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STANDING WAVES WITH A CRITICAL FREQUENCY FOR THE

GROSS-PITAEVSKII EQUATION IN TRAPPED DIPOLAR

QUANTUM GASES

YI HE

Abstract. This article concerns the singularly of perturbed Gross-Pitaevskii equations in

trapped dipolar quantum gases,

−ε2∆u+ V (x)u+ λ1|u|2u+ λ2(K ∗ |u|2)u = 0 in R3,

u > 0, u ∈ H1(R3),

where ε is a small positive parameter, λ1, λ2 ∈ R, ∗ denotes the convolution, K(x) = 1−3cos2θ
|x|3

and θ = θ(x) is the angle between the dipole axis determined by (0, 0, 1) and the vector x.

Moreover, the potential V satisfies lim inf|x|→∞ V (x) > infR3 V (x) = 0. Under certain assump-

tions on (λ1, λ2) ∈ R2, we construct a family of positive solutions uε ∈ H1(R3) whose L∞

norm approaches 0 as ε → 0. Our main results extend the results in Byeon and Wang [6] which
dealt with singularly perturbed Schrödinger equations with a local nonlinearity, to the nonlocal

Gross-Pitaevskii type equation.

1. Introduction and main result

We study the Gross-Pitaevskii equation arising from Bose-Einstein condensation of trapped
dipolar quantum gases,

−ε2∆u+ V (x)u+ λ1|u|2u+ λ2(K ∗ |u|2)u = 0 in R3,

u > 0, u ∈ H1(R3),
(1.1)

where ε is a small positive parameter, λ1, λ2 ∈ R, ∗ denotes the convolution, K(x) = 1−3cos2θ
|x|3 and

θ = θ(x) is the angle between the dipole axis determined by (0, 0, 1) and the vector x. Moreover,
the potential V : R3 → R is a continuous function satisfying:

(A1) lim inf |x|→∞ V (x) > infR3 V (x) = 0;
(A2) There is a bounded domain Λ such that 0 = infΛ V < min∂Λ V .

This type of hypothesis on the potential can be regarded as the critical frequency case which was
first introduced by Byeon and Wang in [6].

Problem (1.1) arises from the study of the three dimensional Gross-Pitaevskii equation, see e.g.
[3, 9, 20, 22, 23],

ih
∂ψ(x, t)

∂t
= − h2

2m
∆ψ +W (x)ψ + λ0|ψ|2ψ + (Vdip ∗ |ψ|2)ψ, x ∈ R3, t > 0, (1.2)

where t is time, h is the Plank constant, m is the mass of a dipolar particle, W (x) is an exter-
nal trapping potential describing the electromagnetic trap for the condensate, λ0 = 4πh2as/m
describes the local interaction between dipoles in the condensate with as the s-wave scattering
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length (positive for repulsive interaction and negative for attractive interaction). The long-range
dipolar interaction potential between two dipoles is

Vdip =
µ0µ

2
dip

4π

1− 3cos2θ

|x|3
, x ∈ R3,

where µ0 is the vacuum magnetic permeability, µdip is the permanent magnetic dipole moment,
θ = θ(x) is the angle between the vector (0, 0, 1) and the vector x.

Carles, Markowich and Sparber [9] studied the existence and uniqueness of solution to the
following equation with initial condition ψ0 ∈ H1(R3),

i∂tψ +
1

2
∆ψ =

|x|2

2
ψ + λ1|ψ|2ψ + λ2(K ∗ |ψ|2)ψ, ψ(0, x) = ψ0(x). (1.3)

They proved that (1.3) has a unique, global solution if λ1 ≥ 4
3πλ2 ≥ 0. They called this situation

stable regime, referring to the fact that no singularity is formed in finite time. They also showed
that in the unstable regime

(
λ1 <

4
3πλ2

)
, finite time blow-up may occur.

The physical parameters λ1 and λ2 describe the strength of the two nonlinearities in problem
(1.1). Inspired by [9], we define the stable regime by

Dsr :=
{
(λ1, λ2) ∈ R2 : λ1 −

4

3
πλ2 ≥ 0 and λ1 +

8

3
πλ2 ≥ 0

}
(1.4)

and the unstable regime by

Dur :=
{
(λ1, λ2) ∈ R2 : λ1 −

4

3
πλ2 < 0 or λ1 +

8

3
πλ2 < 0

}
. (1.5)

In recent years, the following equation related to (1.1)

−1

2
∆u+

a2

2
|x|2u+ λ1|u|2u+ λ2(K ∗ |u|2)u+ µu = 0, x ∈ R3, (1.6)

with a ≥ 0, µ ∈ R has been studied by many authors, see [1, 3, 7, 8].
Antonelli and Sparber [1] studied (1.6) with a = 0 and proved that for any µ > 0, (λ1, λ2) ∈ Dur,

there exists a positive solution to (1.6) by looking for minimizers of the C1 functional

J(u) :=

(∫
R3 |∇u|2

)3/2(∫
R3 |u|2

)1/2

−λ1
∫
R3 |u|4 − λ2

∫
R3 (K ∗ |u|2)|u|2

in H1(R3). Furthermore, some symmetry regularity and decay properties of the solutions to (1.6)
were given.

Carles and Hajaiej [8] considered (1.6) and proved that if (λ1, λ2) ∈ Dsr, then (1.6) has a
non-negative minimal solution with any prescribed L2 norm which is Steiner symmetric and it is
unique provided that either λ1 >

4
3πλ2 > 0 or λ1 > − 8

3πλ2 > 0.
Bellazzini and Jeanjean [7] studied (1.6) in the case where (λ1, λ2) ∈ Dur. They proved that

(1.6) has at least one solution with any prescribed L2 norm with a = 0 and they also show that
there exists a0 > 0 such that for any a ∈ (0, a0], (1.6) has at least two solutions with any prescribed
L2 norm where one is a mountain pass solution and the other one is a topological local minimal
solution. Moreover, some stable scattering and asymptotic results were given.

He and Luo [15] considered the following singularly perturbed Gross-Pitaevskii equation in
trapped dipolar quantum gases

−ε2∆u+ V (x)u+ λ1|u|2u+ λ2(K ∗ |u|2)u = 0 in R3,

u > 0, u ∈ H1(R3),
(1.7)

where ε is a small positive parameter, λ1, λ2 ∈ R, ∗ denotes the convolution, K(x) = 1−3cos2θ
|x|3 and

θ = θ(x) is the angle between the dipole axis determined by (0, 0, 1) and the vector x. Under the
condition that the potential V satisfies

(A3) infx∈R3 V (x) = α > 0;
(A4) There is a bounded domain Λ such that V0 := infΛ V < min∂Λ V .
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and (λ1, λ2) ∈ Dur. They constructed a family of bound state solutions which concentrate around
the local minimum points of V as ε→ 0 by using the penalization method and a version of
quantitative deformation lemma due to [4, 6].

Zhang and Xu [24] studied (1.7) under the assumption that the potential V satisfies

(A5) V∞ = lim inf |x|→∞ V (x) > V0 = infx∈R3 V (x) > 0.

They used mountain pass theorem and Nehari manifold approach to show the existence of ground
state solutions to (1.7) for ε > 0 small and describe the concentration phenomenon of ground state
solutions as ε → 0. Moreover, they investigate the relationship between the number of positive
solutions and the profile of the potential V under one more assumption

(A6) There exist a1, . . . , ak in R3 such that V (aj) = V0, j = 1, . . . , k. Moreover, each of
a1, . . . , ak is a strict global minimum point of V .

Equation (1.1) is related to standing wave solutions for the nonlinear Schrödinger equation

iℏ
∂ψ

∂t
+

ℏ2

2
∆ψ −W (x)ψ + |ψ|p−1ψ = 0, (t, x) ∈ R× RN , (1.8)

where ℏ denotes the Planck constant, i is the imaginary unit. A solution of the form ψ(x, t) =
exp(−iEt/ℏ)v(x) is called a standing wave. It is easily checked that ψ(x, t) = exp(−iEt/ℏ)W (x)
is a standing wave solution to (1.8) if and only if the function v satisfies

ℏ2

2
∆ψ − (W (x)− E)v + |v|p−1v = 0, x ∈ RN . (1.9)

For simplicity, we let V (x) =W (x)− E, ε = ℏ/
√
2, (1.9) can be rewritten in the form

−ε2∆u+ V (x)u = |u|q−2u, x ∈ RN , (1.10)

where 2 < q < 2∗, N ≥ 1. Under the assumption that

inf
RN

W (x) > E
(
inf
RN

V (x) > 0
)
,

many mathematicians proved the existence, concentration and multiplicity of solutions to (1.10).
Floer and Weinstein [13] studied (1.9) in the case where N = 1, q = 4, V ∈ L∞ with inf V > 0.

They construct a single peak solution which concentrates around any prescribed non-degenerate
critical point of the potential V . Y. G. Oh [16, 17] extended this result in higher dimensions when
2 < q < 2N/(N − 2) and the potential V belongs to Kato class. Furthermore, Oh [18] proved
the existence of multi-peak solutions which concentrate around any prescribed finite subsets of
the non-degenerate critical points of V . The arguments in [13, 16, 17, 18] are mainly based on a
Lyapunov-Schmidt reduction.

Rabinowitz [19] used mountain pass theorem to prove that (1.10) possesses a positive ground
state solution for ε > 0 small where the potential V satisfies (A5).

The concentration behavior for the family of positive ground state solutions obtained in [19]
was proved by Wang [21]. He proved that the positive ground state solutions to (1.10) must
concentrate around the global minimum points of V as ε→ 0.

Under the same condition (A5) on V (x), Cingolani and Lazzo [10] proved the multiplicity of
positive ground state solutions to (1.10) by Ljusternik-Schnirelmann theory.

del Pino and Felmer [11] studied (1.10) with some conditions on V replaced by (A3) and
(A4). They proved that (1.10) possesses a positive bound state solution for ε > 0 small which
concentrates around the local minimum points of V in Λ as ε→ 0.

This article concerns the situation where E is a critical frequency in the sense that

inf
RN

W (x) = E
(
inf
RN

V (x) = 0
)
. (1.11)

It seems that Byeon and Wang [5] were the first to study the existence, concentration and asymp-
totic behavior of positive ground state solution to (1.10) under the critical frequency (1.11). They
obtained a solution uε to (1.10) such that limε→0 ∥uε∥L∞(RN ) = 0 and limε→0 ε

−2/(p−2)∥uε∥L∞(RN ) >



4 Y. HE EJDE-2026/48

0. And the results on the existence of localized solutions of [5] are extended in [6] to more general
nonlinearities via the penalization methods involving the local type

g(x, t) := χD/ε(x)f̃(t) + (1− χD/ε(x))min{f̃(t), γt} (1.12)

and the nonlocal type (
ε−6/µ

∫
RN\Λε

u2 − 1
)β

+
(1.13)

for some D, Λ ⊂ RN , γ, µ > 0, 1 < β < q/2 and q ∈ (2, 2∗).
As far as we know, there is no result for (1.1) under the critical frequency situation (1.11).

Since the interaction kernel K(x) is highly singular, the singular integral K ∗ |u|2 makes it much
more complicated to estimate the uniform boundedness in L∞ and exponential decay of solutions
to (1.1). Moreover, due to the indefinite sign of K(x), λ1 and λ2, the local penalization method
(1.12) in [6] can not be used in this article.

To study (1.1), we will work with the equivalent equation

−∆v + V (εx)v + λ1v
3 + λ2(K ∗ v2)v = 0 in R3,

v > 0, v ∈ H1(R3)
(1.14)

with the energy functional

Iε(v) =
1

2

∫
R3

|∇v|2 + 1

2

∫
R3

V (εx)v2 +
λ1
4

∫
R3

(v+)
4
+
λ2
4

∫
R3

(K ∗ (v+)2)(v+)2, v ∈ Hε,

where (λ1, λ2) ∈ Dur and Hε := {v ∈ H1(R3)|
∫
R3 V (εx)v2 <∞} endowed with the norm

∥v∥ε :=
(∫

R3

|∇v|2 +
∫
R3

V (εx)v2
)1/2

.

Because of the indefinite sign ofK(x), λ1 and λ2, we use the nonlocal penalization method (1.13)
introduced by Byeon and Wang [6], which helps us to overcome the non-compactness caused by
the unboundedness of the domain R3. For this purpose, we should modify the energy functional.

Following [6], we define Jε : Hε → R by

Jε(v) = Iε(v) +Qε(v),

where Iε is energy functional defined above,

Qε(v) =
(∫

R3

χεv
2 − 1

)β

+
, χε(x) =

{
0 if x ∈ Λ/ε,

ε−18 if x /∈ Λ/ε,

and 1 < β < 2. It will be shown that the functional Qε acts as a penalization to recover the (PS)
condition for the modified functional Jε. Moreover, because of the mass concentration quantity
derived from Qε, the solutions to the modified problem can be estimated suitably by elliptic
estimates. After suitable estimates of solutions to the modified problem, we can verify that for
ε > 0 small the solutions we constructed for the modified problem are indeed solutions to the
original problem (1.1).

Before stating our results, we give some notation. We define Z = {x ∈ R3 : V (x) = 0} and
M := Z ∩ Λ = {x ∈ Λ : V (x) = 0}. For any set B ⊂ R3 and δ > 0, we denote Bδ = {x ∈ R3 :
dist(x,B) ≤ δ}.

Theorem 1.1. Assume that the potential V satisfies (A1), (A2) and (λ1, λ2) ∈ Dur, then there
exists an ε0 > 0 such that for every ε ∈ (0, ε0], (1.1) possesses a positive bound state solution
uε ∈ H1(R3). Moreover,

(i) for each δ > 0, there exists C1, C2 > 0, such that

uε(x) ≤ C1 exp
(
−C2

ε
dist(x,Mδ)

)
,

where C1, C2 are independent of ε;
(ii) limε→0 ∥uε∥L∞(RN ) = 0 and limε→0 ε

−1∥uε∥L∞(RN ) > 0.
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This article is organized as follows. In Section 2, we give some preliminary results. In Section 3,
we prove the main result Theorem 1.1.

2. Preliminaries

In this section, we give some preliminary results. Let

C(u) := λ1

∫
R3

|u|4 + λ2

∫
R3

(K ∗ |u|2)|u|2

and define the Fourier transform of u by

F(u)(ξ) := û(ξ) =

∫
R3

e−ix·ξu(x)dx,

we have the following results:

Lemma 2.1 ([9, Lemma 2.3]). The Fourier transform of K is

K̂(ξ) =
4π

3
(3cos2θ − 1) =

4π

3

(3ξ23
|ξ|2

− 1
)
=

4π

3

(2ξ23 − ξ21 − ξ22
|ξ|2

)
∈
[
−4

3
π,

8

3
π
]
,

where θ is the angle between ξ and the vector (0, 0, 1).

Lemma 2.2. Let u ∈ H1(R3), then

C(u) =
1

(2π)
3

∫
R3

[λ1 + λ2K̂(ξ)]|û2|2dξ

and |C(u)| ≤ C∥u∥4L4(R3). Moreover, if (λ1, λ2) ∈ Dsr given in (1.4), then C(u) ≥ 0.

Proof. The first part is obtained by Plancherel identity (see for example [2, Theorem 1.25]) and
the detailed proof can be found in [7]. The second part is a direct conclusion from Lemma 2.1. □

Lemma 2.3 ([9, Lemma 2.1]). The operator K : u → K ∗ u can be extended as a continuous
operator on Lp(R3) for all 1 < p <∞.

The equation for m > 0,

−∆u+mu+ λ1|u|2u+ λ2(K ∗ |u|2)u = 0 in R3,

u ∈ H1(R3)
(2.1)

is the limiting problem to (1.1) with the energy functional

Im(u) =
1

2

∫
R3

|∇u|2 + m

2

∫
R3

u2 +
λ1
4

∫
R3

|u+|4 + λ2
4

∫
R3

(K ∗ |u+|2)|u+|2, u ∈ H1(R3).

Denoting cm the ground state level of (2.1), that is

cm = inf{Im(u) : u ∈ H1(RN )\{0} is a solution to (2.1)}.
We say u ∈ H1(RN )\{0} is a ground state solution to (2.1) if u is a solution to (2.1) and satisfies
Im(u) = cm. He and Luo [15], Zhang and Xu [24] proved that (2.1) possesses a ground state
solution for (λ1, λ2) ∈ Dur. Furthermore, He and Luo [15] proved that the ground state level cm
and the mountain pass value coincide, i.e.

cm = inf
γ∈Γ

sup
t∈[0,1]

Im(γ(t)),

where the set of paths is defined as

Γ := {γ ∈ C([0, 1], H1(RN )) : γ(0) = 0 and Im(γ(1)) < 0}.
In view of the fact that C(u) is homogeneous, Zhang and Xu [24] defined the restricted set by

O = {u ∈ H1(R3) : C(u) < 0}.
Note that [15, Lemma 2.3] implies O ≠ ∅, they used the set O and the Nehari manifold method
to characterize the ground state level cm, i.e. if (λ1, λ2) ∈ Dur,

cm = inf
u∈Nm

Im(u) = inf
w∈O

max
t>0

Im(tw) > 0,
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where Nm is the Nehari manifold corresponding to Im defined by

Nm := {u ∈ H1(R3)\{0} : ⟨I ′m(u), u⟩ = 0}.

Lemma 2.4. Suppose that there is a nonnegative bounded sequence {un}∞n=1 ⊂ D1,2(R3) and
satisfies

−∆u ≤ C(u3 + |K ∗ u2|u) (2.2)

in the weak sense, then

∥un∥L∞(R3) ≤ C∥un∥L6(R3), (2.3)

where C is independent of n.

Proof. We let uL = min(u, L) where L > 0. Taking un(un)
2(β−1)
L for β ≥ 1 as a test function in

(2.2) and by Young’s inequality, we have∫
R3

|∇un|2(un)2(β−1)
L + C(β − 1)

∫
R3

|∇(un)L|
2(un)

2(β−1)
L

≤ C

∫
R3

u4n(un)
2(β−1)
L + C

∫
R3

|K ∗ u2n|u2n(un)
2(β−1)
L .

(2.4)

Letting WL = un(un)
(β−1)
L , by Sobolev’s inequality and (2.4), we see that

∥WL∥2L6 ≤ C

∫
R3

|∇WL|2

≤ C(β − 1)2
∫
R3

|∇(un)L|
2(un)

2(β−1)
L + C

∫
R3

|∇un|2(un)2(β−1)
L

≤ Cβ2
(∫

R3

u4n(un)
2(β−1)
L +

∫
R3

|K ∗ u2n|u2n(un)
2(β−1)
L

)
.

By Hölder’s inequality, Lemma 2.3 and the boundedness of {un}∞n=1 in D1,2(R3), we have[∫
R3

u6n(un)
6(β−1)
L

]1/3
≤ Cβ2

[∫
R3

u3n(un)
3(β−1)
L

]2/3
.

Furthermore, if un ∈ L3β(R3), letting L→ +∞, we see that

∥un∥L6β(R3) ≤ C1/ββ1/β∥un∥L3β(R3).

Choosing β = 2m, we have

∥un∥L3·2m+1 (R3) ≤ C2−m

2m2−m

∥un∥L3·2m (R3). (2.5)

Iterating by (2.5), we obtain

∥un∥L3·2m+1 (R3) ≤ C
∑m

i=1 2−i

2
∑m

i=1 i2−i

∥un∥L6(R3).

Letting m→ ∞, we obtain (2.3). □

Lemma 2.5 ([[14, Lemma 8.17]). ] Let Ω be an open subset of RN (N ≥ 2). Suppose that t > N ,
h ∈ Lt/2(Ω) and u ∈ H1(Ω) satisfies −∆u(x) ≤ h(x), x ∈ Ω in the weak sense. Then for each
ball B2r(y) ⊂ Ω,

sup
Br(y)

u ≤ C
(
∥u+∥L2(B2r(y))

+ ∥h∥Lt/2(B2r(y))

)
,

where C = C(N, t, r) is independent of y.
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3. Singularly perturbed problem

In this section, we assume that (λ1, λ2) ∈ Dur. (1.1) can be rewritten as

−∆v + V (εx)v + λ1v
3 + λ2(K ∗ v2)v = 0 in R3,

v > 0, v ∈ H1(R3)
(3.1)

with the corresponding energy functional

Iε(v) =
1

2

∫
R3

|∇v|2 + 1

2

∫
R3

V (εx)v2 +
λ1
4

∫
R3

(v+)
4
+
λ2
4

∫
R3

(K ∗ (v+)2)(v+)2, v ∈ Hε,

where

Hε := {v ∈ H1(R3) :

∫
R3

V (εx)v2 <∞}

endowed with the norm

∥v∥ε :=
(∫

R3

|∇v|2 +
∫
R3

V (εx)v2
)1/2

.

We define

χε(x) =

{
0 if x ∈ Λ/ε,

ε−18 if x /∈ Λ/ε
Qε(v) =

(∫
R3

χεv
2 − 1

)β

+
,

where 1 < β < 2. Finally, we set Jε : Hε → R by

Jε(v) = Iε(v) +Qε(v).

Moreover, for each R > 0, we regard H1
0 (BR(0)) as a subspace of Hε. Namely, for any u ∈

H1
0 (BR(0)), we extend u by defining u(x) = 0 for |x| > R, then ∥ · ∥ε is equivalent to the standard

norm of H1
0 (BR(0)) for each R > 0, ε > 0. Next we will show that Jε

∣∣
H1

0 (BR(0)) possesses the
mountain pass geometry for ε > 0 small and R > 0 large.

Lemma 3.1. For each fixed ε > 0 and R > 0, there exists a constat r(ε) > 0 such that

inf{Jε(u) : u ∈ H1
0 (BR(0)), ∥u∥ε = r} > 0.

Proof. From (A1), we choose b > 0 such that lim inf |x|→+∞ V (x) ≥ 2b, we can take R0 > 0 such

that V (εx) ≥ b for |x| ≥ ε−1R0 and BR0(0) ⊃ Λ. By Lemma 2.3, Sobolev’s imbedding theorem
and Young’s inequality, we see that for any η > 0, there exists Cη > 0 such that

Jε(u) =
1

2

∫
R3

|∇v|2 + 1

2

∫
R3

V (εx)v2 +
1

4
C(v) +Qε(v)

≥ 1

2
∥v∥2ε − C

∫
R3

v4

≥ 1

2
∥v∥2ε − η

∫
R3

v2 − Cη

∫
R3

v6

≥ 1

4
∥v∥2ε +

1

4

∫
R3\BR0/ε(0)

V (εx)v2 − η

∫
R3\BR0/ε(0)

v2 − η

∫
BR0/ε(0)

v2 − Cη

∫
R3

v6

≥ 1

4
∥v∥2ε +

1

4

∫
R3\BR0/ε(0)

V (εx)v2 − η

∫
R3\BR0/ε(0)

v2 − C0δ

ε2
∥v∥2ε − Cη∥v∥6ε

Choosing η > 0 such that η <
{

b
4 ,

ε2

8C0

}
, we see that

Jε(u) ≥
1

8
∥v∥2ε − Cε∥v∥6ε,

the lemma holds. □

Lemma 3.2. For each fixed ε > 0 small and R > 0 large, there exists a ϕε ∈ H1
0 (BR(0)) such

that Jε(ϕε) < 0.
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Proof. Arguing as in the proof of [15, Lemma 2.3], we can select a nonnegative u0 ∈ C∞
c (R3)\{0}

to ensure that C(u0) < 0. Then we choose R > 0 large such that suppu0 ⊂ BR(0), at this time,
u0 can be regarded as a function in H1

0 (BR(0)), then

Jε(tu0) =
t2

2
∥u0∥2ε +

t4

4
C(u0) +

(∫
R3

(χεtu0)
2 − 1

)β

+

≤ t2

2
∥u0∥2ε +

t4

4
C(u0) + Ct2β

(∫
R3

(χεu0)
2
)β

+ C.

Note that C(u0) < 0 and 1 < β < 2, we can choose a large Tε such that Jε(Tεu0) < 0, Tεu0 is the
desired ϕε. □

Similar to the argument in Lemmas 3.1 and 3.2, we see that Jε possesses the mountain pass
geometry in Hε. Hence, we can define the mountain pass value of Jε and Jε|H1

0 (BR(0)) as follows:

cε := inf
γ∈Γε

max
s∈[0,1]

Jε(γ(s)),

where

Γε := {γ ∈ C([0, 1], Hε) : γ(0) = 0, Jε(γ(1)) < 0},
cε,R := inf

γ∈Γε,R

max
0≤t≤1

Jε(γ(t)),

Γε,R :=
{
γ ∈ C([0, 1], H1

0 (BR(0))) : γ(0) = 0, Jε(γ(1)) < 0
}
.

It is easy to see that for each ε > 0 small and R > 0 large, cε,R ≥ cε, then limR→+∞ cε,R := dε ≥ cε.

Lemma 3.3. For each ε > 0 small and R > 0 large, cε,R is a critical value of Jε on H1
0 (BR(0)).

Proof. By Lemmas 3.1 and 3.2, and the mountain pass theorem, for each fixed ε > 0 small and
R > 0 large, there exists a sequence {vRn,ε}∞n=1 ⊂ H1

0 (BR(0)) such that Jε(v
R
n,ε) → cε,R and

J ′
ε(v

R
n,ε) → 0 in (H1

0 (BR(0)))
−1 as n→ ∞. Then

cε,R + o(1) + o(1)∥vRn,ε∥ε

= Jε(v
R
n,ε)−

1

4
⟨J ′

ε(v
R
n,ε), v

R
n,ε⟩

=
1

4
∥vRn,ε∥2ε +

(∫
R3

χε(v
R
n,ε)

2 − 1
)β

+
− β

2

(∫
R3

χε(v
R
n,ε)

2 − 1
)β−1

+

∫
R3

χε(v
R
n,ε)

2

≥ 1

4
∥vRn,ε∥2ε +

(
1− β

2

)(∫
R3

χε(v
R
n,ε)

2 − 1
)β

+
− β

2

(∫
R3

χε(v
R
n,ε)

2 − 1
)β−1

+
,

(3.2)

where o(1) → 0 as n→ ∞. From (3.2), we see that(
1− β

2

)(∫
R3

χε(v
R
n,ε)

2 − 1
)β

+
− β

2

(∫
R3

χε(v
R
n,ε)

2 − 1
)β−1

+

≤ cε,R + o(1) + o(1)∥vRn,ε∥ε −
1

4
∥vRn,ε∥2ε.

(3.3)

Noting that since 1 < β < 2, the left side of (3.3) is bounded from below, then we see that
{vRn,ε}∞n=1 is bounded in H1

0 (BR(0)). Up to a subsequence, as n → ∞, we see that vRn,ε ⇀ vRε
in H1

0 (BR(0)), v
R
n,ε → vRε in Ls(BR(0))(1 ≤ s < 6) and vRn,ε → vRε a.e. BR(0). Using standard

argument, we verify that
vRn,ε → vRε in H1

0 (BR(0)) as n→ ∞ (3.4)

and vRε ≥ 0 satisfies

−∆vRε + V (εx)vRε + 2β
(∫

R3

χε(v
R
ε )

2
dx− 1

)β−1

+
χεv

R
ε

= −λ1(vRε )3 − λ2(K ∗ |vRε |2)vRε in BR(0),

vRε = 0 on ∂BR(0)

(3.5)

and Jε(v
R
ε ) = cε,R. □
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Lemma 3.4. For each ε > 0 small, dε is a critical value of Jε on Hε.

Proof. Noting that limε→0 dε = 0 (Lemma 3.5 below) and limR→+∞ cε,R := dε, by (3.3), we choose
ε̄ > 0 such that for each ε ∈ (0, ε̄], there exists Rε > 0 such that

∥vRε ∥Hε ≤ C uniformly for ε ∈ (0, ε̄] and R > Rε. (3.6)

By Lemma 2.4, we see that

∥vRε ∥L∞(R3) ≤ C uniformly for ε ∈ (0, ε̄] and R > Rε. (3.7)

Since Qε(v
R
ε ) is uniformly bounded for all ε > 0 small and R > Rε, we have∫

R3\(Λ/ε)

(vRε )
2 ≤ Cε18. (3.8)

We see from (3.5) and (3.7) that

−∆vRε ≤ C(vRε )
3 + C(|K ∗ |vRε |2|vRε ) ≤ C(vRε )

2/3 + |K ∗ vRε |(vRε )1/3,
in the weak sense. Letting t = 6 and r = 1 in Lemma 2.5, we have

sup
B1(y)

vRε ≤ C
(
∥vRε ∥L2(B2(y))

+ ∥vRε ∥
2/3
L2(B2(y))

+
(∫

B2(y)

|K ∗ vRε |3(vRε )
)1/3)

≤ C(∥vRε ∥L2(B2(y))
+ ∥vRε ∥

2/3
L2(B2(y))

+ ∥K ∗ vRε ∥L6(R3)∥v
R
ε ∥

1/3
L2(B2(y))

), y ∈ R3.

By (3.8) and Lemma 2.3, we check that for ε > 0 small,

vRε (x) ≤ Cε3 for all |x| ≥ R0/ε+ 2 and R > Rε. (3.9)

By (3.6), (3.7) and Lemma 2.3, we verify that −λ1(vRε )3−λ2(K ∗ |vRε |2)vRε is bounded in Lq
loc(R3)

for every q ≥ 1 and the Lp-estimate implies the boundedness of {vRε } in W 2,q
loc (R3)(q ≥ 1), then

by the Sobolev’s imbedding theorem, there exists α ∈ (0, 1) such that

∥vRε ∥C1,α
loc (R3) ≤ C uniformly for ε ∈ (0, ε̄] and R > Rε. (3.10)

Let θ̄ the angle between x− y and the dipole axis (0, 0, 1) and note that the average of 1− 3cos2θ̄
on spheres ∂Br(x)(r > 0) vanishes, that is∫

∂Br(x)

(1− 3cos2θ̄)ds = 0. (3.11)

Using differential mean value theorem, (3.9), (3.10) and (3.11) yield that for |x| ≥ 2R0/ε and
R > Rε,

lim
δ→0

∫
B1(x)\Bδ(x)

1− 3cos2θ̄

|x− y|3
|vRε (y)|2dy

= lim
δ→0

∫
B1(x)\Bδ(x)

1− 3cos2θ̄

|x− y|3
(|vRε (y)|2 − |vRε (x)|2)dy

≤ C∥vRε ∥L∞(B1(x))∥∇v
R
ε ∥L∞(B1(x))

∫
B1(x)

1

|x− y|2
dy ≤ Cε3.

(3.12)

Recalling Λ ⊂ BR0
(0), we see from (3.6) that for |x| ≥ 2R0/ε,∫

Λ/ε

1− 3cos2θ̄

|x− y|3
|vRε (y)|2dy ≤ C

ε3

R3
0

∫
Λ/ε

|vRε (y)|2dy ≤ Cε3. (3.13)

Moreover, (3.8) implies that for |x| ≥ 2R0/ε,∫
R3\((Λ/ε)∪B1(x))

1− 3cos2θ̄

|x− y|3
|vRε (y)|2dy ≤ C

∫
R3\(Λ/ε)

|vRε (y)|2dy ≤ Cε18. (3.14)

Finally, from (3.9), (3.12), (3.13) and (3.14), for ε > 0 small,

−λ1(vRε )3 − λ2(K ∗ |vRε |2)vRε ≤ 1

2
V (εx)vRε for |x| ≥ 2R0/ε and R > Rε.
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The Maximum Principle shows that

0 ≤ vRε (x) ≤ C1(ε)e
−C2(ε)|x| for |x| ≥ 2R0/ε and R > Rε, (3.15)

where C1(ε) and C2(ε) are independent of R.
Choosing a cut-off function φA ∈ C∞(R3) such that 0 ≤ φA ≤ 1, φA = 0 for |x| ≤ A,

φA = 1 for |x| ≥ 2A and |∇φA| ≤ C/A. It follows from (3.15), (3.6), Lemma 2.3 and the fact〈
J ′
ε(v

R
ε ), φAv

R
ε

〉
= 0 that as A→ ∞,∫

R3\B2A(0)

|∇vRε |2 + V (εx)|vRε |2

≤ C

A

∫
R3\BA(0)

|∇vRε |2 + V (εx)|vRε |2 + C

∫
R3\BA(0)

|vRε |4 + C

∫
R3\BA(0)

(K ∗ |vRε |2)|vRε |2

≤ C

A

∫
R3\BA(0)

|∇vRε |2 + V (εx)|vRε |2 + C

∫
R3\BA(0)

|vRε |4

+ C
(∫

R3

(K ∗ |vRε |2)
2
)1/2(∫

R3\BA(0)

|vRε |4
)1/2

≤ C

A

∫
R3\BA(0)

|∇vRε |2 + V (εx)|vRε |2 + C(ε)

∫
R3\BA(0)

e−C(ε)|x|

+ C(ε)
(∫

R3\BA(0)

e−C(ε)|x|
)1/2

→ 0,

that is for ε > 0 small,

lim
A→∞

∫
R3\B2A(0)

|∇vRε |2 + V (εx)|vRε |2 = 0. (3.16)

Since {vRε } is bounded in Hε, we can assume that as R→ ∞, vRε ⇀ vε in Hε, v
R
ε → vε in Ls

loc(R3)
for all s ∈ [1, 6) and vRε → vε a.e. R3. By (3.16) and Sobolev’s imbedding theorem, we obtain
vRε → vε in Ls(R3) for all s ∈ [2, 6) as R→ ∞. Using standard argument, we see that vRε → vε in
Hε as R→ ∞. Hence, vε ∈ Hε satisfies

−∆vε + V (εx)vε + 2β
(∫

R3

χεv
2
ε − 1

)β−1

+
χεvε + λ1v

3
ε + λ2(K ∗ v2ε)vε = 0 in R3 (3.17)

and Jε(vε) = dε. □

Lemma 3.5. limε→0 dε = 0.

Proof. Without loss of generality, we may assume that 0 ∈ M, i.e. V (0) = 0. We let w ∈
H1

0 (B1(0)) a positive ground state solution to

−∆u+ λ1u
3 + λ2(K ∗ u2)u = 0 in B1(0), u = 0 on ∂B1(0).

Then for each R > 0, wR := 1
Rw

(
x
R

)
satisfies

−∆wR + λ1w
3
R + λ2(K ∗ w2

R)wR = 0 in BR(0), wR = 0 on ∂BR(0).

It is obvious that ∫
BR(0)

|∇wR|2 =
1

R

∫
B1(0)

|∇w|2, (3.18)∫
BR(0)

w4
R =

1

R

∫
B1(0)

w4, (3.19)∫
BR(0)

(K ∗ w2
R)w

2
R =

1

R

∫
B1(0)

(K ∗ w2)w2. (3.20)

We regard wR as a function in H1(RN ) by defining wR = 0 for |x| ≥ R. Then for ε > 0 and t > 0,

Jε(twR) =
t2

2

∫
R3

|∇wR|2 +
t2

2

∫
R3

V (εx)w2
R +

t4

4
C(wR).
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It is easy to see that there exists t0 > 0 such that Jε(twR) < 0 for t > t0 and ε > 0 small. Then

lim sup
ε→0

dε ≤ lim sup
ε→0

cε,R

≤ lim sup
ε→0

max
t∈(0,+∞)

Jε(twR)

≤ max
t∈(0,+∞)

( t2
2

∫
R3

|∇wR|2 +
t4

4
C(wR)

)
+ lim sup

ε→0

t20
2

max
x∈BR(0)

V (εx)

∫
R3

w2
R

= 0 +
1

2

∫
R3

|∇wR|2 +
1

4
C(wR).

Recalling the fact that dε ≥ cε > 0 and letting R → +∞ in the above inequality, we see from
(3.18), (3.19) and (3.20) that limε→0 dε = 0. □

Lemma 3.6. {∥vε∥ε}ε>0 and {Qε(vε)}ε>0 are bounded for ε > 0 small.

Proof. Noting that dε = Jε(vε) − 1
4 ⟨J

′
ε(vε), vε⟩ and arguing as in (3.2) and (3.3), the conclusion

follows. □

Lemma 3.7. {∥vε∥L∞(R3)}ε>0 is bounded for ε > 0 small.

The above lemma is a direct conclusion from Lemmas 2.4 and 3.6.

Lemma 3.8. For each δ > 0, limε→0 ∥vε∥L∞(R3\(Mδ/2/ε)) = 0.

Proof. If follows from Lemma 3.7 that∫
R3\(Λ/ε)

v2ε ≤ Cε18.

Then by the boundedness of {∥vε∥L∞(R3)}ε>0, we see that for any q ≥ 2,∫
R3\(Λ/ε)

vqε ≤ C

∫
R3\(Λ/ε)

v2ε ≤ Cε18,

which implies

∥vε∥L∞(R3\(Λ/ε)) → 0 as ε→ 0.

Suppose that there is {yε}ε>0 ⊂ (Λ/ε)\(Mδ/2/ε) such that lim infε→0 vε(yε) > 0 with V (εyε) →
m > 0, by elliptic estimate, {vε(x+ yε)}ε>0 is bounded in C1,α

loc (R3) for some α ∈ (0, 1), then
vε(x + yε) → v ̸= 0 in C1

loc(R3) sense. It is easy to see that v is a solution to (2.1). From [11,
Lemma 2.2], we see that lim infε→0 Jε(vε) ≥ cm > 0 which contradicts Lemma 3.5. □

Lemma 3.9. For each δ > 0, there exist constants C1, C2 > 0 such that

vε(x) ≤ C1 exp(−C2dist(x,Z3δ/4/ε)).

Proof. Noting that for each δ > 0, inf{V (x) : x /∈ Z3δ/4} > 0. Arguing as for (3.8) to (3.14), we
see that

lim
ε→0

∥∥λ1v2ε + λ2(K ∗ v2ε)
∥∥
L∞(R3\(Z3δ/4/ε))

= 0.

Thus, we obtain decay estimate by applying comparison principle. We refer to [5, Lemma 2.7] for
details. □

If Z\M ≠ ∅, we have the following estimate of vε on (Zδ/ε)\(Mδ/ε). This estimate mainly
comes from [6, 12], but for completeness, we give a proof.

Lemma 3.10. For δ > 0 small, there exist constants C1, C2 > 0 such that

∥vε∥L∞((Zδ/ε)\(Mδ/ε)) ≤ C1 exp
(
−C2

ε

)
.
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Proof. Taking 2δ > 0 to ensure that (Z2δ\M2δ) ∩ Λ2δ = ∅. Let (φ, λ̄1) be the pair of the first
eigenfunction and eigenvalue of −∆ on Z2δ\M2δ with Dirichlet boundary condition, we may
assume that

inf{φ(x) : x ∈ ∂(Zδ\Mδ)} = 1. (3.21)

It follows from Lemma 3.6, Lemma 3.7 and arguing as for (3.8) to (3.14), we have

∥λ1v2ε + λ2(K ∗ v2ε)∥L∞((Z2δ/ε)\(Λδ/ε)) ≤ Cε3.

From Lemma 3.9, we see that vε(x) ≤ C1 exp
(
−C2δ

4ε

)
on ∂(Zδ/ε). Then we define φε(x) =

C1 exp
(
−C2δ

4ε

)
φ(εx). Then −∆φε = λ̄1ε

2φε. Noting that −∆vε ≤ Cε3vε, we have

−∆(vε − φε) ≤ Cε3vε − λ̄1ε
2φε ≤ 0

according to Lemma 3.7 and (??), then by a comparison principle, we obtain the estimate. □

Proof of Theorem 1.1. From Lemmas 3.9 and 3.10, we see that as ε→ 0,

ε−18

∫
R3\(Λ/ε)

v2ε ≤ ε−18

∫
R3\(Λ/ε)\(Zδ/ε)

v2ε + ε−18

∫
(Zδ/ε)\(Λ/ε)

v2ε

≤ ε−18

∫
R3\(Zδ/ε)

v2ε + ε−18

∫
(Zδ/ε)\(Mδ/ε)

v2ε

≤ Cε−18

∫
R3\(Zδ/ε)

e−C δ
ε + Cε−18

∫
(Zδ/ε)\(Mδ/ε)

e−
C
ε → 0.

This implies that Qε(vε) = 0 for ε > 0 small. Then

1

4
∥vε∥ε = Jε(vε)−

1

4
⟨J ′

ε(vε), vε⟩ = dε → 0

as ε→ 0, by Lemma 2.4, we see that limε→0 ∥vε∥L∞(R3) = 0. Noting that vε satisfies

−∆vε + V (εx)vε + λ1v
3
ε + λ2(K ∗ v2ε)vε = 0 in R3.

Letting wε(x) = ε−1vε(x/ε), we see that

−∆wε +
V (x)

ε2
wε + λ1w

3
ε + λ2(K ∗ w2

ε)wε = 0 in R3 (3.22)

Multiplying wε on both sides of (3.22) and integrating by parts, we see from Lemma 2.3 that∫
R3

|∇wε|2 +
1

ε2

∫
R3

V (x)w2
ε ≤ C∥wε∥2L∞(R3)

∫
R3

w2
ε . (3.23)

We denote ϕ ∈ C∞
c (RN , [0, 1]) such that ϕ(x) = 1 on Z4δ, then it follows that∫

R3

w2
ε ≤ C

∫
R3

ϕ2w2
ε + C

∫
R3

(1− ϕ)
2
w2

ε

≤ C

∫
R3

|∇(ϕwε)|2 + C
1

ε2

∫
R3

V (x)w2
ε

≤ C

∫
R3

|∇wε|2 + C

∫
R3

|∇ϕ|2w2
ε + C

1

ε2

∫
R3

V (x)w2
ε

≤ C

∫
R3

|∇wε|2 + C
1

ε2

∫
R3

V (x)w2
ε .

(3.24)

Combining (3.23) and (3.24), we see that lim infε→0 ∥wε∥L∞(R3) > 0. Recalling that uε(x) =

vε(x/ε), we obtain lim infε→0 ε
−1∥uε∥L∞(R3) > 0. □
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