is

/ prw
r=—-cx+d———5—-1xr— z,
where ¢, d, u,7y; are positive parameters. Notice that
prw %
w? + ‘LLQ.’E2 1;)22 + 1’

pix

and the function f(t) = t/(t?> + 1) tends to zero when t — 0 or t — +o00. Hence, the population
decreases when the wealth per person (w/z) is very low or very high, while increasing in an
intermediate range. This seems to fit the evolution of human societies. The term —v;px means of
course that pollution acts negatively on the growth of human population. Notice that we have to
assume d > 2¢, or even stronger hypotheses, otherwise it should be 2/(¢) < 0 for all ¢ > 0, which
is not reasonable.

(ii) The equation for y is

Y =vy(A —y) — drwy — y2py,

where 7, A, 01,72 are positive parameters. In this equation a standard logistic term is contrasted
by the term —d§;wy that describes human exploitation based on wealth w, and by the term —~opy
that describes the damages caused by pollution to natural resources.

(iii) The equation for z is

2= —dwz + kl(sguzj% Z — Y3pz.
where ds,d3, k1,3 are positive parameters. Here the terms —dowz and —7yspz have the same
meaning as in the equation for y, while the term k; 55;111 means that there is some level of
replenishment of non-renewable resources due to human ingenuity and the use of wealth. The
rate of replenishment is bounded, so this term expresses a kind of moderate optimism about non-
renewable resources. This moderate optimism takes into account some criticism raised against
World3 and similar models since their first appearance.
(iv) The equation for p is

/ 54’[1}
P =74wp—k25 D— V5P Y-

qw + 1
where 74,75, ko2, 04 are positive parameters. The term y4wp means that pollution increases with
wealth, while the other two terms model counteractions to pollution: —v5py stands for the removal
of pollution through the action of nature, while 71{2% model human action based on wealth,
also in this case with a bounded rate of growth.

(v) The equation for w is
w = Swy + Sowz — Jzw — S4w — sw.

The wealth increases thanks to the resources y, z and decreases due to investments in the search
for non-renewable resources and in counteracting pollution and for direct consumption given by
—sw (s is a positive parameter).

Putting together these equations, we obtain a 5x5 nonlinear ODE system. The large number
of parameters makes its study difficult, hence we will pass to some simplified versions. First, we
assume 03 = d4, then we apply some standard rescaling, and after a suitable renaming of variables



EJDE-2026/44 SOCIO-ENVIRONMENTAL ODE MODELS 3

and parameters we obtain the following model:

¥ = —cx+ dfiw T — Yope,
w? + z2
Y =vy(A —y) — 1wy — mpy,
w' = Swy + Sawz — w, (1.1)
Z = —dowz + k1 1_1')_ 1 Z — 2Pz,
, w
p zvgwp—k2w+1 P — 7Py

Since the z-variable does not appear in the equations for the other variables, we will study the
fourth-order system consisting of the equations for y,w, z,p. The equation for z will be studied
separately. The resulting 4x4 system is the following

Y =7y(A —y) — drwy — 11py,
w = Swy + dwz — w,

z 2wz + ol Z = Y2pZ,
! = ~vqwp — k v —
p = yswp 2w+1p YaPY

In the study of the numerous parameters still create difficulties, hence some of our results
will be provided for a simplified form of the system, as follows. According to [20], we assume
v = %7 A = 100, and to reduce the number of parameters we set 61 = do = 0,71 = @, Yo =
%oz, Y3 = v4 = 2a, ky = ko = k. We then obtain the following model, depending on the three
parameters «, 6, k:

1
y' = 5y(100 — y) — dwy — apy,

2
w = dwy + dwz — w,
1 (1.3)
r_ k w _ -
z owz + w+1z 50P?,

, w
P = 2awp kw+1 p—2apy

The main results we will obtain for systems or deal with the computation of equilib-
rium points and the study of their stability properties. As we will see, in some cases our results
can be viewed as collapse results: it may happen that, when a trajectory of the system approaches
an equilibrium with w = 0, wealth and population collapse to zero.

Another relevant result is the fact that, in our model, variables like w(t) cannot diverge to
400 when t — +o00. This means that a steady economic growth is not possible, in our model.
These results agree with what we obtained in our previous papers, confirming their robustness (in
a non-technical sense). However, we prove the existence of stable equilibrium points with positive
values for population, wealth and natural resources. This means that, if a steady growth is not
possible, there are chances to drive the society towards “safe harbors”, avoiding collapse. Again,
this result agrees with our previous results, but now the effect of pollution seems to make it much
more difficult to obtain these “safe harbors”, which are possible only for very particular ranges of
parameters.

This paper is organized as follows: after the introduction (section 1), section 2 gives some
general properties of the trajectories, concerning in particular their asymptotics. In section 3 we
compute the equilibria of system or, in some cases, system . In sections 4 and 5 we
study the stability of the equilibria, obtaining almost complete results in some cases, but not in
all: sometimes we have to settle for partial results, in particular for asymptotic ones. In section
6 we come back to the study of the population variable x, and in particular of the stability of its
stationary points. In section 7 we show some numerical simulations which illustrate the theoretical
results. In section 8 we summarize the main results of the paper.
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2. GENERAL RESULTS
In this section we study system (1.2). We will work in the positive cone of R*, that is
C={(y,w,z,p)6R4:y>0,w>0,z>07p>0}

or in its closure
EZ{(y,w7z,p)€R4:y207w20,220,p20}.

Let us write X = (y,w,2,p) € R* and let F(X) be the vector field of the ODE system (1.2)).
We define

S = {(y,mz,p) eR*:w > —1,}

and we obtain C C S and F € C*(S). Hence, by standard ODE theory, and applying the same
arguments as in [4], we have the following result.

Proposition 2.1. For any ty € R, Xy = (yo, wo, 20, Po) € C, the problem
X'(t)=F(X
(= P(X) o
X(to) = Xo
has a unique solution defined in a maximal interval J = (a,+00) with a < to.

We will study the solutions of (2.1) with ¢ = 0. Arguing as in [4] it is easy to prove that C
and C are invariant sets, and we state this result as follows.

Proposition 2.2. Let X(t) = (y(t), w(t), 2(t), p(t)) € C*((a, +00)) be the solution of [2.1]) with
—o00 < a<0. Let ¢(t) be any of the four components. Then the following holds:

(i) If ¢o = ¢(0) > 0, then ((t) > 0 for everyt € (a,+00);
(ii) If (o = 0, then ((t) =0 for every t € (a, +00).

We then prove a result on the y-component of solutions.
Proposition 2.3. Let X(t) be as in Proposition with yo > 0. Then
0 < y(t) < max{yo, A}, Vi€ [0,+00).

The proof of the above proposition is the same as in [2] Lemma 7]. We now study the asymptotic
behavior of the solutions. Let X () be as in Proposition

Proposition 2.4. It cannot happen that w(t) — +00 as t = +00.
Proof. Assume by contradiction that w(t) — 400 as t — +o00. Then the equation for y implies
v =0 —y) = dw—yep)y < (YA - dw)y.
Since YA — d;w — —o0, we may assume y’ < —y on (71, +00), which implies y(t) — 0 as t — +o0.
Similarly,
2 < (=bqw+ K1)z < —2
on (712, +00), hence z(t) — 0 as t — +o00. We have
w' = (619 + 622 — o) w,

where o = 03 + 04+ s. Since d1y 4 022 — 0, we obtain w’ < —Z w on (73, 4+00), hence w(t) — 0 as
t — 4o00. This is a contradiction with the hypothesis w(t) — +o0, and this proves the claim. O

Proposition 2.5. It cannot happen that z(t) — +00 as t — +0oo.
Proof. Assume by contradiction that z(t) — +oo. Then from
w' > (62 — o) w
we obtain w’ > w on (7,400), hence w(t) — +oo. This is impossible by Proposition O

Proposition 2.6. It cannot happen that p(t) — +00 as t — +00.
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Proof. Assume by contradiction that p(t) — +o00. Then, by Proposition we have
Y <(WA—mp)y<—y and 2 < (ki —3p)z< -z on (r1,+0),
hence y(t),z(t) — 0 as t — 4o0. Then, as above, setting n = ¢/2, we obtain that there exists
To > 71 such that
w'(t) < —nw(t) on (72,+00),
hence w(t) < Ce™™ on (7o, +00). Thus, for ¢ > 75, we obtain
p'(t) < nuCe "p(t),
and therefore

d
fe. —1 t) < cre .
p(t) — bl 1.€ dt ng( ) — 016

Integrating on (79,t) gives

log p(t) < a (6—777'2 _ e—nt) < coe 2,
p(r2) —
SO
p(t) < p(72) exp(cae™"™)  for every t > 75.
Hence p(t) is bounded, giving a contradiction. 0

Remark 2.7. These results do not imply that w, z, p are bounded, but that, if unbounded, they
will show strong oscillations, which in general are not good news for a society.

We now prove a link between the asymptotic of w and that of x, assuming that (z,y,w, 2z, p) is
a solution of system (|1.1)).

Proposition 2.8. If w(t) — 0 as t — +oo, then z(t) — 0 as t — +o0.

Proof. By standard ODE theory, it is easy to prove that x(¢) is defined for any ¢ > 0, and that
either z(¢) is the constant zero function or x(t) > 0 for all ¢ > 0. The thesis is trivial if z(¢) is the
zero constant, so we assume x(t) > 0 for all £ > 0. Assume w(t) — 0 as t — 400 and fix € > 0.
Then there exists T, > 0 such that
1

w(t) < 52 e for every t > 1T,
where ¢, d are the parameters in the equation for . Now we need the following claim.
Claim 2.9. [t cannot happen that x(t) > € for every t > Tk.

Proof. Indeed, if this were the case, then

le 1 c
24z 2

—etrd¥ < ctd
X

Hence, from the equation for z, we obtain

w c

— —cx—i—d#x—'ypx < —cx—i—dgx: (—c—l—dg)xg ——x
w 1 T T 2
(£)"+

for every t > T.. Integrating from 7. to ¢, we obtain

2(t) < a(T) exp(—5(t - T2))

and therefore z(t) — 0 as t — 400, contradicting the assumption that z(¢) > ¢ for all ¢ > T..
This contradiction proves the claim. O

We have then proved that there must exist s. > 7. such that z(s.) < e. The proof will be
completed by a second claim, as follows.

Claim 2.10. One has x(t) < € for every t > s..
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Proof. Let
Te =sup{t>sc|x(s) <e, Vs€[se,t)}.

We have z(t) < € for every t € [s¢,7c). If 7. = 400, the claim is proved. We argue by contradiction
and assume 7. < 4+00. Hence, by the definition of 7. together with the usual continuity arguments,
we obtain

z(1e) = €.
Since z(t) < ¢ for all t € [sc,7:), we must have
2'(1:) > 0.

On the other hand, 7. > s. > T, and we know that w(t) < %55 for all ¢ > T.. Then, as before,

w(Te lc 1 c
a'(re) < ( —c+d x((TE))>$(Ts) < (— ctdge g>s = —5¢<0.
This contradiction shows that 7. = 400, completing the proof. O

In conclusion, we have proved that for every € > 0 there exists s > 0 such that for every ¢ > s,
one has z(t) < €. Recalling that x(t) > 0, we obtain, by the very definition of limit, that

tilgrnoo z(t) = 0.
O
3. EQUILIBRIUM POINTS
In this section we study the equilibria of (1.2]). They satisfy the system
y(yA =y — drw —y1p) = 0,
w(d1y + daz — 1) =0,
w
Sow 4+ k _ ) - (3.1)
Z( 2w + Vo1 P 0,
—k ~y) =0.
p<73w 2, 1 Y4y

For each equation we have two possibilities, hence 2% = 16 possible cases. The computations are
straightforward, so we skip them and we just give a list of the equilibria. We obtain three half-lines
of equilibria and some isolated ones, as follows.

(1) Half-line {(0, 0,0,p) € R*: p > O}.

2) Half-line {(0,0,2,0) ER*: 2> 0}.

3) Half-line {()\70,2,0) eER*: 2> 0}.

(2)
(3)
(4) TIsolated equilibrium (O, ]g—; -1, i, 0), with the condition ki > 5.
(5) Isolated equilibrium (O, % -1, é, %(1 - %) + %(1 — Z—Z))
(6) Isolated equilibrium (i, Z061—1), 0, o).
(7) Isolated equilibrium (%, wg, 0, po), where 1 := v4/6; and

Ntk =+ /(4 ke —3)2+ ds 1 v

wWo = ) po_i(’y)\_i_alw0>a
273 T 1

(8) Isolated equilibrium </\ -6 k}ygj?, ’g—; —1, 2, 0), where

ky—6y, 1 8. 82k 02

02 ]_g_g 5%’}’ 752.

1
2025[1—51/\4—5%
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(9) The last case is that in which we have to solve the system

YA = vy — dw —y1p =0,
61y+52z—1:0,
w

—(52’11} + kl

— :0,
w1 V2P

Yaw — ko

— =0
wrl =Y

which implies

YA —yy —dw — y1p = 0,
1 1 (51 w
= — 1 il - - -
z 52( o1y) 5 o (sz kzw n 1),

1 w
= (6wt k )
p 72( 2W + L
1( 3 w)
= — w — .
Yy " 73 2w+1

Substituting y and p into the first equation, we obtain a second-order equation for w,
whose solutions determine y, z, and p. The resulting expressions for the equilibria depend
on the parameters in a too complicated way to allow a complete stability analysis, so we
will restrict ourselves to studying some particular cases.

In the next two sections we study the stability of these equilibria. In some cases we will be able
to obtain a fairly complete description of stability, in other cases the large number of parameters
will prevent a complete study, and we will deal only with the simplified model , obtaining
some asymptotic results.

To study the stability, we write F = (f1, fo, f3, f4) for the vector field of model ([1.2)), that is

f1 =79\ —y) = hwy —npy, f2 = dwy + dwz —w,
w

f3=—52wz+k1w+lz—72pz7 f4=73wp—k2w:u_117—74py~
The Jacobian matrix is then as follows
YA =29y — dw —mp —01y 0 MY
ow (51?] + 0oz — 1 dow 0
Tr = 0 ~bz +kipEyr —Oaw + k1 gy — op 2z
—Yap V3P — k2 e 0 Ysw — k2t — 71y

4. HALF-LINES OF EQUILIBRIA

In this section, as in the previous one, we study system (1.2]), and we deal with cases (1)—(3).

4.1. Case 1. We study here the stability of the equilibria P = (0,0, 0, p) with p > 0. The Jacobian
matrix becomes

YA = 7P 0 0 0

P =| 0 (11)
0 0 —v2p 0
—vp  (y3—Fk)p O 0

The eigenvalues are

pr=9A=—mp p2=-1, ps=—72p ps=0,
so we have a first, very obvious, instability result.

Proposition 4.1. If y1p < v\, then the equilibrium point P = (0,0,0,p) is unstable.
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Instead, if y1p > A, then the equilibrium point P is Lyapunov-stable, but this is definitely not
a trivial result, and we are going to prove it through several lemmas.

From now on we fix p such that v1p > yA. Notice that this implies p > 0. We will study the
behavior of a trajectory X (t) = (y(¢), w(t), z(¢), p(t)) with initial value Xy = (yo, wo, 20, Po)-

Lemma 4.2. Ifwe fir 0 <e < ﬁ (718 — YA) and po > p — €, then we obtain a mazimal interval
[0,b1) such that

y(t) <yoe™®  fort € [0,b1)
with by € (0,+00] and a = (v1p —vA) > 0.
Proof. If yo = 0 we know that y(¢) = 0 for all ¢ > 0 and the thesis is true with b = +o0. So let
us assume yg > 0. From

1
0<e< — (mp—7\),
£ 271(7119 YA)

we obtain
NP =)=y > 5(np -7\ =a
From the equation for y we have
y'(t) < y(t) (YA —mp(t)),
hence
y'(0) <yo(YA —m(p—e)) < —ayo.
By continuity we have y'(t) < —ay(t) on some left neighborhood of 0. We then define

by =supq7 > 0|y (t) < —ay(t), Vt € [O,T)},
and we obtain b € (0, 4o00] and y'(t) < —ay(t) on [0, 1), and consequently
y(t) < yoe ™ for t € [0,by).
O
Lemma 4.3. If we fir 0 < e < m and 0 < yo, 20 < €, then we obtain a mazximal interval

[0,b2) such that
w(t) < woe 1?2 fort €[0,b2), ba € (0,+00].

Proof. If wg = 0 we know that w(t) = 0 for all ¢ > 0 and the thesis is true with by = +00. Let us
assume wgy > 0. We have

6((51 + (52) < %,
and if zg,yo < €, then, using the equation for w,

U}/(O) = w0(61y0 + 0oz — 1) < Wy (—%) .

Arguing as in Lemma with a definition for by similar to that of b;, we obtain a maximal
interval [0, bs), with by € (0, +00], on which

w'(t) < —%w(t),
and therefore

w(t) < woe V% for t € [0,by).
O

To prove the Lyapunov-stability of P, we will later introduce neighborhoods of P depending
on a parameter 1 > 0, and we can assume 7 € (0,p) as in the following lemmas.

Lemma 4.4. Fizn € (0,p) and choose € > 0 such that the following inequalities are satisfied:

1, .
(=02 + k1 4+ 72) e < vam, 6<§(p—n)7 e <.

If wg < € and po > p — €, then there is a mazimal by € (0,+00] such that
2(t) < zge 2Pyt e [0, bg).



EJDE-2026/44 SOCIO-ENVIRONMENTAL ODE MODELS 9

Proof. If zp = 0 we know that z(t) = 0 for all ¢ > 0 and the thesis is true with b3 = +o0o. Let
us assume zg > 0. We first notice that it may happen that —ds + k1 + v < 0, in which case the
hypothesis

(=02 + k1 +72) e < 72m,
is satisfied by any € > 0. If instead —d2 + k1 + 72 > 0, then of course € must satisfy

21

e ——.
—0s + k1 + 72

From the equation for z we obtain
7 < [(—52 + kp)w — 72p] z. (4.2)
If =5 + k1 <0, then 2’ < —y9p 2, hence
2'(0) < —72po 20 < —72(P — €) 20 < —72(P — 1) 20.
If instead —d5 + k1 > 0, then —d2 + k1 + 2 > 0, and from the conditions on € we have
(=02 +ki)e —72(p—¢) < —72(p—n)
Since wy < € and py > p — ¢, it follows from that
2'(0) < [(—62 + k1)wo — y2po] 20 < [(—02 + k1)e — 72(P — €)] 20 < —72(P — ) 20

So in any case we obtain

2'(0) < =v2(p — 1) 20-
Arguing as in the lemmas and we obtain a maximal interval [0, b3) on which

2(t) < —y2(p —n) 2(1),
and therefore z(t) < zge 72(B=Mt, O

To study the behavior of p(t), we start by fixing 1 € (0, 1) satisfying all the hypotheses of the
previous lemmas, that is, for a fixed n € (0, p),
1

1 1
g1 < — p—YA), 1< —-——, (=02+k + €1 < , 1< =(p—m), e1<n.
<9 (mp—7A), e 2001 5 03) (=02 + k1 +72)e1 <7, €1 2(p n), €1<mn

Lemma 4.5. There exists 0 < e < &1 such that, if 0 < £ < €9 and we choose initial conditions
wo, Yo < €2 and po € (p — 2, p + £2) then, setting by = min{by, by}, we obtain

~ ~ g _ g ~
p—n<p—§<p(t)<p+§<p+n7 vt € [0,by).

Proof. Let us fix any € < 1 < 1, so that €2 < ¢ satisfies all the inequalities in the hypotheses of
the previous lemmas. Since WLH < w, the equation for p(t) and the previous lemmas yield

P > (—kaw — vay)p > (—kawoe™/? — yay0e ™) p,
for all t € [0,by), with a defined in Lemma Integrating we obtain
p(t)

log =2 > 2kpwo(e ¥ — 1) + Jao (e —1) > —2kywy — ——,
Do a a

for t € [0,b4). Thus

p(t) > po cxp(—2k2w0 — ’Y4ay0> for t € [0,b4).
From the hypotheses on yg,wy we then obtain
exp<—2k2w0 — %yo) > exp(— (ng + %)82) = exp(—Ce?),
with C' = 2ky + v4/a, and hence, as py > p — 2,
p(t) > (p—e?) exp(—Ce?®) = (p—€°) (1 — Ce* + O(")) = p+ O(e?).
when t € [0, b4).
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Now we notice that the term O(e?) is independent from ¢, hence it is possible to choose &5 €
(0,e1) such that, if € < &9, it holds

P+OE*) >p—¢e/2>p—n. (4.3)
To obtain the other inequality we notice that, from Lemma we have
P(t) < ysw(t)p(t) < yse’e"Pp(t),
in [0, by), hence

p'(t) 2 —t/2
< yseve s
p(t)
so that
t
log & < 2932
DPo
Hence

p(t) < po exp(27352) <(p+ 52)(1 + 2y3e% + (’)(54)) =5+ (9(52).
Thus it suffices to choose €5 as to satisfy, for all € < &9, both (4.3) and

P+OE?) <p+e/2<p+n. (4.4)

We now prove that b; = +o00.

Lemma 4.6. Fiz £ as in Lemma[].5 and ¢ < e5. Assume yo, wo,po are chosen as in Lemma

[£.5, then

by = by = bz = by = +c0.

Proof. We first prove that by = +o00 and of course, by definition, this implies b; = by = +00. We
argue by contradiction, so we assume by < +00. We distinguish two cases:
(i) by = by. In this case by < 400 and we have, by Lemma p(t) > p— 5 on [0,by), hence

~ £ ~
p(by) 2p—§ >p—ec.
As by = by, by continuity we have a neighborhood (b — 5, by + 5) in which it holds

p(t) >p—ec.
This implies that it is possible to repeat the arguments of Lemma and to obtain y/(t) < —ay(t)
in (by — 0,b1 4 0), hence in all [0,b; + §). This is in contradiction with the definition of by, so the
case by = by is ruled out.
(ii) by = by < b;. In this case we recall that the equation for z implies

2'(t) < (=02 + k) w(t) — v2p(t)) 2(t).
If =65 + k1 <0, then 2/(¢t) < 0 for all t. If —d3 + k1 > 0 then, recalling Lemmas and we
obtain

2'(t) < ((=62 + k1)w(t) — y2p(t))2(t) < (=02 + k1)e — y2(p — €))2(t) <0,
because we have chosen € < €5 and &5 satisfies
(=02 + k1 4+ 72)e2 < 72n < 72D

Hence, in any case, z is decreasing on [0,bs), and so is y, by Lemma and by < by. As
e < m, we can choose ¢g > 0 such that (61 + d2)e < % — ¢g. We then obtain

w'(t) = (B1y(t) + S22(t) — D w(t) < ((61 + d2)e — Dw(t) < — (3 +co) w(t).
Then
w’(b4) < — (% +C()) w(b4) < —%w(b4)7
hence, repeating the argument used for case i), we obtain w’(f) < —3w(t) in a neighborhood

(be — 5, bo + 5), in contradiction the definition of by. Thus, when ¢ < e, the assumption by < +o00
leads in every case to a contradiction, therefore by = 400, and b; = by = +00 as well.
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Let us prove b3 = 4o00. From the previous results we know that p(t) > p —n and w(t) <
wo < €2 < g for all t > 0. Hence we can argue from ([4.2) exactly as in Lemma to obtain
2'(t) < =v2(p — m)z(t) for all ¢ > 0, which means b3 = +o0. O

The lemmas we have proved up to now imply the Lyapunov-stability of the equilibrium P =
(0,0,0,p). To state this property, we consider a particular neighborhood basis for P, as follows.
For any n > 0 define

Iy = (=n,m) x (=n,n) X (=n,m) x (p —n, p+n),
The following proposition is an easy consequence of the previous lemmas.

Proposition 4.7. If P = (0,0,0,p) and v1p > YA, then the equilibrium P is Lyapunov-stable (in
C), that is: for every neighborhood V of P there exists a neighborhood U C V' of P such that, if
Q € UNC and X (t,Q) is the trajectory with X (0,Q) = Q, then X(t,Q) € V for every t > 0.

Proof. We take n > 0 such that I, C V. We can assume without loss of generality n € (0,p).
We then choose €5 and ¢ as in Lemma @, and we take @ € I.2 C I,,. All the hypothesis of the
previous lemmas are satisfied, so we obtain X(¢,Q) € I, for all ¢ > 0. So, the thesis is proved
with U = I.-. O

We cannot state the asymptotic stability of P because we do not know the asymptotic behavior
of p(t). However, the previous lemmas give us the asymptotics of y,w, z, and we state them in
the following corollary.

Corollary 4.8. Assume the hypotheses of Proposition . If Q = (yo,wo, 20,p0) € L2, then for
the trajectory X (t,Q) = (y(t),w(t), z(t),p(t)) it holds

and y(t),w(t), z(t) are decreasing functions with exponential decay.

4.2. Case 2. We now deal with the equilibria P = (0, 0, Z, 0), with Z > 0. In this case the
Jacobian matrix is

A 0 0 0
0 60z —1 0 0

0 (k‘l — (52)5 0 —’}/22
0 0 0 0

J(P) = (4.5)
The eigenvalues are

PpL=7A>0, py=202Z2—1, p3=ps=0.
There is always a positive eigenvalue, hence every equilibrium in this family is unstable.

Proposition 4.9. All the equilibria P = (0, 0, Z, 0), with Z > 0, are unstable.

4.3. Case 3. We now deal with the equilibria P = (A, 0, Z, 0), with Z > 0. At these point the
Jacobian matrix is

7")/)\ 751)\ 0 7’)/1)\
[0 satmz-1 0 0
TrP)=1 (k1 —d2)2 0 —pZ (4.6)
0 0 0 —yah

The eigenvalues are
p1 ==\, p2=01A+0zZ—1, p3=0, ps=-m\
We obtain an obvious instability result.

Proposition 4.10. If 1A+ 622 — 1 > 0, the equilibrium P = (X, 0, Z, 0) is unstable.



12 M. BADIALE, I. CRAVERO EJDE-2026/44

We now deal with the case
01A+022—1<0. (4.7

We are going to prove the stability of equilibria in this case, so from now on we assume that (4.7)
holds. As for Case 1, we will prove the result through a series of lemmas. First of all, from (4.7)
we obtain that it is possible to fix

1 =014 — 622
T T O
so that for all € € (0,e1) we have
(A +e)+02(2+¢e)—1+e<0. (4.8)
Notice that e, < 1. As above, we will study the behavior of a trajectory X (t) = (y(t), w(t), z(t), p(t))
with X (0) = (o, wo, 20, Po)-
Lemma 4.11. Assume 0 < ¢ < min{e1, A}, yo € (A=, A\ +€2), 29 € (5—¢2,2+¢2), 0 < wp < 3.
Then there is by € (0, +00] such that
w(t) < &% exp(—et)
for allt €10,b7).
Proof. If wg = 0 then w(t) = 0 for all ¢ > 0 so the thesis holds. Assume wy > 0. From the
equation for w we obtain
w'(0) = S1woyo + d2woezo — wo = wo(S1yo + dazg — 1)
< w01 (A + &)+ 02(2 + %) — 1)
<wo(d1(AN+¢e)+02(2+¢) —1) < —ew(0).
Let us define
by =sup{t > 0| d1y(s) + d2z2(s) —1+e <0, Vs € [0,1)}.
By continuity we have b; € (0, +00], and also w’(t) < —ew(t) for all ¢ € [0, b1), hence
w(t) < wee™ ", te0,by).
By the hypothesis on wy we have
w(t) < et te [0,01).

The next lemma deals with the behavior of z(t).

Lemma 4.12. There is o < €1 such that, assuming € < 2 and the hypotheses of Lemma [].11]
1t 18

2(t) < E+ (k2 + 1) +0(EY) <2 +¢
for allt €10,b1), where by is defined in Lemma |4.11]

Proof. For t € [0,b1) we have, from the equation for z and Lemma

2 (t) < klw(%(Lz(t) < krw(t)z(t) < ke tz(t), t€[0,by).
Hence (1)
< kyedeet
2(t)
and an integration gives
log 2t < k1e?(1 — e ) < ke,

thus
2(t) < zoexp(k1e2), t€[0,by).
Now we have

zoexp(kie?) < E+ )1+ ke + O(e)) = 2+ (k12 +1) 2 + O(eY).
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We now fix g5 < &1 such that, for all ¢ < &3, it holds (k1Z + 1) &% + O(e?) < ¢, and we have the
conclusion. g

In the next lemma we show that b; = +o0o.

Lemma 4.13. Assume the hypotheses of Lemmas[{.11) and[{.12 There is a positive €3 < €5 such
that, if € < e3, then by = 4o00.

Proof. We first notice that from Proposition as we are assuming yo € (A — &2, A + £2), we
easily obtain

y(t) <A +e? < A+e forevery t > 0.
Now assume by contradiction that b; < +o00. By continuity and the definition of b; we have
0=01y(b1) + d22(b1) — 1 +e¢.
On the other hand, we know that z(b;) < Z+ (k12 + 1) &2 + O(e*) and y(b1) < X + €2, hence
0<8iA+e*)+0[Z+ (kz+1)e®+0(e*)] —1+4¢
<A+ 022 —1+e+ (01 4 02)e> + O(e*) < —(01 + d2)e + 02)e” + O(e?)
because, from , 5 A+ 022 — 14+ e < —(6 + d2)e. Thus we obtain
(61 + 62)e < d2)e* + O(e?),

that is,

1 <e+0O(?), (4.9)
which of course is false for small £’s. We can then state that there is €3 < €5 such that, if € < e3,
then (4.9) does not hold, which implies that by < 400 is impossible. Therefore b; = +oo. O

In the next lemma we study the behavior of p(¢).

Lemma 4.14. There are €4 < €3 and by € (0,+00] such that, if ¢ € (0,e4), 0 < py < €% and
Yo, Wo, 20 are chosen as in the previous lemmas, then

Ava
< g3 _ 44 .
p(t) <e exp( 5 t), Vt € [0,b2)

Proof. If pg = 0 then p(t) = 0 for all ¢ > 0 and the thesis holds. So we assume pg > 0. From the
equation for p(t) we have

P'(t) < (vsw(t) — vay(t))p(t),
and therefore

P'(0) < (73® = 7a(A — %)) po.
Now we choose €4 < €3 such that, for all € < &4, it holds

7353 + 7452 < %.
which means
Y3e® — (A — &%) < —%.
We then have
P(0) < ~224p(0)
and we define
by =sup {t>0|p'(s) < —%p(s), Vs € [0,t)}.

By continuity, b, > 0, and arguing as before we obtain

A A
p(t) < poexp ( — %t) < edexp ( - %t) for every ¢ € [0, bs).
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We now want to study the behavior of y(¢) on [0, b2). We have already noticed in Lemma
that, if yo < A+€2, then y(t) < A+¢&? for all t > 0. In the following lemma we prove the inequality
y(t) > X — &2

Lemma 4.15. There is 5 < 4 such that, if ¢ € (0,e5) and yo,wo, 20,0 are chosen as in the
previous lemmas, then
y(t) >\ —¢e?, Vte€[0,by).
Proof. From the equation for y(t) and the previous results we obtain, for all ¢ < g4 and all
te [0, bg),
y'(t) = y(YA = vy — d1w —mp) > y(YA =y — d1e” —me’).
Choosing

€5 = min {547

Y
h+m }7
we have that for all € € (0,¢5) it holds

(61 + 71)53 < el
We then obtain
y' () > y(t) (YA = yy(t) — &) = () (A — y(1)),

where \; = \ — £2.

Let 5(t) be the solution of

7' (t) = v5(t) (M —7(1)),
7(0) = yo.

By comparison it is easy to obtain y(t) > g(t) for every ¢t € [0,b2). As yo > A1 by hypothesis,
from the standard properties of the logistic equation we obtain F(t) > A; for every ¢, hence

y(t) >\ =X —&% for every t € [0,by).

We now prove that by = +o0.

Lemma 4.16. Assume € < €5 and yg,wo, 20, Po aS in the hypotheses of the previous lemmas.
Then by = +oc0.

Proof. Assume by contradiction that by < 4+00. From the previous lemma we then obtain y(by) >
A — €2, and arguing as in Lemma we obtain

P(bs) < (152° — 1a(r — £2))p(ba) < —Thp(by),

2
so that, by continuity, p’(s) —%p(s) on some interval (by—9, ba+0), contradicting the definition
of by. The hypothesis by < +00 gives rise to a contradiction, so by = +0c0. O

In the next lemma we complete the study of z(t).

Lemma 4.17. There is g < €5 such that, if € € (0,e6) and we choose yo,wq, 20,po as in the
hypotheses of the previous lemmas, we obtain z(t) > Z — e for all t > 0.

Proof. From the equation for z(t) we obtain

2(t) > (=6aw — yop) 2 > (=2’ ™" — e ") 2(2),

where a = % Thanks to the previous lemmas, this inequality holds for all £ > 0. Hence, dividing
by z(t) and integrating,
t 52 63
10g& > bae? (e — 1) +ya—(e7 ¥ — 1) > —bpe? — e
Zo a a

and therefore

3
2(t) Zzoexp(—dg 2—£), t>0.
a
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We have assumed 2 € (2 — &2, Z +¢2). Then
5 _ .2 2 e 5 _ 2 2 e’ 4 z 2
z(t) > (Z—¢ )exp(—égg —72—) =(Z-¢ )(1—525 —v—+0(e )) =Z+0(”).
a a

We can then choose €6 < €5 such that, for all ¢ € (0,g¢) it is O(e?) > —¢, which in turn implies
2(t) > z—e for all t > 0. O

The previous lemmas imply the Lyapunov-stability of the equilibrium P = (A,0,2,0) in the
hypothesis §1A + 022 < 1. To state the result, we consider a neighborhood basis for P given by

Iy(P) = (A =mn, A4n) x (=n,m) X (2=n, Z+n) x (=n,71),
with 0 < < A. The following proposition, which states the Lyapunov-stability of P, is an easy

consequence of the previous lemmas.

Proposition 4.18. Let P = (),0,2,0) and assume 01\ + 022 < 1. Then P is a Lyapunov-stable
equilibrium, as follows. Fix n € (0,\) and ¢ < min{n,eg}t. If Q € I.s(P) and X(t,Q) is the
trajectory starting at Q, then X (t,Q) € I,(P) for everyt > 0.

We are not able to prove the asymptotic stability of the equilibria P = (X, 0, Z,0), because we
do not know if, for @ near to P, it holds that z(t) — Z as t — +oo. However, we have precise
information on the asymptotic behavior of the other variables. Regarding w(t), p(t), the previous
lemmas imply trivially the following corollary.

Corollary 4.19. Under the hypotheses in Proposition [{.18, let X (t,Q) = (y(t), w(t), z(t), p(t)).
Then w(t) — 0 and p(t) — 0 as t — +oo.

Regarding the asymptotic behavior of y(¢), some more work is needed.

Proposition 4.20. Assume the same hypotheses as in Proposition and let X(t,Q)
(y(t),w(t), z(t),p(t)). Then y(t) — X ast — +oo.

Proof. Recall that we have shown that y(¢) € (A—e, A+¢) for all t. To prove that lim; 1 o y(t) =
A, we study separately the limsup and lim inf.
First, we show that limsup,_, . y(t) < X\. We consider two cases:
(i) Ifyo < A, by Propositionwe know that y(t) < A for all ¢, hence limsup, , , ., y(t) < A
(ii) If yo > A, assume first that there exists to > 0 such that y(tp) < A: in this case
it is easy to obtain y(t) < A for t > iy, so that limsup, ,, y(t) < A If instead
y(t) > X for all t > 0, then ¢'(t) < 0 and therefore y is decreasing and is bounded
from below. Thus lim; ., y(t) = L > X. Hence, using the equation for y and the
previous lemmas, we obtain lim; . ¥'(t) = YL (A — L). By standard results we know
that it must be limy_ 4+ 3'(¢) = 0, which implies A = L = lim;_, . y(t), and therefore
limsup;_, ;o y(t) < A
Hence, in both cases,
limsupy(t) < A.

t——+oo

We now study liminf;_, ;- y(t) and show that it is greater than or equal to A. Fix any o € (0,vA).
Since w(t), p(t) — 0 as t — +oo, there exists t, > 0 such that é;w +vy1p < o for all ¢t > t,. Then,
for t > t,,

g
Y =y(YA =y — drw —m1p) > y(yA — vy — o) :w(/\f 5 fy) =vy(A1 — )

where A\ = \ — % > 0 by hypothesis.
Define 3, = 3 min{y(t,), A1} > 0 and let 7 be the solution to
7() =79\ —7)
y(tﬂ) =Ys
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for all t > t,. Also, 0 < 7, < A1, and therefore

Since Ji(ty) = J, < yl(t,), we obtain y(t) > F(¢)
< Ap for all t > t, and lim;—, 1o G(t) = A1. Hence,

by standard results on logistic equation ()

g
> 1 U = = —_ —
ltlglﬁnoof y(®) tlg-noo glt) = A1 =2 v

Since this holds for all o € (0,v)), letting 0 — 07 yields

liminf y(t) > A

t——+oo

Thus we have obtained

liminf y(t) > A > limsup y(t)

t—=+o0 t—+o0
and therefore
li f =1 t)= 1l A O
lim inf y(t) = i sup y(t) = lim y(t) =

5. ISOLATED EQUILIBRIA

In this section we study the stability of the isolated equilibria that we have computed above.
Because many parameters are involved, we will deal, in most cases, with the simplified model
(1.3)), proving only asymptotic results.

5.1. Case 4. The equilibrium is

k1 1
P = e —_
0 <0 (52 a 527 O) )

with the condition k; > &2 required to be in C. Notice that ki = do implies the Py is a point on
the half-line of Case 2) so for the study of Py we assume k1 > ds.
The Jacobian matrix for Py is

YA + 01 — Sk 0 0 0
k1 — 51 0 k1 — 6o 0
Jr(Po) = 5 (5.1)
0 -1+ ﬁ 0 gf
0 0 0 Jaa

where

Jas = gleﬁ —v3 — ko + %52 = (% — 1) ("/3 — %52).

The eigenvalues are

k1 — 92

J .
p1="YA+ 061 — ékl, p2,3 = iZT, P4 = ja4-

From these formulas for the eigenvalues we easily derive the following asymptotic results.

Proposition 5.1. (i) If 61 — 0" and the other parameters are kept fized, then p1 — yA > 0,
so Py is unstable for small §’s.
(i) If 62/k1 — 01 and the other parameters are kept fized, then py = ja4 — 400, so Py is
unstable for small values of d2/k1.
(iii) If v3 > ko then pg > 0 (recall that we are assuming k1 > 0z ), so Py is unstable. This holds
in particular if ko — 07 and the other parameters are kept fized.
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5.2. Case 5. Because of the difficulties in dealing with many parameters, from now on we work
with the simplified model (1.3)), and it is easy to check that the Jacobian matrix becomes

50 —y — 0w — ap —dy 0 —ay
T ow oy +dz—1 ow 0 59
F= 0 e e (5:2)
—2ap 20p — k(erLl)"’ 0 20w — kot — 20y

In the simplified model the equilibrium is

k 1 1
Py = — -1, =, —(k—-20)2a —
0 <Oa 20 ) 57 ag (k Oé)( « 5))7
with Py € Cif k > 2a > 6. If k = 2a then Py reduces to a point of the half-line of Case 2), so it

is unstable. So let us study the case k > 2a.
The Jacobian matrix evaluated at P, becomes

50 — 5= (k — 20) (4a — 0) 0 0 0
2 (k- 2a) 0 2(k—2a) 0
Jr(Ry) = ’ 0 40> sk i 0 a (5.3)
kS 25
2(k —2a)(6 — 20) 2 (k —2a)*(2a— 9) 0 0

We have the eigenvalue
1 1)
pr =50 (k- 2a)(2a— 5).

If p1 > 0, that is 50 > é(k —2a) (2a — g), then P is unstable. If p; < 0, we need to analyze the
reduced 3 x 3 matrix

0 2(k—2a) 0
Ji (PO) — 4ar‘;€g§k 0 _%
%(k —2a)%(2a - 6) 0 0

The characteristic polynomial p3(p) of Ji(Py) is

34 1 (ké — 40?)(k — 2a) n 1(k— 20)3(2a — 6)
2 ak Py ak '

Calling ps, p3, pa the roots of p3, standard algebraic properties give that

1 (k —20)3(2a —0)

2 ak '

If 2a = § we are in a degenerate case in which the Jacobian matrix does not give information
on the stability, and we are not able to state a result. If instead it holds 2a > §, we can argue
as follows. We first notice that pap3ps < 0. Hence, if all three roots were real, since their sum is
zero, some of them would be positive. On the other hand, in the case of one real root, say ps, and
two complex conjugate roots ps 4 = a £ ib, we have

ps(p) =p

p2+ps+pa=0, p2p3ps=—

p2psps = p2 (a® +b*) <O0.
This implies py < 0, and also

p2t+pstpa=p2+2a=0 = a:—%>0,

Hence, in any case, when k > 2«, we obtain at least an eigenvalue with a strictly positive real
part. This means that we have proved the following proposition.
Proposition 5.2. The equilibrium Py of the simplified model (1.3)) is unstable when

(i) L1(k—2a)(2a - 3) < 50.

(i) 2(k —2a) (20— £) > 50 and 20 > 6.
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Remark 5.3. We have proved Proposition in the simplified case of system , where several
hypotheses are imposed in order to reduce the number of parameters. However, since the eigenval-
ues of a matrix depend continuously on its entries, and in our case the entries depend continuously
on the parameters, small variations in the latter do not affect the conclusions of Proposition [5.2
For example, in deriving system we assumed §; = do and kq = ko. Nevertheless, the results
of Propositionremain valid also when 01 # o and ky # ko, provided that |67 — dz| and |k1 — k2|
are sufficiently small. The same remark applies to the results of the following subsections.

5.3. Case 6. The equilibrium point to be studied, in the simplified model, is

1 1
P:<7,—1 5—1), 0, )
b= (5 552(1008-1), 0,0
If § < 155 we obtain Py ¢ C, so we assume § > 155 Notice that if § = 755 = 1/ then we come
back to Case 3). The Jacobian matrix Jr(Fy) becomes

-5 -1 0 -4

50— 5 0 50 — 55 0

0 (1-1005) (26> —2k5+1005 1) 0

25(25%+1005-1)
0 0 0 196083 —1006%k4+97986% 462k —198a 5+
52 (262 +1005-1)

The eigenvalues are

~ —14 1+ 85 — 80042

P12 = 15
1 —1006)(26% — 2k6 + 1005 — 1 1 1006 — 1
26(262+1005—1) 20 262 + 1006 — 1

_ 196063 — 10063k + 9798062 + 62k — 198ad + o
B 62(262 + 1006 — 1)
1006 — 1 2a
20241006 —1 6
As d > ﬁ we have 8§ — 80062 < 0, which implies that the eigenvalues p; and po are either real
and strictly negative, or a pair of complex conjugates with negative real part.

If k — 400, then ps > 0, and the point is unstable. If k& — 0, then p3 < 0 (recall that § > 1/100)
while py is close to

P4

[0
= 55(1006 — 1) — k

lico =5 (98- 5)

Therefore, since § > ﬁ, we obtain that if & — 0 and ﬁ << 9—18, all four eigenvalues have
negative real part, and the equilibrium is asymptotically stable. If £ — 0 and § > é, then py > 0,

and the equilibrium is unstable. Let us summarize these results in the following proposition

Proposition 5.4. Let
1 1
Py = (5, 5531008 1), 0, 0).
be the equilibrium in the case 6) of the simplified model (1.3|), with ﬁ < 6. Then we have
(i) If k — 400, Py is unstable.
(i) Ifk — 0" and § > g5, Py is unstable.
(ii) If k — 0% and ﬁ << 9—18, Py is asymptotically stable.

5.4. Case 7. In this case we have the equilibrium P, = (%, wo, 0, po), where wq,po in the
simplified model are

20+ k6 — 206 + V40262 — 4ad?k + 62k2 + 828 + dadk + 4a?
o 4a6 ’

Wo



EJDE-2026/44 SOCIO-ENVIRONMENTAL ODE MODELS 19

p0=é<50—%—5w0).

We immediately observe that if 6 — 0% then py < 0 and hence Py ¢ C. In the same way, if
k — 400 then wy — +00 and pg < 0. So we do not consider the cases § — 07 or k& — +oo. Let
us study the case k — 0%. The Jacobian matrix Jr(FPy) becomes

50 — § — dwo — apo -1 0 -2
5’11)0 0 (5w0 0
0 0 —dwg + kwg’il — 5Po 0 ,
—2apg 2apg — k(wopﬁ 0 20wy — kwg’il -5

If K — 0% then wyg — % and py — é (49 — 2—16), S0 a necessary condition to have the the equilibrium
point in C, as k — 0T, is 6 > 9—18. We now compute the limit as k — 07 of the matrix Jr(FPp),
which we call Jy:

— = ~1 0 -
S| 0 0 1 0
0= 0 0 &(1—1028) 0
$—-98 —3+98 0 0

We want to use the well-known fact that the eigenvalues of a matrix are continuous functions of
the entries, so we study the eigenvalues of Jy. We have an eigenvalue
1
= —(1-1026) <0,
P3 1 5( )

since 6 > 91—8. We then consider the reduced matrix

_1 -1 _a

20 0

Ji=| 1 0 0
398 —34+9 0

Its characteristic polynomial is

2
p3(p) =p3+%p2+ ’ 9§§6+ap+ 98{;2 La.
To apply Routh-Hurwitz criterion we set
52 — 98ad + «
a1:2—6>0 U2 =~
a5 = a985 -1 S0 aas —as = (1 —1960)8% — 968 +
52 263 '

We notice that a; > 0 and ajas > a3 when a — 07. Hence the eigenvalues of J; have strictly
negative real parts for small o’s, and by continuity all the eigenvalues of Jp(FPy) have strictly
negative real parts as k — 0". So we obtain that P is asymptotically stable for small a’s and
k’s. We state our result in the following proposition, paying attention to the fact that we have
computed limits first for & — 0* and the for o — 0.

Proposition 5.5. There is o > 0 such that for all o € (0,a™) there is k(o) > 0 such that, for
all k € (0, k() the equilibrium Py is asymptotically stable.

5.5. Case 8. The equilibrium point, in the simplified model, is
k 1
Py = (yo, wo, 20,0) = (100— 2k +20, = —1, 5 — 100+ 2k — 20, 0).
Observe that we must have k£ < 50 + § in order for yo > 0, so it is meaningless to study the case
k — +o0o0. We must also have k > ¢ in order for wg > 0, thus, if 6 > 0 is fixed, it is also pointless
to study k — 07. The Jacobian matrix becomes

—50+k—9 —dyo 0 —ay
k—26 0 k=6 0
Tr(Po) = 0 —z2(k-6) 0 -2

0 0 0 w20 — ) — 2ay0
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The matrix Jg(FPp) has the eigenvalue p; = wo(2a—§) — 2ayp, while the characteristic polynomial
of the reduced matrix

~50+k—10 —dyo 0
J1(Py) = k—o 0 k-6
0 —z2(k—98) 0

is p3(p) = ,03 + a1p2 + azp + a3, where
)
a; = %yo, az = EZO((S — k)2 + 0yo(k - 6),

as = ﬁyozo((; - k)2, a1ay — as = %5y§(k —9).

To apply the Routh-Hurwitz criterion, we notice that these quantities are positive whenever k > ¢,
a condition already required for wy > 0. Hence all eigenvalues of J; (FPp) have negative real part.
Therefore, whenever p; # 0, its sign determines the stability of Py. We now study the sign of p;
in a suitable asymptotic regime. If § — 0% we have
yo — 100 — 2k, wg — 400, zg — o0, dwy — k.
Thus
p1 = 2a(wo — yo) — dwy — +00,
and consequently the equilibrium is unstable.
Let us now see some results dealing with the parameter a. We have

P (%—1)(2@—6)—2@(100—2k+25) :4ak—4a5_202a+5—k+2a§.

We notice that p; =+ J — k < 0 as @ — 0. Hence, in this case we have stability. If &« — 400, then
the sign of p; is the same as that of

2k — 6) + % —101.

We summarize our result in the following proposition.

Proposition 5.6. (i) If & — 07, the equilibrium Py is unstable.
(ii) If a — 07T, the equilibrium Py is asymptotically stable.
(i) If « —» +o0 and 2(k —9) + % < 101, the equilibrium Py is asymptotically stable.
(iv) If o = +o0 and 2(k — 8) + £ > 101, the equilibrium P, is unstable.

5.6. Case 9. In the simplified model the equilibria in this case are given by the solution of the
system

50—%—510—047:0,

L1
_5 y7
2 w
2w ),
p oz( w w+1
kK w
-—w—-——.
4 20w + 1

We obtain two values for w, namely

= 8ok — 4ad — 198c — k £ VA
b2 40(26 — 1) ’

where A = 160262 — 64a28k+64a%k% — 1616026 — 31682k + 8adk — 16ak? + 408042 + 396k + k2.
As k — 0 we obtain

lim VA = /16 0252 — 1616 026 + 40804 a2 = \/4a2(20 — 101)% = 2a[26 — 101
—
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and limy_,0 w; (k) = w?, i = 1,2 where
o —25—199—126 —101| o —26—99+ 25 —101]
wl = 5 w2 =
2(20 — 1) 2(20 — 1)

A straightforward computation shows that the numerator of w9 is positive if and only if § <
which implies that the denominator is negative. Hence,

o=

1
w9 < 0 forallé;«éi.

N

On the other hand, the numerator of w{ is always negative. Therefore, w{ > 0 if and only if § <

We thus obtain the following result.

Proposition 5.7. If 6 > %, then both w?, i = 1,2, are negative. If § € (0, %), then w{ > 0 and
0

wy < 0.

Henceforth, we assume § € (0,1), and we consider only the value w{ = #%<. Setting for
simplicity w := w{ we obtain the equilibrium point
1 26
Py = (w, w, = —w, ——w).
) e
The Jacobian matrix (5.2)) evaluated at this equilibrium point is
50 1004 0 100«
1 —1004 0 —1004 0
Jp(Py) = —— _ . 5.4
FP) =53 0 11026 o @ U=i09a 1020)e (54)
—4006 4006 0 0

The characteristic polynomial of this matrix, Py(p) = p* + d3p> + dop® + d1p + do, is given by

50 0(400c + 1 — 29)
P — 4 o 3 1 2
5(3926c + 4o+ 1025 — 1) 0a (1020 — 1)
(26 —1)3 (26 —1)3
We notice that dy < 0if 6 < 1/102, while d; < 0if § € [1/102,1/2). In any case, if § € (0,1/2),
applying Routh-Hurwitz criterion we obtain that P, has at least a root with strictly positive real

part. This implies the instability of the equilibrium P for small k’s and ¢ € (0,1/2). We summarize
the above analysis in the following proposition.

+ 5000 p—10°

Proposition 5.8. (i) If 0 > %, then there exists k* > 0 such that, for all k € (0,k*), we
have w1, wy < 0. Hence, the equilibria of case 9) lie outside C.
(ii) For all 6 € (0,1/2), there exists k(§) > 0 such that, for all k € (0,k(d)), the equilibrium

associated with wy is unstable.

6. EQUILIBRIA FOR THE POPULATION

We now take into account the behavior of the population (the z-variable). Let us consider the
equation for z in (L.1), that is

Tw
¥ = —cx +d——— z — Yopz. 6.1

22 & P (6.1)

Here w, p are solutions of the system (1.2]), so they are C! functions defined in [0, +0c0). Hence,
we can write (6.1)) as 2’ = g(¢,z) where g is a C* function on [0, +00)2. It also satisfies g(¢,0) = 0
and, by an easy computation, g(¢,z) < %x. It is then easy, using standard results on ODE, to get

the following proposition.

Proposition 6.1. For any xo > 0 there is a unique C' solution z(t,x¢) = z(t) of the Cauchy
problem ' = g(t,x), (0) = xo. The solution is defined in [0,4+00). If zg = 0 then the solution is
the zero constant, x(t,x9) = 0. If o > 0 then x(t,x0) > 0 for all t > 0.



22 M. BADIALE, I. CRAVERO EJDE-2026/44

We now come back to the study of equilibrium points. Let us consider an equilibrium (xg, yo, wo, 20, Po)
of the system . Of course, the point Py = (yo,wo, 20, o) is an equilibrium for the system
(1.2). As the variables y, w, z, p do not depend on z, it is easy to understand that, if Py is unstable
for , then (xg, P) is unstable for . This means that we have to study the stability of
(20, Py) only for the cases in which P is stable for (L.1)).

Setting f(x, w, p) for the right-hand side of , we compute the values xq for which f(zg, wo, po) =
0, where wq, pg are the components of an equilibrium Py of system . The equations to be
solved is Zowo
—cxg + dm x — YopozTo = 0,
which yields xp = 0 and

(¢ + vop) x5 — dwg o + (¢ + Yopo) wi = 0,

hence

o — wo (d — /d?> — 4(c + ~opo)?) 2y = wo (d+ \/d? — 4(c + y0p0)?)
2(c +0po) ’ 2(c +70po) '
Notice that we obtain the solutions x; 5 only with the hypothesis d > 2(c + vopo). If wg =0,
then 1 = zo = 0, but the equilibrium x = w = 0 is not admissible for our equation. However,
in order to study stability, it is not difficult to understand the behavior of the trajectories of the
system near a point (0, Py) where Py is an equilibrium for with wg = 0. Indeed, from our
previous study, it is easy to verify such equilibria are only those of cases (1)—(3), that is, they
correspond to half-lines of equilibria. In fact, if an equilibrium, belonging to one of the other cases,
satisfies w = 0, then it must necessarily lie on one of these half-lines of equilibria. Moreover, as
we said above, the only situations in which it is interesting to study the stability of an equilibrium
with respect to x are those cases in which stability holds for the other variables. Hence, recalling
that w(t) — 0 implies z(t) — 0 as t — +o00, from the results of Section 4 and Proposition we
obtain the following statement.

(6.2)

Proposition 6.2. For the half-lines of equilibria, whenever stability holds, we also have

z(t) = 0 ast— +oo.

Proposition [6.2] answers, among others, to the question about what happens to trajectories
starting nearby equilibria with « = w = 0. Notice that the convergence w(t) — 0 is guaranteed
only for trajectories starting sufficiently close to the equilibrium, that is, with wg close to 0,
whereas the conclusion z(¢) — 0 holds for any initial value of z.

We have now to study equilibria with wg > 0. For this, we notice that, if we compute the
Jacobian matrix of and its eigenvalues at the equilibrium (zg, Pp), it trivially results that
one eigenvalue is given by %(zo, wo, po) and the others are those of the Jacobian matrix of .
Now we compute

of w3z
2 - c_ 20—
5 (& W, P) = —¢—0p+ (@ 1 27
and therefore
of
a (O,w,p)z—c—’yop<0, va’ZO
x
On the other hand, at the points x1,zs defined above, we have
dxw n
ke ,
w2 + 22 YoP

where, for the sake of simplicity, we drop the indices and write = for x;, w for wg, p for py. We
then obtain
af dwx w? w? w? — 2?2

- = —c— 2 = - 2 — = ——
B (& WsP) = —¢ =00+ BB b e c—op+ (C+70p)w2+x2 (C+vop)wg+$2

Let 1 be defined as in (6.2)). Then x; < w if and only if

d —+/d?* — 4(c+vp)? < 2(c+ vop),
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which is equivalent to
d—2(c+op) < V& —4(c+70p)*-
Since d > 2(c + vop) by hypothesis, this inequality is equivalent to
d® + 4(c + y0p)* — 4d(c + yop) < d* — 4(c+0p)?
<= 8(c+70p)* < 4d(c+ vop)
< 2(c+p) < d.

Hence, in our hypotheses, we always have z1 < w.
On the other hand, for the second root zs, we have xo > w if and only if

w (d +d? —4(c+ vop)z)
2(c+ v0p)
which is true since d > 2(c + yop). Consequently,

>w <= \/d? —4(c+vp)? > 2(c+ yop) — d,

of of
871’(1.171”’])) > 07 %(.'1727’11}7]7) <0.

We can therefore state the following proposition. Remember that it deals with isolated equilibria,
in which we have obtained stability from the study of the eigenvalues of the linearized system.

Proposition 6.3. Let Py = (yo, wo, 20,p0) be any asymptotically stable equilibrium of (1.2)) with
wg > 0. Then:

(i) the equilibria (0, Py) and (2, Py) of (1.1) are asymptotically stable;

(ii) the equilibrium (z1, Py) of (L.1) is unstable.

7. NUMERICAL RESULTS

In this section we first report the simulations corresponding to case 1, in which we have a
half-line of equilibria with nonnegative pollution. Both the stable and the unstable regimes are
illustrated. We then present the results concerning stable configurations with positive population,
arising in the specific parameter settings described in cases 7 and 8.

The numerical simulations were performed using the stiff solver ode15s, since for the considered
parameter values explicit methods (such as ode45) require an excessively large number of time
steps due to the presence of widely separated time scales during the transient dynamics and the
non-negativity constraints imposed on the state variables.

In accordance with [20], we set v = 0.5 and A = 100, and we simulated the scenario arising from
a perturbation of the critical points Py = (yo,wo, 20, Po) of the simplified system , together
with the behavior of the population z resulting from a perturbation of zy, with zog = 0 or zg = x2
given by . Furthermore, when x5 is considered, namely in cases 7 and 8, in order to ensure
that the equilibrium point satisfies the admissibility condition z2 € R, we set ¢ = 1 and choose
d=2(c+vopo) + 1.

7.1. Simulation case 1. In this case, the numerical simulations are performed with the parameter
setc=1,d=3,7%=1, =0.1,k =1, a« = 1. The pollution level pg is varied in order to illustrate
both regimes: py = 40 for the unstable case and py = 60 for the stable case, while the critical
threshold is given by peit = yA/a = 50. We will choose for « small initial values.

In the stable regime, all state variables remain nearby the equilibrium values and all but p(¢)
converge towards them. In particular, renewable and non-renewable resources do not exhibit any
transient overshoot. According to the theoretical analysis, when the initial value pg is perturbed,
the pollution level p(¢) does not necessarily converge to pg. This behavior is evident by Figure
The left panel shows the asymptotic stability of x, y, w, z, while the right panel provides a numerical
illustration of Lyapunov stability of the equilibrium P = (0,0,0,0,p9) with respect to the p
variable. The shaded region represents the neighbourhood [py — n,po + 1] with n = 0.15. For
sufficiently small perturbations of size ¢ = 1073 and ¢ = 10~* (applied to all components of
P), the trajectory p(t) remains confined within the prescribed band for all ¢ > 0, whereas a
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larger perturbation (¢ = 1072) may exit it. This illustrates the dependence of the admissible
neighbourhood on the perturbation size.

0.01 T T T T T T T 60.25

0.009 ——— Population x 4 L
— = — . Population (critical) 602
Renewable resources y 1
0.008 60.15

— = — Renewable (critical)
Wealth w
0.007 — — = Wealth (aitical)

60.1

a ——— Non-renewable resources =
0.008 — — — - Non-renewable (critical)

= L
= 60.05
005 S (I O R ey gy g gy e
£ -
Z 6
0.004 2,
59.95 [
0.003
PoEn
0.002 1 899 o {critical)
e=10"
L ———e=10"
0:001 1 s —_—c=10"
0 598 . . . . . .
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 T 8

time time

FIGURE 1. Case 1. Stable regime for the equilibrium family (0,0, 0,0, 60). Left:
state variables z, y, w, z. Right: trajectories corresponding to perturbations € =
1073,107* and e = 1072,

Figure [2] shows the corresponding unstable regime. In this case, the dynamics exhibit a short-
lived boom-bust pattern. Renewable resources y rapidly increase towards their carrying capacity,
which in turn triggers a sharp transient growth of wealth w. However, as the system evolves, the
effective growth factor becomes negative and w subsequently declines towards zero, a trend already
clearly visible by t = 8. Also the z,y, z variables then decline to zero. On the other hand, figure 2]
(right panel) shows the time evolution of the pollution variable p(t) on a logarithmic scale. After
a short initial transient, p(t) exceeds the critical value py and grows rapidly over several orders
of magnitude, revealing a runaway behaviour of pollution and confirming the instability of the
equilibrium configuration. For visualization purposes, extremely small values of p are truncated
to avoid numerical artefacts associated with the logarithmic scale.

A direct comparison between Figures[I]and [2| highlights the role of the pollution level py: keeping
all other parameters fixed, crossing the threshold apy = yA qualitatively changes the dynamics of
the system.

From a dynamical systems perspective, pollution enters the model as a damping mechanism.
When the parameter condition ensuring stability is satisfied, this damping effect dominates the
growth terms, yielding bounded trajectories and convergence towards the equilibrium manifold. If
the condition is violated, the growth terms prevail, leading to transient expansion which, through
the influence of w on the equation for p, implies a boost of pollution, hence a decline of all the
other state variables.

It is interesting to note that all these results may be seen as social collapses. They mean that,
when a society passes close to the values of the half-line we are dealing with, then population
and wealth will collapse to zero, both in the stable and in the unstable case. In the latter case,
the collapse is preceded by a growth phase, and this dynamic may remind one of the dynamics
observed in the well-known models of [IT].

7.2. Simulation case 7. In this case, consistently with the theoretical analysis, we investigate
the model in the limit k,a — 0. For values & > 1072, the equilibrium point Py does not belong
to the admissible set C, while for o > 107 the Jacobian matrix exhibits positive eigenvalues.
Accordingly, we fix k = 1072 and a = 10~*. The point under consideration is (z2, Py), with x5 as
in .

Moreover, to prevent the large pollution levels from driving the population toward the attractive
critical state z = 0, we reduce the pollution-related mortality coefficient to 7o = 10~2. This choice
weakens the impact of pollution on population dynamics while preserving the analytical structure
of the model. With these parameter values, we obtain the equilibrium point

(0, 30, wo, 20, Po) = (60.1229, 10, 59.1690, 0, 3.9 x 10°),
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FIGURE 2. Case 1. Unstable regime for the equilibrium family (0,0,0,0, 40).
Left: state variables z, y, w, z. Right: pollution p shown on a logarithmic scale.

whose Jacobian matrix evaluated at this point has eigenvalues
p1 = —62.5185, pg = —3.2429, p3 = —1.6730, pg = —0.0841, p5; = —25.4486.

Because of the different orders of magnitude of the equilibrium coordinates, we present the time
evolution of the population z and wealth w in the left panel of Figure|3] while the behavior of the
pollution variable p is shown in the right panel. The remaining variables y and z exhibit a very
fast convergence toward their equilibrium values and are therefore omitted for clarity.

5
605 : : . : ] x40 . ‘ . . :

—p(t)
3.9086 [ — — = p (critical)| |

3.90855

3.9085

poliution

Population
— = — Population (critical)
Wealth

— -~ — Wealth (critical)

3.90845

population - wealth

3.9084

— 3.90835

59

0 10 20 30 40 50 60 0 10 20 30 40 50 60
time time

FIGURE 3. Case 7. Stable regime for the equilibrium family (x5, Py) with x5 as
in (6.2) and Py as in case 7. Left: state variables z, w. Right: pollution p shown
on a logarithmic scale.

7.3. Simulation case 8. In this scenario, the following constraints are required in order for
Py € C:

1
d<k< if § < —
<k<50+¢ 16_100

1 1
) ——<k<$ ifd>—
+ 50 95 Shk= +50 i >100

In Figure 4, we report the results obtained for § = 10, k = 59.98, and a = 10~%. The equilibrium
point (xg, Py) has coordinates

ro = 13.0849, yo = 0.0400, wy =4.9980, zo = 0.0600, po=0.
The eigenvalues of the Jacobian matrix are

p1 = —0.7454, po3 = —0.0044 £6.7067i, ps = —0.0111, ps = —49.9790.



26 M. BADIALE, I. CRAVERO EJDE-2026/44

Hence the equilibrium is asymptotically stable. The presence of the complex conjugate pair p2 3
with a small negative real part explains the observed slowly damped oscillations, suggesting that
the system is operating close to a Hopf threshold.

A qualitatively similar behaviour is obtained for § = 10, ¥ = 59.98, and a = 10~': the
equilibrium and the transient dynamics remain essentially unchanged, while only the fast mode
(associated with ps) is modified. We do not report the graph for this case.
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FIGURE 4. Case 8: 6§ = 10, k = 59.98 and a = 10™*.

We observe that, as § increases, the admissible interval for k becomes progressively narrower
and the real part of the complex eigenvalues approaches zero, resulting in increasingly weakly
damped oscillations. Moreover, varying a from 10™# to 10! does not significantly affect the
qualitative dynamics in the considered regimes. We do not report the graphs for these cases.

In Figure we show the scenario with § = 0.01, k = 40 and a = 10~*. The point (z¢, P,) has
coordinates

ro = 1.0470 - 10, yo = 20.0200, wo = 3999, 2o = 79.9800, po = 0.
The eigenvalues of the Jacobian matrix are
p1 = —0.7454, pp3=—0.3129+5.8319:, ps = —9.3841, ps = —39.1942.

Also in this case the equilibrium is asymptotically stable, and the complex pair ps 3 accounts for
the damped oscillations observed in the trajectories of y, w, and z.

Stability for large values of o appears to be rather unlikely, as it occurs only under restrictive
parameter conditions. In particular, it can be shown that the condition stated in item (iii) of
Proposition is never satisfied for 6 > %.

If § < 155, the condition holds for k € [5,6 + 50). If 155 < & < g5, the condition holds for
ke (5 + 50 — %, 0+ 50). For example, in the simulation obtained with § = 0.0025, k = § + 1073,
and a = 102, we obtained the equilibrium point P = (1.0472,99.9980, 0.4000, 300.0020, 0), with
eigenvalues of the Jacobian matrix computed at this point given by

p1 = —0.7454, py3=—2.5-10"°£0.0146i, ps = —49.9990, ps = —1.9920-10%.

Convergence occurs over very long time intervals. We do not report the corresponding plots,
as the system is strongly stiff. In particular, the eigenvalues of the Jacobian matrix exhibit a
pronounced separation of time scales: one component decays very rapidly (of order 10%), while
another evolves on a much longer time scale, with characteristic time of order 4 x 10°. As a
consequence, after a very fast transient, the solution approaches the equilibrium extremely slowly,
making the graphical representation scarcely informative. As « increases, the equilibrium point
remains essentially unchanged; however, the magnitude of the largest eigenvalue grows accordingly.
For example, for o = 10%, the largest eigenvalue is of the order of 10%, thus making the Jacobian
matrix increasingly stiff.
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FIGURE 5. Case 8: § = 0.01, k = 40 and o = 1074,

8. CONCLUSIONS

Let us summarize the main results of this paper.

e In our model a steady growth in wealth is not possible. As we have said in Remark [2.7]
the variable w either is bounded or, if it is not, it experiences strong oscillations. The
quest for a perpetual economic growth seems either hopeless or even dangerous. These
results agree with what we have obtained in our previous papers.

e The collapse of the society is a real possibility. The results about stability of equilibria
with wy = 0 mean that, if a trajectory approaches such a stable equilibrium, then there
will be a collapse of wealth and population. A very interesting result in section 7 is the fact
that, for these equilibria, collapse seems to occur also in the case of instability. Indeed,
Figure 2 in Section 7 shows a behavior reminiscent of the World3 model [II]: an initial
phase of strong growth followed by collapse. In our model this evolution seems due to
the role of pollution p, which grows very rapidly and causes the collapse of wealth and
resources. We have no theoretical result in this case, so it seems that there is still much
work to do here about the possible collapse paths.

e We are able to identify stable equilibria with positive values of x,w (see in particular
cases 7 and 8 in section 5 and the corresponding numerical simulation in section 7). The
existence of these equilibria is good news because they represent safe havens towards which
to direct the evolution of human societies and thus avoid collapse. We obtained similar
results in our previous papers, but in the present case it seems that equilibria of this kind
are obtained only for very particular values of the parameters. This worsening of the
situation seems due to the introduction of pollution in the model.

e Roughly speaking, a general indication is that the role of pollution is to make it more
difficult for society to evolve towards safe havens, and to make the evolution towards
social collapse more likely.
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