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GROWTH OF SOBOLEV NORMS FOR NONLINEAR SCHRODINGER
EQUATIONS ON EUCLIDEAN SPACES

YI CHEN, YU YAN, XIAOLING ZHANG

ABSTRACT. This article concerns the nonlinear Schrédinger equation (NLS) on R3 with sub-
cubic and cubic nonlinearities. For the cubic NLS, with initial data in H™(R?), we establish
exponential growth of high-order Sobolev norms by using modified energy functionals and loss-
less Strichartz estimates. For the subcubic NLS, with data in H?(R3), we establish polynomial
growth.

1. INTRODUCTION
In this article, we focus on the three-dimensional nonlinear Schrédinger equation (NLS) on R3,
i0pu + Au = |ulP"tu,  (t,r) € R x R3,

u(0,z) = ¢ € H™(R?), (L)

where A is the Laplacian and H™(R?) is the standard Sobolev space of order m on R3, with m > 2
an integer. Specifically, we analyze the possible growth of higher-order Sobolev norms for large
times, namely the behavior of ||u(t, )| gmge) for m > 2 and t > 1.

The growth problem of high-order Sobolev norms has attracted extensive attention in recent
years, primarily because of its close connection with weak wave turbulence. The existing literature
has mainly focused on two central research directions: the first concerns a priori bounds for the
growth of high-order Sobolev norms in flows governed by Hamiltonian partial differential equations
[2,8L 5,6, 0]. Bourgain [I] pioneered the investigation into Sobolev norm growth for solutions of the
periodic nonlinear Schréodinger equation. By analyzing the Fourier restriction properties of lattice
point sets of the form {(¢,[£]?) | € € Z™,|¢] < N}, he obtained constant estimates in different
dimensions, and combined with L? norm and Hamiltonian mass conservation, proved that the high-
order Sobolev norms of solutions grow polynomially when the initial data in H*(T™) is sufficiently
small, laying a foundation for research in this direction. Building on this foundation, Thirouin [I7]
later extended the analysis to the fractional defocusing nonlinear Schrédinger equation and related
systems, further enriching the understanding of norm growth behavior in periodic settings. Zhong
[18] further generalized the analysis to compact Riemannian manifolds, revealing a quantitative
link between norm growth rates, bilinear Strichartz parameters, and manifold dimension. For NLS
with external potentials, Zhang and Liu [I0] proved polynomial growth for cubic NLS with partially
tuned potentials via refined Strichartz estimates and modified energy functionals. Takaoka [16]
derived improved growth bounds <t>%+ (s > 1) for 2D product-space cubic non-defocusing NLS,
using angular Strichartz estimates and the upside-down I-method, while noting open questions on
product-space growth. In addition, Duca and Nersesyan [8] showed almost sure unbounded norm
growth for torus NLS with external stochastic control, offering a new perspective on intervened
dynamics. Finally, NLS arises as the inviscid limit of the energy-critical complex Ginzburg-Landau
equation, providing cross-equation theoretical support for NLS dynamics [4]. And the second
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problem concerns the existence of global solutions with unbounded high-order Sobolev norms
[, 011 02, 13, 14, [15).
The equation admits two fundamental conservation laws: the mass conservation

lu(t)lL2rs) = lloll2®s),

and the energy conservation

1 1
B(u(t)) = 5 Vu®)laq) + g IO ) = E(6).

where V is the gradient operator in the Euclidean space and | - | denotes the modulus of any
complex number. These conservation laws immediately imply that

sup [|u(t, 2) [ 2 ey < 00, (1.2)

which together ensure the boundedness of the H'(R?) norm for all time ¢ € R, leaving only the
growth of Hm norms with m > 2 as the subject of our investigation.

Our analytical approach relies on two key ingredients: modified energy functionals and lossless
Strichartz estimates on R?. Modified energy functionals have proven effective in controlling high-
order energy evolutions by eliminating resonant contributions. By constructing a hierarchy of
modified energies o (1), we show that its leading term is equivalent to the H?*(R3) norm, allowing
us to control high-order Sobolev norms without derivative loss.

Specifically, we use integration by parts and the dispersive nature of the NLS to derive sharp
estimates for the time derivative of the modified energy. This technique aligns naturally with the
structure of the NLS and simplifies the estimation of nonlinear terms, which is crucial for obtaining
tight growth bounds. For the cubic case, this leads to exponential growth via a classical iteration
argument. For the subcubic case, polynomial growth follows from a similar but adapted iteration
scheme that accounts for the weaker nonlinearity.

The main goal of this paper is to establish quantitative growth bounds for high-order Sobolev
norms in the three-dimensional Euclidean setting. Our results are summarized in the following
theorems.

Theorem 1.1. For every m € N with m > 2 and for every solution u(t,z) € Cy(H™(R?)) to
(1.1), where p =3, we have

sup HU(t,I)HHm(RS) < C’exp(C'T),
(0,T7)

where C' = C(m, ||¢||gm) > 0.

Remark 1.2. The notation X <Y is used to denote the estimate X < CY for some constant C'.
The proof of Theorem can be completed by direct iteration once the following local bound is
established: for all 7 € (0,1),

HU(T)H%{W(R?’) - ||U(0)H12qm(R3) S THU||%°°((0,T);HW(R3)) + ||U||zoo((o,7);Hm(R3))7 (1.3)

where v € (0,2) is a suitable number and the implicit constant depends only on the energy of w.
In fact, the key step is to derive the exponential growth via a classical argument, which requires
the local well-posedness of the Cauchy problem in the energy space H'.

Specifically, for sufficiently small 7, the lower-order term can be absorbed to yield

HU||2LOO((0,T);H"L(RS)) < QHU(O)”%—I’"(H@) +C.
Next, choose 7 = 7(|[u(0)|| 1 (rs)) as the existence time provided by the H' local Cauchy theory.
From the local bound, it follows that
[t + 7) 7 gy < (1 + O [ul®) Frm (gsy + C-

As a byproduct of the local existence theory in H! and conservation of energy, the above inequality
holds for all ¢+ > 0. Therefore, the sequence o, = ||u(n7)]||? m(rs) Satisfies an i1 < 20, + C,which
implies the claimed exponential bound.
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Remark 1.3. In Theorem[I.1] we establish bounds for the growth of H™ norms corresponding to
initial data with H™ regularity, where m is any given integer (either odd or even). A significant
portion of this work focuses on the case of even m. In the final section, we briefly outline how our
analytical methods can be adjusted to apply to odd m.

Naturally, if the initial data ¢ is assumed to be H™tl-regular, the growth of the H™ norm
for odd m can be obtained by interpolating between the growth of two adjacent norms, namely
H™ 1 and H™*! (where m — 1 and m + 1 are even). Consequently, there is no need to treat the
case of odd m separately if the initial data is sufficiently smooth.

However, since only H™ regularity of the initial data is assumed, the case of odd m becomes
significantly more complex.

Theorem 1.4. For every solution u(t,z) € Ci(H*(R3)) to (1) with p € (2,3) we have
sup [|u(t, )| p2zs) < C(max{1,T})57,
T)

)

where C' = C(||¢||g2) > 0.

Remark 1.5. The proof of Theorem follows once the following local bound is established: for
all 7 € (0,1),

pts
||U(T)||%{2(R3) - ||U(O)||?{2(R3) S THU‘”L;((OJ—);HQ(RL")) + ||UHZO<>((0,T);H2(R3))7 (1.4)
for some v € (0, %). To conclude the polynomial growth from , we can use Remark In
fact arguing as in Remark [1.2] we obtain
[l 20 (0,7):rm r2y) < 2Mw(0) | 3m (geay + C-

The remainder of this article is organized as follows: Section 2 collects preliminary results in-
cluding Strichartz estimates and the construction of modified energies. Section 3 provides detailed
proofs of Theorems and Section 4 discusses the extension to odd-order Sobolev norms.

2. PRELIMINARIES

In this section, key analytical tools and preliminary results are collected, tailored to the three-
dimensional nonlinear Schrédinger equation (NLS) on R3. All results will be used in the proofs of
the main theorems.

2.1. Strichartz estimates. This section begins with the well-established lossless Strichartz es-
timates for the linear Schrodinger equation on R?, which capture the dispersive nature of the
equation and form the cornerstone of our nonlinear estimates.

Proposition 2.1. Let v(t,z) be a solution to the nonhomogeneous Schrédinger equation on RxR3,
i0w+ Av=F, (t,z)€RxR3,
where A denotes the Euclidean Laplacian. For any T € (0,1), we have
[vllL2(0,m):z6®2)) S llvollz@s) + 11| L2 (0,r);6/5 ®3))- (2.1)
2.2. Modified energies. The modified energy functionals that lie at the heart of our high-order
regularity analysis will be introduced in this section. These functionals are constructed to eliminate

resonant terms in the time derivative of the energy, enabling precise control over the growth of
high-order Sobolev norms.

i0pu + Au = |ulP"tu,  (t,r) € R x R3,
u(0,2) = ¢ € H**(R?).

In the subsequent analysis, the following estimate will be used without further explanation

(2.2)

[l oo st ®3)) Spuloli o 1+ (2:3)
We use the energy

p—1 _ 2 _ _ _ 2
Eor(u) = ||afu||%2(R3)_TA3 |a§ 1v(\u|2)| |ulP 3d:c—/Rs\af Y(ulP 1u)| dz.
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Proposition 2.2. Let u(t,x) be a solution to where p = 2n + 1 > 3, with initial data
© € H?(R3). Then we have

d -1 _ -
ettt ) ==L [ oSl o) e
dt 4 R3

w2 [ of(ur ok (Vu) da
R3

k—1
+ch/ OV ([ul*)0r =V (uf*)OF ™ (JulP ™) da
=0 Rd

-l-Rech/ 7 (JuP~1)0F T ud " (JulP ) da

7=0

+ReZc]/ AF (JulP~Hd) (Aw)F T u da

JrIchj/ Al (Ju[P~HoF T udFu da,
j=1 JR

where c; denotes explicit constants that may change from line to line.
Proof. Notice that
d
0kl g = 2 Re(0F 1, 0fw)
= 2Re(F (—Au + |ulP~ u), i0Fu)

=2Im [ (0FVu,dFVu)dz 4+ 2Re(OF (|ulP~ u), i0Fu)
R3
where (f, g) denotes the usual L?(R3) scalar product Jgs f-gdx. As the first term on the right-hand
side vanishes identically, we have

d _ )

108l zs) = 2Re(OF ([ul"™ u), 107 w)

= 2Re(0F (|u[P~1u),id0Fu) + 2Re(|ulP~LoFu, i0Fu)
-1

t

W‘

+Re Y ¢ (9] (|ul"™)0F ™ u, i0f u),
j=1
where c¢; are suitable integers. Notice that the second term on the right-hand side vanishes
identically and by substitution, we obtain

d - - —_ —_ J—
%Haqum(RS) =2 Re(@f(|u|p 1u)7—A(8§C 1u)) +2 Re(@f(|u\1’ lu),af 1(‘u|p 1u))
k—1
+ Re Z cj(ﬁtj(|u\p71)8f_ju, i0Fu)
j=1
= 9Re(DF (Juf*~ w), ~ AOF1w) + 2 Re(df (jul " u), 0F~ (ful ' u)

k—1
+Re > ¢ (0] (lulP )8 u, 0F ~H (julP~ )
j=0

k—1
+Re Y e (& (JulP™)of T, idfu)

j=1

= 2Re(0f (|ulP~'u), —A(9F ")) + /RJ 0e/0F " (ulP~ u)|* da
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k—1
+Re D (0] (jul”™ ")y u, O (jul”~ )
j=0
k-1
+Re Y c;(d (Jul")oF I, i0fu).
j=1
Firstly, we pay attention to the first term on the right-hand side

2 Re(0; (Jul?™")u, ~A0F'u)) = /]Rs Oy (Jul?~ 1) (—adf " (Au) — wdf ™! (Aw)) da,

and notice that

k—2
—aA(OF u) — uA(0F T a) = OF TN (—aAu — uAd) 4 Re Z ;0 (Au)dF~17g.
j=0
Using the
A(Jul?) = uAt + aAu + 2|Vul?.
we obtain

2 Re(F (|ulP~)u, —AF 1 u)
== [ o ulr o APy k2 [ ok (P ol (Vul?) do
R3 R3

k—2
+Rech/ AF (|lulP~1)8! (Aw)df ' da
j=0 /R
= /R (OFV (lufP=1), f 1V (ul?)) dx+2/Ra Of (|[u[P~ ")~ (|Vul?) da

k—2
+ Re Z ¢; / AF (JulP~ ) (Aw)dF ' de,
R3

=0

-1
=2 [ @ ), o ) a2 [ Dok (V) da
R3 R3

k—2
TReY ¢ / OF (|ulP~1)9 (Au)dF 7 da.
j=0 /R
Then using the Leibniz rule to develop 9F, we obtain
2Re(IF (JulP~Hu, —AdF~1u)

= p%l / OFV(Jul®)|ulP =2, 0f 'V (|uf?)) da
RS

k—1
+3es [(0 (). 0 O uf?)) 0 ) do

j=0

k—2 ) ]
+2 / OF (JulP~ 1o~ (IVul?) dx + Re > ¢; / OF (JulP~1)0] (Au)of i da
R3 =0 R3

_rd / Or| 01 (jul?)| [ulP~? da

4 Jas

k—1
+3cr [(V (). 0Ol ) 0 =) do
3=0

k—2
+2/ af(|u|P—1)af—1(|vu|2)dx+Rech/ OF (|ulP=1)0 (Au)dF 7 da,
R3 R3

=0



6 Y. CHEN, Y. YAN, X. ZHANG EJDE-2026/50
and we can finally conclude the proof by combining this identity with (2.5). O

Relying on the lossless Strichartz estimate (Proposition [2.1) in Euclidean space, the proof
achieves direct control of the nonlinear term with no derivative loss.

Remark 2.3. In the cubic NLS, we may make simplifications, and more precisely, we have

1
5 [ 100 ax— [ 1oE uPwl* a.
R3 R3

Eap(u) = Hatkuﬂiz(mas) -

and

d
Gttt =2 [ A(uoE (V) do
R3

k—2
+Rech/ O (|u|®)d (Aw)df i da
j=0 IR

k—1 . 4 (2.5)
tReY ¢ / & (Jul)oF 7 udl " (jul?) da
RB

=0

k-1 _ _
+Ichj /3 A (Ju|?)0F T udfu de.

j=1 R

The norms ||0Ful|z2 and ||ul| g2+ are comparable. Our purpose here is to demonstrate that for
the solutions u(t, x) of with p = 3, the leading term in our modified energy Eox (u) is essentially
equivalent to the Sobolev norm |[ul| gzx.

Proposition 2.4. Let u(t,z) be solution to with p = 3. Then for every k,s € N, we have
0Fu — i*AFul| e ey Sjgpn Nl preses—1 gs). (2.6)

Proof. We use the identity

h—1
Ohu = i Ay + Z ;) APIT (yu P, (2.7)
=0

where ¢; € C are suitable coefficients. The elementary proof follows by induction on h and by
using the equation solved by u(t, z).
Assume the result is true for k, then we are reduced to proving

||8g(u|u|2)||szfzj+s(Rs) 5 ||u||Hs+2k+1(]R3), ] = O,...,k. (28)

Expanding the time and space derivatives on the left-hand side, we use the Sobolev embedding
H'(R?) ¢ L5(R3) and the induction hypothesis at the last step, we obtain the estimate

Hagluﬂwklaﬁ(ﬂ@) X H8§2u||wk2,e(]R3) X ||5tjsu||wks»6(uz3)
S ”at]lu”Hkl“(R?’) X Haizu|\sz+1(R3) X ||3§3U||Hk3+1(R3)
S ||UHH2J'1+’91+1(R3)||U||H2j2+’€2+1(]1{<3)HU||H2J'3+’€3+1(R3)7

wherej1+j2+j3 :] and k1+k2+k3:2k72‘7+8
By interpolation, it is easy to see that

HUHH?J’H’WH(R% S ||“||?rfrs+2k+1(]Rs)HU”]lqil%lRS)v 1=1,2,3,

where
O(s+2k+1)+(1—-6) =25+ k +1,

and we conclude as above since 2?21 0, =1for j=0,...,k. O
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2.3. Strichartz estimates for nonlinear solutions. In this subsection a priori bounds for the
Strichartz norms of solutions to (2.2)) with cubic nonlinearity will be established. The notation
L2 X stands for the space LP((0,7); X ), where X is a Banach space and p € [1, o0].

Proposition 2.5. We have the following estimate for every solution u(t, x) tofm" (p,1) =(3,3)
and for every e >0, 7 € (0,1)
107 ullL2 Lo (23) Seililln 197 vl L2 @)
+VT Z ||UHL$°H2J'1(R3)HU||L3°H2J'2+1(R3)||U||LgoH2fs+1(R3)7 (2.9)
Jit+j2+iz=j
Jr=max{j1,j2,js}
and

107 ull L2w o @) Seligln 1070l eo)
VTS [l gl e ol g iy (210
Jit+j2+iz=j
Proof. Firstly, we prove (2.10). Using Strichartz estimates and the equation solved by d/u yields
107 ull L2 w0 may S 1107 w0l e oy + 1107 (ulul®) || L2 w65 (rs)-

Expanding the time derivative and making use of Holder’s inequality yields

167 (wlul®) lw.ers msy S > 107 wll mrr w3y 107> wll Lo sy 107 | o (m)
Ji+j2+iz=j
ji=max{j1,j2,j3}
S > 107  ul| s oy |07 11 gy 1972wl s s
Ji+j2+is=j

Jr=max{j1,j2,53}

We then conclude the proof by using Proposition in the special case of the cubic NLS on R3.
The proof of (2.9)) is similar. O

3. PROOF OF THEOREMS [I.1] AND [ 4]

In this section, prove our main theorems for the three-dimensional NLS on R3. Firstly, we
establish the exponential growth bound for the cubic NLS (p = 3), then prove the polynomial
growth bound for the subcubic NLS (2 < p < 3), and finally extend the results to odd-order
Sobolev norms. For the three-dimensional Euclidean space, for brevity: L9, W*9 H® denote the
spaces LI(R3), W*4(R3), H*(R3) respectively.

3.1. Exponential growth for H?* norms of solutions to the cubic NLS in R3. Start with
the proof of Theorem in the case m = 2k, which establishes exponential growth of high-order
Sobolev norms for the cubic NLS on R3. The key idea is to use modified energy functionals and
iterative energy estimates, combined with the Strichartz estimates.

Proposition 3.1. Let us assume that u(t,z) solves with p = 3. Then we have the following
bound for every T € (0,1),
/ |right-hand side of (2.4)|ds < T|[ul} s gra + |4]|] o gyor»
0 " T

for some v € (0,2).

Proof. Throughout the proof, we use the following inequality, which is derived by combining a
basic interpolation inequality with the estimate (2.3)),

lulliee s Spglgn Null e prae, s € [1,2K], (3.1)
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By combining Proposition Proposition and the inequality (3.1]), the following estimates
hold for 57 > 1,

||8{u||L3Le Se lluoll g2 + V7 E ||u||L3°H2J'1 ||u||L$°H2j2+1||u||L$°H2j3+1
T
jliinaf{jf?jzfjs} (3.2)
2j—1 2j—1
2k—1 2k—1

S lluoll " + \EHUHL:CH%-
Additionally, for the W6 norm, we have
10 ull Lawre Se lluollmzies +vT D Hullpee rans ull oo gz |l Lo rises
J1+iz+is=j (3.3)
We denote the four terms on the right-hand side of equation (2.5)) as I, II, III, and IV, and proceed
to estimate each term individually.

We estimate term I. By expanding the time derivatives 9F and Bffl, and applying Holder’s
inequality, the estimation of Term I reduces to bounding the integral

T
/||3Z“UHL2||3fZUIIL6||<9§1UIIW1,6||3Z2UI|w1,eds, (3-4)
0

where k1 > ko, j1 +jo =k —1, and k1 + ko = k.
By combining the Sobolev embedding H'(R?) C LS(R?), Proposition and the inequality
(3.1), we find that
BA) < Mull poo o el oo praes+1 107 ull L2 o] 07| L2 ywr.o
S Nl oo o 107 ull L2 wrs 072 ul| L2 wre.
Using (3.3)), we obtain
BB S rlhullde o + el

for a suitable v € (0, 2).
Next, we estimate term II, which can be reduced to bounding integrals of the form

T
| 108wl 0wl o100 o, (35)
0

where k1 < ks ,j=0,...,k—2and k1 + k3 = k.
By using the Sobolev embedding H!(R3) C L°(R?) in conjunction with Proposition we
obtain
(3:5) S [luull oo rows 1052wl 2 1 ul| oo pr2s 51105 ™"l 2 -

Utilizing (3.2) and (3.1)), we deduce that

2kg—1 k—1—j)—1

2ka—1 2(k—1—j)—1
B < lull oo rses Il 2o ppae Nl coe ol iz S e gy + Nl e

where v € (0,2). estimating term III is reduced to bounding integral
T
/||3flu\|L°cHaizuHLoo||3f_]u||L2||8fluHLﬁ||3f2u||L6||3fSU||L6d57 (3.6)
0

Wherej1+j2:j,0§j§k'71, andk1+k2+k3:k—1.
By applying the Sobolev embeddings H*(R?) c LS(R?) and H?(R3) C L*°(R3), along with
Proposition we obtain

B0 < lull oo sz llull oo przsasa lull e pron2s 105 ull 12 16 110¢ 2w 22 ol oo v o1
Combining inequality (3.1]) and (3.2)), we find that

B-6) < TlhullZoe gron + Nl oo pron
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for v € (0,2). For term IV, it suffices to estimate integral
T
/||aquL2||af_]u||L5||8g1UHLGHag2U”LGds, (3.7)
0

where j1 +jo=j,and 1 <j <k -1
Using the Sobolev embedding H*(R*) ¢ L%(R?) and Proposition 2.4l we can control this integral
as follows

B < Null oo el oo proe—2541 107 ull 2 61107 ] 2 o
Again by (3.1)) and (3.2)) we arrive at
B-D < Tllullfee e + lull} o gron
for some v € (0,2). O
To complete the proof of Theorem the modified energy Esx(u) should be decomposed as
Ear(u) = ||0Ful|2, + Raok(u), where

Rok(u) = —%/|afflv(|u‘2)|2 dx—/‘&ffl(\uﬁu”? dx.

We need to establish an estimate for Roy(u). Through detailed analysis, it follows that

4k—3 4k—5
K1 T€ R—1 1€

Rk (u)| S lJull e~ + llull o

To verify this, we first estimate the first integral in Rog(u),

- 2 1 2
J1E v P axs 30 0f ulfs 0kl

k1+ko=k—1
S S el ol Nl e Sl
=~ H2k1+1 H2ko+1 H2k2+2 ~ H2k
k1+ko=k—1
Here, the interpolation estimate has been used
l-e = 1te
[ollee S vl vl (3.8)

which is derived by combining interpolation techniques with Sobolev embedding, Proposition [2.4]
and inequality (3.1). Next, estimate the second integral in Rox(u),

k— 2 . . 3
/|at HalPo)|"dxs Y0 107 ulZa 10 ullf 107 ullE~

Jit+ja+jz=k—1

S > 32 1l 1 1l sl s v [l 55 2
Jitj2tiz=k—1
=t
N ||U\|12f2k1 ‘

This estimation also relies on the interpolation inequality (3.8), Proposition and inequality

BD).

3.2. Polynomial growth of H? for the subcubic NLS on R2. We now proceed to establish
the proof of Theorem [I.4] which concerns the polynomial growth of the H2 norm for subcubic
NLS. Firstly, a specialized energy functional tailored to this case will be introduced

-1
Fa(vltia)) = [ 10w de = (p=1) [ Pt el do - P2 [ i
RS RS P Jrs
Proposition 3.2. Let u(t,z) be solution to[2.9 for 2 < p < 3. Then

d
GFauta) = 0= 0 =3) [ 2ol [Vl do
R3

+2(p— 1)/ lu|P~20;u| [Vu|* dx.
R3
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Proof. We start by computing the time derivative of ||9;ul|2.,
|0yul|3 2 = 2Re(9Fu, Opu)
= 2Re(0:(—Au + |uP~ u), i0;u)

2
dt
=2Im [ (9:Vu,d;Vu)dx + 2Re(0;(|uP " u),id;u),
R3

where (f,g) = [s fgdx. Since the first term on the right-hand side vanishes identically, it can be
simplified to

d

Z10ulF2 = 2Re(@r(|ufP~ u). i0pw) + 2 Re(jul?~ Opu, i0,u)

= 2Re(9(JulP~ )u, —Au) + 2Re(0s (JulP~Hu, |u[P~ u)
— 2 Re(@(JulP VY, —Aw) + P L[ g,
p dt Jps
Notice that
A(Jul?) = uAt + aAu + 2|Vul?.
Next, we evaluate the integral of 2 Re(d;(|u|P~!)u, —Au). Using integration by parts and the
identity for the Laplacian of a product, this integral can be rewritten as

2Re(0; (JulP~H)u, —Au)

= —@efulP™t, Aluf®) + 20 ulP~, [Vul?)

= (0 V|ulP~Y, VIul?) + 2(0 ulP ™, [Vul?)

=2(p = 1)(@:(lul">V|ul), [u[V]ul) + 2(0;[ulP~*, | Vul?)

d _ -
=2(p = 1) ([ul" 2V ul, [ul V]ul) = 2(p = D)(jul" ">V [u], difu| Vu])
= 2(p = V)(julP7*Vul, [ul VO, |u]) + 2(De[ul*~", | Vul?)
d, - _
=2(p = 1) ([l V|ul, [ulVul) = 2(p = D) (|Jul""*V]ul, 0 [u|V]u])

d, - _ _
= (p = D) ("™ [Vl ?) + (= D(@ful”™ % [V ]ull?) + 200"~ [Vul?),

Substituting this result back into the expression for < ||9,u/|?, and rearranging terms, leads to

(3-9)- O

The following proposition serves as a counterpart to Proposition [3.1] in the context of the
subcubic NLS.

Proposition 3.3. We have for every 7 € (0,1)
T pts
/0 Iright-hand side of (39)|ds < llull; & o + [l o

for some v € (0, %).

Proof. Denote the two terms on the right-hand side of as I and II. A detailed estimation
of term I will be shown as below, as the estimation of term II follows a similar line of reasoning.
To estimate term I, the diamagnetic inequality will be used to eliminate the modulus inside the
derivatives V and 0;. Applying Holder’s inequality, we obtain

-2 6—2p
|I‘5||atu||L$°L2||uHiZW1,%”uH:ZG ST ||3tUHLgoL2HUIIipT+1W1,5¥p7
T T

where the pair (p%, %) is Strichartz admissible.

Using the equation solved by u(t, ), we can replace ||0;ul| Lo 2 With [u[| L2, leading to

6—2p
ST IIUHLgchIUII;%WL%-
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The bound is further estimated

pt1
gt Sl E el

By the energy conservation, the estimate can be simplified to

+1
I IIUHLocHzIIUIILsz

Finally, applying the Strichartz estimate (3.3 with j = 0 (which remains valid for subcubic
NLS solutions), it follows that

pt+1
111 S Tllullose g2 llull 2 e + lwll 7 o

where 7 € (0, pT'H”).

Here, [lul[zzw1.6 has been estimated through the middle term on the right-hand side in (3.3)),
as it involves the highest power of ||u|zo g2, while lower powers are absorbed into the term
]} s g O

Integrating (3.9) on [0, 7] and arguing exactly as in the proof of Theorems yields the bound

pt5
”u(T)”?'{?(H@) - ||U(O)||%{2(R3) S THUHL;((OJ);H%RS)) + ||U|Qoo((o,.r);H2(R3)),

for some ~ € (O, %). This bound is sufficient from completing the proof of Theorem as
outlined in Remark [L.5l

3.3. Growth of odd Sobolev norms H?**+1. We first note that if the initial datum ¢ has H?#+2
regularity, then the bound for H?**! norm

sup |[u(t, )| grars1 g2y < C(max{1,T})%+<,

(0,1)
can be derived by interpolating between the already established growth bounds for the adjacent
even-order norms

sup |[u(t, )| grar+2gey < C(max{1,T})>+1+e,
(0,7)

sup ||u(t,x)||sz(Rz) < C(maX{LT})%_HE.

(0,7)
A similar argument can be employed to extend Theorem [[.1]to the case of odd m = 2k+1, provided
the initial data possesses sufficient regularity. However, the key distinction in this subsection is that
the initial data ¢ is only assumed to be in H?**1  which renders the aforementioned interpolation
argument inapplicable.

To address the case of odd-order regularity m = 2k + 1, the proof of Theorem (previously

established for even m = 2k) is adapted by introducing a modified energy functional tailored to
odd-order norms

Eavia(u) = HIOEVals + 5 [ laptoful ax+ B [l ok (uf) | da
Rezlcj/ﬁj wdf 7 (|uP~Y)oF u da (3.10)
J

k—1
=3 [ ok 0 ok (o) da
j=1

The following proposition provides the time evolution of this modified energy functional, from
which the proof of Theorem [I.1] for odd m = 2k + 1 can be completed using the same techniques
as in the even-order case. We omit the detailed proof and leave it to the reader.
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Proposition 3.4. Let u(t,z) be a solution to (1.1)) with initial datum ¢ in H?**1. Then
d
—& t
g (ult, @)

/8,5 |ulP~ 1)|(“)ku|2dx—Re cj/ajﬂuak H(ulP~Y)oFa d
1

Jj=

—Rech/afuﬁf_j+1(|u|p71)8fadx+p;l/ 875(|u|p73)‘8f(|u|2)|2 dx
. 8 o

k—1 ‘ )
+3 e [0 a0 (uP)of (uf?) da

j=1

k—1 k
# 3 [0 QP 0 (uP ok (uP) dx Y es [ o (ulotuot Fade,
Jj=1 j=1

where ¢c; € R are explicit real numbers that can change in different lines.
Proof. Begin by noting the following key identity

Re(id} ™ u, 0fu) = Re(9f (), fu) + Re(9f ([ufP ), 0fu)
= 0FVull3s + Re(df (ulP~), 0Fu).

Taking the time derivative of both sides of this identity yields
d _
= 0V ullZ + Re(9F (lul"™"), 05 w))
= %Re(i@f“u, OFu) = Re(idF 2u, 0Fu)
- Re(ak+1(—Au) OFu) + Re(0F T (JulP~u), OFu)

= 2 S8 Vulf. + Re(@ (jup ), o).

Next, we expand the term Re(0F ! (|u|P~1u), dFu) using the Leibniz rule for differentiation and
properties of the complex inner product.

(5k+1(\u|p‘1u), 0;'u)
L Re(0} (jul*~"u), 9 u) — Re(Df (jul~ ), 8 w)

dt
= Re(ak(|u|p*1u), 8tku) — Re(@f(|u|p*1)u,8tk+1u) - Re(|u\p*185u785+1u)
k—1 , 4
+Re Y e (udf ™ (lulP~), 0f T u)
j=1
%Re(ak(|u|p_1u),8fu)—Re(@f(|u|p_1)u,af+1 th/l P~ 0F ul? dx
k—1
/8t |u|P™ 1)|8ku|2dx+Rech (DI udF I (JulP=1), 05 1u)
Jj=1
d _ _
— & Re(O (u ). 0fw) = Re(0 (u ) 0F ) = 5 5 [ a0 uf ds
k—1

/a [P~ 1)|8ku|2dx+ d ReZc] (D7 udF I (JulP~1), 0Fu)
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k—1 k—
—Re Y c; (@ udy ™ (julP~), 0 u) Z (B udf I (P, 0Fu).
j=1 j=1

Then we handle the third term on the right-hand side as
— Re(OF (JulP~Yu, OF u)

:—7/8’C ulP~ oM (|ul? dX—i—E:cj/Bl~C (JulP~ 1)8Ju0k+1 I dx.
j=1
By using the identity
_ 1 _ _
O (lulP~") = §(p—1)3f LB () ul~?),
we obtain

— Re(07 (Jul?~)u, 87+ )

k-1
p—1 _ IV
=P [ ok ok ity s [ ok 0l )k ()
j=1

k
+ch/af(|u|P—1)aguaf+1*jadx
j=
__p-1 8 dt/| 73 |98 (ju?) | dx+—/a (ul?=2) |08 (jul?)[* d

S [0 ) s+ e [ 0 a0
j=1 j=1

Then by elementary computations,

- Re(amuw-l)u o8 u)

=5 8 dt/| 773 |0 (jul®)[* dﬂ“fi/at (uf"=*) [0F (jul®)|” d

d . _ .

A [ o9} ul? 0t (uf?) do

j=1

k—1 . )

£ 3 [l 0k (a0 (uP) d
j=1

+3es [[o T Qa0 w0k ) do
j=1

k
+ch/af(|u|p—1)aguaf+1*jadm
j=1

4. CONCLUSION

In summary, this paper studies the growth of high-order Sobolev norms for solutions to the
three-dimensional subcubic and cubic NLS. Using modified energy functionals and lossless Strichartz
estimates, explicit growth bounds are established: exponential growth of H™ norms for cubic NLS
(p = 3) and polynomial growth of H? norms for subcubic NLS (2 < p < 3). Results are extended
to both even and odd-order regularity via tailored energy functionals, complementing existing NL.S
regularity theory.
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