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SPATIOTEMPORAL DYNAMICS AND OPTIMAL CONTROL OF AN
INFECTION-AGE STRUCTURED REACTION-DIFFUSION EPIDEMIC
MODEL WITH WANING IMMUNITY

NIKHIL CHANAURIA, SYED ABBAS

ABSTRACT. Classical infectious disease models often neglect the interplay of spatial diffusion,
infection-age structure, and time-dependent controls. We address this gap by analyzing a spa-
tiotemporal SIQRV reaction-diffusion model structured by infection age, incorporating vaccina-
tion, quarantine, and waning immunity. The simultaneous inclusion of nonlocal infection-age
structure, spatial diffusion, and time-dependent controls introduces major analytical challenges,
including coupled transport-diffusion dynamics, nonlinear nonlocal incidence, and the deriva-
tion of optimality conditions in infinite-dimensional spaces. Using semigroup theory and spectral
methods, we establish well-posedness, derive the basic reproduction number Rg, and analyze
equilibrium stability. An optimal control framework is introduced with vaccination, social dis-
tancing, and quarantine as time-varying interventions. Necessary conditions are derived via an
adjoint system and solved using a forward-backward sweep method. Simulations with measles-
like parameters show that spatially targeted, age-structured interventions effectively suppress
outbreaks and improve resource allocation. This study underscores the importance of integrating
spatial and temporal heterogeneities in epidemic control strategies.

1. INTRODUCTION

Mathematical modeling of infectious diseases has played a foundational role in understanding
disease spread and informing public health responses. Classical models, notably the SIR and SEIR
frameworks introduced by Kermack and McKendrick [I6] and formalized by Hethcote [9], divide
the population into compartments and describe transitions between them via systems of ordinary
differential equations (ODEs). For instance, the basic SIR model is given by:

s

i —A(t) — pS,
dl
5 = A = (p+ )l (1.1)
dR
_— = I —
P LR,

where A(t) = aS(¢t)I(t) represents the force of infection. Here a, p, and p are the transmission rate,
recovery rate, and mortality rate, respectively. While effective for providing qualitative insights,
such models rely on simplifying assumptions, including homogeneous mixing, exponential waiting
times, and instantaneous transitions. These limitations can lead to oversimplified dynamics that
overlook important biological and epidemiological heterogeneities.

To capture more realistic disease dynamics, researchers have introduced infection-age structured
models, where each infected individual is tracked according to the duration of their infection, with
7 denoting the infection age. Infection-age models are typically formulated as integro-differential
equations or partial differential equations (PDEs) and have been successfully applied to diseases
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with pronounced latency or staged infectivity patterns. In this framework, the total infectious

load at a time t is given by:
+

T (1) = / I(t,7) dr.
0
The density function I(¢,7) satisfies a transport equation
O-1(t,7)+ 0 d(t,7) = —p(r)I(t,7), 1I(t,0)=A({), (1.2)

where A(t) is the inflow of new infections at time ¢ and p(7) is the infection-age dependent removal
rate. This approach enables more realistic modeling of disease progression, including incubation
periods, variable infectiousness, and delayed recovery or quarantine. Diekmann et al. [7], Inaba
[11], and Magal and Ruan [22] have established rigorous formulations and threshold conditions for
such models.

Parallel to infection-age models, spatial heterogeneity has been addressed through reaction-
diffusion systems, where individual movement is modeled via diffusion. A prototypical spatial SIR
model takes the form

%‘j(t, p) = DsAS(t, p) — \(t) — uS(t, p),
%(ﬂ p) = DrAI(t,p) + A(t) — (v + w)I(t, p), (1.3)
OR

with diffusion coefficients Dg, Dy, Dg, and where A denotes the Laplace operator. Also, p € Q C
R™ is a bounded spatial domain. Works by Murray [25], Allen et al. [I], and Zhao et al. [32] have
explored traveling wave solutions, spreading speeds, and spatial control in such models. Reaction-
diffusion epidemic models have provided valuable tools for understanding the geographic spread
of infectious diseases and the role of mobility and spatial structure in controlling outbreaks.

More advanced models combine infection-age structure and spatial diffusion, leading to PDE
systems of the form

8‘1’](tv T P) + at](tv T, p) = DIAI(tv T, p) - “(T)I(ta T, P), (14)

+

1(t,0,p) = S(t,p) /OT k(T)i(t, T, p)dr, (1.5)

where k(7) is the infection-age dependent transmission rate. Also, the Neumann boundary con-
ditions are typically imposed. Walker [27] and Wu et al. [30] have analyzed such systems using
semigroup theory and established well-posedness and long-time behavior.

Recent studies have demonstrated the rich dynamics that emerge when spatial diffusion in-
teracts with nonlinear infection processes. For example, Lei et al. [I7] studied the asymptotic
behavior of a reaction-diffusion SEIR epidemic model in a heterogeneous environment. Meng and
Zhu [23] studied the effect of vaccination and quarantine strategies on disease transmission of an
SIER model with a nonlinear incidence rate. Zhao et al. [33] investigated the optimal control of a
diffusive SVIR model. Walker [27] established the principle of linearized stability and instability
for a classical model describing the spatial movement of an age-structured population. Wu et al.
[30] established the existence of both supercritical and critical traveling waves. Beyond epidemic
models, related analytical questions concerning global well-posedness, boundedness, stability, and
spatiotemporal dynamics have also been extensively investigated in Keller-Segel type chemotaxis
systems. In particular, the recent works [I4], [I9] analyzes the role of dissipative gradient nonlinear-
ities in preventing concentration phenomena in local and nonlocal attraction-repulsion chemotaxis
models, providing further insight into the analysis of nonlinear spatiotemporal PDE systems. For
more literature on such models, we refer to [B 20, 29, [31].

Although infection-age structure, spatial diffusion, and optimal control have each been studied
extensively, their integration within a unified modeling framework remains limited. This repre-
sents a notable gap in epidemic modeling, particularly for diseases where both temporal and spatial
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heterogeneities significantly influence transmission dynamics. Bridging this gap offers both math-
ematical depth and practical relevance for designing targeted, spatially informed interventions.
Motivated by these considerations, we propose and analyze a spatiotemporal partial differential
equation (PDE) model incorporating infection-age structure and spatial diffusion across five epi-
demiological compartments: Susceptible (S), Infected (I), Quarantined (Q), Recovered (R), and
Vaccinated (V). The infected class is structured by infection age, allowing temporally resolved
infectivity and progression. Spatial diffusion is modeled via Laplacian operators acting on mo-
bile compartments within a bounded domain under homogeneous Neumann (no-flux) boundary
conditions. The model incorporates quarantine measures to isolate infected individuals and vacci-
nation strategies targeting both susceptible and recovered individuals, accounting for preventive
protection and waning immunity.

The proposed model presents significant analytical challenges due to its integration of infection-
age structure, spatial diffusion, and time-dependent control. The nonlocal and nonlinear force of
infection, involving an integral over infection age, complicates standard analysis and requires care-
ful functional setup. The infected population evolves according to a transport-diffusion equation
in both age and space, combining hyperbolic and parabolic features. To handle this, we apply the
method of characteristics in the infection-age direction and semigroup theory for diffusion opera-
tors. The age-dependent quarantine and recovery terms introduce variable coefficients, demanding
additional continuity assumptions. Optimal control further complicates the problem, yielding a
PDE-constrained optimization problem.

This modeling framework is sufficiently general to apply to a wide class of infectious diseases,
including those with well-defined latent periods and spatial transmission characteristics. As a
representative example, we mention measles [2I] 24], a highly contagious viral disease that has
been extensively modeled in both age-structured and spatial settings. Measles features a latency
period of 7-18 days, followed by a prodrome stage of 2-4 days marked by early symptoms such as
fever, cough, and conjunctivitis, with increasing infectivity. The rash phase, typically occurring
between days 14 and 21 post-infection, corresponds to peak infectivity, making measles well-suited
to infection-age structured modeling. Furthermore, its potential for rapid spatial spread and the
role of quarantine and vaccination in its control provide additional motivation for the type of
model studied in this work. Recent studies [12] [I5] have examined measles transmission dynamics
under incomplete vaccination, resurgence in spatially heterogeneous populations, and the effects
of delayed immunity and spatial mobility. These investigations underscore the need for models
that integrate both temporal and spatial heterogeneities, particularly when assessing intervention
strategies. However, the theoretical and numerical results we present are not restricted to measles
only and may be applied to a broad class of diseases with similar biological properties.

The paper is structured as follows. In Section [2] we formulate our model by first highlighting
all the assumptions required to describe the model structure. In Section [3} we prove the well-
posedness results for our model. Section [ is devoted to the analysis of the model, including the
derivation of the basic reproduction number and equilibrium properties. Section [5] introduces the
optimal control problem and derives the necessary conditions for optimality. Section [6] presents
the numerical implementation and simulation results. We conclude in Section [7] with a discussion
of implications, limitations, and possible extensions.

2. MODEL FORMULATION

Let S(t, p), Q(t, p), R(t,p), and V (¢, p) represent the population densities of susceptible, quar-
antined, recovered, and vaccinated individuals, respectively, at time ¢ > 0 and at location p € Q.
Q C RY is a bounded spatial domain. The infected population density with infection age
7 € [0,77] is denoted by I(t,T,p), where t > 0 represents time and p € Q. The parameter
7+ represents the maximum possible duration of infection, which can be either finite or infinite.

Considering real-life scenarios, we imposed the following key assumptions:

(1) Only infected individuals are quarantined, as they pose the highest risk of transmitting
the disease. Quarantining other individuals who are not yet infectious may be unnecessary
or inefficient, given the potential for false positives and the associated social and economic
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burdens. Instead, focusing quarantine efforts on actively infectious individuals helps opti-
mize containment strategies while minimizing disruptions to the broader population.

(2) Vaccination is administered exclusively to susceptible and recovered individuals. This
assumption ensures that only those who have never been infected or have already overcome
the infection receive immunity, preventing unnecessary vaccination of individuals who are
currently infected or quarantined. Moreover, prioritizing these groups helps in curbing
disease transmission while reinforcing immunity within the population.

(3) Recovered individuals can still enter into the susceptible compartment: A case of waning
immunity.

While it is always possible to find scenarios where one or more assumptions may not hold,
making certain assumptions is essential for deriving meaningful results. Given these foundational
assumptions, the evolution of the disease across temporal, spatial, and infection-age dimensions is
described by the following set of partial differential equations

oS S T
B = A dsaste )~ (utos)Step) - 252 [0 st g dr -+ oR(ep)
ATy OO0 — 4y A1t 7,) — (1 a1() + 01(7) + AT (1,7 p),
o "
HUL) — 108t ) — (0 + QD) + [ ar(D)T(t.m.p)dr
0
% =dgrAR(t,p) — (vg + § + p)R(t, p) + /T or(T)I(t, T, p)dr +oqQ(t, p),
t 0 (2.1)
W — Ay AV (1, p) + vrR(t, p) + vsS(t, p) — uV (1, ),
I(£,0,p tpl/ B(r)I(t,r,p)dr, t>0, peQ,
0S(t,p) _ OI(t,m,p) _ 0Q(t,p) _OR(t,p) _9V(tp) _ N
on on on on on =0, peRT\Q,

S(O’p) = SO(p)v I(OaTa ,0) = IO(Ta p)a Q(Ovp) = QO(p),
R(0,p) = Ro(p), V(0,p) = Vo(p).

The parameter A > 0 represents the rate at which susceptible individuals enter the population.
Constants dg, dr, dg,dr(> 0) and dy > 0 correspond to the diffusion rate of susceptible, infected,
quarantined, recovered, and vaccinated individuals, respectively, capturing how each group moves
within the spatial domain. The function §(7) denotes the transmission rate, which depends on the
time 7 > 0 since an individual became infected. The natural mortality rate is given by p > 0, while
d(7) represents the infection-age dependent disease-induced mortality rate. § > 0 governs the rate
at which recovered individuals lose immunity and re-enter the susceptible class. The vaccination
rates for susceptible and recovered individuals are denoted by vs > 0 and vy > 0, respectively.
Recovery dynamics of quarantined individuals is characterized by og > 0, while o;(7) accounts
for the recovery rate of infected individuals. Finally, ¢;(7) describes the rate at which infected
individuals are quarantined.

Remark 2.1. The structure of the proposed model is chosen to reflect how infectious diseases
evolve in real populations, while remaining amenable to rigorous analysis. The infection-age
variable allows key epidemiological processes, such as transmission, quarantine, and recovery,
to depend on the stage of infection. This is particularly important for acute diseases, where
individuals are not equally infectious throughout the course of illness. By including infection age
explicitly, the model can distinguish early, highly infectious stages from later stages with reduced
transmission, a feature that cannot be captured by classical compartmental models.

To ensure the biological plausibility of the model, we adopt the following assumptions on the
model parameters.
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7+) and let

ot = sup or(7), qt' = sup q(r), BM = sup B(r), d = sup d(7).
T€(0,71) TE(0,71) T€(0,71) T€(0,71)

Assumption 2.2. The functions d, 8,07,qr € L (0
B

We also introduce an additional assumption, which will prove useful in analyzing the local
asymptotic stability of equilibrium points.

Assumption 2.3. The maximum values U}VI and q}w satisfy
(oM 4+ ¢yt < 1.

This assumption ensures that, on average, an infected individual does not recover or get quaran-
tined too quickly over the entire infection-age interval [0, 77].

Remark 2.4. Biologically, the Assumption [2.3]ensures that a positive fraction of infected individ-
uals remain infectious until age 7+, which is necessary for sustained transmission. Mathematically,
this assumption is crucial in the analysis of the local asymptotic stability of equilibrium points, as
it guarantees that the total outflow from the infected class does not dominate the system dynamics,
thereby preventing premature clearance of infection and ensuring the validity of linearization tech-
niques around equilibria. It also ensures that certain integral terms in the characteristic equation
do not dominate and destabilize the system.

3. WELL POSEDNESS

First of all, we define the functional space. Let X = C(2,R), where for any ¢ € X its norm is
defined by

[8llx = sup [&(p)],

pEQ
and Y = L%((0,71),X), where for any ¥ € Y its norm is defined by

It = " (suntvtr o) ar)

peEQ
Let Yy = {¢p€Y:¢ >0} and X; = {¢p € X: ¢ > 0} denote the positive cones of space Y and
X, respectively.

Let ag = vs +p, ar = p, ag = 0g + p and ar = vgp + § + p. From system , note that
the equation concerning vaccinated individuals is decoupled from the other four equations. As
a result, excluding this equation does not interfere with the overall analysis. So the model now
becomes

aS(t, p)
ot
oI(t, T, p) N oI(t,T,p)
or ot

S(t,p)
N

= A+dsAS(t, p) —

/0 " B(r)I(t.mp) dr + SRt p) — asS(t. p),

=d;AI(t,m,p) — (ar + qr(7) + or(7) + d(7))I(t, 7, p),

% = doAQ(t, p) — agQ(t, p) +/ ar (DIt T, p)dr,
0

"~ 3.1
% = dRAR(t, p) — CLRR(t, p) + / O'I(T)I(t,T, p)dT + UQQ(t, p)’ ( )
0

S(t.p) [T
I(t,o,p)=T’p/ B(r)I(t,7,p)dr, t>0, peq,
0

95(t,p) _ 0I(t,m,p) _ 9Q(t,p) _ OR(t,p) _ N
on on  9on On =0, pERTAG,

S(O7p) = SO(p)v I(O’ T, p) = IO(T’ p)a Q(Ovp) = Qo(p)7 R(O’ p) = RO(p)'

Note that from [26], the operators dsAS—agS, diAI—arl, dgAQ—agQ and dgRAR—agR with
Neumann boundary condition generate Cy-semigroups Ts(t), T7(t), To(t) and Tr(t), respectively.
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We have
(Ts(t)[tn]) (p) = e~ast /Q G (t. py)r (v)dy,

(Tr () [W2]) (7, p) = 6_“1t/QGz(t7p,y)¢2(ﬂ y)dy,
(3.2)

(To()s))(p) = et / Galt, p.y)s(y)dy,

(Tr(®)[a])(p) = e~ox! / Gt py)a(y)dy,

where 1) = (1,92, ¥3,%4) € Xx Y xXx X and G;(i = S, 1, Q, R) denote the Green functions that
are the fundamental solution of the operator d;A(-)(i = S,I,Q, R), respectively with Neumann
boundary condition. Also,

/ Gilt, 2 y)dy =1, Wt>0(i=S.1,0,R). (3.3)
Q

Let T* be an arbitrary positive constant. For (¢,p) € (0,7%) x €, define My(t, p) = I(t,0, p).
Also for some k € R, define My (t,p) = I(t,t + k, p), then

ot ot or

Setting ¢t = max{0, —k}, we obtain partial differential equations for the infection density con-
cerning infection age 7 by

M,
3%(;755’%/)) = Ay AMy(t, p) — pMi(t, p) — m(t + k)My(t, p), t >ty p €,
(3.4)
8M§75?m:°7 t>tr, pe RV \Q,

where m(-) = o7(-) + ¢ (-) + d(-). Based on equation (3.2)), the solution to (3.4) can be expressed
as

Mi(t,p) = e—(azt-i-f,fk, m(o+k)do) / Gr(t —tg, p,y) My (tr, y)dy.
Q

Case 1: If k=7 —1t > 0, then t;, = 0. Hence for all 7 > ¢ we obtain

I(t, T, P) — e—(a;t-‘rfot m(oc+1—t)do) / GYI(tL7 P y)Mk(07 y)dy
Q

_ 67(a1t+f,:7t m(o’)da)/ G](t,p, y)I(O7T _ t7y)dy
Q

1(7)

— —art T _
H(T—t)e /Q Gl(tvpvy) O(T tvy)dy7

where II(7) = e~ Jo m(@)do,

Case 2: If k=7—1t <0, then t, = —k =t — 7. Hence for all 7 < t we obtain

I(t, T, P) _ 67(a1t+‘ftf;7 m(oc+1—t)do) / G[(T, 0, y)Mk (f -, y)dy
Q
= ¢~ (art+ [ m(o)do) / Gr(r,p,)I(t —7,0,y)dy
Q

= H(T)@“”t/ Gr(7,p,y) Mo(t — 7, y)dy.
Q
Hence, the solution of the second equation in (3.1)) is given by
H(T)eiaﬂ fQ GI(Ta Ps y)MO(t_Tv y)dyv T< tap € Qv
11

I(t,7.p) = ,
H(-,E_)t) e_aIt fQ Gf(ta P y)IO(T - ta y)dyv T Z ta P € .
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Next, we solve (3.1) for the remaining state variables by presenting the following theorem.

Theorem 3.1. Let initial state of system (3.1) be (So(p), Lo(T,p), Qo(p), Ro(p)) € Xy x Y  x
Xy x Xy, Then, system (3.1) admits a unique local mild solution, i.e., there exists T > 0 such
that

(S, I,Q,R) € C([0,T; X x Y x X x X),

with I given by (3.5)).

Proof. First, note that My(t,p) = I(t,0,p) = ’p) fo I(t,7,p)dr. Now writing the first
equation of (3.1)) as
95(t, p)

ek dsAS(t,p) —asS(t, p) + F(t,p),
where F'(t,p) = A — My(t, p) + JR(t, p). The solution of this equation takes the form
¢
S(t,p) = S1(t, p) + / ems(t=) / Gs(t —0,p,y)(A = Mo(o,y) + 0R(0,y)) dydo,  (3.6)
0 Q
where S (t,p) = e " [, Gs(t, p,y)So(y)dy. Now consider

8%? 2) _ 4gAQ( p) — agQt:) +/T qr(T)I(t, 7, p)dr.
0

The corresponding solution can be written as

t
Qt.p) = Qu(t.p) + / ¢moa(t=) / Galt — 0.p.1)Qa(0,y) dy do, (3.7)

0
where Q1(t, p) = e7" [, Gq(t, p,y)Qo(y)dy and

t
Q2(t, p) =€_a1t/ qr (T /GI T,0,y)Mo(t — 7,y) dy dr

+

+€_a1t/t QI(T)m/ Gi(t, p,y)lo(T —t,y) dydr.
Next, we solve the equation

% = drAR(t,p) —arR(t,p) + /T or(T)I(t, T, p)dT + 0gQ(t, p).
0

We can write its solution as

t
R(t,p) = Ri(t, p) +/ 6"”““’")/ Gr(t —0,p,y)(R2(0,y) + 0@Q(0,y)) dy do, (3.8)
0 Q
where Ry (t,p) = e~ [, Gr(t, p,y)Ro(y)dy and
t
Ra(t.p) =" [ o1(r)1(r) [ Gutropo)Molt — 7o) dy e
0 Q

Jre‘”t/tT UI(T)I-[(T%/QGI(@P,ZJ)IO(Tt’y)dydT'

Finally, using the definition of My(t, p), we obtain

My(t, p) = %(51 (t,p)+ /Ot e—as(t=0) /Q Gs(t—o,p,y)F(o,y)dy da) (/OT+ B(T)I(t,,p) dT).

Putting all the values we obtain
1
My =+ (s1  Li(Mp) + La(Mo) + Ls(Mo) + Kl) (K2 n L4(Mo)), (3.9)
where for any (¢, p) € (0,7%) x Q,

t
Ly(My) = / ¢os(t0) / Gs(t — 0. p.y)[A — Mo(o, )] dy do,
0 Q
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2(Mp) —6/ —as(t= ”)/GS t—o,p,y )/ _“R(”_S)/GR(J—s,y,z)
X [e“”s/ or(t / Gr(1,z,2)Mo(s — T, x)dxdT} dzds dy do,
3(Mo) —UQ(S/ —as(t—o /Gs t—o,p, )/ P
/GR - Y, )(/0 e_aQ(S_w)/GQ(s—w,z,x)

x [e w/ ar(r /G, (r,2,0) Mo (w — T, 9)d9d7]dxdw) dz ds dy do,
0
t
L) = [ B(r)n(r) [ Gurup. )Mot = roy) dy i,
0
Kl(ﬂp) = Kd(tap) + K4(tvp) + K5(t7p) + Kﬁ(ta p)a

Kalt, p) = 1" / " 0 /Q Gt poy)Io(r — t.y)dydr,

(T — 1)

t
Ks(t, p) =5/ e‘“S(t“’)/ Gs(t —o,p,y)R1(0,y) dy do,
0 Q

t o
Kilt.p) =6 / ¢os(t-2) / Gs(t—0.p.y) / ¢men(e=9) / Grlo - 5,y.2)
0 Q 0 Q

+

y [efa,s/f O.I(T)W(:T-(’T_')s)/QGI(g’z’x)[O(Ts,x)d:ch} dz ds dy do,

5(t, p) —UQ5/ —as(t= U)/Gs t—o,p,y )/ € “R(‘T_S)/GR(J—s,y,z)Ql(&z)dzdsdyda7
Q

Ko(t, p) = 00 / s [ Gstt—op) [ e [ Gl = s0.2)
0 Q 0 Q
X (/ e_“Q(S_“’)/ Go(s —w,z,x)
0 Q

+

—ajw " 7T(T) _
X [e / qI(T)iﬂ(T m— /QGl(w,x,H)IO(T w,H)dﬁdT} dxdw) dzds dy do.

w

Next, consider a space Yr- = C([0,T%],X) with the norm

sup |F(t,p)\), I'eYp-.

IClly,. = sup (sup
] YzeQ

t€[0,T*

Clearly, (Yr+,

| - ly;. ) forms a Banach space. Define an operator G : Y« — Yp- by

G(My) = %(51 + L1 (Mo) + La(Mo) + L3 (Mpy) + Kl) (K2 + L4(Mo))~ (3.10)

Since My(t, p) fully determines S, I, @ and R, and using (3.9)), we can conclude that the operator
G admits a fixed point, it follows that system (3.1) has at least one solution. Next, establishing
the uniqueness of the solution to system ([3.1)) is equivalent to proving the uniqueness of the fixed

point of the operator G. We show that G is a contraction mapping. For any Mg, My € Yo, we
have

N(g(ﬂ%) - g(ﬁo)) = (S1 + L1(Mo) + La(Mo) + Ls(Mo) + K1) (s + La(Mp))
— (81 + L1(Mo) + Lz (M) + L3(Moy) + K1)(K2 + La(Mo))

= (K + Ly(My)) {23: ( (Mo))}

i=1



EJDE-2026/45 SPATIOTEMPORAL DYNAMICS OF A DIFFUSIVE INFECTION MODEL
— (81 + Ly(Mo) + La(Mo) + Ly(Mo) + K1) [ La(Mo) — La(Mo)]
Using (3.3) and Assumption we obtain
—~ - t P —_—
|L1(My) — Li(Mo)| = ‘/ e~ s(t=0) / Gs(t —o,p,y)[Mo(o,y) — Mo(o,y)] dydff‘
0 Q

t

< |3y — Mollys. / emos(t=) g
0

< T*|| Mo — Moy, -

Similarly, after some simple calculations, we obtain

— _ T3 —
1Lo(T) — Lo(0)| < bt T AT, — T,

— _ T4
1L5(VTy) — Ls(W5)| < boqal* & 1T, ~ ol
|L4(1\70) — Ly(My)| < »3MT*||]\7-70 — Mo||vye -
Using these equations, we obtain
G(Mo) — G(My)| < C(T*)| Mo — Moy ,

where

o *\3 *\4
C(T*) = %H(KQ(T*,')+L4(MO(T*7'))) (T*+5U?4 (Tﬁ) +doqq)” (1;4) )

+BMT(SU(T", )+ LuBI(T*, ) + La(Wo(T, ) + Ly(Wo(T*, ) + Ko (T*,)) .

Since N is large, we can choose a sufficient 7™ such that C(T*) < 1. This ensures that the operator
G is a contraction and therefore admits a unique fixed point. Hence, the system (3.1) admits a

unique solution.

4. STABILITY ANALYSIS

This section aims to determine whether small introductions of infection can invade and persist
in the population, or whether they are eliminated over time. To this end, we identify a threshold
quantity that captures the effects of infection-age-dependent transmission and spatial movement.
This threshold separates regimes in which the disease-free equilibrium is stable from those in
which sustained transmission occurs, thereby providing a rigorous criterion for disease elimination

or persistence.
Note that the spatially homogeneous system corresponding to the system (3.1)) is given by

%P:A* / B(r)I(t,7)dr + SR(D),

(’Nét;T) + al(att’ 7) = —(ar +qr(7) + or(r) + d(7)I(t, 7),

%it) = —aQ(t) + /OT qr(T)I(t,7)dr,

+

— = —aRR(t) + O'QQ(t) + /OT UI(T)I(t7 T) dr,

/ B)I(t,7)dr, t>0,

S(0) = So, (07710 Q(0) = Qo, R(0) = Ry.
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The disease-free equilibrium corresponding to (3.1) is EPF = (%,0,0,0). Let SO = % and
linearizing the system (3.1)) corresponding to ED F gives

t
asétap) — dg AS t P / 5 t T,p) dr fagS(t,p) +5R(t,p),
BI(tJTa p) + aI(t7T7p>

or ot
% = dqAQ(t, p) — agQ(t, p) -1-/ @ (T)I(t, T, p)dr,
0

~ 4.1
% = dRAR(tap) _G'RR(tap) +/ O'I(T)I(t,7-7 p) dT+UQQ(t,P), ( )
0

=d;AI(t,7,p) — (a; + m(1))I(t, T, p),

I(t,0,p) = / B(T)I(t,T,p)dr, t>0, p€Q,

9S(t,p) _ OI(t,7.p) _ 0Q(t,p) _ OR(t,p) _ N
on ~  On  Om  On =0 peRTAL,

5(0,p) = So(p),  1(0,7,p) = Io(7,p),  Q(0,p) = Qolp), R(0,p) = Ro(p)-
It follows that My(t, p) = SO + B(T)I(t, T, p)dr. Using (3.5) we obtain

0
My(t,p) = S /6 "”t/GI(T,p,y)Mo(t*T,y)dydT
@ (4.2)

v [ 802D [ Gutep i ) dyer]

To begin, our goal is to derive the next-generation operator N, a crucial tool for characterizing the
dynamics of new infections within the system. This operator provides insight into how infections
propagate and evolve over time, serving as a foundation for computing key epidemiological metrics
such as the basic reproduction number Ry.

Remark 4.1. Observing the first component of the expression on the right-hand side of ,
we notice an important pattern: the number of new infections at any given time ¢ is directly
influenced by past infections. This relationship is formalized by the renewal equation, which
describes how infections evolve based on previous cases. Hence, we obtain the next-generation
operator A/ : X — X by

0 rt
Nl =3[ [ Bm(e T [ Gitrpnoi) dyar]. (43)

Following the foundational results in [7], we obtain Ry = r(N'), where 7(N) denotes the spectral
radius of the operator /. We want to apply the Krien-Rutman theorem to find r(N). The next
result states the basic requirement for the operator N to apply this theorem.

Lemma 4.2. The operator N is positive and compact.

Proof. Tt is straightforward to see that the operator N is positive. Specifically, if we take any ®
from the positive cone X, Assumptions 2.2 ensures that A'(®) € X, . This confirms the positivity
of . To establish that A is compact, we will apply the Arzeld-Ascoli theorem. Note that for
each p € Q,
IN(®)[lx < K[[®]x VP €X,

where K = %0 BM 1+, This shows that N is uniformly bounded.

Next, since Laplacian operator A is compact, the kernel G (7, p,y) is uniformly continuous in
p for p # y. Choose any p, p(# y) € Q such that |p — j| < § where § = min{|p — ¥/, |p — y|}.
Therefore, from uniform continuity of function Gy, for any ¢ > 0, we can find a corresponding
0 < ¢’ < 6 such that whenever |p — p| < §’ we have

|GI(73 Py y) - GI(T7 [)7 y)‘ < 6/'
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Let {®,} C X be a sequence such that [®,| < C, for some C' > 0 and for each n € N. Then for
any p, p € 2 such that |p — p| < ¢’ we have

Wi - )| < [ e [ [Gitr ) - Gatr | aya] <
Q

0M __+
where € = (W)e’ . This establishes the equicontinuity of the operator N'. Therefore, by
applying the Arzela-Ascoli theorem, we conclude that the operator N is compact. O

According to the Krein-Rutman Theorem [2], the operator A possesses a unique principal
eigenvalue that is positive and corresponds to a strictly positive eigenvector. As a result, Rg is
defined by

0 7t
= Sﬁ/o B(r)m(T)e”*""dr. (4.4)

Remark 4.3. From , we observe that the basic reproduction number Ry is directly pro-
portional to the recruitment rate A of susceptible individuals and inversely proportional to the
vaccination rate vg. This implies that increasing the influx of susceptible individuals into the
population enhances the potential for disease transmission, while strengthening vaccination efforts
suppresses the spread by reducing the pool of susceptibles. Consequently, controlling these two
parameters plays a crucial role in pushing Ry below the threshold value of 1, thereby ensuring
disease elimination.

Now, letting the endemic equilibrium of the system (3.1)) be denoted by E, = (Si, I.(7), Q«, R),
then it satisfies
A—1T1,(0) —asS« + R, =0,

dI.(T)
-0 _ _(m(r) + an) ().
ot
qr(T) L (1) dm — agQ. = 0,
/0 N (4.5)
o
/ or(1)L.(7)dr + 0QQ+« — arR. =0,
0
n
Se [T
1,(0) = — I
0=%[ o0
From the last equation we obtain S, = SY/R,. Solving infected compartment gives I, (7 ) =
I, (0)m(7)e~%7. Using this we obtain Q, = & (O)W and R, = Iaf) UQW + Wg}, where W,

N
Jo ar(m)m(r)e"dr and W, = fOT or(T)m(r)e"%"dr. Finally, we obtain 1,(0) = 12 (1— R—O),
where w = %(Z—QWQ + Wo). Using all this information, we have a result which provides an

explicit characterization of the endemic equilibrium and outlines the conditions necessary for its
existence.

Lemma 4.4. When Ry > 1, the system described by (3.1) possesses a unique endemic steady
state E, characterized as follows:

S0 A —art 1
S*ZRfoy L(r) = (17w)7r(7')€ (1_720)’1 (4.6)

=) (-7) w50 ()

We proceed to examine the stability of both equilibria by first applying the transformations
g(tap) :S(t7p)7‘9*5 j(thvp) :I(t,T7p)*I*(’T>7 Q(tvp) :Q(tvp)iQ*vé(tap) :R(Lp)iR*
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Then the linearized system corresponding to these transformations is

aS(t,
gtp) dAStP_*/ B(r tTp)
S(t,
- (Jt\,p /0 B(T)L.(7) dT — asS(t, p) + SR(t, p),
oI(t, T, oIt )
(ZZ 2 “;Z ) — 4y AL(t,7,p) — (m(r) + )t 7. ),
oQ(t, - T 5 N
% =doAQ(t, p) + /0 qr(M)I(t, 7, p)dr —agQ(t, p), 1)
3Rg,l)) = drAR(t,p) + /T or(T)I(t,T,p)dr + 0gQ(t, p) — arR(t, p),
t 0
tOp N/ ,8 tTpd—i— / /8 dr, tZO,pEQ,
aS(t,p) _ 0lt,7,p) _ QL p) _ OR(t,p)

P) N
on on on  On =0, peRTAL,

S(0,p) = So(p), 1(0,7,p) = Io(7,p),  Q(0,p) = Qu(p), R(0,p) = Ro(p)-
Next, we recall some basic spectral properties of the Laplace operator with homogeneous Neumann
boundary conditions. According to [4], it is well known that the operator —A admits a sequence
of nonnegative eigenvalues
0< X< A <AL A — 400,

with corresponding finite-dimensional eigenspaces

E()‘k‘) = {(b € Ooo(ﬁ) P —=Ap = A\, Onop = O}
Each eigenspace E(Ag) is invariant under the semigroup generated by A. To study the stability
of the steady state, we seek solutions of the linearized system of the form

S(t,p) = eMoilp), I(t,m,p) = eMa(r,p), Qlt,p) = Ma(p), R(t,p) = eNalp),
where A € C denotes the temporal growth rate.

Since the Laplacian admits invariant eigenspaces, the linearized system decouples with respect
to the spectral modes of —A. Therefore, without loss of generality, we restrict attention to solutions
satisfying

b1, ¢3, P1 € E(Ng)
for some fixed k > 0, and

¢a(T,) € E(\,) forae. 7€ (0,7).
Consequently,
A = =@y, j=1,3,4,
and pointwise in 7,
Ago (T, p) = —Apda(T,p), p€ Q.

In particular, when dim E(\;) = 1, there exists an eigenfunction ¢, such that

0 (p) = cjer(p).
Substituting this ansatz into the linearized system yields a characteristic equation for the growth
rate A corresponding to each spatial mode A\;. The local stability of the steady states is then

determined by the sign of the real parts of the roots of these characteristic equations. Equation
(4.7) with this solution form can be rewritten as

A1 (p)
(4.82)
— dshbi(p / B(r)a(r. p) dr — PP / B(r)L(r) d7 — asu(p) + 66a(p)s
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0020 — —dixuga(r ) (m(r) + s + Na(r, o), (4:80)

Moa(r) = ~doisa(o) + | " (Pl ) dr — agés(o), (4:5¢)

Apa(p) = —drMe¢a(p) + /O : or(7)¢2(7, p) dr + 0q¢3(p) — arda(p), (4.8d)
0.0 =5 7 pwontrar + A2 [ i, 120 pen s

Solving equation , we obtain
$2(7, p) = ¢2(0, p)m(7)e” (FAwFATNT,
Next, we establish that
A # —(ag +dshg —9), N#—(ag+doit), and X# —(ar+driy).
Suppose, for the sake of contradiction, that
A= —(as + dshg —9).

Then, from equation (4.8a)), it follows that ¢5(0,p) = 0, which is a contradiction. Similarly, if
we assume A = —(ag + dgAk), then substituting the expression for ¢o(7, p) into equation (4.8c)
leads to ¢2(0,p) = 0, which is again a contradiction. By the same reasoning, we conclude that

A # —(agr + drAr). Now solving (4.8c) gives

¢3(p) _ ¢2(07P) W\

A+ dQ/\k +aq e
— +
where Wy = [ qr(7)m(r)e” @2+t 07 4 Putting this in ([£8d) we obtain

$2(0, p) T oQ e
S IC VR T
94(p) A+ drA; +ar [ - A+ doAk +ag q]

Trr Tt . . . .
where W, = [ o(7)n(7)e” (2 sFartN7dr  Finally, using the value of ¢4(p) in ([£8a]) we obtain

$2(0,p) g o 7Q =
— 1- W+ —22  wl).
¢1(¢) /\+ds)\k+as( )\+dR/\k+aR[ +)\+dQ>\k+aQ qD
Substituting ¢ (p) and ¢o(7, p) into (4.8€) yields an equation
+

S, — 1 51—  oq =1y [T

ol — _ 4.9

W5 = [1 W (1 - [W +2 W /0 B(r)L(7) dT}, (4.9)
where x; = )\+d /\;€ +a; fori =S5 R,Q, and WB = fo ) (7)e” ([diXetart N7 dr  The eigenvalue

problem (|4.8al)14.8¢| always possesses a principal elgenvalue denoted by A, which is the root of
the equatlon (refer to [28, [10] for further details). This eigenvalue plays a crucial role in
analyzing the stablhty of both the disease-free (EP¥) and endemic (E.) equilibria. We state the
following theorem regarding the local asymptotic stability of these equilibria.

Theorem 4.5. Under Assumptions[2.4 and[2.3, the disease-free equilibrium EPT is locally asymp-
totically stable in the sense of linearized (spectral) stability if Ro < 1, while the endemic equilibrium
E, is locally asymptotically stable in the sense of linearized (spectral) stability if Ry > 1.

Proof. Note that for EPT| we have I, (7) = 0 and S, = SY. Thus ({4.9) becomes
/ B(r —(dzkk-i-az-‘r/\)TdT —1. (4.9)

Suppose A = wy + fwg with w; > 0 is a root of the equation (4.9). Then we obtain

g0 pr*
/ B —(drAk+ar+X) Td ’ <= / ﬁ(T)W(T)eia”—‘e*iU&WdT _ RO«
0
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Whenever Ry < 1, we obtain

/ 5 d[)\kJra[Jr)\)TdT’ < 1

which is a contradiction to . Thus, all roots of equation possess negative real parts
whenever Rg < 1. Consequently, EPF is locally asymptotically stable under this condition.

For the other case, when Ry > 1, from Lemma there exists a unique positive endemic
equilibrium point. For this equilibrium point, assume A = x1 + ixo, with 1 > 0, is the root of the
equation (4.9). The right-hand side of the equation [4.9) becomes

SO
- e~ (dhtart Ty )‘< 1. 411
‘N ‘RO / Blr T)| S (4.11)
Now, letting P = m [W + WW ] then using values of ag and ar, we obtain
|Phqﬁ7+ﬁﬂ
+
_ ‘/ 7(d1)\k+a1+/\)rd7._|_/ qI(T)W(T)ef(ch)\k+a1+)\)'rd7_
0

< (o +q] >/ € |dr.
0

Thus, from Assumption we obtain |P| < 1. Using this on the left-hand side of the equation
(4.9), we obtain
1 0 = 09
1+ (1- W + /‘ r)dr| > 1,
‘ N(A+dgAk + as) A+ dpA; +ag )\-l-dQ)\k-i-aQ Blr T

which is a contradiction to (4.11)). Hence A must have a negative real part and therefore the
endemic equilibrium is locally asymptotically stable whenever Ry > 1. O

Remark 4.6. The stability results in Theorem are understood in the sense of linearized
(spectral) stability. That is, the conclusions are based on the spectral properties of the linearized
system (equivalently, of the generator of the associated linear semigroup) around the equilibrium.
A rigorous extension of these results to nonlinear asymptotic stability would require the application
of a principle of linearized stability for semilinear evolution equations, which is beyond the scope
of this work.

5. OPTIMAL CONTROL

In this section, we study the optimal control problem. We have adopted three major control
measures: Social distancing among the susceptible population, quarantining the infected popula-
tion, and vaccinating susceptible and infected individuals. We define the time domain as [0, 7],
which allows policymakers or researchers to assess outcomes over a relevant time frame. To bet-
ter reflect the impact of control measures and make the analysis more manageable, we make the
following adjustments to the model .

(1) In model ( , the integral term fo T)I(t, T, p) dT represents the force of infection,
capturing the overall transmission potentlal contributed by infected individuals at various
stages of their infection. To incorporate control strategies, we replace 8(7) with a(t)b(7),
where a(t) reflects the rate of effective contacts per person at time ¢, and b(7) accounts
for how infectiousness changes with the time since infection 7. This reformulation enables
the model to reflect changes in transmission patterns caused by seasonality, public health
measures, or evolving behavior over time.

(2) We assume the susceptible influx A = 0. This can be justified by considering either a closed
population with no births or immigration, or a short-term analysis where demographic
changes are negligible.
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(3) Instead of constant vaccination rates, we take time-dependent rates (vg(t) and vg(t)). In-
corporating time-dependent vaccination rates allows the model to capture dynamic inter-
vention strategies realistically, reflecting variations in public health responses over time.
This enhances predictive accuracy and enables optimal allocation of limited resources
through adaptive control.

(4) To simplify analysis and enhance interpretability, we non-dimensionalize the model by
rescaling each compartment as a proportion of the total population N. We use the trans-

formations:
5 I R 4
st =Gt =TS gt = DG e = TG ) = VRO

Next, we impose regularity conditions on the functions a(t) and b(7) to ensure biological realism
and mathematical tractability.

Assumption 5.1. a(t) is non-negative and a € C([0,T]). Also b € L(0,77). Let a™ =
sup{a(t) : t € [0,T]} and bM = sup{b(7) : 7 € (0,7F)}.

Remark 5.2. These assumptions are essential for both biological and mathematical reasons. The
continuity of a(t) allows the model to capture gradual changes in contact behavior and ensures
compatibility with semigroup methods. The boundedness of b(7) keeps the force of infection well-
defined and prevents unbounded growth in the system, supporting the existence and uniqueness
of solutions.

There is an additional assumption regarding the regularity of vg(t) and vg(t).

Assumption 5.3. The vaccination rate of susceptible and recovered individuals vg(t) and vg(¢),
respectively, is assumed to be non-negative and continuous functions on the interval C([0, T]). Let
v¥ = sup{vg(t) : t € [0,T]} and v} = sup{vg(t) : t € [0, T}

With these adjustments, our optimal control problem becomes

% = dsAs(t, p) —vs(t)s(t, p) — s(t, p) /0 " b(7)i(t, T, p) dr + dr(t, p),
az‘(taa:, p) N c’)z‘(téz, P _ Ay At ) — m()i(t. 7 p).
aqgfj P) _ 4oAqit,p) — oalt,p) + /OT+ a1 (P)i(t, 7, p) dr,
8r(8t£ P _ drAr(t, p) — (vr(t) + 0)r(t, p) + /OT+ o1 (T)i(t, T, p) dr + ooq(t, p), (5.1)
du(t, p)

ot = dVAU(tv p) + US(t)S(ta p) + UR(t)r(t7 p)a

+

i(t.0,9) = al®)st.p) [ boiltpdr, 20, pe
0

8S(t,p) 6i(t777 p) 6Q(tap) a’r‘(t,p) 8U(t,p) N
on ~ On O On  On =0, peRTAL,
s(0,p) = so(p), i(0,7,p) =io(7, p), 4(0,p) = q0(p), 7(0,p) =r0(p), v(0,p) =vo(p).

Next, we construct the objective functional. Our primary goal is to reduce the spread of
infection by promoting social distancing, which is modelled by minimizing the contact rate a(t)
between susceptible and infected individuals. At the same time, we consider the costs associated
with applying control measures. Taking both objectives into account, we define the following

functional to be minimized,

T T+
F(a,vs,vR,qr) =/ / /Ali(t,T,p) dpdr dt
o Jo Ja
T

(5.2)

+

1 1
+ / 5 (A203(6) + A0h(0) + Asa®(t) )t + / ~ Asgi(r) dr,
0 2 0 2
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where the constants Ay, As, Az, Ay, A5 represents weighing factors. We define the control set as
U= {(a, Vs, VR, q1) : a,vs,vr € L(0,T),qr € L>(0,71),0 < a(t) < a™,

5.3
0 <ws(t) <vy, 0<oR(t) <oy, 0< qr(t) < q1' }. (53)

5.1. Regularity and boundedness of state trajectories. To establish convergence and ensure
the existence of an optimal control for our model, it is essential to derive estimates for the norms
of the system’s state variables (we refer to [8] for further details). These estimates are presented
in Theorem Before presenting that result, we demonstrate that system admits a solution
that can be readily established using semigroup theory.

Let D; = (0,77) x Q and Dy = [0,7] x Q. We define the functional spaces H; = L*(Q) and
Hy = L?(D;). Based on these, we introduce the product space

HI:H1XH2XH1XH1XH1X{O},
which will serve as the state space for our system. The associated positive cone is defined as
H+ = H1+ X H2+ X H1+ X H1+ X H1+ X {0},

where Hi4 and Hoy are positive cones in Hy and Ha, respectively.
Let m = (1,510, sy Mas M5, 0) € H and 72 = (02,,M2,, 25, M245 M2, 0) € H, the inner product
on H is defined as
<77\1777\2>H = <n11a7721>H1 + <771237722>H2 + <771377723>H1 + <771477724>H1 + <77157n25>H17

where (-,-)g, and (-, )y, denote the usual inner product on H; = L?(Q) and Hy = L*(D;),
respectively. It is easy to check that with this inner product, H forms a Hilbert space. Define a
linear operator A : D(A) C H — H by

A(n) = {dSAnl (p), drAna(T, p) — M, doAns(p), drAna(p), dvAns(p),O}T, (5.4)

or
where n = {n1, 12,13, M4, 75,0} € H and domain of the operator A is given by
o2 on; ‘
D = H:Ane H — € H =0 =1,...,5}
("4) {77 € ne ) o € o, on PERN\Q (Z ) ) )}

Next, we define the non-linear operator P : [0,T] x H — H as follows:

—a(t)ni(p)(Pin2)(p) — vs(t)m(p) + ona(p)
» —ﬂ;((T))nz(T, p)( :
_ 212 )\p) — 0QM3\P
PED = Pa) () + oqms () — (vr(t) + O)mlp) | (5:5)
vs(t)ni(p) + vr(t)na(p)
a(t)m (p)(Pin2)(p) — n2(0, p)

where
4

(Pum)() = / " bl ) dr,
(Pama) () = / " (el ),

(Pyia) () = / " or()mlr,) dr.

Under this formulation, if we set w = (s,4,¢q,7,v,0) € H, the system (j5.1) can be expressed as an
abstract Cauchy problem
d
= = Aw(t) + Pt w(t),
w(0) =wy € Hy.
Next, we have the following result for the nonlinear operator P for the well-posedness of a mild
solution of the system (5.6]).

(5.6)
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Lemma 5.4. Under Assumptions and[5.3, the operator P is

(1) locally Lipschitz continuous in w for allt € [0,T;
(2) measurable in t for allw € H.

Moreover, there exists a constant C' > 0 such that P satisfies the growth condition
1P, w) g <CA+||w||g), foralltel0,T],we H. (5.7)

Proof. The local Lipschitz continuity follows directly from the Assumptions and Also,
continuity of the functions a(t),vs(t) and vg(t) guarantees that the operator P is measurable in
t for all w € H. Using boundedness of b(7) and Minkowski’s inequality we obtain

1(P1d) e, < 0™ () 2 gz,

Similarly, |[(Pei)|lz, < ¢ (r7)2il|m, and ||(P3i)|| g, < oM (77)/2||i||m,. Let the first compo-
nent of the operator P as

Pi(t,w) = —a(t)s(p)(Pri)(p) — vs(t)s(p) + or(p)-
Then using 0 < s(t, p) < 1, we obtain
1Pl < @™ (slla I Puill ) + w8 sl + oIl
< a™ WM ()2 il + 08 sl any + Sl

< Crlllsllen, + [l + {7/l &)

< Giljwllm
where C; = § max{v¥/, (a.b)M(77)1/2 §}. Proceeding in the same way for the other components
of P, we obtain the inequality (5.7) for some constant C' > 0. O

Remark 5.5. The growth condition on P prevents finite-time blow-up by ensuring the nonlinear
term doesn’t grow too rapidly compared to the linear dissipative effects. Without this bound,
solutions could become unbounded in finite time. A linear growth condition guarantees global
extendability of mild solutions.

Remark 5.6. From (5.7) note that we include a constant term alongside the norm to ensure the
estimate holds uniformly, especially when w is small or zero. This captures any fixed contributions
that may arise in P(¢,w) regardless of the size of w.

Lemma 5.7. The operator A defined in (5.4) generates a Cy semigroup denoted by Ta.
This result, and Lemma establish the existence of a mild solution to the system (5.6)).

Theorem 5.8. Under the Assumptions[2.3, and[5.3, for any initial condition wy € Hy, the
abstract Cauchy problem (5.6) admits a unique global mild solution

w e C([0,T]; H),
for any finite time T > 0. Moreover, the solution is given by
t
w(t) = Ta(t)wo + / Ta(t — s)P(s,w(s))ds.
0
Motivated by the approaches in [I3}[6], the following result establishes the uniform boundedness

and existence of strong solutions to the control system described by equation (|5.1)).

Theorem 5.9. Under Assumptions and if the initial data wy € D(A) N Hy, the
abstract Cauchy problem (5.6) admits a unique strong solution w = (s,14,q,r,v,0) such that

s,¢,7,v € X1NXoNXs and i€ L*((0,77); X1) N L>®((0,77); X2) N L>(Ds),
where Xy = L2(0, T; H2(Q)), Xa = L®(0,T; H'(2)), X3 = L=(Ds) and D3 = [0, T] x (0,7+) x Q.

Moreover, there exist a constant K > 0 independent of the control variables a,vg,vr and qr such
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that
Js
15 12202y + llsllxs + 5@l @) + llsllxs < K,

Jq

15 lz20a) + llallx + lla@® o) + llallx, < K,
or

157 2z + Il + llr @l @) + lIrllx < K, (5.8)
ov

157 1e2@2) + Ivllxy + ol @) + llvlix, < K,

HatnL? (D) + H HL2(D3 + llillvy + i@ llx. + llillys < K,
where Y1 = L*((0,7%); X1) and Y3 = L°°(D3),
We end this subsection by giving a remark justifying the regularity obtained in Theorem

Remark 5.10. In the above theorem, the spatial H?-regularity of the system’s state is obtained
using parabolic regularity theory. The L?-based estimates follow from standard energy methods,
while the L* bounds are derived using the maximum principle or the inherent boundedness of
the state variables.

5.2. Derivation of necessary conditions for optimality. In this subsection, we derive the
first-order necessary conditions that must be satisfied for the existence of an optimal control.

Let H = (hl,hg,h3,h4) where hl,hg,h3 S LOO([O,T]) and hy € LOO(O,T+). For 0 <e <1, we
define

a’(t) = a(t) + ehi(t), vs(t) =vs(t) + eha(t), vi(t) =vr(t) +ehs(t), qr(T) = qi(7) + eha(7).
Let U¢ = (a,vg,v%,47) and U = (a,vs,vgr,qr). To compute the derivative of the objective
functional F, it is necessary that the mapping (a,vs,vg,qr) — (s,4,q,7,v)[a,vs, VR, qr] be differ-
entiable. According to Theorem the map is Lipschitz continuous. Therefore, based on the
results in [3], it follows that the map is differentiable, and we can define the Gateaux derivatives
5,4,q,7 and ¥ such that

lim
e—0

[(s,i,q, r,0)[U€] —

€

(S’i’q’r’v)w]} = (3,4,q,7,0).

Hence, the directional derivative of F at U in the direction of H is

Fl(a USaURaQI

/ / /Alz t, T, p dpdrdt—i—/ (Agvs(t)hg(t) + Asvr(t)hs(t) +A4a(t)h1(t))dt (5.9)

+/ Asqr(1)ha(7) dr.
0
The variational linearized system that governs the derivatives (s,4,q,7,v) is

95(t, p)
ot

+ +

_dSAN@P)GUFUMﬁ[T MTﬁ@ﬂndeaﬂﬁﬁwﬁzj b(r)i(t, 7. p) dr

+

- hl (t)s(t7 P) /OT b(T)Z(t7 T, p) dr — US(t)g(tv p) - hQ(t)S(tv p) + 5?(157 p)a

di(t,7,p) , Oilt,T,p)
or ot

= d;Ai(t, T, p) — m(7)i(t, T, p) — ha(7)i(t, T, p),

+ +
q(t, _ i - T ‘ _
Wet) —doaatt. )+ [ arittrp)dr+ [ ha(rlitrp)dr - ot o),
0 0

a?gtv p) = dRA?(ta p) + /T O—I(T)g(tv T, p) dr + JQq(ta p) - (UR(t) + 5)F(t7 p) - h3(t)7"(t, p)»
0
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OUEL) — 311, p) + 05 0500, ) + hal0)s(t, ) + vr(E)F(E )+ his(0)r(t p),
3,0, p) = alt)s(t, p) /0 " WYt p) dr + a(t)3(E, p) /O )it p) dr

+

+ ha()s(t, p) / Wit p)dr, 120, peq
0

95(t,p) _ Oilt,m,p) _ 0q(t,p) _ OF(t,p) _ Ju(t,p)
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on on _ on _ on _ on =0, peRY\Q,
5(0, l)) = go(p)v Z(Ov T, p) = g0(7-7 p)7 q(ov p) = %(P)> ?(O’ ﬂ) = FO(p)v ﬁ(oa p) = i0(p)'

Our next goal is to derive the adjoint system associated with the control system given in (5.1)).
Let Y1 = L2(D2) and YQ = L2(D3) Then

<W — dsAs(t, p) + alt)s(t, p) /O © bt p) dr + alt)5(t,p) /0 C @it rp) dr

+

+ I (0)s(t, p) / bt 7, p) dr + vs ()5 (E, p) + Balt)s(ts p) — OT(E, ) 5" (1 p), =0

(stt.0).— (% ;t Db dss' (1) = a@)s"(tp) [ Ui p) i~ us)s”(1,0)) ), (510

Y1
+

/ / /+b< Jilt, T, p) dr + i (b)s(t, p>/T b(r)i(t, . p) dr ) 5" (£ p)dp

/ /h2 s(t, p)s tpdpdt—/ /(5Ttp (t,p)dpdt = 0.

By applying the same procedure to the remaining state variables, we obtain
di(t, T, di(t, T, - =
( Z(a: o) Z(atT O _ 4y 8i(t, 7, p) + ()it 7, p) + a7, ), 1, p), =0, (511)

< (.7 0), (Bi*(t T, p) di* (gtﬂp) + A At 7, p) —m(7)i*(t,7,p))>y2

/ / /h4 i*(t,7,p)dpdr dt = 0. (5.12)

+

(&~ dqn)att.p) - / aitrpdr = [ )it rp) dr +oqalt o (), =0,

0 0 1

< (aq*(ivp +doAqg*(t, p) — 004" (¢, ‘0)>>Y1
/ / (/OT i(t,,p) dT) *(t, p)dpdt (5.13)
/ / (/ it 7, p) dT) *(t, p)dpdt = 0.

<(%_dRA+UR( )+5) (t, )—/0 or(t )(t,r,p)dr—aQa(t,p)+h3(t)r(t,p),r*(t,p)> 1:0,
(7o), = (P2 4 dndsr*(1.) = (ot + ) >)>Y1

/ /QUQQ (t, p)r*(t, p)dpdt — / /Q / i(t, T, p)dT) “(t, p)dpdt (5.14)
+/0 /th(t)T(t,p)r*(t,p)dpdt:0.
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<@ — dy AT(t, p) — vs(t)3(L, p) — ha()s(t, p) — vr(D)F(E, p) — ha(D)r(t, p),v* (¢, p)>y1 —0,
ov*(t, p)

) _
<E(t7 p),— (# + dy Av*(t, p))>

Y1

[ [ (o505t -+ vntore. ) . ppapa (5.19
_ /OT/Q (hg(t)S(t, p) + hs(t)r(t, p))v*(t, p)dpdt = 0.

From these equations, the adjoint system corresponding to the control system ([5.1)) is

O] g5 (1,0) + 05 0)(5" (1) = 0" (1)) + al)s” () [ DUt p)
0

ot*(t, 7, p) n 0i*(t,7,p)
or ot

= —d; A (t, 7, p) + m(T)i*(t, 7, p) + a(t)b(7)s(t, p)s*(t, p)

—qr(1)g*(t, p) — or(T)r*(t, p) + Ax,
Iq*(t, p)

o —dQAq*(t,p) + aq(q"(t,p) — (L, p)), (5.16)
a/r* t’ * * * * *
% - _dRAT (tvp) + UR(t)(r (t, P) —-v (t,p)) + (5(7‘ (t,p) - (t,p))7
W = 7dVAU*(tap)a
9s*(t,p) _ 0i*(t,7,p) _ 0q*(t,p) _ Or*(t,p) _ Ov*(t,p) _ N
on ~ omn  On On  On 0. peRTAL
The corresponding transversality conditions are:
S*(T, ) = Z*(Ta B ) = q*(Tv ) = T*(Tv ) = ’U*(T, ) = i*('vTJra ) =0. (517)

We are now in a position to prove the existence of an optimal control for system ([5.1)).

5.3. Existence and characterization of the optimal control. This subsection demonstrates
the existence of an optimal control and provides its explicit characterization. We define

{I(G,US7UR,QI) o if (a” U57UR7QI) S u7
(0.0}

. (5.18)
otherwise.

F(G,US,’[}R,Q[) =

The existence of an optimal control is established by the following theorem.
Theorem 5.11. The control problem (b.1)), admits a solution (a*,v§, vE,qf) € U such that

. * * * *
min F(a,vs,vR,qr) = F(a*,vs,vg,q7)-
(a,vs,vR,q1)EU

This establishes that (a*,vE, v, qy) is the required optimal control that minimizes our objective
functional.

Proof. We let | = (a,vs,vr,qr) € U. By the definition of U, it follows that the control variables
a,vg,vg and ¢y are uniformly bounded. Hence from [I8] these exists a minimizing sequence
1 = (a(™), vén),vgl), q}n)) such that

lim F a(”)m("),v("), My = inf F(a,vs,vR,qr). 5.19

n—oo ( S R ) (a,vs,vR,q1)EU ( SHUR qI) ( )
We define a space H = L ([0, T]) x L>([0,T]) x L>=([0,T]) x L>=(0,71). Since {(™ is a minimizing
sequence, we obtain that a(™), v(S"), UJ(R" are uniformly bounded in L*([0, T]) and ¢\™ is uniformly
bounded in L% (0,77). Then, from the Banach-Alaoglu theorem, we can extract a subsequence

1) = (™), T o0 4 such that

1) = (a*,vg,vg,q7) weakly in H.
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Since U is convex and closed in ﬁ, *el.

Let w™) = (s(”k),i("k),q(”k),r(”k),v("k ) be the solution of the system corresponding
to the sequence ("), ie., s = s(l(”k)) i) = = il k)) ¢ = q(l("k)), rn") = r(l(”k))
and v = v(l(”k)). By applying Theorem and Arzela-Ascoli theorem we conclude that
s(”k), i(”k), q("k), ™) and v are continuous, uniformly bounded and relatively compact. Hence
there exists a subsequence w(”M) of w™") such that w(”kT) — W* = (Sk, bk, Gx, T, Vx). By conti-
nuity of state variables, we obtain s, = s(I*), i.x = i(l*), ¢« = ¢(I*), r« = r(I*) and v, = v(I*). We

(a(m)’ U(Sm) (m) _(m)

relabel the subsequence w®") by w(™) = ,q; ) for ease of notation. Using lower

semi-continuity of a?,v%,v% and ¢?, we have

T T T T
/O (v5(t))2dt < liminf /O (W™ (1))t /0 (v (t)%dt < lim inf /0 (W' (1)),

m—00 m—o0
T T Tt s+ (5.20)
/ (a*(t))%dt < lim inf / (a'™ (£))2dt, / (¢f(t))dt < liminf / (g™ (£))2dt.
0 m— 00 0 0 m—00 0

Similarly, relabel ") by i) then we have

a vS’UR7qI

/ / /Alz* t,7,p) dpdelf—i—/ 7A5(q}(7'))2d7

+/ 5 (A (05 (0)? + Au(a”(9)? + As(R(9)? )

< hmmf/ / A A (¢, 7, p) dpdet+/ ! (Ag( (m)( )? +A3(vg%m)(t))2)dt (5.21)

m—r o0

/ L <m><>>dt+/ S As(a™) (7)) dr
0

= lim F(a(m),vg ), (m ),qyn))

m—r oo

= inf F(a,vs,vr,qr).
(a,vs5,vR,qr)€EU

Thus F(I*) < inf;ey F(1) and hence, I* is the optimal control that optimizes the objective function
F. U
Next, we present and prove a result that characterizes the optimal control explicitly.

Theorem 5.12. Let (s,e,q,r,v) and (s*,e*,q",r*,v*) be the solution of systems (5.1)) and (5.16]),
respectively. If I* = (a*,v%,vg, q7) is the optimal control that minimizes the objective function F,
then

9

a”(t) = max {O7min{ Jo (f7+ b(r)i(t, 7, p) dT) (t, ,O)S*(t,p)dp}}

vg(t) = max{O,min {v ,fQ e (U ))dp}}7

(v p))dp}}

(5.22)

vR(t) = max {0, min {

q;(7) :max{o,min{q% Jo Jaitt..p) [q (1:)—1 (t,ﬂp)]dpdt}}
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Proof. We have
T prt B T
F'(ayvs, vr, 41) = / / / Ai(t, 7 p) dpdrdt + / (Asvs()ha(t) + Asor(t)ha (1)
0 0 Q 0

+ Asa(t)ha (1)) di + /0 " A (D) ha(r) dr.

Using the adjoint system (5.16)), we obtain the expression

T et
/ / /Aﬂt 7,p) dpdr dt
/ / / (t,7,p 82 t 7:0) (g;’ ) + dr A (t, T, p)
—m(7)i*(t,7,p) — (t)b( )s(t, p)s™(t,p) + qr(1)q"(t, p) + or(1)r*(t, p)| dpdr dt
/ / st ) [220) 4 asast(t.p) — av)s” 2 " (@it 7o) dr
—os(t)(s" “(t,)) dpdt+/ / ; T doAg* (1, p)
—og(q* *(t, p)) dpdt—l—/ / +d Ar*(t, p)

— Rt (4, p) — 0" (1)) — ™ (£, p) — " (1)) dpdt+/0 /Qw,p)[

+ dy Av*(t, p)} dpdt.

It follows from ([5.10))-(5.15) that

[ [ i odpara
/ / h1 / i(t, T, p) dT) (t, p)s™(t, p)]dpdt

o[ [t )t 523
+/OT/Qh3(t)
+/T//Q (i

Putting (5.23) in the derivative of F we obtain

(t p “(t, p)
r(t,p) [r*(t, p) = " (t, )| dpat
hy t,7,p) [z*(t, T,p) — q" (¢, p)] dpdr dt.
F'(a, 05, vm, 1) = OT | /Q ( /0 VRV dr)s(t, p)s" (1. p)dp + Asa(t)|di
+ /T ha () [/ s(t, p) (s*(t,p) - v*(t,p))dp + szs(t)]dt
OT Q
/ h3<t>[ [ o) (1) = 070 ) dp -+ Ason(t)]ar

+/0 ha(T / / (t Tp *(t,T,p) — tp)}dpdt—FA:aQI( )}d

_l_
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Since I* = (a*, v§, v}, ¢7) minimizes the objective functional F, it follows that F'(a*, v%, v}, ¢7) >
0. Finally, by incorporating the control constraints specified in (5.3]), we obtain the control vari-
ables specified in ((5.22]). O

The structure of the optimal controls in reveals how intervention efforts respond to the
epidemic dynamics. The social distancing control a(t) is driven by the spatially aggregated in-
fection pressure, weighted by the susceptible population and the corresponding adjoint variable,
implying that distancing is intensified when reducing transmission yields a larger marginal benefit
relative to its cost. The vaccination controls vg(t) and vg(t), which depend on the difference
between the adjoint variables of the vaccinated and unvaccinated compartments, weighted by
the sizes of the susceptible and recovered populations, respectively. This indicates that vaccina-
tion effort is increased when transferring individuals into the vaccinated class produces a greater
epidemiological gain relative to vaccination cost.

The optimal quarantine strategy ¢(7) is determined by the cumulative contribution of infected
individuals at infection age 7 to the objective functional, weighted by the corresponding adjoint
variables. Consequently, infection stages that contribute more strongly to transmission or incur
higher epidemiological cost are assigned higher quarantine intensity, rather than applying isolation
uniformly across all stages of infection.

6. NUMERICAL SIMULATION

To explore the behavior of our model and demonstrate the numerical solution of the associ-
ated optimal control problem, we carried out numerical simulations using biologically realistic
parameter values, chosen to reflect the transmission dynamics of measles. The analysis is divided
into three main parts: (i) Examining disease persistence and elimination under different threshold
conditions, (ii) exploring the impact of infected individual mobility on spatial spread, and (iii)
assessing the role and evolution of time-dependent control strategies.

For the uncontrolled case, we applied an explicit finite difference scheme to solve the state system
(2.1). For the optimal control problem, we employed the well-established forward-backward sweep
method. This approach begins with an initial guess for the control variables. We then solve
the state equations forward in time, followed by backward integration of the adjoint system
using the computed state solutions. Finally, the control variables are updated based on these
solutions. This process is repeated until successive control approximations converge to within a
specified tolerance. Further details on the forward-backward sweep method can be found in [I8].

The time domain, spatial domain, and infection-age domain are considered as [0, 7] = [0, 100],
Q=10,L] =[0,10], and [0,7"] = [0, 28], respectively. The initial state of the model is taken as
So(p) = 0.9 + 0.05sin (@), Io(, p) = 0.01e=%57 4+ 0.05 sin (E),
L L (6.1)
-(r—%) WAS (T2 '
Qo(p) =0.01e"Y"2) Ry(p) = 0.01cos (i) . Ro(p) =0.02sin (f) .

To keep the model computationally manageable and also since there is no strong biological
evidence suggesting significant differences in the spatial movement of various population groups
during measles transmission, we use the same diffusion rate d; for all compartments. This sim-
plification enables us to focus more effectively on the age structure of infections and the role of
control strategies. Based on Assumptions [2.2] and 2:3] along with available epidemiological data
on measles, we have chosen the parameter values listed in Table

The infection-age dependent transmission rate is taken as () = 2~ (T=10°/8 ¢, (7) = 0.2¢70-2",
Mortality rate due to infection is taken as d(7) = 0.001e~9%97. The recovery rate of infected in-
dividuals is taken as o7(7) = & - X[14,21](7), where

1 if 7 e [14,21],

0 otherwise.

X[14,21] (1) = {

n
Also, we define total infected population at time ¢ and location p by Lot (t, p) = fOT I(t,7,p)dr.
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TABLE 1. Model parameters, units, and values used in simulations.

Symbol | Units Value(Case 1/Case 2)
A individuals/day 0.005/0.05
] day—! 0.02/0.005
Vg day~1 0.2/0.02
VR daby’1 0.05
5 | day! 0.05

oQ day! 0.1
dq km? /day 0.1
T days 100

Tt days 28
L km 10

6.1. Influence of Ry on Disease dynamics. Figure [l| shows the temporal dynamics of the
compartments S, I, Q, R and V at the location p = 4.898. From Remark regarding the Ry,
we have two cases:

Case 1 (Sub-threshold). With mortality rate u = 0.02, vaccination rate vg = 0.2 and recruit-
ment rate A = 0.005, we obtain Ry = 0.32859 < 1. Figure[Ifa) depicts this scenario, where the
infection fails to sustain itself and quickly dies out. The susceptible population declines slightly
before stabilizing, while the infected, quarantined, and recovered classes decay to near-zero levels.
The vaccinated population initially increases due to the strong vaccination rate and later stabi-
lizes as disease transmission ceases. This behavior is consistent with theoretical expectations for
sub-threshold dynamics.

Case 2 (Super-threshold). When the recruitment rate is increased to A = 0.05, the mortality
reduced to u = 0.005, and the vaccination rate lowered to vg = 0.02, the basic reproduction number
rises to Ro = 37.5049 > 1. Figure (b) illustrates this case, where the infection persists over time,
with the infected population showing oscillatory behavior instead of dying out. All compartments
demonstrate sustained temporal dynamics: susceptibles fluctuate, indicating recurrent infection
waves; quarantined and recovered individuals also oscillate due to ongoing transmission and control
interactions. The vaccinated population steadily increases as vaccination continues, though not
enough to bring Ry below 1. These dynamics confirm that the disease becomes endemic in the
population.

State dynamics at p = 4.898

State dynamics at p = 4.898

o
o

oS
~

Population proportion
S
Population proportion

0.2

. . . .
0 20 40 60 80 100 0 20 40 60 80 100
Time Time

(a) Case 1: Rp <1 (b) Case 2: Ry >1

FI1GURE 1. Temporal dynamics of all state variables at p = 4.898.

6.2. Impact of infected population mobility on spatiotemporal spread of infection. To
examine how the mobility of infected individuals influences spatial transmission, we simulate the
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model under two diffusion rates for the infected class: d;y = 0.01 and d; = 0.5. Other parameters
are fixed as in Case 2 (i.e., Ro > 1). Figure|2|illustrates the resulting spatiotemporal dynamics of
the total infected population I (¢, p).

In Figure[2(a) for low mobility (d; = 0.01), the infection remains spatially localized and displays
sharp peaks over space, indicating limited spread. The outbreak is concentrated around regions of
initial infection, and the spatial heterogeneity is more pronounced. This reflects minimal mixing
of infected individuals across the domain.

In contrast, Figure b)7 corresponding to high mobility (dy = 0.5), shows a smoother, more
widespread infection profile. The infected individuals diffuse more uniformly across space, causing
the disease burden to distribute more evenly. Although the spatial peaks are less sharp, the
infection persists for longer durations across the domain due to greater mixing and seeding of new
regions.

When d, = 0.01 When d, = 0.5
4 4
5 3.5 5 35
4 3 4 3
= 3 25 = 3 25
F2 - 2 F2 - 2
1 1.5 1 1.5
0 0
100 i 100 !
10 10
& 05 55 05
5 5
Time t 0 o Space p Time t 0 o Space p
(a) Case 1: dy = 0.01 (b) Case 2: dy =0.5.

Fi1GURE 2. Effect of diffusion coefficient d; on the spatiotemporal spread of infection.

Remark 6.1. These findings underscore the critical role of infected population mobility in shaping
the spatiotemporal dynamics of disease transmission. Higher diffusion rates facilitate broader and
more persistent spatial spread, enabling the infection to sustain itself even when localized outbreaks
subside. This insight is valuable for designing spatially targeted interventions, such as regional
lockdowns or mobility restrictions, and for anticipating potential hotspots or secondary waves of
infection.

6.3. Evolution of optimal control variables. Figure |3|illustrates the evolution of the optimal
control variables over time and infection age. The upper bounds for all controls are uniformly set
as aM = vg/[ = v% = q}\/f = 1. Also, we chose the objective weights to be A = Ay = A3 = A, =1

and As = 0.1. Other parameters are also chosen as per Case 2 (i.e., Ry > 1).

Remark 6.2. To reflect the biological effectiveness of stage-specific interventions, we assign a
lower weight to the infection-age dependent control g;(7) by choosing a small value for As. As-
signing a lower value to As makes the model more inclined to apply stronger isolation measures
based on infection age, especially during periods of high infectivity (e.g., rash phase in measles,
which lasts between 14-21 days). Biologically, this means focusing efforts on isolating individuals
when they are most contagious, rather than applying broad, costly interventions. This targeted
strategy helps in reducing transmission efficiently while controlling overall costs.

Figure a) represents the trajectory of the control function a(t), which modulates the effective
contact rate. The curve initially dips, followed by a rise around the middle of the simulation
horizon, and gradually decreases thereafter. This non-monotonic behavior suggests that moderate
efforts to reduce transmission should begin early and be intensified during the critical phase of
infection spread, followed by a less aggressive strategy once the disease burden diminishes.
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Figure b) displays the vaccination rate of susceptible, vg(t). The curve starts at a higher
value, indicating an early push to vaccinate the susceptible population to curb transmission. As
time progresses, the rate declines steadily, reflecting that most susceptible individuals are either
vaccinated or have exited the susceptible class due to infection or other transitions. The decay in
the curve is smooth, suggesting a sustained but diminishing effort as the population’s susceptibility
diminishes.

Figure c) shows the control vg(t), the vaccination rate for recovered individuals, possibly
due to waning immunity or incomplete natural immunity. The curve remains low throughout the
simulation but shows a small peak in the early phase. The relatively small magnitude of vg(¢)
reflects that post-recovery vaccination is not a dominant intervention in the optimal strategy,
either due to the low risk of reinfection or lower cost-effectiveness compared to other controls.
The optimal strategy favors vaccinating recovered individuals primarily in the intermediate phase
of the epidemic when their population is substantial.

Figure d) depicts the infection-age dependent quarantine control ¢;(7). This function varies
with infection age and exhibits peaks during the mid-age of infection, particularly between days
10 and 20, which is aligned with the period of highest infectivity. This targeted approach high-
lights the value of age-dependent interventions that concentrate resources during the most critical
window of transmission.

Optimal Control a(t) Optimal Control v(t)

0.3

0.07

0.25
02
Zo015

0.1

0.05 |

0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 10 20 30 40 50 0 10 20 30 40 50
Time t Time t
(a) Social distancing control (b) Vaccination control (Susceptible)

©10° Optimal Control vR(t) Optimal Control ql(r)

1

0.8

‘\;& :g_ 04f

sk

02

2t

1 or

0 : ‘ ‘ : 0.2 : : : ‘ ‘

0 10 20 30 40 50 0 5 10 15 20 25 30

Time t Infection age
(¢) Vaccination control (Recovered) (d) Quarantine control

F1cURE 3. Dynamics of control variables.

7. DISCUSSIONS AND CONCLUDING REMARKS

Infectious disease dynamics are often influenced not just by who is infected, but by how long
individuals have been infected. The notion of infection age offers a crucial structural variable
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for modeling the progression of disease, capturing changes in infectiousness, symptom severity,
and responsiveness to interventions over time. In this study, we proposed a novel infection-
age structured reaction-diffusion model to examine the spatiotemporal spread of disease under
the combined influence of vaccination, quarantine, and recovery-driven mechanisms. Our goal
was to explore how the timing and nature of interventions, such as contact reduction, targeted
vaccination, and stage-specific isolation, shape the overall epidemic trajectory when infectivity
varies throughout the course of infection.

Through the threshold analysis, we derived the basic reproduction number Ry, which governs
whether the disease will persist or die out. The structure of Ry reveals its sensitivity to the
recruitment rate of susceptible individuals and the extent of vaccination coverage. Since our
model incorporates realistic assumptions and captures essential features of disease spread, it offers
valuable insight for policymakers. In particular, it can help design vaccination campaigns that are
both cost-effective and epidemiologically sufficient, enabling optimal use of public health resources
without unnecessary overspending.

Building on this threshold-based understanding, our optimal control analysis further highlights
how carefully timed and targeted interventions can suppress disease transmission without incurring
high costs. The structure of the optimal controls in our model reveals how intervention strategies
adapt dynamically based on the interaction between state and adjoint variables. The control
a*(t), tied to contact reduction, is most active when both susceptibility and infection levels are
high, reflecting its maximal impact during peak transmission. The vaccination controls v§(t) and
vh(t) are guided by the gap between adjoint and state variables, prioritizing vaccination when
it yields the greatest marginal benefit. Meanwhile, the infection-age dependent quarantine ¢j(7)
targets the period of peak infectiousness, ensuring isolation is applied when most effective. These
structure-driven strategies allow for more efficient resource allocation, directing control efforts to
where they are most needed.

To demonstrate the applicability of our model, we simulated its behavior under parameter val-
ues suitable for measles, a well-studied disease with strong infection- age dynamics. Our results
showed that early and aggressive contact reduction and susceptible vaccination are vital for out-
break control. Among all interventions, the infection-age dependent quarantine proved especially
effective during the peak infectious window (days 10-20), aligning with the known epidemiology of
measles. These findings reinforce the importance of age-targeted public health responses and sup-
port real-world strategies that focus on isolating high-risk individuals rather than implementing
broad, costly interventions.

Overall, this study emphasizes the significance of infection age, spatial diffusion, and targeted
control in managing infectious diseases. While our model captures key features of infection pro-
gression and spatial transmission, it remains idealized in several respects. It does not account for
host heterogeneity, behavioral adaptation, or stochastic variation. Moreover, parameter estima-
tion is limited by the availability of infection-age-structured data in real-world settings. Future
extensions may involve time-varying diffusion, demographic heterogeneity, and data-driven cali-
bration, which would enhance both the predictive power and the applicability of the model in
public health planning.
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