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GROWTH OF (q,3,7)-ORDER SOLUTIONS TO COMPLEX LINEAR
DIFFERENTIAL EQUATIONS WITH ANALYTIC COEFFICIENTS
IN THE UNIT DISC

AMINA HALIMA ARROUCHE, BENHARRAT BELAIDI

ABSTRACT. In this article, we investigate the growth of solutions of higher-order complex linear
differential equations in the unit disc, with analytic coefficients of finite («,3,v)-order. By
using the concepts of («a, 8, 7)-order and («, 3, )-type, we establish new results concerning the
growth of such solutions. Our results extend and generalize earlier works of Heittokangas et al.,
Hamouda, Semochko, Tu and Huang, as well as those of the second author with Biswas.

1. INTRODUCTION AND DEFINITIONS

Throughout this article, we assume that the reader is familiar with the basic concepts, notation,
and fundamental results of Nevanlinna theory in the complex plane and in the unit disc A = {z €
C : |z] < 1}; see for example, [I8] 201 2T, 25| 26] B2] B6].

For k > 2, we consider the complex linear differential equation

PO+ a7 4+ Ao(2)f =0, (1.1)

where the coefficients A; (j = 0,1,...,k — 1) are analytic in the unit disc A. It is well known
that every solution of (|1.1) is analytic in A, and that the equation possesses exactly k linearly
independent solutions (see [21]). The study of growth and oscillation of solutions of complex linear
differential equations in the unit disc has developed rapidly since the 1980s, see [29]. A systematic
investigation in this direction was initiated by Heittokangas [21], who introduced suitable function
spaces to describe the growth of solutions when the coefficients A; (5 = 0,1,...,k — 1) of
are analytic functions in A.

To state the following results, we recall the notion for iterated p-order and iterated p-type of
analytic functions in A. For x € [0,+00) and k € N, where N denotes the set of all positive inte-
gers, the k—fold iterated exponential is recursively defined by exp!*! z := exp(exp[k_l] x) and for
sufficiently large = € (0, +00), the k-fold iterated logarithm is defined by log*! z := log(log* ! ).
We adopt the conventions log[O] Ti=u, log[fl] z =expx, expl” z := z and expl~ z := log z.

Let f be a nonconstant analytic function in A. The iterated p-order of f is defined by

. logl" ™! M (r, f)
om,p(f) == limsup ——————=,
o(f) ro1-  —log(l—r)
where M (r, f) = max|;|—, |f(2)| denotes the maximum modulus of f.

The iterated p-type of f in A, under the assumption 0 < gar,(f) < 400, is defined by
Ta,p(f) = limsup(1l — r)QMvP(f) log[p] M(r, f).

r—1-

peEN,

Subsequently, Heittokangas et al. [23] investigated the iterated p-order of solutions of equation
(1.1), for k£ > 2, assuming that the coefficient Ay is dominant. Their result shows that the growth
of every nontrivial solution is completely determined by the iterated p-order of Ag.
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Theorem 1.1 ([23]). Let p € N. If the coefficients Ag, A1, ..., Ax—1 are analytic functions in A
such that onrp(Aj) < omp(Ao) forall j=1,...,k—1, then every solution f # 0 of (1.1) satisfies
omp+1(f) = onrp(Ao).

Observe that, under the assumptions of Theorem Ag(z) is the unique dominant coefficient.
Later, Hamouda [I9] extended Theorem by allowing more than one dominant coefficient,
replacing strict dominance by suitable conditions involving iterated p-order and iterated p-type.
He proved the following theorem.

Theorem 1.2 ([19]). Let p € N. If the coefficients Ao, A1, ..., Ar—_1 are analytic functions in A
such that

QM,P(AJ')SQM@(AO)<007 j:17°"7k_]-7
max{7arp(A4;) : omp(A45) = onr,p(Ao) > 0} < Tarp(Ao),
then every solution f £ 0 of satisfies ot p+1(f) = onr,p(Ao).

Various further extensions of Theorems and were obtained using the notion of [p, ¢]-
order, see for example [2 B [ 27, B3]. However, these growth indicators are not sufficient to
describe arbitrary growth behaviour. In fact, it was shown in [16, Example 1.4], that for every
p € N there exist functions whose iterated p-order and [p, ¢]-order are both infinite. To overcome
this limitation, Chyzhykov and Semochko [16] introduced the concept of p-order, which provides a
more flexible scale for measuring growth, see also [30]. Using this notion, Semochko [30] obtained a
result that improves the above-mentioned theorem of Heittokangas et al. by relaxing the dominance
condition on the coefficients.

Let ® be the class of positive, increasing and unbounded functions ¢ on (0,+0c0) such that
o(e') is slowly growing, i.e.

ct
lim p(c)

=1V 0.
t—+oo @(et) €=

Let ¢ be an increasing unbounded function on (0,+00). The gp-orders of an analytic function f
in A are defined by [30]

p(M(r, f) 4

5L (f) = limsup p(log M(r, f))

@g(f) = lim sup

ro1- —log(l— 7“)’ ¢ rs1— —log(l—r) .
If f is meromorphic in A, then the p-orders are defined by
. eT(va) ) T r, f
Q?o(f):hmsupu, Q:a(f)zhrnsupu7
r—1— = log(l - T) r—1- = log(l - 7")

where T'(r, f) denotes the Nevanlinna characteristic function of f.
Note that if p(r) = log[p‘m r, p € Ny and f is an analytic function in A, then

00 (f) = omp(f) and . (f) = ompr1(f)-

The following theorem due to Semochko [30] used the concept of p-order which improves Theorem

T

Theorem 1.3 ([30]). Let ¢ € ® and let Ay, A1,...,Ak_1 be analytic functions in A such that
max{g)(4;),j = 1,...,k =1} < §2(Ao). Then, every solution f # 0 of (L) satisfies o,,(f) =
50

Qg,(Ao)-

The generalized (a, 8)-order of an entire function was introduced by Sheremeta [31], and has
been studied extensively in recent years; see, for instance, [I0, [IT]. Applications of this concept
to differential equations were initiated by Mulyava et al. [28], who applied the («, 8)-order to
the study of solutions of certain second-order heterogeneous differential equations and obtained
several remarkable results. For details on the (a, 8) -order, we refer to [Bl [7, 28] [31].

Motivated by these developments, we study equation within a more general growth frame-
work. The main purpose of the present paper is to investigate the growth of nontrivial solutions
of equation in the unit disc in terms of their (a, 8,7)-order and (a, 8,7)-type. Our results
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extend and unify several earlier theorems concerning iterated p-order, [p, gl-order, and ¢-order,
and provide a more general description of the growth behaviour of solutions in the unit disc.

Let L be the class of continuous, non-negative functions « : (—oo, +00) — [0, +00) such that
a(z) = a(xg) > 0 for z < xg and ax) T +o00 as zg < ¢ — 4+oo. We say that « € Ly, if « € L
and a(a +b) < ala) + a(b) + ¢ for all a,b > Ry and fixed ¢ € (0,+00). Further, we say that
a€ Ly, ifae L and a(z+0(1)) = (1 +o(1))a(z) as  — +oo. Finally, a € L3, if « € L and «
is subadditive, that is, a(a + b) < a(a) + a(b) for all a,b > Ry. Clearly L3 C Ly. Particularly, if
« € L, then for any integer m > 2, a(mr) < ma(r).

Concavity also implies subadditivity: if a(r) is concave on [0, +00) with «(0) > 0, then a(tz) >
ta(x), for t € [0, 1], which yields

ala+b) < ala) + ald)
for a,b > 0. Moreover, if « is non-decreasing, subadditive, and unbounded, then for any Ry > 0
a(r) < a(r+ Ro) < a(r) + a(Ry)

hence a(r) ~ a(r + Ry) as r — +o0.
We assume throughout this paper that «, § and 7 satisfy the following conditions:
(i) « € Ly, B € Lo, and «y € Ls; and
(i) a(log? z) = o(B(log¥(x))), p > 2, a(logz) = ofa(x)) and o~ (kz) = o(a~'(x)) (0 < k <
1) as ¢ — +o0.
Unless otherwise stated, we assume these conditions hold.

Recently, Heittokangas et al. [24] introduced the concept of p-order of entire and meromorphic
functions, where ¢ is a subadditive function. Building on this idea, the second author and Biswas
[6] introduced the (a, B, v)-order of meromorphic functions in the complex plane. Several works
concerning the growth of solutions of higher-order differential equations in terms of the («, 5, 7)-
order have since appeared; see [0, [8, [9].

Using these notions, Biswas et al. introduced the («, 3,7)-order and (a, 3,7)-type of analytic
functions f in the unit disc A as follows.

Definition 1.4 ([I2]). The (a, 3,7)-order denoted by 0(4,s,+)[f] of a meromorphic function f in
A is defined by

— fim sup 20g T(r /)
oepenlf] =limsup 20 )

If f is an analytic function in A, then the («, 8, v)-order is defined by

s @U0g M (r, £)
] = s = e (=)

Example 1.5. We consider the analytic function

() = exp[4]{1%z}, 2 eA.

(M)
%(a,8,7)

This function satisfies

1.
From this, one obtains that the classical iterated order of order 2 (hyper-order) satisfies

. logl® M T,
om,2(f) =limsup gil(f)
r—1- 10g 1—r

o logt(exp{ L))
= lim sup T
r—1- log =

1
exp{—=

= lim sup # = 400,

ro1-  log T—r

M(r. f) = max |(2)] = explH —
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and similarly oj7,(3,2)(f) is also infinite, since

log™l M(r, f)
2] 1
1—r
log! (expl{ 1 })

2] 1
1—r

OM,[3,2] (f) = limsup [
r—1- log

= lim sup [
r—1- log
1

= limsup ——"— = 4o0.

r—1- log[g] lir

On the other hand, if we choose
a(r) =log®r,  B(r) =logPlr, ~(r)=r,
we obtain

(D o1 i sup 20087 M 1)
O(a,8,7) )= h:iil,lp Blogv(1%))

log?® (log!? exp4{—-1)

= lim sup 1or
r—l1- log[2] (log ﬁ)
log[g] lir
= limsup ———— = 1.
r—1- log[ ]

-r

Therefore, the generalized («, 3,7)-order provides a finer scale for measuring growth in the unit
disc. For the function considered above, both the classical hyper-order and the classical [3, 2]-order
are infinite, while the generalized («, 3, v)-order exists and equals 1.

Similar to Definition we can also define the (a(log), 8,7)-order of a meromorphic function
fin A in the following way.

Definition 1.6. If f is a meromorphic function in A, then

) a(log[g] T(Ta f))
O(a(log),8,7) Lf] = limsup ————-"=.
(a(log),5,7)f] r1- Bllogy (1))

If f is an analytic function in A, then

(3]
(M) iy a(log™ M(r, f))
O(a(log),B,7) 1= h:isll—lp m

Proposition 1.7. If f is an analytic function in A, then

_ M)
0at1on). 81 /] = Cla(iog) o ]
Proof. For nonconstant analytic function f in A, it is well known that [20]

T(r,1) < log M(r, /) < =

TR, f) (0<r<R<1).

- T

Choosing R = 11, we obtain

1+3rT 147

T(r, £) < log M(r, /) < T T(—

[ (1.2)

Using the double inequality (1.2]) and the property

ala+b) < ala)+ a(d) + ¢



EJDE-2026/46 GROWTH OF («, 8,v)-ORDER SOLUTIONS TO COMPLEX DIFFERENTIAL EQUATIONS 5

for all a,b > Ry and for some fixed ¢ € (0, 4+00), we derive
a(log® T(r, f))
Blog¥(:35))
a(log™ M(r, 1))
B(log (%))
- a(logh 2 +10g® T(H~, f) + 0(1))

1—r

2
- Bliog1(15)) (13)
B a(log? 1) . a(log® T(H-, f)) c
= Blogy(:%5))  Blogy(:))  Bllogr(s))
_ a(log? L) a(log? T2, ) . Blog (%)) c
Bllogy(15))  Blogr(=))  Bllog(i=))  Blogy(:))
Since 7(+2) < 29(£), B+ O(1)) = (1 + o(1))B(z) and
a(log® z) = o(B(logy(x)) asz = 1% — 400 whenr— 17,
letting » — 1~ and taking the limit superior in yields the desired equality. O

Proposition 1.8. Let f1 and fy be nonconstant meromorphic functions in A, and let 9.4, g ~)[f1]
and 9(a,8,~) [f2] denote their (o, 8,v)-order. Then

(1) 0(a.py)f1 £ f2] < max{o(a,p.)[f1]; 0. [f2l}s
(i) 0(a,pmf1 - f2] < max{o(a,p.y)[f1]; 0(a.pq[f2]}s
(iil) If 0(a,p,y) 1] # O(a,p.y)[f2], then

Q(a,ﬁ,'y) [fl + f2] = max{g(a,ﬁ,’y) [f1]7 Q(a,ﬁ,'y) [fQ]}v
(iv) If 0(a,p,)[f1] 7 0(a,p,y)[f2]; then
0.8 f1 - fo] = max{owa, g [f1], 0(a,8.)[f2]}

Proof. Without loss of generality, assume that 0.4, 5.)[f1] < 0(a,8,9)[f2] < +00. By the definition
of the (o, 8,+)-order, for any € > 0, as r — 1~

7(r, 1) < exp {o (00w sl il + S)BlI0g7 () } (14)
and

7, 12) < exp {0~ ((0(ap0 o) + $)Bl0g () . (15)

Since T'(r, f1 + f2) < T(r, f1) + T(r, f2) + log 2, it follows from (1.4)) and (1.5)), as » — 1~

T(r, fi % 12) < 2exp {0 (oo [f2] + S)Bllog (7)) } +log2.

For r sufficiently close to 1, this implies
_ 1
T(r, fi % f2) < exp {7 ((eqap o] + )BlI0g 1(7—)) }-
Therefore,

O(IoB T(r, f £ 2)) < (000 2] +2)8 (108 7(12-).

Taking the limit superior as » — 17, we obtain
logT +
lim sup a(log T(r, f11 12))
r—1- ﬁ(lOg’V(l_r))

< Opmlfe] +e

Since ¢ > 0 is arbitrary,
O(a,8,)f1 £ fo] < max{o(a,g)[f1]; 0.8, f2]}- (1.6)
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Furthermore, without loss of generality, assume that o(a,g+)[f1] < 0(a,8.1)[f2] < +oo and
set f(z) = fi(z) £ f2(2). By (L6) we obtain that o g)[f] < 0(a,p)[f2]- Since fa(z) =
+(f(2) — f1(2)) another application of (1.6]) gives

O(a,B,7) [f2] < maX{«Q(a,ﬁ,'y) [f]v O(a,B,7) [fl]}
Because 9(a,3,7)[f1] < 0(a,,y)[f2], it follows that o(a.g.)[f2] < 0(a,,y)[f]. Thus,
(.81 = 0(a,8,7 [ f2] = max{o(,6,7) [f1], 0(a,8.7) [f2]}-

Similarly, since T'(r, f1 - fo) < T(r, f1) + T(r, f2), we obtain

(a5, 1+ f2] < max{o(a,5,)[f1], 0(ap4)[f2]}
If 0(a,8,7)[f1] # 0(a,8,y)[f2], then the same argument as above yields

O(a,B,7) [fl : f2] = maX{Q(a,ﬁ,fy) [fl}v O(a,,7) [fQ]}
This completes the proof. O

Definition 1.9 ([12]). The (o, 3,7)-type denoted by 7(4 g,)[f] of a meromorphic function f in
A with 0 < 9(q,8,4)[f] < +00 is defined by

exp (a(log T(r, f))) |
(exp (Blog ()

If f is an analytic function in A with QE;\% I [f] € (0,400), then the («, B,7)-type of f is defined
by

T(a,8,7)[f] = limsup

r—1-

(2]
M . exp (a(log™ M(r, f))
T(((X’,B),’,y) [f] = lim sup ( (M?

r—1- <exp (6(log'y(1i7,)))>g(wm[f]'

Similar to Definition we can also define the (a(log), 3,7)-type of a meromorphic function
fin A in the following way.

Definition 1.10. The (a(log), 3,v)-type denoted by T((i0g),s,v)[f] of a meromorphic function f
in A with 0 < 9(a(l0g),8,7)[f] < 00 is defined by

exp (oz(logm T(r, f)))
(a(log),8,m 1"
)

T(a(log),8,y [f] = lim bﬁp
r— (exp (ﬁ(logfy(lir))

If f is an analytic function in A with gé‘g(log)ﬂﬁ)[f] = O(a(log),8,7)f] € (0,+00), then the
(a(log), B, v)-type of f is defined by

[3]
(M) ) exp (a(log M(r, f)))
T(a(log) 8,7 /] = limsup

- 0L omy.p. 1
" (exp (Blog ()

Remark 1.11. The («, 8, v)-order provides a generalized logarithmic-iteration scale for describing
the growth of analytic and meromorphic functions in the unit disc, extending the classical notions
of order, iterated p-order, and [p, g]-order. In contrast, the integrated growth theory developed
by Chyzhykov, Gréhn, Heittokangas and Réttya [I7] is based on integral characteristics involving
logarithmic derivatives rather than on an explicit iteration-based scale. Consequently, the two
approaches capture different aspects of growth behavior, although potential connections between
them remain largely unexplored. Establishing such connections may provide further insight into
the interplay between growth and oscillation phenomena in complex analysis.

More recently, growth problems have also been investigated in the broader setting of nonlinear
partial differential equations in several complex variables. Xu and his collaborators obtained
explicit descriptions and existence criteria for transcendental entire solutions of various classes of
nonlinear PDEs in C? and C3, together with detailed analyses of their growth properties [34] [35].
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These developments further illustrate the importance of growth-theoretic methods in the study of
complex differential equations.

The remainder of the paper is organized as follows. Section 2 contains the main results, Section
3 presents several auxiliary lemmas, and Section 4 is devoted to the proofs of the main theorems.

2. MAIN RESULTS

In this section, we present the main results of the paper. The following theorems generalize
Theorems and [33, Theorem 2.3]. They may also be regarded as analogues in the unit disc
of the corresponding results obtained in [9] for entire functions.

Theorem 2.1. Let Ag(z), A1(2),. .., Ax—1(2) be analytic functions in A such that
M . M
max{ggmgﬁ)[Aj] j=1,...k=1} < an,g,y)[AO]-

Then every solution f(z) # 0 of (L.1) satisfies

(1) e
O(a(1og).8.7) 1 = €(a,5.4)[Ao]-

Remark 2.2. By choosing a(r) = log? "' (p > 1 is an integer) and 3(r) = y(r) = r in Theorem
we recover Theorem . Furthermore, by taking a(r) = p(expl? r), where ¢ € ®, and
assuming that « satisfies conditions (i) and (ii), while setting S(r) = ~(r) = r, Theorem
reduces to Theorem [L.3]

Theorem 2.3. Let Ayg(z), A1(2),..., Ax—1(2) be analytic functions. Assume that

max{o(n) [Aj]:j=1,....k—1} <02} [AJ =00 (0< go < +00)

and

M M M M
max{r") [A;]: o) 1A = ot} Ao} < 72 Aol =m0 (0 <70 < +00).

Then every solution f(z) £ 0 of (1.1) satisfies ng(fog),m)[f] = ggi{;m [Ao].

Remark 2.4. By choosing a(r) = log? "7 (p > 1 is an integer) and S(r) = ~(r) = r in Theorem
we recover Theorem Furthermore, by taking a(r) = log? !y and B(r) = loglt=H p
(p > q > 1, where p and ¢ are integers) and y(r) = r, [33, Theorem 2.3 | follows as a special case
of Theorem

By combining Theorems [2.1] and we obtain the following result.

Corollary 2.5. Let Ap(2),A1(2),...,Ax—1(z) be analytic functions. Assume that either

M ) M
max{ggmgﬁ) [A4]:5=1,..., k—1} < ggm) [Ao] = 00 < +00,

B)
or
max{ggi\fgﬁ) [A;]:7=1,...,k—1} < QE(]X;W) [Ao] = 00 < +o0 (0 < gg < +0)
and
M M M
max{7a 34l Ol = €fa3 o]}
(M)
< Tapm Aol

=7 (0<79<+400).

Then every solution f(z) £ 0 of (1.1) satisfies ng(fog),m)[f] = Qgg{/)?,'v) [Ao].
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3. AUXILIARY LEMMAS

In this section, we present several lemmas that will be needed later. The following lemma is a
direct consequence of [I5, Theorem 3.1].

Lemma 3.1 ([15]). Let k and j be integers satisfying k > j > 0, and let e > 0 and d € (0,1). If
f is a meromorphic in A such that fU) £ 0, then

0 (2) 1 |24 I k—j
‘f(j)(z)| = [(1 — |Z‘) maX{log ?MaT(SOZDaf)H

for |z| & F, where F C [0,1) is a set of finite logarithmic measure my(F) = [
F

dr
1—

— < 00, and where

s(|z]) =1 —=d(1 —r). Moreover, if o(f) < oo, then

|f(’“>(2)‘ < (LD
e ! =T |

Lemma 3.2 ([20, 21]). Let f be a nonconstant meromorphic function in the unit disc A and let
k € N. Then
)
r

m(r, =) = S, f),

where S(r, f) = O(og T(r, f) +1og(1=)), possibly outside a set Fy C [0,1) with finite logarithmic
measure.

Here, we present a generalized lemma on the logarithmic derivative in terms of the («, 3,7)-
order in the unit disc A.

Lemma 3.3. Let f be a meromorphic function in A of order o(a(og),5,y[f] = 0" and k € N.
Then, for any given € > 0,

L) =0(ew {o (e + 980087 0) ).

outside, possibly, an exceptional set Fy C [0,1) of finite logarithmic measure.

m(r

Proof. Let k = 1. By the definition of the generalized («(log), 5, v)-order

- a(log¥ T(r, 1))
O(a(log),B, [f] = limsup ————7"3* = 0",
(allog).6,7) r—1- B(IOg'Y(lir))
it follows that for any € > 0 and all r sufficiently close to 1,

a(log[z] T(r, f)) < (0" + 5)50‘-”%’7(%))

Since « is increasing and invertible, we obtain

log? 7(r, 1) < o [(0" +)8 (log (=),
and consequently,
T(r, f) < exp!? {a‘l [(g* +5)ﬂ(10g’y(%))] } (3.1)
From and Lemma of the logarithmic derivative and the assumption

a(log[g] z) = o(B(log(z)) asz = % — 400 whenr— 17,

we deduce that
1
m(r,=) =O0(logT(r, )+ log(——)
( f) ( L=r ) (3.2)

= 0((expla™l((¢" + 2)BMog1())}). T ¢ Fa

where Fy C [0,1) is of finite linear logarithmic measure.
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Now assume that for some k € N,

(k)
)
Since N(r, f*)) < (k4 1)N(r, f), we have

T(r, f*) = m(r, f%) + N(r, )

m(r, - O(exp {ofl((g* + s)ﬂ(log'y(%_r))) }) r ¢ Fy. (3.3)

f®)
<m(r. )+ mlr )+ (k+ DN (. f)
< (k4 V70, ) + 0 exp {0 (0 + )87 (=) })
and hence, by ,
T(r, 19) = 0 exp? {a~ (0" +9)Bllogr(—)) }). (3.4)

Applying the logarithmic derivative lemma to f*) and using ([B4)), we obtain

D )y
T? f(k) ) = m(rﬂ (f(k.))

= O(log T(r, ) +log(1—) (35)

= 0(expfo™ (0" +Bllogr(—}), 7 ¢ P

Finally, combining (3.3 and (3.5, we obtain

(k+1) (k+1) (k)
ff Smr,f —i—m(r,f—)

iR i

= 0(ep{a((e" +)Bll0gr(;—0)}). réEo

This completes the induction and hence the proof. O

m(

mir,

To avoid some problems of the exceptional sets, we need the following lemma.

Lemma 3.4 ([I, 21]). Let g:[0,1) — R and h: [0,1) — R be monotone non-decreasing functions
such that g(r) < h(r) holds outside of an exceptional set F5 C [0,1) of finite logarithmic measure.
Then there exists a d € (0,1) such that if s(r) = 1—d(1—r), then g(r) < h(s(r)) for all r € [0,1).

Lemma 3.5. Let f be a nonconstant meromorphic function in A. Then 0. [f'] = 0(a,8,7)[f]-

Proof. Let 9(a,3,y)[f] = 0. By the definition of the («, 3,v)-order, for any given € > 0 and all r
sufficiently close to 1,

allog(r, ) < (0 +2)5(log (1)),

which implies

log 7(r, ) < o~ [(0 + )8 (Tog v(1))] (3.6)
Clearly,
T(r, f') <2T(r, f) +m(r, f7)

By Lemma |3.2| on the logarithmic derivative, we obtain
1
log T(r, f') < og T(r, f) +log { O log T(r: £) + log(1—) ) } + O(1)

< 1ogT(r, ) + g™ T(r, ) +1og (1) + O(1), ¢ Fy.
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Using (3.6)), together with the assumption

aflog? 2) = o(Blog(x) asa=

-Tr

— 400 when r — 17,

it follows that 1

g T(r. ) < o™ (e +40)8(1log (7)) |, ¢ B, (3.7)
where Fy C [0,1) is a set of finite logarithmic measure. By Lemma choosing d = 1/2 and for
all 7 € [0,1) , inequality (3.7) yields

logT(r, f) <a™! :(ng 45)B(log’y( ! ))}

1—s(r)
<at :(Q+4e)6(1ogv(l_(1_1%(1_T))))] (3.8)
<™ [(o+42)8 (107 (7))
Since (12:) < 29(1L) and
B(z+0(1) = (1 +0(1))B(z) asz= 1% 400 whenr— 17,
we obtain
a(log T(r, f') < (0 + 4e 5(10 )
< (0+42)8( log ( ))
— (0+4¢ ﬁ<10g2+log’y ! —))
= (0+49)8(0(1) +log (5 ! —))
— (o +4e)(1 + 0(1))ﬁ<log7(1%r))~
Consequently,

a(log T(r, f)
Blogv(1=))

Since € > 0 is arbitrary, we conclude that o(a g)[f'] < 0(a,8,)[f]-
We now prove the reverse inequality 0(a,5.)[f'] > 0(a,p.4)[f]- Let 0(,p[f'] = o'. By defini-
tion, for any given € > 0 and as r — 17, we have

70, ) < exp {a (o' +2)8 (107 (;2) ]} (39)
By a result of Chuang in [14) Theorem 4.1] (see also [I3} p. 281]),
T, f) <O(T(2 1) 4 loa(11)), r o1 (3.10)

) together with S(x + O(1)) = (1 + o(1))B(x) and the assumption

< (o+4e)(1+0(1)).

Using 7(1%) < 4v(v5;
1
a(logm z) =o(B(logvy(z)) asz= T +oo whenr— 17,

we deduce from (3.9)) and ( - ) that -
76r.9) < 0 exp {a”' (¢ + 98 (=) ) + o ;=)

<o (o2 [i0 -2 s ()]}
<exp {ofl [(@’ +2e)(1+ 00))5(@7(%))} }
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Consequently,

log T(r, ) < o~ [(¢' +26)(1 + 0(1))8 (o v(7-) ).

and hence
allogT(r, ) < (¢ +22)(1 + o(1)B(logr (7)), 71",

Since, € > 0 is arbitrary, this yields o(a,8,4)[f'] > 0(a,8,1)[f]. Combining both inequalities, we
conclude that 9(4 g.1)[f'] = 0(a,8,)[f] Which completes the proof. O

Remark 3.6. From Lemma one readily deduces that o(a(iog),8,7)[f"] = 0(a(og),,v)[f], Where
f is a meromorphic function in A.

Lemma 3.7. Let f be an analytic function in the unit disc A such that 0 < 984; " [f] = 0 < +o0.

Then, for any 0 < pu < o, there exists a set I C [0,1) of infinite logarithmic measure my(I) =
f] dr — 450, such that for all v € I one has

1—r

a(logm M(r, f)) > uﬂ(logv(liir))-

Proof. By the definition of the limit superior, there exists an increasing sequence {r,,} with
rm — 17 as m — +oo such that

1—(1- %)(1 —Tm) < Fma1
and
o log® M(ry, £))
m=+o0” B (log 7 (1))
Hence, there exists an integer mg such that for all m > mg and for any given e satisfying 0 < € <
0~ K

o (108 M(rm, £)) > (2= )8 (logy(7—)). (3.11)
For r € [ry,,1 — (1 — £)(1 = r,,)], we observe that
ey PQoer((—)=)

m=too f(logy(11))

Therefore, for a given p with 0 < p < ¢ — ¢, there exists an integer m, such that for m > m, we

have
B(logy((1 - 1) 1%)) w
B(logy(1%)) o—¢
Combining and for all m > mgy := max{mg, m1} and for any

T E [rm,1—(1— %)(1 —rm)]s

(3.12)

we obtain

a(logm M(r, f)) > a<log[2] M (7, f))

> (0 — E)B(log'y(

)

1—r,
> (0 )6(log (1~ —)1)
> (0—e)— B(logv(f;))

= uﬁ(logv(%_r))-
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Finally, let I = U=, I, where I, = [ry,, 1 — (1 — L)(1 = r,,)]. Then,

m=msg

“+oo +oo
dr m
my(I) = / = log (——) = +oo.
m;2 1, 1—r m;@ (m—l)
This completes the proof. O

Lemma 3.8. Let f be an analytic function in A with gg{; M [f] =0 € (0,+00) and T(((iwﬁ) v [f] €
(M)

(0,+00). Then for any given w < Tlafr) [f], there exists a set I; C [0,1) of infinite logarithmic
measure such that for all r € I

o {010 0) > 0 {58 () )

Proof. By the definition of the generalized (a, 8, v)-type,

) exp (« log[2] M(r, f)
T((;\/’Iﬂ)ﬁ) [f] = limsup (o (1212

T (e (B0 (1)) )

)

(/]

(M)
where 0 = ¢, 5 ) [f]-
The argument used in the proof of Lemma can then be applied verbatim to the above
lim sup. Therefore, for every w < T((iv,[/;ﬂ) [f], there exists a set I; C [0,1) of infinite logarithmic
measure such that

exp{oz(logm(M(r, f)))} > w(exp {B(log (*y(li )))})Q

r

for all » € I;. This completes the proof. O

Lemma 3.9 ([22]). Let f be a solution of equation (L), where the coefficients Aj(z) (j =
0,...,k — 1) are analytic functions on the disc A = {z € C : |z|] < R},0 < R < oo. Let
ne € {1,...,k} be the number of nonzero coefficients A;j(z) (j =0,...,k—1), and let 6 € [0, 27)
and ¢ > 0. If zg = ve' € Apg is such that Aj(zg) # 0 for some j = 0,...,k — 1, then for all
v<r<R,

e < Cexp (e [

where C' > 0 is a constant satisfying

max |Aj(tei9)\k+jdt),

FRREE

(4)
C<(+e) max ( ' [ (z0)] ! )
IZ0e B M (ne)  max [ Ap(ze)| P

Lemma 3.10. Let Ao(z),A1(2),...,Ax—1(2) be analytic functions in the disc A. Then every
nontrivial solution f of (1.1) satisfies

(M) (M) .
O(a(log),f.) [f] < max {g(aﬁﬂ) [4,],7=0,...,k— 1}.

Proof. Set ¢ = max{ggi/%m [4;],7=0,...,k—1}. Let f # 0 be a solution of (L.1]). Let 6, € [0, 27|

be such that |f(re?®)| = M(r, f). By Lemma we have

MO, ) < Coxp (ne [ 14,0 5 a)

v J=0,...,

< Cexp (nc/ _Inax 1(M(r, A;)) = dt) (3.13)
v §=0, k-
< Cexp

(nc(r —v) j:(g’r}?’)lccil M(r, Aj)).

By the definition of 984; I [4;],

M(r, A;) < expl? {a_1<(g+ %)5(@;%&))) } =0, k-1 (3.14)
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holds for all € > 0 and all r sufficiently close to 1. Hence from and ( - we obtain

(1)
Oalog) s 1 S 0+ e

Since € > 0 is arbitrary, we obtain the desired result
M M }
0 og s ] < max{ol') [A;],j=0,...,k—1}. O
4. PROOF OF MAIN RESULTS

Proof of Theorem[2.1] Set o; = Qgi/% 4] (G =0,....,k—1) and ¢} = Qgﬁfog) s lfl-

First, we prove that gf > 0. Suppose the contrary 0% 7 < 0o- Let f # 0 be a solution of .
In accordance with (| ., we have

M (2) FE V() f'(z)
Ag(2)| < — |+ Az . 4.1
\ou||f@ o A @IS (41)
Since the functions A; are analytic in A and satisfy ¢; < g0 (j = 1,...,k — 1), there exists a
constant A\; > 0 such that g; <A <o (j =1,...,k—1). Hence, as r — 17,

M(r, A;) < exp? {a_l()\lﬁ(log'y(ﬁ)))}. (4.2)

Without loss of generality, we assume that

|+ [Ax-1 ()l

,Qjc < A1 < 0. (43)

Applying Lemma to the coefficient Ap(z) with a constant Ay satisfying A1 < Ay < gg, we
obtain

M(r,Ag) > expl? {ofl (Agﬂ(log’y(%)n}, rel, r—17, (4.4)

where I C [0,1) is a set of infinite logarithmic measure. The Lemma implies the following
estimate for j =1,...,k
£9 ()

1 E j
| f(Z) = ((1 — |2;|)2Jr T($(|Z|),f)) ’ |Z| ¢ Fa (45)

where F' C [0,1) is a set of finite logarithmic measure.
Since I'\ F has infinite logarithmic measure, there exists a sequence {z,} with |z,| =r, € I\ F
such that r,, = 17. Let s(|zn|) = Ry. Then 1 — |z,| = —R,),de (0,1).

(
Using - ., . together with assumption (4 , we derive from that
d
exp® {o~! (Ae8(loe 7 (- >))}
k

() (i)

)
S T )
)) )

%gf%QHTmJ Cexpt [ Qﬁ@m( )}

IN

- Ry

k((%)weexpm {a—l((Q}+5)6(logv Rn ))

x expl? {orl ()\15<10g7(1 _an)»}
< ((exp {a™! (0 +€)Bllog (5 _an )) })]m

< expl? {a—l ((>\1 + 25)ﬂ(10g’}/(

IN

SO R € IVE Ry

By the arbitrariness of € > 0 and the monotonicity of the function o', we obtain that A\; > As.
This contradiction proves the inequality g9 < 0}-
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Second, we prove that gg > g;. By using Lemma |3.10} we obtain

* M M . M
o = an(%og),ﬁﬁ) [/l max{gga’;ﬁ) [Aj}’] =0,....k-1}= QEO«%W) [4o] = co-

From the last inequality and go < o}, we obtain ¢} = o, that is ggiﬁog)ﬁm [f] = Qgﬁ%ﬁ) [Ao]. O

Proof of Theorem[2.3 Suppose that f is a nontrivial solution of (1.1)). From (L.I)), we can write

® () P0G @)
TR Ra=toll o G

o)) < | o

. (4.6)

If
max{ggi{;ﬁ) [4jl.5=1,.... k- 1} < QEQV%W) [4o] = 00 < +o0,
then by Theorem we obtain that

(M) _ (M)
O a(iog), 8,1 = a5 Aol
Suppose that

max{ggi{;ﬁ) [4,i=1,....k—1} = QEQ/{L)%,V) [Ao] = 00 < 00

and

M M M M
max {T((%[;m [4;]: an,;q) [4;] = QE%%W) [Ao] >0} < T((a)ﬂ)m [Ap] = 70 < +00.

First, we prove that

x _ (M) (M) _
0f = Qa(log).8,7) [ﬁ > Q(a.B,7) [AO] = Qo-

Suppose on the contrary 0y = ng(fog),g,y) [f] < QE(]K;W) [Ag] = 0o. By assumption, there exists a
set K C {1,2,...,k— 1} such that

M M M M .
oah il = olal) TAol = 00, T 1Al <) Al j € K,
M M .
oinlh A < oldl)h (Ao =00, €12, k—1}\ K.

Thus, we choose A3 and A4 satisfying

[A)]:j e K} <3 <M <70 [Ao] = 70

(a,B,7)

(M)
maX{T(aﬁﬂ)

For r — 17, we have

|4;(2)| < expl? {a_l(log (Ag(exp (6(log7(1 i T))))QO))}, jeEK (4.7)

and

|4;(2)| < exp!? {a‘l (fﬁ(log ’Y(%))) }

= expl? {a_1<log (exp (ﬂ(log W(i))))g) } (4.8)

< exp? {a " (Tog (Asfexp((log 7(7=—)))) }

for j € {1,2,...,k — 1} \ K, where 0 < £ < go. By Lemma [3.8] there exists a set I; C [0,1) with
infinite logarithmic measure, such that for all » € Iy, it holds

40(2)] > exp {a" (1o (Aa(exp(3loa (=) )) } (4.9)
By 7 the following estimate holds for j =1,...,k,
f(]) (Z) 1 24 J
o S (Gop) TG0, 0) s el ¢ F (4.10)
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where F' C [0,1) is a set of finite logarithmic measure. By (4.10) and the Definition of
(a(log), B,7)-order of £, for any given e € (0, max{21522, gy — 0%7}), as s(|z[) — 17 we have

f(J (Z) 1 2+e J
o= (=) e, )

< (exp[z] {oﬂ((@; +€)B(log7(1_i(|zl))>)})k+l, j=1,... k.

Since I \ F' is of infinite logarithmic measure, there exists a sequence {z,} with |z,| =7, € [\ F
such that r, — 17. Settmg s |zn\) Rn, we obtaln 1—|z,| = 2(1 = Ry), d € (0,1). Therefore,

by substituting (4.7 . and (| into , we obtain, for R, € I} \ F with R,, — 1~

that d
exp[z] {a‘l (log (M(exp(ﬁ(log’y(l — Rn))))go>)}

< kexpl? {a_l <log (Ag(exp (5(10%’?(1 _an))))QOD}

(4.11)

[2] -1 * 1 k1 (412)
< (e {o™ (g} + 218108 2(7=7,))) }]
mn
_ d
< exp {a™ (1og (A + 22) (exp(Bllog (=) ) ) }-
From (4.12), we obtain that A3 > A4. This contradiction implies
(M) (M)
Qaiog),s.m) 1 Z €(a,5,7) [Ao]-
On the other hand, by Lemma we obtain that
(M) (M) C_ _
O(aion), 5 /] < max{0(a,5 45,5 = 1} = 0farp o]
Hence every nontrivial solution f of (1.1 satisfies g(a(fog)’ﬁﬂ) [f] = ggi/[; ” [Ao]. O

5. CONCLUSION

The results obtained in this paper describe the growth of solutions in terms of the generalized
(a, B,7y)-order under suitable dominance conditions on the coefficients. Several questions remain
open. In particular, it would be interesting to investigate whether these results can be extended
to other generalized growth scales and growth—oscillation frameworks, including those considered
by Chyzhykov et al. [I7]. Their theory is based on integrated estimates involving logarithmic
derivatives, whereas the present work relies on a logarithmic-iteration scale. Such investigations
may lead to a deeper understanding of the relationships between different growth theories and the
oscillatory behavior of solutions of complex differential equations.

Acknowledgments. The authors would like to express their sincere gratitude to the anonymous
reviewers for their insightful comments and constructive suggestions, which have significantly
improved the quality and clarity of this article.
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