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EXISTENCE, MULTIPLICITY AND ASYMPTOTIC BEHAVIOR OF
POSITIVE SOLUTIONS TO (p,q)-LAPLACIAN ELLIPTIC SYSTEMS

XIANKUI MENG, MEIQIANG FENG

ABSTRACT. In this article, we study elliptic systems consisting of p-Laplacian equations and
g-Laplacian equations (for short (p,q)-Laplacian elliptic system). By employing topological
methods, we discuss the existence, nonexistence, and multiplicity of positive solutions depending
on multiple parameters. We also study the asymptotic behavior of the solutions.

1. INTRODUCTION

Differential equations involving p-Laplacian appear in the study on population biology, non-
linear elasticity, nonlinear flow laws, and non-Newtonian mechanics; see [3, [7, 19, 33]. Owing
to this profusion of applications and theory, many authors have paid much attention to sin-
gle p-Laplacian equations, use different methods to study them in the past few decades; see
12, 4, 51 [8l 14, 16l 22] 25] [32] [34, 35, 38, 40} 39 41] and the references cited therein. Particularly,
He [30] used topological methods to analyze the multiplicity of positive solutions to the p-Laplacian
problem

—Apu = f(u) inQ,

u=0 on 0f, (1.1)

where Q C RY denotes a ball of radius b.

Elliptic systems have become an important research field in recent years; see for example [
10] [111, [12) 131 [15] (17, 18] 24] 27, 28], 29, 31, B6]. Hai [23] showed the existence and uniqueness of
positive solutions for the semilinear elliptic system

Au=—-Af(v) in B,
Av = —pg(u) in B,
u=v=0 ondB,

where A\, i > 0 are parameters and B denotes the open unit ball in RY. Hai and Shivaji [26]
considered the p-Laplacian system

—Apu=Af(v) inQ,
—Apv = Ag(u) inQ, (1.2)
u=v=0 on J,

where Apu = div(|Vu’"?Vu), p > 1, A > 0 is a parameter, and Q denotes a bounded domain in
R¥Y with smooth boundary 9. They proved the existence of positive solutions to by using
the method of sub- and super- solutions. Recently, Zhang and Feng [42] investigated system
and demonstrated uniqueness, existence and asymptotic behavior of positive solutions, using the
eigenvalue theory of completely continuous operators.
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Inspired by the above mentioned studies, in this paper, we are interested in the existence,
nonexistence, and multiplicity of positive solutions to the (p, ¢)-Laplacian elliptic system

—Apz1 = Mgi(|z]) f1(z1,22) in Q,
—AqZQ = )\292(|1‘|)f2(21, 22) in Q, (13)
21 =22=0 on 00,
where 1 < p,q < 00, A,w = div(|]Vw|P~2Vw) denotes the p-Laplacian; Q = {z € RN : |z| < 1},

N > 2; g;(t) is continuous on  and f;(z1, 22) is continuous on [0, +00) x [0, +-00) for each i € {1,2}.
Letting r = |z| and u;(r) = #(x) for i € {1, 2}, we derive

Apzi(x) = TlfN(TNfl|ui’(r)|p72u1')’.
Hence, the positive solutions to the system
—(r" e (uh) = M gi (r) f1(un, us)
— (N, (uh)) = AN Tl ga(r) falur, ug)  with 0 <7 < 1, (1.4)
i (0) = up(0) = u(1) = uz(1) =0
are positive radial solutions to system , where

with 0 <7 < 1,

_a _ 1 1
op(s) = [P s, (¢p) t= Pq> 5"’ 5 =1

Some special cases of system have been studied. For example, Cerd, Souto and Ubilla
[9] considered when A\; = Ay = 1. Using a priori bound method, they demonstrated the
existence of positive solutions to (|1.3)).

In this article, we shall analyze the existence and multiplicity of positive solutions to by
using a topological method, which is completely different from that used in Hai and Shivaji [26],
Zhang and Feng [42], and Cerd, Souto and Ubilla [9]. Here, we also extend the study of Hai and
Shivaji [26] and Zhang and Feng [42] from a p-Laplacian elliptic system to a (p, ¢)-Laplacian elliptic
systems. Moreover, comparing with Hai and Shivaji [26], Zhang and Feng [42] and Cerd, Souto
and Ubilla [9], the multiplicity and nonexistence of positive solutions to (1.3)) are also considered.
In addition, we analyze the asymptotic behavior of positive solutions t depending on the
parameter ;.

In this article, for ¢ € {1, 2}, we use the following assumptions:

(A1) f;:Ry xRy — Ry is continuous, and f;(u1,usz) is a nondecreasing function of u; and ug,

that is
fi(ui, uz) < filuy,uz), fa(ui,uz) < falug, us),
when uy < uf, uz < u}, where R = [0, +00);
(A2) g; € C(]0,1],R;) is a nonincreasing function, g;(t) # 0 on any subinterval of [0, 1], and

1
/ gi(t)dt < +o0, for i€ {1,2};
0

(A3) fi(ur,uz) > 0 for u = (uy,uz) € R and [u] > 0, where | - | denotes the maximum norm
in R? defined by
lu| = max{|ui], [ua|}-

Let X = E? denote the real Banach space of continuous functions with the norm

[ul] = max{[[uslo, luzllo},

where E = ([0, 1], which is a Banach space with the supremum norm

lyllo = sup ]Iy(t)l, Vy € E,
teJ=

)

and u(t) = (ui(t),uz(t)) for ¢ € J. Similarly, one can define ur(t) = (u1r(t), u2r(t)) for t € J.
To state our main results, we introduce the notation
= L) e gy, f2(W)

= s = m
ful=o0+ gp(lul)” 7 a0+ @ (|ul)
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u u
fr= dim AW e gy, ()
Jul—+o0 ¢p(|ul) luj=-+oe ¢q(|ul)
Let us now describe the main results. The existence of positive solutions are considered in the
following theorems.

Theorem 1.1. Under conditions (Al) and (A2), if f° = +oo for i € {1,2}, then there exists
Bo > 0 such that, for every R > By, system admits a positive solution up = (u1g,U2Rr)
satisfying
[ugll = max{{luirllo, [luzrllo} =R

when

Xi = AR € (0,)\0], (15)
where \g 1S a positive finite number.
Theorem 1.2. Under conditions (A1) and (A2), if f? = +oo fori € {1,2}, then there exists B1 >

0 such that, for every 0 < R* < (1, system (L.4)) admits a positive solution up = (uig~, U2r~)
satisfying

[ug-[| = max{|uir-[lo, [luzr-[lo} = R
when \; = \ig+ € (0, \°], where \° is a positive finite number.

For i € {1,2}, we define

fl(ulaUQ)

min { fz(ul,uz)}7
wielt) U op(l)

(1) — min
1(0) u,ie[éz,l]{ ©q(l)

b ma(l) =
where [ > 0 is a constant.

Theorem 1.3. Under conditions (Al) and (A2), if there are r* > 0 and S~ > 0 so that m;(r*) >
Brs for i € {1,2}, then system (1.4]) admits a positive solution W« = (U1,+, U ) satisfying

0, llugrllo} =7~

when A; = iy € (0, X*], where X* is a positive finite number.

|lay~ || = max{]||uyq~

The following theorem considers the existence and asymptotic behavior of positive solutions to
).
Theorem 1.4. Under assumptions (Al)and (A2), the following results hold:
(a) If fY =0 and f° = oo fori € {1,2}, then for every \; > 0, system admits a positive
solution (u1x,,U2x,) satisfying imy, o+ ||uin, || = +o00;
(b) If f? = 00 and f° =0 fori € {1,2}, then for every \; > 0 system admits a positive
solution (u1x,,u2y,) satisfying limy, o+ [[ui, || = 0.

In the next theorem, we discuss the multiplicity of positive solutions to (1.4]). For i € {1,2}, let
fio = _lim fi(u).
—+o0

lu|

Theorem 1.5. Under conditions (A1)—(A3), if f2 =0, f° =0 and fi, € (0,+o0] fori € {1,2},

then for every D > 0 there exists A} > 0 such that (L.4) admits at least two positive solutions
1 1 2 2 .

(u(lx\)l,ué)\z) and (ugl\)l,ug)\)Q) with

(1) (1)
rhax {“1/\1(75)7“2,\2@)} >D

for A; € (Af, +00).
In the next theorem, we investigate the nonexistence of positive solutions to .
Theorem 1.6. Under assumptions (A1)—(A3), the following two results hold.
(a) If there is & > 0 for i € {1,2} such that
filur,uz) > &pp(lul) or fo(ur,uz) > Eapg(lul), VueRE, (1.6)
then there is \7* > 0 such admits no positive solutions when \; > A*;
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(b) If there is ¢; > 0 for i € {1,2} such that

fi(ur,uz) < Grpp(lul) and fo(ur, ug) < Gpg(lul), Vue R, (L.7)
then there is A\J** > 0 such that (1.4) admits no positive solutions when 0 < \; < AF**.

The rest of this article is organized as follows. In Section 2, we shall collect some known
conclusions to be employed in the subsequent section. In Section 3, we prove Theorems

2. PRELIMINARIES
First we review several definitions and conclusions for later use.
Lemma 2.1 (Zhang and Feng [42, Theorem 2.1]). Let p > 1 and g > 1, where % + % = 1. Then

-2
p(s) = |s|”

s is odd, and
sop(s) > 0if s #£0,  @p(st) = @p(s)pp(t), vp(0) =0, (1) =1, ¢p(—1) = —1,

W1 (s) + op(t), ifp>2, s,t>0,
PN o GO REIOINE
©p(8) + p(t), ifl<p<2, st>0.

Additionally, ¢;,(s*) = ¢5(s) on [0,00) for a > 0, and ¢, (s) is increasing on [0, c0).

Definition 2.2 (Guo and Lakshmikantham [2I] Def. 1.1.1]). Let E be a real Banach space over
R. A nonempty closed set P C E is said to be a cone provided that

(i) x € P and A > 0 imply Az € P;

(ii) z € P and —z € P imply z = 0.

Every cone P C E induces a partial ordering in E given by z < y if and only if y — 2z € P.
Let P be a cone in real Banach space E and < be the partial ordering defined by P. Let D be a
subset of E.

Definition 2.3 (Guo and Lakshmikantham [21, Def. 2.1.2]). An operator A : D — E is said to
be completely continuous if it is continuous and compact.

Notice that the compactness means that the set A(S) is relatively compact for any bounded
set S C D.

Lemma 2.4 (Amann [I, Lemma 12.1)). Let P be a cone in a real Banach space E and Q be a
bounded open set of E. Suppose that operator A : PN — P is completely continuous. If there is
a xg > 0 such that

r— Ax £ trg, Ve PNoQ,t>0,
then i(A, PN Q,K) = 0.

Remark 2.5. Corollary of Lemma 4.2 in Guo [20] states that xy > 0 implies that zy € K and
i) 75 0.

Lemma 2.6. Let E be a real Banach space and P be a cone in E. For r > 0, define P. =
{x € P:|z| <r}. Assume that T : P. — P is completely continuous such that Tx # x for
x€IP. ={xeP: |zl =r}

(i) If |Tx|| > ||z|| for = € OP., then i(T, P., P) = 0.

(i) If | Tz|| < ||z|| for x € OP,, then i(T, P, P) = 1.

The results of Lemma come from the proof in Guo and Lakshmikantham [2I, Theorem
2.3.4].

Lemma 2.7 (Guo and Lakshmikantham [2I, Theorem 2.3.4]). Let P be a cone in a real Banach
space B. Assume Qy and Qg are bounded open sets in E with 0 € Q,, Q1 C Q. If A: PN
(Q2\Qy) — P is completely continuous such that either

(1) [|Az|| < ||z|| for all z € PN O and ||Az| > ||z|| for all x € PN ON,; or

(i) ||Az|| > ||z|| for all z € PN OQy and |Az|| < ||z|| for oll x € P N 0N,
then A has at least one fized point in P N (Q2\Q1).
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3. PROOF OF MAIN RESULTS

Lemma 3.1. Suppose that (A1) and (A2) hold. Then (u1,u2) is a solution of (1.4) if and only
if (ur,us) € X is a solution to the system

uy(r) = /Tl SOq(sN% /OS Mg ()TN (u1(T),uQ(T))dT)ds,

1 s (3.1)
ug(r) = / Q'Op(sN%/o Aoga (T)TN 1 fo (Ul(T),Ug(T))dT)dS,
and .
re[{%%/(s] ui(r) = 6||Uz'||0 (3.2)
forie{l,2}.

Proof. By computations we can show that (3.1) holds. In addition, it is obvious that u;(r) > 0
for r € J and i € {1,2}.
Next, we verify that (3.2 is correct. In fact, from (3.1)) it follows that

ui(r) = /Tl SDQ(SN% /Os )\lgl(T)TN_lfl(Ul(’T)7Uz(T))dT)dS.

Differentiating with respect to r,

() = =2 (7 [ @ N A (7)) ).
We define .
() = /0 9PN =10 fr (ua (7), un (7))
Then

I(r)
ull(r) - _9041<7,N71)'
On the other hand, under conditions (Al) and (A2), we derive I(r) > 0. So, it follows from
¢4 is increasing and ¢,(0) = 0 that o (I(r)/r¥=1) > 0. So w{(r) < 0. This shows u(r) is
non-increasing on J.
Similarly, one can demonstrate that us(r) is also non-increasing on J. Furthermore,

) = (55) (i)
— (o) (S5 [ Mo (). a4+ Mg () s 1), )
> () (T A (s s 1), 20) + Mg () (7). 2 0))
- L (A (i) us) 20

which shows that v/ (t) <0 on J. Hence we derive that
up(r) —wui(1) < 1—r

—1-
w1 (0) —ur(1) = 1-0 "
for r € [1/6,5/6], which indicates that
1
ur(r) > (1 —r)uy(0) > gul(O)
Similarly, one can verify
1 1
u(r) = zu2(0) = gluzflo

for r € [1/6,5/6]. So we have

1
i >z .
TE[{I}é%/Ej]{Ul(T),Uz(T)} > 6||(U17u2)\|0
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This completes the proof. O

Suppose that Ky is the cone of all nonnegative functions in X defined by
Ko={ueFE:ut)>0, Vte J, iec{l,2}}.

Let K be a cone in X as

1
= : i > — . .
Ke={ueKo: min (u(t)us(0)} > clull} (3

For o > 0, we also define
Ky,={u:uekK,|u|| <o}, 0K,={u:uckK,|u|=yo}
K,={ueK:|ul <o}
Similarly, we can define Ko,, 0Ko,, and ROQ.

Let Kq be a cone in E as

1
K ::{ E:y(t)>0f . mi > - }
1 ye B yt)>0 Ortejte[{%g/my(t)_6||y|\0

For i € {1,2} and r € J, let T; : K1 — E be defined as

Tixnui(r) = /7-1 @q<gv% /Os g (TN I f (U1(T)7U2(T))d7>d37 )

1 s
1
Toz,us(r) = / Sﬁp(sNi—l/ gg(T)TN71A2f2 (ul(T),UQ(T))dT)dS.
r 0
For each i € {1,2}, Lemma yields that T; K7 C K; is completely continuous . It follows from
the above analysis that system (1.4]) is equivalent to the fixed point equation
u(r) = (Tiaur(r), Teaue(r)) := Thu(r) forr € J. (3.5)

Because T;y, : K1 — K7 is completely continuous for each i € {1,2,}, T : K — K is completely
continuous. We now prove our main results.

Proof of Theorem[1.1l Since f° = 4oo for i € {1,2}, there are [; > 0 and p > 0 such that

fi(a) > ligp(Jul),  f2(u) > lapg(lul), Vu e R3 with [u] > p. (3.6)
Next, we verify that Sy = 64 is required. If u € 0K g, we derive
1 1
i t t)y > — = —-R.
im0 ua(0) > gl =GR

Because R > By, we derive

1 1
i t > = — =
teﬁ%%/e]{“l( ), ua(t)} > Gii>gh=r

We define A\g = {A10, A\2o}, where

62p—26N—1 62q—26N—1
Ao = g =
1 a2
Here
5/6 5/6
m :/ q1(T)dr, 19 :/ ga2(7)dr.
1/6 1/6

Similarly, we can define
Ar = {A\1Rr; \2r}.
We note that
u—T,\OuséO Yu € 8KR, (37)
where Th,u = (T1x,,U1, Tor,0U2)-
Similarly, we define
Txour = (T1x,0 1R, T2y U2R)-
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If not, then there is ug € 0Kp so that Th,ur = ug and hence (1.5 already holds for Ap = Ao,
which shows )\13 = )\10 and )\QR = )\20.

We define ¢(t) = (¢1(t),¥2(t)), where ¢;(¢t) = 1 for s € {1,2} and ¢t € J. Then ¢ € K with
4]l = 1.

Next now show that
u—T\,u# ¢y, YuedKg, (>0. (3.8)

Indeed, if there are u € dKg and ¢ > 0 such that u — Ty, u = (%, then (3.7) implies that ¢ > 0,
and

up = (Y1 + Tinour = Cor. (3.9)
Let
(" =sup{Clu1 > (Y1}
Then ¢ < ¢* < +00, uy > (*¢b1. Consequently, for r € [§, 2], (3:4), (B-5), (.6), and (3.9) yield
ur(r) = Thixoui(r) + (¥ (r)

1
6||T1A10U1||0 + i (r)

Y

1 5/6
> 2/5/6 oo s /1/6 91N Mo fi (s (7), ua(7))dr ) ds + G (r)

1 1 5/6 s
6/5/6 @q(sjvi_l /1/6 g1 (T)7" " Aolipp (€ )d7>d3+41/)1(7’)

V

5/6

Y

(5 eaOu)en) e [

1/6

Ny (r)dr) + Cun(r)

6
="+ CYa(r).

This indicates that ui(r) > (¢* + (1)¢(r) for r € J, which contradicts the definition of ¢*. So
(3.8)) is true and, by Lemma the fixed point index is

5/6
2 () en(grr [ a0r) +Ga)

i(Try, Kr,K) =0. (3.10)
On the other hand, it is easy to see that
i(0,Kr,K) =1, (3.11)

where 6 is the zero operator. So from (3.10)), (3.11)) and the homotopy invariance property that
there are up € 0Kg and 0 < vr < 1 such that vgT)\,ur = ug, which indicates

—1 —1
Mr =AMovh - < Ao, Aer = X < Aso.

From the demonstration above, for R > g, there is a positive solution ugp € K. This indicates
that

ulR(T) = /Tl WQ(SN% /OS )\1R91(7')7'N71f1 (U1R(T),UQR(T))dT)ds,

1 s
1 _
ugr(r) = / @p(stl/ Xorga(T)TN 1f2(U1R(T)aU2R<T))dT)d5»
T 0
[ug|| = max{||luirllo, [uzrllo} = R. O
The proof of Theorem [.2]is similar to that of Theorem So we omit it here.

Proof of Theorem[I.3 For u € OK,-, we derive that

ér* < minfus (), us(t)} <, t € [1/6,5/6].
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Since m;(r*) > By« > 0 for ¢ € {1,2}, we have

Filur,us) 2 ma(r)gp(r) = @p(r)Bre > Breipp(ful),  Vu € RE with [ul € [2r7,r7],

* * * : 1 * *
Falur,uz) = ma(r)pg(r") = @ (r")Bre 2 Brepy(lul),  Vu € R wit hlu| € [2r7,77].
We define
62p—26N—1 v 62q—26N—1
O B T 0T B
Following the same arguments as in the proof of Theorem we obtain the desired result. O

Proof of Theorem[1.7 We only need to verify this theorem under the conditions fJ = 0 and
f£° = oo for i € {1,2} because the proofs of the other cases are similar to theses cases..
Considering f? = 0 for i € {1,2}, there exists Ry > 0 such that

fr(w) < pplen)ep(ul),  fa(w) < gqle2)pq(ul), VueRE with [u] € [0, R, (3.12)
where €1 and g5 satisfy
pg(Mmer <1, and  pp(Aamp)ez < 1,
respectively, where

1 1
m= / gi(r)dr, 15 = / g2(T)dr.
0 0
So, for u € 0Kg,, we have taht (3.4), (3.5) and (3.12)) yield

1 1 S
[ T1x, u1llo = ma / @q(sle/ gl(T)TN_l)\lfl(u1(7)7U2(7))dT)dS
T r 0

eJ

< HlaX/T1 @q(/os 91(T)>\1f1(u1(7)7Uz(T))dT>d5

reJ

< /01 Sﬁq(/Olgl(T)Mﬁ (wa(7), ua(7) bigr)dT)ds
< @q(/ol gl(T))\lﬁpp(gl)%@p(llu”))dT)
< gpq()\l)51u||<pQ<_/01 gl(T)dT>

= @q(Ain))e[ull
<.
Similarly, one can prove ||Tax,uz2llo < ||ul|. Hence we have
[Toul| < [lul]. (3.13)
Turning to the case f = oo, there is R > 0 such that
fl(u) 2 <1017(53)9017““')7 Vu e Ri with |u| € [R>+OO)’ (3 14)
f2(u) > p4(ea)gq(Juf),  Vu e RE with [u] € [R, +00), '

where €3 and ¢4 satisfy
Lo Lin Lo Lin
=) pq((= 1M1)€3 y (=Z)7epll= 212 )€4 .
()%eul(g) Mmes > 1, (5Vp((5) Aamp)es > 1
Let Ry = max{2R;,6R}. If u € dKp,, then
. 1 1 _
min {u1(r),uz(r)} > =||ul| = =R > R.
T‘E[%,% 6 6
For u € 0Kg,, we have that (3.4), (3.5) and (3.14]) yield

1 s
1
||T1>\1u1||0:max/ 30‘1<7N—1/ gl(T)TNilAlfl(Ul(’T),’UQ(’T))dT)dS
reJ r S 0
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1 1 s N
> i — -1
> Te[{r}é%/ﬁ] /T ©q (51\771 /0 g1 (m)T A f1 (ul(T)7 Ug (T))dT) ds

> /5;6 %(g\fi—l /5/691(T)TN1)\1f1(U1(T)7u2(T))dT)dS

1 1 5/6
(ARSI BRACEX BN

IV
|
S

=)

6

vV
S| =
S
Q
—
—
S| =
N—
>
firt
~—
S
Q
/N
>\
~ it
<) ~
o
e
=
—
ﬂ
N~—
S
i)
—~
o
w
N
x
bS]
—
<
=
—
\]
~—
=
S—
IS
ﬂ
~—

IV
|

S

<

r/G

1 1 °
= (el elaloga( [

5 g1 (T)dT)

1

= (D%eul(g) Mm)es

> Jurlfo-
Similarly, one can prove that ||Tox,uzllo > ||uzllo- Hence we have
[Txul| > [[ul] (3.15)
Therefore, Lemma [2.7)(i) yields that operator T' admits a fixed point
(uix, s Uax,) € Kp,\Krp,,

which is a positive solution to (1.4]) for \; > 0 and As > 0.
Next, we verify |lu;,| = +o00 as A; = 400 for ¢ € {1,2}. If not, then there is a number £ > 0
and a sequence \;;, — +0o0o such that

wirg, | <€ (ne{1,2,3,...}).

Moreover, for i € {1,2}, the sequence {||uy,, ||} contains a subsequence which converges to a
number ¢ (0 < § < ¢). For convenience, assume that {|lu;y,, ||} converges to 4.
If § > 0, then [lu;y,, || > 3 for sufficiently large n (n > N), and hence

1 _ Ly 9 (r), ua(m)dro
)\ln B ||U’1A1n|‘g_1
1
_ Mllfy g1)drlo
5

[[w1as |
_ Mins
- —1
Hul)\ln ||g
M’I]g?pil

o1 (n > N),

where,

fi(u).

= max 1
llull€[0,€]

This contradicts Ay, — 0F.
If 6 = 0, then ||u;y,, [lo — O for sufficiently large n (n > N), and so it yields from f? = 0 that

for every €* > 0 there is R* > 0 so that
fi (ul)\ln7u2)\2n) < 8*(1017(“)7 Vu € Ri with ||11|| € [0, R*]

Hence, for u € K+, we derive that

Uirg, (8) < [tins, [lo < [Jul] = B,
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and hence

1 Hfo 91(7) f1(ur(7), uz(7))d7 |0

/\M B wn, 15"

< € lulP” ' Sy 91(m)dr o

”ul/\ln,”g

_ e ufPHins

—1
|y, 6
< e%ns.

EJDE-2026/52

Because ¢* is arbitrary, A1, — +00 (as n — +00) which contradicts A1, — 07 So, [Ju, || = +o00

as A; — 07. This completes the proof.

Proof of Theorem[I.5 For arbitrary D > 0, from fi € (0, 00|, there exists §; > 0 and [ > N such

that

fl(ul,ug) > 0, fg(ul,UQ) >0y, Yue Ri with |u| € [l,-i—OO)

for i € {1,2}. Let

*_ p—
1 2

01m 0212

Then for A\; € (Af,4+00), one can prove that Ty : Ky — K is completely continuous.

Because f? = 0 for i € {1,2}, there is 0 < Rz < [ such that

fl(ubu?) < SDP(EE))QOP('uDv Vu e R2+ with |u| € [0>R3}7
falur,uz) < @4(e6)pq(ul),  Vu € RY with [u] € [0, Ry],

where €5 > 0 and gg > 0 satisfy
‘Pq(Alnll)f% <1, ‘Pp()\277/2)56 <1

Gr+N—27p—1 6atN—-279-1
*

(3.16)

Similar to the proof of (3.13]), we can verify that ||Thu| < [Ju|| for u € dKog,. Hence, Lemma

[2.6(ii) yields that
i(Tx, Kors, Ko) = 1.

Considering f° = 0 for i € {1, 2}, there is £ > 0 such that

fi(ur,u2) < @p(e7)@p(lul),  Vu € Ry with [ul € [£,
fo(ur,u2) < @q(es)pq(ul), Vue Ri with |u| € [£,

where €7 > 0 and €3 > 0 respectively satisfy
2Ler(Amy) "t <1,
2Leg(Aamy)P~ < 1,
L = max{2772,2P72 1}.

So,
0 < fi(ur,uz) < @pler)pp(ul) + Mg, Vue Ri,
0 < folur,uz) < @qles)pq(ful) + Moz, Vu € R,
where
M = | I‘n?XE fi(ur,uz) >0, Moy = | r‘n?x fa(uy,uz) > 0.
u €0
Let

Ry > max {1, 2L(\n{Mz, 2L(AamsMor)? 1.
So, for u € 0Kyg,, from (3.4), (3.5), (3.18) and Lemma ?? we have that

1 s
inunlo =max [ (s [ a0 s (0),ua(r))r )
1 s
< max/ goq</0 g1(T)\ f1 (ul(T),uz(T))dT)ds

reJ

(3.17)

(3.18)
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< /01 <Pq(/01gl(T)Alfl(ul(T)aUz(T))dT)dS

< ¢q ( /01 g1(T)Mpp(er)ep((lull) + mlddT)

<zfe( [ i Menenenluldr) + o, | e ximmcar)

_ll, Ry
- 2 2
< Ry.

Similarly, we can verify that ||Tax,uz2llo < R4. This indicates that
[Tl < Ry, (3.19)

and hence
i(Tx, Kor,, Ko) = 1. (3.20)
We define

R .
ue Kyt = {u € Ko : ||ul]| < Ra, te[{%g/m{u(t),uz(t)} > l}.

So, for u € [_(5‘4 = {u € Ko : ||lul| < Ry, mingep /6,576 {wt), ua(t)} > Z}, it follows from (3.19))
that | Thul| < Ry4. Secondly, for every u € K5i*, we derive

i t Hy >
te[{%g/ﬁ]{w ), ua(t)} > 1,

so from ([3.16) it follows that

1 s
win, i) = min [ o5 [ oro)m™ i ) () ar ) ds

r€l5, 3 T€lg.5

Iin_ *
= ésﬁq((é)N "Ajoim) =1

Similarly, we prove min, ¢(1 s Tox,u2(r) > I. So that

15
6’6

min ]{Tulul(r),Tgkqu(r)} > .

r€[1/6,5/6
Let
B _(l+ Ry I+ Ry
uo—(um,uzo):( 5 3 ),
U(t,u) = (1 — t)Thu + tuy,
where

U(t,u) = (Uy(t,u1), Us(t, ug)),
Ul(t,ul) = (1 — t)Tl)\l + tuq0,
Ug(t,UQ) = (1 — t)TQ)\2 + tugg.

Then U : J x K£4 — K is completely continuous. So it follows from the analysis above that
Ut,u) € Kji* for (t,u) € J x Ki*.
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So, fort € J and u € 8K£‘4, we have U(t,u) # u. Therefore, from the normality property and

the homotopy invariance property of the fixed point index it follows that
i(Th, K, Ko) = i(ug, KG*, Ko) = 1. (3.21)
From the solution property of the fixed point index it follows that T admits a fixed point uf\l) SO
that ug\l) € KJi*, and
W) gy — Q) : CONNEY
max uy (t) = r{leaj({u1/\17u2)\2} > te[{r/lé%/ﬁ]{ul)\l’UZAQ} >1>D.

Moreover, by (3.17)), (3.20]), (3.21) and the additivity of the fixed point index, we derive

i(Tx, Kor, \(Kor, U K*), Ko) = i(Th, Kor,, Ko) — i(Tx, Ki*, Ko) — i(T, Kogy, Ko) =1-1—1=—1,

From the solution property of the fixed point index it follows that T admits a fixed point ug\2) SO
that uE\Q) € Kor,\(Kor, U K¢*) and ug\l) # ug\Q). O

Proof of Theorem[I.6 Part (a). Suppose that uy € K is a positive solution to (1.4). Then for
every r € [0,1), we have u;y, > 0 for i € {1,2}. Next, we show that this will lead to a contradiction
for

gp+N—2 6atN—-2
AL > A= or Ao >N\ =
! SU 2o §am
Since Thu(r) = u(r) for A\; > A and r € J, it yields from (1.6)), (3.4) and (3.5)) that
[uin, lo = [[T1x, wan, [lo
1 s
1
= mea}</ ©q (stl/ g1 (T)TN_l/\lfl (ul,\1 (7), ua2x, (T))dT) ds
T r 0

1 s
. 1 _
ity | PG [ O R ) )i )

1 5/6
2/5/6%(8]\,11 /1/6 91(7')7'N_1)\1f1(U1,\1(T)7U2A2(7'))d7)d3
11 5/6
2 e (@ e[ e uibar)
1 1 5/6
> el el ([ o)
1

1 — Kok
= seal (@ TNTEm)ul

= [ul.

Similarly, one can verify that ||uzx,|lo > |[u/l. This is a contradiction.
Part (b). Assume that uy € K is a positive solution of (1.4]). Then for each r € [0,1), we have
ugx; > 0 for i € {1,2}. Next we show that this will lead to a contradiction to

1
0< A\ <\ = and 0 < dg < \5** = .
PR T 2T G

Because Thu(r) = u(r) for 0 < A; < AF** and r € J, it follows from (1.7), (3.4) and (3.5) that

[wix, llo = |71, w1, [lo

1 s
:max/r %(SN%/O gl(T)TNilAlfl(ul)\l(T),UQ)\Q(T))dT)dS

reJ

< /01 ‘Pq(/ol 91(7))\1f1(u1,\1(7')7u2,\2(7'))d7')ds
< ‘Pq()‘l)@q(/ol gl(T)ClSﬂp(HUH)dT)
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< a0l [ o)

= pg(AT"Com) [[ul]
= [ull

Similarly, one can verify that ||uzx,|lo < ||[u||. So we derive ||u|| < ||u||. This is a contradiction. O

Remark 3.2. It would be very interesting to analyze the existence of infinitely many positive
solutions to (|1.4]) by using topological approaches, but we can not give a demonstration right now.
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