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ILL-POSEDNESS FOR KELVIN-HELMHOLTZ PROBLEMS OF
COMPRESSIBLE EULER FLUIDS WITH A RADIATION FIELD

JIAKAI MA, BINQIANG XIE

ABSTRACT. We prove the nonlinear ill-posedness of Kelvin-Helmholtz problems for compressible
Euler fluids with a radiation field. For this we assume that the magnitude of the Mach number
is between some small enough constant eg and /2(1 + £) in which ¢ is the radiation parameter.

1. INTRODUCTION

1.1. Eulerian formulation. The Kelvin-Helmholtz (KH) instability is a fundamental fluid phe-
nomenon that occurs when two adjacent layers of a fluid (or plasma) are in relative motion, such
as in shear flows [I3] [I4]. It plays a crucial role in various astrophysical systems, including the
stability of the interface between the solar wind and the magnetosphere [8, [12] 22], interaction
between adjacent streams of different velocities in the solar wind [28] and the dynamic structure
of cometary tails [10].

While early studies focused on the effects of compressibility and magnetic fields, recent analyt-
ical work has extended the classical linear theory to include the dynamical role of a radiation field
[23, 24]. In many high-energy astrophysical environments-such as radiation-dominated accretion
disks around black holes, H II regions around massive stars (e.g., the Trapezium cluster in the
Orion nebula), and galactic outflows-radiation pressure can be comparable to or even exceed gas
pressure.

The presence of a dynamically important radiation field generally enhances the growth rate of
KH instability. Because the total effective pressure (gas + radiation) increases, leading to a higher
effective sound speed and thus reduced compressibility of the system.

In this paper, we will give a rigorous confirmation that a radiation field has a destabilizing
effect on the Kelvin-Helmholtz instability. More specifically, we examine two distinct, inviscid,
compressible, and immiscible fluids that evolve within the domain R? for all time ¢ > 0. These
two fluids are separated by a moving free interface I'(¢), and this interface partitions the plane
R? into two time-varying, disjoint open subsets QF(¢), such that R? = Q*(¢) U Q~(t) UT(t) and
I'(t) = Q@) NQ(t). The fluid residing in Q7 (¢) is denoted as the upper fluid, while the fluid
occupying Q7 (t) is referred to as the lower fluid. Both fluids exhibit sufficient smoothness to
satisfy the system of compressible Euler equations with a radiation field:

opT + div(pTut) =0,
o (pTu®) + div(pTu® @ ut) + Vpt =0,

OE* +uF  VE* + (B + p*)dive® = — div F*, (1.1)
+_ ¢ +
== Snp Ve,
where u* = (uf, uf) denotes the velocity field corresponding to the two fluids, and p* represents

the density of these two fluids. The pressure p* can be decomposed into p* = p;t + pif, where p;t
and pri stand for the gas pressure and radiation pressure, respectively. The total internal energy
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T
index of the gas. In addition, F* refers to the radiative flux in which & is the mean opacity of
the gas within the interface layer and c is the speed of light. For the sake of simplification, the
diffusion effect of radiation is ignored. The sound speed c; in the fluid is defined through the

following relation:
cs = /Dy Vp>0. (1.2)

In the process of investigating the existence of weak solutions for by the Rankine-Hugoniot
jump relations associated with the hyperbolic system of equations, a conventional presumption is
that both the pressure and the normal component of the velocity ought to be continuous across
the free boundary I'(¢) = {z2 = f(¢,x1)}. In this context, the function f that characterizes the
discontinuity front constitutes a component of the unknown quantities in the problem, namely,
this is a free boundary problem. Consequently, such piecewise smooth solutions are required to
satisfy the subsequent boundary conditions on I'(t):

oOf=v"-n=u"-n, pr+pt=p, +p;, onT(t), (1.3)

is defined as E+ = e;t + €, in which egi = pgjE (y — 1), eX = 3pF, and v denotes the adiabatic

in which n = (=03, f,1) denotes the normal vector corresponding to I'(%).

To fulfill the formulation of the problem, it is necessary to define initial conditions. We introduce
the initial interface I'g, which generates the open sets Qg; on these sets, we define the initial density
and velocity field as p*(0,z) = pT(z) : QF — RT and u*(0,z) = uT (z) : QF — R, respectively.

1.2. Rectilinear solution. It is straightforward to observe that the system (L.1)-([L.3) possesses
a rectilinear solution U = (f, p*,a*,) which is defined as follows, with the interface specified by
{z = 0} for all t > 0. Consequently, @t = QF(t) =R x (0,00) and Q= = Q™ (t) = R x (—00,0)

hold for all ¢ > 0. In more detail, the front is planar, that is, f = 0. To ensure that the constant
density pT satisfies the jump condition (1.3)), it is necessary to impose that

pt=p"=p (1.4)
in which p denotes a positive constant. It can also be observed that the upper fluid travels in the

horizontal direction with a certain constant velocity, while the lower fluid moves with the same
constant velocity in the reverse direction; that is, the constant velocity field a* takes the form

_+ >
a0 2220, (1.5)
(1_1,1 70) zy <0,

in which the constants @}, %, satisfy

1.3. New reformulation. The analysis conducted in this paper is based on the rephrasing of
problem (L.1)-(1.3]) within new coordinate systems. To start with, we introduce the fixed domains
Ot as

Ot ={zeR’:2,>0}, Q :={zeR®:2,<0}. (1.7)
Define the fixed boundary I" as

I:= {I‘ERZZLL'Q:O}.
To convert our free boundary problem into the fixed domain QF, we adopt a variable transfor-
mation over the entire space that maps QF back to the original domains Q% (¢) via (¢, 21, 22)
(t, 1,22+ 9(t, z)). We establish such a ¢ by means of multiplying the front f by a smooth cut-off
function that depends on xs:
T2

1/1(25,581,:62) = G(W

in which 6 € C°(R) denotes a smooth cut-off function satisfying 0 < ¢ < 1, #(x2) = 1 when
|zo] < 1, 8(x2) = 0 for |z > 3, and |020(x2)| < 1 for all x5 € R, with J; = 0/0x; denoted as
such. We further assume that

Jf(t,21),  a=|follLe(m) (1.8)

[ follLeom) < 1. (1.9)
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Moreover, we have
P(t,x1,0) = f(t,z1),
Dotp(t,1,0) =0,
|021p| < ﬁ” |
Next we present a change of variable that converts the free boundary problem into the
fixed domain QF.

(1.10)

Lemma 1.1. Define the function
U(t,z) := (1,22 + (¢t ), (t,z)€[0,T] x Q. (1.11)

Subsequently, V : (z1,72) = (z1,22 +(t,x)) serves as a diffeomorphism transformation from
QF to QF(t) for all t € [0,T]. Specifically, we emphasize that ¥|i—o : QF s QF(0) constitutes a
diffeomorphism transformation.

satisfying supjo 7y [|f[l L~ < 2, and the free interface remains a graph during the time interval[0, T
and

Proof. Given that ||folr=@®) < 1, it can be demonstrated that there exists a certain 7" > 0

1 1

82\112(t71') =1 +821/)(t, (E) >1- g X 2= g,
which guarantee that W : (¢,z1,22) — (¢, 21,22 + ¥(¢,x)) are diffeomorphism of Q for all ¢ €
[0, 7. O

We adopt the following operator notation

A=[DU] = <_311¢/J 1?J> ’

and J = det[D¥] = 1 + 029p. At this point, we can convert the free boundary problem ([1.1))-(1.3))
into a problem within the fixed domain Q* by the map ¥ defined in Lemma Let us set

vE(t @) = uT (8 U(t x)), ot (L x) = pT (L, U(t, x)),
Q;: (ta ‘T) = p_f;t (tﬂ \Il(tv I))? q;t (ta ‘T) = p7:!: (tﬂ \Il(tv I))

Throughout the remainder of this paper, an equation defined on €2 indicates that the equation

holds in both QF and Q. For the sake of convenience, we unify the notation by employing o, v,
dg> qr, h to denote ot vt ¢F, qfﬁ h*, except when it is necessary to distinguish between the two.
Subsequently, the system (|1.1]) and the boundary conditions ((1.3)) can be re-expressed on the fixed

reference domain QF as

(1.12)

Sc

Oeag + (- V)gg + 0c2(ATV) -0 =0 inQ,
p(Opv + (8- V)v) + ATV (gg +¢-) =0 in Q,

1
ear + (0~ Var + 5(gg + 4,)(ATV) - v =0 inQ,

O:f =v-n onl, (1.13)
[v-n]=0, [gg+¢]=0, onT,
Vjt=0 = V0, Grit=0 = Gro> glt=0 = qg, 10§}
fit=o=1fo onT,
where we define
0= Av — (0,00 J) = (v1, (v-n = 0pp)/J),
and [h] = h*|r — h™|r denotes the jump of a physical quantity h across the interface T
The initial data are assumed to satisfy
4 + a4 =ag + ar,vg o =15 -ngon L. (1.14)

Notice that
J=1, 9,=0 onl. (1.15)
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Given that our study focuses on Kelvin-Helmholtz instability, the instability phenomenon ini-
tially occurs on the boundary as a result of the discontinuity in the tangential velocity across the
boundary. To illustrate this point, we intend to derive a second-order evolution equation for the
front f on the fixed boundary I'. By utilizing the momentum equation associated with , we
infer that the following equation on the boundary I' holds

3t2f:8tv+'n+v+~8tn

1
=—((@" -Vt + QjATV(q; +¢5)-n—v" - (0:0:f,0)

1
= 0O’ = S ATV(g] +4) n - v 010, f

(1.16)
=vfomn - vt —ovf 0, f + A%ATV(q;]|r +qf) n—vlnof
= 2 00f = ATV +f) = (o]POR1.
Likewise, we deduce an evolution equation for the front f from the negative component:
02 f = —2v 010 f — Qi_ATV(qg‘ +¢7 ) n—(v))?0f onT. (1.17)
Consequently, we sum the “+” equation and the “ —" equation to obtain
OF + (o +07)0101] + (=AY (a5 +aF) -t = ATV (g + ) ) s
P+ (DDA =0 onT) |

1.4. Wave equation for ¢, and ¢,. Applying the operator d; + ¥ - V to the first equation of
(T.13) and the operator ATV- to the second equation yields
(0r +0-V)2qy + (0, + - V) (02 (ATV) -v) =0,

(ATV) - (0c2(By + 0 - Vv + A(ATV) - (4 + q,) = 0. (1.19)

Subsequently, we compute the difference between the two equations in (|1.19)) so as to derive a
wave-type equation,

(0 + - V)2q, — (ATV) - (FATV (g, +4,)) = F. (1.20)

where the term F = —oc2[0; + 9V, ATV -Jv — (ATV) - (0c?)(0; + 9V )v — (0; + 9 - V) (0c?) (AT V) -v
serves as a lower-order term in the second-order differential equation corresponding to g4 + g
Based on the boundary conditions specified in ([1.13]), we have already ascertained that

lgg + ¢ =0onT. (1.21)

To determine the value of h, we introduce an additional condition that involves the normal
derivatives of h on the boundary I'. Specifically, by computing the difference between the two
equations (1.16)) and ([1.17)), we are able to acquire the jump of %(ATV)(qg +qr) - n,

1
[E(ATV)(qg +qr) 0] = [-201010; f — (11)*37 f] on T. (1.22)

Integrating , and yields a nonlinear system corresponding to h,
(9 + - V)%qy — (ATV) - (2(ATV) (g +4,) = F i,

lg9+a]=0 onT, (1.23)

ATy + @) 1] = [20:010:f — ()0 f] onT.
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1.5. Previous results. Significant progress has been made regarding the well-posedness of so-
lutions for the Kelvin-Helmholtz problem in ideal fluids. The Kelvin-Helmholtz instability con-
figuration is also referred to in the literature as “vortex sheets”, since the vorticity distribution
is described by a dé-function supported on a discontinuity in the velocity field at the sheet lo-
cation. In the pioneering works Coulombel [5] and Secchi [6] proved the nonlinear stability of
vortex sheets for ideal compressible flows using microlocal analysis and the Nash-Moser method.
Subsequently, Morando, Trebeschi, and Wang [I8] [19] extended this result to two-dimensional
ideal non-isentropic compressible flows. The method developed in [5] was also employed to study
two-dimensional magnetohydrodynamics (MHD) flows; a necessary and sufficient condition for
the linear stability of rectilinear vortex sheets was obtained by Wang and Yu [32]. Moreover, for
three-dimensional compressible MHD flows, Trakhinin [30] BI] and Chen-Wang [I] adopted a dif-
ferent symmetrization approach to prove the linear and nonlinear stability of compressible vortex
sheets. These results indicate the stabilizing effect of magnetic fields on current-vortex sheets.

On the other hand, the stabilizing effect of magnetic fields on current-vortex sheets has also been
demonstrated in the incompressible case. Under the Syrovatskij stability condition [26], Morando,
Trakhinin, and Trebeschi [I7] proved an a priori estimate with a loss of three derivatives for the
linearized system. Trakhinin [31] established an a priori estimate without loss of derivatives from
the data for the linearized system with variable coefficients under a strong stability condition.
In a recent work [7], Coulombel, Morando, Secchi, and Trebeschi proved an a priori estimate
without loss of derivatives for the nonlinear current-vortex sheet problem under the strong stability
condition. Nonlinear stability of the incompressible current-vortex sheet problem was proved by
Sun, Wang, and Zhang under the Syrovatskij stability condition in [29]. For vortex sheets in elastic
flows, Chen, Hu, and Wang (2], [3]) showed that strong elasticity can inhibit Kelvin-Helmholtz
instability. Furthermore, Chen, Huang, Wang, and Yuan proved the stabilizing effect of elasticity
on three-dimensional compressible vortex sheets in [4].

Meanwhile, progress has also been made on the ill-posedness of solutions for the Kelvin-
Helmholtz problem in ideal fluids. For the Kelvin-Helmholtz instability in incompressible Euler
flows, Ebin in [9] proved the linear and nonlinear ill-posedness of the well-known Kelvin-Helmholtz
problem. Recently, we proved the linear and nonlinear ill-posedness of the Kelvin-Helmholtz prob-
lem for incompressible MHD fluids under conditions that violate the Syrovatskij stability condition
[35], [37]. We also prove the ill-posedness of the Kelvin-Helmholtz problem for three-dimensional
in compressible elastodynamic fluids where the destabilizing effect of velocity shear dominates the
stabilizing influence of the elastic force [36].

For the Kelvin-Helmholtz instability in compressible Euler flows, it has been well established
since Landau [I5] that the instability is suppressed in compressible supersonic flows. Through
normal mode analysis, it was further shown in [II] and [2I] that the linear Kelvin-Helmholtz

o+
instability can be inhibited when the Mach number M := h;—ll > /2, while the solutions of the

linear equation are violently unstable when M < /2. In our work [38], we proved that the ill-
posedness of the Kelvin-Helmholtz problem for nonlinear Euler fluids exhibits the same behavior
as its linearized counterparts in [IT, 21] under the condition ¢ < M < /2 — ¢y, where € is a
small but fixed constant. Recently, we also showed that weak magnetic fields and elasticity have
a destabilizing effect on the Kelvin-Helmholtz instability [39), 40} 4T].

1.6. Definitions and terminology. Prior to presenting the core conclusion, we introduce the
notation that will be utilized tin this paper. C' > 0 will stand for a general constant which may
rely on the parameters of the problem, yet is independent of the data and other relevant quantities.
We term such constants “universal constants”. These constants are permitted to vary from one
inequality to another. We will adopt the notation a < b to indicate that a < Cb for a universal
constant C' > 0. Additionally, the notation a = b signifies a > Cb. In the meantime, we will
employ R to represent the real part of a complex number or a complex function.

Given that we investigate two mutually disjoint fluids, for a function 1 defined on 2, we denote
14+ as the restriction of ¥ to Q4 and v _ as the restriction of ¢ to Q2_. For every j € R, we define
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the piecewise Sobolev space as follows:
HY(Q) = {y[y" € HI(QF), ¢~ € H(Q7)}, (1.24)

endowed with the norm ||¢[3,, = ||1/J+||H] o+ T ||1/)’||2Hj(ﬂ,). The conventional Sobolev norm
9113 (=) 18 furnished with the norm

112 e = Z / (14 K272 (050 (k, 22) [Pdidrs
RxI4

Sj (1.25)

- / (1+ k2= 050 (8, )21,
0

s=

in which I_ = (—00,0) and I, = (0,00), and ¥ denotes the Fourier transform corresponding to 1
by means of
b(k) = / Ye Ry (1.26)
R
for a function v defined on I', we introduce the standard Sobolev space through
[l = [ (1 + KPPk, (127

To simplify the notation, for j > 0 we introduce
1(fsdg> @r, 0) Ol s = I1f Ol s 0y + llag Ol 23 ) + llar Ol i) + 0O 15 () (1.28)

1.7. Main result. This paper is dedicated to establishing the ill-posedness of the Kelvin-Helmholtz
problem for the compressible Euler system with a radiation field under the destabilizing influence
of velocity shear that violates the supersonic stability condition:

_ o]
0 <M= == </2(14¢), (1.29)
Cs
in which ¢y denotes a small yet fixed constant, ¢, := p’g(ﬁ) and ¢ is the radiation parameter

which is defined in (2.14]).

Definition 1.2. We say that the perturbed problem (5.6]) possesses property EE(k) for a certain
k > 3 if there exist d,%9,C' > 0 as well as a function F : [0,d) — R™ that satisfies F'(z) < Cz for
all z € [0,4), such that for any initial data (fo, ho,Tp) fulfilling

||f07qg,07(j7“,0750”Hk < 6; (130)

there exist a unique solution ( 1, dg,Gr,0) to the perturbed problem (5.6) with the initial data
(f,dgsGr,9)]t=0 = (f0,dg.,0, Gr,0, Vo), and the following inequality holds

sup [, dg, @ &) ()l s < F (| (fo, g0, Gr,0,T0) | 1#)- (1.31)
0<t<to
Theorem 1.3. Assume that the initial data satisfy conditions (1.9) and (1.14); furthermore,
suppose that the rectilinear solution satisfies the instability condition (1.29). Then the perturbed
problem (5.6)) fails to possess property EE(k) in accordance with Definition .

The remainder of this paper is structured as follows. In Section 2, we obtain a linearized system
within a new coordinate and construct a growing solution for this linear system. In Section 3,
we conduct an analysis on the roots of the symbol associated with the linearized system for the
Kelvin-Helmholtz problem in two-dimensional Euler fluids with a radiation field, and determine
the instability condition that the rectilinear solutions are required to satisfy. Sections 4 and 5
are dedicated to establishing the linear and nonlinear ill-posedness, respectively, of the Kelvin-
Helmholtz problem for Euler fluids with a radiation field.
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2. LINEARIZED EQUATIONS IN NEW COORDINATES

In the current section, we examine a linearized system within the new coordinate system and
aim to establish a growing normal mode solution for this linearized system. By performing the
Fourier transform on the linearized system and solving the linear equation associated with 3,
we ultimately deduce a second-order ordinary differential equation for § and obtain the symbol
corresponding to §. Through analyzing the symbol of §, we derive the instability criterion for the
linear system of the Kelvin-Helmholtz problem involving compressible Euler fluids with radiation
field.

2.1. Construction of a growing solution of the linearized system. It can be easily verified
that the particular solution in Euler coordinates is also a particular solution within the new
coordinate system, such that

’D;t — ’ljti — (/17?—7 0) To > 07 (21)
(ﬁl_a 0) T2 < 07
with o = —o; and
@* =0 =0 (2.2)

At this stage, we examine a linearized equation with constant coefficients, which is derived by
linearizing the equation around the constant velocity 7+ = (@f[, 0), constant pressure cjg‘ +
ar = d, + @, , and flat interface T' = {zy = 0} (i.e, f = 0), where the outer normal vector
i = (0,1) := ea. The linearized equations obtained in this manner are

Orqq + 0101494 + oc2dive =0, inQ,

@(&v + '[7181’0) + V(QQ + (]r) = 0, in Q,
(2.3)

1
Ovqr + 01014, + g((jg +4¢.)V-v=0 in Q,

6tf = U2 — 6181]", on I'.

To linearize the jump conditions contained in (1.13)), we set v = v + 0 and n = ey + 71, and then
linearize the original boundary condition [v-n] = 0 in the following manner:

[(T40) - (ea+n)]=1[0-ea] +[0-7]+[0-7] =0,

in which 7 = (=9 f,0). Obviously, the third term corresponds to a nonlinear term, from which it
can be deduced that

[0-es) = —[0-7) = 20, 0, f.
Accordingly, the jump conditions imposed on the boundary may be subjected to linearization to
form

(g9 +qr] =0, [v-e2] =2070;f (2.4)

By carrying out linearization on the evolution equation ([1.18]) around the rectilinear solution,
we derive a linearized equation associated with the front f

1 L
Of + (07 )20 f + ;@82@; +¢"+q; +q7)=0 onl. (2.5)

Meanwhile, by conducting linearization on the nonlinear wave equations with boundary values
(1.23)), we derive the linear system associated with the pressure h as follows

(0 +0101)%qy — 22 A(gy + ) =0 in Q,

¢ +¢]=0 onT, (2.6)

1
[582(% +¢)] = 7451~_816tf on I'.

Considering that we aim to construct a solution for the linear system (2.3)-(2.6) that has an
increasing H* norm for any k, in other words, we assume that the solution adopts the normal
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mode form
q(t, 1, w2) = eMs(w1,m2), (L, w1, 20) = Mt(a1, 32),
o(t,my,a0) = Mw(ay, m), [t x1) = eMg(x).
In the current setting, we assume that A = 7 + id € C\{0} remains uniform on both the upper
and lower interfaces. A solution that satisfies the condition R(A) > 0 is correlated with a growing

mode. After substituting the ansatz (2.7) into (2.3)-(2.6), we deduce that
s + 01015+ pcdivw =0 in §,
0(Aw+1;01w) +V(s+t) =0 in Q,

(2.7)

_ Lo : (2.8)
M+ U101t + g(qg +4g.)divw =0 in Q,
Ag = wy — 01019, [w-ex] =20{019, [s+t=0 onT,
and )
Mg+ (v])%0%g + ?82(s+ +tt 45 +t7)=0 onT, (2.9)
p
and
A+ 70101)%s —EA(s+1) =0 inQ,
[s+t =0 onT, (2.10)

%az(s +4)] = —457Adg onT.

2.2. Formula for 9,5" + 9,5~. We conduct the horizontal Fourier transform on the equations

[2.9), (2.9) and (2.10), and deduce the expression of 925" + 925~ on I'; afterwards, we substitute

this expression into (2.9)), thus acquiring a second-order equation for g that is not coupled with
any other physical quantities. First of all, we define the Fourier transforms of s,t and g,w as
follows:

§(k7m2):/s(ajl,xg)e_mlkdxl, f(k,xg):/t(:vl,xg)e_i“kdml,
R R

gk, x9) = /]Rg(scl,xg)e_mlkdxl, w(k,xq) = Aw(xl,xg)e_ixlkd$1.
Computing the Fourier transform on the equations , , with respect to the
horizontal variable x; gives rise to
(A + i1 k)8 + o2 (ikiby + Dgtip) = 0 in €,
o\ + 01 k)W) +ik(5+1) =0 in Q,
oA + iU k)Wy + 02(5+1) =0 inQ, (2.11)
(A +iv1 k)t + %(zjg + 44, ) (ikiby + O21da) =0 in Q,
A+ i01k)§ = g, [io] = 2i01kg, [§+1 =0 onT,
and
Mg — (7)K% + 2%@(3* +tT+5 +4)=0 onT, (2.12)

and
(N +iv1k)?8 + k(3 + 1) — c203(5+1) =0 in Q,

1 .
[582(§ +1)] = —4iv; kNG onT.

On the basis of the first equation and the fourth equation in (2.11}), we can deduce the rela-
tionship between the gas pressure § and the radiation pressure

t=103, 0:=(14+44,/q,)/3. (2.14)
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In the current setting, we assume that the radiation pressure is lower than the gas pressure, which
implies % </< % Afterwards, we substitute this relationship (2 into and - SO as

to obtain
1 + l

Mg — (07)%K%g + 32( 37 )=0on T, (2.15)

and
(A +iv1k)%8 + (1 4+ 0)Ek*h — (1 +0)E2055 =0 in Q,
[5]=0 onT,

(2.16)
147
[— il 98] = —4ivfAkg onT.
By solving this system, we deduce that
g4w1 kXG #+ﬂ72 2o > 0
2 YU,
5k, 2g) = { (HOGTTITC (2.17)
g4w1 kAG 6‘“’ T2 g < ()
A+0(pF+p) 2 J
.
in which p* = % + k2 serve as the roots of the equation
1+ 02 X? — (A +ivf k) — (14 0)c2k* = 0. 2.18
s 1 s
In the current setting, we notice that SRu* > 0 on the condition that SR\ > 0.
By direct computations, taking into account (2.17)), we arrive at
1 + / o N
——— (028" + 0287) = —div) Nkg——— e (2.19)

Finally, by substituting (2.19) into (2.15]), we acquire a second-order differential equation associ-
ated with g,

P 2k% —2i k)\i_ g=0 onT, 2.20

( (o) 17 e )G o (2.20)
in which the symbol associated with (| is deﬁned as

Y= A% — (01)%k? - 2iv k)\i 2.21

(o77)? 0] e (2.21)

3. ANALYSIS OF THE SYMBOL X

In this section, we analyze the symbol (2.21]) constructed in line with Morando-Secchi-Trebeschi
[20]. First of all, we introduce a set of “frequencies”

Z={(\k)€CxR:RA>0,(\Fk) % (0,0)}. (3.1)

As we have already stated 9u* > 0 at all points where 8\ > 0. It can be deduced that
R(pt + p~) > 0 and consequently u™ + u~ # 0 at all such points. On the basis of , the
notation ¥ is defined at points (A, k) € Z. We also need to determine whether the difference
uT — p~ vanishes in the subsequent lemma.

Lemma 3.1. Let (A k) € Z. Then p* = u~ if and only if (A, k) = (A,0).

Proof. On the basis of (2.18)), it can be inferred that (u7)? = (u~)? if and only if k =0 or A = 0.
Given that (A, k) € Z, only the case of kK = 0 requires investigation. When k = 0, it can be

deduced that pt = p= = ﬁ O

Next we shall analyze the roots of the symbol (2.21]) under the instability scenario.

Lemma 3.2. Let (A k) denote the symbol defined in , where (\, k) € E. Provided that
|0 | < \/2(1 + £)és, then (X, k) = 0 if and only if

A= Xk, (3.2)
where X2 = \/A(1 + 0)e20? + (1 + £)2¢2 — (v7)2 — (1 + €)c2 > 0.
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Proof. From the definition of ¥ and Lemma we can confirming that X(\,0) = A\ # 0 for
(A, 0) € E. Similarly, it is straightforward to verify that (X, k) = £(\, —k). Hence, without any
loss of generality, we suppose that A # 0, k # 0 and k > 0; besides, on the ground of Lemma [3.1}
we can deduce that u™ — u~ # 0. For this purpose, we perform the computation

gt (pt-pm) (1 +0e(Et —an)? (3.3)
pt+pm (ph)?2—(a0)? 400} kA ’ '
)\2 (1_1+)2]€2
topT)P=2 ! +k* — . 3.4
(" =) ((1+€) 1102 whno) (34)
Hence, we can deduce that
pr—pm N = (@0 k) (O (k - ptuT) (3.5)
pt+ps 207 kA ’ '
and by substituting the formula (3.5) into (2.20)), we are able to rewrite it as
1+0(utp” —k*)g=0onT, (3.6)
the symbol ¥ may be rewritten as
S=(1+0e(utp — k). (3.7)
Let us define ™~ — k% = 0 and introduce the relevant quantities:
A ut
X==, piF=—. 3.8
o = (3.8)
For this reason, we can infer that
it =1, (3.9)
(aH)*()* =1. (3.10)
From the formula for the roots p*, it can be deduced that
=2
I LS L7 3.11
() = g+ (3.11)
i=+)2
-2 (X —iv))
=—+1 3.12
= rpa L (3.12)
hence by substituting (3.11)) and (3.12)) into (|3.10|) we obtain
(X 40 )2 + (L+ D)X —i5])? + (1 + O] = (1+ 0%, (3.13)
which gives rise to a quadratic equation with respect to X2:
X4 2((07)2 + (1 4+ 0)X? + (57)* — 2(1 + )& (v77)? = 0. (3.14)
By applying the quadratic root formula, the two roots of the equation (3.14) are
X2=—(07)2 = (1+¢) 52+\/4 1+ )20} + (1 + 0)%c2, (3.15)
X3 = ()7 — (1+ 02 — /A1 + 020 + (1 + )%, (3.16)

We assert that the points (A, k) € & satlsfylng A = £ X,k are not the roots of u™p~ = k2. Without
loss of generality, we may assume that Y5 is positive. On the basis of (3.16]), we infer that

ngiYg,Ygz\/(vl) + (149 02—1—\/14—6 284 4+ 4(1 + £)E2(v] )2, (3.17)
Then we infer that Yz & o > /1 + (¢,. From 1) and , we deduce that
Y2+U1) S (Yéiﬁr)Q,
(1+20)c2
from which we can conclude that [ﬁ/f = 1 does not hold. Similarly, we may demonstrate that

the point (A, k) € ¥ satisfying A\ = — X5k is not a root of u*u~ = k2. On the other hand, on the
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ground of , we can conclude that A = ¢Y5k is an imaginary root, which thereby implies that
R\ =0 and (£Xok, k) € E.

Now we concentrate on the root X7. If o < /2(1+ ()¢, on the basis of (3.15)), we can
conclude that X? is positive, from which it follows that A = £X;k are real-valued. The point
(—X1k, k) € E, so we discard this point and only investigate the root A = +X1k. By utilizing the
fact that the square roots of the complex number a + ib are

i{,/rg“ﬂsign(b),/%}, r=la+ib|, (3.18)

in our research scenario, we may calculate

r+a L Ir—a _ r+a L Ir—a
,u+=\/ 5 —H\/ 5 K :\/ 5 —Z\/ 5 (3.19)

XP - (@ )+ 01+0 2X107 5,
a = ]C b = 5
(1+4)e2 (1+0)e2
such that utp~ = r > 0, consequently we can deduce that under the condition of v, <
V2(1 + £)¢s, the root of the symbol 3 is the point (+X;1k, k). To sum up, we are able to ob-

tain a root (A, k) satisfying /A > 0, which corresponds to an unstable solution. O

where

(3.20)

4. ILL-POSEDNESS OF SOLUTIONS TO THE LINEAR PROBLEM

4.1. Uniqueness for the linearized equations ([2.3))-(2.4)). First, we establish a uniqueness
conclusion for the linearized equations (2.3])-(2.4).

Lemma 4.1. Let f,qq,qr,v denote a solution to the linearized equations (2.3)-(2.4) subject to the
initial condition (f,qg,qr,v)|t=0 = 0. It then follows that (f,qq,qr,v) = 0.

Proof. Taking the standard inner product of the first, second and third equations in (2.3) with
qf,vt, ¢ and integrating over Q%, we obtain

1 1
,a + / v a / + le ’U+ — 0’ 41
2 t/@+ §_2| *+ 2 Jor 1(——2|qg| ) + Q+qg (4.1)
1 1
,6t/ @|v+|2—|—f/ o o (oo™ ?) + V(Q;—Fqﬂ_)v'*':()? (4.2)
2 Ja+ 2 Jao+ o
) 7+2+7/ 87+2+/ T divot =0, i3
2t/Q qg+47+|r| 9 Q+U1 1( +4,+|r|) Q+q7 Vv ( )

The second terms on the left-hand side of (4.1]), (4.2) and (4.3)) vanish; therefore, by summing up
(4.1), (4.2) and (4.3)) and conducting integration by parts, we can obtain

1 1 3
=0, + —_ / r ot - es. 4.4
30 | Gl o P ety = 6 v art e (4.4

An analogous conclusion holds true on Q_ with the opposite sign appearing on the right-hand

Slde7
26t/ (__Q‘QQ | é‘v ‘ —+ ]7+|q7 | ) /(qq q’l )U € (15)
Q ' QQ q I |

Summing (4.4) and . leads to

1 1 3

) —ql? + oo + —>—g.

300 | (gl + ol + )

- / (g5 + )0~ ca] =2 / (49 + 4,)5F 01 f.
N T

Furthermore, by multiplying the third equation in (2.3)) by f, we can obtain

%8t/r|f|2:/rv2f. (4.7)
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Summing (4.6) and (4.7) and applying the Holder inequality yields

1 1
20y [ (=gl + alv]? o2 + a/ 2
D) t/g)(é_)Ez'qgl Q|U| a0 4_ |q |f|

= Q/F(Qg +(Ir)5fr81f+/rvzf (4.8)

< 2007 |(lagllzzcry + lgrll 2 0L fll L2y + vzl 2y 1l 2y == J.

To preclude the loss of derivatives, we assume that the solutions are band-limited with a radius
of R > 0, that is to say, that

LU supp(If ()] + 1 (- w2)[ + |- w2)| + [0, 22)]) < B(O, R).
Furthermore, we present an anisotropic trace estimate in [33, Lemma B.1]:
[0l172) < CUI7- Vol L2 ()19l 22 () + 1017 2(0)s (4.9)

where |8 = 0] > e9v/1 + £¢, > 0. At this point, we carry out an estimation of .J in the following
manner:

T S (155 0vg 2o llagll 20y + lagll 2021k F Il 2y
+ (157 0varll 2@ lar 22 @) + llarllF2 (o) Ik il 2y
+ (51 dvvz |l L2 @ llva 220y + 021172 ()) 211 Fll 2y (4.10)
S (@ R+ 1)R||QQ||L2(Q))1/2||fHL2(F) (o7 R+ )RHQr||2L2(Q))1/2||f||L2(1‘)
+ (@0 R+ Dvall720) 21 £l 2y

Substituting into and using Gronwall’s inequality, we obtain that for ay arbitrary R,

1172y + 19911720y + lar T2y + 01172 ()
< C(Hf0||2L2(r) + ||ng||2L2(Q) + ||Qro||2L2(Q) + ||U0||2Lz(9))-

in which C' depends on R From this, we infer that if (f, gq, gr,v)|t=0 = 0, then it can be concluded
(qugaQT7v) =0. g

4.2. Discontinuous dependence on the initial data. From Lemma and (3.15)), if 0 <
|| < /2(1 +£)¢s, we can deduce that X? is positive, from which it can be concluded that
A = X1k are real. Furthermore, we deduce that the equation (2.5) is reduced to

0P f + KOTf =0, (4.12)

in which A must be positive when 0 < |v]| < /2(1 + ). To begin with, we assert that the
equation ([2.5) is essentially in the form of (4.12] - As a matter of fact, substituting f = e*g into
the equation ([4.12), we can obtain A\2g + k07g = 0; thus, the corresponding Fourier transform
form is

(4.11)

(A2 — kk*)g =0, (4.13)
which can yield k = A2 /k2. On the basis of Lemma we can conclude that X% = 2—2 > 0 when

0 < |o7] < \/2(1 + £)¢,. Hence, we can obtain A = X2 > 0. Consequently, (£.12)) is actually an
elliptic equation. We are now able to demonstrate the ill-posedness of this linear problem.

Lemma 4.2. When ¢g < M = = \/ (1+2), the linear problem associated with the
corresponding jump boundary condmons 1s ill-posed in the Hadamard sense within H* ()
for all k. More specifically, for any k,j € N wzth j >k, as well as for any Ty > 0 and a > 0, there
exists a sequence {(fn,qqgn,qrn,Vn)owq corresponding to that satisfies the jump boundary

conditions (2.4)), such that

(72 (0), 0.0 (0), @ (0), v O)) s < (114



EJDE-2026/55 ILL-POSEDNESS FOR KELVIN-HELMHOLTZ PROBLEMS 13

but
1(fn(8), dg,n(t), @rn(£), vn () e = o, for all ¢ = Th. (4.15)

Proof. For each j € N, we define x,, (k) € C°(R) as a real-valued function such that supp(x.) C
B(0,n+ 1)\B(0,n) and

- 1
[+ 2P P = —— (4.16)
R Cj n2
Frist we select g, = xn(k) in (4.13)) as the solution sequence. Subsequently, we introduce
1 ,
fn(t,z1) = Mgy (z) = o / SRty (k)eth e dE, (4.17)
T JRrR

which satisfies . Herein, we employ A = X1k on the basis of Lemma From this observa-
tion, we conclude that the linearized front equation is qualitatively more unstable for large values
of frequency k. As k — oo, the solutions with higher frequencies grow more rapidly over
time, which supplies a mechanism for Kelvin-Helmholtz instability. By the selection of x,, and the
Plancherel theorem, we obtain the estimate

: 1
[fn(t =0, 20)l| s ry = llgn (@)l s (r) = (/R(l + k%) [xn (R) k)2 S - (4.18)

similarly, for n +1 > k > n and t > T, we obtain

1t 20) e oy = 62X1”T°/R(1+ [KI%)" xn (k) [* e

N (2X1nTy . , (4.19)
> e [ .
Let n be adequately large such that
e2X1nTo sm 2 o
05 (n )2y—F > a”C; n”, (4.20)
therefore, we can evaluate
| (O] £ 0y > . (4.21)

Based on the calculation in Section 2.2, by recalling the expression formula (2.17)) for the
solution $,(k,x2), we can conclude that

4igv T kN A
Tt In

4igvt kA 4 -2
G dn (ke T w2 <0,
Since A = X1k > 0 and k£ > 0, from Lemmawe know that u* — u~ # 0, then (4.22) can be
rewritten as

(k:)e*’ﬁ‘"’c2 x9 >0,

§n(k,.%‘2) = (4.22)

02 (1t — p)gn(k)e P 2y >0
b (e, 22) = {QCS(N K )an(k)e =t (4.23)

ocs(pt — 7 )gn(k)et =2 g <0,
herein we observe that u* solely rely on k, as we have A = Xk, hence it indicates that p(\, k) =
M(Xlk, k)
By recalling the formulas (3.19)) and ([3.20]), we deduce that

+ - |2iy / T5%)? _
ut—pu 2 V 2 r—a
= = =2——. (4.24)

e

|77 |

= < /2(1+¢) and the root

X3 =1+ 02t + 4(1+ O@(e )2 - (07 )2 — (14 02,

Employing the Mach number ¢y < M :=

il

we obtain

2 _ (51+)2 &2
o= MO 02 (i e (a2
cs
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in which we estimate a in as

(V1I+8(1+€) —4(1+0))k* < a < (y/1+4e —2e3)k?, (4.26)
herein the lower bound is attained when M assumes the value 1/2(1 + ¢). Furthermore, we calcu-

late
r+a . /r—a
Iu+|—|\/ > +2J 5| =7,

(4.27)
_ r+a . /T—a
=1y i S = v
From (3.15) and (3.20)), it follows that
r? =a? 4 b?
_ X+ 2@+ 1+ )X + (0]) =201+ O (0])* + 1+ 0% (4.28)
(1+0)%c
=k
Integrating with (4.24), (4.25)), (4.26) and (4.28) indicates that
+ —
. pt—p 2
C:=2-2(/1+4e3 —2€}) < |T| < 10 + 8¢ — /36 + 32¢, (4.29)

herein we note that ¢ < M must hold, where ¢ is a small yet fixed constant. Since if the Mach
number M approaches zero, this lower bound approaches zero.

We evaluate the terms |ﬁ| by taking account (4.27) and (4.28)). We obtain
= s = 1
prpm 2040 V2V 4+ VI AME - 202

As 0 < M < +/2(1 4 ¥¢), the aforementioned equality possesses the subsequent uniform lower and
upper bounds,

(4.30)

1 ut 1
—<|——]<0C*, C*:= : 4.31
2 |u++u‘| VI8 + 160 — (3 +40)v/2 (4.31)

Since we have
103 e,u+m2|2 _ |u+|2m|67ﬂ+12|2 _ |u+|2m672(%u+)m2 _ |M+|2m€72 H'T“zg’ (4.32)

the identical equality applies to u~. Consequently, by utilizing (4.29)), (4.23), (4.27) and (4.32)),
we evaluate ||, (0)| gx(q) as

g (t = 0,21, 22) 15 ) = I5m (1, 22) 15
(1 + B2\t — e Plon(h)P / e 2 2y dk
0

0
o et 2|2 dagdk

+
MQK
5

(14 B2t — p Plan(h)? /

m=0
= zj:/(1+k2>]_m9254’u i v | P xn (k) 2 d (4.33)
= oot pt+pe "
. 2Vj—m =24 p—p 2 uw- —2mal )
+ 2 [ R T P e P e ()P
<8C*(j + 1)@2534(1 R ()2 dk
<=
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Meanwhile, by the Plancherel theorem, (4.22), and (4.32)) with s = 0, we obtain
2 At 2
1gg.n(t, 15 22) [T 0y = Il mn (21, 22) I7e (g

> / (14 K2Rt — Pl g (k) / ™" 72 2y dk
R 0

0
+/R(1+k2)k§25§|u+—M’IQIeAtén(k)lz/ e 2 Pdaadk (g 5y

— 00

+_ +
NEk2-4 0 TH 2 M +1,2X 1kt 2
> /R(”’“ e === [ S N TS
+ — —
24 B T M 2 M —|,2X1kt 2
+/1+k“g25§ p”|e2X0R () [2dk.
R( )" 0% = \|M++M_|| | X (K)]
Since supp(x») C B(0,n + 1)\B(0,n), it follows that for ¥ > n > 1 and t > Ty, we can evaluate
(4.34) as

62X1 ’rLT(] ~2-4

1+ (n+ 1)g2)js—k+1 /R(l + k) xn (F) [P dk, (4.35)

||QQ7n(t) H%Ik(Q) > C’

Let n be sufficiently large such that

62X1 nTo 526‘;1

2,242
C(1 VD vE > a’n”Cj. (4.36)

Therefore, we can evaluate
Hqs],n(t)”H’C(Q) > . (4.37)

By utilizing the correlation between the gas pressure ¢, and the radiation pressure ¢,: ¢, =
lgy, £:=(1444,/q,)/3, we deduce that:

1
grn(t = 0,21, 22) 35 0y S ok (4.38)
||qr,n(t)HH’€(Q) > a. (4-39)
Taking the horizontal Fourier transform of the second equation in (2.8]), we arrive at
1
()\ + i@lk)wl + j’ik(l + f)g =0, (440)
1
1
()\ + i@lk)wg + :82(1 + €)§ =0, (441)
o

solving the above equations, by the formula (4.23]), we find that

T —pT)E(1+0)ik A ot
RSO (ke a2 0,

oy (yw2) = t—u ) (1+0)ik - (4.42)
Wb B R (ke w2y <0,
and L )
WIS i 4y >,
12}2(]@,(172) = (M'*'(,M,L—U)la2(1+g)u— N _ (443)
T dR)e T xp <O
G40k o Ea+ou* 2 . : ,
Next we evaluate |Tm‘ and | = Ttk |? in the following manner:
A+ 0ik12 i1+ 0)?
Ativtk | X2+ (57)2
c1+10)?
B 274 =2(51+)\2 —9 (444)
\/(1+f> s +4(1+ 0 (07)? — 1+ 0)c
(1+0)c2

V1i+4aM2 -1
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Given that ¢ < M < /2(1 + ¢), we conclude that

14 0)c2 c2(1+ )ik |2 14 0)c2
( S S < S (4 45)
VI+80—1 " ok | T 1+4e -1 :
Integrating (4.27)), by estimation (4.45]), we infer that
(1+0)e? 21+ 0Op* 2 < (1+0)e? (4.46)
\/9+8€—1 A+iv]k V1t4e -1 :
Thus, by utilizing (2.7)), (4.45)), (4.42) and (4.32)), we infer that
[vna(t =0 I175€2)||§11(Q = Hwn(ml,xz)ll?qj @)
J
2(1 4 0)ik |2 e +
< 1+k2ﬂ7"( 19 2/ e 2 2y dk
pogi Hm nB [ o e,
! — ) (1 + 0)ik |2 0 -
+ Z/ (14 g2y T o o |2/ O e 2
R —0o0
_ 4.47
Cg(l—i—f Z 1—|—k‘2 Jj— m‘u ‘2’ “ +|2m+1| (k)|2dk ( )
/14817 u++u : X
21 +0) - 2 -
e
2_
8C*e2(1+ 4 1 , 1
COIDUED [ iy (bPah S .
V1+4et -1 R n
Similarly, we have
[vn,2(t = 0,21, 22) 37 () < (4-48)

1
n?’
,n), by (L.25), (2.7) and , while

Taking into account again that supp(x,) C B(0,n+ 1)\B(0
for kK > n and t > Ty, A = X1k, we infer that

o l2re ) = / (1+ K202 (b, )12,

)1+ )ik 2 oo
2 /(1_’_k2)k‘(:u’ I )Cs( + )Z ’ |e)\t|2|gn|2/ |€_M+$2|2d.’£2dk
R 0

A+ i) k
+ )ik | . 0 -
+ [aery % R
) E(1+0)ik N + (4.49)
i 1
> 1+k2k Cs 2 2X 1kt nk 2 +dk
> [ e p B e
- 2 ( +K)zk
+ 1+ k2 k‘M B ‘ e2X1kt |y (1|2 dk
S S e ) P |
(1+0)Ce e2XanTo

2\j+1 2
VT (1+(n+1)2)j7k+1n/R(1+k ) X (K) [P d,

where we adopt the bounded results (4.29), (4.31)), (4.47) to verify the final inequality within the
aforesaid deductions.
Let n be adequately large such that

~*2 2X1TLTO _
(L+0C¢ c : > a’n?C?. (4.50)
9+80 —1 (14 (n+1)2)i—Fk+1 J

Therefore,
lvn1 (@)l mx(o) = a. (4.51)
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Similarly we have
lvn2ll mr Q) = @ (4.52)
Gathering the estimates (4.18), [.33)), (4.38)),(#.47) and (4.48) yields

1 O) |23 () + [1dgn (O) |23 ((2) + lrn (O) |23 () + Nlvn (0) [ 13 (2) S % (4.53)

but the estimates ([@.21)), (#.37), (#.39), (4.51)) and yield
I falle ey + lagnllme @) + grnllar @) + 1ol gr@) = @, for all t > Ty. (4.54)
This completes the proof. O

5. ILL-POSEDNESS FOR THE NONLINEAR PROBLEM

Now we prove nonlinear ill-posedness for problem (|1.13]). First, we restate the nonlinear system

(1.13) in a perturbation formulation around the rectilinear solution. Let
f:0+fa U:T)‘i’f}a qg:qg+(jgv%":(jr+(jra \I/:Id+\ilv (51)
0=0+0, %=0+v¢, n=e+n, A=I-B, .

where Id denotes an identity transformation and I stands for a 2 x 2 identity matrix, while B is
defined as

B = Z yHDw)" (5.2)
We are able to restate the term © as
0.0
b= (- B)(@+75) - (0,—22)
14 029
00 (5.3)
=0+40—B(w+9)— (0, s 2) =04 M,
1+ 0otp
where
o
M =& — B(v+ %) — (0, 2 2). (5.4)
14 09tp
With respect to the term v - n, we are able to rewrite it as
von=(040)(eg+n) =0y — 0101 +7- 7. (5.5)

Subsequently, the nonlinear system (1.13|) can be transformed into a perturbed system centered
around (f,dy, Gr, ) as follows

Oy + (0-V)gg + 062V -0 = —(M - V)Gg + §eB'V -0 = 4,V -0+ §B"V -5, inQ,
0(0,0 + (v - V)0) + V(4 + Gr)
= —00y0 — o(M - V) — g((@ M)-V)o+ BV (4, +§-), inQ,

- .1 -
Oudy + (0 V)i + 5(8y +44,)V - @ (5:6)
1 1 1
—(M-V)g, + (45 + 4G,)BTV - & — 3(Gy +44,)V - 0+ 2 (g + 4G,)BTV -, in Q,
&ngr 1_)181'];7’172 :”Dﬁ, onI.
The jump conditions adopt a new form in terms of g,4, ¢-,? on the boundary I
0T =0 ) e+ (0t =07 ) =@ —07) A,
( ) -ea+ ( ) ( ) (5.7)

Gy + a7 =4y +d, -
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Proof of Theorem[1.3 We use the contradiction method. Assume that the perturbed problem

possesses the property FE(k) for a certain k > 3. Let 0,%9,C > 0 denote the constants

furnished by Definition Select a fixed n € N such that n > C,. By applying Lemma with

this n, Ty = to/2,k > 3, and a = 2, we are able to identify fL, hl vF that satisfy such that
1

|\(f()Laqu,07qu,07U(§)||Hk S n’ (5'8)

but
ICFE@), ag (), a7 (8), 0" ()l s > 2 for t > /2. (5.9)
We introduce the definitions fg = f—f =cff, dg0 =450~ g = quL’O, dr0 = Qr0—Gqr := qu’o,
and 0§ = v5 —0 = evl. For e < dn, it follows that ||(f¢, 5,01 Gr.0,U6)|| x < &, whence by Definition
[I:2] there exists
(fs = fg - f_‘a (j; = q; - q_gaqi = q7€~ - qr,f)a =" — 77) € Loo([()’tO]?Hg(Q))
which satisfies (5.6)-(5.7) by taking ( fg, 45,00 4r,05 05) as the initial data and fulfills the inequality
P P 1
sup [|(f*, dg» G, 0°) () 2 < CUI(f5+ dg0 @r 0, U0) ) < Cue— <, (5.10)
0<t<to n
where we use ([5.8)) to derive the penultimate inequality.
We now introduce the rescaled functions f¢ = f/e, q; = q;/e, ¢ = q; /e, v° = ©°/e. A
subsequent rescaling of (5.10)) demonstrates that

sup ||(f5, @, @, 0%) ()| s < 1. (5.11)
0<t<tg

By construction, we conclude that
Fe e e - L L L L
(fga q;,07 qi,O’ U(E)) = (fO »4g,0,4r,05 Vo )
Next, we show that the rescaled functions (f¢, g5, ¢5, %) converge to the solutions (f*, ¢}, ¢, v*)
of the linearized equations (3.1f) as ¢ — 0. B
We intend to reexpress (5.6))-(5.7) with respect to the rescaled functions (f*,q;,q;,v%) and

demonstrate certain convergence conclusions. The fourth equation within (5.6 can be restated
based on the rescaled functions (f¢, gg, gy, v°) as follows:

Oy ff + 0101 f° — 05 = ev° - n°, (5.12)

where n® = M = (—01f%,0) is properly defined and uniformly bounded in L>([0, to]; H*(T'))
because

02y < 15 ey <1, (5.13)
by means of ithin the aforementioned inequality. Consequently, from and ,

we derive from ([5.12f) that

lim sup [|0;f° + 9101 f° — 5| g= = 0, (5.14)
e—0 0<t<tq
and
sup (|0 f(t)[|g2 < [v1| sup [|O1f*(¢)|lmz + sup [[05]|lm2 < C. (5.15)
0<t<tg 0<t<to 0<t<to

Upon expanding the first equation in (5.6) and dividing both sides of the resulting equation by
€, we deduce that

W@, + (0 V)G, + 002V - 0° = —e(M* V)@, +e4y(B°)'V - 0° —eqV -0° + 2@ (B°)"V -0°, (5.16)

in which

T __ =€ _ DE(r —e\ 8“[}5 e _ nre
M= = B ) 0, ) =0 (5.17)
and
B = (I — (I +eViTe) ) e, (5.18)

with W& = (0,)°).
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To evaluate the bound of M€, we first assess the bound of BS. We suppose that ¢ is adequately
small such that ¢ < 1/(2C), where C7; > 0 denotes the optimal constant in the inequality
UV gz < Ci||U||g2||V g2 for 2 x 2 matrix-valued functions U, V. This supposition guarantees
that B¢ is properly defined and uniformly bounded in L>([0,%]; H2(£2)) since

1Bz = 1) (=)" H(VE) [z < D ™ HI(VE)" 2
n=1

n=1

= n— \T n — 1 TE |1
<> EC) IV £ o e (5.19)
n=1 n=1

<1 =1
< ZF”JMH?IS < ZF =2,
n=1 n=1

where we used (5.11)) in the final inequality mentioned above. Meanwhile, we demonstrate by

(5.11)) and (5.15)) that

IM= |2 S N10% 12 + [0l Bl 2 + €| BE |12 10° 12 + (1069 | 2

~ o _ ~ _ (5.20)
S 0% Mm2 + [0l B a2 + el B* | a2 10 g2 + 100/ |12 < C.
Thus, from (5.11)),(5.19) and (5.20)), we derive by means of (5.16|) that
lim sup [|0:q; + (0- V), + 02V - 0°|| g2 = 0, (5.21)
e—0 0<t<tg
sup [|0:qy (1) ||z < C. (5.22)
0<t<to
By expanding the second equation in (5.6)), we observe that
8(0,5° + (- V)T°) + V(T + T2 £ 93
= —e0° 00" — ep(M® - V)v° — 0 ((v +eM*®) - V)o° + E(BE)TV@; +q), (5.23)
in which M€ and B¢ are defined by (5.17) and (5.18)), respectively.
Consequently, from (5.11)), (5.19) and (5.20)), we infer with the assistance of (5.23) that
lim sup [[2(0:0° + (v- V)0°) + V(g + ;)llm2 =0, (5.24)
e—0 0<t<tq k
sup [|0:0°(t)|| g2 < C. (5.25)

0<t<to
By expanding the third equation in (5.6]) and dividing by ¢ on each side of the resulting equation,
we deduce that

1
O + (0 V)G, + 5 (G +46,)V - 7°

_ 1 _ 1
= —e(M®-V)gr +e5(qy + 44,)(B)TV - o5 — o5 (5 +44)V - o° (5.26)

1 —€ —€ RE —~E
+ 22 +44)(B)TV -,

Consequently, from (5.11)), (5.19) and (5.20]), we infer with the aid of (5.26) that

: —€ = —€ L = €
lim sup |[|0wg; + (v- V)G + 5(Gg +4G,)V - 0°|| g2 = 0, (5.27)
e—0 0<t<tq 3
sup ||O:q ()| g2 < C. (5.28)
0<t<to

Next we address several convergence questions about the jump conditions. With respect to the
first equation in (5.7]), we rewrite the normal vector n® as

n® =ey + 0 i=ey+en’, n°=(-0f%0),
thus we rewrite the first equation in (5.7 as
(0t +evT =07 —evf) - (ea +en) =0, (5.29)
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which is tantamount to
@ =07 eg+ (0 —07) -0 = —e(vF — 0 ) - At (5.30)

Given that supg<;<s, [|7°(t)||z> S [P°]|m2ry < C and [[0°||L~ S [[0°]]2 < C are uniformly
bounded, we obtain with the help of (5.30) that

sup |leg - (0TE(t) =0 () + (07 —97) 7))L~ =0 ase— 0. (5.31)
0<t<to

Consequently, by (5.31]), we obtain

[0° - eg] = 207 01 f¢ onT. (5.32)
We expand the second equation in as
eq ) +eq " =eq, " +¢eq,° onT. (5.33)
We perform division by & on both sides of so as to obtain
W+ =q,"+q¢"° onT. (5.34)

From (5.11)) and the sequential weak+ compactness, we conclude that upon extracting a subse-
quence (which we continue to denote merely by ),

e € =€ =g\ ¥, * : 3
(f5, @5, @, %) = (f*,q5,qr,v") weakly * in L (H"(1)). (5.35)
By lower semicontinuity, we conclude that
sup [|(f*, gz, g7, ") (@) s < 1. (5.36)
0<t<tg
In conformity with (5.15]), (5.22)), (5.25) and (5.28]), we obtain
limsup sup [[(8:f%,0,q,, 0,5, 0:0°) ()] > < o0. (5.37)

e—=0 0<t<to
By the Lions-Aubin lemma [27], we thereby conclude that the sequence {(f¢, ¢;, g5, v)} is strongly
precompact within the space L>([0,to]; H3/3(Q)), hence
(f5, @5, @, %) = (f*, ), q5,v")  strongly in L= (H/(Q)). (5.38)

This strong convergence, in conjunction with (5.15]), (5.22)), (5.25) and (5.28)), leads to the conclu-
sion that

(0 f°, Oy, 02y, 010%) — (Oif™, Orqy, Orqy, Opv™)  strongly in L>®(H®3()). (5.39)

The indices § and 2 are sufficiently large to yield the L>(L>°(£2)) convergence of the sequence
{(f%, 45, g5, v%)}, thereby we obtain the following convergence system as ¢ tends to zero

5tq_; + (v- V)q; + @Eiv ¥ =0, inQ,
0(0w* + (v- V)v*) +V(g, +¢r) =0, inQ,

1 (5.40)
Ovqr + (v-V)gr + g(qg +4q,)V -v* =0, inQ,
8tf* + 17181f* — U; =0 onl,
wnd o +qtr=q +q¢* onl
J " J " ’ (5.41)

(Vi —v) - ea =207 f* onT.

We also take the limit (f5, 750,750, 75) = (fo', 450, GF0» vG) S0 as to have

(f(;(» q;,m q:,07 /US) = (fOLa q;Oa qf,Ou Ug)
At this point, we observe that (f*,q;,q;,v*)(t) constitutes the solution to equations (2.3)) and

the boundary conditions (2.4)) with the identical initial data. In conformity with the uniqueness
conclusion in Lemma 4.1, we obtain

(f*agar,v) (@) = (FF 45, a7, 0") (). (5.42)
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Consequently, we integrate (5.36]), (5.42) and (5.9) to obtain

2=a< sup [[(f*q5q,v")(O)|las <1, (5.43)
0<t<to
which constitutes a contradiction. Consequently, the proof of Theorem [1.3|is complete. U
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