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STABILITY AND DECAY FOR THE 3D ANISOTROPIC MICROPOLAR
SYSTEM WITH FRACTIONAL DISSIPATION

ZHOUYU LI, ZEAN RAO, WENJING SONG

ABSTRACT. This article concerns the stability and long-time behavior of 3D anisotropic microp-
olar systems with fractional dissipation in R3. By using delicate energy estimates, we prove the
stability of solutions to this system when the H™ (m > 2) norm of the initial data is suitably
small, and obtain the decay rate for the horizontal derivatives of this solution.

1. INTRODUCTION

We study the following Cauchy problem of the 3D anisotropic micropolar system with fractional
dissipation:

O+ p(—Ap)*u — xAu+u-Vu+VP —2xV xw=0, z€R3 t>0,
Ow + K(=Ap)Pw —vVV - w + 4dxw +u - Vw — 2XV x u = 0,
divu =0,

(u,w)t=0 = (uo,wo)-

(1.1)

Here u = u(z,t) € R? is the velocity, w = w(z,t) € R3 is the micro-rotational velocity and
P = P(xz,t) € Ris the scalar pressure function. ug is the given initial velocity satisfying divuy = 0.
The constants i, x and v, k represent the kinematic viscosity, the vortex viscosity and the angular
viscosities, respectively. a and ( are the parameters of the fractional dissipations corresponding
to the velocity and micro-rotational velocity. The fractional operator (—Ap)* is defined via the
Fourier transform - R
(—AR)>f(&) = |&n>* £ (€),

where &, = (£1,&) and f denotes the Fourier transform f(f) = Jos e C f(x) dz. Micropolar
systems were first introduced by Eringen [§], for describing physical phenomena that cannot be
treated by the classical Navier-Stokes equations such as fluids consisting of particles suspended in
a viscous medium. More physical explanations can be found in [I7, 18] [22].

Because of the importance in physics, there has been tremendous interest in developing the
mathematical theory of the micropolar system. For the 3D micropolar system with the standard
Laplacian dissipation, the authors in [12] [I7] obtained the global existence of weak solutions and
strong solutions with initial data small. Chen-Price [2] proved the time decay rates for small L?
strong solutions. Li-Shang [14], Cruz-Novaes [4] and Niche-Perusato [I1] established the decay
estimates for global weak solutions. We may refer to [ [3 [, 15l 20] for more results about the
standard micropolar system.

For 3D anisotropic micropolar systems, Wang-Wang [26] considered the 3D micropolar system
with a = 8 = 1, and obtained the global well-posedness with initial data small in H*(R?).
Very recently, the smallness was weakened to the L? norm of the initial data and its vertical de-
rivative by Shang-Liu in [21]. For the 3D micropolar system with fractional dissipation, the global
well-posedness was obtained in [7}, @, [19] 25 27]. Recently, Liu [16] established the global existence
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and uniqueness of strong solutions to the 3D micropolar system with fractional dissipation in two
directions when the exponent is 5/4.

Motivated by the above works, we shall investigate the stability of system with1/2 < o =
B < 1 in the Sobolev space H™ (m > 2), and the large-time behavior for system in the case
1/2 < a = < 2/3. Now, we state our first result, which establishes global well-posedness for
small initial data and stability for system .

Theorem 1.1. Suppose that the initial data (ug,wo) € H™(R3) withm > 2 and 1/2 < a = < 1.
Then there exists a constant €9 > 0 such that if

ol zrm rsy + llwoll zm (ws) < €0,
then system has a unique global solution (u,w) € L>®((0,00); H™(R?)) satisfying for any
t>0,
t
ullFrm + llwllFm +/0 (AR ullZrm + [AFwlFm) dr < Ceg,
where Ay = (—Ay)/2.
Remark 1.2. For the MHD system of equations, studied in [I3],
ou+u-Vutv(—Ap)*u+VP=>b-Vb, xcR3t>0,
b +u - Vb+ pu(—=Ap)Pb=b-Vu,
divu =divb =0,
u(z,0) = up(x), b(x,0) = by(x),
the stability result in Theorem is valid provided that for m > 2, the following smallness
condition holds
[woll m ws)y + [[boll zrm (r2) < €o-
Our second result shows that the horizontal gradient of the solution established in Theorem [I.1]
decays at the rate of (1 +¢)~L.
Theorem 1.3. Suppose that the initial data (ug,wo) belongs to H™(R3) withm > 2 and 3 < o =

8 < % satisfying the smallness requirement in Theorem that is, for a small constant g > 0
and m > 2,

||UOHH”"+1(R3) + Hw0||Hm+1(R3) < €p.
Then the corresponding solution (u,w) satisfies that for any t > 0,
IV rul|2m + | Vawl|2m < Ceo)(141)71

Remark 1.4. Theorem does not provide decay rate in the L?-norm, which is not surprising.
Indeed, we notice that the time-decay property of the L?-norm of the solution to the heat equation
remains unknown when we only set initial data in L?-norm.

The remainder of this paper is structured as follows. In Section 2, we introduce some notation
and inequalities which will be used later. The proof of Theorem [I.1]is given in Section 3. Finally,
Section 4 is devoted to the proof of Theorem

2. PRELIMINARIES

We introduce some notation to be used in this article. For simplicity, we write AY (with v > 0)
for (—A)z, [ -dx for [pq-dx, || ||e for || - ||zrrs) and || - ||gs for || - || g=(rs). The letter C'is a
positive constant, which may be different on different lines. The following two lemmas provide
some anisotropic bounds.

Lemma 2.1 ([I3]). Let 0 < o < 1, then there exist two absolute constants C1 and Cy such that

[ \adldz < CulFIL10u A1 1AL o A

. —2a p111/2 1/2 o
/R |fadldr < Call A7 FI 22101 2 gl 2 A7 o
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Lemma 2.2 ([21]). Let f,g and j be smooth functions in R®, then there holds
1/2 1/2) 1/2 /20 :11/2 )19 11/2
/ |£9il de < CuFI5 10112 g 2711029 57 19117194 1 15

/ \fail de < Coll FI1L5 100 f 156102 F1 35 10102 £ g 127 1 sl 27 1]

where C1 and Cy are two absolute constants.
To obtain the decay rate in Theorem [I.3] we need the following lemma.
Lemma 2.3 ([5, 24]). Assume that ag, a1 are positive constants. Let f(t) be a nonnegative

function satisfying the followmg two conditions:

(i) Time integrability: fo s)ds < ag < 005
(ii) Generalized degradation: for 0<s<t, f( ) <aif(s).

Then setting az = max{2a; f(0), 2apa; }, for any t > 0, we have f(t) < az(1+1t)71

3. ProoOF oF THEOREM [L.1]

As the local well-posedness of (L.1]) in H™(R3) with m > 2 can be established via a standard
method (see [10]), it suffices to obtain the a priori estimate of ||(u,w)||g= with m > 2. Because
of the norm equivalence

3
L e ~ (£ + D105 FIIZ2,
i=1
we only need to bound the L?-norms and H™-norms.

Proof. By taking the L? inner product of the v and w in ([I.1]) with u and w respectively, we obtain
that

d
= (lullZz + [lwllZ2) + plATulZz + sliAfwlZz + xIVulZz + dxlwlzz + vV - wllZ:

DN =

:2x/wa-udx+2foxu-wdx.

From Hélder’s and Young’s inequalities, we have

1d
57 Ulllze + llwllZe) + plATulZz + sliAfwlZz + X[ VullZ: + dxlwlze + vV - wllZ:

= 4x/V X u-wdr
< xlIVullZz + 4xllwl|7--
By integration in time, we have
el + ]2 + g / IAgulZa dr + / ARl dr 4 v / IV wliZa dr
< |12 + llwoll2=.

Acting O™ (i = 1,2, 3) to (1.1} and taking the L? inner product of the resulting equations with
0" and 0]"w respectively, we infer

3
> dt(z 07 ullfs + Z ol +u2 0 AulFa + 1 107 A w7

i=1

(3.1)

+XZ 10"V ullZ +4XZ 107" wll72 + VZ 107"V - wl |72

i=1 i=1 =1

3 3
= —Z/@m(u - Vu) -8imudx+2><2/817”(v X w) - O udz
i=1 i=1
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3 3
- Z/a;n(u-vu) - arwd“zxz/a;n(v X ) - O da
i=1 i=1
=L+ 1L+ I3+ 1.
By Hoélder’s and Young’s inequalities, we deduce that

3 3
12+I4:2Xz/8zmw~8lm(vxu)dx+2xZ/8lm(V><u)-6lmwda:
i=1 i=1

3
< Ax Y107Vl 107w 2

i=1

3 3
<X Y107 Vulfe + 4x Y 107wl .

=1 i=1

Direct computations show that

3
I = —Z/agn(u~Vu)o81mudx
i=1

2

=— Z/B{”(u -Vu) - 0" udr — /8?(1”1 -Vpu) - 05 ude — /agl(ugaw) -0 udx
i=1

= Iy + I1o + L3,

Using Hélder’s inequality, Sobolev embedding H'(R3) «— LS(R?), and Hz(R?) — L3(R3), we
obtain
2

Ly = Zioﬁn/aju VO - 9w dx

=1 =1
2 2 m
< CY N|0sull e VO ull s 107 ull 2 + C DY 10kull s VO | o 105 | 2
i=1 i=1 =2
2 2 m
< CY (IAGiull L[N0 | 2 |0 ull 2 + C Y > A0kl L2 A0 | 2 107w 2
i=1 =1 1=2

< Cllull = [ AR ullFm,

where C!, = “(L From Lemma we obtain that

I(m—1)!

fip =— Z Cvln/azl’,uh : 3§'L_lvhu -0 u dx
=1
m—1
= _ Z Cfn/i?éuh . 8;)“*1th . a;)fbu dx — C’:{Z/a;,rLUh V- §”u dr
=1

m—1
1/2 1/2 — _

<O (0 | 1050k un | | AF 05 | 2 || A 05 | 2

=1
_ 1/2 1/2
+ ClIAZ72T |10V el 7 105wl 2 || AG O | 2
< Ol g | Agu]| 2o
where we used the fact that, for % <a<landl=1,--- ,m-—1,

IAR205" " ull 2 = [IAR AR08 ull 2 < Ol AT ],

HA%‘QO‘VWHLZ = ||AﬁA§L‘3“thHL2 < C||A2‘th||Hm.
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Thanks to the incompressible condition d3uz = —V}, - up, and Lemma [2.1] we have

Ii; = —/6;,"(u383u) - 05" udx

M-

ct / buz 0 Dgudy u dx

1

C’,ln/aéflvh Sy, - [“)gn*lﬂu - 05'udx

1

C,;/vh .uh.8glu-8§"udx+ZCLl/8é_lvh.uh Loy O dae

=2
< C||AZ2V un |15 1105 Y nun | 127|105 ul 12 || AG 5 u | 2

m
+ O3 (|05 ] 70505 |2 AL OO V| 2 | AG 95 ul | 2
=2
< Cllull g | AG ]| 2o

From the above, it follows that
I < Cllull g || AR ull 7

Analogously to the treatments of 1, a routine computation gives

3
I3 = —Z/(“)im(u~Vw) -0"wdx
i=1

2
- Z/@Zn(u -Vw) - 0w dx — /8§”(uh - Vyw) - 05w dz — /8?(11383@1) - 0w dx
i=1

= I3 + I3z + I33.

In view of Holder’s inequality and the Sobolev embedding inequality, we have

2 m

Iy = —ZZO@/aﬁu VO W OMw da
=1 1=1
2 2 m
<CY 0wl oIV wl s 07 wll 2 + C Y Y 10kl s IV O™ wll 1o 07wl 2
=1 =1 1=2

2 2 m

<O MGl 2 |APP07 w2 07 wl 2 + C Y Y A0kl 2| A0 w2 |07 w] 2
=1 =1 [=2

S CHWHH"L

(;:’U,”Hm %wHHm.

Using Lemma [2.1] yields

I3o = —/8?(1% -Viw) - 05w dx

m—1
=— Z Cfn/a%uh STV W - 0w da — Cfﬁ/@g”uh -Vyw - 05'wdz
=1

m—1
1
< C Y [0unl| 2. 11050k un| 2 1A 05w 2 | A O w2
=1

1
+ C A2V 0|2, |05V w1105 un | 2 | AR 05w 2

< Cllull g [ AR wllZm,
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and
I33 = 7/8?(11,383&]) . 5'§”w dx

—ch /aguga3 s - ngdm—ZCl /ag I g - O L 0w da

:c,}n/vh.uh .B:Tw~8§"wdx+ZCfn/3§_lvh.uh.ﬁgn_l+1w.8§”wdx

=2
< C A2y || V2105V s || V2|05 w2 | AG O w] | 2
+ CZ 105 Lo 2 9505~ | AL 05 | 2 | AR O w]| 2
=2
< Cllwll g [ Agull o | A w]| -
Thus, we immediately obtain
I3 < Cllull g [[Af ul|Fm + Cllwll g AR ull gm || A w]|

Gathering these estimates and using Young’s inequality, we obtain

3
5T (Z o ull7 + Z o7 ull32 ) + uz |07 Afullfa + 1 Y 107 Aful 22
i=1
< C(llullam + ||w||Hm) (”Ahu”Hm + ||Ahw||Hm) :
Integrating the above inequality in time and adding the resulting inequality to (3.1]), we obtain

t t
JulFy + e+ [ AR+ [ AF e dr
0 0 (3.2)

t
< [luolFm + llwollm +C/O (lullzze + lwllzz) (AR ullzm + |AFulZm) dr.

If we set

t
E(t) == sup Il(u,w)II%er/O (AR ullFrm + [ARwl[Em) dr,

0<r<t

and assume that

then (3.2)) leads to
1
E(t) < CoE(0) + C1E32(t) < Coel + Ci M2 E(t) < Coe2 + SEM),

which implies E(t) < 2Cpe?. Choosing

M

1/2
()

g0 = min {1, (

we obtain E(t) < &L, Using a bootstrapping argument [23], we obtain for any time ¢ > 0,
E(t) < Ce2 < Ceo.

This completes the proof. O



EJDE-2026/47 STABILITY AND DECAY FOR THE 3D ANISOTROPIC MICROPOLAR SYSTEM 7

4. PROOF OF THEOREM [L.3]

By Lemma we need to verify that f(t) := |[Vpu(t)||3m + [[Vrw(t)||%. satisfying the two
conditions in Lemma[2:3] That means, we need to prove that there are two positive constants ag,
ay such that

/O (IVau() 1 Fm + IVaw ()7 ) ds < ao, (4.1)
and, for any 0 < s <,
IVRu@®) i + Va7 < ar (IVau(s) [z + [Vaw(s)1Fm), (4.2)
hold.

Proof. We firstly verify (4.1). Using a calculation method analogous to the proof of Theorem (1.1}
we have for any t > 0,

t t t
22 + w22 +u/ 1V pl dTM/ 1V h 122 d¢+u/ IV - w|a dr
0 0 0

(4.3)
< 2 2
< luollz> + llwollzz,
and
1d /& 3 3 3
53 (D10 ullze + Y N0 wlids ) + Y 107 Vaulte + 5 Y 107 Vaw| 22
=1 i=1 =1 =
3 3 3
FX DN VullFa + ax 3107wl v 3 197 - wlF
i=1 i=1 i1
(4.4)

3 3
= —Z/alm(u.Vu) . a;”udg;+2XZ/aZm(v X w) - OMudx
=1 i=1

3 3
- Z/@Zm@rVw) .a;nwdx+2xz/a;n(v x u) - OMw dx
=1 =1
=L+ I+ I+ 1.

Similar to I and I in the proof of Theorem [I.1

3 3
I+ I = 2XZ/3m.a;ﬂ(v X 1) dx+2XZ/ar(v X u) - 0w dx
1=1 i=1

3 3
<x D107 vullzs +4x ) 107wl

i=1 i=1

Following the same process as for I;, we have
3
I = —Z/@Z”(u -Vu) - 0 udx
i=1

2

= 72/8;”@ -Vu) - 0 udr — /agn(uh -Vyu) - 05'ude — /5%”(1%33’&) -05'udx
i=1

=1 4+ Iy + I3

We use Hélder’s inequality, Sobolev embedding H'(R3) — LS(R3), and Hz(R?) — L3(R?) to
bound I, as follows

2 m
I, =- ZZCﬁn/Bfu VOl O da

i=1 [=1



8 Z. LI, Z. RAO, W. SONG EJDE-2026/47

2 2 m
<CY 0wl s VO ull s |07 wl 2 + C DY N|05ull s ]|V ul| o |07 w2

=1 =1 1=2
2 2 m

< CY (1Al L[N0 | 2 |07 ull 2 + C YD A P0bul L2 A0 | 2 107w 2
i=1 i=11=2

< Cllullam [V hulFm-
Applying Lemma [2.2] enables us to conclude that

I, = — ZC’Z /83u SOy IV - O u da

=1

<cZ||aguh||”2||alaguh||”2||a;,” VA 1587 s v 15 Y P
=1
< Cllull g |V ]| 2o

and

113 = /83 u363u) 83 udr = ZCZ /agu?)am la?,ua"lud,’lj

=1

:Z(}'l /aé Y7 -y, - a5 . 05 u dx

=1

<Oleal Y | 22 10305 1 o |37 1051 | 122 101 0 a7 05l 1 | 000 | 127
=1
< Cllull g ||V el 3o

Hence, we have
I < Cllullgn | Vaul G-

In a same way as for obtaining I3, we have
3
I = 72/82"(11 -Vw) - 0"w dx
i=1

2
- Z/@;”(u -Vw) - 0"wdx — /8?’;”(1% -Vhw) - 05'wdr — /8?(u383w) - 0w dx

1= Iy 4 I3g + I3

From Hoélder’s inequality and Sobolev embedding inequality we have

2

I!n:fZZCl /alu Vo lw - 0w da

=1 (=1

2 m
< CZII@'UHLGIIV(??_leLsII@Z”wllLQ + O Y 10k sl VO w] o |0 w] 2

i=1 i=1 =2
2 2 m

< CY (1Al 2 |[APPO7 T wl 2107w L2 + C Y Y A2k 12 | AP w12 | 0] wl 2
i=1 i=1 1=2

< Cllwllam |Vaull mm |V aw|| gm.

Applying Lemma [2.2] gives

I}, = f/ag”(uh - Vyw) - 05w dx
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:7201 /83u SOV W - 0w da

=1

< CZ 10kl 22 10 Oun | 221055 ol | Y2 | 0505~ ol | Y2 0o |2 | 02 0] 12
=1

1/2 1/2 1/2 3/2
< Cllull g |l o IV nul o |V a3

and

I, = —/85"(1135‘3w) - 05w dx

fzcl /aSugam O3 - 33wd:17—ZC’l /al 'V un - 05w 9w da

=1 =1

1/2 m— 1/2 m— 1/2 1/2 1/2
<cZ||al U tn | 22 10505V g [ 105 T w2 0r A | 2 0| |00 08w | s
=1
< Nwllzm |V rw| gm ||V hw] zm

Therefore,

I < Cllw| g Vawlzm + Cllul o lwl o [ Vnull o[V el 3o

VhUHH"L

Gathering these estimates in (4.4) and using Young’s inequality, we obtain

> dt(z o ull7 + Z 0 ul22) + MZ |07 Fnull7 + mz 107" V7

< C(ullzm + IIwIIHm) (IIVhUIIHm + IIVthHm) -

Integrating the above inequality in time and adding the resulting inequality with (4.3, we have

t t
a2+ ol + 1 / IV w3 dr + 5 / IV hiol i dr
0 0 (4.5)

t
< [luolfFm + llwol[Fm +C/O (lullzzm + Nwllzz) (IVrulEm + [V nullzm) dr.

By a similar bootstrapping argument in the proof of Theorem we set
t
E'(t) :== sup ||(u,w)||%m +/ (||th||%1m + ||Vhw|\%1m) dr,
0<7<t 0
and assume that

1
Et) <M =——
() < 2ch?’

then combining the smallness condition of Theorem and (4.5)) lead to
1
E'(t) < CHE'(0) + CLE"/%(t) < Che2 + CLM'2E'(t) < Chel + SE'(®),

which implies E’(t) < 2Cpe3. Choosing
M/
4C)

M
400

eozmin{l,( )1/2 (— 1/2}

we infer that E'(t) < MT, Then for each time ¢ > 0, we have

t
[ullFrm + wllFm +/O (IVrullZrm + [V rwlFrm) dr < C'ef

From the entire reasoning process above, it can be seen that all the constants appearing above are
independent of time ¢. Thus, we can deduce that there exists a constant ag for which (4.1]) holds.
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Now, to verify (4.2)), we first show the L? estimate of (Vju, Viw). Applying V; to (1.1)), taking
the L? inner product of the resulting equations with Vj,u and Vjw respectively, we obtain
1d (
2dt
+4x|IVhw||2z + V[|VAV - w32

[VrullZ2 4+ [[Vawlliz) + el VaAfullis + 6| VaAfw]F2 + x IV Vaul|7

= —/Vh(u -Vu) - Vyudr + 2x/Vh(V x w) - Vyude (4.6)

—/Vh(u-Vw)~Vhwdm+2x/vh(V><u)~Vhwdx
=Ji+Jo+ J3+ Jy.

Holder’s and Young’s inequalities give rise to

Jo + Ju :2x/Vhw~Vh(V X u)dx+2x/vh(v X u) - Vywdz
< A VVhul 2| Viw]| 2
< XIIVVhulFz + 4 Vaw]| 7

Next we write the term J; in components,
J1 = —/Vh(u -Vu) - Vyude
= —/th-Vu~thdx

= — / Vwup - Vyu - Vyudr — /th;,»agu -Vyudx

_ 1 1/2
< OlAZ 2V yun | 221105V nunl |22 [V nul| 2 [ A Vi 2

+ OG> Vnus | 12195V sl |9l 2 | A5 Vil 2.

Since 1/2 < o < 2/3, we note that
1AL 2 Vhunllz = [IAF AR unll e < |Afullgs-sa < Ol Afull g,
185V hunllzz = [[AF AL “sunl e < [Afull 2« < CllAfullm,
AR 2V hus| Lz = [AFAR**Vius|| L2 < ARV aul m,
105Vhus||L2 = AR VRA, “us|[L2 < ClALVhul| g,
10sull 2 < [lullm < Clluflam.
This and Lemma [2.1] ensure that
Ji < ClAGull g [[Viull L2 [|A7 Viul 2 + Cllull am [|AR Vil g |A7 Viul| 2.

Similarly, we deduce that

Jz = —/Vh(u -Vw) - Vywdz
:—/th-Vw~Vhwdx
= —/thh-Vhw-Vhwdx—/vhu;g33w~vhwdm

< ClIAZ72V |10 Vs | 152 1V awl| 2 | A V|| 2

+ CAZ20V u |57 105V us | 157 95wl 22 | AR V o | 2
< C||Ajul Viw| 2| AR Vw2 + Cllw]| g || ARV pul| grm

o ASV ]| e
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Putting all the estimates above into (4.6)), we have

1d
Sd (IVhullZs + Viwlze) + ul Vadfulge + sl ViAGwl Tz + vIIVAY - w7

< ClAR ullam [ Vaul[ 2 |AF Viul[ 2 + Cllull gm [ ARV pul am | A7 Viul| 2
+ ClARull am Vw2 [ A7 Vaw| L2 + Cllwll g (| ARV pul| g [ AR Viaw]| L2
< CllAyull g [Viul 2 [ARVaull L2 + Cllul g [ARV pul e [ ARV Ayl 2
+ ClARull g [Vl 2 |AZ Viwl 22 + Cllwl| g [ ARV pul e [[ ARV aw]| L2

11

Next, we focus on the H™ estimate of (Vjyu, Viyw). Acting 0%V, (i = i,2,3) to (L), a

standard L? energy estimate process gives

3 3 3 3
1 d m m m (0% m «
53 (D10 nulde + Y 107 VawlEe ) + 1 Y 107 VaAGulEe + 5 Y 107 Vadiwlls
=1 =1 =1 =1
3 3 3
XD N0V hulfe + 4x >0 Viw|Fs + v Y 10 VAY w3
i=1 i=1 i=1

3 3
72/32”Vh(u~Vu)'8{"thda:+2xz/agnvh(v X w) - OV de
=1 =1

3 3
- Z/@Z"Vh(u -Vw) - 0"V ywdx + 2XZ/8;’Lvh(V x u) - 0"V ywdx
i=1 i=1
= K1+K2+K3+K4.

We apply Holder’s and Young’s inequalities to obtain

3 3
Ky + K, = 2X2/85”vh(v X w) - OV yudr + 2XZ/a;”vh(v X u) - OV pw da
=1 =1
3 3
= 2XZ/agnvhw SOV (V x u) dz + 2XZ/a;”vh(v X u) - 0"Vywdz
i=1 i=1

3
<4Ax Y107 VaVul 2|07 Vaw| 2

i=1

3 3
<X N0V VnullEe +4x Y 1107 Va7

i=1 i=1

For the term K, we can deduce from a routine computation that

3
K = fZ/Qth(Lqu) -0"Vyudz
i=1

2
=— Z/a;”vh(u -Vu) - 0*Vyude — /agbvh(uh -Vpu) - 05'Vyude
i=1

- /%nvh(udagu) . 8§”th dx
=K1 + K2 + Ki3.

It follows from Holder’s inequality, Sobolev embedding H*(R3) < LS(R3) and Hz (R3) — L3(R3)

that

2
Ky =— Z/ (O (Vhu - Vu) - 0"Viu + 07 (u- VVhu) - 9" Vyu) dx
i=1
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2 m 2 m
=— ZZ c! /(‘%th SO OV udr — Z Z C’,ln/aéu SOV u - OV o da
i=11=0 i=1 1=1
2 m

2
<CY NIVaull Lo 07Vl s 107" Vaull 2 + C > S 00V a3 107 Vull s 07 Vaul 2
i=1 =1 1=1

2
+C Y 10sul o |07V V hul pal|0F Vi 1

i=1

2 m
+CY D N0k Lo 107V V| 2o 07V | 2

i=1 [=2

2
< C Y |IAVhul 2 |AY 207 ul| 2 07 V| 2
=1
2 m
+CY N IOV hul| 2 | A0 | 2|07V | 2
i=1 =1
2
+C Y | Adiull 2| A*207 7 V| 2 0V | 2

i=1

2 m
+OY Y A0l 2 | APV R0 ul| 2 07 V| 2
i=1 =2
< Cllul| st ARV pul Fm-

We write the term K5 as two terms,
Klg = —/8§“Vh(uh . th) . 6§”thdx

= */agl(vhuh . th) . 8§”th dx — /3?(11,;1 . thhu) . athu dx

==Y Cl, / O,V hun - Vi0§ w05 Vyuds — > Cl, / Aup, - Vi V05 - 99V udx
=0 =0
= K21 + Kia0.

By Lemma [2.1] we see that

K91 < C||Vaup | 221105V wunl |5 1ALV 405 ul| 12| AV 485 ul | 2

+ O (VR0 ull 2105V R 05 | AL 05V | 2 | AG VO | 12
=1

< C|IVnull o | A ull gmes [AF Vit o + Cllull g [ AR Vi3,

and

Koo = — Z ct / Aup - Vp VR0 u - 05V yu da
1=0

= / up - Vi Vpo§'u - 05'Vyude -y Cl, / Aup - Vi VRO - 05V yu dx

=1

1 m
=3 /(Vh ~up)05'Vipu - 05 Viyudr — Z Cfn / ('“)éuh . thhag’“lu - 05'Vyudr
=1

< C|Vnun |5 185V nunl[ [ 1ALV 05wl 12 | AL V 05 ul | 2
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+CZtham Nl 05V n 08 I | AL O | 2 | AV 5 05| 2
=1
< C||Vpul g

Direct computations imply

null g ARVl o+ Cllull g | A Vi .

K3 = —/8&"Vh (uz0zu) - ' Vyudx

= —/8;:’ (Vhugdsu) - 05"V ipu — /Q%" (uz03Vpu) - 05'Vyude

/ LV ugdy "y - 8?thdxfzcl / Auzdy I - OV u da
= =0
= K131 + Ki32.

This and Lemma [2.1] yield

k131 = — ch /33thsam Hly . oV dx
1=0

/th38 TR 05" thdx—ZCl /83th38m Hly 05'Vyudzx

=1

/th38m+1u-83 thdx—l—ZCl /aé VAV updy' l“u-aénvhudx
1=1

< C|IAZ2F yug | 157105V s | 152 105 ) 2 | AR OE Va2
+C Z 105~ |12 |00~ H Ll [T | AL 0LV - | 2 |AR OV | 2

< C||UHHm+1 1AVl
where we used the fact that, for % <a< % and [ =1,---,m,
1AL 2 Vhug e = AR AL Vius| 2 < [|Af Vaul gz-se < ARV hul g,
105V husllrz < [VaVaun|rz = [AFALViunllzz < ARV iulli-o < ARV iUl
1AL 05 ViV - unll e < [ARAR 205 Viunllz < AR Vaulgi-zas < AR Viu] g,
18505 ul| L2 < JJull grmsrsr—t < Jlull grmsa
Similarly,

Kz = — ZCl /(%u O - 09V u dx
1=0

= f/ugagagnvhu SOV uda — Zcﬁn/agu;.,ag”—l“vhu OV o da

= ——/Vh up05'Vyu - 05 thdx—ZCl /33u o5~ H1g,u- 05'Vyudx

=1
< C|AZ 20V g |15 105V e | 1o 1105 e 2 [ A 95V | 2

+CZH83 sl 22105 s || AL O~ | 2 || A 05V | .2

< C||vhUHHm||AhU||Hm+1 ALV hull .
Thus, we immediately obtain
K1 < Ollull pmss |7V iulfpm + Ol Vaul g

vl s [ AV ] .
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A routine computation gives
3
K3 = — Z/a;“vh (u-Vw) - 0"Vywdx
i=1

2
=— Z/(C)vah (u-Vw)-0"Vywdr — /3§"Vh (up - Vpw) - 05" Vyw dx
i=1

— /é)g”Vh (U383w) . 8§”Vhw dx
= K31 + K32 + K3s.

The term K31 can be similarly estimated as Kj1:

2
K3 =— Z/ (0" (Vpu - Vw) - 0" Viw + 0" (u - VVyw) - 07"V yw) dz
i=1

2 m 2 m
=— ZZcfn/agvhu O Vw0 Vawdr — Y Y cﬁn/agu SOV w - 87V w da

i=1 1=0 i=11=1

2 2 m
<CY |Vnull o |07 Vel s |07 Vel 2 + C DY 110iVaul| s ]10] Vel 16|07V iwl| 2
i=1 i=1 =1

2
+CY_ [0ull 6107V Vhw | 3|0 Vw2
=1
2 m
+CY Y N05ull sl|0] 'V Va6 |0 Vi 2
i=1 =2
2
< C Y AVl s [|AY 207w 13 |07V e | 2

=1

2 m
+CY Y INPOIV hul| 2 | A0 || 12|07V w2

i=1 =1

2
+C Y [AGul 2 | AP0V w| 12107V awl) 2

=1

2 m
+CY Y NNkl 2 [ A0V ]| 21|07 V w12
=1 =2
< Cllull gm+1 [| A7V pwl|Frm + Cllwl| g [ ARV pull g || ARV pw]|
+ Cllwl| gm+1 ARV pul g |07V aw]| .

For the term K3o, we find
K32 = —/8§"Vh(uh . Vhw) -8§"Vhw dx
= —/ag”(vhuh . Vhw) '8§"Vhw dr — /8?(uh . Vthw) . 8?Vhw dzx

=-> Cl, / OV hup, - V405w - 0 Viwdz — > Ch, / Auy, - Vi VROT w90V yw da
1=0 =0
= K301 + K399.
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By applying Lemma we obtain
K321 < C|[Vnunl 22105V nunl| 27| AL V05 wl| 2 || AR V05wl 2

+cvaham Lol 121105V R |5 N AL O g || 2 | AV 85| 2
=1
< OV null grm | A g [|ASY | 1+ Cllw || s [AG ]| gy || AV 0]

and

Koo = — ch /33uh ViVioyw - 05V w da
1=0

/uh Vi Vi05'w - 05" Vhwdx—ZC’l /a3uh thh(‘) - 05"V pw dz
=1
1 n m l m—l
25 (thh)a Vhw 8 Vhwd{L‘—ZC (93uh thha w - (9 Vhwdx
=1
< Ol Vaunl 5195V nun 1214305 Vneoll 2 | A7 05" Voo o

+ CZ IV 105 |57 105V 05~ w3 | AL~ O | 2 | ARV 1,05l 2
=1
< C||Vhullgm||[Afw o+ [[ AR Vaw| gm + Cllw|| gm+ || ALV pul| gm || Af Viw|| g

Similarly,
K33 = — /aglvh(U3agw) -05'Viwwdz

—/Bén(VhU383w) aglthJdCU — /3?(u3c')3vhw) -8§"Vhw dx

:_ch / oAV puz0y 1w Bmvhwdx—ZCl / Ahuz0y "IV W - OV w da
=0
= K331 + K330.

By Lemma we conclude that

Kagp = — / Vhuzdy e - 05 Viw da — ch / ALV uzd - OV yw d
=1

/ Vhuzdy i - o Vhwdm—ZCl / oIV - up 05w - OV w da
=1

< ClIAZ72V us | 152105V s | 122 105 )l 12 | AR OV o | 2

+CZH6’" 210505 T w2 AL OV LV, - |2 |AR O V| 12
=1
< C)lwl| s [|ASV ]| g | AGV o

and

K332 = — ZC’I /83 300V W - OV w da
1=0

—/ugaglagvhw-a Vhwdas—zcl /Q;u 05" g, w- 05'Vpw dx

=1

15
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1 m
- 7§/vh.uha§”vhw APV W dx—ZCfn/ﬁéu;)»@g"_lHVhw.8§"Vhwd:z:
=1
< C|IAZ72V yun |2 1105V | 157 105V o | 22 | AR 05V ol 2

m
1/2 1/2 _ _
+ O [|0%us | 705 s | AL 0V w2 | AR O V|| 2
=1

< C||Viwl|[am

%U”Hm«{»l ||A?{Vhw||Hm —+ CHV}LUHHT"

%wHHerl ||A‘;:Vhw||Hm .

Thus,
K3 < Ollufl g s | AZV wll7pm + C (full grmss + ([l ) [ AV il [ ARV |
+ ClIVhul am[[Afwl gmer |ARVhw] [ gm + CIV aw[ e AR ull e [ ARV hw]| .
Substituting the above estimates into 7 we infer that

3 3 3
1d N i o
3 (30100 Vil + 30100 Vi) + w3 100 Tal
3 3
+ 5> 0" VadRw]z + v 107 VAY - wl7a
i=1 i=1

< Cllullgrmss (AR aullZrm + ARV aw[Frm ) + CIHV pwll o [ AR w g || AV pul|
+ CIVpul|gm | ARwl g AR Viw| mm + ClIVaw| g | AR ull gms [|AR Viw|| gm
+ C (||ul| gm+r + [|w|| gm+r) [AFV pu|| g || AV pw]| ..

Adding the above inequality to (3.2)) and using Young’s inequality, we have

d [e% [e3%
= (I nul + 190l ) + HlI VATl + K Va AT
< Cllullgrmss (IS VrulFm + ARV ) + C (full grmsr + [l zrmss) [ARV null o [|AGV nw| 177
+ Ol Vaullam [ AR el s |ARVnul [z + OVl m [ AF ][ zrme [ AZY a7
+ CIVrwllmm [[Agull g [| ARV aw]
1 [e3% [e3%
< C(5) (AR ullFmes + 1Rl msn) (IVnlzrm + Vw7 )

+ 0 (IVeAgullFrm + VaAGwlFrm) + C ([ull gmss + ol zmss) (1A VaulFm + AR Vaw][Fm) -
(4.7)

With Theorem in hand, we know that the solution (u,w) of (1.1 satisfies
¢
lullFrm + [l Zrm +/0 (AR ullzm + IAGwlFm) d7 < C(lluollFm + llwollFm),

for small enough initial data (ug,wp) and m > 2. Therefore, there exist two sufficiently small
constants €9 > 0 and § > 0 satisfying

HUOHH”7’+1 + Hw0||Hm+1 < €g,
min{u, K} — 3§ — Cep > 0.

Then (4.7)) leads to
d . [e% «
(Il + 19wl ) + (minfa, m} =8 = Ceo) (IVaAGuldn + IVaAGw )
1 (o7 (o7
< O3) (A7 ulmes + 145w ) (IVnlFr + [ Vaolfre)

Because
F@) = IVhullFm + IVaw|Frm,
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the Gronwall inequality ensures that

t
1 (03 (03
10 < 16 exp ([ CEUAR U + IAF i) d) < Clen,DF(6),
which implies the desired result . O

Acknowledgments. The authors would like to thank the anonymous referees for their careful
reading and valuable suggestions. Z. Li was supported by the the National Natural Science Foun-
dation of China (Program No. 12201491), by the Shaanxi Fundamental Science Research Project
for Mathematics and Physics (Program No. 23JSQ046), by the Young Talent Fund of Associa-
tion for Science and Technology in Shaanxi, China (Program No. 20230525), and by the Shaanxi
Province Science and Technology Innovation Team (Program No. 2025RS-CXTD-013). W. Song
was supported by the National Natural Science Foundation of China (Program No. 12001415).

REFERENCES

[1] Q. Chen, C. Miao; Global well-posedness for the micropolar fluid system in critical Besov spaces, J. Differential
Equations, 252 (2012), no. 3, 2698-2724.
[2] Z. Chen, W. Price; Decay estimates of linearized micropolar fluid flows in R3 space with applications to
L3-strong solutions, Internat. J. Engrg. Sci., 44 (2006), no. 13-14, 859-873.
[3] F. Cruz; Global strong solutions for the incompressible micropolar fluids equations, Arch. Math., 113 (2019),
no. 2, 201-212.
[4] F. Cruz, M. Novais; Optimal L? decay of the magneto-micropolar system in R3, Z. Angew. Math. Phys., 71
(2020), no. 3, Paper No. 91, 26 pp.
[5] B. Dong, Y. Jia, J. Li, J. Wu; Global regularity and time decay for the 2D magnetohydrodynamic equations
with fractional dissipation and partial magnetic diffusion, J. Math. Fluid Mech., 20 (2018), no. 4, 1541-1565.
[6] Y. Guo, Y. Jia, B. Dong; Time decay rates of the micropolar equations with zero angular viscosity, Bull.
Malays. Math. Sci. Soc., 44 (2021), no. 6, 3663-3675.
[7] Y. Jia, Q. Xie, B. Dong; Global regularity of the 3D magneto-micropolar equations with fractional dissipation,
Z. Angew. Math. Phys., 73 (2022), no. 1, Paper No. 19, 15 pp.
[8] A. Eringen; Theory of micropolar fuids, J. Math. Mech., 16 (1966), 1-18.
[9] J. Fan, X. Zhong; Regularity criteria for 3D generalized incompressible magneto-micropolar fluid equations,
Appl. Math. Lett., 127 (2022), Paper No. 107840, 5 pp.
[10] A. Majda, A. Bertozzi; Vorticity and Incompressible Flow, Cambridge Texts Appl. Math., 27, Cambridge
University Press, Cambridge, 2002.
[11] C. Niche, C. Perusato; Sharp decay estimates and asymptotic behaviour for 3D magneto-micropolar fluids. Z.
Angew. Math. Phys., T3 (2022), no. 2, Paper No. 48, 20 pp.
[12] G. Galdi, S. Rionero; A note on the existence and uniqueness of solutions of the micropolar fluid equations,
Internat. J. Engrg. Sci., 15 (1977), no. 2, 105-108.
[13] J. Li, H. Wang, D. Zheng; Stability and sharp decay for 3D incompressible MHD system with fractional
horizontal dissipation and magnetic diffusion. Z. Angew. Math. Phys., 74 (2023), no. 2, Paper No. 44, 21 pp.
[14] M. Li, H. Shang; Large time decay of solutions for the 3D magneto-micropolar equations, Nonlinear Anal.
Real World Appl., 44 (2018), 479-496.
[15] Z. Li, P. Niu; New regularity criteria for the 3D magneto-micropolar fluid equations in Lorentz spaces, Math.
Methods Appl. Sci., 44 (2021), no. 7, 6056-6066.
[16] Y. Liu; Global existence of the strong solution to the 3D incompressible micropolar equations with fractional
partial dissipation, Canad. J. Math., 75 (2023), no. 5, 1516-1539.
[17] G. Lukaszewicz; Micropolar fluids: theory and applications, Modeling and Simulation in Science, Engineering
and Technology, Birkh&user, Boston, 1999.
[18] S. Popel, A. Regirer, P. Usick; A continuummodel of blood flow, Biorheology, 11 (1974), 427-437.
[19] H. Qiu, C. Xiao, Z. Yao; Local existence for the d-dimensional magneto-micropolar equations with fractional
dissipation in Besov spaces, Math. Methods Appl. Sci., 46 (2023), no. 8, 9617-9651.
[20] M. Ragusa, F. Wu; A regularity criterion for three-dimensional micropolar fluid equations in Besov spaces of
negative regular indices, Anal. Math. Phys., 10 (2020), no. 3, Paper No. 30, 11 pp.
[21] H. Shang, C. Liu; Global well-posedness and large time behavior for the 3D anisotropic micropolar equations,
J. Differential Equations, 421 (2025), 531-557.
[22] V. Stokes; Theories of fluids with microstructure, Springer, New York, 1984.
[23] T. Tao; Nonlinear dispersive equations: local and global analysis, American Mathematical Society, 2006.
[24] P. Wang, J. Wu, X. Xu, Y. Zhong; Sharp decay estimates for Oldroyd-B model with only fractional stress
tensor diffusion, J. Funct. Anal., 282 (2022), no. 4, Paper No. 109332, 55 pp.
[25] D. Wang, J. Wu, Z. Ye; Global regularity of the three-dimensional fractional micropolar equations, J. Math.
Fluid Mech., 22 (2020), no. 2, Paper No. 28, 36 pp.



18 Z. LI, Z. RAO, W. SONG EJDE-2026,/47

[26] Y. Wang, K. Wang; Global well-posedness of 3D magneto-micropolar fluid equations with mixed partial vis-
cosity, Nonlinear Anal. Real World Appl., 33 (2017), 348-362.

[27] B. Yuan, P. Zhang; Global well-posedness for the 3D magneto-micropolar equations with fractional dissipation,
New Zealand J. Math., 51 (2021), 119-130.

ZHOUYU L1
SCHOOL OF MATHEMATICS, XI’AN UNIVERSITY OF TECHNOLOGY, XI’AN 710054, CHINA
Email address: zylimath@163.com

ZEAN RAO
SCHOOL OF MATHEMATICS, XI’AN UNIVERSITY OF TECHNOLOGY, XI'AN 710054, CHINA
Email address: zaraomath@163.com

WENJING SONG (CORRESPONDING AUTHOR)
SCHOOL OF SCIENCE, XI’AN POLYTECHNIC UNIVERSITY, XI'AN 710048, CHINA
Email address: wenjingsong1@163.com



	1. Introduction
	2. Preliminaries
	3. Proof of Theorem 1.1
	4. Proof of Theorem 1.3
	Acknowledgments

	References

