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INFINITE MANY NORMALIZED SOLUTIONS FOR

SCHRÖDINGER-BOPP-PODOLSKY SYSTEMS WITH SINGULAR

COEFFICIENT AND CRITICAL GROWTH

ZIXING CAI, LI WANG

Abstract. This article studies normalized solutions for the critical Schrödinger-Bopp-Podolsky

system with singular coefficient and critical growth,

−∆u+ λu = ϕu+
|u|s−2u

|x|q
+ (Iα ∗ |u|2

∗
α )|u|2

∗
α−2u, x ∈ R3,

−∆ϕ+ d2∆2ϕ = 4πu2, x ∈ R3

under the mass constraint ∫
R3

|u|2dx = a2,

where a > 0 is a constant, 0 < α < 3, 0 < q < 2 < s < 10/3 satisfying q + s
2
< 3 < q + 3s

2
< 5,

and

Iα(x) =
Aα

|x|3−α
, with Aα =

Γ
(
3−α
2

)
2απ3/2Γ(α

2
)

which is the Riesz potential. Here 2∗α = 3 + α is the Hardy Littlewood Sobolev upper critical
exponent. We establish the existence of multiple normalized solutions by using truncation tech-

niques and topological genus theory. To address the non-compactness of the energy functional
caused by singular and critical growth, we use the concentration-compactness principle. This

paper also presents results regarding the stabilization of the orbit and the asymptotic behavior

of the ground-state solution as d → 0.

1. Introduction and main results

The divergence of the self-energy of a point charge is a well-known drawback of classical Maxwell
electrodynamics. To overcome this difficulty, Bopp [8] and Podolsky [20] independently proposed
a higher-derivative generalization of Maxwell’s Lagrangian in which the photon propagator is
regularized at short distances while keeping the long-range behavior unchanged. The resulting
Bopp-Podolsky electrodynamics introduces a new parameter d > 0 with the dimension of inverse
mass; when d → 0 one recovers the classical Maxwell theory. Quantization of the BP model
leads to a Schrödinger-type equation for the matter field coupled to the BP potential, which, in
the electrostatic approximation, gives rise to the Schrödinger-Bopp-Podolsky system. From the
point of view of the electromagnetic field, the Bopp-Podolsky theory and the Maxwell theory are
experimentally indistinguishable, and can be interpreted as effective theories for large and short
distances, see [1]-[12].

This article aims to prove that the following Schrödinger-Bopp-Podolsky system possesses in-
finitely many normalized solutions.

−∆u+ λu = ϕu+
|u|s−2u

|x|q
+

(
Iα ∗ |u|2

∗
α

)
|u|2

∗
α−2u, x ∈ R3,

−∆ϕ+ d2∆2ϕ = 4πu2, x ∈ R3

(1.1)
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with the prescribed L2-norm ∫
R3

u2 dx = a2. (1.2)

Since D’Avenia and Siciliano’s 2019 publication [4], the Schrödinger-Bopp-Podolsky system has
become the object of research in a number of recent works. They studied the following nonlinear
Schrödinger-Bopp-Podolsky system

−∆u+ ωu+ q2ϕu = |u|p−2u, in R3,

−∆ϕ+ a2∆2ϕ = 4πu2, in R3

with ω, a > 0. They proved existence and nonexistence results depending on the parameters q, p.
Moreover, the solutions they found tend to solutions of the classical Schrödinger-Poisson system
as a→ 0 in the radial case. Li et al. [17] extended the previous results to the critical case

−∆u+ V (x)u+ ϕu = µ|u|p−2u+ |u|4u, in R3,

−∆ϕ+ a2∆2ϕ = 4πu2, in R3,

where µ > 0, p ∈ (2, 5). They proved the existence of ground state solutions by coupling the
Pohozaev-Nehari manifold with the monotonicity trick. In fact, Zhu et al. [27] studied the nonlinear
Schrödinger-Bopp-Podolsky system

−∆u+ V (x)u+ qϕu = f(u), in R3,

−∆ϕ+ a2∆2ϕ = 4πu2,

where a > 0, q > 0 and V ∈ C(R3,R). By using the variational methods, they established the
existence of infinitely many nontrivial solutions. Moreover, they obtained the existence of a ground
state and at least one positive solution for the two classes of nonlinearities under appropriate
assumptions.

In recent years, Liu [18] looked for solutions to the Schr?dinger-Bopp-Podolsky system with
prescribed L2-norm constraint,

−∆u+ ωu+ qϕu = up−2u in R3,

−∆ϕ+ a2∆2ϕ = 4πu2 in R3,∫
R3

|u|2 dx = ρ,

where q, a and p are positive constants. The parameter ω arises as a Lagrange multiplier. By
the classical minimizing argument, the author obtained a ground-state solution for sufficiently
small ρ when p ∈ (2, 103 ) and the non-existence of positive solutions via a Liouville-type result

when p = 6. This article also investigated the orbital stability of standing waves for p ∈ (2, 103 )
by a contradiction argument. In the article [7], Bellazzini and Siciliano proved the existence of
orbitally stable standing waves with prescribed L2-norm for the following Schrödinger-Poisson
type equation

iψt +∆ψ − (|x|−1 ∗ |ψ|2)ψ + |ψ|p−2ψ = 0 in R3

when p ∈
{

8
3

}
∪ (3, 103 ). For more details, please refer to [21] and [6].

From the physical viewpoint, the mass of particles
∫
R3 |u|2 dx is conserved along the time evolu-

tion. It is therefore natural to search for normalized solutions, i.e. pairs (u, λ) solving the stationary
system together with the prescribed mass constraint. Such solutions correspond to standing waves
of the evolutionary model and their variational properties are closely related to orbital stability or
instability. So it is meaningful to look for solutions of (1.1) whose L2-norm is prescribed. In this
paper we therefore pursue normalized solutions, i.e. couples (u, λ) ∈ E × R that solve (1.1) while
fulfilling the fixed-mass constraint.

Our multiplicity results for the Schrödinger-Bopp-Podolsky system with |u|s−2u/|x|q appear
to be the first of this type as far as we know. The main purpose of this paper is to formulate
the normalization problem, precisely, to constructively demonstrate multiple normalized solution
through variational methods. Concretely speaking, we shall study the Schrödinger-Bopp-Podolsky
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system (1.1) with critical growth. Moreover, the variational properties of these solutions aid
in examining whether they are orbitally stable or unstable. Meanwhile, we try to obtain the
asymptotic behaviour of the normalized solution as d→ 0.

Throughout this article, for any 1 ≤ t < ∞, we denote by Lt(R3) the usual Lebesgue space
with norm

∥u∥t :=
(∫

R3

|u|t dx
)1/t

.

We use C∞
0 (R3) to denote the space of the functions infinitely differentiable with compact support

in R3. C1, C2, . . . are the positive constants whose values possibly vary from line to line. Let
H1(R3) be the completion of C∞

0 (R3) with respect to the norm

∥u∥H1 :=
(∫

R3

|∇u|2 + |u|2dx
)1/2

.

Moreover, D1,2(R3) is defined by

D1,2(R3) =
{
u ∈ L6(R3) :

∫
R3

|∇u|2dx < +∞
}

endowed with the norm

∥u∥D1,2(R3) =
(∫

R3

|∇u|2dx
)1/2

,

and we introduce here the space D := {ϕ ∈ D1,2(R3)|∆ϕ ∈ L2(R3)} equipped with the norm

∥u∥D =
(
∥∇ϕ∥22 + d2∥∆ϕ∥22

)1/2
.

From [4], we know that C∞
0 (R3) is dense in the Hilbert space D and D ↪→ L6(R3).

We will work in the space

E := H1
rad(R3) := {u ∈ H1(R3) : u is radial}

and the assumption

(A1) 0 < α < 3, 0 < q < 2 < s < 10/3 satisfying q + s
2 < 3 < q + 3s

2 < 5.

Definition 1.1. Let

S(a) =
{
u ∈ E :

∫
R3

|u|2dx = a2
}
.

We say u ∈ S(a) is a normalized ground state solution to (1.1), if it is a solution having minimal
energy among all the solutions which belong to S(a), i.e.

I(u) =: inf{I(u) : u ∈ S(a), I ′|S(a)(u) = 0}.

We define

a∗ :=
( 1
K
) 5+2α

12+6α ,

where

K := C
4+2α
5+2α
∗ S

− 3+α
5+2α

h,l

( 3 + α

2(4 + 2α)

)− 1
5+2α 5 + 2α

2(4 + 2α)
.

Then primary research findings of this paper are stated as follows.

Theorem 1.2. Under condition (A1), a ∈ (0, a∗), for any given k ∈ N, problem (1.1)-(1.2)
possesses at least k couples (uj , λj) ∈ E ×R of distinct weak solutions with

∫
R3 u

2
j dx = a2, λj > 0

for any j = 1, . . . , k. In addition, the system has a couple ground state solution (ua, λa) with
∥ua∥E → 0 as a→ 0.

To establish Theorem 1.2, we work within a constrained variational framework. Technically,
problem (1.1)-(1.2) simultaneously exhibits Hardy-Littlewood-Sobolev upper-critical growth, sin-
gular and a prescribed-mass constraint, so that certain (PS) sequences may fail to converge. Fur-
thermore, the corresponding energy functional restricted to the constraint manifold S(a) ceases
to be bounded below. To overcome these difficulties, we employ the concentration-compactness
principle and a truncation method to restore the compactness lost to critical growth. And we
work in the radial subspace to address the lack of compactness in the full space. Our innovation
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also lies in the fact that we have obtained an accurate value of a∗, which is different from the
situation where many previous studies only indicated the existence of a∗. Furthermore, this paper
establishes the orbital stability.

Theorem 1.3. Under condition (A1), a ∈ (0, a∗). The ground-state standing waves of (1.1) are
orbitally stable.

Theorem 1.4. Under condition (A1), fix a ∈ (0, a∗) For every sequence d→ 0, let (ud, ϕ
d) be the

radial ground-state solution of (1.3)-(1.4):

∆u+ λdu = ϕu+
|u|s−2u

|x|q
+
(
Iα ∗ |u|2

∗
α
)
|u|2

∗
α−2u, x ∈ R3,

∆ϕ+ d2∆2ϕ = 4πu2, x ∈ R3

(1.3)

under the mass constraint ∫
R3

|u|2dx = a2. (1.4)

Then there exists a subsequence (still denoted by d) and a pair (u0, ϕ
0) such that

ud → u0 in E,

ϕd → ϕ0 in D1,2(R3),

and the pair (u0, ϕ
0) serves as a radial ground-state solution to the limit Schrödinger-Poisson

system

∆u+ λ0u = ϕu+
|u|s−2u

|x|q
+
(
Iα ∗ |u|2

∗
α
)
|u|2

∗
α−2u, x ∈ R3,

∆ϕ = 4πu2, x ∈ R3

(1.5)

with
∫
R3 |u0|2dx = a2 and λ0 > 0.

The remainder of this paper is structured as follows. In Section 2, we provide some preliminary
results that will be useful throughout this paper. Theorem 1.2 is proved in Section 3 and Section
4. We give the proof of Theorem 1.3 in Section 5, and Theorem 1.4 is addressed in Section 6.

2. Preliminaries

Let X be a Banach space and A ⊆ X. The set A is called symmetric if u ∈ A entails −u ∈ A.
Now recall the notion of genus. We denote

Σ := {A ⊂ X \ {0} : A is closed and symmetric with respect to the origin}.
For A ∈ Σ, set

γ(A) =


0 if A = ∅,
inf{k ∈ N : ∃ an odd φ ∈ C(A,Rk \ {0})},
+∞ if no such odd map exists,

and Σk = {A ∈ Σ : γ(A) ⩾ k}. Next we give some lemmas which will be used to prove Theorems
1.2–1.4.

Lemma 2.1 ([14, Lemma 2.1]). Let u ∈ H1(R3), and 1 < σ < 3. Then∫
R3

|u|σ

|x|σ
dx ≤ Cσ

∫
R3

|∇u|σ dx,

where Cσ =
(

σ
3−σ

)σ
.

Lemma 2.2 (Gagliardo-Nirenberg-type inequality [25, Theorem B]). Let Ct be the best constant
in the Gagliardo-Nirenberg inequality

∥u∥tt ≤ Ct
t∥u∥

t(1−γt)
2 ∥∇u∥tγt

2 for 2 < t < 6,

where γt = 3( 12 −
1
t ).
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By Hölder inequality and Lemmas 2.1-2.2, we have∫
R3

|u|s

|x|q
dx =

∫
R3

|u|q

|x|q
· |u|s−qdx

≤
(∫

R3

|u|2

|x|2
dx

)q/2(∫
R3

|u|
2(s−q)
2−q dx

) 2−q
2

≤
(
4

∫
R3

|∇u|2dx
)q/2[

Cq,s∥u∥
6−2q−s

2−q

2 ∥∇u∥
3s−6
2−q

2

] 2−q
2

≤ 2qC
2−q
2

q,s ∥∇u∥
q+ 3s

2 −3
2 ∥u∥3−q− s

2
2 .

(2.1)

Let us recall the following Hardy-Littlewood-Sobolev inequality [17],∣∣∣ ∫
RN

∫
RN

f(x) g(y)

|x− y|λ
dx dy

∣∣∣ ≤ C(N,λ, r, s) ∥f∥Lr(RN )∥g∥Ls(RN ),

where f ∈ Lr(RN ), g ∈ Ls(RN ), r, s > 1, 0 < λ < N , and

1

r
+

1

s
+
λ

N
= 2.

From Hardy-Littlewood-Sobolev inequality, we can define the best constant and the following
lemma, which can be found in [16]:

Sh,l := inf
u∈D1,2(R3)\{0}

∫
R3 |∇u|2dx

[
∫
R3 (Iα ∗ |u|3+α) |u|3+αdx]

1
3+α

.

Lemma 2.3. Let u ∈ S(a). Then there exists constant C∗ > 0 such that∫∫
R3×R3

|u(x)|2 |u(y)|2

|x− y|
dx dy ≤ C∗∥∇u∥2 a3. (2.2)

Indeed, the Lax-Milgram theorem guarantees that for every fixed u ∈ H1(R3), the second
equation of (1.1) admits a unique solution ϕu, explicitly given by

ϕu =

∫
R3

1− e−|x−y|/d

|x− y|
|u(y)|2 dy,

then system (1.1) can be transformed into a single Schrödinger equation as follows,

−∆u+ λu = ϕuu+
|u|s−2u

|x|q
+
(
Iα ∗ |u|3+α

)
|u|1+αu in R3. (2.3)

And the solutions of (2.3) with ∥u∥22 = a2 > 0 can be obtained as critical points of the energy
functional

I(u) :=
1

2

∫
R3

|∇u|2dx− 1

4

∫
R3

ϕu|u|2dx−
1

s

∫
R3

|u|s

|x|q
dx− 1

6 + 2α

∫
R3

(
Iα ∗ |u|3+α

)
|u|3+αdx

on the constraint set

S(a) =
{
u ∈ E :

∫
R3

|u|2dx = a2
}
.

The properties of the function ϕu are given as follows.

Lemma 2.4 ([4]). For every u ∈ H1(R3) \ {0}, we have

(i) ϕu ≥ 0;
(ii) ϕu(·+y) = ϕu(·+ y) for any y ∈ R3;

(iii) ϕu ∈ Ls(R3) ∩ C0(R3) for every s ∈ (3,+∞];
(iv) ∇ϕu ∈ Ls(R3) ∩ C0(R3) for every s ∈ (3/2,+∞];
(v) ϕu is the unique minimizer of the functional

Eu,a(ϕ) :=
1

2
|∇ϕ|22 +

d2

2
|∆ϕ|22 −

∫
R3

ϕu2 dx, ϕ ∈ D.

Moreover, if u is radial, then ϕu is also radial; and if un ⇀ u in H1
r (R3), then
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(vi) ϕun
→ ϕu in D;

(vii)
∫
R3 ϕunu

2
n dx→

∫
R3 ϕuu

2 dx;

(viii)
∫
R3 ϕununv dx→

∫
R3 ϕuuv dx for any v ∈ H1

r (R3).

We need the concentration-compactness principles to solve the non-compactness of the energy
functional caused by critical growth.

Lemma 2.5 ([10]). Let {un} be a bounded sequence in D1,2(R3) converging weakly and almost
everywhere to some u ∈ D1,2(R3), there exists a subsequence which is still denoted as {un} for
convenience:

|∇un|2 ⇀ µ,(
Iα ∗ |un|3+α

)
|un|3+α ⇀ ν

weakly in the measure space. Using the concentration compactness principle due to Lions, we obtain
the existence of a set J (at most countable) and positive numbers {µj}j∈J , {νj}j∈J ⊂ [0,∞) such
that there exist two positive measures µ, ν ∈M(R3),

µ ≥ |∇u|2 +
∑
j∈J

µjδxj ,

ν =
(
Iα ∗ |u|3+α

)
|u|3+α +

∑
j∈J

νjδxj
,
∑
j∈J

ν
1

3+α

j <∞,

and

µj ≥ Sh,lν
1

3+α

j , (2.4)

where δxj
is the Dirac-mass of mass 1 concentrated at xj and the subsequence {xj} ⊂ R3.

Lemma 2.6 ([13]). Let {un} ⊂ D1,2(R3) be a sequence in Lemma 2.5 and define

µ∞ := lim
R→∞

lim sup
n→∞

∫
|x|⩾R

|∇un|2dx,

ν∞ := lim
R→∞

lim sup
n→∞

∫
|x|⩾R

(
Iα ∗ |un|3+α

)
|un|3+αdx.

Then it follows that

lim sup
n→∞

∫
R3

|∇un|2dx =

∫
R3

dµ+ µ∞, (2.5)

lim sup
n→∞

∫
R3

(
Iα ∗ |un|3+α

)
|un|3+αdx =

∫
R3

dν + ν∞, (2.6)

S2
h,lν

2
3+α
∞ ≤ µ∞

(∫
R3

dµ+ µ∞

)
. (2.7)

The following result deals with the asymptotic behavior of the solutions of (1.3) when d → 0,
which can see [4, Lemma 6.1].

Lemma 2.7. Consider f0 ∈ L6/5(R3), {fd}d∈(0,1) ⊂ L6/5(R3) and let

ϕ0 ∈ D1,2(R3) be the unique solution of −∆ϕ = f0 in R3,

ϕd ∈ D be the unique solution of −∆ϕ+ d2∆2ϕ = fd in R3.

As d→ 0 we have:

(i) if fd ⇀ f0 in L6/5(R3), then ϕd ⇀ ϕ0 in D1,2(R3);
(ii) if fd → f0 in L6/5(R3), then ϕd → ϕ0 in D1,2(R3) and d∆ϕd → 0 in L2(R3).
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3. Existence of multiple solutions

We always require condition (A1) to be satisfied. For u ∈ S(a), in view of the Sobolev inequality,
(2.1) and (2.2), one has

I(u) ≥ 1

2
∥∇u∥22 −

1

4
C∗a

3∥∇u∥2 −
2q

s
C

2−q
2

q,s ∥∇u∥
q+ 3s

2 −3
2 ∥∇u∥3−q− s

2
2

− 1

6 + 2α
S
−(3+α)
h,l ∥u∥6+2α

2

:= h(∥∇u∥2),

(3.1)

where

h(t) =
1

2
t2 − 1

4
C∗a

3t− 2q

s
C

2−q
2

q,s a3−q− s
2 tq+

3s
2 −3 − 1

6 + 2α
S
−(3+α)
h,l t6+2α.

Let

ga(t) =
1

2
− 1

4
C∗a

3t−1 − 1

6 + 2α
S
−(3+α)
h,l t4+2α.

Then ga(t)→ −∞ as t→ 0+ and ga(t)→ −∞ as t→ +∞. Note that

g′a(t) =
1

4
C∗a

3t−2 − 4 + 2α

6 + 2α
S
−(3+α)
h,l t3+2α,

thus ga(t) has only one maximum

ta =
( 1

4C∗a
3 · (6 + 2α)

4 + 2α
· S3+α

h,l

) 1
5+2α

=
(C∗a

3(3 + α)

2(4 + 2α)
· S3+α

h,l

) 1
5+2α

.

Then we have

max
t>0

ga(t) = ga(ta)

=
1

2
− 1

4
C∗a

3
(C∗a

3(3 + α)

2(4 + 2α)
S3+α
h,l

)− 1
5+2α − 1

6 + 2α
S
−(3+α)
h,l

(C∗a
3(3 + α)

2(4 + 2α)
S3+α
h,l

) 4+2α
5+2α

=
1

2
− 1

2
C

4+2α
5+2α
∗ a

12+6α
5+2α S

− 3+α
5+2α

h,l

[1
2

( 3 + α

2(4 + 2α)

)− 1
5+2α

+
1

3 + α

( 3 + α

2(4 + 2α)

) 4+2α
5+2α

]
=

1

2
− 1

2
C

4+2α
5+2α
∗ a

12+6α
5+2α S

− 3+α
5+2α

h,l

( 3 + α

2(4 + 2α)

)− 1
5+2α 5 + 4α

2(4 + 2α)
.

Let

K :
△
= C

4+2α
5+2α
∗ S

− 3+α
5+2α

h,l

( 3 + α

2(4 + 2α)

)− 1
5+2α 5 + 2α

2(4 + 2α)
.

Then

ga(ta) = 0 =⇒ 1

2
− 1

2
K · a

12+6α
5+2α = 0 =⇒ a =

( 1
K
) 5+2α

12+6α :
△
= a∗, (3.2)

so we obtain ga(ta) > 0 as a < a∗. Hence

t2aga(ta) =
1

2
t2a −

1

4
C∗a

3ta −
1

6 + 2α
S
−(3+α)
h,l t6+2α

a > 0 as a < a∗. (3.3)

From the above deduction, we know that when a < a∗, the maximum value of ga(t) is positive.
Clearly, ga(t) = 0 has exactly two roots 0 < R1 < R2 <∞. Thus, we summarize the properties of
ga(t) as follows:

lim
r→0+

ga(t) = −∞ and lim
r→+∞

ga(t) = −∞,

ga(R1) = ga(R2) = 0 and ga(ta) > 0,

ga(t) is increasing on (0, ta) and decreasing on (ta,+∞).

For a ∈ (0, a∗), from (3.2), we obtain

a
12+6α
5+2α K < 1 =⇒ a

3
5+2α <

( 1
K
) 1

4+2α = K− 1
4+2α .
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So

R1 < ta =
(C∗a

3(3 + α)

2(4 + 2α)
S3+α
h,l

) 1
5+2α

= C
1

5+2α
∗ · S

3+α
5+2α

h,l

( 3 + α

2(4 + 2α)

) 1
5+2α

a
3

5+2α

< C
1

5+2α
∗ S

3+α
5+2α

h,l

( 3 + α

2(4 + α)

) 1
5+2α

C
4+2α
5+2α

(
− 1

4+2α

)
∗

× S
− 3+α

5+2α

(
− 1

4+2α

)
h,l

( 3 + α

2(4 + 2α)

)− 1
5+2α

(
− 1

4+2α

)( 5 + 2α

2(4 + 2α)

)− 1
4+2α

= S
3+α
5+2α

(
1+ 1

4+2α

)
h,l

( 3 + α

2(4 + 2α)

) 1
5+2α+ 1

5+2α
1

4+2α
( 5 + 2α

2(4 + 2α)

)− 1
4+2α

= S
3+α

2(2+α)

h,l

(2(4 + 2α)

3 + α
· 5 + 2α

2(4 + 2α)

)− 1
4+2α

< S
3+α

2(2+α)

h,l

since
2(4 + 2α)

3 + α
· 5 + 2α

2(4 + 2α)
=

5 + 2α

3 + α
> 1.

Hence

R2
1 < S

3+α
2+α

h,l . (3.4)

Let τ : R+ → [0, 1] be a nonincreasing and C∞ function that satisfies

τ(t) =

{
1 if t ⩽ R1,

0 if t ⩾ R2.

Now, we introduce the truncated functional

Iτ (u) :=
1

2

∫
R3

|∇u|2dx− 1

s

∫
R3

|u|s

|x|q
dx− 1

4

∫
R3

ϕu|u|2dx−
τ (∥∇u∥2)
6 + 2α

∫
R3

(
Iα ∗ |u|3+α

)
|u|3+αdx,

we can easily show that Iτ ∈ C1(E,R).
For u ∈ S(a), by the Sobolev inequality, Lemmas 2.1-2.3 and (2.1), it is easy to see that

Iτ (u) ≥
1

2
∥∇u∥22 −

1

4
C∗a

3∥∇u∥2 −
2q

s
C

2−q
2

q,s ∥∇u∥
q+ 3s

2 −3
2 ∥u∥3−q− s

2
2

− τ (∥∇u∥2)
6 + 2α

S
−(3+α)
h,l ∥∇u∥6+2α

2

:= h̃(∥∇u∥2),

where

h̃(t) =
1

2
t2 − 1

4
C∗a

3t− 2q

s
C

2−q
2

q,s a3−q− s
2 tq+

3s
2 −3 − τ(t)

6 + 2α
S
−(3+α)
h,l t6+2α.

Setting ut(x) = t3/2u(tx), we have ∥ut∥2 = ∥u∥2. By (3.1), when t is small enough, we have

I(ut) ≤
t2

2

∫
R3

|∇u|2dx− t

4

∫
R3

ϕu|u|2dx−
t
3s
2 +q−3

s

∫
R3

|u|s

|x|q
dx

− t3+3α

6 + 2α

∫
R3

(
Iα ∗ |u|3+α

)
|u|3+αdx < 0.

(3.5)

Lemma 3.1. For a ∈ (0, a∗), the functional Iτ has the following properties:

(i) Iτ is coercive and bounded from below on S(a). Moreover, if Iτ (u) ≤ 0, then ∥∇u∥2 ≤ R1

and Iτ (u) = I(u);
(ii) Iτ satisfies the (PS)c condition on S(a) ∩ E for all c < 0.
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Proof. For (i), it follows from condition (A1) that when ∥∇u∥2 → +∞, h̃(∥∇u∥2) is dominated
by ∥∇u∥22 yielding

Iτ (u) ≥ h̃(∥∇u∥2)

=
1

2
∥∇u∥22 −

1

4
C∗a

3∥∇u∥2 −
2q

s
C

2−q
2

q,s ∥∇u∥
q+ 3s

2 −3
2 ∥u∥3−q− s

2
2 − τ (∥∇u∥2)

6 + 2α
S
−(3+α)
h,l ∥∇u∥6+2α

2

→ +∞ as ∥∇u∥2 → +∞,
(3.6)

which shows coercivity. When ∥∇u∥2 ∈ [0, R1], Iτ (u) ≥ h̃(∥∇u∥2) = h(∥∇u∥2). So we can get that
Iτ is coercive and bounded from below on S(a). By contradiction, if Iτ (u) ≤ 0 but ∥∇u∥2 > R1,

then by the property of h̃(∥∇u∥2), we would have Iτ (u) > 0, which contradicts the assumption.
So ∥∇u∥2 ≤ R1 and thus the truncation function τ(∥∇u∥2) = 1, leading to Iτ (u) = I(u).

For (ii), let {un} be a (PS)c sequence of Iτ restricted to S(a) ∩ E with c < 0. Then by (i),
we have ∥∇un∥2 ≤ R1 for large n, and {un} is also a bounded (PS)c sequence of I|S(a)∩E with
c < 0, i.e.,

I(un)→ c < 0,
∥∥I ′|S(a)∩E(un)

∥∥
E∗ → 0 as n→∞.

Therefore, up to a subsequence (still denoted as {un}), there exists u ∈ E such that

un ⇀ u in E, un → u in Lt(R3) for 2 < t < 6, un(x)→ u(x) a.e. on R3.

Note that, from Hölder inequality and Lemma 2.1, we obtain∫
R3

|un − u|s

|x|q
dx =

∫
R3

|un − u|q

|x|q
· |un − u|s−qdx

≤
(∫

R3

|un − u|2

|x|2
dx

)q/2(∫
R3

|un − u|
2(s−q)
2−q dx

) 2−q
2

≤
(
4

∫
R3

|∇(un − u)|2dx
) q

2
(∫

R3

|un − u|
2(s−q)
2−q dx

) 2−q
2

,

(3.7)

thus we can obtain that

lim
n→∞

∫
R3

|un|s

|x|q
dx =

∫
R3

|u|s

|x|q
dx (3.8)

since {un} is bounded in E and 2 < 2(s−q)
2−q < 6 by the condition (A1).

Then, by [26, Proposition 5.12], there exists λn ∈ R satisfying

−∆un + λnun − ϕun
un −

1

|x|q
|un|s−2un −

(
Iα ∗ |un|3+α

)
|un|1+αun = on(1) (3.9)

in E∗, where E∗ is the dual space of E. Therefore, for φ ∈ E, one has∫
R3

∇un∇φdx+ λn

∫
R3

unφdx−
∫
R3

ϕununφdx

−
∫
R3

|un|s−2

|x|q
unφdx−

∫
R3

(
Iα ∗ |un|3+α

)
|un|1+αunφdx

= on(1)∥φ∥.

(3.10)

Consequently, lettin φ = un, we have∫
R3

|∇un|2dx+ λna
2

=

∫
R3

ϕun
|un|2dx+

∫
R3

|un|s

|x|q
dx+

∫
R3

(
Iα ∗ |un|3+α

)
|un|3+αdx+ on(1).

(3.11)

By Lemmas 2.1-2.3, we have ∫
R3

ϕun |un|2dx ≤ C∗a
3∥∇un∥2,∫

R3

|un|s

|x|q
dx ≤ 2qC

2−q
2

q,s a3−q− s
2 ∥∇u∥q+

3s
2 −3

2 ,
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R3

(
Iα ∗ |un|3+α

)
|un|3+αdx ≤ S−(3+α)

h,l ∥∇un∥6+2α
2 .

Thus, the boundedness of {un} yields that {λn} is bounded in R. Up to a subsequence, we may
assume λn → λa ∈ R. By (3.10), we claim that

−∆u+ λau− ϕuu−
|u|s−2u

|x|q
−

(
Iα ∗ |u|3+α

)
|u|1+αu = 0. (3.12)

Indeed, for any φ ∈ E, from un ⇀ u in E, it follows that∫
R3

∇un∇φdx→
∫
R3

∇u∇φdx as n→∞. (3.13)

Noting that λn → λa as n→∞, we easily obtain

λn

∫
R3

unφdx→ λa

∫
R3

uφdx as n→∞. (3.14)

Furthermore, since {|un|3+α} is bounded in L
6

3+α (R3) and |un(x)|3+α → |u(x)|3+α
almost every-

where in R3. Then, we have |un(x)|3+α → |u(x)|3+α
in L

6
3+α (R3).

By the Hardy-Littlewood-Sobolev inequality, we have

∥Iα ∗ |un|3+α∥ 6
3−α
≤ C∥|un|3+α∥ 6

3+α
≤ CI ,

where CI > 0 is independent on n. Thus, up to subsequences, it follows that

Iα ∗ |un|3+α ⇀ Iα ∗ |u|3+α in L
6

3−α (R3).

Furthermore, since ∫
R3

(
|un|1+αun

) 6
2+α dx =

∫
R3

|un|6 dx ≤ C,

as n→∞, it holds that

|un(x)|1+α
un ⇀ |u(x)|1+α

u in L
6

2+α (R3).

By Hölder inequality, we obtain that∫
R3

[(
Iα ∗ |un|3+α

)
|un(x)|1+αun(x)

] 6
5 dx

=

∫
R3

(
Iα ∗ |un|3+α

) 6
5
[
|un(x)|1+αun(x)

] 6
5 dx

=
(∫

R3

(
Iα ∗ |un|3+α

) 6
3−α dx

) 3−α
5

(∫
R3

(
|un(x)|1+αun(x)

) 6
2+α dx

) 2+α
5 ≤ C.

So, it follows that

Iα ∗ |un|3+α |un(x)|1+α
un ⇀ Iα ∗ |u|3+α |u(x)|1+α

u in L
6
5 (R3).

Thus, ∫
R3

(
Iα ∗ |un|3+α

)
|un|1+αunφdx→

∫
R3

(
Iα ∗ |u|3+α

)
|u|1+αuφdx. (3.15)

Moreover, it follows Lemma 2.4 (viii), we have∫
R3

(ϕunun − ϕuu)φdx→ 0 as n→∞. (3.16)

So, from (3.8) and (3.13)-(3.16), (3.12) is proved.

Next we will prove that ∥un∥2E → ∥u∥
2
E , and∫

R3

(
Iα ∗ |un|3+α

)
|un|3+αdx→

∫
R3

(
Iα ∗ |u|3+α

)
|u|3+αdx. (3.17)

In fact, since ∥∇un∥2 ≤ R1 for n large enough, by Lemma 2.5, there exist two positive measures
µ, ν ∈M(R3) such that

|∇un|2 ⇀ µ ,
(
Iα ∗ |un|3+α

)
|un|3+α ⇀ ν (3.18)
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as n→∞. Setting the functional Ψ(v) : E → R3 given by

Ψ(v) =
1

2

∫
R3

v2dx.

It follows that S(a) = Ψ−1(a
2

2 ). We divide the proof into three steps.

Step 1. We prove that J is empty. By the conservation of the mass, J is not infinite. If that J
is nonempty and finite, then µj and νj , which come from Lemma 2.5 are positive measures.

Take φ ∈ C∞
0 (R3) be a cut-off function with φ ∈ [0, 1], φ ≡ 1 in B1/2(0), φ ≡ 0 in R3 \ B1(0).

For any ρ > 0, set

φρ(x) := φ
(x− xj

ρ

)
=

{
1 if |x− xj | ⩽ ρ/2,

0 if |x− xj | ⩾ ρ.

By the boundedness of {un} in E, {φρun} is also bounded in E. Thus, one has

on(1) = ⟨I ′(un), φρun⟩

=

∫
R3

φρ|∇un|2dx+

∫
R3

un∇φρ∇undx−
∫
R3

ϕun |un|2φρdx

−
∫
R3

φρ|un|s

|x|q
dx−

∫
R3

φρ

(
Iα ∗ |un|3+α

)
|un|3+αdx.

(3.19)

By (3.8), (3.16) and the definition of φρ, one has

lim
ρ→0

lim
n→∞

∫
R3

φρ|un|s

|x|q
dx = lim

ρ→0

∫
R3

φρ|u|s

|x|q
dx = lim

ρ→0

∫
|x−xj |⩽ρ

φρ|u|s

|x|q
dx = 0, (3.20)

lim
ρ→0

lim
n→∞

∫
R3

φρϕun |un|2dx = lim
ρ→0

∫
R3

φρϕu|u|2dx = 0. (3.21)

Applying Hölder’ inequality with the absolute continuity of Lebesgue integration, we have

lim
ρ→0

lim
n→∞

∫
R3

un∇un∇φρdx = 0. (3.22)

Then, it follows from (3.19)-(3.22), Lemma 2.5 and the definition of φρ that

νj = lim
ρ→0

{∫
R3

(
Iα ∗ |u|3+α|u|3+αφρ +

∑
j∈J

νjδxjφρ

)
dx

}
= lim

ρ→0

∫
R3

φρdν = lim
ρ→0

lim
n→∞

∫
R3

(Iα ∗ |un|3+α)|un|3+αφρdx

= lim
ρ→0

lim
n→∞

∫
R3

|∇un|2φρdx

= lim
ρ→0

∫
R3

φρdµ

≥ lim
ρ→0

{∫
R3

(
|∇u|2φρ +

∑
j∈J

µjδxjφρ

)
dx

}
= µj .

(3.23)

So we can deduce that νj ≥ µj . By (2.4), we obtain

µj ≥ Sh,lν
1

3+α

j ,

so we can obtain that

µj ≥ Sh,lν
1

3+α

j ≥ Sh,lµ
1

3+α

j .

Consequently, one has µj ≥ Sh,lµ
1

3+α

j . Then

R2
1 ≥ lim

ρ→0
lim
n→∞

∥∇un∥22 ≥ lim
ρ→0

lim
n→∞

∫
R3

|∇un|2φρdx = lim
ρ→0

∫
R3

φρdµ ≥ µj ≥ S
3+α
2+α

h,l , (3.24)

which contradicts with (3.4), then J is empty.



12 Z. CAI, L. WANG EJDE-2026/56

Step 2. We prove that µ∞ = ν∞, where µ∞ and ν∞ come from Lemma 2.6. Let ψ ∈ C∞
0 (R3) be

a cut-off function with ψ ∈ [0, 1], ψ ≡ 0 in B1/2(0), ψ ≡ 1 in R3 \B1(0). For any R > 0, set

ψR(x) := ψ
( x
R

)
=

{
0 if |x| ≤ R/2,
1 if |x| ≥ R.

Again by the boundedness of {un} in E, we know that {ψRun} is also bounded in E. Thus,

on(1) = ⟨I ′(un), ψRun⟩

=

∫
R3

ψR|∇un|2dx+

∫
R3

un∇un∇ψRdx−
∫
R3

ψR ϕun
|un|2dx

−
∫
R3

ψR
|un|s

|x|q
dx−

∫
R3

ψR

(
Iα ∗ |un|3+α

)
|un|3+αdx.

(3.25)

By the definition of ψR, we have∫
|x|>R

|∇un|2dx ⩽
∫
R3

ψR|∇un|2dx =

∫
|x|>R/2

|∇un|2dx. (3.26)

Thus, in view of Lemma 2.6, we obtain

lim
R→∞

lim
n→∞

∫
R3

ψR|∇un|2dx = µ∞, (3.27)

lim
R→∞

lim
n→∞

∫
R3

ψR

(
Iα ∗ |un|3+α

)
|un|3+αdx = ν∞. (3.28)

By (3.8) and the definition of ψρ, we have

lim
R→∞

lim
n→∞

∫
R3

ψR
|un|s

|x|q
dx = lim

R→∞

∫
R3

ψR
|u|s

|x|q
dx = lim

R→∞

∫
|x|>R/2

ψR
|u|s

|x|q
dx = 0. (3.29)

Similarly, we have

lim
R→∞

lim
n→∞

∫
R3

ψRϕun
|un|2dx = 0, (3.30)

lim
R→0

lim
n→∞

∫
R3

un∇un∇ψRdx = 0. (3.31)

So, from (3.27)-(3.31), taking the limit as n → ∞, and then the limit as R → ∞ in (3.25), we
obtain

µ∞ = ν∞. (3.32)

Step 3. We prove that µ∞ = ν∞ = 0. Suppose by contradiction that µ∞ = ν∞ > 0. By (2.7),
we know

S2
h,lν

2
3+α
∞ ≤ µ∞

(∫
R3

dµ+ µ∞

)
.

By (2.5), we have

ν∞ ≤ S−(3+α)
h,l µ

3+α
2∞

(∫
R3

dµ+ µ∞

) 3+α
2 ≤ S−(3+α)

h,l µ
3+α
2∞

(
R2

1

) 3+α
2 = S

−(3+α)
h,l ν

3+α
2∞

(
R2

1

) 3+α
2 ,

which implies

ν
1− 3+α

2∞ ≤ S−(3+α)
h,l

(
R2

1

) 3+α
2 .

Since 1− 3+α
2 < 0, we can deduce that

ν∞ ≥ S
2(3+α)
1+α

h,l

(
R2

1

)− 3+α
1+α .

Then

R2
1 ≥ lim

R→∞
lim
n→∞

∥∇un∥22 ≥ µ∞ = ν∞ ≥ S
2(3+α)
1+α

h,l

(
R2

1

)− 3+α
1+α ,

which shows that

R2
1 ≥ S

2(3+α)
2(2+α)

h,l = S
3+α
2+α

h,l ,
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which contradicts (3.4). Therefore, we prove that µ∞ = ν∞ = 0. Consequently, by Steps 1-3, we
obtain ∫

R3

(
Iα ∗ |un|3+α

)
|un|3+αdx→

∫
R3

(
Iα ∗ |u|3+α

)
|u|3+αdx. (3.33)

Next, we prove that u ̸= 0. Indeed, if u = 0, from (3.8) and the concentration-compactness
principle, we can show that

lim
n→∞

∫
R3

|un|s

|x|q
dx = 0, lim

n→∞

∫
R3

(
Iα ∗ |un|3+α

)
|un|3+αdx = 0,

and by Lemma 2.4 (vii), we have

lim
n→∞

∫
R3

ϕun
|un|2dx = 0.

Hence, from (3.1), the definition of Iτ and when ∥∇u∥2 ∈ [0, R1], one has

0 > c = lim
n→∞

Iτ (un) = lim
n→∞

I(un)

= lim
n→∞

[1
2
∥∇un∥22 −

1

6 + 2α

∫
R3

(Iα ∗ |un|3+α)|un|3+α dx
]

≥ lim
n→∞

1

2
∥∇un∥22 ≥ 0,

which is absurd.
Taking into account (3.11), we deduce that

lim
n→∞

[
∥∇un∥22 + λn∥un∥22

]
= lim

n→∞

[ ∫
R3

ϕun |un|2dx+

∫
R3

|un|s

|x|q
dx+

∫
R3

(
Iα ∗ |un|3+α

)
|un|3+αdx

]
=

∫
R3

ϕu|u|2dx+

∫
R3

|u|s

|x|q
dx+

∫
R3

(
Iα ∗ |u|3+α

)
|u|3+αdx

= ∥u∥2E + λa∥u∥22.

(3.34)

Next, we claim that λa > 0.

0 > c = lim
n→∞

Iτ (un)

= lim
n→∞

I(un)

= lim
n→∞

(
I(un)−

1

2
⟨I ′(un) + λnΨ

′(un), un⟩
)

= lim
n→∞

[1
2
∥∇un∥22 −

1

s

∫
R3

|un|s

|x|q
dx− 1

4

∫
R3

ϕun |un|2 dx

− 1

6 + 2α

∫
R3

(Iα ∗ |un|3+α)|un|3+α dx− 1

2

(
∥∇un∥2E + λna

2

−
∫
R3

ϕun
|un|2 dx−

∫
R3

|un|s

|x|q
dx−

∫
R3

(Iα ∗ |un|3+α)|un|3+α dx
)]

= lim
n→∞

[
− 1

2
λna

2 +
(1
2
− 1

s

)∫
R3

|un|s

|x|q
dx+

1

4

∫
R3

ϕun
|un|2 dx

+
2 + α

6 + 2α

∫
R3

(Iα ∗ |un|3+α)|un|3+α dx
]

= −1

2
λaa

2 +
(1
2
− 1

s

)∫
R3

|u|s

|x|q
dx+

1

4

∫
R3

ϕu|u|2 dx

+
2 + α

6 + 2α

∫
R3

(Iα ∗ |u|3+α)|u|3+α dx,
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so
1

2
λaa

2 >
(1
2
− 1

s

)∫
R3

|u|s

|x|q
dx+

1

4

∫
R3

ϕu|u|2 dx+
2 + α

6 + 2α

∫
R3

(Iα ∗ |u|3+α)|u|3+α dx,

which indicates that λa > 0 since s > 2.
From (3.34) we obtain

λa∥u∥22 ⩽ lim inf
n→∞

(
λa∥un∥22

)
≤ lim sup

n→∞

(
λa∥un∥22

)
⩽ lim sup

n→∞

(
λa∥un∥22

)
+ lim inf

n→∞

(
∥∇un∥22 − ∥∇u∥22

)
≤ lim sup

n→∞

(
∥∇un∥22 + λa∥un∥22

)
− ∥∇u∥22 = λa∥u∥22.

So that

lim
n→∞

(
λa∥un∥22

)
= λa∥u∥22,

that is limn→∞ ∥un∥22 = ∥u∥22. By (3.34), one has

lim
n→∞

∥∇un∥22 = ∥∇u∥22.

Hence, un → u in E and ∥u∥22 = a2. The proof is complete. □

For ε > 0, we define the set

I−ε
τ = {u ∈ E ∩ S(a) : Iτ (u) ⩽ −ε} ⊂ E. (3.35)

Since Iτ (u) is continuous and even on E , we see that I−ε
τ is closed and symmetric. Then, we have

the following lemma, which can be similarly proved as [3, Lemma 3.2].

Lemma 3.2. Give k ∈ N, there exists εk := ε(k) > 0 such that γ(I−εk
τ ) ⩾ k.

We introduce the set

Σk := {D ⊂ E ∩ S(a) : D is closed and symmetric, γ(D) ⩾ k} , (3.36)

and define the minimax value

ck := inf
D∈Σk

sup
u∈D

Iτ (u) > −∞ (3.37)

for all k ∈ N.
To show Theorem 1.2, we set

Kc := {u ∈ E ∩ S(a) : I ′τ (u) = 0, Iτ (u) = c} , (3.38)

then, we can prove the following result.

Lemma 3.3. For a ∈ (0, a∗). If c = ck = ck+1 = · · · = ck+r, we have γ(Kc) ≥ r + 1. In
particular, Iτ (u) has at least r + 1 nontrivial critical points.

Proof. For a fixed k ∈ N, by Lemma 3.2, there exists εk := ε(k) > 0 such that if 0 < ε ≤ εk, we
obtain γ(I−εk

τ ) ≥ k, and so I−εk
τ ∈ Σk. Moreover, one obtains

ck ≤ sup
u∈I

−εk
τ

Iτ (u) = −εk < 0.

Assume that 0 > c = ck = ck+1 = · · · = ck+r, then by Lemma 3.1 (ii), Iτ (u) verifies the (PS)c
condition at the level c < 0. Thus, Kc is a compact set. From [15, Theorem 2.1], we see that
Iτ (u)|S(a) has at least r + 1 nontrivial critical points. The proof is complete. □

By Lemma 3.1, the critical points of Iτ (u) obtained in Lemma 3.3 are the critical points of I,
which complete the first part of Theorem 1.2.
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4. Existence of ground state solution

Define the truncated constraint set

Ba := {u ∈ S(a) : ∥∇u∥2 ≤ R1} .
Furthermore, for u ∈ Ba, we have τ(∥∇u∥2) = 1 and thus Iτ (u) = I(u).

Insprired by [24], we define

ζa(x) = ae
−π
2 |x|2 . (4.1)

A direct calculation shows that

∥ζa∥22 =

∫
R3

|ζa|2 dx = a2
∫
R3

e−π|x|2dx = a2,

leading to ζ ∈ S(a). Furthermore, we have∫
R3

|∇ζa|2 dx = a2π2

∫
R3

|x|2e−π|x|2dx = a2π2W3

∫ +∞

0

e−πρ2

ρ4dρ =
a2

2
W3π

− 1
2Γ

(
5

2

)
.

Thus, we can deduce that

∥ζa∥2E =

∫
R3

|ζa|2 dx+

∫
R3

|∇ζa|2 dx

= a2 +
a2

2
W3π

− 1
2Γ

(5
2

)
= a2

(
1 +

1

2
W3π

− 1
2Γ

(5
2

))
.

For a ∈ (0, a∗) sufficiently small, ∥∇ζa∥2 < R1, so ζa ∈ Ba. We can get that Ba is nonempty.
Therefore, we can define

ma := inf
u∈Ba

I(u).

Lemma 4.1. For a ∈ (0, a∗). Let {un} ⊂ Ba with ∥∇un∥2 ≤ r1 < R1 and Iτ (un) → ma. Then
there exists {ũn} ⊂ Ba such that ∥ũn − un∥E → 0 and ∥I ′τ |Ba(ũn)∥E∗ → 0.

Proof. Since ∥∇un∥2 ≤ r1 < R1, there exists ρ > 0 such that Bn := {v ∈ S(a) : ∥v − un∥E ≤
ρ} ⊂ B◦

a. By the Ekeland variational principle applied to Iτ on (Bn, ∥ · ∥E), there exists ũn ∈ Bn

satisfying ∥ũn − un∥E → 0 and

Iτ (v) ≥ Iτ (ũn)− o(1)∥v − ũn∥E , ∀v ∈ Bn,

which implies ∥I ′τ |S(a)(ũn)∥E∗ → 0. Since ũn ∈ B◦a, we have I ′τ |Ba(ũn) = I ′τ |S(a)(ũn). □

Lemma 4.2. For a ∈ (0, a∗), the system (1.1) has a couple ground state solution (ua, λa).

Proof. The proof proceeds in three steps.

Step 1: For any u ∈ Ba, by Lemma 3.1 and the definition of h̃(∥∇u∥2), we can deduce that

I(u) = Iτ (u) ≥ h̃(∥∇u∥2) ≥ min
t∈[0,R1]

h̃(t) > −∞.

Hence ma > −∞.

ma ⩽ I (ζa)

=
1

2

∫
R3

|∇ζa|2dx−
1

4

∫
R3

ϕζa |ζa|2dx−
1

s

∫
R3

|ζa|s

|x|q
dx− 1

6 + 2α

∫
R3

(
Iα ∗ |ζa|3+α

)
|ζa|3+α

dx

<
1

2
∥ζa∥2E

≤ a2
(
1 +

1

2
W3π

− 1
2Γ

(
5

2

))
→ 0 as a→ 0,

Thus −∞ < ma ≤ I(ζa) < 0.

Step 2: Let {un} ⊂ Ba satisfy I(un) → ma. By definition, ∥un∥2 = a and ∥∇un∥2 ≤ R1.
So {un} is bounded in E. By Lemma 4.1, we can replace the sequence {un} with {ũn} such
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that I ′(ũn) → 0 and I(ũn) → ma. We also get that {ũn} is away from ∂Ba. Otherwise, 0 >
ma ← I(ũn) ≥ h(|∇ũn|2) = 0 since |∇ũn|2 = R1 for ũn ∈ ∂Ba. It is a contradiction. So
I ′S(a)(ũn) = I ′Ba

(ũn)→ 0. Up to subsequence, we assume that

ũn ⇀ ua in E, ũn → ua in Lt(R3) for 2 < t < 6, ũn(x)→ ua(x) a.e. on R3.

So {ũn} is a (PS)ma
sequence for Iτ = I restricted to S(a). Arguing again as in the proof of

Lemma 3.1, Iτ satisfies the (PS)ma
condition and ũn → ua strongly in E and λn → λa. So, we

have ∥ua∥2 = limn→∞ ∥ũn∥2 = a and ∥∇ua∥2 ≤ lim infn→∞ ∥∇ũn∥2 ≤ R1. Thus, ua ∈ Ba.
Step 3: We show (ua, λa) is a normalized ground state solution. Let v ∈ S(a) satisfy I ′S(a)(v) = 0

and IS(a)(v) < 0 for a ∈ (0, a∗), we obtain ∥∇v∥2 ≤ R1, thus v ∈ Ba. Hence, I(ua) ≤ I(v). From
the arbitrariness of v, we know that (ua, λa) is a normalized ground state solution to (1.1). □

Proof of Theorem 1.2. From Lemmas 3.1-3.3, we can get the existence of multiple solutions. Fur-
thermore, from Lemma 4.2, (ua, λa) is a couple ground state solution of the system (1.1).

Let (uan
, λan

) be a couple sequence ground state solutions of the system (1.1). From Lemma
3.1, we know that ∥∇uan

∥2 ≤ R1 uniformly in a, n, then uan
⇀ u0 for some u0 ∈ E, similar

arguing as in the proof of Lemma 3.1, we obtain uan → u0 strongly in E and λan → λ0. Combing
with ∥uan∥2 = an → 0 as n → ∞, we have uan → 0 a.e. in R3, thus ∥uan∥E → 0 as n → ∞.
Hence ∥ua∥E → 0 as a→ 0. □

5. Orbital stability

In this section, we study the orbital stability of ua obtained in Theorem 1.2. Firstly, we give
the definition of orbital stability.

Definition 5.1. The set Σa is said to be orbitally stable if, for any ε > 0, there exists δ > 0 such
that for any initial data ψ0 satisfying

inf
u∈Σa

∥ψ0 − u∥E < δ,

the corresponding solution ψ(t) to (1.1) with initial data ψ0 satisfies

inf
u∈Σa

∥ψ(t)− u∥E < ε for all t > 0.

Firstly, we consider that the solution ψ of (1.1) exists globally. We have

Iτ (u) ≥ Iτ (u)

≥ 1

2
∥∇u∥22 −

1

4
C∗a

3∥∇u∥2 −
1

s
C∥∇u∥q+

3s
2 −3

2 ∥u∥3−q− s
2

2 − τ (∥∇u∥2)
6 + 2α

S
−(3+α)
h,l ∥∇u∥6+2α

2

:= h̃(∥∇u∥2),

where

h̃(t) =
1

2
t2 − 1

4
C∗a

3t−−1

s
Ctq+

3s
2 −3a3−q− s

2 − τ (t)

6 + 2α
S
−(3+α)
h,l t6+2α. (5.1)

Denoting by ψ(t, ·) the solution to (1.1) with initial data u0 and denoting by [0, Tmax) the
maximal existence interval for ψ(t, ·), we have classically that either ψ(t, ·) is globally defined for
positive times, or ∥∇ψ(t, ·)∥2 = +∞ as t→ Tmax; see [22].

We define

Ω : =
{
v ∈ S(a) : Iτ |′S(a)(v) = 0, Iτ (v) = ma

}
=

{
v ∈ S(a) : I|′S(a)(v) = 0, I(v) = ma, ∥∇v∥22 ⩽ R1, I (R1) = 0

}
.

Assuming that r1 satisfies h̃ (r1) = ma, by using ma < 0 and the definition of Ω, we have

r1 < R1, ∀v ∈ Ω.
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Note that, since h̃ is monotonically decreasing with respect to a, we can take a1 > a to satisfy

h̃ (R1) =
ma

2 . There is δ > 0 such that if u0 ∈ E and distE (u0,Ω) < δ. Then

∥u0∥2 ⩽ a1, ∥∇u0∥22 ⩽ r1 +
R1 − r1

2
, Iτ (u0) ⩽

2

3
ma.

Let a = ∥u0∥2. Note that ∥ψ(t, ·)∥2 = ∥u0∥2 for all t ∈ (0, Tmax) by the conservation of the

mass. If there is t̃ ∈ (0, Tmax) such that ∥∇ψ(t̃, ·)∥2 = R1, then

Iτ (ψ(t̃, ·)) ⩾ h̃ (R1) =
ma

2
,

which contradicts the conservation of the energy

Iτ (ψ(t̃, ·)) = Iτ (u0) ⩽
2

3
ma, t ∈ (0, Tmax) .

Thus,

∥∇ψ(t, ·)∥2 < R1, t ∈ [0, Tmax) ,

which implies that ψ(t, ·) is globally defined for positive times. We have obtained the solution ψ
of (1.1) exists globally.

Assume by contradiction that there exist ε0 and a solution sequence {ψn(tn)}∞n=1 of (1.1), which
corresponds {tn}∞n=1, satisfies

inf
u∈Ω
∥ψn (tn)− u∥E ⩾ ε0. (5.2)

Proof of Theorem 1.3. Assume by contradiction that there exist ε0 > 0 and {ψn (tn)} satisfying
(5.2). By conservation laws and a priori estimates: ∥ψn(tn)∥22 → a, ∥∇ψn(tn)∥2 ≤ r1 < R1,
and Iτ (ψn(tn)) → ma. By Lemma 4.1, there exists {ũn} ⊂ Ba with ∥ũn − ψn(tn)∥E → 0 and
∥I ′τ |Ba

(ũn)∥E∗ → 0. So there exists u ∈ Ω such that ∥ũn − u∥E → 0 from Theorem 1.1. Hence
∥ψn(tn)− u∥E ≤ ∥ψn(tn)− ũn∥E + ∥ũn − u∥E → 0, which contradicts (5.2). This completes the
proof. □

6. Asymptotic behavior

Let (ud, ϕ
d) be the radial ground-state solution of (1.3)–(1.4) and the corresponding energy

functional be

Id(u) =
1

2

∫
R3

|∇u|2dx− 1

s

∫
R3

|u|s

|x|q
dx− 1

4

∫
R3

ϕdu2dx− 1

6 + 2α

∫
R3

(
Iα ∗ |u|3+α

)
|u|3+αdx,

where u ∈ S(a) and ϕd is the unique solution of −∆ϕ+d2∆2ϕ = 4πu2 in R3. The energy functional
corresponding to (1.5) is

I0(u) =
1

2

∫
R3

|∇u|2dx− 1

s

∫
R3

|u|s

|x|q
dx− 1

4

∫
R3

ϕ0u2dx− 1

6 + 2α

∫
R3

(
Iα ∗ |u|3+α

)
|u|3+αdx,

where u ∈ S(a) and ϕ0 is the unique solution of −∆ϕ = 4πu2 in R3.

Proof of Theorem 1.4. By Lemma 3.1 (i), we have ∥∇ud∥2 ≤ R1, and then

∥ud∥E =
(∫

R3

(
|∇ud|2 + |ud|2

)
dx

)1/2

≤
(
R2

1 + a2
)1/2

< C,

which implies that {ud} is bounded in E, and up to a subsequence (still denoted by ud),

ud ⇀ u0 in E, ud → u0 in Lp(R3) ∀p ∈ (2, 6), ud(x)→ u0(x) a.e. on R3.

For any test function φ ∈ C∞
0 (R3) we have∫

R3

∇ud∇φdx+ λd

∫
R3

udφdx

=

∫
R3

ϕdudφdx+

∫
R3

|ud|s−2udφ

|x|q
dx+

∫
R3

(
Iα ∗ |ud|3+α

)
|ud|1+αudφdx.

(6.1)
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Using the weak convergences, we can pass to the limit and obtain∫
R3

∇u0∇φdx+ λ0

∫
R3

u0φdx

=

∫
R3

ϕ0u0φdx+

∫
R3

|u0|s−2φ

|x|q
dx+

∫
R3

(
Iα ∗ |u0|3+α

)
|u0|1+αu0φdx,

(6.2)

where λd → λ0 (up to a subsequence) and λ0 > 0 by the same argument as in Lemma 3.1.
From Lemma 2.7, there exists a subsequence (still denoted by d) and (u0, ϕ

0) is a solution of
the limit Schrödinger-Poisson system.

ϕd → ϕ0 in D1,2(R3) and d∆ϕd → 0 in L2(R3),

where ϕ0 is the unique solution of −∆ϕ = 4πu20.
Next we prove that ud → u0 in E. Taking φ = ud and φ = u0 respectively in (6.1), we can

obtain ∫
R3

∇ud∇(ud − u0)dx+ λd

∫
R3

ud(ud − u0)dx

=

∫
R3

ϕdud(ud − u0)dx+

∫
R3

|ud|s−2(ud − u0)
|x|q

dx

+

∫
R3

(
Iα ∗ |ud|3+α

)
|ud|1+αud(ud − u0)dx.

(6.3)

Similarly, taking φ = ud and φ = u0 respectively in (6.2), so∫
R3

∇u0∇(ud − u0)dx+ λ0

∫
R3

u0(ud − u0)dx

=

∫
R3

ϕ0u0(ud − u0)dx+

∫
R3

|u0|s−2(ud − u0)
|x|q

dx+

∫
R3

(
Iα ∗ |u0|3+α

)
|u0|1+αu0(ud − u0)dx.

By Lemma 2.4(viii), we have ∫
R3

(ϕdud − ϕ0u0)(ud − u0)dx→ 0. (6.4)

Similar as the proof of (3.8), we have∫
R3

|ud − u0|s

|x|q
dx→ 0. (6.5)

By (3.15), we obtain that∫
R3

[
(Iα ∗ |ud|3+α)|ud|1+αud − (Iα ∗ |u0|3+α

)
|u0|1+αu0

]
(ud − u0)dx→ 0. (6.6)

Then from (6.4)-(6.6), with λd → λ0, we have∫
R3

|∇(ud − u0)|2 dx+ λ0

∫
R3

|ud − u0|2 dx = o(1).

Since λ0 > 0,

ud → u0 in D1,2(R3)

and

ud → u0 in L2(R3).

Thus, ud → u0 in E and (u0, ϕ
0) solves (1.5).

By the lower semi-continuity of the norm and the convergence of the nonlinear terms we obtain

I0(u0) ≤ lim inf
d→0

Id(ud).

On the other hand, for any v ∈ S(a), Id(v)→ I0(v) as d→ 0. Then

lim sup
d→0

inf
v∈S(a)

Id(v) ≤ inf
v∈S(a)

I0(v),



EJDE-2026/56 SOLUTIONS FOR SCHRÖDINGER-BOPP-PODOLSKY SYSTEMS 19

so
I0(u0) ≤ lim inf

d→0
Id(ud) ≤ lim sup

d→0
Id(ud) ≤ I0(v).

Hence I0(u0) ≤ I0(v) for all v ∈ S(a). Taking the infimum over v ∈ S(a) on the right-hand side
yields

I0(u0) ≤ inf
v∈S(a)

I0(v).

Since u0 ∈ S(a) (because ∥u0∥2 = a), the reverse inequality

inf
v∈S(a)

I0(v) ≤ I0(u0)

is trivial. Therefore,
I0(u0) = inf

v∈S(a)
I0(v)

which means u0 attains the least energy of the limit functional I0 under the mass constraint, i.e. u0
is a ground state of the limiting Schrödinger-Poisson system. Therefore I0(u0) = infu∈S(a) I0(u),

i.e. (u0, ϕ
0) is a radial ground-state solution of the limit Schrödinger-Poisson system. This com-

pletes the proof. □
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