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INFINITE MANY NORMALIZED SOLUTIONS FOR
SCHRODINGER-BOPP-PODOLSKY SYSTEMS WITH SINGULAR
COEFFICIENT AND CRITICAL GROWTH

ZIXING CAI, LI WANG

ABSTRACT. This article studies normalized solutions for the critical Schrédinger-Bopp-Podolsky

system with singular coefficient and critical growth,

|u‘s—2u
|4

—Ap+d?A%p = 4mu?, zeR3

/ |ul?dz = a2,
R3

Wherea>0isaconstant,0<a<3,0<q<2<s<10/35atisfyingq+§<3<q+%<5,

and 5
(2=«
Aa , withAazi( 2 )
2073/20(5)

which is the Riesz potential. Here 2}, = 3 + « is the Hardy Littlewood Sobolev upper critical
exponent. We establish the existence of multiple normalized solutions by using truncation tech-
niques and topological genus theory. To address the non-compactness of the energy functional
caused by singular and critical growth, we use the concentration-compactness principle. This
paper also presents results regarding the stabilization of the orbit and the asymptotic behavior
of the ground-state solution as d — 0.

—Au+ du = ¢u+ + (o * [u?®)[ul?e"2u, 2 €R?,

under the mass constraint

In(z) = 23—

1. INTRODUCTION AND MAIN RESULTS

The divergence of the self-energy of a point charge is a well-known drawback of classical Maxwell
electrodynamics. To overcome this difficulty, Bopp [§] and Podolsky [20] independently proposed
a higher-derivative generalization of Maxwell’s Lagrangian in which the photon propagator is
regularized at short distances while keeping the long-range behavior unchanged. The resulting
Bopp-Podolsky electrodynamics introduces a new parameter d > 0 with the dimension of inverse
mass; when d — 0 one recovers the classical Maxwell theory. Quantization of the BP model
leads to a Schrodinger-type equation for the matter field coupled to the BP potential, which, in
the electrostatic approximation, gives rise to the Schrédinger-Bopp-Podolsky system. From the
point of view of the electromagnetic field, the Bopp-Podolsky theory and the Maxwell theory are
experimentally indistinguishable, and can be interpreted as effective theories for large and short
distances, see [I]-[12].

This article aims to prove that the following Schrodinger-Bopp-Podolsky system possesses in-
finitely many normalized solutions.

U s—2u . .
|||:1:|f1 + <Ia * \u|2a) lul?«~2u, z€R3,

—Ap+d*A%p = 4mu?, e R3

—Au+ A u=¢u+ (11)
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with the prescribed L?-norm

/ u? dr = a?. (1.2)
R3

Since D’Avenia and Siciliano’s 2019 publication [4], the Schrédinger-Bopp-Podolsky system has
become the object of research in a number of recent works. They studied the following nonlinear
Schrédinger-Bopp-Podolsky system

—Au +wu+ ¢du = [ulP~?u, in R3,
—Ad+ a®’A%p = 47u?, in R?

with w,a > 0. They proved existence and nonexistence results depending on the parameters g, p.
Moreover, the solutions they found tend to solutions of the classical Schréodinger-Poisson system
as a — 0 in the radial case. Li et al. [I7] extended the previous results to the critical case

—Au+V(2)u + ¢pu = plulP2u + |u|*u, in R3,
—Ad+ a?A%p = 4mu®, in R®,

where p > 0, p € (2,5). They proved the existence of ground state solutions by coupling the
Pohozaev-Nehari manifold with the monotonicity trick. In fact, Zhu et al. [27] studied the nonlinear
Schrodinger-Bopp-Podolsky system

~Au+V(2)u+ qpu = f(u), in R
—A¢+ a®A%p = 4mu?,

where a > 0, ¢ > 0 and V € C(R? R). By using the variational methods, they established the
existence of infinitely many nontrivial solutions. Moreover, they obtained the existence of a ground
state and at least one positive solution for the two classes of nonlinearities under appropriate
assumptions.

In recent years, Liu [I8] looked for solutions to the Schr?dinger-Bopp-Podolsky system with
prescribed L2-norm constraint,

—Au 4 wu + gopu = uP %4 in R3,
—Ad+a’A%p = 4mu® in R?,

[tz =p.
RB

where ¢, a and p are positive constants. The parameter w arises as a Lagrange multiplier. By
the classical minimizing argument, the author obtained a ground-state solution for sufficiently
small p when p € (2, %) and the non-existence of positive solutions via a Liouville-type result
when p = 6. This article also investigated the orbital stability of standing waves for p € (2, %)
by a contradiction argument. In the article [7], Bellazzini and Siciliano proved the existence of
orbitally stable standing waves with prescribed L?-norm for the following Schrédinger-Poisson
type equation
e+ Ay — (]2 )Y+ PP =0 in R

when p € {3} U (3,12). For more details, please refer to [21] and [6].

From the physical viewpoint, the mass of particles fR3 |u|? dz is conserved along the time evolu-
tion. It is therefore natural to search for normalized solutions, i.e. pairs (u, A) solving the stationary
system together with the prescribed mass constraint. Such solutions correspond to standing waves
of the evolutionary model and their variational properties are closely related to orbital stability or
instability. So it is meaningful to look for solutions of whose L2-norm is prescribed. In this
paper we therefore pursue normalized solutions, i.e. couples (u,\) € E x R that solve while
fulfilling the fixed-mass constraint.

Our multiplicity results for the Schrédinger-Bopp-Podolsky system with |u|*~2u/|z|? appear
to be the first of this type as far as we know. The main purpose of this paper is to formulate
the normalization problem, precisely, to constructively demonstrate multiple normalized solution
through variational methods. Concretely speaking, we shall study the Schrodinger-Bopp-Podolsky
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system with critical growth. Moreover, the variational properties of these solutions aid
in examining whether they are orbitally stable or unstable. Meanwhile, we try to obtain the
asymptotic behaviour of the normalized solution as d — 0.

Throughout this article, for any 1 < ¢t < oo, we denote by L!(R?) the usual Lebesgue space

with norm
. 1/t
[ ;:(/ Jul dx) .
]R3

We use C§°(R3) to denote the space of the functions infinitely differentiable with compact support
in R3. C;,Cs,... are the positive constants whose values possibly vary from line to line. Let
H'(R?) be the completion of C§°(R?) with respect to the norm

) 5. \1/2
el = (/ [Vul? + uf?de)
R3
Moreover, D*2(R?) is defined by

D"?(R?) = {u € L°(R®) : / |Vul’dz < +o00}
R3

5, \1/2
Jul ooy = ([ (VuPaz) "
R3
and we introduce here the space D := {¢ € DV?(R?)|A¢ € L*(R3)} equipped with the norm

1/2
lullo = (Vo2 + a2 Ag]2) .

From [4], we know that C§°(R?) is dense in the Hilbert space D and D < L5(IR3).
We will work in the space

E:=HL (R = {u € H (R?) : u is radial}

rad

endowed with the norm

and the assumption

(A1) 0<a<3,0<g<2<s<10/3satisfying ¢+ § <3 < g+ 3 <5.
Definition 1.1. Let
S(a)z{ueE: |u|2dx=a2}.
R3
We say u € S(a) is a normalized ground state solution to (1.1]), if it is a solution having minimal
energy among all the solutions which belong to S(a), i.e.

I(u) =: inf{I(u) : u € S(a), I'|s(s)(u) = 0}.
We define

1. 5+2a
Gy 1= (7) 12+6a’

K

where
s s 34 \-wm 5420
K= C*5+2(x S 5+2a ( ) )
hit 2(4 + 2a) 2(4 + 2a)
Then primary research findings of this paper are stated as follows.

Theorem 1.2. Under condition (Al), a € (0,a.), for any given k € N, problem —
possesses at least k couples (uj, Aj) € E x R of distinct weak solutions with fR3 uf dr = a®, A; >0
for any j = 1,... k. In addition, the system has a couple ground state solution (uq,\,) with
|uallg — 0 as a — 0.

To establish Theorem [I.2] we work within a constrained variational framework. Technically,
problem — simultaneously exhibits Hardy-Littlewood-Sobolev upper-critical growth, sin-
gular and a prescribed-mass constraint, so that certain (PS) sequences may fail to converge. Fur-
thermore, the corresponding energy functional restricted to the constraint manifold S(a) ceases
to be bounded below. To overcome these difficulties, we employ the concentration-compactness
principle and a truncation method to restore the compactness lost to critical growth. And we
work in the radial subspace to address the lack of compactness in the full space. Our innovation



4 Z. CAIL, L. WANG EJDE-2026/56

also lies in the fact that we have obtained an accurate value of a,, which is different from the
situation where many previous studies only indicated the existence of a,. Furthermore, this paper
establishes the orbital stability.

Theorem 1.3. Under condition (Al), a € (0,a.). The ground-state standing waves of (L.1)) are
orbitally stable.

Theorem 1.4. Under condition (A1), fix a € (0,a.) For every sequence d — 0, let (ugq, %) be the

radial ground-state solution of (1.3)-(1.4]):

|u|s—2u

Au+ Agu = ¢u + + (L * |ul? u2;_2u, z € R3,
au = ¢ EE (T fuf*) (1.3)
Ap+ d®A%p = 4ru?, z eR3
under the mass constraint
lu|?dz = a®. (1.4)

R3
Then there exists a subsequence (still denoted by d) and a pair (ug, ¢°) such that

ug — ug i E,
¢? = ¢” in D“(R?),

and the pair (ug,¢°) serves as a radial ground-state solution to the limit Schridinger-Poisson

system
"LL|S_2’U,

Au+ Aou = pu + + (Ia * |u\2:<)|u|21_2u7 r € R3,

||
Ap =4mu?, zeR?

(1.5)

with [5s [uol?dz = a® and \g > 0.

The remainder of this paper is structured as follows. In Section 2, we provide some preliminary
results that will be useful throughout this paper. Theorem [I.2]is proved in Section 3 and Section
4. We give the proof of Theorem [I.3]in Section 5, and Theorem [I.4]is addressed in Section 6.

2. PRELIMINARIES

Let X be a Banach space and A C X. The set A is called symmetric if u € A entails —u € A.
Now recall the notion of genus. We denote

Y :={AcC X\ {0}: Ais closed and symmetric with respect to the origin}.
For A € X3, set

0 if A=0,
¥(A) = inf{k € N:Jan odd ¢ € C(A4,R*\ {0})},
400 if no such odd map exists,

and ¥, = {4 € ¥ :y(A) > k}. Next we give some lemmas which will be used to prove Theorems
LL2H1.48

Lemma 2.1 ([I4, Lemma 2.1]). Let u € H'(R?), and 1 < 0 < 3. Then

/ ful deC,,/ |Vu|” dz,
rs 2|7 R3

Lemma 2.2 (Gagliardo-Nirenberg-type inequality [25, Theorem B]). Let C; be the best constant
in the Gagliardo-Nirenberg inequality

[ulle < CEllull " Vull for2 <t <6,

where C, = (ﬁ)o

where v, = 3(3 — 7).
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By Holder inequality and Lemmas we have

s q
[ = [l
g3 7|7 g3 7|7
2 \q/2 3
< (L/‘ Eﬂgdx) ([ war)
R3 |1'| R3 (21)

q/2 6—2q—s 3s=6 6 229
< (4 1vulda) [ Coulully ™ IVul ™
<2chs IVl R,
Let us recall the following Hardy-thtlewood—Sobolev inequality [17],
) dd ‘<c (N, A S -
LA vy ) 17y gl

where f € L"(RY), g € L*(RY), r,s > 1,0 < A< N, and
11 A

-+ -+ —==2.
r+s+N

From Hardy-Littlewood-Sobolev inequality, we can define the best constant and the following
lemma, which can be found in [16]:

fR3 |Vu|?>dx

in .
weDV2EN0} [ [ (I, * [uf3+) |uf3+adz] =

Sh,l =

Lemma 2.3. Let u € S(a). Then there exists constant Cy > 0 such that
2
//) W@F WO ) g < o Vul, o, (2.2)
R3 xR3 |z — y

Indeed, the Lax-Milgram theorem guarantees that for every fixed v € H'(R3), the second
equation of (|1.1) admits a unique solution ¢,,, explicitly given by

1 — e~ lz—yl/d

R
R3 lz -yl

then system (|1.1)) can be transformed into a single Schrédinger equation as follows,

‘ |€ 2

And the solutions of (2.3 with |lul3 = a? > 0 can be obtained as critical points of the energy
functional

1 1 1 s 1
I(u) :== 7-/ \Vu|?dx — f/ bulul?dr — 7/ [ul dx — / (Lo [u>T) [u*T*dx
2 Jgs 4 Jgs s Jgs |x|? 6+ 2a Jps

on the constraint set
S(a) = {u eFE: / lu|*dx = a2}.
RS

The properties of the function ¢, are given as follows.

Lemma 2.4 ([]). For every u € H'(R3) \ {0}, we have
(i) ¢u >0;
(1) Gurg) = Gul- +) for any y € B
(iii) ¢, € L*(R3) N Co(R?) for every s € (3, +00];
(iv) Vo, € L¥(R3) N Cy(R3) for every s € (3/2,+<];
(V) ¢ is the unique minimizer of the functional

—Au+ A\u = ¢u+

+ (Lo * [u*T®) Ju[""*u  in R®. (2.3)

1 d?
unld) = 5IVoli + FIAE — [ outds, oeD,

Moreover, if u is radial, then ¢, is also radial; and if u, — u in HX(R3), then
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(Vi) ¢u, — by in D;
(Vi) [ps Gu,uZ dz — [o dyu da;
(Vili) [os Gu, unvdz = [o5 dyuvde for any v € H (R?).

We need the concentration-compactness principles to solve the non-compactness of the energy
functional caused by critical growth.

Lemma 2.5 ([10]). Let {u,} be a bounded sequence in D*2(R3) converging weakly and almost
everywhere to some u € DV2(R?), there exists a subsequence which is still denoted as {u,} for
convenience:
V| = p,
(Ia % |un|3+a) |un|3+a N
weakly in the measure space. Using the concentration compactness principle due to Lions, we obtain

the ezistence of a set J (at most countable) and positive numbers {p;}ic7, {vi}jes C [0,00) such
that there exist two positive measures j,v € M(R?),

H= |Vu|2 + Z 1450z,

jeET
v= (Lo *u**t) [uft™ + Z Viba, Z yfﬁ < 00,
JjET JjeT
and
1y > Spv, (2.4)

where 0., is the Dirac-mass of mass 1 concentrated at x; and the subsequence {x;} C R3.

Lemma 2.6 ([13]). Let {u,} C DV2(R3) be a sequence in Lemma and define

R—o00 nooo

loo = lim limsup/ |Vu,|?dz,
lz|>R

Voo := lim limsup/ (Io  |un* 1) Jup [T ¥ da.
R lz|>R

—0 n—oo

Then it follows that

limsup [ |Vu,|?dz = / dp + floo, (2.5)
n—oo JR3 R3
hmsup/ (Lo [un [*T*) Jun [T ¥dz = dv + Vs, (2.6)
n—o00 R3 R3
2
S%L,ZVSOJra < ,uoo(/ dﬂ"',uoo)- (2.7)
R3

The following result deals with the asymptotic behavior of the solutions of (1.3)) when d — 0,
which can see [4, Lemma 6.1].

Lemma 2.7. Consider f° € L5/°(R3), {f%}ac(01) C L%°(R®) and let
#° € DV2(R?) be the unique solution of — A¢ = fO in R3,
% € D be the unique solution of — A¢ + d*A%p = f¢ in R®.
As d — 0 we have:

(i) if f¢— fO in LS/5(R3), then ¢¢ — ¢° in DV2(R3);
(ii) if f¢— fO in LS/5(R3), then ¢ — ¢° in DV2(R?) and dA¢? — 0 in L*(R?).
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3. EXISTENCE OF MULTIPLE SOLUTIONS

We always require condition (A1) to be satisfied. For u € S(a), in view of the Sobolev inequality,

(2.1) and (2.2)), one has

1 1 2,
I(u) > 5|[Vull3 = 3 Cea®|[Vull2 — =

+32-3 3—
B T A 1

1 *(3+a 6+2 (3.1)
e ST g -
6 + 2«
= h([[Vull2),
where
1 1 29 2-gq s 3s 1 _
ht) = =2 — ZC,a’t — 2-C, 2 a® 1 3¢9t%5 3 _ IS (3+04)t6+2o<.
(*) 2 4 “ s ©F “ 6 + 2 P!
het 1 1 1
a t - 70* Bt_l S_(3+0‘)t4+2a
9alt) = 5 = 30 6+ 2a

Then g,(t) = —occ as t — 0 and g,(t) - —oo as t — +o00. Note that

1 _ 4420 ,—(31a)
L(t) = - Cuadt™? - - g BFydza
9a(t) = 3 Cwa™t™ = o]

thus g,(t) has only one maximum

i _(M o) (GOBE0) gy
‘o 44 2 h,l “ U 24+ 2a) Rl

Then we have

max ga(t) = ga(ta)
_1 1, ag(c*a3(3+a) SHQ)*ﬁ 1 S_(3+a)(0*a3(3+05) Sg+a) sha
2 4 2(4+2a) hit 6+ 20 Mt 2(4 +2a) "
:l_lcéigga152+26; 5+2a F( 3+a ) ﬁ+ 1 ( 3+a )?—fﬁi]
2 27" 2\2(4 + 2a) 3+ a\2(4+2a)
_ 1 B lcgigga%’zjﬁf o+2 ( 3+« ) s575a D+ 4o
2 27 2(4 + 2a) 2(4+2a)
Let
K= Cfi£$5 0332%( 3+ >7s+ﬁ 5+ 2«
2(4 + 20) 2(4 + 20)
Then
1 @ 1. 5+2a
ga(te) =0 = 5~ fIC Qi =0 = a= (E)”*G“ =, (3.2)
so we obtain gq(t,) > 0 as a < a.. Hence
1 1 —(34a
taga(ta) = 5te — 70 0’ta — 55, (Bra)6i20 5 0 as q < a,. (3.3)

From the above deduction, we know that when a < a,, the maximum value of g,(t) is positive.
Clearly, g,(t) = 0 has exactly two roots 0 < R; < Ry < co. Thus, we summarize the properties of
ga(t) as follows:

Jim ga(t) = —co and  lim ga(t) = —oo,

Ja(R1) = ga(R2) =0 and gu(t,) > 0,
9o (t) is increasing on (0,t,) and decreasing on (¢, +00).
For a € (0,a.), from (3.2, we obtain
1

1246 e
T <1 = v < ()T = K,
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So
C.a®(3+ a) o
Ri<ty - (G200 g0
! 24+ 2a) "Ml
T Sta 3+« 5Toa _3
— C$+2o¢ . Ss+2a (7) ey
mt \o(4+ 2a) “
1 3ta , F 4 \57em 4+w( #)
54+2a 542a 54+2a 442a
<O S (2(4+a)) G
y S_%(_ﬁ)< 3+a )—5:206(—4:2&)( 5+ 2a )——
hit 2(4 + 20) 2(4 + 2a)
:553+ (1+4+2a)( 3+« )ﬁﬂﬁﬁﬁ( 5+ 2a )—ﬁ
bk 2(4 + 2a) 2(4 + 2a)
_S%<2(4+2a). 5+ 2a )*T
TR 3+a 204+ 2a)
et
224«
Sh,l
since
2(4+2a) 542« _5+2a>1
3+a  24+2a) 3+a '
Hence
2 b
<SpT (3.4)

Let 7: Rt — [0,1] be a nonincreasing and C*™ function that satisfies
1 ift < Ry,
=20 s R
0 ift¢ 2 RQ.

Now, we introduce the truncated functional

s Ul | N
—_ = _ I [e3% o
=5 [Vl =< [ e [ ouuiar - TR [ (1 ) e

we can easily show that I, € C1(E,R).
For u € S(a), by the Sobolev inequality, Lemmas and (2.1)), it is easy to see that

1 1 29 4353, 3
IT(U)Z*HVUH%—ZC*a:iHVUHz—* W2 IVull g 2y 0

o T (HVUHQ)S—(3+0¢)HVUHS+20¢

6+2a M
= h([Vull2),
where
~ 1 1 29 2-a . . 3. T(t)  o—(3+a)
h(t) = =t2 — ZC,a*t — —C, 2 a®> 97 5¢9T%5 3 _ S( 16420
( ) 2 4 a S g5 @ 2 2 6+2a

Setting us(x) = t3/%u(tz), we have |lu¢||2 = ||lull2. By (3.1)), when # is small enough, we have

#2 t 5 +a=3 s
I(u) < —/ |Vu|*de — 7/ bu|ul*da — - / ful dx
2 R3 4 R3 S R3 |x|q

t3+3a .
/ (Lo * [u**) [u*T*dz < 0.
R3

(3.5)

6+ 2a

Lemma 3.1. Fora € (0,a), the functional I has the following properties:

(i) I is coercive and bounded from below on S(a). Moreover, if I.(u) <0, then |[Vulls < Ry
and I (u) = I(u);
(ii) I, satisfies the (PS). condition on S(a) N E for all ¢ < 0.
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Proof. For (i), it follows from condition (A1) that when ||Vullz — 400, hA(||Vul|2) is dominated
by ||Vul|3 yielding

I (w) = 1(||Vull2)

= IV~ 10Vl — 2 vl ¥ gy - TV s g e
— 400 as ||Vu||2 — +00,

(3.6)
which shows coercivity. When ||Vul|y € [0, Ry, I (u) > h(||Vulls) = h(||Vull5). So we can get that
I is coercive and bounded from below on S(a). By contradiction, if I-(u) < 0 but ||Vull2 > Ry,
then by the property of A(||Vul|z), we would have I,(u) > 0, which contradicts the assumption.
So ||Vull2 < Ry and thus the truncation function 7(||Vull2) = 1, leading to I (u) = I(u).

For (ii), let {u,} be a (PS). sequence of I restricted to S(a) N E with ¢ < 0. Then by (i),
we have [|[Vuy,|2 < Ry for large n, and {u,} is also a bounded (PS). sequence of I|g(q)ng With
c <0, ie.,

I(up) = ¢ <0, ||I'|s@)ne(un)|
Therefore, up to a subsequence (still denoted as {u,,}), there exists u € E such that

g 0 asn—oo.

Uy, —uin B, wu, —uin L'(R®) for 2 <t <6, wu,(xr)— u(z) ae. on R

Note that, from Hoélder inequality and Lemma we obtain

|un 7u‘s _ |u7l 7u|q s—q
/]RB 7|x|‘1 do = . 7|x\q Ny, — u|* T

— ul? q/2 s—q 251
< (/ de) ( |un—u|2( q)da:> ’ (3.7
R3 |[2 R3
2—q
< (4 [ 190 =) ([ -l 5 ) 7
R3
thus we can obtain that . .
lim [un| dx:/ [ul dx (3.8)
n—oo Jgs |T[? rs | 7]

since {u,, } is bounded in F and 2 < (s q) < 6 by the condition (A1l).
Then, by [26], Proposition 5.12], there ex1sts An € R satisfying

1
|Un|S Qun - (Ia * |un|3+a) |un|1+aun = On(l) (3'9)

_AUn + Apup — d)unun - | |q

in E*, where E* is the dual space of E. Therefore, for ¢ € E, one has

Vuanodx—F/\n/ ungodx—/ Du,, Unpd
R3 R3 R3

s—2
_/ |Un| Unpd _/ (Ia % |un|3+a) |un|1+o‘ung0da? (3.10)
R3 R3

= on(1)llel]-

Consequently, lettin ¢ = u,,, we have

/ |V, [2de + \,a?
R3

:/ gi)un|un|2d9:+/ [n] dm+/ (Ia*|un|3+a) | |2 Tz + 0, (1).
R3S R |Z[ R3
By Lemmas 2.1}2.3] we have

(3.11)

/ bu [un|2dz < Coa®|[Vupls,

S
/]Rs||a:|| de < 210,%" a® 973 || a7 F 7,
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/ (o [ *12) Jun [ d < S5 15|V [§722

R3 ’

Thus, the boundedness of {u,} yields that {\,} is bounded in R. Up to a subsequence, we may

assume A, — A\, € R. By (3.10]), we claim that

‘u|572u
||

Indeed, for any ¢ € E, from u,, — u in E, it follows that

—Au + Agu — Pyu —

— (Lo = [u>T®) [u'T*u = 0. (3.12)

/ Vu,Vodr — VuVedxr asn— oco. (3.13)
R3 R3
Noting that A\, — A\, as n — 0o, we easily obtain
)\n/ Upp dr — /\a/ updr asn — oo. (3.14)
R3 R3

Furthermore, since {|u,|37} is bounded in L5%& (R3) and |u,, (z)>T® = |u(z)]>T almost every-
where in R3. Then, we have [uy, (z)*"® — |u(z)[*T® in L% (R3).
By the Hardy-Littlewood-Sobolev inequality, we have

Mo # a2 o < Clfun* o < C,
where C7 > 0 is independent on n. Thus, up to subsequences, it follows that

I Jun 2T — I+ [uP® in L%(R?’).
Furthermore, since

_6_
/ (Jun]"Tuy) 7 do = / lu,|® da < C,
R3 RS

as n — 0o, it holds that

[t ()| = Ju()[ T i L7 (RP).

By Holder inequality, we obtain that

/' [(Zo * |un 1) |un(:c)|1+O‘un($)]g dx
R3

_ /R (Lo # [un ) ¥ [Jin (@) Foun ()] * do

3—«a 21»70(
- (/ (Ia*|un‘3+a)%dx) 5 (/ (|un(x)|1+aun($))“% dx) ® e
R3 3
So, it follows that

Lo P () [ 0 = Lo [ Ju(a)[ T u i L (R,

Thus,
/ (Lo un*T) Jup " *uppdr — / (Lo = [u>T) u" T *updz. (3.15)
R3 R3
Moreover, it follows Lemma (viii), we have
/ (Pu, Un — dyu) pdr — 0 as n — oo. (3.16)
R3

So, from (3.8) and (3.13)-(3.16), (3.12]) is proved.
Next we will prove that ||un||?3 — Hu||2E, and

/ (Lo * unP*®) un [P dae — / (Lo |u®) Ju*Tda. (3.17)
R3 R3

In fact, since ||Vuy|l2 < Ry for n large enough, by Lemma there exist two positive measures
u,v € M(R3) such that

Vun|? = 1, (Lo * [un]*7) fun [T = v (3.18)
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as n — oo. Setting the functional ¥(v) : E — R? given by

1
U(v) = 3 /N vida.

It follows that S(a) = \I/_l(%). We divide the proof into three steps.
Step 1. We prove that J is empty. By the conservation of the mass, J is not infinite. If that J
is nonempty and finite, then p; and v;, which come from Lemma are positive measures.

Take ¢ € C§°(R?) be a cut-off function with ¢ € [0,1], ¢ = 1 in By2(0), ¢ = 0 in R\ B1(0).
For any p > 0, set

x—xj) 1 if |z —x;| < p/2,
x):=pl—) =
2ol i= o P {0 it Jo — 2] > p.

By the boundedness of {u, } in E, {¢,u,} is also bounded in E. Thus, one has
on (1) = (I'(un), @ptin)

:/ <pp|Vun|2dx—|—/ UV, Vtnde —/ Gu, |un|*ppdz
R3 R3 R3 (319)
U § (03 (0%
—/ #pltn| d:c—/ ©p (Lo * [un [>T%) [u, [T da.
rs || R3
By (3.8), (3.16) and the definition of ¢,, one has
T 7 L P ey 1L A eoltl” 4 o, (3.20)
p0n=00 Jgs  |z[? p=0 Jra 2] =0 Jjo—a,1<p [2]?
N 25 1 27, _
tim lim [y, fun e = T [ gy fuldz o (3.21)
Applying Hélder’ inequality with the absolute continuity of Lebesgue integration, we have
lim lim U Vu, Vo,dr = 0. (3.22)
p—0n—00 Jp3
Then, it follows from (3.19 - Lemma and the definition of ¢, that
vj = lim {/ (Ia * |ulPT P, + Z Z/jéwjapp)dx}
PO L R jeg
I 3+a 3+
= lim . ppdv = lim Hm . (Lo * [un| ") [un]* " ppdz
BERT . 2
= ;1_1% nlg};O /R3 |V ppde (3.23)
: 2
> tim { [ (190 + 3 it =
Jje€T
So we can deduce that v; > p;. By (2.4), we obtain
1
g > ST,
so we can obtain that
j = Sh, lV‘”“ > Sh, ZMHQ-
Consequently, one has p; > Sh; p“" Then
j.
2> > 2 = li >y > S :
RE > lin T [V, > liy i [ (VuPpde = tim [ opdnz > 855, (320

which contradicts with (3.4, then J is empty.
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Step 2. We prove that po, = Vo, where o and v, come from Lemma Let ¢ € CSO(R?’) be
a cut-off function with ¢ € [0,1], 1) =0 in By/2(0), ¢ =1 in R3\ B1(0). For any R > 0, set

o zy _J0 if|z[ < R/2,
Yr(@) =¥ (R) - {1 if 2] > R.
Again by the boundedness of {u,} in F, we know that {t¢)gu,} is also bounded in E. Thus,

on(1) = <I,(Un)a YRUR)

= / Yr|Vu,|*dr —|—/ Up Vu, Vippda —/ VYR bu, [tun|*dx
R3 R3 R3 (325)
— wR|Un| dx —/ Vg (I * |un|3+a) [, |2 T da.
R3 B R3
By the definition of g, we have
/ \Vu,|?dr < / Yr|Vu,|2de = / |V, |?dz. (3.26)
|z|>R R3 |lz|>R/2
Thus, in view of Lemma [2.6] we obtain
lim lim / YRV, 2de = oo, (3.27)
R—ocon—o0 Jp3

lim lim/ VR (Lo * [un[2T) Jun P Td2 = v (3.28)
R3

R—o00 n—o0

By (3.8) and the definition of 1,, we have

Jul”

P e = tim .

li li der = li dz = 0. 3.29
P R FTRY o SR e S L rh (3.29)
Similarly, we have
lim lim/ VYROu, [tn|?dr = 0, (3.30)
R—ocon—o0 [p3
lim lim Up Vu, Vippdx = 0. (3.31)

R—0n—o0 [pa

So, from (3.27)-(3.31)), taking the limit as n — oo, and then the limit as R — oo in (3.25]), we

obtain

Moo = Voo- (3.32)
Step 3. We prove that i, = Voo = 0. Suppose by contradiction that po, = vee > 0. By (2.7),
we know

Shavas ™ < uoo(/S dp + uoo)-
R
By (2.5), we have
—(3+a), = Ea
Voo < Sp oo . dp 4 fhoo
R

which implies

3+a 3+ta _ 3+a
< ST (R =St (B

34+a
2
)

3+a

v T 5,7 (RY)

Since 1 — ?’*?a < 0, we can deduce that

3+a
2

2@t0) o 3a
Voo = Shj*" (Rl) The

Then

2 ~ : 2 2 oy e
Ry > lim lim [[Vu,[|3 > plec = Voo = ), ;" (RY) ™=,

R—o00 n—o0

which shows that

2o oroe) _ o¥e
e _ 24«
Ry > Sh,l = Sh,l )
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which contradicts (3.4). Therefore, we prove that pe = Vo = 0. Consequently, by Steps 1-3, we

obtain

/ (Ia * |un|3+a) |un|3+adﬂf — / (Ia * ‘u|3+0‘) |U|3+ad.73.
RS s

(3.33)

Next, we prove that u # 0. Indeed, if u = 0, from (3.8) and the concentration-compactness

principle, we can show that

S
lim [un dx =0, lim (Lo * |un]*T®) [un [*T*dz = 0,
n—00 Jp3 ‘x|q n—00 Jp3

and by Lemma (vii), we have

lim / bu,, [tn)?dx = 0.
n—00 Jp3
Hence, from (3.1), the definition of I and when [|[Vu||2 € [0, R1], one has

0>c= lim I (up)= lim I(u,)
n— 00

n—oo

.1 1 a a
:nlggo bHVUnH%* 51 20 /Rs(ja*‘u”‘3+ )|un|3+ dw}

1
> lim S[IVun|3 >0,
which is absurd.

Taking into account (3.11)), we deduce that
i [[90nl3+ Aulfun 3]

= lim [/ ¢un|un|2dx—|—/ [un| dm—i—/ (Lo * |un]*T) |un|3+°‘dx]
RS e || R3

n—oo

S
:/ ¢u|u|2dx+/ Mdaz:—&—/ (Lo = [u>T) [u*T*da
RS Re |2]9 R3

= [lull + Aallul3-

Next, we claim that A\, > 0.

0>c= nh_}n;o I (uy)

= nILrI;OI(un)
= 7Lh_{lg@([(un) - 5([’(un) + AV (up), up )
— i [5I9u g =5 [ o= [ o funlds
— g o e ) 4 de = 5 (19l + A®

,/ ¢un|un|2dx7/ |un| dx*/ (Ia*|un|3+a)|un|3+adx)}
R3 s 2|7 R3

. 1 1 1 |, |® 1
= lim [—7)\71 2 (7_7>/ dx / u nl|*d
n—>1 00 2 ot 2 s/ Jgs |x|d t1 Dun ‘ v

2+ 3
Ia n +a n3+ad]
e [ U da

1 5 1 1 |u|® 9
= —5ha +(2 )/R EraR /¢u|u| da

2+«
I 3+a 3+ad
+ e | Ul da,

(3.34)
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SO
1

11 |ul® 1 2+a
an2>(f—f)/ d f/ Jul*d /Ia e |ufSte da,
22 >3 75) Lo B 7 f, Gululde gt | e jul )l do
which indicates that A, > 0 since s > 2.

From ([3.34) we obtain

Aallully < liminf (Aallun2) < Timsup (Ao unl13)

< limsup (Aql|un3) + liminf ([[Vu, |3 — [Vul3)
n—o00 n—00

< limsup (| Vun |3 + Aallunl3) = [Vull3 = Aaull3.
n—oo

So that
- 2\ _ 2
Tim (Aallunll3) = Aol
that is lim,, oo [[un]|3 = |lull3. By (3.34), one has
Tim [V, 3 = [ValZ.
Hence, u,, — u in E and |lu|3 = a®>. The proof is complete. O
For € > 0, we define the set
I"*={ue EnS(a):I.(u) < —} CE. (3.35)

Since I (u) is continuous and even on F , we see that I-¢ is closed and symmetric. Then, we have
the following lemma, which can be similarly proved as [3, Lemma 3.2].

Lemma 3.2. Give k € N, there exists €, := (k) > 0 such that y(I7°%) > k.

‘We introduce the set

Yt :={D C ENS(a): D is closed and symmetric, (D) > k}, (3.36)
and define the minimax value
c = Dlélék Slelg I (u) > —o0 (3.37)
for all £k € N.
To show Theorem we set
K.:={ue EnS(a): I.(u) =0,1(u) =c}, (3.38)

then, we can prove the following result.

Lemma 3.3. For a € (0,a.). If ¢ = ¢y = ¢kt1 = -+ = Char, we have y(K.) > 7+ 1. In
particular, I (u) has at least r + 1 nontrivial critical points.

Proof. For a fixed k € N, by Lemma there exists e := (k) > 0 such that if 0 < & < g, we
obtain y(I=¢*) > k, and so I=*+ € ¥j. Moreover, one obtains

e < sup I (u) = —e, <0.

uel; °F
Assume that 0 > ¢ = ¢ = ¢g41 = -+ = Ck4r, then by Lemma (ii), I (u) verifies the (PS),
condition at the level ¢ < 0. Thus, K. is a compact set. From [I5, Theorem 2.1], we see that
I-(u)|s(q) has at least r 4 1 nontrivial critical points. The proof is complete. O

By Lemma the critical points of I, (u) obtained in Lemma [3.3] are the critical points of I,
which complete the first part of Theorem [T.2]
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4. EXISTENCE OF GROUND STATE SOLUTION

Define the truncated constraint set
By :={u e S(a):||Vulla < Ri}.

Furthermore, for u € B,, we have 7(||Vul||2) = 1 and thus I (u) = I(u).
Insprired by [24], we define

-_

Ca(®) = ae = 77, (4.1)

A direct calculation shows that

L2
||<a||§=/ |Ca\2dx=a2/ e
R3 R3

leading to ¢ € S(a). Furthermore, we have

V¢ |2d$€ =a’n? 207zl g — 272 e —mp? A Lﬁ -3 §
a =am ‘.’L‘| € dr = a1 Wjs e pdp = Wsn 2T .
R3 R3 0 2

2
/ Cal? do +/ VGl da
R3 R3

2
5 a _1..,0
=a” + ?W37T QF(i)
1 1,5
2 _1
= 1 — 2F — ).
a?(1+ sWer3T(3)
For a € (0,a,) sufficiently small, |V(,|l2 < R1, so (s € B, We can get that B, is nonempty.

Therefore, we can define

Thus, we can deduce that

2
[¢all’

Mg = uienlga I(u).

Lemma 4.1. For a € (0,a.). Let {un} C By with |Vuy|l2 < r1 < Ry and I (un) = mq. Then
there exists {in} C By such that ||ty — un||g — 0 and ||IL|g, (Un)|| g~ — 0.

Proof. Since ||[Vuy|2 < m1 < Ry, there exists p > 0 such that B, := {v € S(a) : ||[v — un||g <
p} C BS. By the Ekeland variational principle applied to I on (B, | - ||g), there exists @, € B,
satisfying ||, — un|z — 0 and

I (v) > I-(@,) — o(D)||v — @n|lg, Vv € Bp,
which implies ||17|s(q)(@n)| g+ — 0. Since u, € Bg, we have I”|g, (tn) = I/ |5(q)(ln). O
Lemma 4.2. For a € (0,a.), the system (1.1)) has a couple ground state solution (uq,Ag)-

Proof. The proof proceeds in three steps.
Step 1: For any u € B,, by Lemma and the definition of h(||Vu/2), we can deduce that

I(u) = I, (u) > h(||Vul2) > min h(t) > —oc.
tE[O,Rl]

Hence m, > —oo.

ma\

<1 (G)
1 2 1 2 1/ |Cal® 1 / 3+a 3+a
= - _— -_— - I
2/R3 Vol dx 4/]133 P¢,[Cal dx s Jes |2]9 da 6+ 20 Jps ( o *|Cal )‘<a| dz

1
<5l

1 1
< a2(1 + §W37r*5F <2> ) —0 asa—0,

Thus —co < mq < I({,) < 0.

Step 2: Let {u,} C B, satisfy I(u,) — mg. By definition, |lu,|l2 = a and [|[Vu,|2 < R;.
So {uyn} is bounded in E. By Lemma we can replace the sequence {u,} with {@,} such
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that I'(4,) — 0 and I(d,) — m,. We also get that {@,} is away from 0B,. Otherwise, 0 >
mg < I(t,) > h(|Vi,|2) = 0 since |Vi,|e = Ry for @, € 0B,. It is a contradiction. So
Ig(ay(tin) = I (Tin) — 0. Up to subsequence, we assume that

Uy — Ug in B, 1y — ug in LY(R?) for 2 <t <6, ,(r) = us(r) ae. on R,

So {a,} is a (PS)m, sequence for I, = I restricted to S(a). Arguing again as in the proof of
Lemma I, satisfies the (PS),,, condition and 4, — u, strongly in E and A, — A\,. So, we
have ||uglle = limp oo ||Tn |2 = @ and ||Vugll2 < liminf, o ||Vin|l2 < Ry. Thus, u, € B,.

Step 3: We show (ug, A,) is a normalized ground state solution. Let v € S(a) satisfy Ig(a) (v)=0
and Ig(q)(v) <0 for a € (0, a4), we obtain ||[Vv|l2 < Ry, thus v € B,. Hence, I(uq) < I(v). From
the arbitrariness of v, we know that (u4, \,) is a normalized ground state solution to . O

Proof of Theorem[I.4 From Lemmas we can get the existence of multiple solutions. Fur-
thermore, from Lemma (ta, Aq) is a couple ground state solution of the system .

Let (uq,,Aa,) be a couple sequence ground state solutions of the system (1.1)). From Lemma
we know that [|[Vug, |2 < R; uniformly in a,n, then u,, — wug for some uy € E, similar
arguing as in the proof of Lemma [3.1} we obtain u,, — ug strongly in £ and A, — Xg. Combing
with [[ug, [|2 = an — 0 as n — oo, we have u,, — 0 a.e. in R3, thus |ju,, ||z — 0 as n — oc.
Hence ||uq||g — 0 as a — 0. O

5. ORBITAL STABILITY

In this section, we study the orbital stability of u, obtained in Theorem Firstly, we give
the definition of orbital stability.

Definition 5.1. The set X, is said to be orbitally stable if, for any ¢ > 0, there exists § > 0 such
that for any initial data 1y satisfying

inf — )
it o —ullp <,
the corresponding solution t(t) to (1.1)) with initial data v satisfies

inf [|o(t) —ullp <e forallt>0.

Firstly, we consider that the solution ¢ of (L.1)) exists globally. We have
17 (u) > I-(u)

| i 1o s aeaes 7(Vul) sre o oeze
> S||Vaull; - ZC*G3||VU||2 = S ClIVully™ > iy © 2 - msh,g [Vl
= h(|[Vull2),
where
7 lo 1 3 Lg+3-3 3-g-3 T(t) o—(3+a),642a
=2~ 20t — —- - . 1
h(t) 2t 4C’ a’t SC't 2 "°q 2 6+2a5h’l t (5.1)

Denoting by (¢, -) the solution to with initial data up and denoting by [0, Tinax) the
maximal existence interval for (¢, -), we have classically that either (¢, -) is globally defined for
positive times, or ||Vi(t,-)|l2 = 400 as t = Tinax; see [22].

We define

Q:={veSa): Llsu () =0,I(v) =m,}
= {v € 8(a) : I[5(4)(v) = 0,1(v) = mq, |[Volf3 < Ry, I (Ry) = 0}.
Assuming that r; satisfies h (r1) = myg, by using m, < 0 and the definition of €2, we have

r < Ry, YveQ.
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Note that, since h is monotonically decreasing with respect to a, we can take a; > a to satisfy

h(Ry) = %=. There is § > 0 such that if uy € E and distg (uo, Q) < . Then

R, — 2
- 9 rla IT(U’O) g gmw

Let a = ||ug||y. Note that [[1)(t,-)||2 = ||uo||, for all t € (0,Tmax) by the conservation of the
mass. If there is £ € (0, Tinax) such that ||Va(Z,-)||2 = Ry, then

luolle < a1, ||Vuoll3 <71+

L((E ) > h(R) = 5,
which contradicts the conservation of the energy
L) = I (u0) < Sy € (0, o).
Thus,
[Vip(t, )2 < Ri, ¢ € [0, Tinax) ,

which implies that (¢, ) is globally defined for positive times. We have obtained the solution
of exists globally.

Assume by contradiction that there exist €9 and a solution sequence {¢,, (t,)}o-, of (L1)), which
corresponds {t,} ~ , satisfies

inf [l (62) = ull 5 > o (5.2)

Proof of Theorem[I1.3 Assume by contradiction that there exist £g > 0 and {t,, (¢,)} satisfying
(5-2). By conservation laws and a priori estimates: ||t (t,)]3 — a, |[Vn(ta)ll2 < 71 < R,
and I-(¢n(t,)) — mq. By Lemma [4.1] there exists {@,} C B, with [|@, — ¢, (tn)||z — 0 and
7|8, (Gn )|~ — 0. So there exists u € § such that |4, — u||g — 0 from Theorem Hence
1tn (tn) — ulle < [|[¥n(tn) — nllE + ||@n — u||g — 0, which contradicts (5.2)). This completes the
proof. O

6. ASYMPTOTIC BEHAVIOR

Let (ug, ¢?) be the radial ground-state solution of (1.3)—(1.4) and the corresponding energy
functional be

1 Lo 1 1
1, = — 2 — - I d, 2 _ I 3+a 3+«
a(u) 2 /R3 |Vu|*dz S /R3 qum 1) ¢ udr 6120 /RS( o * [u]* ) JuP T da,

where u € S(a) and ¢ is the unique solution of —A¢+d2A2¢ = 47u? in R3. The energy functional
corresponding to (|1.5)) is

1 Lo, 1 1
I —_ - 2d - d - 0 2d _ / Ia 3+« 3+o¢d
o(u) 2/R3 |Vul“dz 5 /R3 2] T 4/R3¢ u“dz 51 2a R3( * [ul>T) |ul x,

where u € S(a) and ¢° is the unique solution of —A¢ = 47ru? in R3.

Proof of Theorem[1.]} By Lemma [3.1] (i), we have ||[Vug|l2 < Ry, and then
1/2
fualle = ([ (19 + jual?) do) < (B 40 <,
R3

which implies that {ug} is bounded in E, and up to a subsequence (still denoted by ug),
ug —ug in E, wug—ug in LP(R®) Vp € (2,6), wuq(xr) = up(x) a.e. on R3,

For any test function ¢ € C§°(R?) we have

VugVpdr + Mg / uqpdr
R3 R3
6.1
d |ud|s_2ud<p 3+« 1+« ( )
= P ugpdx + — T dx + (Ia * |[ugl )|ud| uqpde.
R3 R3 || R3
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Using the weak convergences, we can pass to the limit and obtain

VuogVedr + Ag / ugpdx
R3 R3
lug|*2¢ (6:2)
:/ ¢0u0gpdm+/ 7(1,@—1—/ (Ia * |u0|3+oz)|u0|1+au0<pdx,
R3 rs |27 R3

where Ay — Ao (up to a subsequence) and \g > 0 by the same argument as in Lemma
From Lemma there exists a subsequence (still denoted by d) and (ug, ¢°) is a solution of
the limit Schrédinger-Poisson system.

¢* = ¢° in DV2(R?) and dA¢? =0 in L?(R?),

where ¢° is the unique solution of —A¢ = 4mu3.
Next we prove that ug — up in E. Taking ¢ = ug and ¢ = ug respectively in (6.1, we can
obtain

VugV(ug — up)dx + /\d/ ug(ug — up)dx
R3 R3

s—2 _
= [ ¢Mug(ua — uo)dz + / [al* 2 (ua — uo)

dx (6.3)
R3 R3 |.T|q

+/ (Lo JuaPT) |ua| " ug(ug — ug)da.
R3

Similarly, taking ¢ = uq and ¢ = ug respectively in (6.2)), so

VuoV(ug — ug)dx + Ao / ug(ug — up)dx
R3 R3

s—2 _
= | ¢"uo(ug— Uo)dx—i—/ o' (ua = wo)
R? RS |2|9

By Lemma viit), we have

dx —|—/ (Ia * |u0|3+a)|u0|1+au0(ud — ug)dz.
RS

/ (¢%ug — ¢ uo) (ug — ug)dx — 0. (6.4)
R3
Similar as the proof of (3.8]), we have
/ Jua = uol” )y (6.5)
re |

By (3.15)), we obtain that
/3 (Lo # Jual ) ftal g — (T % [0 ) o]+ 0] (g — o) — 0. (6.6)
R
Then from (6.4)-(6.6), with Ay — Xo, we have
/ |V (ug — uo)|? da + )\0/ lug — uo|? dz = o(1).
R3 R?

Since \g > 0,

ug — ug  in DV(R?)
and

ug — up in L?(R3).

Thus, ug — ug in E and (ug, #°) solves ((1.5)).
By the lower semi-continuity of the norm and the convergence of the nonlinear terms we obtain

To(ug) < liminf I;(ug).
d—0
On the other hand, for any v € S(a), I4(v) = Ip(v) as d — 0. Then

limsup inf I4(v) < inf Io(v),
dﬁovaS(a) d( )_UGS(a) O( )
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SO

Ip(uwo) < liminf I;(ug) < limsup Ii(ug) < Iop(v).
d—0 d—0

Hence Ip(ug) < Ip(v) for all v € S(a). Taking the infimum over v € S(a) on the right-hand side
yields

< 1 .
IO(UO) - vég{a) fo (U)

Since ug € S(a) (because ||ugllz = a), the reverse inequality

inf I < I
Ellb}(a) o(v) < Io(ug)

v

is trivial. Therefore,

Io(ug) = Io(v)

inf
veS(a)

which means ug attains the least energy of the limit functional I, under the mass constraint, i.e. ug
is a ground state of the limiting Schrédinger-Poisson system. Therefore Io(ug) = inf,cg(q) fo(u),

ie.

(ug, #°) is a radial ground-state solution of the limit Schrédinger-Poisson system. This com-

pletes the proof. O
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