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BOUNDEDNESS FOR A TWO-SPECIES DOUBLY DEGENERATE
DIFFUSION CHEMOTAXIS SYSTEM IN TWO-DIMENSIONS

RUI TANG, YUXIANG LI, ZHIGUANG ZHANG

ABSTRACT. We study the following two-species doubly degenerate nutrient-taxis system in a
smoothly bounded domain Q C R2? under homogeneous Neumann boundary conditions:

(u1)t =V - (wivVur) — x1V - (U%UV’U) + liuiv, x€Q, t>0,
(u2)t = V- (u2vVug) — x2V - (u%vVU) + lougv, x €Q,t>0,
v = Av — (u1 +u2)v, x€Q, t>0,
with x;,4; > 0 for ¢ = 1,2. This system describes the spatio-temporal dynamics of two interact-
ing populations which consume nutrients. We show that for all reasonably regular initial data,
the system possesses a global bounded weak solution. We also identify a criterion regarding

the initial smallness of the third component such that the solution stabilizes to a nonconstant
steady state.

1. INTRODUCTION

In this work, we focus on a two-species doubly degenerate diffusion chemotaxis system in a
smooth bounded domain Q C R?:

(u1); = V- (w1oVuy) — 1V - (W3oVo) + biugv, o€ Q, t >0,
(ug); = V - (ugvVug) — x2V - (u30Vv) + bougv, x € Q, t >0,
vy =Av — (ug +ug)v, x€Q, t>0, (1.1)
(u1vVuy — x1udvVo) - v = (ugvVug — xuioVo) - v =Vo-v =0, x€ It >0,
u1(z,0) = uro(x), wu2(z,0) =wug(zr), v(z,0)=1v9(x), =€,

where x; > 0and ¢; > 0 (i = 1,2). The initial data ujq, usg and vy are nonnegative. In this system,
u1 and us stand for the population densities of two bacterial species, and v represents the nutrient
concentration. ¢; and ¢y are the conversion rates (growth yield) of consumed nutrient to bacterial
growth. The system describes the spatio-temporal dynamics of two interacting populations which
consume nutrients. Notably, certain bacterial species —such as Bacillus subtilis— are known to
exhibit a variety of spatial patterns depending on the softness of the medium, nutrient availability,
and temperature. Fujikawa [4], Fujikawa and Matsushita [5], as well as Matsushita and Fujikawa
[I7] have provided compelling evidence of the intricate collective behavior of Bacillus subtilis
populations under nutrient-limited conditions. In particular, the emergence of complex structures,
such as snowflake-like population distributions, appears to be a generic feature rather than an
exception in such settings. Experimental evidence shows that bacterial motility is restricted near
low-nutrient regions in relatively soft agar plates.

To account for the emergence of such aggregation patterns, Leyva et al. [I2] generalized the
degenerate diffusion model of Kawasaki et al. [I0] to the doubly degenerate nutrient-taxis system

u =V - (uwwVu) — XV - (v*oVo) + luv, x€Q, t >0,

1.2
v =Av—uv, x€Q, t>0, (12)
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with x,¢ > 0. In this system, u and v stand for the density of the species and the concentration
of the chemoattractant, respectively. In the one dimensional setting, Winkler [25] revealed the
existence of global weak solutions with a particularly remarkable feature being that the first
component of the solution asymptotically stabilizes to a nontrivial function coinciding with the
spatial profile of a solution to a scalar porous medium-type parabolic equation, which is in sharp
contrast to the large-time behavior described in most previous studies. Dropping the requirement
fQ Inug > —oo, and under the mere assumption that

ug € WH(Q) is nonnegative with ug # 0,
vg € WH(Q) is positive in Q,

Li and Winkler [13] demonstrated for the one-dimensional version of the system that an
associated no-flux initial boundary value problem possesses a globally defined and continuous
weak solution (u,v), and that moreover there exists uo, € C°(Q) such that the solution (u,v)
approaches the pair (us, 0) in the large time limit with respect to the topology (L (Q))2 Suppose
Q) C R? is a bounded domain with smooth boundary. Winkler [26] proved that for any p > 2
and each fixed nonnegative ug € W>°(Q), a smallness condition exclusively involving v can be
identified as sufficient to ensure that an associated no-flux type initial-boundary value problem with
(u,v)|,_, = (uo,v0) admits a global weak solution satisfying esssup; [|u(-,t)||Lr(q) < co. Zhang
and Li [39] showed that for all reasonably regular initial data, the corresponding homogeneous
Neumann initial-boundary value problem possesses a global bounded weak solution, and they
identified a criterion regarding the initial smallness of the second component such that the solution
stabilizes to a nonconstant steady state. For further results on systems related to and their
generalizations, we refer to [14] 27] 28] 29] [33] 34, [40], 15l 4T, 20].
The following two-species chemotaxis model has received considerable attention in the past

decades:

up = Au—x1V - (uVw) + pu(l —u—av), z€Q, t>0,

vy = Av — x2V - (VW) + pov(l — agu —v), x € Q, t >0, (1.3)

wy = Aw + g(u,v,w), x€Q, t>0,

with x;, pi,a; > 0, (i = 1,2), and © C R™ a smoothly bounded domain. Important results on this
system can be found in [8] 16l 22] 23]. When g(u,v,w) = —fw + byu + bav, 8,b; > 0 (i = 1,2),
Bai and Winkler [I] established global existence of solutions to system when n < 2 and
asymptotic behavior if uq and ps are sufficiently large. Xiang et al. [42] [35] studied the two-species
chemotaxis system with indirect signal production and proved that the solutions are globally
bounded and converge to the constant steady state under the locally and globally competitive
assumptions. For the case g(u,v,w) = —w(au + fv) with o, 8 > 0, it was shown in [24] that the
corresponding initial-boundary value problem possesses a unique global bounded classical solution
if xi|lwoll Lo (@) < \/ﬁ (i = 1,2), and they proved asymptotic stabilization of solutions. Further
studies on various modifications of the system can be found in [2] [6] [7, @, 19, [36] [37]. For
the doubly degenerate nutrient taxis model

(u1)r = (v1vuig), — (u?vvw)z +uur (1 —up —aqug), z€Q,t>0,
(u2)r = (ugvugs), — (u%vvx)w + pous (1 —ug —aguy), x€Q, t>0,
Vg = Uge — (U1 +ug)v, x€Q,t>0,
under no-flux boundary conditions in an open bounded interval Q C R with a; > 0 and p; > 0 (i =
1,2), Xiang [38] demonstrated that for all suitably regular nonnegative initial data (w10, u20,vo),
the system admits at least one global weak solution satisfying the following boundedness property
lur (5 )l e o) + w2 (s Ol e + v ) lwie @) < C,

and the author showed that the following properties hold: if a1, a2 € (0, 1), there exists a sequence

tp — oo such that the global weak solution (uq,u2,v) (-, tx) — (5%, 1592 0) in L*(Q) as

l—ajas’ 1—ajas’
k — oo, if a3 > 1 > ay > 0, there exists a sequence t;, — oo such that the global weak solution

(u1,u2,v) (-, tr) — (0,1,0) in L*(Q) as k — oco.
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Inspired by [39], we establish the global existence and large- time behavior of weak solutions
for a two-species doubly degenerate nutrient-taxis model.

Main result. Assume that

U9 € Wl’“(ﬂ) is nonnegative, not identically equal to 0 and / Inug > —o0,
Q

U9y € W1’°°(Q) is nonnegative, not identically equal to 0 and / Inugg > —o0, (1.4)

Q
vy € WH™(Q) is positive in Q.

Theorem 1.1. Let Q C R? be a bounded domain with smooth boundary, and let x;,€; > 0 for
1 =1,2. Assume that the initial datum (u19,u20,v0) satisfies (1.4). Then problem (1.1) admits a
global weak solution (u1,us,v), in the sense of Definition below, which is such that

u; € C°(Q x [0,00)),
ug € CO(Q x [0,00)), (1.5)
v e C'Q x[0,00)) NC*(Q x (0,00)),
with uy,uz > 0 a.e. in Q x (0,00) and v > 0 in Q x [0,00), and
i (5 )L @) + lua ()l L @) + [0 ) [wree @) < C - forallt >0, (1.6)
where C' > 0 is a constant independent of t.

Theorem 1.2. Let Q C R? be a bounded domain with smooth boundary, and let x;,€; > 0 for
1 =1,2. Assume that the initial datum (ui0,u20,v0) satisfies (1.4). Then there exist nonnegative
functzons Uloos U200 € L (Q) such that

2
U10 U1oo < U10 + = 7 u20+€1 Uo,
2
/U20</U2m\ /U10+/U20+52/
Q Q

and that as t — oo, the solution (u1,us,v) of the system (1.1) from Theorem satisfies
ur(t) 2 Uiso, Up(t) = Usee in LK), (1.7)
v(t) =0 in L>=(Q). (1.8)

Theorem 1.3. Let Q C R? be a bounded domain with smooth boundary, and let x;,€; > 0 for
1 = 1,2. Assume that the initial datum (u10,us20,v0) satisfies (1.4) and uig,uz9 # const. Then
given K >0, one can find 6(K) > 0 such that if

A\VINE: V|t
ool ) < K, /ﬂ@a /' wl® ¢ g, /v0<6K
Q Yo Q Yy Q

then the corresponding limit functions obtained in Theorem S Ulee aNd Uz, are not constant.

Our two-species analysis yields an extension of the one-species results in [39].

The remainder of this paper is organized as follows. In Section [2| we define the weak solutions
of the system . Then we show the local existence for the regularized problem. Furthermore,
we recall some basic estimates and inequalities. In Section [3] we demonstrate the uniform L x
L% x W bound for (u1,us2,v). In Section 4l we obtain the large-time behavior of global weak

solutions to system ((1.1]).
2. PRELIMINARIES

This section is devoted to the local well-posedness of the regularized problem and presents some
auxiliary lemmas. First, we define the weak solutions, which arise in a natural manner.
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Definition 2.1. Let Q C R? be a bounded domain with smooth boundary, and let g, u29, vg €
LY () with uy, u20,v0 = 0. We call a triple of nonnegative functions

u1 € Lige(Q x [0,00)),
Uz € Lige(2 x [0,00)), (2.1)
v € Lige( % [0,00)) N Ly ([0, 00); WH(€2))
a global weak solution (uj,us,v) of system if
u?, ui € LL.([0,00); WHH(Q)) and uiVw, udVov € Li . (Q x [0, 00); R?), (2.2)

and if for all test functions ¢ € C§°(Q x [0,00)) we have

f/ /UlSOt*/UlO(P('aO)
0 Q Q

1 [ > -
:—7/ /UVU%V§0+X1/ /U%UV’UV(P‘FEl/ /Ul’USO,
—/ /uwt—/ww(-,o)

0 Q Q

1 [ > -
:_7/ /vVu§~V<p+X2/ /@UVU-VSDJF&/ /uﬂ’%
/ /wpt-l-/vo@ / /Vv V<p+/ / (u1 +uz)v (2.5)

For € € (0,1) we introduce a regularized version of (L.1)):

(2.3)

Urer = V- (u1.0-Vur) — xaV - (uh0.Voo) + Giugo, € Q, t >0,

uget = V - (Uu2:0:Vuge) — X2V - (u%EUEVva) + lousv, €N, t>0,
Vet = Ave — (U1 + u2e)ve, x €Q, >0, (2.6)
Ouie  Ouge  Ovug

ay = 81/ :ayzo7 xeaﬂ,t>0,

u1e(2,0) = up(x) + &, uae(z,0) = uge(x) +¢, ve(x,0)=vp(x), =z €,

which, based on established methods, allows us to state the following result regarding existence,
extensibility, and fundamental properties, see [26, Lemma 2.1].

Lemma 2.2. Let Q C R? be a bounded domain with smooth boundary, and assume that ([1.4)
holds. Then, for each € € (0,1), there exists Tmax,e € (0,00] and at least one triple (u1e, Uze, V)
of functions

u1e € C%(Q x [0, Tax.c)) N C*HQ x (0, Tax.e)),
tge € CO(Q X [0, Tinax.c)) N C*H(Q x (0, Tnax.e)), (2.7)
Ve € Ng»2C° ([0, Tax,e); WH(2)) N C*1(Q x (0, Tinax,))
such that uie,use,ve > 0 in Q X (0, Tiax.c), that (uie,uae, ve) solves in the classical sense,
and that if Tax,e < 00, then

lim sup (||u1€<.,t)||mm + Hugg(-,t)HLoc(Q)) = . (2.8)

Tmax ,E

Moreover, this solution satisfies

2
/ w10 < / w(t) <m / (w10 + 1) + / (uzo + 1) + 1 / Vo, V€ (0, Tmars)  (29)
Q Q Q ZQ Q

2
/ Uop < / ’u,gs(t) <mg = /(Ulo + 1) /(UQQ + 1) + 62/ vg Vte€E (O,Tmax,g), (210)
Q Q b Q Q
||U€( )||L°°(Q) < ||U0HL°C(Q) it (O7Tmax,6)7 (2~11)
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Tmax,z
/ /(u1E + U )ve < / vo Ve e (0,1). (2.12)
0 Q Q

Lemma 2.3 ([39, Lemma A.1]). Let Q@ C R* be a bounded domain with smooth boundary and
p = 1. For any ¢, € CY(Q) satisfying ¢, > 0 in Q, it holds

[omw<e{ [ Qrwor+ [ Svor [ ov} [ o

for a constant ¢ = c¢(p,2) > 0.

Lemma 2.4 ([39, Lemma A.2]). Let @ C R? be a bounded domain with smooth boundary and
p = 1. For eachn >0 and any ¢, € C1(Q) satisfying ¢, > 0 in Q, it holds

. 111 2t
p+1 2 p—1 2 HriLe=(§2) P41 Vv
/ch) $IVY| <77/Q¢ VIV + e{l o)+ —= }/Q¢> w/ﬂ

w?,
\v4 4
+elled [ o™ [ TEE vl [ o0

for some constant ¢ = c(p,2) > 0.

Lemma 2.5 ([I8, Lemma 4.2]). Assume that Q2 is bounded and let w € C*(Q) satisfy %—2‘)’ =0 on
0. Then we have
o|Vwl|?
v

where k = k(Q) > 0 is an upper bound for the curvatures of 0.

Lemma 2.6 ([3, Theorem 1, p.272]). Assume 2 is bounded and 0} is C*. Let p € [1,00). Then
there exists a bounded linear operator T : WHP(Q) — LP(0)) such that
(i) Tw = wlyq if w e WHP(Q) N C(Q),
(1) [1Tw| e o) < Clwllwrre for each w € WP(Q), with the constant C depending only
on p and €.

< 26|Vw|?  on 09,

3. EXISTENCE OF BOUNDED WEAK SOLUTIONS

This section we establish a uniform L> x L* bound for (uj.,us.), which in turn yields W1
estimates for v.. Winkler [25] found a gradient-like structure in system (2.6). We use this structure
to obtain uniform estimates for the temporal-spatial integral of 2= |Vu;.|* and JTE‘VUQEP.

Ule
Lemma 3.1. Assume that (L.4)) holds. Then we have

Tmax,s Tmax,s
/ / Y | Vure? < €, / / Ve | Vug? <C Ve € (0,1), (3.1)
0 Q Ule 0 Q U2e
,Tmax,s

/ / ve < C Vee(0,1), (3.2)

0 Q

1 1
m——) <C, n——) <C Vte (0, Thae) ande € (0,1), (3.3
/Q(nule(t))+ /Q<HU2E(t))+ ( <) ande € (0,1),  (33)

where C'is a positive constant depending on — [oInuio, [oui0, — o Inug, [ou0, [,vo and
Jo [Vvol? but independent of e.

Proof. Using the first three equations in (2.6) and integrating by parts, we have

d
—{fX1+X2/lnu1€—X1+X2/1ans+Xl+X2/ \V’UE\2}
dt X1 Jo X2 Jo 2 Q

+ 1
_ %/ o {V - (w10 Vure — x1u30: Vo) + fugv.
Q 5

+ 1
_ %/ — {V - (u2ev: Vuge — X2u3.v-Vv.) + laug.v:}
Q &
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+ (Xl + XQ)/ Vvs : V{Avs - (ule + UQE)UE}
Q

+ Vu
—_arxe / { 215 (w10 Vure — x1u30-Vu.) + Klvs}
Q

X1 UTe
X1+ X2 Vug

- X / { 02 = (UQEUEVUQE - X2uggvsvve) + £2’U6}
2 Q 2e

+(x1+ X2)/ Ve - {VAv, — (Vuie + Vuge )ve — (u1e + uge) Ve }
Q

+ Ve
= _u/ <VU15|2 + El”s) + (Xl + XQ)/ Ve Ve - Ve
O \Ule Q

X1
—+ v

_ u/ (—E [Vuge | +€2v5> +(x1 + X2)/ Ve Viige - VU,
X2 Q \U2e @

—(x1+ x2) / {|Ave|? + v (Vure + Vauge) - Voo + (w12 + use )| Voo |}
Q

+ v, + v,
:_u/ (221Gl + 10, _u/ (2 e ? + 0,
X1 0 “Ule X2 Q \U2e

~(a+xe) / (12w + (ure + ue)| Vo 2}
Q

for all t € (0, Tmax,c) and € € (0, 1). Integration of the above differential equality on (0, ¢) leads to

S0 ) - X2 [ g o)+ 222 [ v
X1 X2 Ja 2 @

0
+ ! Ve + t ve
st [ A A "+ tave)
X1 Jo Jao \uie X2 Jo Jo Mz
t
+0a + X2)/ /{|AU5|2 + (u1e + u2e) | Ve |}
0o JQ
+ + i
:_u/ In(uig +¢) — u/ hﬂ(u20+5)+u |VU°|2
Q Q

X1 X2 2
for all ¢t € (0, Tiyax,e) and € € (0,1). Hence, according to and Ins < s for all s > 0, we have

+ +
W g 2 (2 g +m5)
le

+ t
Xl XQ/ / 7|VU25| +£2U5) (Xl +X2)/ /{|Av€|2+(u1€+u2€)|vv€|2}
0 Q

(3.4)

U2e

<_ X1+><2/ X1+X2/lnu20

X2 Q
+ + +
Xl X2 /hl 15 Xl X2/1nu2€(t)+Xl X2/|V?]0|2

X2 Q

<_ X1+X2/ X1+X2/1nu —|—X1+X2/|V X1+X2m1+X1+X2m2
X2 X1 X2

for all ¢ € (0, Tinax,c) and € € (0,1). Therefore, (3.1)) and (8.2) hold. Using (3.4), we obtain

X1+ X2 / 1 X1+ X2 / 1
e In + In
X1 Q < U15(t) )-‘,— X2 Q ( 'LLQE(t) )+
e / In o (1) +/ . (1))
X1 Q {u1e(t)>1}
+ w( - / In uge (t) +/ lnuge(t)>
X2 Q {uze (t)>1}

< %(—/ﬂlnuls(t)—k/ﬂulg(t)) +%(—/ﬂlnuzs(t)+/guzs(t))
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+ + + + +
< _Xitx / Iy — X2 / —! X2/ Vool2 4 X2,y xatxe
x1  Ja X2 Jo 2 Q X1 X2

for all ¢ € (0, Tax,e) and € € (0,1). The proof is complete. O

Winkler [29] obtained a uniform estimate for the temporal-spatial integral of ¥=|Vv.|* in a
doubly degenerate reaction-diffusion system. According to Lemma and applying a similar
method, we also get such an estimate for the system ([2.6)).

Lemma 3.2. Assume that (L.4) holds. Then

/ o / w|vve|2 < C foralle € (0,1), (3.5)
Q Ve
T 4
max,e V e
/ | “3‘ <C foralle € (0,1), (3.6)
0 Q Vg

where C is a positive constant depending on — [, Inuyg, [ ui0, — [, Inugo, fou20, [ovo. [ [Voel?
2
and [o %, but independent of .

Proof. Owing to ve > 0 in Q X (0, Tipax.c) and, by standard parabolic regularity, actually belongs
to C3 (ﬁ X (0, Tinax.c)), we use the third equation in the system (2.6) to compute

/ |V |?
2 dt

1 1
= / U—VUE - V{Av: — (u1e + uge)ve} — 5/ E‘V’UE‘Q A Ave — (u1e + uge)ve}
Q Ve Q Ye

. iv%.vmf/ wwvs%/wulﬁu%).v%
Q Q

Q Ve e

1 1 1
,,/ 7|vvs|2.m}€+,/ wwvsp
2 O Vg 2 Q Ve

1 1 1
— Vv, - VA, — f/ —2|Vv€|2 - Av,
Q Ve 2 Jq vz

1
_,/ MWUEF—/V(ME—FU%)'VUE
Q Q

2 Ve
for all ¢ € (0, Tiyax,c) and € € (0,1). According to |30, Lemma 3.2], we obtain the integral identity
1 1 1 1 1 2
*Vvs’VAUs**/ 7\Vvs\2Avs:—/v5|D21nv5|2+7/ 7M
Q Ve 2 Jq vz Q 2 Joq ve  Ov
Hence, (3.7)) becomes

1d V’UEQ 1 ue+u€
53/' | -/’IJE|D21H’UE|2+§/QIU762|V’U€|2

(3.7)

1 8\Vv |2 (3:8)
:5/ " € /VU15+U25) VU,;-
o0 Ve
for all ¢ € (0, Tynax,c) and € € (0, 1) Based on [30, Lemma 3.3] and 26, Lemma 3.4], we have
D2y |2 4
/ ve| D2 Inw.|? > cl/ D7 | |WE| (3.9)
9) Q Ve
where ¢; = m. By Lemmas [2.5 and w we obtain
0
\Vavg\ co| Vo> on 09,

/ ‘V’UE‘Z /‘V ‘VUE‘Z ’—FCg |V115|2’
o0 Ve Q Ve
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where co = ¢2(Q) > 0 and ¢35 = ¢3(2) > 0. Hence, by Young inequality, we have

1/ i@\VuE\Q 82/ |VU5|2
2 Joq ve Ov S 2
0263/ ‘v |V7)E| +CQC3/ |V'UE|2
/|D205 Vv5| 0203 |Vv€|3 0203/ |Vve|?
<cegeg | ———
/|D2’UE|2 cl/ |Vv€|4 |V115|2

Ve
2, |2 4
|D v5| a1 |va|
¢ | —+ o5 T +c5 | Ve,
Q Vg Q
where ¢4 = cze3

5+ 25 and 5 =

(3.10)

C—“ Notice that

1 c c e
—/V(ulg—i—ugg)-VvE\ ,/ M|W€|z+/ v
Q Q

— = \V(uie + usge)|?. 3.11
1 ula+u2€|(1 2¢)| (3.11)

Ve
Summing (3.8)-(3.11]), we have

Voe|? Vol 1 +
d et cl/| ! +*/UIE |V, 2
t Ve Q v 2 Ja Ve (3.12)
Ve
<2/ ﬁ|V(u1€+uz5)\ +205/
O Ule U2e

Q
for all t € (0, Thax,e) and € € (0,1). Integrating (3.12)) on (0, t) yields

V. va 4 Ure + Uze
|(<)>|+1/ LTy g
) (3.13)
‘VU0| 2
+2 V(uie + u2e)|” + 2¢5 Ua
0 uls + u26 0

0, Thax,e) and e € (0,1). Notice that

Uls + u25
/ / Uie + U2e

for all ¢t € (

Ve 9 t Ve 2

o[ [ atee[ [

Uie + U2e Uie + U2e

// Vur|? +2//
Ule

U2e
Therefore, and ((3.6] . ) hold because of Lemmaﬂ 3.1] and (3.13] -

|VU25‘

U
Applying Lemma [2.3) with p = 1 and the estimates derived in Lemmas [3.1] and [3.2] we obtain

the following temporal-spatial L? bounds for ui. and us., weighted by the factor v,.
Lemma 3.3. Assume that (L.4) holds. Then

Tiax,e Timax,e
/ / ulv. <C and / / us.v. < C  foralle € (0,1),
0 Q 0 Q

where C' is a positive constant depending on — fQ Inuqg, fQ U190,

g - fQ In uzq, fQ U20, fQ Yo, fg |Vvo|2
and [, IVsool , but independent of ¢.

Proof. Letting p =1 in Lemma [2.3] we obtain

u v
/u?sv5 <01(Q){/ 16|V c|? + /—€|Vu15|2+/u15v5}/u15
Q o QU Q

for a constant ¢;(2) > 0. By (2.9) and and , we have

TII)aX.E ul U
/ {(/ <V / e |Vu15|2+/ wev ) / weh <o
0 Q Q Ule Q Q
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for all € € (0,1) with a constant ¢ > 0 independent of e. A completely analogous estimate holds
for ug.. This completes the proof. O

Though (2.12)), (3.1), and Lemma we establish that

u v,
| (=190 + 25 Vs + ) € L2, T,
Q Ule

Ve

u v,
/ ( 2 |VUE|2 + ui|vu28|2 + UQEUe) S Ll(omiax,s)
Q 2e

Ve
|V |t

S Ll (Oa Tmax,s)
o v

for all € € (0,1), these are insufficient to get the estimates for fQ uf. and fQ ub_, respectively.
What is needed next is
|V |*

3
Q Vg

€ L®(0, Trax,c)-

Hence, we consider an energy-like functional

v 4
8b(/ Ute 1nu1€+/ Use lan€> + | U;' )
Q Q Q Ve
Lemma 3.4. It holds

%{Sb(/gulelnulf+/Qu251nu25) + i |VZ§|4}

< -2 / 0o (Ve + [Vuze ) + 850 +x2) / (W, + 12 )0 Vo |
Q Q

+ 8b (€1u15 Inuqe + fouge In ’U,QE)UE + 8b(€1 + 52) / (ulg + UZE)U
Q Q

_ 2 _
—/v51|va|2|D21nv5| _/(U15+u25)1}6 3|V115|44—c/v8
Q Q Q

for allt € (0, Tmax,c) and € € (0,1), where b and ¢ = ¢(b,Q) are positive constants independent of
e.

Proof. According to [27, Lemma 3.4], there exists a constant b > 0 independent of € such that

6
Vel b/ oY Ve 2| D? In v, (3.14)
o v2 Q
/ v 3|V 2| D%0.)? < b/ v Vo ! D? Inv. . (3.15)
Q Q

By [14, Lemma 2.3], we obtain
d Vo |*

2 .
+4/ U;I|Vv5|2 |D21nv€| +/(u15+u25)vg3\Vve\4
Q Q

dt 3
a b B (3.16)
<-4 / V2|V P [(Vaune + V) - Vo] +2 / w3, P AV
Q o0 ov
for all t € (0, Thyax,e) and € € (0,1). From Young’s inequality and (3.14), we have
4 / 02|V ? [(Vure + Vus.) - Vo]
o)
2 [ |Vu|®
< —/ | ”;' +Qb/vs|Vu15+VuQs|2 (3.17)
blo v Q

< 2/ v;1|vvs|2 |-D2 lnv€|2 + 4b/ vs(|vule|2 + |vu2s|2)'
Q Q
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In view of (3.14)-(3.15) and [27, Lemma 3.5], we pick ¢ = ¢(b, 2) > 0 such that

oV 1 1
) —3v 2 £ <7/ —3V 2D2 2 7/ —SV 6 /
| oo PR < [t « g [ tvef e [ o
</0;1|VUE|Q‘D2IHUE’2+C/ Ve.
Q Q

In light of (2.6) and the Cauchy-Schwarz inequality, we have
d

= Xl/ U1EUEV’U,18 . VUE + 51/
Q Q

1
< 7/ Ue|vule‘2+X%/ u%gve‘vvep'i'gl/ uls”slnule+€1/ulsva
Q Q Q Q

(3.18)

2
Uie 1nu15+/ U5|VU15|
Q

U1 Ve IN U1 + 44 / U1eVe
@ (3.19)

4

1
< Z/ 1)5|VU15‘2+ (X% +X§)/ u%5v€|vv6|2+£1/ UreVe Inuge + (el +£2)/ U1eVe
Q Q Q Q

and

d
—/ugglanE+/vg|VuQ5|2
dt Jo Q

= X2/ U9e Ve VUoe - VU, + 52/
Q

Uge Ve INUge + o / U2e Ve
Q

@ (3.20)

1
< Z/v5|Vu25\2+X§/uggve\Vve\erZg/u25vslnu25+€2/u25v5
Q Q Q Q

1
< Z/ UE|VU25‘2+ (X% +X%)/ U§5Us|vvs|2+£2/ U2eVe Inuge + (el +£2)/ U2e Ve
Q Q Q Q

for all t € (0, Thax,e) and € € (0,1). From (3.16)-(3.20), we deduce that

d Vo |*
—{Sb(/ulglnula—i—/uklnuzg) + | U;| }
dt Q Q Q v

< —6b / 0 (Ve ? + [Vune[2) + 860 + x2) / (U2, + 12,0 V. ?
Q Q

+ Sb/ (flulg In Ule + EQUQE In 'U;QE)UE + 81)(61 + 42) / (ulg + 'UQE)’UE
Q Q
- 2 _

— / DR 1|VU5|2 |D2 lnvs| — / (u1e + uge)v; 3‘Vv5‘4

Q Q

+ 4b/ Ve (|[Vure]? + |Vug [?) + c/ Ve

Q Q
= <2b [ (Vul? + [Vua’) + 850G +5) [ (0. + o

Q Q

+ 8b/ ([17115 In Ule + EQ’UQE In ’UJ2€)'U5 + Sb(fl + 62) / (ulg + UQE)'UE
Q Q

—/1)5_1|Vv5|2|D2lnv€|2—/(mg—|—uzg)v€_3\Vv€\4—|—c/vE
Q Q

Q

for all ¢ € (0, Tiyax.e) and € € (0,1). This completes the proof. O

We now aim to derive that

|V |*

3
Vg

€ L((0, Trnax,c); L' ().

To achieve this, we use the differential inequality in Lemma[3.4]
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Lemma 3.5. It holds
\VUE
<C  forallt € (0,Thmax) and € € (0,1) (3.21)

(3.22)

max,e \V4 6
/ | ”;‘ <C foralee(0,1),
0 Q Vg

where C' is a positive constant depending on

/1HU107 /U101HU107 /um, —/IHUQO, /U201HU20,
Vl? Vool
/u%’ /Uo, /\V / |Vuo|® / [Vuo|* Uo|

but independent of €.
Proof. The estimates in this lemma follow from Lemma Applying Lemma [2.4) with p = 1 and

1 .
= ————>, we obtain
=803

Wﬁf@éﬁ&WMQ
2 2 2 2 2\2 3 ‘VUE‘4
b [ velVurel? + {erb( + )l + 800+ 3P ol } [ whove | 5
£

Vol
] T T ] O ) L Ay (e

€

and
80 +3) [ ade| VP
Q
2 2 2 2 212 3 WUE\4
< Ve [Vuge| +{Clb(X1 + x2) lvell Lo () + 8c1b(x7 + x2) ||UsHLoc(Q)} U3 ve 03
Q Q €

Vo !
+eabd e { [ wac) [ o+ cablod + Dol [ e

for all ¢t € (0,Thmax,c) and € € (0,1), where ¢; = ¢;(©2) > 0. Collecting these two inequalities
Lemma the elementary estimate sIns+ 1 >0 (s > 0), and the basic bounds (2.9)-(2.11)), we

have
d {Sb(/ulglnulg—i—/gugglnugg) —i—/ﬂ

dt
+/ 115_1|VU€|2 ’DQ lnva‘2 + / (u1e + uza)v;3|Vv5|4
Q Q
Vo |*

|Voe|*
<8 [t +ado. [ R+ evod +xd)md +mdoli o [ S
Q U Q U
508+ ) el ey + 86+ )} [ (ne+ wa
Q

+ 8b(¢1 —&—Kg)/(ui +u§€)v5+c/ Vg
Q

[Voe|* / 2 2
b [ (Ve [ uaf?)

Q
Vo[t 16b|Q
< B/(ufE +u§6)ve [81)(/ U1e Inuq, +/ Uoe lnuz€> + % + L]
Q Q Q Q U e
|V |*

+eabud +x3)m + ) ol |
€

+w@mﬁ+XQMﬂamn+&a+way/wk+wa%
Q
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+ 8b(¢y +€2)/(u%5+u§€)vs+c/ Ve
Q Q

2 2 |Vva|4
=B | (uj. + us.)ve [Sb Uie MU + | uge Inug. | + 3 ]
Q Q Q Q Ve

2 2 3 3 2 Vo |*
+ c1b(x7 + x2)(my +m3)|[voll7 (o) R
£

+Mqu%+@m%ﬁﬂm+8wwway/wk+ma%
Q

2B|Q

+8b (gl 4y + ||> /(ui + U3 v + c/ Ve (3.23)
€ Q Q

for all t € (0, Tiax,c) and € € (0,1), where B = ¢1b(x3 +X%)||Uo||2Loo(Q) +8c1b(x? —|—X§)2HU0H4M(Q).

We set

4
F.(t) := Sb(/ Ule lnu15+/ Uoe lnugs) + Vel ,
Q Q o v2

L) = B [ (uk +ud o,
Q

|V |*
ML) = erblod + 3D+ md ol | S
€

+Mqu?+ﬁmWﬁmm+8mw%ayéwk+wa%

2B
+ 8b<€1 + 0o+ J) /(u?s +ul)ve + c/ Ve
e Q Q

for all ¢t € (0, Thyax,e) and € € (0,1). Inequality (3.23)) can be rewritten as
FI/(t) < Le(t)Fo(t) + M:(t) for all t € (0, Tyax.c) and € € (0,1).
Integrating the above differential inequality yields
t
FL(t) < FL(0)els F=()ds / eJE L@y (o) dg (3.24)

0
for all ¢t € (0, Tiyax,e) and € € (0,1). Notice that

t
/ L.(o)do < ¢y forallt e (0,Tmaxe), s €[0,t) and € € (0,1) (3.25)
by Lemma |3.3] and
t
/ M.(s)ds <cs forallt € (0, Thax,) and € € (0,1), (3.26)
0

thanks to (2.12), (3.2), (3-6), and Lemma[3.3] Therefore, (3.24) implies that
Fe(t)

|V |t
::8b(/u Inu —|—/u Inu )—l—
Q b 18 Q > > o vl (3:27)
|v1}0|4
< {Sb[ (’U,lo =+ 1) ln(um + 1) + (UQ() + 1) IH(UQO + 1)} + 3
Q Q Q Y
for all ¢t € (0, Tiyax,e) and € € (0,1). Notice that
166|9|
8b( wielnure + | uae lnu25> > - forallt € (0, Tnaxe) ande € (0,1)  (3.28)
Q Q
Hence, we obtain ([3.21)). From (3.25))-(3.28]), an integration of ([3.23) implies

Tmax,e
/ / v Vo 2|D? Inv.|* < ey forall e € (0,1).
0 Q

} - €% + c3e®
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Therefore, (3.14) yields (3.22). O
By (3.21) we obtain the following lemma.

Lemma 3.6. For all p > 1, we have
/ ul.(t) < C(p) and / ub (t) < C(p) for allt € (0, Thmax,) and € € (0,1),
Q Q

where C(p) is a positive constant depending on — [ Inuig, [ouiolnui, [,ui0, — [ Inugo,

2 4
Jo uzo Inugg, [o,u20, [ v0. [ [Vuol?, [o % and [, IV:g?I , but independent of €.

U

Proof. We begin by testing the first equation of the system ([2.6]) with u’fgl. Then, after integrating
by parts and applying Young’s inequality, we have

d _
7/ /U’Zl)s = p/ /U‘Zl)e ' {V (ureveVure) = x1V - (U%E’UEV'I}€> + glulsve}
< -plp—1) /Q u’l’;1v6|Vul€|2 +p(p—Dxa /Qu’fEUEVule - Ve +p€1/ ul e

Q
(3.29)
—1 _ —1)x3
< p(p2 ) /Quzl)e 1”UE|VU15|2 p(p )Xl /Quf;rlvs‘vvs‘z

2
+p€1</uf:1vs+/v€>
Q Q

for all ¢ € (0, Thyax,c) and € € (0,1). Using Lemmawith n= # and invoking (2.11)), we obtain
1

pp—1)x3
( 5 )Xl / uzljz-lve‘vve‘Q
Q

—1 _
< p(p4 )/ull)s 1'UE|VU15|2
Q

9 9 4 3 p+1 |VUE|4
+ {axillvoll L= (@) + 2c1X1 Vol 7 (q) e v

3
Vg

w1 [ |Vo|!
erdloolie{ [oe}” [ el [ e
Q Q Uz Q

where ¢; = ¢1(p, ) > 0. The above inequality and (3.29)) show that

d p(p—1) 1
E/Q“ZI€+T QU’fs 0|V ?

< {endlunlli + 2edlolt- )} [ wife
Q

2p+1 \<VORE
+CIX%HU0”%°°(Q){/UIE} [Vee|
Q Q

v2
tevdunlie [ weo ot [ dtvepn [ o
Q Q Q
for all ¢t € (0, Thyax,e) and € € (0,1). Based on Lemma we conclude that
pt+1 Ule 2 Ve 2 p
Uy, Ve < C2 [Voe|* + [ —|Vuie] + | uieve Uy
Q Q Ve Q Ule Q Q

where co = ca(p, 2) > 0. The above inequality and (3.30]) yield

d p(p—1) -1
i ot P [

u ) Vo [*
gA{/ £|Vvs|2+/ —E|Vu15|2+/ulsvs}/uf€/ | 3€|
Q Ve Q Ule Q Q Q Vg

|V |*
o Ul

(3.30)
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u v
+A{/ £|V1}5|2+/ —€|Vu15|2+/u15v5}/u11”6
Q Ve Q Ule Q Q
2p+1 Vv 4
+A{/ula} /| 36| +A/U15Ua+p£1/ﬂe
Q Q U Q Q

for all t € (0, Thyax,e) and € € (0, 1), where

A = max {c1eaxT[|vol| o () + 2e102X1 V0]l 20 () X 00T () c2pln }-

Using the above inequality, (2.9) and (3.21)), we can find ¢z > 0 such that

d P(P—l) -1
T Qu’fE—FT/Qu’fE ve |V

Ule Ve
< (03+1)A{/ 1 |w5|2+/ |Vu152+/u15v5}/uf;5 (3.31)
Q Ve Q Ule Q Q

Vol
+ Am3Pt? | 35| + A/ U1Ve + ply / Ve
Q U Q Q

for all ¢ € (0, Tinax,e) and € € (0,1). For € € (0,1), we set

Y(t)i= [ .,
Q

Ute 2 Ve 2

H, = 1)A - e — € eVe

0= @+ 0A{ [ Z290f+ [ ZE9uf+ [ )
4
GE(t) = Am?p+1/ |vv3€| +A/u1€v6 +p£1/v5~

Q v Q Q

€
Hence, (3.31)) becomes
Y. (t) < Ho()Y(t) + G(t) for all t € (0, Tinax.c) and € € (0,1).

Integrating the above differential inequality yields

t
Y. (t) < Yo (0)elo He(s)ds 1 / el He(@)do g (5)ds (3.32)
0

for all ¢t € (0, Thyax,e) and € € (0,1). Notice that
/t H.(0)do < ca(p) forallt € (0,Tmaxc), s € [0,t) and € € (0,1)
by , , , and
/Ot Ge(s)ds < cs(p) for all t € (0, Tinax,c) and € € (0,1)
thanks to , and . Hence, by , we obtain
/Q ub_(t) < er®) /Q (uro + 1)P + ¢5(p)es®  for all t € (0, Tiax.c) and € € (0,1).

An analogous bound for us. follows similarly, completing the proof. O

Applying standard heat semigroup estimates, we deduce L bounds for V..

Lemma 3.7. Assume that (L.4) holds. Then there exists constant C > 0, independent of €, such
that

lve(®)|lwre) < C forallt € (0, Tax,) and € € (0,1).
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Proof. By well-known smoothing properties of the Neumann heat semigroup (etA)t>0 on Q (cf.
[31]), for a given p > 1 one can find ¢; = ¢1(2) > 0 satisfying

[Vve ()] L @)

_ Hvetm 1) / Vet =)A= £ (5) 4 uge(s))ve(s) — ve(s)} ds

< ctllvollwree ()

L) (3.33)

for all t € (0, Thax,e) and € € (0,1). Thanks to and Lemma [3.6] we obtain
[ (u1e(8) + u2e(8))ve(s) — ve(s)l| e (o)
< e () 4 uze () | Lo (@) [[ve ()l L ) + 19U [[0e () | £ow )
< callvoll oo @) + 120MPl|vol L (@)

where ¢2 = SUP_¢(0,1) SUPse (0, 1. ) U1 (8) | Lo () + llu2=(8)[|zr()) < +o00. Therefore, (3.33)
implies Lemma ]

A Moser-type iterative argument [39, Lemma 4.4] yields the boundedness of u;. and usg..
Lemma 3.8. Assume that (L.4)) holds. Then we have
ure ()L < C  and  ||uge(t)||Lo() < C for allt € (0, Tmax,e) and € € (0,1),

where C'is a positive constant depending on — [, Inuyg, [, u10lnuig, [ ui0, — [oInus,

2 4
Jo uz0Inugg, [, u20, fov0, [oVuol?, [o % and [, |V“§)| , but independent of .

v,

By (2.8) and Lemma we deduce the global existence of (u1.,us., ve) for every € € (0,1).
Lemma 3.9. Assume that (L.4) holds. Then Tyax,e = +00 for all e € (0,1).

Based on a comparison argument and the L> bound from Lemma we obtain a lower bound
for v,.

Lemma 3.10. Let T > 0 and assume that holds. Then we have
ve(x,t) = C(T) forallxz € Q,t € (0,T) and € € (0,1),
where C(T') is a positive constant depending on vg, but independent of .
Proof. By Lemma [3.8 we have
Vet = Ave — v in Q x (0,00) for all e € (0,1),

where ¢ = sup.¢(g,1) SUPsso(|u1e(t) L) + l[u2e ()| () < +oo. Applying a comparison
principle we obtain

ve(z,t) = (igfvo) ce” forallz € Q,t>0and ¢ € (0,1).
The proof is complete. U

Using the boundedness of ui., us. and v, obtained in Lemmas and we can apply
standard parabolic regularity theory to get Holder continuity for ui., uo., and v.

Lemma 3.11. Let T > 0 and assume that (1.4)) holds. Then one can find 6, = 0(T) € (0,1) such
that

lutellcor.orr2@xjo,ryy < CL(T)  for all e € (0,1), (3.34)
[uzellgor .12 @xo.ry) < CL(T)  for all e € (0, 1), (3.35)
”UEHC’Slﬂgl/Q(ﬁx[O ) < Ol(T) fO’f’ all € € (0, 1), (336)
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where C1(T) is a positive constant independent of €. In addition, for each 7 > 0 and all T > T
one can also fix 0 = 02(7,T) € (0,1) such that

< Co(1,T) for alle € (0,1), (3.37)

Hoell oo+ ey
where Co(7,T) is a positive constant independent of .

Proof. Lemmas (1.4) and parabolic Holder regularity theory (cf. [21]) imply (3.34)-
(3-36). The standard Schauder estimates [11], together with (3.34)), (3.35) and a cut-off argument,

imply (3.37). O

By applying a standard extraction argument to the family {(uic, use,ve)}ee(0,1) and using the
uniform bounds established above, we obtain a global bounded weak solution (u1,us,v) of system

[T

Lemma 3.12. Assume that the initial value (u1g, ugo, vo) satisfies (1.4]). Then there exist (¢;)jen C
(0,1) as well as functions uy, ug and v which satisfy (1.5) with uy,us >0 a.e. in Q x (0,00) and
v >0 in Q x [0,00) such that

e —up and uge —up in O (Q x [0,00)), (3.38)
v = v in C.(R x [0,00)) and in CLL (S x (0,00)), (3.39)
V. = Vo in L(Q x (0,00)), (3.40)

as € = g5 \( 0, and that (u1,uz2,v) is a global weak solution of the system (L.1) as defined in
Definition[2.1 Additionally, we have

14
/ulog/ul(t)</U10+i/u20+€1/007 (3.41)
Q Q Q b Jo Q
/u20§/u2(t) Sé/U1o+/U20+£2/UO for allt >0, (3.42)
Q Q l Jo Q Q

vl @) < vollpee (o) for allt >0, (3.43)

/000 /Q(ul + ug)v < /Q vo- (3.44)

Proof. According to Lemmas [3.7] and and a diagonal extraction argument, we obtain a sub-

sequence {¢;};en and nonnegative limit functions uq,us and v that satisty (1.5)) and (3.38)-(3.40).
3.3), (3:38) and Fatou’s lemma show that uy,us > 0 a.e. in Q x (0,00). From Lemma and

3.39)), we obtain v > 0 in Q x [O 00).
By integrating the system (2.6 , we obtain

/u10 /uls \/ (uio +€) + §2/(U20+6)+€1/Q
/Qu2o</U2s(t)<Z/(u20+5)+/(u20+5)+€2/ﬂvo

for all ¢ € (0, Tinax,c). Hence, (3.38) yields (3.41). Applying (2.11]) and (3.39), we have
Finally, (2.12)), (3.38)-(3.39) imply (3.44]).

By integrating (3.31) and combining (2.12)), (3.1)-(3.2]), Lemmas and we find a

constant ¢; > 0 such that

(o)
/ / W 0 | Vur|? <ep foralle € (0,1). (3.45)
o Jo

With § € (1,2) and v € (1, 3) fixed, Young’s inequality gives

T T _ B/2 (B-v)8
/ /|Vu%€\5:2ﬁ/ / ujz 11)5|Vu15\2) T e
0o Ja
(€] 'Y)B __B_
2*8/ /ule ve | Ve |2 +2*3/ /“15
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for all T'> 0 and € € (0, 1). Using Lemmas [3 . m and -, we obtain
(ui)ee(m) is bounded in Lﬁ((O,T); Wl’B(Q)) for all T' > 0. (3.46)
Likewise, we have

(u3.) o (0.1) 18 bounded in LP((0,T); WP (Q)) for all T > 0. (3.47)

Conditions (2.1)) and (2.2 . ) for Definition [2.1| are immediately from (3.38)), (3.39)), (3.46]) and (3.47] -7
whereas (2.3)-(2.5) follow from (3.38)-(3.40) together with (3.46) and (3.47).

Now the proof of Theorem follows directly from Lemmas

4. LONG-TIME BEHAVIOR

In this section, we study the long-time behavior of global bounded weak solutions of system
(1.1). We begin with a lemma on the integrability of uje; and uocs.

Lemma 4.1. Assume that the initial value (u19,uz20,v0) satisfies (1.4). Then one can find X €

(0,1) such that
o A
/ ||U15t(t>||(wl,oo(g))* dt < L{/ ’Uo} 5
0 Q

0 A
/ ||u25t(t)H(W1,oo(Q))* dt < L{/ ’Uo}
0 Q

for all e € (0,1), where L is a positive constant independent of €.

The proof of the above lemma uses an argument analogous to that of [29, Lemma 5.1], we omit
it here. Applying Lemma we can obtain that uj (tx) and us(tx) form two Cauchy sequences in
(W12°(Q))* for any nondecreasing sequence {t } xer, which is essential for the long-term behavior
of uy and us.

Lemma 4.2. Let A and L be as in Lemma and assume that the initial value (u19,u20,vo)
satisfies (1.4). Then for any choice of {tx}ren C [0,00) satisfying tr41 = t for all k € N, we

have
A
Dl (trrr) = ua(te) | wos )+ < L{/ Uo} ;

keN @

A
> lua(ta) = wa(t) s < 24 [ e}
keN @

Proof. Having fixed such a nondecreasing sequence {tj}ren, it follows from Lemma that for
each N € N,

N N tri1
Z lure(tr1) — wie(te) | (wree ())- = Z | / U1 (1) At || (w100 ()=
k=1 2N,
N tet1
< Z/ ||u15t(t)||(wl,oo(g))* dt (4.1)
k=1"Ytk

A
< L(/ vo) for all € € (0,1).
Q

Using (3.38), we obtain uic(t;) — ui(ty) in LY(Q) — (WH>(Q))* as g; N\, 0 for each k € N.
Therefore, the first estimate in this lemma is obtained from (4.1]) by passing to the limitse = ¢; \, 0
and N — oo. The same estimate also holds for wus. O

Because of the the quantitative dependence on vy, Lemma simultaneously provides large-
time stabilization of the first two components and estimates for the distance between the resulting
limits and the initial value.
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Lemma 4.3. Let A\ and L be as in Lemma and assume that the initial value (u19,u20,vo)
satisfies (1.4). Then one can find two nonnegative functions uieo, U200 € (WH°(Q))* such that

up(t) = Utoo, Up(t) = Usee in (WH(Q))*  ast — oo, (4.2)
A
U100 — wr0l| (W.oe ()« < L{ / vo} ; (4.3)
Q
A
U200 — w20l (W, ()« < L{ / ’Uo} : (4.4)
Q

Proof. For any nondecreasing sequence {tj }ren with tj, — 0o, Lemmal[4.2]implies that {us (¢x)}ren
forms a Cauchy sequence in (W1°°(2))*. Consequently,

uy(ty) = Uiee  in (WH(Q))*  as ty — oco. (4.5)
Lemma [.2] also yields the uniqueness of the limit function, hence we have
ur(t) = uiee  in (WH2(Q))* ast — oo.
Another application of Lemma yields

A
100 — o] (W= () < Z llui (B + 1) — ur (K)o () < L{/Q”Uo}
keN

i.e. (4.3) holds. Similar results hold for us. O
The following lemma establishes the long-time behavior of v.

Lemma 4.4. Assume that the initial value (u19,u20,v0) satisfies (1.4). Then we have
v(t) =0 in L>=(Q) ast— oo.

Proof. From (3.6)), (3.39), (3.43)), Lemma and Fatou’s lemma, yield that fooo Jo IVt < 4o0.

Using the Poincaré inequality, we obtain

t+1 t+1 1/4
/ lv(s) —0(s)||La(q) ds < 01(/ / [Vo(z, s)|4dxds) —0 ast— oo,
t t Q
where f = ﬁ Jo f- From (L6)), (3.41), (3.44) and Holder’s inequality, we obtain

t+1
%/ ()]l dls
t

g/tﬂ/ul(a@,s)v(s)dxds

t+1 41 (4.6)
/ /ulvf/ /ulxs (z,s) —v(s))dxds
t+1 t+1
/ /ulv—l—supHul( 8)| Lo () |Q|4/ lv(s) —0(s)||Layds = 0 ast — oo.
By the Gagliardo-Nirenberg inequality, we obtain
4/5 1/5
nwmm)dwwwmmm@ for all ¢ € WH4(2).
Hence, based on (1.6]) and ( , we can find co > 0 such that
4/5 1/5
o) L) < ¢ & Jo(®)] Mg = 0 ast— oo,
The proof is complete. U

Proof of Theorem[1.4 Having established (1.8) via Lemma we now focus on (|1.7). From (|1.6))
we infer that {uq(t)}¢>0 is relatively compact in the weak * topology of L>°(£2). Therefore, for

any nondecreasing sequence t; — oo, we can find a subsequence {tx, } jen C (0, 00) and an element
U100 € L°(Q) such that

uy (tr;) A TUee in L®(Q) as j — oo.



EJDE-2026/49 TWO-SPECIES DOUBLY DEGENERATE DIFFUSION CHEMOTAXIS SYSTEMS 19

Therefore, for any ¢ € W°°(2) thanks to the embedding W1°°(Q) < L'(2), we have

/ ui(ty;)p — [ Uieep as j — oo.
Q Q

Applying ([4.2)), for any ¢ € W1°°(), we also obtain

/Qul(tk].M) — U1eo(P) as j — oo.

Hence, for any ¢ € WH°(Q), it holds that

Uloo(¢):/91~/«100¢7

which yields that w100 = U100 € L*(Q2), and

ie.

/ul(t)gb% / Ulee® ast — 0o (4.7)
Q Q

up(t) = ujse  in L(9).

Using (3.41) and (4.7) with ¢ = 1, we have

Y4
/U10</u1oo</u1o+*1/u20+51/vo-
Q Q Q b Jg Q

Similar results hold for us. O

Based on (4.3)-(4.4), we can obtain that under an appropriate smallness assumption on the
initial datum vg, the limits obtained as ¢ — oo cannot be constants.
Theorem is proved by doing a slight adaptation of [32, Lemma 5.4]; we omit it.
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