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STANDING WAVES WITH A CRITICAL FREQUENCY FOR THE
GROSS-PITAEVSKII EQUATION IN TRAPPED DIPOLAR
QUANTUM GASES

YI HE

ABSTRACT. This article concerns the singularly of perturbed Gross-Pitaevskii equations in
trapped dipolar quantum gases,
—&2Au+ V(z)u+ Ar|ul®u + Xa(K # |ul>)u=0 in R3,
w>0, u€& H(R?),

2
where ¢ is a small positive parameter, A1, A2 € R, * denotes the convolution, K(z) = %

and 0 = 0(z) is the angle between the dipole axis determined by (0,0,1) and the vector z.
Moreover, the potential V' satisfies lim inf|,|_, o, V(z) > infgs V(z) = 0. Under certain assump-
tions on (A1,A2) € R2, we construct a family of positive solutions ue € H'(R3) whose L
norm approaches 0 as e — 0. Our main results extend the results in Byeon and Wang [6] which
dealt with singularly perturbed Schrédinger equations with a local nonlinearity, to the nonlocal
Gross-Pitaevskii type equation.

1. INTRODUCTION AND MAIN RESULT

We study the Gross-Pitaevskii equation arising from Bose-Einstein condensation of trapped
dipolar quantum gases,

—e?Au+V(2)u + M ulPu + Mo (K # [ul*)u =0 in R?,

1.1
u>0, ue H' (R?), (L)

1—3cos?0
ER

6 = 0(x) is the angle between the dipole axis determined by (0,0,1) and the vector . Moreover,

the potential V : R® — R is a continuous function satisfying:

(A1) liminfj, e V(z) > infrs V(z) = 0;
(A2) There is a bounded domain A such that 0 = infy V' < mingy V.

This type of hypothesis on the potential can be regarded as the critical frequency case which was
first introduced by Byeon and Wang in [6].

Problem (1.1} arises from the study of the three dimensional Gross-Pitaevskii equation, see e.g.
13, @, 20, 22 23],
oY(x,t h?

Bl) I A+ W)+ Aol + (Vi * W0, 2 € B 150, (12
where ¢ is time, h is the Plank constant, m is the mass of a dipolar particle, W(z) is an exter-
nal trapping potential describing the electromagnetic trap for the condensate, \g = 4mh%a/m
describes the local interaction between dipoles in the condensate with as the s-wave scattering

where ¢ is a small positive parameter, A1, A2 € R, x denotes the convolution, K (x) = and

ih
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length (positive for repulsive interaction and negative for attractive interaction). The long-range
dipolar interaction potential between two dipoles is

Mouﬁip 1 — 3cos?6
4 |3 7
where pg is the vacuum magnetic permeability, pqgip is the permanent magnetic dipole moment,
0 = 0(x) is the angle between the vector (0,0,1) and the vector x.
Carles, Markowich and Sparber [9] studied the existence and uniqueness of solution to the
following equation with initial condition 1o € H!(R3),

2
S AP da(K x [P, (0, 2) = (). (1.3)

3
Vaip = x € R?,

1
104 + §A¢ =

They proved that (|1.3) has a unique, global solution if A; > %71’)\2 > 0. They called this situation
stable regime, referring to the fact that no singularity is formed in finite time. They also showed
that in the unstable regime ()\1 < %71')\2), finite time blow-up may occur.

The physical parameters A\; and Ao describe the strength of the two nonlinearities in problem
(1.1). Inspired by [9], we define the stable regime by

4 8
Dy = {(A1,A2) € R*: Ay — gmz >0and A\ + gmz >0} (1.4)
and the unstable regime by
4 8
Dy, = {()\1,)\2) cR?: A — §7T>\2 <0or A\ + 571')\2 < O} (15)

In recent years, the following equation related to (|1.1))

1 2
—§Au + %|x|2u + A ulPu 4 Ao (K * [ul*)u + pu = 0, = € R?, (1.6)

with @ > 0, & € R has been studied by many authors, see [II, Bl [7, [§].
Antonelli and Sparber [1] studied (|1.6) with a = 0 and proved that for any p > 0, (A1, A2) € Dy,
there exists a positive solution to (1.6 by looking for minimizers of the C! functional

o (e m) " ()
() = =1 s [ul = X2 [gs (K [uf?)|uf?

in H'(R3). Furthermore, some symmetry regularity and decay properties of the solutions to
were given.

Carles and Hajaiej [8] considered and proved that if (A1, A2) € D, then has a
non-negative minimal solution with any prescribed L? norm which is Steiner symmetric and it is
unique provided that either \; > %7’(’)\2 >0or \; > —%ﬂ')\z > 0.

Bellazzini and Jeanjean [7] studied in the case where (A1, A\2) € Dy,. They proved that
has at least one solution with any prescribed L? norm with a = 0 and they also show that
there exists ag > 0 such that for any a € (0, ag], has at least two solutions with any prescribed
L? norm where one is a mountain pass solution and the other one is a topological local minimal
solution. Moreover, some stable scattering and asymptotic results were given.

He and Luo [I5] considered the following singularly perturbed Gross-Pitaevskii equation in
trapped dipolar quantum gases

—e?Au+V(2)u + M ulPu + Mo (K # |ul*)u =0 in R?,
u>0, ue H' (R?),

(1.7)

1—3cos26
ER
0 = 6(z) is the angle between the dipole axis determined by (0,0,1) and the vector . Under the
condition that the potential V satisfies
(A3) infeps V(z) = a > 0;
(A4) There is a bounded domain A such that Vj :=infa V < minga V.

where ¢ is a small positive parameter, A1, A2 € R, * denotes the convolution, K(z) = and



EJDE-2026/48 STANDING WAVES IN DIPOLAR QUANTUM GASES 3

and (A1, \2) € Dy,. They constructed a family of bound state solutions which concentrate around
the local minimum points of V as € — 0 by using the penalization method and a version of
quantitative deformation lemma due to [4] [6].

Zhang and Xu [24] studied under the assumption that the potential V' satisfies

(A5) Voo = liminf|, o V(2) > Vo = inf,cps V(z) > 0.
They used mountain pass theorem and Nehari manifold approach to show the existence of ground
state solutions to (1.7) for € > 0 small and describe the concentration phenomenon of ground state
solutions as € — 0. Moreover, they investigate the relationship between the number of positive
solutions and the profile of the potential V' under one more assumption

(A6) There exist a',...,a* in R such that V(a’) = Vp, j = 1,...,k. Moreover, each of

a',...,a" is a strict global minimum point of V.

Equation (|1.1)) is related to standing wave solutions for the nonlinear Schrédinger equation

0 h?

”Laif + A= W@+ 9y =0, (t,2) eRxRY, (1.8)
where % denotes the Planck constant, ¢ is the imaginary unit. A solution of the form ¢(x,t) =
exp(—iEt/h)v(x) is called a standing wave. It is easily checked that ¢ (x,t) = exp(—iEt/h)W (x)
is a standing wave solution to (|1.8) if and only if the function v satisfies

2
%Aw (W)= B+ olo=0, xRV (1.9)

For simplicity, we let V(z) = W(z) — E, ¢ = h/V/2, can be rewritten in the form
—?Au+V(z)u = |u|f%u, xRV, (1.10)
where 2 < ¢ < 2%, N > 1. Under the assumption that
inf W (x) > E(%%an Viz) > o),

many mathematicians proved the existence, concentration and multiplicity of solutions to .

Floer and Weinstein [13] studied in the case where N =1, ¢ =4,V € L* with inf V' > 0.
They construct a single peak solution which concentrates around any prescribed non-degenerate
critical point of the potential V. Y. G. Oh [16] [I7] extended this result in higher dimensions when
2 < ¢ < 2N/(N — 2) and the potential V' belongs to Kato class. Furthermore, Oh [I§] proved
the existence of multi-peak solutions which concentrate around any prescribed finite subsets of
the non-degenerate critical points of V. The arguments in [13 [I6] [I7, 18] are mainly based on a
Lyapunov-Schmidt reduction.

Rabinowitz [19] used mountain pass theorem to prove that possesses a positive ground
state solution for ¢ > 0 small where the potential V satisfies (A5).

The concentration behavior for the family of positive ground state solutions obtained in [19]
was proved by Wang [2I]. He proved that the positive ground state solutions to must
concentrate around the global minimum points of V' as ¢ — 0.

Under the same condition (A5) on V(z), Cingolani and Lazzo [10] proved the multiplicity of
positive ground state solutions to (1.10)) by Ljusternik-Schnirelmann theory.

del Pino and Felmer [I1] stud with some conditions on V replaced by (A3) and
(A4). They proved that (|1.10) possesses a positive bound state solution for € > 0 small which
concentrates around the local minimum points of V in A as ¢ — 0.

This article concerns the situation where F is a critical frequency in the sense that

inf W (z) = E(%{an Viz) = 0). (1.11)

It seems that Byeon and Wang [5] were the first to study the existence, concentration and asymp-

totic behavior of positive ground state solution to ([1.10) under the critical frequency (1.11). They
obtained a solution u. to (L.10) such that lim. o [|ue|| o ry) = 0 and lim. 0 e =2/ =2 |Ju. || oo vy >
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0. And the results on the existence of localized solutions of [5] are extended in [6] to more general
nonlinearities via the penalization methods involving the local type

g(I,t) = XD/a(x)f(t) + (1 - XD/E(x)) min{fN(t),’yt} (112)

and the nonlocal type
B
(5*6/“/ u? - 1) (1.13)
RN\A. +

for some D, ACRY, v, 1 >0,1< < ¢q/2and q€ (2,2%).

As far as we know, there is no result for under the critical frequency situation .
Since the interaction kernel K (z) is highly singular, the singular integral K * |u|? makes it much
more complicated to estimate the uniform boundedness in L> and exponential decay of solutions
to (1.1). Moreover, due to the indefinite sign of K(x), A\; and A9, the local penalization method
n [6] can not be used in this article.

To study , we will work with the equivalent equation

—Av + V(ex)v + Mv® + Ao (K xv*)v =0 in R3
v>0, ve H' (R?)

with the energy functional
1 1 A
L@ =g [ wePeg [ Ve [ @' e 2 [ @@ ve
2 R3 2 R3 4 R3 4 R3

where (A1, A2) € Dy, and H. := {v € H'(R?)| [zs V(ex)v? < 0o} endowed with the norm

1/2
o]l = (/ |W|2+/ Viezp?) .
R3 R3

Because of the indefinite sign of K (z), A1 and Ay, we use the nonlocal penalization method
introduced by Byeon and Wang [6], which helps us to overcome the non-compactness caused by
the unboundedness of the domain R3. For this purpose, we should modify the energy functional.

Following [6], we define J. : H. — R by

Je(v) = I (v) + Q:(v),

where I. is energy functional defined above,

B ) 8 o ifzeA/e,

and 1 < 8 < 2. It will be shown that the functional Q. acts as a penalization to recover the (PS)
condition for the modified functional J.. Moreover, because of the mass concentration quantity
derived from @, the solutions to the modified problem can be estimated suitably by elliptic
estimates. After suitable estimates of solutions to the modified problem, we can verify that for
€ > 0 small the solutions we constructed for the modified problem are indeed solutions to the
original problem .

Before stating our results, we give some notation. We define Z = {z € R*: V(z) = 0} and
M:=ZnNA={xecA:V(zr)=0} Foranyset BC R?andd > 0, we denote B’ = {z € R?:
dist(z, B) < §}.

Theorem 1.1. Assume that the potential V satisfies (A1), (A2) and (A1, \2) € Dy, then there
exists an €9 > 0 such that for every e € (0,e0], (1.1) possesses a positive bound state solution
u. € HY(R3). Moreover,

(i) for each ¢ > 0, there exists Cy,Co > 0, such that
ue(z) < C4 exp(—%dist(x,./\/l‘s)),

where Cy, Cy are independent of €;
(ii) lime_o [|ue | poo gy = 0 and lim._o e~ ||ue || oo (rvy > 0.



EJDE-2026/48 STANDING WAVES IN DIPOLAR QUANTUM GASES 5

This article is organized as follows. In Section 2, we give some preliminary results. In Section 3,
we prove the main result Theorem

2. PRELIMINARIES

In this section, we give some preliminary results. Let

cwwzh/‘w“w&/<K*wmwF
R3 R3

and define the Fourier transform of u by

we have the following results:
Lemma 2.1 ([9, Lemma 2.3]). The Fourier transform of K is
4 Am 1 3€2 A (262 — €3 — €2 4 8
K(&) = —(3cos?0 — 1 :—(—3—1>:—(37>6 T
( ) 3 ( ) 3 |£|2 3 |£|2 [ ]
where 0 is the angle between & and the vector (0,0, 1).

Lemma 2.2. Let u € H'(R3), then

1 P
Clu) = [ D+ raR (O
2 Jas
and |C(u)] < C||u||‘i4(R3). Moreover, if (A1, \2) € Dy given in (1.4)), then C(u) > 0.
Proof. The first part is obtained by Plancherel identity (see for example [2] Theorem 1.25]) and
the detailed proof can be found in [7]. The second part is a direct conclusion from Lemma[2.1] O

Lemma 2.3 ([9, Lemma 2.1]). The operator K : uw — K % u can be extended as a continuous
operator on LP(R?) for all 1 < p < oo.

The equation for m > 0,
—Au+ mu + A|ulPu+ Mo (K * [ul?*)u=0 in R3,
u € HY(R?)
is the limiting problem to with the energy functional
In(u) = 1/ Vul? + @/ u? + ﬁ/ | + ﬁ/ (K = ut))ut?, we HY(R?).
2 Jus 2 Js 4 Jos 1 Jos
Denoting ¢, the ground state level of , that is
Cm = inf{I,(u) : uw € H'(RV)\{0} is a solution to ([2.I)}.
We say u € H'(RV)\{0} is a ground state solution to if u is a solution to and satisfies
Im(u) = ¢p. He and Luo [15], Zhang and Xu [24] proved that possesses a ground state

solution for (A1, A2) € Dy,. Furthermore, He and Luo [I5] proved that the ground state level ¢,
and the mountain pass value coincide, i.e.

(2.1)

cm = inf sup I, (y(t)),
Inf sup (v(®))

where the set of paths is defined as
I:={yec(0,1], HH(RN)) : v(0) = 0 and I,,,(v(1)) < 0}.
In view of the fact that C'(u) is homogeneous, Zhang and Xu [24] defined the restricted set by
O = {uec H' (R?) : C(u) < 0}.

Note that [15, Lemma 2.3] implies O # @, they used the set O and the Nehari manifold method
to characterize the ground state level ¢y, i.e. if (A1, A2) € Dy,

¢m = inf I, (u) = inf max I, (tw) > 0,
uEN weO t>0
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where N, is the Nehari manifold corresponding to I,,, defined by
No o= {u € HY(R*)\{0} : (I' (), u) = 0}.

Lemma 2.4. Suppose that there is a nonnegative bounded sequence {u,}>; C DV2(R3) and
satisfies
—Au < O(u® + | K * u?|u) (2.2)
in the weak sense, then
[t || oo (r3) < Cllunl|Lo@s), (2.3)
where C' is independent of n.
2(

Proof. We let uy, = min(u, L) where L > 0. Taking un(un)Lﬂ_l) for § > 1 as a test function in
(2.2) and by Young’s inequality, we have

L1900 403 =1 [ 19, P

(2.4)
<0 [ a0 [ el ).
R3 R3
Letting Wy, = un(un)iﬁ _1), by Sobolev’s inequality and (2.4)), we see that
Welze < [ [9WLf
R3
2(B-1 2(p-1
<CB-1? [ V)P + 0 [ 190 )
<o ([ a0 [ el )2,
R3 R3
By Holder’s inequality, Lemma and the boundedness of {u,}5; in D?(R3), we have
_11/3 12/3
([ b < o[ [ i) "
R3 R3
Furthermore, if u,, € L3%(R3), letting L — 400, we see that
[nl pos msy < CMPBY P |up || L5 (re).-
Choosing 8 = 2™, we have
[l s 2mst gy < C2 2™ [l | oo moy (2.5)
Iterating by (2.5)), we obtain
||un||L3,27n+1 (]R3) S quyll 27122211 327" ||un||L6(R3).
Letting m — oo, we obtain ([2.3)). O

Lemma 2.5 ([[14, Lemma 8.17]). ] Let Q be an open subset of RN (N > 2). Suppose thatt > N,
h € LY?(Q) and u € H(Q) satisfies —Au(x) < h(x), x € Q in the weak sense. Then for each
ball By, (y) C 9,

Sup u < Clut 2 (myriyy) + 1l Loz (s, iy))
r Y

where C = C(N,t,r) is independent of y.
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3. SINGULARLY PERTURBED PROBLEM
In this section, we assume that (A1, A2) € Dy,. (1.1) can be rewritten as
—Av + V(ex)v + Mv® + Ao(K xv*)v =0 in R3

3.1
v>0, ve H' (R?) 81
with the corresponding energy functional
1 1 A A
L)y == [ |Vo?+ 7/ Viez)? + 25 [ () + —2/ (K« (vh)*)(oh)?, wve H.,
2 R3 2 R3 4 R3 4 R3

H.:={ve H'(R?): / V(ex)v? < oo}
R3

1/2
|v|l, == (/RS |Vo|? —l—/RS V(ECL‘)U2) )

mm:{gmszxj Qo) = ([ xer*=1)’

where 1 < 8 < 2. Finally, we set J. : H. — R by
Je(v) = I.(v) + Q(v).

Moreover, for each R > 0, we regard H(Br(0)) as a subspace of H.. Namely, for any u €
H}(BRr(0)), we extend u by defining u(z) = 0 for |x| > R, then || - || is equivalent to the standard
norm of H}(Bg(0)) for each R > 0, € > 0. Next we will show that Js|H5(BR(0)) possesses the
mountain pass geometry for ¢ > 0 small and R > 0 large.

endowed with the norm

We define

Lemma 3.1. For each fized € > 0 and R > 0, there exists a constat r(c) > 0 such that
inf{J.(u) : uw € Hy(Br(0)), |lullc =r} > 0.

Proof. From (A1), we choose b > 0 such that liminf|,|_,, . V(x) > 2b, we can take Ry > 0 such
that V(ex) > b for |#| > e 'Ry and Bpg,(0) D A. By Lemma Sobolev’s imbedding theorem
and Young’s inequality, we see that for any n > 0, there exists C,, > 0 such that

1 1 1
Jo(u) =< [ |Vv]* + f/ V(ex)v® + =C(v) + Qc(v)
2 Jus 2 Jos 4
1
> ol [ ot
R3
1
sl =n [ v=c, [ v
R3 R3
1 2 1 2 2 2 6
ol + 5 Vier)p? —n vy =y v
R3\Bgr,,<(0) R3\Br, /< (0) Bry<(0) R3

1 1 Cod
zzmﬁ+1/ me%m/ o* = =5 [vl12 = Cy o]
R3\ B, /e (0) R3\Bpy /. (0) €

Choosing 1 > 0 such that n < {%, %}, we see that

Y

v

1
Je(u) > gHvlli — Ce|wllg,
the lemma holds. O

Lemma 3.2. For each fized € > 0 small and R > 0 large, there exists a ¢. € H}(Br(0)) such
that J.(¢e) < 0.
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Proof. Arguing as in the proof of [I5, Lemma 2.3], we can select a nonnegative ug € C°(R3)\{0}
to ensure that C(ug) < 0. Then we choose R > 0 large such that suppug C Bg(0), at this time,
up can be regarded as a function in H{ (Br(0)), then

t2 5 U 9 B
J-(tuo) = = Jluoll2 + S Cluo) + (| (xetuo)® —1)
R3 +
t2 ,  t 28 2\ B
< Sluol2+ S Co) + 7 (| (rewo)’) +C.
2 4 s
Note that C(ug) < 0 and 1 < 8 < 2, we can choose a large T such that J.(Trug) < 0, Teug is the
desired ¢-.. O

Similar to the argument in Lemmas and we see that J. possesses the mountain pass
geometry in H.. Hence, we can define the mountain pass value of J; and J¢| HY(Br(0)) S follows:

L 0

where

Fe:={y e C([0,1], He) : 7(0) =0, J-(~(1)) <0},

Rt = R

Feni= {7 € C(0,1], HA(Br(0))) : 7(0) = 0, J.(5(1)) < 0}.
It is easy to see that for each ¢ > 0 small and R > 0 large, ¢ r > ¢, then hmRHJroo Ce,r :=d: > Ce.
Lemma 3.3. For each € > 0 small and R > 0 large, c. g is a critical value of J. on Hi(Bgr(0)).

Proof. By Lemmas and and the mountain pass theorem, for each fixed ¢ > 0 small and
R > 0 large, there exists a sequence {v}_}>2, C H{(Bg(0)) such that J.(vf_ ) — c.r and
JL(vE ) — 0in (Hj(Br(0)))~" as n — oo. Then

Ce,r +0(1) + ()Hv elle

- J( na) Z<J/ ( ne) v'rlie>

i (i) A et a2
> gl (1= 5) ([ e’ = 1)) =5 (f e -7

where o(1) = 0 as n — oo. From (3.2), we see that

(=Bt =5 ot =)

2

(3.3)

1
< Ce,R + 0(1) + O(l)H’Ur}},a e ZHUE,E

Noting that since 1 < < 2, the left side of { is bounded from below, then we see that
{vfl . }22, is bounded in H{(Bg(0)). Up to a subsequence as n — oo, we see that vff, — vff
in Hj(Bg(0)), v, = vf in L*(Br(0))(1 < s < 6) and vf, — v a.e. Br(0). Using standard
argument, we verify that

vﬁe — vf in Hy(Br(0)) as n — oo (3.4)
and v > 0 satisfies
-1
— Avf 4 Vi(ex)wE 4 28 (/ Xg(vf)zdx — 1) v
R3 +
= M (0B = Mo (K« B2 in Bp(0), (8:5)

R —0 ondBg(0)
and J.(vF) = c. g. O
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Lemma 3.4. For each ¢ > 0 small, d. is a critical value of J. on H..

Proof. Noting that lim._,qd. =0 (Lemmabelow) and limp_, 4 ce g = d., by (3.3)), we choose
€ > 0 such that for each ¢ € (0, &], there exists R. > 0 such that

|vE| . < C uniformly for ¢ € (0,£] and R > R.. (3.6)
By Lemma |2.4] we see that
|05 || Lo sy < C uniformly for € € (0,] and R > R.. (3.7)

Since Q. (vF) is uniformly bounded for all ¢ > 0 small and R > R., we have

/ (Wh)? < Cet®. (3.8)
R3\(A/¢)

We see from (3.5) and (3.7) that
—Auf < Cf)? + C(IK * [f Plol) < C(of)*? + |K %ol (0])/?,
in the weak sense. Letting ¢ = 6 and » = 1 in Lemma we have
R

2/3 1/3
< CUE 2y + 10FIT Bayy + 1 0 o sy 10F 1t 5o yy) ¥ € BE.
By (3.8) and Lemma we check that for € > 0 small,
vl(z) < Ce® for all |z| > Ry/e +2 and R > R.. (3.9)

By (3.6)), (3.7) and Lemma we verify that —\1 (v2)? — Ao (K * [vF]?)v® is bounded in L{ (R3)
for every ¢ > 1 and the LP-estimate implies the boundedness of {vf} in VVI%)C'I (R3)(q > 1), then
by the Sobolev’s imbedding theorem, there exists o € (0,1) such that

””5”(7110’(?(]1&3) < C  uniformly for € € (0,€] and R > R.. (3.10)

1/3

2/3
sup ol < O (o5, + 18150y + ([ 1K sl P
Bi(y) Ba(y)

Let 6 the angle between = — y and the dipole axis (0,0,1) and note that the average of 1 — 3cos?d
on spheres 0B, (x)(r > 0) vanishes, that is

/ (1 — 3cos?f)ds = 0. (3.11)
0B (x)

Using differential mean value theorem, (3.9)), (3.10) and (3.11) yield that for |z| > 2Ry/e and
R>R.,

. 1 — 3cos?0

lim 1230050 Ry 2y

6=0J By (2)\Bs (2) |z —y|

1 — 3cos26
= Jim L2308 0 R (y) 2 — o (2)]2)dy (3.12)
3-0 /B, (2)\Bs(2) [T — yl3 : = (@)l

< Cl0P)| o (31 | VOl o (51 o / Ly
e (Bi(x)) € (Bi(z)) B, () |acfy|2

Recalling A C Bg,(0), we see from (3.6)) that for |z| > 2Ry/e,

< C&3.

1—3cos?0, p, 19 3 R oo
————— v (y)|Pdy < C— dy < C&®. 3.13
/A/E P v (y)"dy < Rg/A/ElvE(y) y < Ce (3.13)
Moreover, (3.8]) implies that for |z| > 2Ry /e,
1 — 3cos?d
/ oo, WPy <0 )Py < 0 (31
R3\((A/2)UB1 (2) 1€ — U] R3\ (A /e)

Finally, from (3.9)), (3.12), (3.13) and (3.14)), for £ > 0 small,

1
A (0B = M (K * |vB?)olt < 5V(eaz)vf‘ for |z| > 2Ry/e and R > R..
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The Maximum Principle shows that
0 < vf(x) < Ci(e)e” 2@ for |2| > 2Ry /e and R > R, (3.15)

where Cy () and Cs(g) are independent of R.

Choosing a cut-off function ¢4 € C°°(R3) such that 0 < ¢4 < 1, 4 = 0 for |z| < A,
pa = 1 for |z] > 24 and |Vpa| < C/A. Tt follows from (3.15), (3.6), Lemma [2.3] and the fact
(JL(WE), pavl) =0 that as A — oo,

[ el Vel
R3\B2.4(0)

C
< Z/ Vol + V(ex) Wl > + C Wit +C (K [0l [?)[of'?
B3\ B4 (0) R3\ B4 (0) B3\ B4 (0)

C
< |W§P+Wmmfﬁ+c/ B
A R3\ B (0) R3\B4(0)

JrC(/D@ (K*v§|2)2)1/2(43\3 ) |v§|4)1/2
A

C
S -
A R3\ B4 (0)

1/2
+C(e) ( / e*%ﬂwl) -0,
R3\B4(0)

that is for € > 0 small,

Volt 2 + Viex)|vE ]2 + Cle e~ CElz]
€ €
R3\ B, (0)

A—o0

Jim / Vol + V(ea)oF)? = 0. (3.16)
R3\ B2 (0)

3
IOC(R )
for all s € [1,6) and v® — v, a.e. R®. By (3.16) and Sobolev’s imbedding theorem, we obtain
v — v in L*(R?) for all s € [2,6) as R — oo. Using standard argument, we see that vt — v, in

H. as R — oco. Hence, v. € H, satisfies

Since {v#} is bounded in H., we can assume that as R — oo, v — v in H., v® — v, in L}

B—1
—Ave + V(ex)ve + 20 (/ xevZ — 1) Xeve + M0 + Ao (K xvP)v. =0 in R? (3.17)
R3 +
and J¢(ve) = de. O
Lemma 3.5. lim._,qd. = 0.

Proof. Without loss of generality, we may assume that 0 € M, i.e. V(0) = 0. We let w €
H}(B1(0)) a positive ground state solution to
—Au+ Mud + A (K *u?)u =0 in B;(0), wu =0 on dB;(0).
Then for each R > 0, wg = w (%) satisfies
—Awg + Mwy + Mo (K xwh)wr =0 in Br(0), wg =0 on dBx(0).

It is obvious that

1
/ |Vwg|? = —/ |Vw|?, (3.18)
Br(0) R /g0
1
/ wh = = w?, (3.19)
Br(0) R Jp, (o)
1
/ (K *wh)wh = — (K * w?)w?. (3.20)
Br(0) R /g, (0)

We regard wg as a function in H(RY) by defining wg = 0 for |#| > R. Then for ¢ > 0 and ¢ > 0,

t2 t2 tt
Je(twg) = —/ |Vwg|* + —/ V(ex)ws + —C(wg).
2 RS 2 Rs 4
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It is easy to see that there exists ¢y > 0 such that J.(twg) < 0 for ¢ > tg and € > 0 small. Then

limsupd. < limsupec. g
e—0 e—0

<limsup max J.(twg)
e—0 t€(0,+00)

t2 tt t3
< 5 | IVwn+ SClwp) ) + limsup 2 v / 2
< s (5 [, 19l + G000+t 3 vier) | o

1 1
=0+ 7/ |Vwg|? + ~C(wg).
2 Rs 4

Recalling the fact that d. > ¢ > 0 and letting R — 400 in the above inequality, we see from

‘ ’ ‘) and " that lim._,o d. = 0. O

Lemma 3.6. {|vellc}es0 and {Q:(ve)}eso are bounded for e > 0 small.

Proof. Noting that d. = J.(v:) — i (JL(ve),ve) and arguing as in (3.2)) and (3.3), the conclusion
follows. O

Lemma 3.7. {||vc| por3)}e>0 is bounded for e > 0 small.
The above lemma is a direct conclusion from Lemmas 2.4] and B.6l
Lemma 3.8. For each § > 0, lim._,q ||U€||L°°(R3\(M5/2/a)) =0.

Proof. 1f follows from Lemma [3.7] that

/ v? < Ce'8.
R3\(A/e)

Then by the boundedness of {||ve||zec(rs)}e>0, We see that for any ¢ > 2,

/ i< C v? < Ce's,
R3\(A/e) R3\(A/e)

which implies
Ve[| oo m3\ (A /e)) — 0 as e — 0.
Suppose that there is {y:}e>0 C (A/e)\(M®/2/e) such that liminf. o ve(ye) > 0 with V(ey.) —

m > 0, by elliptic estimate, {v.(z + y.)}eso is bounded in C2%(R3) for some a € (0,1), then

ve(z +y.) = v # 0 in CL_(R3) sense. It is easy to see that v is a solution to (2.1)). From [I1}
Lemma 2.2], we see that liminf._,q Je(ve) > ¢, > 0 which contradicts Lemma O

Lemma 3.9. For each § > 0, there exist constants Cy,Co > 0 such that
ve () < Oy exp(—Codist(z, 23974 /¢)).

Proof. Noting that for each & > 0, inf{V (x) : z ¢ 23%/4} > 0. Arguing as for (3.8) to (3.14), we
see that

Loy [A102 + X (K * v2) || oy (255742 = O-

Thus, we obtain decay estimate by applying comparison principle. We refer to [b, Lemma 2.7] for
details. 0

If Z2\M # ), we have the following estimate of v. on (Z°/¢)\(M?/e). This estimate mainly
comes from [6], [12], but for completeness, we give a proof.

Lemma 3.10. For § > 0 small, there exist constants C1,Cs > 0 such that

Cs
[vellLoe (25 2\ (M /e)) < Ch exp(_?)
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Proof. Taking 20 > 0 to ensure that (Z2\M??) N A% = (). Let (¢, A1) be the pair of the first
eigenfunction and eigenvalue of —A on Z2°\M?° with Dirichlet boundary condition, we may
assume that

inf{p(z) : x € (2 \M°)} = 1. (3.21)
It follows from Lemma Lemma, and arguing as for (3.8]) to (3.14)), we have
[A02 + Ao (K # 02) | oo (228 je)\ (a3 /e)) < CE°.

From Lemma we see that v.(z) < Cjexp (—%"‘E‘S) on 9(Z°/e). Then we define ¢.(r) =

C1 exp (—%) @(ex). Then —Ap. = A\e2p.. Noting that —Av. < Ce3v., we have
_A('Ue - 905) < 0537]5 - 5\152905 <0
according to Lemma and (?7?), then by a comparison principle, we obtain the estimate. O

Proof of Theorem[I.1 From Lemmas [3.9) and [3:10, we see that as e — 0,

6718/ v? < 6718/ v? + 6718/ v?
R3\(A/e) R3\(A/e)\(2°/¢) (Z29/e)\(A/e)
con [ s
R3\(Z2°/¢) (Z9/e)\(M?/¢)

< 05_18/ et + 06_18/ e~ 0.
R3\(Z%/¢) (2% /e)\(M? /e)

This implies that Q.(v:) = 0 for £ > 0 small. Then

1 1
ZHUEHE = Je(ve) - 1<Jé(vs)71’6> =d: =0

as € — 0, by Lemma we see that lime_, [|ve|| oo (rs) = 0. Noting that v, satisfies
—Av, + V(ex)ve + Mv? + Ao (K *v2)v. =0 in R3.

Letting w.(z) = e 1v.(z/¢), we see that

1%
—Aw: + ;Tx)wg +Mwd + (K xw?)w, =0 inR3 (3.22)
Multiplying w. on both sides of (3.22)) and integrating by parts, we see from Lemma that
1
/ Vwe|* + = / V(@) w? < Cllwel|7 0 gs) / w?. (3.23)
R3 15 R3 R3

We denote ¢ € C°(R™[0,1]) such that ¢(x) =1 on 24, then it follows that
/ w?<C | Pwl+C | (1-¢)'w?
R3 R3 R3
1
<¢ [ NowP+cs [ Vi
R3 9 R3
1
< C/ |Vw.|? + C/ |Vé|*w? + 07/ V(z)w?
R3 R3 £ R3
1
< C’/ |V |* + 0—2/ V(z)w?.
R3 g% Jrs

Combining (3.23) and (3.24), we see that liminf. ¢ ||we||z®s) > 0. Recalling that u.(z) =
ve(z/e), we obtain liminf. e~ uc|| Lo ra) > 0. O

(3.24)
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