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GROWTH OF (α, β, γ)-ORDER SOLUTIONS TO COMPLEX LINEAR

DIFFERENTIAL EQUATIONS WITH ANALYTIC COEFFICIENTS

IN THE UNIT DISC

AMINA HALIMA ARROUCHE, BENHARRAT BELAÏDI

Abstract. In this article, we investigate the growth of solutions of higher-order complex linear

differential equations in the unit disc, with analytic coefficients of finite (α, β, γ)-order. By
using the concepts of (α, β, γ)-order and (α, β, γ)-type, we establish new results concerning the

growth of such solutions. Our results extend and generalize earlier works of Heittokangas et al.,

Hamouda, Semochko, Tu and Huang, as well as those of the second author with Biswas.

1. Introduction and definitions

Throughout this article, we assume that the reader is familiar with the basic concepts, notation,
and fundamental results of Nevanlinna theory in the complex plane and in the unit disc ∆ = {z ∈
C : |z| < 1}; see for example, [18, 20, 21, 25, 26, 32, 36].

For k ≥ 2, we consider the complex linear differential equation

f (k) +Ak−1(z)f
(k−1) + · · ·+A0(z)f = 0, (1.1)

where the coefficients Aj (j = 0, 1, . . . , k − 1) are analytic in the unit disc ∆. It is well known
that every solution of (1.1) is analytic in ∆, and that the equation possesses exactly k linearly
independent solutions (see [21]). The study of growth and oscillation of solutions of complex linear
differential equations in the unit disc has developed rapidly since the 1980s, see [29]. A systematic
investigation in this direction was initiated by Heittokangas [21], who introduced suitable function
spaces to describe the growth of solutions when the coefficients Aj (j = 0, 1, . . . , k − 1) of (1.1)
are analytic functions in ∆.

To state the following results, we recall the notion for iterated p-order and iterated p-type of
analytic functions in ∆. For x ∈ [0,+∞) and k ∈ N, where N denotes the set of all positive inte-
gers, the k−fold iterated exponential is recursively defined by exp[k] x := exp(exp[k−1] x) and for

sufficiently large x ∈ (0,+∞), the k-fold iterated logarithm is defined by log[k] x := log(log[k−1] x).

We adopt the conventions log[0] x := x, log[−1] x = expx, exp[0] x := x and exp[−1] x := log x.
Let f be a nonconstant analytic function in ∆. The iterated p-order of f is defined by

ϱM,p(f) := lim sup
r→1−

log[p+1] M(r, f)

− log(1− r)
, p ∈ N,

where M(r, f) = max|z|=r |f(z)| denotes the maximum modulus of f .
The iterated p-type of f in ∆, under the assumption 0 < ϱM,p(f) < +∞, is defined by

τM,p(f) = lim sup
r→1−

(1− r)ϱM,p(f) log[p] M(r, f).

Subsequently, Heittokangas et al. [23] investigated the iterated p-order of solutions of equation
(1.1), for k ≥ 2, assuming that the coefficient A0 is dominant. Their result shows that the growth
of every nontrivial solution is completely determined by the iterated p-order of A0.
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Theorem 1.1 ([23]). Let p ∈ N. If the coefficients A0, A1, . . . , Ak−1 are analytic functions in ∆
such that ϱM,p(Aj) < ϱM,p(A0) for all j = 1, . . . , k−1, then every solution f ̸≡ 0 of (1.1) satisfies
ϱM,p+1(f) = ϱM,p(A0).

Observe that, under the assumptions of Theorem 1.1, A0(z) is the unique dominant coefficient.
Later, Hamouda [19] extended Theorem 1.1 by allowing more than one dominant coefficient,
replacing strict dominance by suitable conditions involving iterated p-order and iterated p-type.
He proved the following theorem.

Theorem 1.2 ([19]). Let p ∈ N. If the coefficients A0, A1, . . . , Ak−1 are analytic functions in ∆
such that

ϱM,p(Aj) ≤ ϱM,p(A0) < ∞, j = 1, . . . , k − 1,

max{τM,p(Aj) : ϱM,p(Aj) = ϱM,p(A0) > 0} < τM,p(A0),

then every solution f ̸≡ 0 of (1.1) satisfies ϱM,p+1(f) = ϱM,p(A0).

Various further extensions of Theorems 1.1 and 1.2 were obtained using the notion of [p, q]-
order, see for example [2, 3, 4, 27, 33]. However, these growth indicators are not sufficient to
describe arbitrary growth behaviour. In fact, it was shown in [16, Example 1.4], that for every
p ∈ N there exist functions whose iterated p-order and [p, q]-order are both infinite. To overcome
this limitation, Chyzhykov and Semochko [16] introduced the concept of φ-order, which provides a
more flexible scale for measuring growth, see also [30]. Using this notion, Semochko [30] obtained a
result that improves the above-mentioned theorem of Heittokangas et al. by relaxing the dominance
condition on the coefficients.

Let Φ be the class of positive, increasing and unbounded functions φ on (0,+∞) such that
φ(et) is slowly growing, i.e.

lim
t→+∞

φ(ect)

φ(et)
= 1. ∀c > 0.

Let φ be an increasing unbounded function on (0,+∞). The φ-orders of an analytic function f
in ∆ are defined by [30]

ϱ̃0φ(f) = lim sup
r→1−

φ(M(r, f))

− log(1− r)
, ϱ̃1φ(f) = lim sup

r→1−

φ(logM(r, f))

− log(1− r)
.

If f is meromorphic in ∆, then the φ-orders are defined by

ϱ0φ(f) = lim sup
r→1−

φ(eT (r,f))

− log(1− r)
, ϱ1φ(f) = lim sup

r→1−

φ(T (r, f))

− log(1− r)
,

where T (r, f) denotes the Nevanlinna characteristic function of f .

Note that if φ(r) = log[p+1] r, p ∈ N, and f is an analytic function in ∆, then

ϱ̃0φ(f) = ϱM,p(f) and ϱ̃1φ(f) = ϱM,p+1(f).

The following theorem due to Semochko [30] used the concept of φ-order which improves Theorem
1.1.

Theorem 1.3 ([30]). Let φ ∈ Φ and let A0, A1, . . . , Ak−1 be analytic functions in ∆ such that
max{ϱ̃0φ(Aj), j = 1, . . . , k − 1} < ϱ̃0φ(A0). Then, every solution f ̸≡ 0 of (1.1) satisfies ϱ̃1φ(f) =

ϱ̃0φ(A0).

The generalized (α, β)-order of an entire function was introduced by Sheremeta [31], and has
been studied extensively in recent years; see, for instance, [10, 11]. Applications of this concept
to differential equations were initiated by Mulyava et al. [28], who applied the (α, β)-order to
the study of solutions of certain second-order heterogeneous differential equations and obtained
several remarkable results. For details on the (α, β) -order, we refer to [5, 7, 28, 31].

Motivated by these developments, we study equation (1.1) within a more general growth frame-
work. The main purpose of the present paper is to investigate the growth of nontrivial solutions
of equation (1.1) in the unit disc in terms of their (α, β, γ)-order and (α, β, γ)-type. Our results



EJDE-2026/46 GROWTH OF (α, β, γ)-ORDER SOLUTIONS TO COMPLEX DIFFERENTIAL EQUATIONS 3

extend and unify several earlier theorems concerning iterated p-order, [p, q]-order, and φ-order,
and provide a more general description of the growth behaviour of solutions in the unit disc.

Let L be the class of continuous, non-negative functions α : (−∞,+∞) → [0,+∞) such that
α(x) = α(x0) ≥ 0 for x ≤ x0 and α(x) ↑ +∞ as x0 ≤ x → +∞. We say that α ∈ L1, if α ∈ L
and α(a + b) ≤ α(a) + α(b) + c for all a, b ≥ R0 and fixed c ∈ (0,+∞). Further, we say that
α ∈ L2, if α ∈ L and α(x+ O(1)) = (1 + o(1))α(x) as x → +∞. Finally, α ∈ L3, if α ∈ L and α
is subadditive, that is, α(a+ b) ≤ α(a) + α(b) for all a, b ≥ R0. Clearly L3 ⊂ L1. Particularly, if
α ∈ L3, then for any integer m ≥ 2, α(mr) ≤ mα(r).

Concavity also implies subadditivity: if α(r) is concave on [0,+∞) with α(0) ≥ 0, then α(tx) ≥
tα(x), for t ∈ [0, 1], which yields

α(a+ b) ≤ α(a) + α(b)

for a, b ≥ 0. Moreover, if α is non-decreasing, subadditive, and unbounded, then for any R0 ≥ 0

α(r) ≤ α(r +R0) ≤ α(r) + α(R0)

hence α(r) ∼ α(r +R0) as r → +∞.
We assume throughout this paper that α, β and γ satisfy the following conditions:

(i) α ∈ L1, β ∈ L2, and γ ∈ L3; and

(ii) α(log[p] x) = o(β(log γ(x))), p ≥ 2, α(log x) = o(α(x)) and α−1(kx) = o(α−1(x)) (0 ≤ k <
1) as x → +∞.

Unless otherwise stated, we assume these conditions hold.
Recently, Heittokangas et al. [24] introduced the concept of φ-order of entire and meromorphic

functions, where φ is a subadditive function. Building on this idea, the second author and Biswas
[6] introduced the (α, β, γ)-order of meromorphic functions in the complex plane. Several works
concerning the growth of solutions of higher-order differential equations in terms of the (α, β, γ)-
order have since appeared; see [6, 8, 9].

Using these notions, Biswas et al. introduced the (α, β, γ)-order and (α, β, γ)-type of analytic
functions f in the unit disc ∆ as follows.

Definition 1.4 ([12]). The (α, β, γ)-order denoted by ϱ(α,β,γ)[f ] of a meromorphic function f in
∆ is defined by

ϱ(α,β,γ)[f ] = lim sup
r→1−

α(log T (r, f))

β(log γ( 1
1−r ))

.

If f is an analytic function in ∆, then the (α, β, γ)-order is defined by

ϱ
(M)
(α,β,γ)[f ] = lim sup

r→1−

α(log[2] M(r, f))

β(log γ( 1
1−r ))

.

Example 1.5. We consider the analytic function

f(z) = exp[4]{ 1

1− z
}, z ∈ ∆.

This function satisfies

M(r, f) = max
|z|=r

|f(z)| = exp[4]{ 1

1− r
}.

From this, one obtains that the classical iterated order of order 2 (hyper-order) satisfies

ϱM,2(f) = lim sup
r→1−

log[3] M(r, f)

log 1
1−r

= lim sup
r→1−

log[3](exp[4]{ 1
1−r})

log 1
1−r

= lim sup
r→1−

exp{ 1
1−r}

log 1
1−r

= +∞,
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and similarly ϱM,[3,2](f) is also infinite, since

ϱM,[3,2](f) = lim sup
r→1−

log[4] M(r, f)

log[2] 1
1−r

= lim sup
r→1−

log[4](exp[4]{ 1
1−r})

log[2] 1
1−r

= lim sup
r→1−

1
1−r

log[2] 1
1−r

= +∞.

On the other hand, if we choose

α(r) = log[5] r, β(r) = log[2] r, γ(r) = r,

we obtain

ϱ
(M)
(α,β,γ)[f ] = lim sup

r→1−

α(log[2] M(r, f))

β(log γ( 1
1−r ))

= lim sup
r→1−

log[5](log[2] exp[4]{ 1
1−r})

log[2](log 1
1−r )

= lim sup
r→1−

log[3] 1
1−r

log[3] 1
1−r

= 1.

Therefore, the generalized (α, β, γ)-order provides a finer scale for measuring growth in the unit
disc. For the function considered above, both the classical hyper-order and the classical [3, 2]-order
are infinite, while the generalized (α, β, γ)-order exists and equals 1.

Similar to Definition 1.4, we can also define the (α(log), β, γ)-order of a meromorphic function
f in ∆ in the following way.

Definition 1.6. If f is a meromorphic function in ∆, then

ϱ(α(log),β,γ)[f ] = lim sup
r→1−

α(log[2] T (r, f))

β(log γ( 1
1−r ))

.

If f is an analytic function in ∆, then

ϱ
(M)
(α(log),β,γ)[f ] = lim sup

r→1−

α(log[3] M(r, f))

β(log γ( 1
1−r ))

.

Proposition 1.7. If f is an analytic function in ∆, then

ϱ(α(log),β,γ)[f ] = ϱ
(M)
(α(log),β,γ)[f ].

Proof. For nonconstant analytic function f in ∆, it is well known that [20]

T (r, f) ≤ logM(r, f) ≤ R+ r

R− r
T (R, f) (0 < r < R < 1).

Choosing R = 1+r
2 , we obtain

T (r, f) ≤ logM(r, f) ≤ 1 + 3r

1− r
T (

1 + r

2
, f). (1.2)

Using the double inequality (1.2) and the property

α(a+ b) ≤ α(a) + α(b) + c
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for all a, b ≥ R0 and for some fixed c ∈ (0,+∞), we derive

α(log[2] T (r, f))

β(log γ( 1
1−r ))

≤ α(log[3] M(r, f))

β(log γ( 1
1−r ))

≤
α(log[2] 4

1−r + log[2] T ( 1+r
2 , f) +O(1))

β(log γ( 1
1−r ))

≤
α(log[2] 1

1−r )

β(log γ( 1
1−r ))

+
α(log[2] T ( 1+r

2 , f))

β(log γ( 1
1−r ))

+
c

β(log γ( 1
1−r ))

=
α(log[2] 1

1−r )

β(log γ( 1
1−r ))

+
α(log[2] T ( 1+r

2 , f))

β(log γ( 1
1− 1+r

2

))
·
β(log γ( 2

1−r ))

β(log γ( 1
1−r ))

+
c

β(log γ( 1
1−r ))

.

(1.3)

Since γ( 2
1−r ) ≤ 2γ( 1

1−r ), β(x+O(1)) = (1 + o(1))β(x) and

α(log[2] x) = o(β(log γ(x)) as x =
1

1− r
→ +∞ when r → 1−,

letting r → 1− and taking the limit superior in (1.3) yields the desired equality. □

Proposition 1.8. Let f1 and f2 be nonconstant meromorphic functions in ∆, and let ϱ(α,β,γ)[f1]
and ϱ(α,β,γ)[f2] denote their (α, β, γ)-order. Then

(i) ϱ(α,β,γ)[f1 ± f2] ≤ max{ϱ(α,β,γ)[f1], ϱ(α,β,γ)[f2]};
(ii) ϱ(α,β,γ)[f1 · f2] ≤ max{ϱ(α,β,γ)[f1], ϱ(α,β,γ)[f2]};
(iii) If ϱ(α,β,γ)[f1] ̸= ϱ(α,β,γ)[f2], then

ϱ(α,β,γ)[f1 ± f2] = max{ϱ(α,β,γ)[f1], ϱ(α,β,γ)[f2]};
(iv) If ϱ(α,β,γ)[f1] ̸= ϱ(α,β,γ)[f2], then

ϱ(α,β,γ)[f1 · f2] = max{ϱ(α,β,γ)[f1], ϱ(α,β,γ)[f2]}.

Proof. Without loss of generality, assume that ϱ(α,β,γ)[f1] ≤ ϱ(α,β,γ)[f2] < +∞. By the definition

of the (α, β, γ)-order, for any ε > 0, as r → 1−

T (r, f1) < exp
{
α−1

(
(ϱ(α,β,γ)[f1] +

ε

2
)β(log γ(

1

1− r
))
)}

(1.4)

and

T (r, f2) < exp
{
α−1

(
(ϱ(α,β,γ)[f2] +

ε

2
)β(log γ(

1

1− r
))
)}

. (1.5)

Since T (r, f1 ± f2) ≤ T (r, f1) + T (r, f2) + log 2, it follows from (1.4) and (1.5), as r → 1−

T (r, f1 ± f2) < 2 exp
{
α−1

(
(ϱ(α,β,γ)[f2] +

ε

2
)β(log γ(

1

1− r
))
)}

+ log 2.

For r sufficiently close to 1, this implies

T (r, f1 ± f2) < exp
{
α−1

(
(ϱ(α,β,γ)[f2] + ε)β(log γ(

1

1− r
))
)}

.

Therefore,

α(log T (r, f1 ± f2)) < (ϱ(α,β,γ)[f2] + ε)β
(
log γ(

1

1− r
)
)
.

Taking the limit superior as r → 1−, we obtain

lim sup
r→1−

α(log T (r, f1 ± f2))

β(log γ( 1
1−r ))

≤ ϱ(α,β,γ)[f2] + ε.

Since ε > 0 is arbitrary,

ϱ(α,β,γ)[f1 ± f2] ≤ max{ϱ(α,β,γ)[f1], ϱ(α,β,γ)[f2]}. (1.6)
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Furthermore, without loss of generality, assume that ϱ(α,β,γ)[f1] < ϱ(α,β,γ)[f2] < +∞ and
set f(z) = f1(z) ± f2(z). By (1.6) we obtain that ϱ(α,β,γ)[f ] ≤ ϱ(α,β,γ)[f2]. Since f2(z) =
±(f(z)− f1(z)) another application of (1.6) gives

ϱ(α,β,γ)[f2] ≤ max{ϱ(α,β,γ)[f ], ϱ(α,β,γ)[f1]}.
Because ϱ(α,β,γ)[f1] < ϱ(α,β,γ)[f2], it follows that ϱ(α,β,γ)[f2] ≤ ϱ(α,β,γ)[f ]. Thus,

ϱ(α,β,γ)[f ] = ϱ(α,β,γ)[f2] = max{ϱ(α,β,γ)[f1], ϱ(α,β,γ)[f2]}.
Similarly, since T (r, f1 · f2) ≤ T (r, f1) + T (r, f2), we obtain

ϱ(α,β,γ)[f1 · f2] ≤ max{ϱ(α,β,γ)[f1], ϱ(α,β,γ)[f2]}.
If ϱ(α,β,γ)[f1] ̸= ϱ(α,β,γ)[f2], then the same argument as above yields

ϱ(α,β,γ)[f1 · f2] = max{ϱ(α,β,γ)[f1], ϱ(α,β,γ)[f2]}.
This completes the proof. □

Definition 1.9 ([12]). The (α, β, γ)-type denoted by τ(α,β,γ)[f ] of a meromorphic function f in
∆ with 0 < ϱ(α,β,γ)[f ] < +∞ is defined by

τ(α,β,γ)[f ] = lim sup
r→1−

exp
(
α(log T (r, f))

)(
exp

(
β(log γ( 1

1−r ))
))ϱ(α,β,γ)[f ]

.

If f is an analytic function in ∆ with ϱ
(M)
(α,β,γ)[f ] ∈ (0,+∞), then the (α, β, γ)-type of f is defined

by

τ
(M)
(α,β,γ)[f ] = lim sup

r→1−

exp
(
α(log[2] M(r, f))

)
(
exp

(
β(log γ( 1

1−r ))
))ϱ

(M)

(α,β,γ)
[f ]

.

Similar to Definition 1.9, we can also define the (α(log), β, γ)-type of a meromorphic function
f in ∆ in the following way.

Definition 1.10. The (α(log), β, γ)-type denoted by τ(α(log),β,γ)[f ] of a meromorphic function f
in ∆ with 0 < ϱ(α(log),β,γ)[f ] < +∞ is defined by

τ(α(log),β,γ)[f ] = lim sup
r→1−

exp
(
α(log[2] T (r, f))

)(
exp

(
β(log γ( 1

1−r ))
))ϱ(α(log),β,γ)[f ]

.

If f is an analytic function in ∆ with ϱM(α(log),β,γ)[f ] = ϱ(α(log),β,γ)[f ] ∈ (0,+∞), then the

(α(log), β, γ)-type of f is defined by

τ
(M)
(α(log),β,γ)[f ] = lim sup

r→1−

exp
(
α(log[3] M(r, f))

)(
exp

(
β(log γ( 1

1−r ))
))ϱM

(α(log),β,γ)
[f ]

.

Remark 1.11. The (α, β, γ)-order provides a generalized logarithmic-iteration scale for describing
the growth of analytic and meromorphic functions in the unit disc, extending the classical notions
of order, iterated p-order, and [p, q]-order. In contrast, the integrated growth theory developed
by Chyzhykov, Gröhn, Heittokangas and Rättyä [17] is based on integral characteristics involving
logarithmic derivatives rather than on an explicit iteration-based scale. Consequently, the two
approaches capture different aspects of growth behavior, although potential connections between
them remain largely unexplored. Establishing such connections may provide further insight into
the interplay between growth and oscillation phenomena in complex analysis.

More recently, growth problems have also been investigated in the broader setting of nonlinear
partial differential equations in several complex variables. Xu and his collaborators obtained
explicit descriptions and existence criteria for transcendental entire solutions of various classes of
nonlinear PDEs in C2 and C3, together with detailed analyses of their growth properties [34, 35].
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These developments further illustrate the importance of growth-theoretic methods in the study of
complex differential equations.

The remainder of the paper is organized as follows. Section 2 contains the main results, Section
3 presents several auxiliary lemmas, and Section 4 is devoted to the proofs of the main theorems.

2. Main Results

In this section, we present the main results of the paper. The following theorems generalize
Theorems 1.1-1.3 and [33, Theorem 2.3]. They may also be regarded as analogues in the unit disc
of the corresponding results obtained in [9] for entire functions.

Theorem 2.1. Let A0(z), A1(z), . . . , Ak−1(z) be analytic functions in ∆ such that

max
{
ϱ
(M)
(α,β,γ)[Aj ] : j = 1, . . . , k − 1

}
< ϱ

(M)
(α,β,γ)[A0].

Then every solution f(z) ̸≡ 0 of (1.1) satisfies

ϱ
(M)
(α(log),β,γ)[f ] = ϱ

(M)
(α,β,γ)[A0].

Remark 2.2. By choosing α(r) = log[p−1] r (p ≥ 1 is an integer) and β(r) = γ(r) = r in Theorem
2.1, we recover Theorem 1.1 . Furthermore, by taking α(r) = φ(exp[2] r), where φ ∈ Φ, and
assuming that α satisfies conditions (i) and (ii), while setting β(r) = γ(r) = r, Theorem 2.1
reduces to Theorem 1.3.

Theorem 2.3. Let A0(z), A1(z), . . . , Ak−1(z) be analytic functions. Assume that

max{ϱ(M)
(α,β,γ)[Aj ] : j = 1, . . . , k − 1} ≤ ϱ

(M)
(α,β,γ)[A0] = ϱ0 (0 < ϱ0 < +∞)

and

max{τ (M)
(α,β,γ)[Aj ] : ϱ

(M)
(α,β,γ)[Aj ] = ϱ

(M)
(α,β,γ)[A0]} < τ

(M)
(α,β,γ)[A0] = τ0 (0 < τ0 < +∞).

Then every solution f(z) ̸≡ 0 of (1.1) satisfies ϱ
(M)
(α(log),β,γ)[f ] = ϱ

(M)
(α,β,γ)[A0].

Remark 2.4. By choosing α(r) = log[p−1] r (p ≥ 1 is an integer) and β(r) = γ(r) = r in Theorem

2.3, we recover Theorem 1.2. Furthermore, by taking α(r) = log[p−1] r and β(r) = log[q−1] r
(p ≥ q ≥ 1, where p and q are integers) and γ(r) = r, [33, Theorem 2.3 ] follows as a special case
of Theorem 2.3.

By combining Theorems 2.1 and 2.3, we obtain the following result.

Corollary 2.5. Let A0(z), A1(z), . . . , Ak−1(z) be analytic functions. Assume that either

max{ϱ(M)
(α,β,γ)[Aj ] : j = 1, . . . , k − 1} < ϱ

(M)
(α,β,γ)[A0] = ϱ0 < +∞,

or

max{ϱ(M)
(α,β,γ)[Aj ] : j = 1, . . . , k − 1} ≤ ϱ

(M)
(α,β,γ)[A0] = ϱ0 < +∞ (0 < ϱ0 < +∞)

and

max{τ (M)
(α,β,γ)[Aj ] : ϱ

(M)
(α,β,γ)[Aj ] = ϱ

(M)
(α,β,γ)[A0]}

< τ
(M)
(α,β,γ)[A0]

= τ0 (0 < τ0 < +∞).

Then every solution f(z) ̸≡ 0 of (1.1) satisfies ϱ
(M)
(α(log),β,γ)[f ] = ϱ

(M)
(α,β,γ)[A0].
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3. Auxiliary lemmas

In this section, we present several lemmas that will be needed later. The following lemma is a
direct consequence of [15, Theorem 3.1].

Lemma 3.1 ([15]). Let k and j be integers satisfying k > j ≥ 0, and let ε > 0 and d ∈ (0, 1). If
f is a meromorphic in ∆ such that f (j) ̸≡ 0, then∣∣f (k)(z)

f (j)(z)

∣∣ ≤ [( 1

1− |z|
)2+ε

max
{
log

1

1− |z|
;T (s(|z|), f)

}]k−j

for |z| ̸∈ F , where F ⊂ [0, 1) is a set of finite logarithmic measure ml(F ) =
∫
F

dr
1−r < ∞, and where

s(|z|) = 1− d(1− r). Moreover, if ϱ(f) < ∞, then∣∣f (k)(z)

f (j)(z)

∣∣ ≤ ( 1

1− |z|
)(k−j)(ϱ(f)+2+ε)

.

Lemma 3.2 ([20, 21]). Let f be a nonconstant meromorphic function in the unit disc ∆ and let
k ∈ N. Then

m(r,
f (k)

f
) = S(r, f),

where S(r, f) = O(log T (r, f) + log( 1
1−r )), possibly outside a set F1 ⊂ [0, 1) with finite logarithmic

measure.

Here, we present a generalized lemma on the logarithmic derivative in terms of the (α, β, γ)-
order in the unit disc ∆.

Lemma 3.3. Let f be a meromorphic function in ∆ of order ϱ(α(log),β,γ)[f ] = ϱ∗ and k ∈ N.
Then, for any given ε > 0,

m
(
r,
f (k)

f

)
= O

(
exp

{
α−1

(
(ϱ∗ + ε)β

(
log γ(

1

1− r
)
))})

,

outside, possibly, an exceptional set F2 ⊂ [0, 1) of finite logarithmic measure.

Proof. Let k = 1. By the definition of the generalized (α(log), β, γ)-order

ϱ(α(log),β,γ)[f ] = lim sup
r→1−

α
(
log[2] T (r, f)

)
β
(
log γ( 1

1−r )
) = ϱ∗,

it follows that for any ε > 0 and all r sufficiently close to 1,

α
(
log[2] T (r, f)

)
≤ (ϱ∗ + ε)β

(
log γ(

1

1− r
)
)
.

Since α is increasing and invertible, we obtain

log[2] T (r, f) ≤ α−1
[
(ϱ∗ + ε)β

(
log γ(

1

1− r
)
)]

,

and consequently,

T (r, f) ≤ exp[2]
{
α−1

[
(ϱ∗ + ε)β

(
log γ(

1

1− r
)
)]}

. (3.1)

From (3.1) and Lemma 3.2 of the logarithmic derivative and the assumption

α
(
log[2] x

)
= o(β(log γ(x)) as x =

1

1− r
→ +∞ when r → 1−,

we deduce that

m
(
r,
f ′

f

)
= O

(
log T (r, f) + log(

1

1− r
)
)

= O
(
exp{α−1((ϱ∗ + ε)β(log γ(

1

1− r
)))}

)
, r /∈ F2,

(3.2)

where F2 ⊂ [0, 1) is of finite linear logarithmic measure.



EJDE-2026/46 GROWTH OF (α, β, γ)-ORDER SOLUTIONS TO COMPLEX DIFFERENTIAL EQUATIONS 9

Now assume that for some k ∈ N,

m
(
r,
f (k)

f

)
= O

(
exp

{
α−1

(
(ϱ∗ + ε)β(log γ(

1

1− r
))
)})

, r /∈ F2. (3.3)

Since N(r, f (k)) ≤ (k + 1)N(r, f), we have

T (r, f (k)) = m(r, f (k)) +N(r, f (k))

≤ m(r,
f (k)

f
) +m(r, f) + (k + 1)N(r, f)

≤ (k + 1)T (r, f) +O
(
exp

{
α−1

(
(ϱ∗ + ε)β(log γ(

1

1− r
))
)})

and hence, by (3.1),

T (r, f (k)) = O
(
exp[2]

{
α−1

(
(ϱ∗ + ε)β(log γ(

1

1− r
))
)})

. (3.4)

Applying the logarithmic derivative lemma to f (k) and using (3.4), we obtain

m(r,
f (k+1)

f (k)
) = m(r,

(f (k))′

f (k)
)

= O(log T (r, f (k)) + log(
1

1− r
))

= O
(
exp{α−1((ϱ∗ + ε)β(log γ(

1

1− r
)))}

)
, r /∈ F2.

(3.5)

Finally, combining (3.3) and (3.5), we obtain

m(r,
f (k+1)

f
) ≤ m(r,

f (k+1)

f (k)
) +m(r,

f (k)

f
)

= O
(
exp

{
α−1

(
(ϱ∗ + ε)β(log γ(

1

1− r
))
)})

, r /∈ F2.

This completes the induction and hence the proof. □

To avoid some problems of the exceptional sets, we need the following lemma.

Lemma 3.4 ([1, 21]). Let g : [0, 1) 7→ R and h : [0, 1) 7→ R be monotone non-decreasing functions
such that g(r) ≤ h(r) holds outside of an exceptional set F3 ⊂ [0, 1) of finite logarithmic measure.
Then there exists a d ∈ (0, 1) such that if s(r) = 1−d(1− r), then g(r) ≤ h(s(r)) for all r ∈ [0, 1).

Lemma 3.5. Let f be a nonconstant meromorphic function in ∆. Then ϱ(α,β,γ)[f
′] = ϱ(α,β,γ)[f ].

Proof. Let ϱ(α,β,γ)[f ] = ϱ. By the definition of the (α, β, γ)-order, for any given ε > 0 and all r
sufficiently close to 1,

α(log T (r, f)) ≤ (ϱ+ ε)β
(
log γ(

1

1− r
)
)
,

which implies

log T (r, f) ≤ α−1
[
(ϱ+ ε)β

(
log γ(

1

1− r
)
)]

. (3.6)

Clearly,

T (r, f ′) ≤ 2T (r, f) +m(r,
f ′

f
).

By Lemma 3.2 on the logarithmic derivative, we obtain

log T (r, f ′) ≤ log T (r, f) + log
{
O
(
log T (r, f) + log(

1

1− r
)
)}

+O(1)

≤ log T (r, f) + log[2] T (r, f) + log[2](
1

1− r
) +O(1), r /∈ F4.
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Using (3.6), together with the assumption

α(log[2] x) = o(β(log γ(x)) as x =
1

1− r
→ +∞ when r → 1−,

it follows that

log T (r, f ′) ≤ α−1
[
(ϱ+ 4ε)β

(
log γ(

1

1− r
)
)]

, r /∈ F4, (3.7)

where F4 ⊂ [0, 1) is a set of finite logarithmic measure. By Lemma 3.4, choosing d = 1/2 and for
all r ∈ [0, 1) , inequality (3.7) yields

log T (r, f ′) ≤ α−1
[
(ϱ+ 4ε)β

(
log γ

( 1

1− s(r)

))]
≤ α−1

[
(ϱ+ 4ε)β

(
log γ

( 1

1− (1− 1
2 (1− r))

))]
≤ α−1

[
(ϱ+ 4ε)β

(
log γ(

2

1− r
)
)]

.

(3.8)

Since γ( 2
1−r ) ≤ 2γ( 1

1−r ) and

β(x+O(1)) = (1 + o(1))β(x) as x =
1

1− r
→ +∞ when r → 1−,

we obtain

α(log T (r, f ′) ≤ (ϱ+ 4ε)β
(
log γ(

2

1− r
)
)

≤ (ϱ+ 4ε)β
(
log

(
2γ(

1

1− r
)
))

= (ϱ+ 4ε)β
(
log 2 + log γ(

1

1− r
)
)

= (ϱ+ 4ε)β
(
O(1) + log γ(

1

1− r
)
)

= (ϱ+ 4ε)(1 + o(1))β
(
log γ(

1

1− r
)
)
.

Consequently,
α(log T (r, f ′)

β(log γ( 1
1−r ))

≤ (ϱ+ 4ε)(1 + o(1)).

Since ε > 0 is arbitrary, we conclude that ϱ(α,β,γ)[f
′] ≤ ϱ(α,β,γ)[f ].

We now prove the reverse inequality ϱ(α,β,γ)[f
′] ≥ ϱ(α,β,γ)[f ]. Let ϱ(α,β,γ)[f

′] = ϱ′. By defini-

tion, for any given ε > 0 and as r → 1−, we have

T (r, f ′) ≤ exp
{
α−1

[
(ϱ′ + ε)β

(
log γ(

1

1− r
)
)]}

. (3.9)

By a result of Chuang in [14, Theorem 4.1] (see also [13, p. 281]),

T (r, f) ≤ O
(
T (

r + 3

4
, f ′) + log(

1

1− r
)
)
, r → 1−. (3.10)

Using γ( 4
1−r ) ≤ 4γ( 1

1−r ) together with β(x+O(1)) = (1 + o(1))β(x) and the assumption

α(log[2] x) = o(β(log γ(x)) as x =
1

1− r
→ +∞ when r → 1−,

we deduce from (3.9) and (3.10) that

T (r, f) ≤ O
(
exp

{
α−1

[
(ϱ′ + ε)β

(
log γ(

4

1− r
)
)]

}+ log(
1

1− r
)
)

≤ exp
{
α−1

[
(ϱ′ + 2ε)β

(
log

(
γ(

4

1− r
)
))]}

≤ exp
{
α−1

[
(ϱ′ + 2ε)(1 + o(1))β

(
log γ(

1

1− r
)
)]}

.
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Consequently,

log T (r, f) ≤ α−1
[
(ϱ′ + 2ε)(1 + o(1))β

(
log γ(

1

1− r
)
)]

,

and hence

α(log T (r, f)) ≤ (ϱ′ + 2ε)(1 + o(1))β
(
log γ(

1

1− r
)
)
, r → 1−.

Since, ε > 0 is arbitrary, this yields ϱ(α,β,γ)[f
′] ≥ ϱ(α,β,γ)[f ]. Combining both inequalities, we

conclude that ϱ(α,β,γ)[f
′] = ϱ(α,β,γ)[f ] which completes the proof. □

Remark 3.6. From Lemma 3.5, one readily deduces that ϱ(α(log),β,γ)[f
′] = ϱ(α(log),β,γ)[f ], where

f is a meromorphic function in ∆.

Lemma 3.7. Let f be an analytic function in the unit disc ∆ such that 0 < ϱ
(M)
(α,β,γ)[f ] = ϱ < +∞.

Then, for any 0 < µ < ϱ, there exists a set I ⊂ [0, 1) of infinite logarithmic measure ml(I) =∫
I

dr
1−r = +∞, such that for all r ∈ I one has

α
(
log[2] M(r, f)

)
> µβ

(
log γ(

1

1− r
)
)
.

Proof. By the definition of the limit superior, there exists an increasing sequence {rm} with
rm → 1− as m → +∞ such that

1− (1− 1

m
)(1− rm) < rm+1

and

lim
m→+∞

α(log[2] M(rm, f))

β
(
log γ( 1

1−rm
)
) = ϱ.

Hence, there exists an integer m0 such that for all m ≥ m0 and for any given ε satisfying 0 < ε <
ϱ− µ,

α
(
log[2] M(rm, f)

)
> (ϱ− ε)β

(
log γ(

1

1− rm
)
)
. (3.11)

For r ∈ [rm, 1− (1− 1
m )(1− rm)], we observe that

lim
m→+∞

β
(
log γ((1− 1

m ) 1
1−r )

)
β
(
log γ( 1

1−r )
) = 1.

Therefore, for a given µ with 0 < µ < ϱ− ε, there exists an integer m1 such that for m ≥ m1 we
have

β
(
log γ((1− 1

m ) 1
1−r )

)
β
(
log γ( 1

1−r )
) >

µ

ϱ− ε
. (3.12)

Combining (3.11) and (3.12) for all m ≥ m2 := max{m0,m1} and for any

r ∈ [rm, 1− (1− 1

m
)(1− rm)],

we obtain

α
(
log[2] M(r, f)

)
≥ α

(
log[2] M(rm, f)

)
> (ϱ− ε)β

(
log γ(

1

1− rm
)
)

≥ (ϱ− ε)β
(
log γ((1− 1

m
)

1

1− r
)
)

> (ϱ− ε)
µ

ϱ− ε
β
(
log γ(

1

1− r
)
)

= µβ
(
log γ(

1

1− r
)
)
.
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Finally, let I = ∪+∞
m=m2

Im where Im = [rm, 1− (1− 1
m )(1− rm)]. Then,

ml(I) =

+∞∑
m=m2

∫
Im

dr

1− r
=

+∞∑
m=m2

log
( m

m− 1

)
= +∞.

This completes the proof. □

Lemma 3.8. Let f be an analytic function in ∆ with ϱ
(M)
(α,β,γ)[f ] = ϱ ∈ (0,+∞) and τ

(M)
(α,β,γ)[f ] ∈

(0,+∞). Then for any given ω < τ
(M)
(α,β,γ)[f ], there exists a set I1 ⊂ [0, 1) of infinite logarithmic

measure such that for all r ∈ I1

exp
{
α
(
log[2](M(r, f))

)}
> ω

(
exp

{
β
(
log

(
γ(

1

1− r
)
))})ϱ

.

Proof. By the definition of the generalized (α, β, γ)-type,

τ
(M)
(α,β,γ)[f ] = lim sup

r→1−

exp
(
α
(
log[2] M(r, f)

))
(
exp

(
β
(
log γ( 1

1−r )
)))ϱ

(M)

(α,β,γ)
[f ]

,

where ϱ = ϱ
(M)
(α,β,γ)[f ].

The argument used in the proof of Lemma 3.7 can then be applied verbatim to the above

lim sup. Therefore, for every ω < τ
(M)
(α,β,γ)[f ], there exists a set I1 ⊂ [0, 1) of infinite logarithmic

measure such that

exp
{
α
(
log[2](M(r, f))

)}
> ω

(
exp

{
β
(
log

(
γ(

1

1− r
)
))})ϱ

for all r ∈ I1. This completes the proof. □

Lemma 3.9 ([22]). Let f be a solution of equation (1.1), where the coefficients Aj(z) (j =
0, . . . , k − 1) are analytic functions on the disc ∆R = {z ∈ C : |z| < R}, 0 < R ≤ ∞. Let
nc ∈ {1, . . . , k} be the number of nonzero coefficients Aj(z) (j = 0, . . . , k − 1), and let θ ∈ [0, 2π)
and ε > 0. If zθ = νeiθ ∈ ∆R is such that Aj(zθ) ̸= 0 for some j = 0, . . . , k − 1, then for all
ν < r < R,

|f(reiθ)| ≤ C exp
(
nc

∫ r

ν

max
j=0,...,k−1

|Aj(te
iθ)|

1
k−j dt

)
,

where C > 0 is a constant satisfying

C ≤ (1 + ε) max
j=0,...,k−1

( |f (j)(zθ)|
(nc)j max

n=0,...,k−1
|An(zθ)|

j
k−n

)
.

Lemma 3.10. Let A0(z), A1(z), . . . , Ak−1(z) be analytic functions in the disc ∆. Then every
nontrivial solution f of (1.1) satisfies

ϱ
(M)
(α(log),β,γ)[f ] ≤ max

{
ϱ
(M)
(α,β,γ)[Aj ], j = 0, . . . , k − 1

}
.

Proof. Set ϱ = max{ϱ(M)
(α,β,γ)[Aj ], j = 0, . . . , k−1}. Let f ̸≡ 0 be a solution of (1.1). Let θ0 ∈ [0, 2π]

be such that |f(reiθ0)| = M(r, f). By Lemma 3.9, we have

M(r, f) ≤ C exp
(
nc

∫ r

ν

max
j=0,...,k−1

|Aj(te
iθ)|

1
k−j dt

)
≤ C exp

(
nc

∫ r

ν

max
j=0,...,k−1

(M(r,Aj))
1

k−j dt
)

≤ C exp
(
nc(r − ν) max

j=0,...,k−1
M(r,Aj)

)
.

(3.13)

By the definition of ϱ
(M)
(α,β,γ)[Aj ],

M(r,Aj) ≤ exp[2]
{
α−1

(
(ϱ+

ε

2
)β

(
log γ(

1

1− r
)
))}

, j = 0, . . . , k − 1 (3.14)
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holds for all ε > 0 and all r sufficiently close to 1. Hence from (3.13) and (3.14) we obtain

ϱ
(M)
(α(log),β,γ)[f ] ≤ ϱ+ ε.

Since ε > 0 is arbitrary, we obtain the desired result

ϱ
(M)
(α(log),β,γ)[f ] ≤ max{ϱ(M)

(α,β,γ)[Aj ], j = 0, . . . , k − 1}. □

4. Proof of Main Results

Proof of Theorem 2.1. Set ϱj = ϱ
(M)
(α,β,γ)[Aj ] (j = 0, . . . , k − 1) and ϱ∗f = ϱ

(M)
(α(log),β,γ)[f ].

First, we prove that ϱ∗f ≥ ϱ0. Suppose the contrary ϱ∗f < ϱ0. Let f ̸≡ 0 be a solution of (1.1).

In accordance with (1.1), we have

|A0(z)| ≤ |f
(k)(z)

f(z)
|+ |Ak−1(z)||

f (k−1)(z)

f(z)
|+ · · ·+ |A1(z)||

f ′(z)

f(z)
|. (4.1)

Since the functions Aj are analytic in ∆ and satisfy ϱj < ϱ0 (j = 1, . . . , k − 1), there exists a
constant λ1 > 0 such that ϱj < λ1 < ϱ0 (j = 1, . . . , k − 1). Hence, as r → 1−,

M(r,Aj) < exp[2]
{
α−1

(
λ1β

(
log γ(

1

1− r
)
))}

. (4.2)

Without loss of generality, we assume that

ϱ∗f < λ1 < ϱ0. (4.3)

Applying Lemma 3.7 to the coefficient A0(z) with a constant λ2 satisfying λ1 < λ2 < ϱ0, we
obtain

M(r,A0) > exp[2]
{
α−1

(
λ2β

(
log γ(

1

1− r
)
))}

, r ∈ I, r → 1−, (4.4)

where I ⊂ [0, 1) is a set of infinite logarithmic measure. The Lemma 3.1 implies the following
estimate for j = 1, . . . , k

|f
(j)(z)

f(z)
| ≤

(
(

1

1− |z|
)2+εT (s(|z|), f)

)j

, |z| /∈ F, (4.5)

where F ⊂ [0, 1) is a set of finite logarithmic measure.
Since I \F has infinite logarithmic measure, there exists a sequence {zn} with |zn| = rn ∈ I \F

such that rn → 1−. Let s(|zn|) = Rn. Then 1− |zn| = 1
d (1−Rn), d ∈ (0, 1).

Using (4.2), (4.4), (4.5) together with assumption (4.3), we derive from (4.1) that

exp[2]
{
α−1

(
λ2β

(
log γ(

d

1−Rn
)
))}

≤
(( d

1−Rn

)2+ε
T (Rn, f)

)k

+
((

(
d

1−Rn
)2+εT (Rn, f)

)k−1

+ · · ·

+ (
d

1−Rn
)2+εT (Rn, f)

)
exp[2]

{
α−1

(
λ1β

(
log γ(

d

1−Rn
)
))}

≤ k
(
(

d

1−Rn
)2+εT (Rn, f)

)k

exp[2]
{
α−1

(
λ1β(log γ(

d

1−Rn
))
)}

≤ k
(
(

d

1−Rn
)2+ε exp[2]

{
α−1

(
(ϱ∗f + ε)β(log γ(

1

1−Rn
))
)})k

× exp[2]
{
α−1

(
λ1β

(
log γ(

d

1−Rn
)
))}

≤
(
exp[2]

{
α−1

(
(λ1 + ε)β(log γ(

d

1−Rn
))
)})k+2

≤ exp[2]
{
α−1

(
(λ1 + 2ε)β

(
log γ(

d

1−Rn
)
))}

, Rn ∈ I \ F, Rn → 1−.

By the arbitrariness of ε > 0 and the monotonicity of the function α−1, we obtain that λ1 ≥ λ2.
This contradiction proves the inequality ϱ0 ≤ ϱ∗f .
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Second, we prove that ϱ0 ≥ ϱ∗f . By using Lemma 3.10, we obtain

ϱ∗f = ϱ
(M)
(α(log),β,γ)[f ] ≤ max{ϱ(M)

(α,β,γ)[Aj ], j = 0, . . . , k − 1} = ϱ
(M)
(α,β,γ)[A0] = ϱ0.

From the last inequality and ϱ0 ≤ ϱ∗f , we obtain ϱ∗f = ϱ0, that is ϱ
(M)
(α(log),β,γ)[f ] = ϱ

(M)
(α,β,γ)[A0]. □

Proof of Theorem 2.3. Suppose that f is a nontrivial solution of (1.1). From (1.1), we can write

|A0(z)| ≤ |f
(k)(z)

f(z)
|+ |Ak−1(z)||

f (k−1)(z)

f(z)
|+ · · ·+ |A1(z)||

f ′(z)

f(z)
|. (4.6)

If

max{ϱ(M)
(α,β,γ)[Aj ], j = 1, . . . , k − 1} < ϱ

(M)
(α,β,γ)[A0] = ϱ0 < +∞,

then by Theorem 2.1, we obtain that

ϱ
(M)
(α(log),β,γ)[f ] = ϱ

(M)
(α,β,γ)[A0].

Suppose that

max{ϱ(M)
(α,β,γ)[Aj ], j = 1, . . . , k − 1} = ϱ

(M)
(α,β,γ)[A0] = ϱ0 < +∞

and

max
{
τ
(M)
(α,β,γ)[Aj ] : ϱ

(M)
(α,β,γ)[Aj ] = ϱ

(M)
(α,β,γ)[A0] > 0

}
< τ

(M)
(α,β,γ)[A0] = τ0 < +∞.

First, we prove that

ϱ∗f = ϱ
(M)
(α(log),β,γ)[f ] ≥ ϱ

(M)
(α,β,γ)[A0] = ϱ0.

Suppose on the contrary ϱ∗f = ϱ
(M)
(α(log),β,γ)[f ] < ϱ

(M)
(α,β,γ)[A0] = ϱ0. By assumption, there exists a

set K ⊆ {1, 2, . . . , k − 1} such that

ϱ
(M)
(α,β,γ)[Aj ] = ϱ

(M)
(α,β,γ)[A0] = ϱ0, τ

(M)
(α,β,γ)[Aj ] < τ

(M)
(α,β,γ)[A0], j ∈ K,

ϱ
(M)
(α,β,γ)[Aj ] < ϱ

(M)
(α,β,γ)[A0] = ϱ0, j ∈ {1, 2, . . . , k − 1} \K.

Thus, we choose λ3 and λ4 satisfying

max{τ (M)
(α,β,γ)[Aj ] : j ∈ K} < λ3 < λ4 < τ

(M)
(α,β,γ)[A0] = τ0.

For r → 1−, we have

|Aj(z)| ≤ exp[2]
{
α−1

(
log

(
λ3

(
exp

(
β
(
log γ(

1

1− r
)
)))ϱ0

))}
, j ∈ K (4.7)

and

|Aj(z)| ≤ exp[2]
{
α−1

(
ξβ

(
log γ(

1

1− r
)
))}

= exp[2]
{
α−1

(
log

(
exp

(
β(log γ(

1

1− r
))
))ξ)}

≤ exp[2]
{
α−1

(
log

(
λ3(exp(β(log γ(

1

1− r
))))ϱ0

))}
,

(4.8)

for j ∈ {1, 2, . . . , k − 1} \K, where 0 < ξ < ϱ0. By Lemma 3.8, there exists a set I1 ⊂ [0, 1) with
infinite logarithmic measure, such that for all r ∈ I1, it holds

|A0(z)| > exp[2]
{
α−1

(
log

(
λ4

(
exp(β(log γ(

1

1− r
)))

)ϱ0
))}

. (4.9)

By (4.5), the following estimate holds for j = 1, . . . , k,

|f
(j)(z)

f(z)
| ≤

(( 1

1− |z|
)2+ε

T (s(|z|), f)
)j

, |z| /∈ F, (4.10)
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where F ⊂ [0, 1) is a set of finite logarithmic measure. By (4.10) and the Definition 1.6 of
(α(log), β, γ)-order of f , for any given ε ∈ (0,max{λ4−λ3

2 , ϱ0 − ϱ∗f}), as s(|z|) → 1− we have

|f
(j)(z)

f(z)
| ≤

(( 1

1− |z|
)2+ε

T (s(|z|), f)
)j

≤
(
exp[2]

{
α−1

(
(ϱ∗f + ε)β

(
log γ(

1

1− s(|z|)
)
))})k+1

, j = 1, . . . , k.

(4.11)

Since I1 \F is of infinite logarithmic measure, there exists a sequence {zn} with |zn| = rn ∈ I1 \F
such that rn → 1−. Setting s(|zn|) = Rn, we obtain 1 − |zn| = 1

d (1 − Rn), d ∈ (0, 1). Therefore,
by substituting (4.7), (4.8), (4.9) and (4.11) into (4.6), we obtain, for Rn ∈ I1 \ F with Rn → 1−

that

exp[2]
{
α−1

(
log

(
λ4(exp(β(log γ(

d

1−Rn
))))ϱ0

))}
≤ k exp[2]

{
α−1

(
log

(
λ3

(
exp

(
β(log γ(

d

1−Rn
))
))ϱ0

))}
×
[
exp[2]

{
α−1

(
(ϱ∗f + ε)β

(
log γ(

1

1−Rn
)
))}]k+1

≤ exp[2]
{
α−1

(
log

(
(λ3 + 2ε)(exp(β(log γ(

d

1−Rn
))))ϱ0

))}
.

(4.12)

From (4.12), we obtain that λ3 ≥ λ4. This contradiction implies

ϱ
(M)
(α(log),β,γ)[f ] ≥ ϱ

(M)
(α,β,γ)[A0].

On the other hand, by Lemma 3.10, we obtain that

ϱ
(M)
(α(log),β,γ)[f ] ≤ max

{
ϱ
(M)
(α,β,γ)[Aj ], j = 0, . . . , k − 1

}
= ϱ

(M)
(α,β,γ)[A0].

Hence every nontrivial solution f of (1.1) satisfies ϱ
(M)
(α(log),β,γ)[f ] = ϱ

(M)
(α,β,γ)[A0]. □

5. Conclusion

The results obtained in this paper describe the growth of solutions in terms of the generalized
(α, β, γ)-order under suitable dominance conditions on the coefficients. Several questions remain
open. In particular, it would be interesting to investigate whether these results can be extended
to other generalized growth scales and growth–oscillation frameworks, including those considered
by Chyzhykov et al. [17]. Their theory is based on integrated estimates involving logarithmic
derivatives, whereas the present work relies on a logarithmic-iteration scale. Such investigations
may lead to a deeper understanding of the relationships between different growth theories and the
oscillatory behavior of solutions of complex differential equations.

Acknowledgments. The authors would like to express their sincere gratitude to the anonymous
reviewers for their insightful comments and constructive suggestions, which have significantly
improved the quality and clarity of this article.
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[23] J. Heittokangas, R. Korhonen, J. Rättyä; Fast growing solutions of linear differential equations in the unit

disc. Results Math. 49 (2006), no. 3-4, 265–278. DOI: 10.1007/s00025-006-0223-3

[24] J. Heittokangas, J. Wang, Z. T. Wen, H. Yu; Meromorphic functions of finite φ-order and linear q-difference
equations. J. Difference Equ. Appl. 27 (2021), no. 9, 1280–1309. DOI: 10.1080/10236198.2021.1982919

[25] I. Laine; Nevanlinna theory and complex differential equations. de Gruyter Studies in Mathematics, 15. Walter

de Gruyter & Co., Berlin, 1993. DOI: 10.1515/9783110863147
[26] I. Laine; Complex differential equations, Handbook of Differential Equations: Ordinary Differential Equations,

Vol. IV, 269–363, Handb. Differ. Equ., Elsevier/North-Holland, Amsterdam, 2008.
[27] Z. Latreuch, B. Beläıdi; Linear differential equations with analytic coefficients of [p, q]-order in the unit disc.

Sarajevo J. Math. 9(21) (2013), no. 1, 71–84. DOI: 10.5644/SJM.09.1.06

[28] O. M. Mulyava, M. M. Sheremeta, Yu. S. Trukhan; Properties of solutions of a heterogeneous differential
equation of the second order. Carpathian Math. Publ. 11 (2019), no. 2, 379–398. DOI: 10.15330/cmp.11.2.379-

398
[29] Ch. Pommerenke; On the mean growth of the solutions of complex linear differential equations in the disk.

Complex Variables Theory Appl. 1 (1982/83), no. 1, 23–38. DOI: 10.1080/17476938208814004
[30] N. Semochko; On the solution of linear differential equations of arbitrary fast growth in the unit disc. Mat.

Stud. 45 (2016), no. 1, 3–11. DOI: 10.15330/ms.45.1.3-11
[31] M. N. Sheremeta; Connection between the growth of the maximum of the modulus of an entire function and the

moduli of the coefficients of its power series expansion. Izv. Vyssh. Uchebn. Zaved. Mat., 2 (1967), 100–108.
(in Russian).

[32] M. Tsuji; Potential theory in modern function theory. Chelsea Publishing Co., New York, 1975.
[33] J. Tu, H. X. Huang; Complex oscillation of linear differential equations with analytic coefficients of [p, q]-order

in the unit disc. Comput. Methods Funct. Theory 15 (2015), no. 2, 225–246. DOI: 10.1007/s40315-014-0103-x
[34] H. Y. Xu, H. M. Srivastava; A study of transcendental entire solutions of several nonlinear partial differential

equations. Proc. Edinb. Math. Soc. (2) 68 (2025), no. 4, 1329–1369. DOI: 10.1017/S0013091525100825
[35] H. Y. Xu, X. Ding; Description of entire solutions of the product type nonlinear PDEs with a general-

ized exponential term in C3. J. Math. Anal. Appl. 561 (2026), no. 2, Paper No. 130680, 25 pp. DOI:

10.1016/j.jmaa.2026.130680
[36] C. C. Yang, H. X. Yi; Uniqueness theory of meromorphic functions. Mathematics and its Applications, 557.

Kluwer Academic Publishers Group, Dordrecht, 2003. DOI: 10.1007/978-94-017-3626-8



EJDE-2026/46 GROWTH OF (α, β, γ)-ORDER SOLUTIONS TO COMPLEX DIFFERENTIAL EQUATIONS 17

Amina Halima Arrouche

Department of Mathematics, Laboratory of Pure and Applied Mathematics, University of Mostaganem

(UMAB), B. P. 227 Mostaganem, Algeria
Email address: aminahalima.arrouche@etu.univ-mosta.dz

Benharrat Beläıdi
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