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TRAVELING WAVES FOR A GENERALIZED LESLIE-GOWER

PREDATOR-PREY MODEL WITH NONLOCAL DISPERSAL

YU-XIA HAO, ZI-MING LIU

Abstract. In this work we study the traveling wave solutions for a generalized nonlocal dis-

persal Leslie-Gower predator-prey system. Employing the truncation method and Schauder

fixed-point theorem, we establish the existence of traveling waves connecting the semi-trivial
equilibrium to the coexistence equilibrium for all wave speeds c ≥ c∗, where c∗ denotes the

minimal wave speed. Particularly, the right-hand tail limit of the wave profile is obtained by

using the idea of a contracting rectangle. Meanwhile, by analyzing the characteristic equation
obtained from linearizing the system at the semi-trivial equilibrium, we showed the nonexistence

of traveling waves for 0 < c < c∗. The main technical challenges arise from the combined effects

of nonlocal dispersal and the lack of monotonicity in the system.

1. Introduction

In complex ecosystems, predation as an important manifestation of the diverse interactive forms
among long-term coexisting species has always been a focal point of ecological research. There
are many different kinds of predator-prey systems that have been proposed to model different
processes of biological interactions since Lotka [24] and Volterra [27]. For instance, Dunbar [6, 7, 8]
demonstrated the existence of various types of traveling waves in a diffusive predator-prey system
incorporating Holling type I and II functional responses. By employing Dunbar’s approach, Li and
Wu [22] established the existence of traveling waves in a diffusive predator-prey model featuring a
simplified Holling type III functional response. Lin, Weng, and Wu [23] investigated traveling wave
solutions for predator-prey systems with a sigmoidal functional response, while Ai, Du, and Peng
[2] explored traveling wave phenomena in Holling-Tanner type predator-prey models. Further
important contributions to this field can be found in [5, 9, 15, 17, 28, 33] and the references cited
therein.

Research on traveling wave solutions for reaction-diffusion equations dates back to the pioneer-
ing works of 1937 [13, 18], and such solutions play a vital role in understanding the long-time
asymptotic behavior of population dynamic systems. In recent decades, extensive studies have
been devoted to traveling wave solutions in predator-prey systems. Here, we will primarily intro-
duce some works for predator-prey systems with the Leslie-Gower functional response. Notice that
the rate of prey consumption by an average predator and the predator growth are identical in most
two species predator-prey systems. However, Leslie [19, 20] proposed the following predator-prey
system, where the predator’s environmental carrying capacity is proportional to the abundance of
the prey,

∂u(x, t)

∂t
= ∆u(x, t) + u(x, t)

(
1− u(x, t)− av(x, t)

u(x, t) + e1

)
,

∂v(x, t)
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= d∆v(x, t) + sv(x, t)

(
1− v(x, t)

u(x, t)
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,
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where the ratio v(x,t)
u(x,t) is designated as the Leslie-Gower term. Factually, this type of response

function cannot adequately reflect the predation phenomena that objectively exist in nature. Based
on this, the authors [3, 4] proposed a modified Leslie-Gower predator-prey system, incorporating
the positive constant µ into the Leslie-Gower term. Such predators are known as generalist
predators [14], as they are capable of exploiting other alternative food sources when their preferred
prey is unavailable. Concretely

∂u(x, t)

∂t
= ∆u(x, t) + u(x, t)

(
1− u(x, t)− av(x, t)

u(x, t) + e1

)
,

∂v(x, t)

∂t
= d∆v(x, t) + sv(x, t)

(
1− v(x, t)

u(x, t) + µ

)
.

Recently, Li et al.[21] considered the generalized Leslie-Gower system

∂u(x, t)

∂t
= ∆u(x, t) + f(u(x, t))

(
p(u(x, t)− v(x, t)

)
,

∂v(x, t)

∂t
= d∆v(x, t) + sv(x, t)

(
1− v(x, t)

u(x, t)h(u(x, t)) + µ

)
,

(1.1)

they established the existence of traveling waves connecting the prey-present state and the coex-
istence state or the prey-present state and the prey-free state by constructing different Lyapunov
functions.

In traditional reaction-diffusion frameworks, individuals are assumed to move randomly between
adjacent spatial locations. Yet in many practical contexts, such as population ecology, materials
science, and epidemic dynamics, individual movement and interaction often occur across extensive
ranges making nonlocal dispersal a more suitable description than local diffusion in such scenarios
[1, 25]. Within this framework, nonlocal dispersal is typically formulated via integral operators, a
representative example is the convolution operator defined by

L[u](x) := J ∗ u(x, t)− u(x, t) =

∫
R
J(x− y)u(y, t)dy − u(x, t).

Following the interpretation in [1], if u(x, t) represents the population density at location x and
time t, and J(x− y) denotes the probability of transitioning from y to x, then the term

∫
R J(x−

y)u(y, t)dy captures the inflow of individuals to x from elsewhere, while −
∫
R J(x − y)u(x, t)dy

(where
∫
R J(x)dx = 1) reflects the outflow of individuals departing from x to other locations.

Over the past few years, a substantial body of research has focused on traveling wave phenom-
ena in nonlocal systems, mainly concerning Lotka-Volterra competition, cooperative models, and
epidemic models. However, due to the interplay between nonlocal dispersal and the intrinsic non-
monotonicity characteristic of predator-prey interactions, the literature on traveling waves in such
systems remains quite limited [10, 16, 26, 29, 30, 35], additional contributions related to forced
waves can be found in [12, 32, 11].

This article focuses on the nonlocal version of (1.1), namely, the nonlocal dispersal Leslie-Gower
predator-prey system

∂u(x, t)

∂t
= (J ∗ u(x, t)− u(x, t)) + f(u(x, t)) (p(u(x, t))− v(x, t)) ,

∂v(x, t)

∂t
= d (J ∗ v(x, t)− v(x, t)) + sv(x, t)

(
1− v(x, t)

u(x, t)h(u(x, t)) + µ

)
,

(1.2)

where the parameters d, s and µ are positive, u(x, t) and v(x, t) are the population densities of the
prey and predator, respectively, s is the predator growth rate and d is the diffusion coefficient of
predator species. In this paper, we use the following assumptions:

(H1) J ∈ C1(R), J(x) = J(−x) ≥ 0,
∫
R J(y)dy = 1 and J is compactly supported;

(H2) f(u) ∈ C1(R), f(0) = 0 and f ′(u) > 0 for u ∈ [0,+∞);
(H3) p(u) ∈ C1(R), p(0) > 1 + µ, p(1) = 0 and p′(u) < 0 for u ∈ (0,+∞);
(H4) h(u) ∈ C1(R), h(0) > 0 and h′(u) ≥ 0 for u ∈ [0,+∞).
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As stated in [21], the following are classical examples of functions satisfying (H2), (H3), and
h(u) = 1:

(a) The functional response f(u) of Holling-I type

f(u) = ru, p(u) =
(1− u)

r
, r > 0.

(b) The functional response f(u) of Holling-II type

f(u) =
ru

u+ r1
, p(u) =

(1− u)(u+ r1)

r
, r > 0, r1 ≥ 1.

(c) The functional response f(u) is Ivlev type

f(u) = r(1− e−r2u), p(u) =
u(1− u)

r(1− e−r2u)
, r > 0, 0 < r2 < 2.

Obviously, system (1.2) has three boundary equilibria (0, 0), (1, 0) and (0, µ), under the conditions
(H2)–(H4). We can verify that (1, 0) is unstable, and that for any u ∈ (0, 1), there is a unique
positive stable equilibrium (u∗, v∗) := (u∗, u∗h(u∗)+µ) with u∗ ∈ (0, 1) of system (1.2). We focus
on the existence and nonexistence of traveling wave solutions connecting (1, 0) to (u∗, v∗) of system
(1.2) in the present paper. Note that it is very difficult to determine the final state of traveling
waves for system (1.2). The reason is that the system is not monotone. However the nonlocal
dispersal leads us not to a suitable Lyapunov function to ensure that traveling waves converge
(u∗, v∗) at +∞, which is a common method. Inspired by [5, 31, 12], we derive the right-hand tail
limit of the wave profile by using the idea of a contracting rectangle.

The rest of this paper is structured as follows. In Section 2, we establish the existence of
traveling waves for c ≥ c∗. Section 3 is devoted to proving the nonexistence of traveling waves
when 0 < c < c∗. Section 4 summarizes the main conclusions of this work, discusses the existing
research limitations, and proposes several promising directions for subsequent research extensions.

2. Existence of traveling waves

In this section we establish the existence of non-negative non-trivial solutions of system (1.2)
with the form u(x, t) = u(x+ ct) and v(x, t) = v(x+ ct). Substituting this solution into (1.2), and
using ξ = x+ ct, we have the wave system

cu′(ξ) =

∫
R
J(y)u(ξ − y)dy − u(ξ) + f(u(ξ)) (p(u(ξ))− v(ξ)) ,

cv′(ξ) = d
(∫

R
J(y)v(ξ − y)dy − v(ξ)

)
+ sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
.

(2.1)

We aim to determine positive solutions of (2.1) satisfying

(u, v)(−∞) = (1, 0), (u, v)(+∞) = (u∗, v∗). (2.2)

Linearizing the second equation of system (2.1) at (u, v) = (1, 0) gives

cv′(ξ) = d
(∫

R
J(y)v(ξ − y)dy − v(ξ)

)
+ sv(ξ).

By setting v(ξ) = eλξ, we obtain the characteristic equation

F (λ, c) := d
(∫

R
J(y)e−λydy − 1

)
− cλ+ s = 0. (2.3)

Direct computations give

F (0, c) = s > 0,

∂F (0, c)

∂λ
=

[
d

∫
R
J(y)(−y)e−λydy − c

]∣∣∣
λ=0

= −c < 0, ∀c > 0,

∂F (λ, c)

∂c
= −λ < 0, ∀λ > 0,



4 Y.-X. HAO, Z.-M. LIU EJDE-2026/51

∂2F (λ, c)

∂λ2
= d

∫
R
y2J(y)e−λydy > 0, ∀λ > 0.

The following lemma can be obtained easily.

Lemma 2.1. There exists a pair of positive constants (λ∗, c∗) such that

F (λ∗, c∗) = 0 and
∂f(λ∗, c∗)

∂λ
= 0.

Furthermore,

(i) if c > c∗, then F (λ, c) = 0 has two different real roots λ1 = λ1(c), λ2 = λ2(c) with
0 < λ1 < λ∗ < λ2, and

F (λ, c)

{
< 0 for λ ∈ (λ1, λ2),

> 0 for λ ∈ (0, λ1) ∪ (λ2,+∞);

(ii) if 0 < c < c∗, then F (λ, c) > 0 for all λ > 0.

Let

∆(λ, c) =

∫
R
J(y)e−λydy − 1− cλ.

Direct calculations yield

∂∆

∂λ

∣∣∣
λ=0

=
(∫

R
(−y)J(y)e−λydy − c

)∣∣∣
λ=0

= −c < 0 for all c > 0.

Because ∆(0, c) = 0, there is a λ̃ > 0 such that ∆(λ̃, c) < 0.

2.1. Lower and upper solutions. We construct lower and upper solutions for non-critical and
critical wave speed scenarios. A pair ((u(ξ), v(ξ)) forms an upper solution to (2.1), if u(ξ) and
v(ξ) satisfy (2.1) with the sign = replaced by the sign ≥. For lower solutions we replace the sign
= with the sign ≤. Also for convenience, we denote q(u) = uh(u) + µ.

Non-critical waves (c > c∗). We define the continuous functions

u(ξ) = 1, v(ξ) =

{
q(1)eλ1ξ, ξ < 0,

q(1), ξ ≥ 0,

u(ξ) =

{
1− σeβξ, ξ < ξ1,

0, ξ ≥ ξ1,
v(ξ) =

{
q(1)eλ1ξ(1− γeεξ), ξ < ξ2,

0, ξ ≥ ξ2,

where

σ > max
{
1,
f(1)q(1)

−∆(β, c)

}
, 0 < β < min{λ1, λ̃},

0 < ε < min{λ1, λ2 − λ1}, γ > max
{
1,

−sq(1)
q(0)F (λ1 + ε, c)

}
.

Also, we define

ξ1 =
1

β
ln

1

σ
< 0, ξ2 =

1

ε
ln

1

γ
< 0,

and one can choose σ > 0 and γ > 0 large enough such that ξ2 < ξ1.

Lemma 2.2. The functions u(ξ) and v(ξ) satisfy

cu′(ξ) ≥
∫
R
J(y)u(ξ − y)dy − u(ξ) + f(u(ξ)) (p(u(ξ))− v(ξ)) , ξ ̸≡ ξ2, (2.4)

cv′(ξ) ≥ d
(∫

R
J(y)v(ξ − y)dy − v(ξ)

)
+ sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
, ξ ̸≡ 0. (2.5)
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Proof. If ξ ≥ ξ2, then u(ξ) = 1, v(ξ) = 0, therefore, (2.4) can be obtained straightforwardly.
In contrast, if ξ < ξ2, then u(ξ) = 1, v(ξ) = q(1)eλ1ξ(1−γeεξ) > 0. A direct computation shows

that

cu′(ξ)−
∫
R
J(y)u(ξ − y)dy + u(ξ)− f(u(ξ)) (p(u(ξ))− v(ξ)) > 0.

Then (2.4) holds.
Similarly, if ξ ≥ 0, then v(ξ) = q(1), u(ξ) = 1, thus (2.5) holds naturally.
If ξ < 0, then u(ξ) = 1, v(ξ) = q(1)eλ1ξ. Then

cv′(ξ)− d
(∫

R
J(y)v(ξ − y)dy − v(ξ)

)
− sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
= cλ1q(1)e

λ1ξ − d
(∫

R
J(y)q(1)eλ1(ξ−y)dy − q(1)eλ1ξ

)
− sq(1)eλ1ξ

(
1− q(1)eλ1ξ

h(1) + µ

)
= q(1)eλ1ξ

[
cλ1 − d

(∫
R
J(y)e−λ1ydy − 1

)
− s

(
1− eλ1ξ

)]
= q(1)eλ1ξ

[
− F (λ1, c) + seλ1ξ

]
> 0.

Then (2.5) follows. □

Lemma 2.3. The functions u(ξ) and v(ξ) satisfy

cu′(ξ) ≤
∫
R
J(y)u(ξ − y)dy − u(ξ) + f(u(ξ)) (p(u(ξ))− v(ξ)) , ξ ̸≡ ξ1, (2.6)

cv′(ξ) ≤ d
(∫

R
J(y)v(ξ − y)dy − v(ξ)

)
+ sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
, ξ ̸≡ ξ2. (2.7)

Proof. When ξ ≥ ξ1, u(ξ) = 0, hence it is easy to obtain (2.6). When ξ < ξ1, u(ξ) = 1 −
σeβξ, v(ξ) = q(1)eλ1ξ. A direct calculation yields that

cu′(ξ)−
∫
R
J(y)u(ξ − y)dy + u(ξ)− f(u(ξ)) (p(u(ξ))− v(ξ))

= −cσβeβξ +
∫
R
J(y)σeβ(ξ−y)dy − σeβξ − f(1− σeβξ)

(
p(1− σeβξ)− q(1)eλ1ξ

)
= σeβξ

[
− cβ +

∫
R
J(y)e−βydy − 1

]
− f(1− σeβξ)

(
p(1− σeβξ)− q(1)eλ1ξ

)
≤ σeβξ

[
− cβ +

∫
R
J(y)e−βydy − 1

]
+ q(1)eλ1ξf(1− σeβξ)

= eβξ
[
σ

(
−cβ +

∫
R
J(y)e−βydy − 1

)
+ q(1)e(λ1−β)ξf(1− σeβξ)

]
≤ eβξ

[
σ
(
− cβ +

∫
R
J(y)e−βydy − 1

)
+ q(1)f(1)

]
= eβξ[σ∆(β, c) + q(1)f(1)] ≤ 0.

Consequently, (2.6) holds.
In the same way, when ξ ≥ ξ2, v(ξ) = 0. It is obvious that (2.7) is true. When ξ < ξ2,

u(ξ) = 1− σeβξ, v(ξ) = q(1)eλ1ξ(1− γeεξ), then

cv′(ξ)− d
(∫

R
J(y)v(ξ − y)dy − v(ξ)

)
− sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
= cq(1)λ1e

λ1ξ − cγq(1)(λ1 + ε)e(λ1+ε)ξ − q(1)d

∫
R
J(y)

(
eλ1(ξ−y) − γe(λ1+ε)(ξ−y)

)
dy

+ q(1)d
(
eλ1ξ − γe(λ1+ε)ξ

)
− sq(1)(eλ1ξ − e(λ1+ε)ξ)

[
1− q(1)eλ1ξ(1− γeεξ)

(1− σeβξ)h(1− σeβξ) + µ

]
= q(1)eλ1ξ

[
cλ1 − d

∫
R
J(y)e−λ1y + d− s

(
1− q(1)eλ1ξ(1− γeεξ)

(1− σeβξ)h(1− σeβξ) + µ

)]
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− γq(1)e(λ1+ε)ξ
[
c(λ1 + ε)− d

∫
R
J(y)e−(λ1+ε)y + d− s

(
1− q(1)eλ1ξ(1− γeεξ)

(1− σeβξ)h(1− σeβξ) + µ

)]
= q(1)eλ1ξ

[
− F (λ1, c) + s

q(1)eλ1ξ(1− γeεξ)

(1− σeβξ)h(1− σeβξ) + µ

]
+ γq(1)e(λ1+ε)ξ

[
F (λ1 + ε, c)− s

q(1)eλ1ξ(1− γeεξ)

(1− σeβξ)h(1− σeβξ) + µ

]
= q(1)e(λ1+ε)ξ

[
s

q(1)e(λ1−ε)ξ(1− γeεξ)

(1− σeβξ)h(1− σeβξ) + µ
+ γF (λ1 + ε, c)− γs

q(1)eλ1ξ(1− γeεξ)

(1− σeβξ)h(1− σeβξ) + µ

]
≤ q(1)e(λ1+ε)ξ

[
s

q(1)e(λ1−ε)ξ(1− γeεξ)

(1− σeβξ)h(1− σeβξ) + µ
+ γF (λ1 + ε, c)

]
≤ q(1)e(λ1+ε)ξ

[
s

q(1)e(λ1−ε)ξ

(1− σeβξ)h(1− σeβξ) + µ
+ γF (λ1 + ε, c)

]
≤ q(1)e(λ1+ε)ξ

[
s
q(1)

µ
+ γF (λ1 + ε, c)

]
≤ 0.

The proof is complete. □

Critical waves (c = c∗). In this case, λ1 = λ2 = λ∗. We define functions

u(ξ) = 1, v(ξ) =

{
−bq(1)ξeλ∗ξ, ξ < − 2

λ∗ ,

q(1), ξ ≥ − 2
λ∗ ,

u(ξ) =

{
1− σeβξ, ξ < ξ1,

0, ξ ≥ ξ1,
v(ξ) =

{
q(1)eλ

∗ξ
(
−bξ − γ(−ξ)1/2

)
, ξ < ξ3,

0, ξ ≥ ξ3,

where

b =
λ∗e2

2
, σ > max

{
e

2β
λ∗ ,− f(1)q(1)b

(λ∗ − β)e∆(β, c∗)

}
,

0 < β < min{λ∗, λ̃}, γ > max
{
b

√
2

λ∗
,

8sq(1)b2

q(0)d
∫
R J(y)y

2e−λ∗ydy

( 7

2λ∗e

)7/2}
.

Meanwhile, we define ξ1 = 1
β ln 1

σ , ξ3 = −
(
γ
b

)2
with ξ1, ξ3 < − 2

λ∗ by the appropriate choice of σ

and γ.

Lemma 2.4. The functions u(ξ) and v(ξ) satisfy

c∗u
′(ξ) ≥

∫
R
J(y)u(ξ − y)dy − u(ξ) + f(u(ξ)) (p(u(ξ))− v(ξ)) , (2.8)

c∗v
′(ξ) ≥ d

(∫
R
J(y)v(ξ − y)dy − v(ξ)

)
+ sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
, ξ ̸≡ − 2

λ∗
. (2.9)

Proof. For any ξ ∈ R, u(ξ) = 1, v(ξ) ≥ 0, then (2.8) holds. Furthermore, for ξ < − 2
λ∗ , u(ξ) =

1, v(ξ) = −bq(1)ξeλ∗ξ, one has

c∗v
′(ξ)− d

(∫
R
J(y)v(ξ − y)dy − v(ξ)

)
− sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
= −c∗bq(1)eλ

∗ξ − c∗λ1bξq(1)e
λ∗ξ + d

∫
R
J(y)bq(1)(ξ − y)eλ

∗(ξ−y)dy

− dbq(1)ξeλ
∗ξ + sbq(1)ξeλ

∗ξ + sb2q(1)ξ2e2λ
∗ξ

= bq(1)eλ
∗ξ
[
− c∗ − c∗λ

∗ξ + d

∫
R
J(y)(ξ − y)e−λ

∗ydy − dξ + sξ
]
+ sb2q(1)ξ2e2λ

∗ξ

= bq(1)ξeλ
∗ξF (λ∗, c∗) + bq(1)eλ

∗ξ
[
− c∗ − d

∫
R
J(y)ye−λ

∗ydy
]
+ sb2q(1)ξ2e2λ

∗ξ

= sb2q(1)ξ2e2λ
∗ξ ≥ 0.
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For ξ ≥ − 2
λ∗ , u(ξ) = 1, v(ξ) = q(1), then (2.9) is true. This completes the proof. □

Lemma 2.5. The functions u(ξ) and v(ξ) satisfy

c∗u
′(ξ) ≥

∫
R
J(y)u(ξ − y)dy − u(ξ) + f(u(ξ)) (p(u(ξ))− v(ξ)) , ξ ̸≡ ξ1, (2.10)

c∗v
′(ξ) ≥ d

(∫
R
J(y)v(ξ − y)dy − v(ξ)

)
+ sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
, ξ ̸≡ ξ3. (2.11)

Proof. When ξ ≥ ξ1, u(ξ) = 0, (2.10) is established. When ξ < ξ1, u(ξ) = 1 − σeβξ, v(ξ) =
−bq(1)ξeλ∗ξ. Then

c∗u
′(ξ)−

∫
R
J(y)u(ξ − y)dy + u(ξ)− f(u(ξ)) (p(u(ξ))− v(ξ))

= −c∗σβeβξ −
∫
R
J(y)(1− σeβ(ξ−y))dy + (1− σeβξ)

− f(1− σeβξ)
(
p(1− σeβξ) + bq(1)ξeλ

∗ξ
)

= σeβξ
[
− c∗β +

∫
R
J(y)e−βydy − 1

]
− f(1− σeβξ)p(1− σeβξ)− f(1− σeβξ)bq(1)ξeλ

∗ξ

≤ σeβξ∆(β, c∗)− bξq(1)f(1)eλ
∗ξ

= eβξ
[
σ∆(β, c∗) + q(1)f(1)b

1

(λ∗ − β)e

]
≤ 0.

In addition, when ξ ≥ ξ3, v(ξ) = 0. It is obvious that (2.11) holds. If ξ < ξ3 and u(ξ) ≥
1− σeβξ, v(ξ) = q(1)eλ

∗ξ(−bξ − γ(−ξ)1/2), then

c∗v
′(ξ)− d

(∫
R
J(y)v(ξ − y)dy − v(ξ)

)
− sv(ξ)

(
1− v(ξ)

u(ξ)h(u(ξ)) + µ

)
≤ c∗

[
q(1)λ∗eλ

∗ξ(−bξ − γ(−ξ)1/2) + q(1)eλ
∗ξ(−b+ 1

2
γ(−ξ)−1/2)

]
− d

∫
R
J(y)q(1)eλ

∗(ξ−y)
(
− b(ξ − y)− γ(y − ξ)1/2

)
dy + q(1)deλ

∗ξ
(
− bξ − γ(−ξ)1/2

)
− sq(1)eλ

∗ξ(−bξ − γ(−ξ)1/2) + sv2(ξ)
1

q(0)

= q(1)eλ
∗ξbξ

(
− c∗λ

∗ + d

∫
R
J(y)e−λ

∗ydy − d+ s
)

+ eλ
∗ξ
[
− c∗λ

∗γq(1)(−ξ)1/2 + dq(1)(−γ(−ξ)1/2) + sq(1)γ(−ξ)1/2
]

+ eλ
∗ξ
[
c∗q(1)(−b)− d

∫
R
J(y)bq(1)ye−λ

∗ydy
]

+ c∗
γ

2
(−ξ)1/2q(1)eλ

∗ξ + dγ

∫
R
J(y)q(1)eλ

∗(ξ−y)(y − ξ)1/2dy + sv2(ξ)
1

q(0)

= q(1)eλ
∗ξbξF (λ∗, c∗)− d

∫
R
J(y)γq(1)e−λ

∗(ξ−y)(−ξ)1/2dy

+ c∗
γ

2
(−ξ)−1/2q(1)eλ

∗ξ + dγ

∫
R
J(y)q(1)eλ

∗(ξ−y)(y − ξ)1/2dy + sv2(ξ)
1

q(0)

= c∗q(1)
γ

2
(−ξ)−1/2eλ

∗ξ + dγ

∫
R
J(y)q(1)eλ

∗(ξ−y)[(y − ξ)1/2 − (−ξ)1/2]dy + s
v2(ξ)

q(0)

= q(1)
γ

2
eλ

∗ξd

∫
R
J(y)(−y)e−λ

∗ydy(−ξ)−1/2

+ dγq(1)eλ
∗ξ

∫
R
J(y)

[1
2
(−ξ)−1/2y − 1

8
(−ξ)− 3

2 y2
]
e−λ

∗ydy + sv2(ξ)
1

q(0)
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= −q(1)γ
8
eλ

∗ξd

∫
R
J(y)(−ξ)− 3

2 y2e−λ
∗ydy + sv2(ξ)

1

q(0)

≤ (−ξ)− 3
2 eλ

∗ξ
[
− q(1)

γ

8
d

∫
R
J(y)y2e−λ

∗ydy +
s

q(0)
(q(1))2b2eλ

∗ξ(ξ)2+
3
2

]
≤ (−ξ)− 3

2 q(1)eλ
∗ξ
[
− γ

8
d

∫
R
J(y)y2e−λ

∗ydy +
s

q(0)
q(1)b2(

7

2eλ∗
)

7
2

]
≤ 0.

Notice that (2.10) and (2.11) hold when supξ≤0{(−ξ)neσξ} = ( nσe )
n and the proof is complete.

□

2.2. Existence of traveling waves. By using the lower and upper solutions constructed in
subsection 2.1 and Schauder fixed-point theorem, we can get the existence of traveling wave
solutions of (2.1) with speed c ≥ c∗. Choose D satisfying

D > max
{

sup
u∈[0,1]

{f(1)|p′(u)|+ q(1)|f ′(u)|}, s
(2q(1)
q(0)

− 1
)}

large enough such that

H1(ϕ, ψ) = Dϕ+ f(ϕ)(p(ϕ)− ψ)is increasing on ϕ,

H2(ϕ, ψ) = Dψ + sψ
(
1− ψ

q(ϕ)

)
is increasing on ψ.

Then, system (2.1) can be rewritten as∫
R
J(y)ϕ(ξ − y)dy − ϕ(ξ)− cϕ′(ξ)−Dϕ+H1(ϕ, ψ) = 0,

d
(∫

R
J(y)ψ(ξ − y)dy − ψ(ξ)

)
− cψ′(ξ)−Dψ +H2(ϕ, ψ) = 0.

Take 0 < ω < min
{
D+d
c , D+1

c

}
and define

Bω(R,R2) :=
{
u(ξ) : u(ξ) ∈ C(R,R2) and sup

ξ∈R
|u(ξ)|e−ω|ξ| <∞

}
with | · | denotes the supper norm in R2. Naturally, Bω(R,R2) is a Banach space equipped with
the norm | · |ω defined by

|u|ω = sup
ξ∈R

|u(ξ)|e−ω|ξ| for u ∈ Bω(R,R2).

Set Π := [0, 1] × [0, q(1)]. For any (ϕ, ψ) ∈ Π, define the operator P (ϕ, ψ) := (P1(ϕ, ψ), P2(ϕ, ψ))
by

P1(ϕ, ψ) =
1

c

∫ ξ

−∞
[J ∗ ϕ+Dϕ+ f(ϕ)(p(ϕ)− ψ)] e

D+1
c (τ−ξ)dτ,

P2(ϕ, ψ) =
1

c

∫ ξ

−∞

[
dJ ∗ ψ +Dψ + sψ

(
1− ψ

q(ϕ)

)]
e

D+d
c (τ−ξ)dτ.

Simultaneously, let

Γ =
{
(ϕ(·), ψ(·)) ∈ C(R,R2) : u(ξ) ≤ ϕ(ξ) ≤ u(ξ), v(ξ) ≤ ψ(ξ) ≤ v(ξ)

}
.

It is easy to obtain that Γ is a bounded, closed, nonempty and convex subset of C(R,R2) with
respect to the decay norm | · |ω.

Lemma 2.6. The operator P maps Γ into Γ.

Proof. For any (ϕ, ψ) ∈ Γ, we need to prove that

u ≤ P1(ϕ, ψ) ≤ u and v ≤ P2(ϕ, ψ) ≤ v. (2.12)

To obtain the first inequality of (2.12), it is sufficient to show that

u ≤ P1(ϕ, v) and P1(ϕ, v) ≤ u.
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By direct calculations, one has

P1(ϕ, v) =
1

c

∫ ξ

−∞
[J ∗ ϕ+Dϕ+ f(ϕ)(p(ϕ)− v)] e

D+1
c (τ−ξ)dτ

≥ 1

c

∫ ξ

−∞
[J ∗ u+Du+ f(u)(p(u)− v)] e

D+1
c (τ−ξ)dτ

≥ 1

c

∫ ξ

−∞
[cu′(τ) + u(τ) +Du(τ)] e

D+1
c (τ−ξ)dτ

= u(ξ)

and

P1(ϕ, v) =
1

c

∫ ξ

−∞
[J ∗ ϕ+Dϕ+ f(ϕ)(p(ϕ)− v)] e

D+1
c (τ−ξ)dτ

≤ 1

c

∫ ξ

−∞
[J ∗ u+Du+ f(u)(p(u)− v)] e

D+1
c (τ−ξ)dτ

≤ 1

c

∫ ξ

−∞
[cu′(τ) + u(τ) +Du(τ)] e

D+1
c (τ−ξ)dτ

= u(ξ).

Similarly, we can get
v ≤ P2(u, ψ) and P2(u, ψ) ≤ v.

Consequently, (2.12) holds. □

Lemma 2.7. P : C(Π,R2) → C(R,R2) is continuous with respect to the norm | · |ω.

Proof. For any (ϕ, ψ) and (ϕ̃, ψ̃) in Π, it holds

|P1(ϕ, ψ)− P1(ϕ̃, ψ̃)|e−ω|ξ|

=
1

c

∣∣∣ ∫ ξ

−∞

[
J ∗ ϕ+Dϕ+ f(ϕ)(p(ϕ)− ψ)

]
e

D+1
c (τ−ξ)dτ

−
∫ ξ

−∞

[
J ∗ ϕ̃+Dϕ̃+ f(ϕ̃)(p(ϕ̃)− ψ̃)

]
e

D+1
c (τ−ξ)dτ

∣∣∣e−ω|ξ|
≤ 1

c

∣∣∣ ∫ ξ

−∞

(
J ∗ ϕ− J ∗ ϕ̃

)
e

D+1
c (τ−ξ)dτ

∣∣∣e−ω|ξ| + D

c

∣∣∣ ∫ ξ

−∞
(ϕ− ϕ̃)e

D+1
c (τ−ξ)dτ

∣∣∣e−ω|ξ|
+

1

c

∣∣∣ ∫ ξ

−∞

[
f(ϕ)p(ϕ)− f(ϕ̃)p(ϕ̃) + f(ϕ̃)ψ̃ − f(ϕ)ψ

]
e

D+1
c (τ−ξ)dτ

∣∣∣e−ω|ξ|
≤ 2(D + 1)

(D + 1 + cω)(D + 1− cω)

∫ ξ

−∞
J(y)e−ωydy|ϕ− ϕ̃|ω +

2(D + 1)

(D + 1 + cω)(D + 1− cω)
|ϕ− ϕ̃|ω

+
2(D + 1)

[
maxϕ̃∈[0,1]{f(1)|p′(ϕ̃)|+ |p(ϕ̃)f ′(ϕ̃)|}+ M̂

]
(D + 1 + cω)(D + 1− cω)

|ϕ− ϕ̃|ω

+
2(D + 1)

[
maxϕ̃∈[0,1]{q(1)f ′(ϕ̃)}+M

]
(D + 1 + cω)(D + 1− cω)

|ϕ− ϕ̃|ω +
2(D + 1)f(1)

(D + 1 + cω)(D + 1− cω)
|ψ − ψ̃|ω

= C1|ϕ− ϕ̃|ω + C2|ψ − ψ̃|ω,
where

C1 := A
[ ∫ ξ

−∞
J(y)e−ωydy +D + max

ϕ̃∈[0,1]
{f(1)|p′(ϕ̃)|+ |p(ϕ̃)f ′(ϕ̃)|+ q(1)f ′(ϕ̃)}+ M̂ +M

]
,

C2 := Af(1), A :=
2(D + 1)

(D + 1 + cω)(D + 1− cω)
,
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and the positive constants M̂ and M satisfy

|f(1) · o(ϕ− ϕ̃)|+ | max
ϕ̃∈[0,1]

p(ϕ̃) · o(ϕ− ϕ̃)| ≤ M̂ |ϕ− ϕ̃|, |q(1) · o(ϕ− ϕ̃)| ≤M |ϕ− ϕ̃|.

Similarly,

|P2(ϕ, ψ)− P2(ϕ̃, ψ̃)|e−ω|ξ|

=
1

c

∣∣∣ ∫ ξ

−∞

[
dJ ∗ ψ +Dψ + sψ

(
1− ψ

q(ϕ)

)]
e

D+d
c (τ−ξ)dτ

−
∫ ξ

−∞

[
J ∗ ψ̃ +Dψ̃ + sψ̃

(
1− ψ̃

q(ϕ̃)

)]
e

D+d
c (τ−ξ)dτ

∣∣∣e−ω|ξ|
≤ d

c

∣∣∣ ∫ ξ

−∞

(
J ∗ ψ − J ∗ ψ̃

)
e

D+d
c (τ−ξ)dτ

∣∣∣e−ω|ξ| + D + s

c

∣∣∣ ∫ ξ

−∞
(ψ − ψ̃)e

D+d
c (τ−ξ)dτ

∣∣∣e−ω|ξ|
+
s

c

∣∣∣ ∫ ξ

−∞

( (ψ)2
q(ϕ)

− (ψ̃)2

q(ϕ̃)

)
e

D+d
c (τ−ξ)dτ

∣∣∣e−ω|ξ|
≤ 2d(D + 1)

(D + d+ cω)(D + d− cω)

∫ ξ

−∞
J(y)e−ωydy|ψ − ψ̃|ω +

2(D + s)(D + 1)

(D + d+ cω)(D + d− cω)
|ψ − ψ̃|ω

+
4sq(1)(D + 1)

q(0)(D + d+ cω)(D + d− cω)
|ψ − ψ̃|ω +

2s(D + 1)
( q(1)
q(0)

)2[
maxϕ̃∈[0,1]{|q′(ϕ̃)|+ M̂

]
(D + d+ cω)(D + d− cω)

|ϕ− ϕ̃|ω

= C̃1|ϕ− ϕ̃|ω + C̃2|ψ − ψ̃|ω,
where

C̃1 :=
2s(D + 1)

( q(1)
q(0)

)2[
maxϕ̃∈[0,1]{|q′(ϕ̃)|+ M̂

]
(D + d+ cω)(D + d− cω)

,

C2 :=
2(D + 1)

(D + d+ cω)(D + d− cω)

[
d

∫ ξ

−∞
J(y)e−ωydy +D + s+

2sq(1)

q(0)

]
.

The proof is complete. □

Lemma 2.8. P is compact on Γ with respect to the norm | · |ω.

Proof. For (ϕ, ψ) ∈ Γ and n ∈ N , define

Pn(ϕ, ψ)(ξ) =


P (ϕ, ψ)(−n), ξ < −n,
P (ϕ, ψ)(ξ), ξ ∈ [−n, n],
P (ϕ, ψ)(n), ξ > n.

First, we show that each Pn is compact. Since P (Γ) ⊂ Γ and Γ is uniformly bounded in the sup-
norm. Consequently, the set {P (ϕ, ψ)|[−n,n] : (ϕ, ψ) ∈ Γ} is uniformly bounded and equicontinuous
on the interval [−n, n]. The Arzela-Ascoli theorem yields that the set is precompact in C([−n, n]).
Since for |ξ| > n, the function Pn(ϕ, ψ)(ξ) is constant, it follows that {Pn(ϕ, ψ) : (ϕ, ψ) ∈ Γ}
remains uniformly bounded and equicontinuous in Bω(R,R2). Moreover, it satisfies the uniform
decay condition

lim
R→∞

sup
(ϕ,ψ)∈Γ

sup
|ξ|>R

|Pn(ϕ, ψ)(ξ)|e−ω|ξ| = 0.

Therefore, by the weighted Arzela-Ascoli theorem, {Pn(ϕ, ψ) : (ϕ, ψ) ∈ Γ} is precompact in
Bω(R,R2), that is, each Pn is a compact operator.

Next, we prove that Pn converges to P in the operator norm. Because Γ is sup-bounded, there
exists a constant M > 0 (depending only on the parameters d,D, s) such that

|P (ϕ, ψ)(ξ)| ≤M for all (ϕ, ψ) ∈ Γ, ξ ∈ R.
For |ξ| ≤ n, we have Pn(ϕ, ψ)(ξ) = P (ϕ, ψ)(ξ). For |ξ| > n,

|Pn(ϕ, ψ)(ξ)− P (ϕ, ψ)(ξ)| ≤ |P (ϕ, ψ)(±n)|+ |P (ϕ, ψ)(ξ)| ≤ 2M.
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Multiplying by the weight factor e−ω|ξ| yields

|Pn(ϕ, ψ)(ξ)− P (ϕ, ψ)(ξ)|e−ω|ξ| ≤ 2Me−ωn.

Hence,

∥Pn − P∥ω := sup
(ϕ,ψ)∈Γ

|Pn(ϕ, ψ)− P (ϕ, ψ)|ω ≤ 2Me−ωn → 0 as n→ ∞.

Finally, since each Pn is compact and Pn converges to P in operator norm, the limit operator P
is also compact. This completes the proof. □

By applying Schauder fixed-point theorem on Γ, it holds P (ũ(ξ), ṽ(ξ)) = (ũ(ξ), ṽ(ξ)), that is,
(ũ(ξ), ṽ(ξ)) is a fixed point of P in Γ. Whence, we have the following result.

Theorem 2.9. Assume (H1)–(H4) hold. Then for any c ≥ c∗, there exists a solution (ũ(ξ), ṽ(ξ))
of system (2.1) satisfying (ũ, ṽ) (−∞) = (1, 0) .

2.3. Asymptotic behavior. To study the asymptotic behavior of the solution obtained in The-
orem 2.9, we suppose h(u) = 1, that is q(u) = u + µ. Note that condition p(0) > q(1) = 1 + µ
in (H2), together with the monotonicity of p(u) and q(u), implies that the equations p(u) = q(1)
and p(u) = q(0) admit unique positive solutions, denoted by l1 and l2, respectively. Set

ũ− := lim inf
ξ→+∞

ũ(ξ), ũ+ := lim sup
ξ→+∞

ũ(ξ),

ṽ− := lim inf
ξ→+∞

ṽ(ξ), ṽ+ := lim sup
ξ→+∞

ṽ(ξ).

Lemma 2.10. Assume (H3) holds. Then ũ− ≥ l1 > 0, ṽ− ≥ µ > 0.

Proof. Considering (1.2) with (u, v)(x, t) = (ũ, ṽ)(x + ct). Because ṽ ≤ q(1), it follows that ũ
satisfies

∂u(x, t)

∂t
≥ (J ∗ u(x, t)− u(x, t)) + f(u(x, t)) (p(u(x, t))− q(1)) , x ∈ R, t > 0,

u(x, 0) = ũ(x), x ∈ R.

The comparison principle yields that

ũ− := lim inf
ξ→+∞

ũ(ξ) = lim inf
ξ→+∞

u(0,
ξ

c
) ≥ l1 > 0.

In the same manner, one can obtain ṽ− ≥ µ > 0. □

Next, we obtain the second part of (2.2) by constructing the sequence of shrinking rectangles.
For θ ∈ [0, 1], we define

k1(θ) = θu∗ + (1− θ)(l1 − ϵν1), K1(θ) = θu∗ + (1− θ)(1 + ϵν2),

k2(θ) = θv∗ + (1− θ)(µ− ϵ), K2(θ) = θv∗ + (1− θ)(q(1) + ϵν3),

where ϵ is an arbitrary small positive constant and

ν1 =
1

min{|p′(ũ)|2}
, ν2 =

1

|p′(u∗)|
,

1

|p′(u∗)|
< ν3 <

1

min{|p′(ũ)|}
.

Notice that l1 < u∗ and µ < v∗, thus ki and Ki are increasing and decreasing functions in θ ∈ [0, 1]
respectively, and ki(1) = Ki(1) = (u∗, v∗) (i = 1, 2).

Next, we need to state that the set

Θ =
{
θ ∈ [0, 1] : k1(θ) < ũ− ≤ ũ+ < K1(θ), k2(θ) < ṽ− ≤ ṽ+ < K2(θ)}

is nonempty and supΘ = 1. In fact, from the definitions of upper-lower solutions and Lemma
2.10, we have

k1(0) = l1 − ϵν1 < l1 ≤ ũ− ≤ ũ+ ≤ 1 < 1 + ϵν2 = K1(0),

k2(0) = µ− ϵ < µ ≤ ṽ− ≤ ṽ+ ≤ q(1) < q(1) + ϵν3 = K2(0).
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This indicates 0 ∈ Θ and Θ ̸= ∅. We next show supΘ = 1. Conversely, suppose that supΘ = θ̄ ∈
(0, 1) and let θ → θ̄, then one has

k1(θ̄) ≤ ũ− ≤ ũ+ ≤ K1(θ̄), k2(θ̄) ≤ ṽ− ≤ ṽ+ ≤ K2(θ̄).

Therefore, one of the following equalities is true

ũ− = k1(θ̄), ũ
+ = K1(θ̄), ṽ− = k2(θ̄), ṽ

+ = K2(θ̄).

We first show ũ− = k1(θ̄). If ũ is ultimately monotone as ξ → +∞, there is ũ(+∞) = k1(θ̄). It
can be obtained by integrating the first equation of (2.1) from 0 to n for any n ∈ N that

c[ũ(n)− ũ(0)] =

∫ n

0

(J ∗ ũ− ũ)(ξ)dξ +

∫ n

0

f(ũ) (p(ũ− ṽ) dξ, (2.13)

because ∫ n

0

(J ∗ ũ− ũ)(ξ)dξ =

∫ +∞

−∞
J(y)

∫ n

0

(ũ)(ξ − y)− ũ)(ξ))dξdy

=

∫ +∞

−∞
J(y)(−y)

∫ 1

0

[(ũ)(n− ςy)− ũ(−ςy)]dςdy.

According to (2.13), we have

c[ũ(n)− ũ(0)] +

∫ +∞

−∞
J(y)y

∫ 1

0

[(ũ)(n− ςy)− ũ(−ςy)]dςdy =

∫ n

0

f(ũ) (p(ũ− ṽ) dξ. (2.14)

Note that

lim inf
ξ→+∞

f(ũ(ξ)) (p(ũ(ξ))− ṽ(ξ))

≥ f(k1(θ̄))
(
p(k1(θ̄))−K2(θ̄)

)
= f(k1(θ̄))

(
p(k1(θ̄))− θ̄v∗ − (1− θ̄)(q(1) + ϵν3)

)
= f(k1(θ̄))

[
p(u∗) + p′(u∗)(1− θ̄)(l1 − ϵν1 − u∗) + o((1− θ̄)(l1 − ϵν1 − u∗))

−(1− θ̄)[p(u∗) + p′(u∗)(l1 − u∗) + o(l1 − u∗)− θ̄v∗ − (1− θ̄)ϵν3
]

= f(k1(θ̄))(1− θ̄)ϵ [−ν1p′(u∗)− ν3 − o(1)] > 0

by the choice of ν1, ν3 and θ̄ < 1, which yields that∫ n

0

f(ũ(ξ)) (p(ũ(ξ)− ṽ(ξ)) dξ → +∞ as n→ +∞,

this contradicts to the boundedness of the left side of (2.14).
On the other hand, if ũ is oscillates as ξ → +∞, one can choose a sequence of local minimal

points {ξn} of ũ satisfying {ξn} → +∞ and ũ(ξn) → k1(θ̄) as n → +∞. The first equation of
(2.1) gives that

0 = cũ′(ξn) =

∫
R
J(y)ũ(ξn − y)dy − ũ(ξn) + f(ũ(ξn)) (p(ũ(ξn))− ṽ(ξn)) .

Moreover,

lim
n→+∞

∫
R
J(y)(ũ(ξn − y)− ũ(ξn))dy > 0,

lim inf
n→+∞

f(ũ(ξn)) (p(ũ(ξn)− ṽ(ξn)) ≥ f(k1(θ̄))
(
p(k1(θ̄))−K2(θ̄)

)
> 0,

this is a contradiction.
The other cases can be treated similarly, we are currently only providing some key calculations

that are necessary for the proof.
(a) For ũ+ = K1(θ̄), we have

lim sup
ξ→+∞

f(ũ) (p(ũ)− ṽ) ≤ f(K1(θ̄))
(
p(K1(θ̄))− k2(θ̄)

)
= f(K1(θ̄))

(
p(K1(θ̄))− θ̄v∗ − (1− θ̄)(µ− ϵ)

)
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= f(k1(θ̄))[p(u
∗) + p′(u∗)(1− θ̄)(1 + ϵν2 − u∗) + o((1− θ̄)(1 + ϵν2 − u∗))]

− (1− θ̄)[p(u∗) + p′(u∗)(l2 − u∗) + o(l2 − u∗)− θ̄v∗ − (1− θ̄)(−ϵ)]
= f(k1(θ̄))(1− θ̄)[p′(u∗)(1 + ϵν2 − l2) + ϵ+ o(1)] < 0.

(b) For ṽ− = k2(θ̄), we have

lim inf
ξ→+∞

sṽ(ξ)
(
1− ṽ(ξ)

ũ(ξ) + µ

)
≥ sk2(θ̄)

(
1− k2(θ̄)

k1(θ̄) + µ

)
= sk2(θ̄)

( θ̄u∗ + (1− θ̄)(l1 − ϵν1) + µ− θ̄v∗ − (1− θ̄)(µ− ϵ)

θ̄u∗ + (1− θ̄)(l1 − ϵν1) + µ

)
= sk2(θ̄)

( (1− θ̄)(l1 − ϵ(ν1 − 1))

θ̄u∗ + (1− θ̄)(l1 − ϵν1) + µ

)
> 0

(c) For ṽ+ = K2(θ̄), we have

lim inf
ξ→+∞

sṽ(ξ)
(
1− ṽ(ξ)

ũ(ξ) + µ

)
≤ sK2(θ̄)

(
1− K2(θ̄)

K1(θ̄) + µ

)
= sK2(θ̄)

(θu∗ + (1− θ̄)(1 + ϵν2) + µ− θv∗ − (1− θ̄)(q(1) + ϵν3)

θ̄u∗ + (1− θ̄)(1 + ϵν2) + µ

)
= sK2(θ̄)

( (1− θ̄)ϵ(ν2 − ν3)

θ̄u∗ + (1− θ̄)(1 + ϵν2) + µ

)
< 0.

Hence, supΘ = 1 and (ũ(+∞), ṽ(+∞)) = (u∗, v∗). Now, we are in a position to state the main
result of this section.

Theorem 2.11. Suppose that (H1)–(H3) and h(u) = 1 hold. Then for any c ≥ c∗, system (2.1)
admits traveling wave solutions connecting (1, 0) and (u∗, v∗).

3. Nonexistence of traveling waves

In this section we discuss the nonexistence of bounded positive traveling wave solutions con-
necting (1, 0) and (u∗, v∗) of system (2.1) with speed c < c∗. For this, we introduce the following
known results.

Lemma 3.1 ([34]). Assume c > 0 and B(·) is a continuous function with B(±∞) := limξ→±∞B(ξ).
Let z(·) be a measurable function satisfying

cz(ξ) =

∫
R
Ji(y)e

∫ ξ−y
ξ

z(s)dsdy +B(ξ) in R.

Then, z is uniformly continuous and bounded. Moreover, ρ± := limξ→±∞ z(ξ) exist and are real
roots of the characteristic equation

cρ =

∫
R
Ji(y)e

−ρydy +B(±∞)(i = 1, 2).

Lemma 3.2 ([31]). Let z ∈ C1(R) satisfy

z′(ξ) ≥
∫
R
J(y)z(ξ − y)dy + b(ξ)z(ξ) in R,

where b(·) is continuous and b(ξ) ≥ −M on R for some M > 0. Then there exists a constant
C = C(M) > 0 such that

C−1 <

∫
R
J(y)

z(ξ − y)

z(ξ)
dy < C in R.

Theorem 3.3. For any 0 < c < c∗, there are no bounded positive traveling wave solutions
connecting (1, 0) and (u∗, v∗) of system (2.1).
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Proof. We will prove this theorem by contradiction. Assume that there is a bounded traveling
wave solution (u(ξ), v(ξ)) of system (2.1) satisfying (u, v)(−∞) = (1, 0) with speed c < c∗. From
the second equation of (2.1), we have

c
v′(ξ)

v(ξ)
≥ d

(∫
R
J(y)

v(ξ − y)

v(ξ)
dy − 1

)
+ s for all ξ ∈ R.

Lemma 3.2 states that
∣∣∣ v′(ξ)v(ξ)

∣∣∣ is bounded in R. Now, we consider the sequence {ξn} converging to

−∞ as n→ +∞. We define functions

un(ξ) := u(ξ + ξn), vn(ξ) :=
v(ξ + ξn)

v(ξn)
.

Since limξ→−∞ u(ξ) = 1 and limξ→−∞ v(ξ) = 0, it follows that

lim
n→+∞

un(ξ) = 1, lim
n→+∞

v(ξ + ξn) = 0

locally uniformly in R and they satisfy

cv′n(ξ) = d
(∫

R
J(y)vn(ξ − y)dy − vn(ξ)

)
+ svn(ξ)

(
1− v((ξ + ξn))

u((ξ + ξn))h(u((ξ + ξn))) + µ

)
.

Since ∫
R
J(y)vn(ξ − y)dy =

∫
R
J(y)e

∫ ξn+ξ−y
ξn

v′(ζ)
v(ζ)

dζdy and vn(ξ) = e
∫ ξn+ξ
ξn

v′(ζ)
v(ζ)

dζ .

we have
∫
R J(y)vn(ξ − y)dy and vn(ξ) are locally uniformly bounded in R, this gives that v′n(ξ)

and v′′n(ξ) are locally uniformly bounded in R. By the Arzela-Ascoli theorem, the functions vn
converge in C1

loc(R), up to extraction of a subsequence, to a function v∞ satisfying

cv′∞(ξ) = d
(∫

R
J(y)v∞(ξ − y)dy − v∞(ξ)

)
+ sv∞(ξ). (3.1)

Actually, v∞(ξ) > 0 in R. Indeed, if there exists ξ0 such that v∞(ξ0) = 0, thus v′∞(ξ0) = 0 and∫
R J(y)v∞(ξ0 − y)dy = 0, which indicates that v∞(ξ0 − y) = 0 in R and contradicts to the fact
v∞(0) = 1.

Taking w(ξ) =
v′∞(ξ)
v∞(ξ) , equation (3.1) implies that w(ξ) satisfies

cw(ξ) = d
(∫

R
J(y)e

∫ ξ−y
ξ

w(ζ)dζdy − 1
)
+ s.

Lemma 3.1 gives that the limits w(±∞) = λ± exist and are roots of the equation

cλ = d
(∫

R
J(y)e−λydy − 1

)
+ s.

Since 0 < c < c∗, Lemma 2.1 gives

cλ < d
(∫

R
J(y)e−λydy − 1

)
+ s

for all λ > 0. This is a contradiction and the proof is complete. □

4. Conclusion

This paper investigates traveling wave solutions for a generalized Leslie-Gower predator-prey
system with nonlocal dispersal, which generalizes the classical local diffusion Leslie-Gower models
and covers a wide class of functional responses including Holling type I, Holling type II and Ivlev
type. Owing to the intrinsic non-monotonicity of predator-prey interactions combined with integral
nonlocal dispersal operators, conventional Lyapunov-function-based methods cannot characterize
the asymptotic profiles of traveling waves, which brings essential technical difficulties for analyz-
ing heteroclinic traveling waves connecting the prey-present equilibrium (1, 0) and the positive
coexistence equilibrium (u∗, v∗).

We first linearize the system at the semi-trivial equilibrium and derive the characteristic equa-
tion to determine the minimal wave speed c∗. The qualitative analysis of the characteristic function
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reveals a dichotomy of wave existence: for all wave speeds c ≥ c∗, we establish the existence of
nonnegative bounded traveling waves, while no such traveling waves exist when 0 < c < c∗. Fur-
thermore, we employ the shrinking rectangle technique to rigorously prove that the obtained wave
profiles converge to the coexistence equilibrium as ξ → +∞ under the assumption h(u) = 1.
Compared with previous literature focusing on local diffusion Leslie-Gower systems or nonlocal
dispersal competitive models, our work extends the traveling wave theory to generalized predator-
prey systems with nonlocal dispersal and provides a unified analytical approach to handle both
critical and supercritical wave speeds. The shrinking rectangle method used in this paper offers
an alternative tool to analyze the far-field limits of wave solutions for non-monotone nonlocal
reaction-diffusion systems, which may be adapted to other predator-prey or ecological interaction
models.

Nevertheless, the current study still has several limitations. The convergence of wave profiles
at +∞ is only fully verified for h(u) = 1, and the asymptotic behavior for the general increasing
function h(u) remains unresolved. In addition, we only consider one-dimensional spatial domains
and symmetric convolution kernels in this paper, without discussing multi-dimensional cases or
asymmetric dispersal kernels. Future research directions include extending our upper lower solu-
tion and shrinking rectangle strategies to the general h(u) case, investigating traveling waves in
multi-dimensional spaces, exploring periodic traveling waves, and incorporating stage structures
or time delays into the generalized nonlocal dispersal Leslie-Gower model.

In summary, this work systematically establishes the threshold dynamics of invasion travel-
ing waves for generalized nonlocal dispersal Leslie-Gower predator-prey systems, enriches the
qualitative theory of nonlocal dispersal evolution equations, and provides theoretical support for
understanding spatial propagation phenomena in population ecology.
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