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EXISTENCE, MULTIPLICITY AND ASYMPTOTIC BEHAVIOR OF

POSITIVE SOLUTIONS TO (p, q)-LAPLACIAN ELLIPTIC SYSTEMS

XIANKUI MENG, MEIQIANG FENG

Abstract. In this article, we study elliptic systems consisting of p-Laplacian equations and
q-Laplacian equations (for short (p, q)-Laplacian elliptic system). By employing topological

methods, we discuss the existence, nonexistence, and multiplicity of positive solutions depending

on multiple parameters. We also study the asymptotic behavior of the solutions.

1. Introduction

Differential equations involving p-Laplacian appear in the study on population biology, non-
linear elasticity, nonlinear flow laws, and non-Newtonian mechanics; see [3, 7, 19, 33]. Owing
to this profusion of applications and theory, many authors have paid much attention to sin-
gle p-Laplacian equations, use different methods to study them in the past few decades; see
[2, 4, 5, 8, 14, 16, 22, 25, 32, 34, 35, 38, 40, 39, 41] and the references cited therein. Particularly,
He [30] used topological methods to analyze the multiplicity of positive solutions to the p-Laplacian
problem

−∆pu = f(u) in Ω,

u = 0 on ∂Ω,
(1.1)

where Ω ⊂ RN denotes a ball of radius b.
Elliptic systems have become an important research field in recent years; see for example [6,

10, 11, 12, 13, 15, 17, 18, 24, 27, 28, 29, 31, 36]. Hai [23] showed the existence and uniqueness of
positive solutions for the semilinear elliptic system

∆u = −λf(v) in B,

∆v = −µg(u) in B,

u = v = 0 on ∂B,

where λ, µ > 0 are parameters and B denotes the open unit ball in RN . Hai and Shivaji [26]
considered the p-Laplacian system

−∆pu = λf(v) in Ω,

−∆pv = λg(u) in Ω,

u = v = 0 on ∂Ω,

(1.2)

where ∆pu = div(|∇u|p−2∇u), p > 1, λ > 0 is a parameter, and Ω denotes a bounded domain in
RN with smooth boundary ∂Ω. They proved the existence of positive solutions to (1.2) by using
the method of sub- and super- solutions. Recently, Zhang and Feng [42] investigated system (1.2)
and demonstrated uniqueness, existence and asymptotic behavior of positive solutions, using the
eigenvalue theory of completely continuous operators.
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Inspired by the above mentioned studies, in this paper, we are interested in the existence,
nonexistence, and multiplicity of positive solutions to the (p, q)-Laplacian elliptic system

−∆pz1 = λ1g1(|x|)f1(z1, z2) in Ω,

−∆qz2 = λ2g2(|x|)f2(z1, z2) in Ω,

z1 = z2 = 0 on ∂Ω,

(1.3)

where 1 < p, q < ∞, ∆pw = div(|∇w|p−2∇w) denotes the p-Laplacian; Ω = {x ∈ RN : |x| < 1},
N ≥ 2; gi(t) is continuous on Ω̄ and fi(z1, z2) is continuous on [0,+∞)×[0,+∞) for each i ∈ {1, 2}.

Letting r = |x| and ui(r) = zi(x) for i ∈ {1, 2}, we derive

∆pzi(x) = r1−N (rN−1|ui′(r)|p−2ui
′)′.

Hence, the positive solutions to the system

−(rN−1φp(u
′
1))

′ = λ1r
N−1g1(r)f1(u1, u2) with 0 < r < 1,

−(rN−1φq(u
′
2))

′ = λ2r
N−1g2(r)f2(u1, u2) with 0 < r < 1,

u′1(0) = u′2(0) = u1(1) = u2(1) = 0

(1.4)

are positive radial solutions to system (1.3), where

φp(s) = |s|p−2
s, (φp)

−1 = φq,
1

p
+

1

q
= 1.

Some special cases of system (1.3) have been studied. For example, Cerd, Souto and Ubilla
[9] considered (1.3) when λ1 = λ2 = 1. Using a priori bound method, they demonstrated the
existence of positive solutions to (1.3).

In this article, we shall analyze the existence and multiplicity of positive solutions to (1.3) by
using a topological method, which is completely different from that used in Hai and Shivaji [26],
Zhang and Feng [42], and Cerd, Souto and Ubilla [9]. Here, we also extend the study of Hai and
Shivaji [26] and Zhang and Feng [42] from a p-Laplacian elliptic system to a (p, q)-Laplacian elliptic
systems. Moreover, comparing with Hai and Shivaji [26], Zhang and Feng [42] and Cerd, Souto
and Ubilla [9], the multiplicity and nonexistence of positive solutions to (1.3) are also considered.
In addition, we analyze the asymptotic behavior of positive solutions to (1.3) depending on the
parameter λi.

In this article, for i ∈ {1, 2}, we use the following assumptions:

(A1) fi : R+×R+ → R+ is continuous, and fi(u1, u2) is a nondecreasing function of u1 and u2,
that is

f1(u1, u2) ≤ f1(u
∗
1, u

∗
2), f2(u1, u2) ≤ f2(u

∗
1, u

∗
2),

when u1 < u∗1, u2 < u∗2, where R+ = [0,+∞);
(A2) gi ∈ C([0, 1],R+) is a nonincreasing function, gi(t) ̸≡ 0 on any subinterval of [0, 1], and∫ 1

0

gi(t)dt < +∞, for i ∈ {1, 2};

(A3) fi(u1, u2) > 0 for u = (u1, u2) ∈ R2
+ and |u| > 0, where | · | denotes the maximum norm

in R2 defined by
|u| = max{|u1|, |u2|}.

Let X = E2 denote the real Banach space of continuous functions with the norm

∥u∥ = max{∥u1∥0, ∥u2∥0},
where E = C[0, 1], which is a Banach space with the supremum norm

∥y∥0 = sup
t∈J=[0,1]

|y(t)|, ∀y ∈ E,

and u(t) = (u1(t), u2(t)) for t ∈ J . Similarly, one can define uR(t) = (u1R(t), u2R(t)) for t ∈ J .
To state our main results, we introduce the notation

f01 = lim
|u|→0+

f1(u)

φp(|u|)
, f02 = lim

|u|→0+

f2(u)

φq(|u|)
,
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f∞1 = lim
|u|→+∞

f1(u)

φp(|u|)
, f∞2 = lim

|u|→+∞

f2(u)

φq(|u|)
.

Let us now describe the main results. The existence of positive solutions are considered in the
following theorems.

Theorem 1.1. Under conditions (A1) and (A2), if f∞i = +∞ for i ∈ {1, 2}, then there exists
β0 > 0 such that, for every R > β0, system (1.4) admits a positive solution uR = (u1R,u2R)
satisfying

∥uR∥ = max{∥u1R∥0, ∥u2R∥0} = R

when
λi = λiR ∈ (0, λ0], (1.5)

where λ0 is a positive finite number.

Theorem 1.2. Under conditions (A1) and (A2), if f0i = +∞ for i ∈ {1, 2}, then there exists β1 >
0 such that, for every 0 < R∗ < β1, system (1.4) admits a positive solution uR∗ = (u1R∗ ,u2R∗)
satisfying

∥uR∗∥ = max{∥u1R∗∥0, ∥u2R∗∥0} = R∗

when λi = λiR∗ ∈ (0, λ0], where λ0 is a positive finite number.

For i ∈ {1, 2}, we define

m1(l) = min
ui∈[ 16 l,l]

{f1(u1, u2)
φp(l)

}
, m2(l) = min

ui∈[ 16 l,l]

{f2(u1, u2)
φq(l)

}
,

where l > 0 is a constant.

Theorem 1.3. Under conditions (A1) and (A2), if there are r∗ > 0 and βr∗ > 0 so that mi(r
∗) ≥

βr∗ for i ∈ {1, 2}, then system (1.4) admits a positive solution ur∗ = (u1r∗ ,u2r∗) satisfying

∥ur∗∥ = max{∥u1r∗∥0, ∥u2r∗∥0} = r∗

when λi = λir∗ ∈ (0, λ∗], where λ∗ is a positive finite number.

The following theorem considers the existence and asymptotic behavior of positive solutions to
(1.4).

Theorem 1.4. Under assumptions (A1)and (A2), the following results hold:

(a) If f0i = 0 and f∞i = ∞ for i ∈ {1, 2}, then for every λi > 0, system (1.4) admits a positive
solution (u1λ1

, u2λ2
) satisfying limλi→0+ ∥uiλi

∥ = +∞;
(b) If f0i = ∞ and f∞i = 0 for i ∈ {1, 2}, then for every λi > 0 system (1.4) admits a positive

solution (u1λ1
, u2λ2

) satisfying limλi→0+ ∥uiλi
∥ = 0.

In the next theorem, we discuss the multiplicity of positive solutions to (1.4). For i ∈ {1, 2}, let
f i∞ := lim

|u|→+∞
fi(u).

Theorem 1.5. Under conditions (A1)–(A3), if f0i = 0, f∞i = 0 and f i∞ ∈ (0,+∞] for i ∈ {1, 2},
then for every D > 0 there exists λ∗i > 0 such that (1.4) admits at least two positive solutions

(u
(1)
1λ1

, u
(1)
2λ2

) and (u
(2)
1λ1

, u
(2)
2λ2

) with

max
t∈J

{
u
(1)
1λ1

(t), u
(1)
2λ2(t)

}
> D

for λi ∈ (λ∗i ,+∞).

In the next theorem, we investigate the nonexistence of positive solutions to (1.4).

Theorem 1.6. Under assumptions (A1)–(A3), the following two results hold.

(a) If there is ξi > 0 for i ∈ {1, 2} such that

f1(u1, u2) ≥ ξ1φp(|u|) or f2(u1, u2) ≥ ξ2φq(|u|), ∀u ∈ R2
+, (1.6)

then there is λ∗∗i > 0 such (1.4) admits no positive solutions when λi > λ∗∗i ;
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(b) If there is ζi > 0 for i ∈ {1, 2} such that

f1(u1, u2) ≤ ζ1φp(|u|) and f2(u1, u2) ≤ ζ2φq(|u|), ∀u ∈ R2
+, (1.7)

then there is λ∗∗∗i > 0 such that (1.4) admits no positive solutions when 0 < λi < λ∗∗∗i .

The rest of this article is organized as follows. In Section 2, we shall collect some known
conclusions to be employed in the subsequent section. In Section 3, we prove Theorems 1.1-1.6.

2. Preliminaries

First we review several definitions and conclusions for later use.

Lemma 2.1 (Zhang and Feng [42, Theorem 2.1]). Let p > 1 and q > 1, where 1
p + 1

q = 1. Then

φp(s) = |s|p−2
s is odd, and

sφp(s) > 0 if s ̸= 0, φp(st) = φp(s)φp(t), φp(0) = 0, φp(1) = 1, φp(−1) = −1,

φp(s+ t) =

{
2p−1(φp(s) + φp(t)), if p ≥ 2, s, t > 0,

φp(s) + φp(t), if 1 < p < 2, s, t > 0.

Additionally, φp(s
a) = φa

p(s) on [0,∞) for a ≥ 0, and φp(s) is increasing on [0,∞).

Definition 2.2 (Guo and Lakshmikantham [21, Def. 1.1.1]). Let E be a real Banach space over
R. A nonempty closed set P ⊂ E is said to be a cone provided that

(i) x ∈ P and λ ≥ 0 imply λx ∈ P ;
(ii) x ∈ P and −x ∈ P imply x = 0.

Every cone P ⊂ E induces a partial ordering in E given by x ≤ y if and only if y − x ∈ P .
Let P be a cone in real Banach space E and ≤ be the partial ordering defined by P . Let D be a
subset of E.

Definition 2.3 (Guo and Lakshmikantham [21, Def. 2.1.2]). An operator A : D → E is said to
be completely continuous if it is continuous and compact.

Notice that the compactness means that the set A(S) is relatively compact for any bounded
set S ⊂ D.

Lemma 2.4 (Amann [1, Lemma 12.1]). Let P be a cone in a real Banach space E and Ω be a
bounded open set of E. Suppose that operator A : P ∩ Ω̄ → P is completely continuous. If there is
a x0 > 0 such that

x−Ax ̸= tx0, ∀x ∈ P ∩ ∂Ω, t ≥ 0,

then i(A,P ∩ Ω,K) = 0.

Remark 2.5. Corollary of Lemma 4.2 in Guo [20] states that x0 > 0 implies that x0 ∈ K and
x0 ̸= 0.

Lemma 2.6. Let E be a real Banach space and P be a cone in E. For r > 0, define Pr =
{x ∈ P : ∥x∥ < r}. Assume that T : P̄r → P is completely continuous such that Tx ̸= x for
x ∈ ∂Pr = {x ∈ P : ∥x∥ = r}.

(i) If ∥Tx∥ ≥ ∥x∥ for x ∈ ∂Pr, then i(T, Pr, P ) = 0.
(ii) If ∥Tx∥ ≤ ∥x∥ for x ∈ ∂Pr, then i(T, Pr, P ) = 1.

The results of Lemma 2.6 come from the proof in Guo and Lakshmikantham [21, Theorem
2.3.4].

Lemma 2.7 (Guo and Lakshmikantham [21, Theorem 2.3.4]). Let P be a cone in a real Banach
space E. Assume Ω1 and Ω2 are bounded open sets in E with 0 ∈ Ω1, Ω̄1 ⊂ Ω2. If A : P ∩
(Ω̄2\Ω1) → P is completely continuous such that either

(i) ∥Ax∥ ≤ ∥x∥ for all x ∈ P ∩ ∂Ω1 and ∥Ax∥ ≥ ∥x∥ for all x ∈ P ∩ ∂Ω2; or
(ii) ∥Ax∥ ≥ ∥x∥ for all x ∈ P ∩ ∂Ω1 and ∥Ax∥ ≤ ∥x∥ for all x ∈ P ∩ ∂Ω2,

then A has at least one fixed point in P ∩ (Ω̄2\Ω1).
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3. Proof of main results

Lemma 3.1. Suppose that (A1) and (A2) hold. Then (u1, u2) is a solution of (1.4) if and only
if (u1, u2) ∈ X is a solution to the system

u1(r) =

∫ 1

r

φq

( 1

sN−1

∫ s

0

λ1g1(τ)τ
N−1f1

(
u1(τ), u2(τ)

)
dτ

)
ds,

u2(r) =

∫ 1

r

φp

( 1

sN−1

∫ s

0

λ2g2(τ)τ
N−1f2

(
u1(τ), u2(τ)

)
dτ

)
ds,

(3.1)

and

min
r∈[1/6,5/6]

ui(r) ≥
1

6
∥ui∥0 (3.2)

for i ∈ {1, 2}.

Proof. By computations we can show that (3.1) holds. In addition, it is obvious that ui(r) ≥ 0
for r ∈ J and i ∈ {1, 2}.

Next, we verify that (3.2) is correct. In fact, from (3.1) it follows that

u1(r) =

∫ 1

r

φq

( 1

sN−1

∫ s

0

λ1g1(τ)τ
N−1f1(u1(τ), u2(τ))dτ

)
ds.

Differentiating with respect to r,

u′1(r) = −φq

( 1

rN−1

∫ r

0

g1(τ)τ
N−1λ1f1(u1(τ), u2(τ))dτ

)
.

We define

I(r) =

∫ r

0

g(τ)τN−1λ1f1(u1(τ), u2(τ))dτ.

Then

u′1(r) = −φq

( I(r)

rN−1

)
.

On the other hand, under conditions (A1) and (A2), we derive I(r) ≥ 0. So, it follows from
φq is increasing and φq(0) = 0 that φq(I(r)/r

N−1) ≥ 0. So u′1(r) ≤ 0. This shows u1(r) is
non-increasing on J .

Similarly, one can demonstrate that u2(r) is also non-increasing on J . Furthermore,

−u′′1(r) = φ′
q

( I(r)

rN−1

)( I(r)

rN−1

)′

= φ′
q

( I(r)

rN−1

)(1−N

rN

∫ r

0

λ1g1(τ)τ
N−1f1(u1(τ), u2(τ))dτ + λ1g1(r)f1(u1(r), u2(r))

)
≥ φ′

q

( I(r)

rN−1

)(1−N

rN
rN

N
λ1g1(r)f1(u1(r), u2(r)) + λ1g1(r)f1(u1(r), u2(r))

)
=

1

q − 1

( I(r)

rN−1

)q−2( 1

N
λ1g1(r)f1(u1(r), u2(r))

)
≥ 0,

which shows that u′′1(t) ≤ 0 on J . Hence we derive that

u1(r)− u1(1)

u1(0)− u1(1)
≥ 1− r

1− 0
= 1− r

for r ∈ [1/6, 5/6], which indicates that

u1(r) ≥ (1− r)u1(0) ≥
1

6
u1(0).

Similarly, one can verify

u2(r) ≥
1

6
u2(0) =

1

6
∥u2∥0

for r ∈ [1/6, 5/6]. So we have

min
r∈[1/6,5/6]

{u1(r), u2(r)} ≥ 1

6
∥(u1, u2)∥0.
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This completes the proof. □

Suppose that K0 is the cone of all nonnegative functions in X defined by

K0 = {u ∈ E : ui(t) ≥ 0, ∀t ∈ J, i ∈ {1, 2}}.
Let K be a cone in X as

K :=
{
u ∈ K0 : min

t∈[1/6,5/6]
{u1(t), u2(t)} ≥ 1

6
∥u∥

}
. (3.3)

For ϱ > 0, we also define

Kϱ = {u : u ∈ K, ∥u∥ < ϱ}, ∂Kϱ = {u : u ∈ K, ∥u∥ = ϱ},
K̄ϱ = {u ∈ K : ∥u∥ ≤ ϱ}.

Similarly, we can define K0ϱ, ∂K0ϱ, and K̄0ϱ.
Let K1 be a cone in E as

K1 :=
{
y ∈ E : y(t) ≥ 0 for t ∈ J, min

t∈[1/6,5/6]
y(t) ≥ 1

6
∥y∥0

}
.

For i ∈ {1, 2} and r ∈ J , let Ti : K1 → E be defined as

T1λ1u1(r) =

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1(τ), u2(τ)

)
dτ

)
ds,

T2λ2u2(r) =

∫ 1

r

φp

( 1

sN−1

∫ s

0

g2(τ)τ
N−1λ2f2

(
u1(τ), u2(τ)

)
dτ

)
ds.

(3.4)

For each i ∈ {1, 2}, Lemma 3.1 yields that TiK1 ⊂ K1 is completely continuous . It follows from
the above analysis that system (1.4) is equivalent to the fixed point equation

u(r) = (T1λ1u1(r), T2λ2u2(r)) := Tλu(r) for r ∈ J. (3.5)

Because Tiλi
: K1 → K1 is completely continuous for each i ∈ {1, 2, }, Tλ : K → K is completely

continuous. We now prove our main results.

Proof of Theorem 1.1. Since f∞i = +∞ for i ∈ {1, 2}, there are li > 0 and µ > 0 such that

f1(u) > l1φp(|u|), f2(u) > l2φq(|u|), ∀u ∈ R2
+ with |u| ≥ µ. (3.6)

Next, we verify that β0 = 6µ is required. If u ∈ ∂KR, we derive

min
t∈[1/6,5/6]

{u1(t), u2(t)} ≥ 1

6
∥u∥ =

1

6
R.

Because R > β0, we derive

min
t∈[1/6,5/6]

{u1(t), u2(t)} ≥ 1

6
R >

1

6
β0 = µ.

We define λ0 = {λ10, λ20}, where

λ10 =
62p−26N−1

l1η1
, λ20 =

62q−26N−1

l2η2
.

Here

η1 =

∫ 5/6

1/6

g1(τ)dτ, η2 =

∫ 5/6

1/6

g2(τ)dτ.

Similarly, we can define

λR = {λ1R, λ2R}.
We note that

u− Tλ0
u ̸= 0 ∀u ∈ ∂KR, (3.7)

where Tλ0u = (T1λ10u1, T2λ20u2).
Similarly, we define

Tλ0
uR = (T1λ10

u1R, T2λ20
u2R).
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If not, then there is uR ∈ ∂KR so that Tλ0
uR = uR and hence (1.5) already holds for λR = λ0,

which shows λ1R = λ10 and λ2R = λ20.
We define ψ(t) = (ψ1(t), ψ2(t)), where ψi(t) ≡ 1 for i ∈ {1, 2} and t ∈ J . Then ψ ∈ K with

∥ψ∥ = 1.
Next now show that

u− Tλ0
u ̸= ζψ, ∀u ∈ ∂KR, ζ ≥ 0. (3.8)

Indeed, if there are u ∈ ∂KR and ζ ≥ 0 such that u− Tλ0
u = ζψ, then (3.7) implies that ζ > 0,

and

u1 = ζψ1 + T1λ10
u1 ≥ ζψ1. (3.9)

Let

ζ∗ = sup{ζ|u1 ≥ ζψ1}.
Then ζ ≤ ζ∗ < +∞, u1 ≥ ζ∗ψ1. Consequently, for r ∈ [ 16 ,

5
6 ], (3.4), (3.5), (3.6), and (3.9) yield

u1(r) = T1λ10
u1(r) + ζψ1(r)

≥ 1

6
∥T1λ10

u1∥0 + ζψ1(r)

≥ 1

6

∫ 1

5/6

φq

( 1

sN−1

∫ 5/6

1/6

g1(τ)τ
N−1λ10f1(u1(τ), u2(τ)

)
dτ

)
ds+ ζψ1(r)

>
1

6

∫ 1

5/6

φq

( 1

sN−1

∫ 5/6

1/6

g1(τ)τ
N−1λ10l1φp(ζ

∗)dτ
)
ds+ ζψ1(r)

≥ (
1

6
)2φq(λ10)φq(l1)ζ

∗φq

(∫ 5/6

1/6

τN−1g1(τ)dτ
)
+ ζψ1(r)

≥ (
1

6
)2φq(λ10)φq(l1)ζ

∗φq

( 1

6N−1

∫ 5/6

1/6

g1(τ)dτ
)
+ ζψ1(r)

= ζ∗ + ζψ1(r).

This indicates that u1(r) ≥ (ζ∗ + ζ1)ψ(r) for r ∈ J , which contradicts the definition of ζ∗. So
(3.8) is true and, by Lemma 2.4, the fixed point index is

i(Tλ0
,KR,K) = 0. (3.10)

On the other hand, it is easy to see that

i(θ,KR,K) = 1, (3.11)

where θ is the zero operator. So from (3.10), (3.11) and the homotopy invariance property that
there are uR ∈ ∂KR and 0 < νR < 1 such that νRTλ0uR = uR, which indicates

λ1R = λ10ν
p−1
R < λ10, λ2R = λ20ν

q−1
R < λ20.

From the demonstration above, for R > β0, there is a positive solution uR ∈ ∂KR. This indicates
that

u1R(r) =

∫ 1

r

φq

( 1

sN−1

∫ s

0

λ1Rg1(τ)τ
N−1f1

(
u1R(τ), u2R(τ)

)
dτ

)
ds,

u2R(r) =

∫ 1

r

φp

( 1

sN−1

∫ s

0

λ2Rg2(τ)τ
N−1f2

(
u1R(τ), u2R(τ)

)
dτ

)
ds,

∥uR∥ = max{∥u1R∥0, ∥u2R∥0} = R. □

The proof of Theorem 1.2 is similar to that of Theorem 1.1. So we omit it here.

Proof of Theorem 1.3. For u ∈ ∂Kr∗ , we derive that

1

6
r∗ ≤ min{u1(t), u2(t)} ≤ r∗, t ∈ [1/6, 5/6].
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Since mi(r
∗) ≥ βr∗ > 0 for i ∈ {1, 2}, we have

f1(u1, u2) ≥ m1(r
∗)φp(r

∗) ≥ φp(r
∗)βr∗ ≥ βr∗φp(|u|), ∀u ∈ R2

+ with |u| ∈ [
1

6
r∗, r∗],

f2(u1, u2) ≥ m2(r
∗)φq(r

∗) ≥ φq(r
∗)βr∗ ≥ βr∗φq(|u|), ∀u ∈ R2

+ wit h|u| ∈ [
1

6
r∗, r∗].

We define

λ∗10 =
62p−26N−1

η1βr∗
, λ∗20 =

62q−26N−1

η2βr∗
.

Following the same arguments as in the proof of Theorem 1.1 we obtain the desired result. □

Proof of Theorem 1.4. We only need to verify this theorem under the conditions f0i = 0 and
f∞i = ∞ for i ∈ {1, 2} because the proofs of the other cases are similar to theses cases..

Considering f0i = 0 for i ∈ {1, 2}, there exists R1 > 0 such that

f1(u) ≤ φp(ε1)φp(|u|), f2(u) ≤ φq(ε2)φq(|u|), ∀u ∈ R2
+ with |u| ∈ [0, R1], (3.12)

where ε1 and ε2 satisfy
φq(λ1η

′
1)ε1 < 1, and φp(λ2η

′
2)ε2 < 1,

respectively, where

η′1 =

∫ 1

0

g1(τ)dτ, η′2 =

∫ 1

0

g2(τ)dτ.

So, for u ∈ ∂KR1
, we have taht (3.4), (3.5) and (3.12) yield

∥T1λ1
u1∥0 = max

r∈J

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1(τ), u2(τ)

)
dτ

)
ds

≤ max
r∈J

∫ 1

r

φq

(∫ s

0

g1(τ)λ1f1
(
u1(τ), u2(τ)

)
dτ

)
ds

≤
∫ 1

0

φq

(∫ 1

0

g1(τ)λ1f1
(
u1(τ), u2(τ) bigr)dτ

)
ds

≤ φq

(∫ 1

0

g1(τ)λ1φp(ε1)φp(∥u∥)
)
dτ

)
≤ φq(λ1)ε1∥u∥φq

(∫ 1

0

g1(τ)dτ
)

= φq(λ1η
′
1)ε1∥u∥

< ∥u∥.

Similarly, one can prove ∥T2λ2
u2∥0 < ∥u∥. Hence we have

∥Tλu∥ < ∥u∥. (3.13)

Turning to the case f∞i = ∞, there is R̄ > 0 such that

f1(u) ≥ φp(ε3)φp(|u|), ∀u ∈ R2
+ with |u| ∈ [R̄,+∞),

f2(u) ≥ φq(ε4)φq(|u|), ∀u ∈ R2
+ with |u| ∈ [R̄,+∞),

(3.14)

where ε3 and ε4 satisfy

(
1

6
)2φq((

1

6
)Nλ1η1)ε3 > 1, (

1

6
)2φp((

1

6
)Nλ2η2)ε4 > 1.

Let R2 = max{2R1, 6R̄}. If u ∈ ∂KR2
, then

min
r∈[ 16 ,

5
6 ]
{u1(r), u2(r)} ≥ 1

6
∥u∥ =

1

6
R2 > R̄.

For u ∈ ∂KR2
, we have that (3.4), (3.5) and (3.14) yield

∥T1λ1
u1∥0 = max

r∈J

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1(τ), u2(τ)

)
dτ

)
ds
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≥ min
r∈[1/6,5/6]

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1(τ), u2(τ)

)
dτ

)
ds

≥
∫ 1

5/6

φq

( 1

sN−1

∫ 5/6

1/6

g1(τ)τ
N−1λ1f1

(
u1(τ), u2(τ)

)
dτ

)
ds

≥ 1

6
φq((

1

6
)Nλ1)φq

(∫ 5/6

1/6

g1(τ)φp(ε3)φp(|u|)
)
dτ

)
≥ 1

6
φq((

1

6
)Nλ1)φq

(∫ 5/6

1/6

g1(τ)φp(ε3)φp(u1(τ))
)
dτ

)
≥ 1

6
φq((

1

6
)Nλ1)φq

(∫ 5/6

1/6

g1(τ)φp(ε3)φp(
1

6
∥u1∥0

)
dτ

)
= (

1

6
)2φq((

1

6
)Nλ1)ε3∥u1∥0φq

(∫ 5/6

1/6

g1(τ)dτ
)

= (
1

6
)2φq((

1

6
)Nλ1η1)ε3∥u1∥0

> ∥u1∥0.

Similarly, one can prove that ∥T2λ2u2∥0 > ∥u2∥0. Hence we have

∥Tλu∥ > ∥u∥. (3.15)

Therefore, Lemma 2.7(i) yields that operator T admits a fixed point

(u1λ1 , u2λ2) ∈ K̄R2\KR1 ,

which is a positive solution to (1.4) for λ1 > 0 and λ2 > 0.
Next, we verify ∥uiλi

∥ = +∞ as λi → +∞ for i ∈ {1, 2}. If not, then there is a number ξ > 0
and a sequence λin → +∞ such that

∥uiλin
∥ ≤ ξ (n ∈ {1, 2, 3, . . . }).

Moreover, for i ∈ {1, 2}, the sequence {∥uiλin
∥} contains a subsequence which converges to a

number δ (0 ≤ δ ≤ ξ). For convenience, assume that {∥uiλin
∥} converges to δ.

If δ > 0, then ∥uiλin
∥ > δ

2 for sufficiently large n (n > N), and hence

1

λ1n
≤

∥
∫ 1

0
g1(τ)f1(u1(τ), u2(τ))dτ∥0

∥u1λ1n∥
p−1
0

≤
M∥

∫ 1

0
g1(τ)dτ∥0

∥u1λ1n∥
p−1
0

=
Mη3

∥u1λ1n
∥p−1
0

<
Mη32

p−1

δp−1
(n > N),

where,

M = max
∥u∥∈[0,ξ]

f1(u).

This contradicts λ1n → 0+.
If δ = 0, then ∥uiλin

∥0 → 0 for sufficiently large n (n > N), and so it yields from f0i = 0 that
for every ε∗ > 0 there is R∗ > 0 so that

f1(u1λ1n
, u2λ2n

) ≤ ε∗φp(u), ∀u ∈ R2
+ with ∥u∥ ∈ [0, R∗].

Hence, for u ∈ KR∗ , we derive that

uiλin
(t) ≤ ∥uiλin

∥0 ≤ ∥u∥ = R∗,
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and hence

1

λ1n
≤

∥
∫ 1

0
g1(τ)f1(u1(τ), u2(τ))dτ∥0

∥u1λ1n
∥p−1
0

≤
ε∗∥u∥p−1∥

∫ 1

0
g1(τ)dτ∥0

∥u1λ1n
∥p−1
0

=
ε∗∥u∥p−1∥η3
∥u1λ1n

∥p−1
0

≤ ε∗η3.

Because ε∗ is arbitrary, λ1n → +∞ (as n→ +∞) which contradicts λ1n → 0+. So, ∥uiλi
∥ → +∞

as λi → 0+. This completes the proof. □

Proof of Theorem 1.5. For arbitrary D > 0, from f i∞ ∈ (0,∞], there exists δi > 0 and l > N such
that

f1(u1, u2) ≥ δ1, f2(u1, u2) ≥ δ2, ∀u ∈ R2
+ with |u| ∈ [l,+∞) (3.16)

for i ∈ {1, 2}. Let

λ∗1 =
6p+N−2lp−1

δ1η1
, λ∗2 =

6q+N−2lq−1

δ2η2
.

Then for λi ∈ (λ∗i ,+∞), one can prove that Tλ : K0 → K0 is completely continuous.
Because f0i = 0 for i ∈ {1, 2}, there is 0 < R3 < l such that

f1(u1, u2) ≤ φp(ε5)φp(|u|), ∀u ∈ R2
+ with |u| ∈ [0, R3],

f2(u1, u2) ≤ φq(ε6)φq(|u|), ∀u ∈ R2
+ with |u| ∈ [0, R3],

where ε5 > 0 and ε6 > 0 satisfy

φq(λ1η
′
1)ε5 < 1, φp(λ2η

′
2)ε6 < 1.

Similar to the proof of (3.13), we can verify that ∥Tλu∥ < ∥u∥ for u ∈ ∂K0R3
. Hence, Lemma

2.6(ii) yields that
i(Tλ,K0R3

,K0) = 1. (3.17)

Considering f∞i = 0 for i ∈ {1, 2}, there is L > 0 such that

f1(u1, u2) ≤ φp(ε7)φp(|u|), ∀u ∈ R2
+ with |u| ∈ [L,+∞),

f2(u1, u2) ≤ φq(ε8)φq(|u|), ∀u ∈ R2
+ with |u| ∈ [L,+∞),

where ε7 > 0 and ε8 > 0 respectively satisfy

2Lε7(λ1η
′
1)

q−1 ≤ 1,

2Lε8(λ2η
′
2)

p−1 ≤ 1,

L = max{2q−2, 2p−2, 1}.
So,

0 ≤ f1(u1, u2) ≤ φp(ε7)φp(|u|) +M1L, ∀u ∈ R2
+,

0 ≤ f2(u1, u2) ≤ φq(ε8)φq(|u|) +M2L, ∀u ∈ R2
+,

(3.18)

where
M1L = max

|u|∈[0,L]
f1(u1, u2) > 0, M2L = max

|u|∈[0,L]
f2(u1, u2) > 0.

Let
R4 > max

{
l, 2L(λ1η

′
1M1L, 2L(λ2η

′
2M2L)

q−1
}
.

So, for u ∈ ∂K0R4 , from (3.4), (3.5), (3.18) and Lemma ?? we have that

∥T1λ1u1∥0 = max
r∈J

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1(τ), u2(τ)

)
dτ

)
ds

≤ max
r∈J

∫ 1

r

φq

(∫ s

0

g1(τ)λ1f1
(
u1(τ), u2(τ)

)
dτ

)
ds
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≤
∫ 1

0

φq

(∫ 1

0

g1(τ)λ1f1
(
u1(τ), u2(τ)

)
dτ

)
ds

≤ φq

(∫ 1

0

g1(τ)λ1[φp(ε7)φp(∥u∥) +M1L]dτ
)

≤ L
[
φq

(∫ 1

0

g1(τ)λ1φp(ε7)φp(∥u∥)dτ
)
+ φq

(∫ 1

0

g1(τ)λ1M1Ldτ
)]

≤ ∥u∥
2

+
R4

2
< R4.

Similarly, we can verify that ∥T2λ2
u2∥0 < R4. This indicates that

∥Tλu∥ < R4, (3.19)

and hence

i(Tλ,K0R4 ,K0) = 1. (3.20)

We define

u ∈ KR4

0l =
{
u ∈ K0 : ∥u∥ < R4, min

t∈[1/6,5/6]
{u(t), u2(t)} > l

}
.

So, for u ∈ K̄R4

0l =
{
u ∈ K0 : ∥u∥ ≤ R4, mint∈[1/6,5/6]{u(t), u2(t)} ≥ l

}
, it follows from (3.19)

that ∥Tλu∥ < R4. Secondly, for every u ∈ K̄R4

0l , we derive

min
t∈[1/6,5/6]

{u(t), u2(t)} ≥ l,

so from (3.16) it follows that

min
r∈[ 16 ,

5
6 ]
T1λ1u1(r) = min

r∈[ 16 ,
5
6 ]

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1(τ), u2(τ)

)
dτ

)
ds

≥
∫ 1

5/6

φq

( 1

sN−1

∫ 5/6

1/6

g1(τ)τ
N−1λ1f1

(
u1(τ), u2(τ)

)
dτ

)
ds

≥ 1

6
φq((

1

6
)N−1λ1)φq

(∫ 5/6

1/6

g1(τ)δ1dτ
)

>
1

6
φq((

1

6
)N−1λ∗1δ1)φq

(∫ 5/6

1/6

g1(τ)dτ
)

=
1

6
φq((

1

6
)N−1λ∗1δ1η1) = l.

Similarly, we prove minr∈[ 16 ,
5
6 ]
T2λ2

u2(r) > l. So that

min
r∈[1/6,5/6]

{T1λ1u1(r), T2λ2u2(r)} > l.

Let

u0 = (u10, u20) ≡
( l +R4

2
,
l +R4

2

)
,

U(t,u) = (1− t)Tλu+ tu0,

where

U(t,u) = (U1(t, u1), U2(t, u2)),

U1(t, u1) = (1− t)T1λ1
+ tu10,

U2(t, u2) = (1− t)T2λ2
+ tu20.

Then U : J × K̄R4

0l → K0 is completely continuous. So it follows from the analysis above that

U(t,u) ∈ KR4

0l for (t,u) ∈ J × K̄R4

0l .
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So, for t ∈ J and u ∈ ∂KR4

0l , we have U(t,u) ̸= u. Therefore, from the normality property and
the homotopy invariance property of the fixed point index it follows that

i(Tλ,K
R4

0l ,K0) = i(u0,K
R4

0l ,K0) = 1. (3.21)

From the solution property of the fixed point index it follows that Tλ admits a fixed point u
(1)
λ so

that u
(1)
λ ∈ KR4

0l , and

max
t∈J

u
(1)
λ (t) = max

t∈J
{u(1)1λ1

, u
(1)
2λ2

} ≥ min
t∈[1/6,5/6]

{u(1)1λ1
, u

(1)
2λ2

} > l > D.

Moreover, by (3.17), (3.20), (3.21) and the additivity of the fixed point index, we derive

i(Tλ,K0R4\(K̄0R3 ∪ K̄
R4

0l ),K0) = i(Tλ,K0R4 ,K0)− i(Tλ,K
R4

0l ,K0)− i(Tλ,K0R3 ,K0) = 1− 1− 1 = −1.

From the solution property of the fixed point index it follows that Tλ admits a fixed point u
(2)
λ so

that u
(2)
λ ∈ K0R4\(K̄0R3 ∪ K̄

R4

0l ) and u
(1)
λ ̸= u

(2)
λ . □

Proof of Theorem 1.6. Part (a). Suppose that uλ ∈ K is a positive solution to (1.4). Then for
every r ∈ [0, 1), we have uiλi

> 0 for i ∈ {1, 2}. Next, we show that this will lead to a contradiction
for

λ1 > λ∗∗1 =
6p+N−2

ξ1η1
or λ2 > λ∗∗2 =

6q+N−2

ξ2η2
.

Since Tλu(r) = u(r) for λi > λ∗∗i and r ∈ J , it yields from (1.6), (3.4) and (3.5) that

∥u1λ1
∥0 = ∥T1λ1

u1λ1
∥0

= max
r∈J

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1λ1(τ), u2λ2(τ)

)
dτ

)
ds

= min
r∈[1/6,5/6]

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1λ1(τ), u2λ2(τ)

)
dτ

)
ds

≥
∫ 1

5/6

φq

( 1

sN−1

∫ 5/6

1/6

g1(τ)τ
N−1λ1f1

(
u1λ1

(τ), u2λ2
(τ)

)
dτ

)
ds

≥ 1

6
φq((

1

6
)N−1λ1)φq

(∫ 5/6

1/6

g1(τ)ξ1φp(∥u∥)dτ
)

>
1

6
φq((

1

6
)N−1λ∗∗1 ξ1)∥u∥φq

(∫ 5/6

1/6

g1(τ)dτ
)

=
1

6
φq((

1

6
)N−1λ∗∗1 ξ1η1)∥u∥

= ∥u∥.

Similarly, one can verify that ∥u2λ2
∥0 > ∥u∥. This is a contradiction.

Part (b). Assume that uλ ∈ K is a positive solution of (1.4). Then for each r ∈ [0, 1), we have
uiλi > 0 for i ∈ {1, 2}. Next we show that this will lead to a contradiction to

0 < λ1 < λ∗∗∗1 =
1

ζ1η′1
and 0 < λ2 < λ∗∗∗2 =

1

ζ2η′2
.

Because Tλu(r) = u(r) for 0 < λi < λ∗∗∗i and r ∈ J , it follows from (1.7), (3.4) and (3.5) that

∥u1λ1
∥0 = ∥T1λ1

u1λ1
∥0

= max
r∈J

∫ 1

r

φq

( 1

sN−1

∫ s

0

g1(τ)τ
N−1λ1f1

(
u1λ1

(τ), u2λ2
(τ)

)
dτ

)
ds

≤
∫ 1

0

φq

(∫ 1

0

g1(τ)λ1f1
(
u1λ1

(τ), u2λ2
(τ)

)
dτ

)
ds

≤ φq(λ1)φq

(∫ 1

0

g1(τ)ζ1φp(∥u∥)dτ
)
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< φq(λ
∗∗∗
1 ζ1)∥u∥φq

(∫ 1

0

g1(τ)dτ
)

= φq(λ
∗∗∗
1 ζ1η

′
1)∥u∥

= ∥u∥.

Similarly, one can verify that ∥u2λ2∥0 < ∥u∥. So we derive ∥u∥ < ∥u∥. This is a contradiction. □

Remark 3.2. It would be very interesting to analyze the existence of infinitely many positive
solutions to (1.4) by using topological approaches, but we can not give a demonstration right now.
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