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FRACTIONAL MULTITERM GRONWALL LEMMA FOR FUNCTIONS OF
TWO VARIABLES AND ITS APPLICATION TO FRACTIONAL
HIGHER-ORDER SYSTEMS OF HYPERBOLIC TYPE

DARIUSZ IDCZAK

ABSTRACT. We study a fractional (in Riemann-Liouville sense) partial differential problem of
higher order in the space of fractionally absolutely continuous functions of two variables. We
obtain existence of a solution in a non-Lipschitz case applying the Schaeffer fixed point theorem
and a fractional multiterm Gronwall lemma for functions of two variables to a nonlinear integral
equation.

1. INTRODUCTION
We consider the general nonlinear equation with Riemann-Liouville partial derivatives
Dgyz(z,y)
= (@9, 22,9, DI 2w, y), o, DT, y),
Dgflz(z, Y)yoons D‘g*(l*l)z(x, Y), Dg‘7;1’5712(z, Y)y- - ,ch";(kfl)’ﬁ*(l*l)z(x, Y),
Dg"?;l’ﬁlz(zzc7 ) I Dj,;(k_l)”g‘z(ag Y), D;}f—lz(% ) I Dgff_(l_l)z(as, Y),
Dgfy’ﬁlz(a:, Y)yeoos D;“fdﬁf'z(;m y), D3 z(x,y), ..., D5 z(x, y),
Dyﬁlz(x, Y)yoons Dgtz(:c, y))

for (z,y) € P =10,1] x [0, 1] a.e., with initial conditions (below, by the notation ¢ = 1, m we mean
that ¢ =1,...,m)

(1.1)

ok+i ) _
9u 0y (Ig]jy;a’l_ﬁz)(x,O) =v(z), j=0,l—-1,z€l=][0,1] ae.
gi+! (IF=o1=B2)(0,y) = 4 R 7 (1.2)
8x16yl z,y ay) =K (y)v =4, y Y € a.e. .
O r-ai-p =e, i=0k—1,j=0,1-1
axlayj( x,y Z)(O)O)_e ) 2_07 y J =Y, .

Herek—1<a <k, l-1<p<i(kleN),0<a,<a—(k—1)forp=1,m,0<p, <p—(1-1)
forg=T,n (m,ne€N), f: PxR" =R (r=(k+m)(l+n)), u* € L*(I), v/ € L' (I), e"J € R for
i=0,k—1,7=0,l—1 (if K = 1, then the derivatives of orders involving o — ¢ with ¢ = 1,k — 1
do not appear on the right-hand side of the equation and, similarly, if [ = 1, then the derivatives
of orders involving 8 — j with 5 =1,/ — 1 do not appear on the right-hand side of the equation).

We obtain a theorem on the existence of a solution to problem (1.1)-(1.2) assuming only that f
is of Caratheodory type and satisfies a growth condition (Theorem 4.1). The method of the proof
involves the replacing of the differential Cauchy problem with an integral equation and is based on
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the Schaefer fixed point theorem (see Appendix) and a fractional Gronwall lemma derived in the
paper (Lemma 3.2). This lemma is a two-dimensional counterpart of a multiterm Gronwall lemma
for functions of one variable proved in [3]. It can be also viewed as an extension of a fractional
Gronwall lemma for functions of two variables derived in [4].

We study problem (1.1)-(1.2) in the space of fractionally absolutely continuous functions of two
variables that has been introduced and investigated in [5]. The collection of partial derivatives
appearing on the right-hand side of the equation (1.1) is a consequence of a general imbedding
theorem for spaces of fractionally absolutely continuous functions of two variables (see Theorem
5.1). Due to the noncompactness of single integral operators and compactness assumption in the
Schaefer fixed point theorem, the right-hand side of (1.1) does not contain derivatives involving
the differentiation of order « in x and differentiation of order £ in y. Such a case is discussed in
Remark 4.2. The form of boundary conditions is connected with Corollary 5.5. The equivalence of
differential problem (1.1) -(1.2) and integral equation (4.1) follows from the imbeddings theorems
presented in the Appendix.

The distinguishing features of the problem are its generality and minimal assumptions. To the
best our knowledge, the presented results have not been obtained by other authors. Let us only
mention that in the case of «, 5 € (0,1) a particular case of the system (4.3) (see Remark 4.2),
namely, the system

a,B — a B
Dm,y Z(.’E,y) - f(a:,y7z(x,y),DIZ(x,y),Dyz(x,yD (13)
for (z,y) € P a.e., with initial conditions

L0008 2(2,0) =(x), wel

L% h20,y) =0(y), yel

(1.4)

is investigated in paper [6] where, among other things, existence of a unique solution has been
obtained with the aid of the Banach contraction principle under Lipschitz condition. Problem
(1.3)-(1.4) is a fractional version of the following hyperbolic system (also called Goursat-Darboux
system or continuous Fornasini-Marchesini system)

02z 0z 0z
Fuy @) = 1 (@9 20.9), 5 2(@,9), 5 2(w.0)

for (x,y) € P a.e., with initial conditions

z(z,c) =vy(x), x € [a,b]
z(a,y) =0(y), yE€led]

that can be applied to describe a gas absorption process (cf. [I5] 2, 10, I1]). In [4], the relative
weak compactness of the set of solutions to a control system of type (1.3) has been proved. The
existence and uniqueness of a solution, as well as the Ulam-Hyers type stability for system (1.3)
but with fractional partial derivatives in Caputo sense is studied in [g].

This article consists of four parts. In the first of them - Preliminaries - we introduce the function
spaces used in the paper. In the second part, we prove a generalization of the fractional Gronwall
lemma for functions of two variables obtained in [4]. In the main, third part of the paper, we prove
the existence theorem for problem (1.3)-(1.4) via existence of a solution to an integral equation.
We also comment (see Remark 4.2) the existence of a unique solution to a more general Cauchy
problem and give the examples of the investigated problems. In the Appendix, first, we recall the
imbeddings results for the spaces of fractionally absolutely continuous functions of two variables,
that have been derived in [5]. Next, the Schaefer fixed point theorem is formulated.

Due to the technical nature of the work, to facilitate the reader’s understanding of the text
some calculations and formulas, although they could have been written down in a shorter form,
were sometimes given in a longer form.
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2. PRELIMINARIES
Details of the results presented in this section (including the proofs) are contained in the paper
[5].
2.1. Spaces ACY. Let L' = L'(P,R) be the classical space of Lebesgue integrable functions on
P =10,1] x [0,1] and @ > 0. Consider an operator (see [13], [6])

1 T oo(s,y)
1o Lt — ’ ds e L'
pi 2 Iﬁ@A @w—s)a® St

Additionally, we put I2¢ = ¢ for ¢ € L. I%p is named the single partial left-sided integral of ¢
of order o with respect to x.

Definition 2.1. By AC* = ACk(P,R) (k € N) we denote the set of functions z : P — R of the
form

Mo(y)xo bt He—1(y)
(1) I'(k)
for (z,y) € P a.e., where p; € L*(I) = L'(I,R) for i = 0,k —1 (here I = [0,1]), » € L.
Additionally, we adopt ACY = L1.

z2(x,y) = " Ip(x,y) (2.1)

Using the Cauchy formula

T T2 Ty
I£¢($ay)=/ / / o(s,y)dsdxy ... dxs
0 0 0
9z

one can show that a function z of the form (2.1) has the single partial derivatives 3% a.e. on P
for 1 <4 < k. In particular,

oFz

Now, we are in a position to define a single partial Riemann-Liouville derivative of any order
of a function of two variables.

Definition 2.2. We say that a function z : P — R has a single partial left-sided derivative Dgz
of order « € (k — 1, k] (k € N) with respect to z if

M=oz ¢ ACk,
ie. (see (2.1))

—a _ Ho(y) pe—1(y)
If Z(QS, )—If)(l)l‘o+"'+w

for (z,y) € P a.e. In such a case, we put

T Iho(x,y)

ok
D2x(a,y) i= 5 Ik 2(a,y) = ole.y)

for (z,y) € P a.e.
We have the following theorem characterizing functions z possessing the derivative DS z.
Theorem 2.3. Let o € (k—1,k] (k € N). A function z : P — R has the fractional partial

derivative DSz if and only if z is of the form

o(y) —(h—a pr—1(y) (ko N

for (x,y) € P a.e., where u; € L*(I) fori =0,k —1, ¢ € L*. In such a case,

z(x,y) =

Diz=¢
a.e. on P. The representation (2.2) is unique.

By ACY we denote the set of all functions z of the form (2.2).
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2.2. Spaces AC’gf. Let (o, 8) € (k—1,k] x (I—1,1] (k, I € N). Let us consider an operator (see
[6} [L3])

aB . gl ) 1
Iy L (P)ng»—> / / @ i dsdt € L*(P).

It is called the mixed left-sided 1ntegral of v of order (a, ). Addltionally, we put
e =v, Ixfe=1I¢, Ighe=1IJ¢
for ¢ € L*(P).

Definition 2.4. By ACF, = AC¥!(P,R) (k,l € N) we denote the set of all functions z : P — R

of the form
$0 {Ek 1
s(ay) = Lp(a,y) + I (1oly >ﬁ+~-+uk_1< Tw)
0 k—11-1 (2.3)

y ' y
JFI;“?<VO(%)F(1)Jr Hale >+Z;Je’ﬂrz+l L(j+1)

for (z,y) € P ae., where ¢ € L', p;,v; € L'(I), e;; € R. We also put, AC’;“;S = ACE,
AC’%Z = AC’ll/, AC&S =Lt

One can show (see [16]) that a function z € AC¥/! .y Possesses derivatives 8‘3; 5,7 a-e. on P for all
(i,4) such that 0 < i <k, 0 <j <l. In particular,

Rty

W(%y) = p(z,y)

for (z,y) € P a.e.
Now, we can define a mixed partial Riemann-Liouville derivative of any order of a function of
two variables.

Definition 2.5. Let (o, 8) € (k—1,k] x (I — 1,1] (k, I € N). We say that a function z € L*(P)
has a mixed left-sided partial derivative Da’ﬂz of order (o, B) if

I,z e ACY,,

ie. (see (2.3))
.TO ﬂfk
Iy, e (e, y) = f,’f,so(x,y)JrIé(uo(y)m+---+uk_1( y) G ))
0 k—11-1

y y’
+I§(Vo(:r)m+m+uz RS0 > ZZ ,JF TG+ 1)

for (z,y) € P a.e. In such a case, we put

8 ak-ﬁ-l A I ﬂ
@, . «,
Dyyz = ahayl I~ = .

Additionally, by D20z, D352 we shall denote the derivatives DSz, D5z, respectively.

We have very useful characterization of functions z possessing the derivative Dg‘yﬁ z.

Theorem 2.6. A function z € L'(P) has the derivative Dg‘fz if and only if z is of the form
= 18 to(y) —(k—a) | . te-1(y) k—1—(k—a)
Ao = Lyele ) L Gy e - )
vo(z) ——p) va(@) g
+ Ia( Yy Tt s Y )
( —(1=8)) Iri-(01-5)
i (k—a) yj*(l*ﬁ)

L
;ZO TGk a) TG +1- (= B))
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for (z,y) € P a.e., where p € L'(P), p;, v; € L'(I), e;; € R. In such a case,
Dz (w,y) = ¢(,y),
o vo(x) —(1-8) vi—1(x) I—1—(1—B)
Dy a(w,y) = Ip(x,y) + =y T+ Ry :
D) = A Dt T ) - (- 5)
to(y) —(k—a) 4 ... Pe=1(y) ki (k—a)
Fa-G-a)’ Tk k-a)”
for (z,y) € P a.e. The representation (2.4) is unique.

By AC¢P where (o, 8) € (k —1,k] x (I —1,1] (k, I € N), we denote the set of all functions of

the form (2.4). Additionally, by AC§£7 AC’O '6 we denote the sets ACY, ACB respectively.

B _
DyZ(LL"y) - I§¢($7y) +

3. GRONWALL LEMMA

In this section, we prove a two-dimensional counterpart of the fractional multiterm Gronwall
lemma for functions of one variable that has been obtained in [3]. We shall use it in the last
section to prove the existence of a solution to an integral equation and, consequently, the Cauchy
problem (1.1)-(1.2).

Proposition 3.1. Let the constants a1,...,a, > 0 (p € N) and multiindezes y1 = (a1, 1), .-,
Yo = (ap, Bp) with a; >0, B; >0 (i =1,p) be given and assume that

o1 =min{a;; i =1,p}, B =min{B; i =1,p}.
If the functions a,u € L*(P,RJ) are such that

p T
u(z,y) < alz,y) + ;ai/o /Oy . 5)11—L<(x;9,(2)_ P dsdt (3.1)
for (z,y) € P a.e., then
u(z,y)
< a(z,y) + Yoo GV, ) + BL®a(, ) + ELEG( ) + B Ipga(-, ) (x,y)
na1<17216n1§l’ nBi<1
Y I + B + BE() + B ) (w.)

neN,
na1>1 and np1>1

for (z,y) € P a.e., where
G= max{alr(al)r(ﬂl)v AR apr(ap)r(ﬁp)}a

1
~ min{T(s); s > 1}’
\Ilv(xa y) = max {I;’,ng_71)i2+m+(wp_71)ipv<m7 y)7 i2,. .. 7’5';0 € No,

(g —an)ig+ -+ (ap —a1)ip <1, (Ba—P1)ia+ -+ (Bp— P1)ip < 1},
D, (x,y) = maX{I(O‘2 )izt t(ap—an va(x Y); i2,...,%p € No,
(g —aq)ig + -+ (0 — a1)ip < 1},
Eo(z,y) = maX{IyQ_51)i2+"'+(51’_51)1pv(x,y); i2,...,4p € Np,
(B2 = Br)iz + -+ (Bp = Bu)ip < 1}
for (z,y) € P a.e., v e LY(P).
Proof. We denote
B': L'(P) 3 ¢ = a1D(a1)T (1)1}, 0 € L' (P),
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B? : L'(P) 3 ¢+ apI'(app)T(Bp) 7,0 € L' (P).
Assumption (3.1) can be written in the form
u(z,y) < a(@,y) + (Bi+ -+ By)u(z,y).

In the same way as in [3| proof of a Gronwall lemmal, we see that, for any n € Ny,

u(a,y) <Y (Bi+ -+ By)alw,y) + (By + -+ + Byp)"Mu(x,y)
i=0
and
(Bi+ -+ Bp)"u(w,y) < G"I}7 (19, + 12, + -+ + I37,)"u(x, y)
for (x,y) € P a.e., where I : L'(P) — L'(P) is the identity operator and &3 = 72 — 71,...,0, =
Yp — 1. In consequence, denoting
N ={(i1,...,ip) € Ng x --- x Ng; 41 +--- + 14, = n},
Ne o= {(il,...,ip) EN; (ag—ar)ia+ -+ (ap —a1)ip <1
and (B2 — B1)iz + -+ (Bp — B1)ip < 1},
Nes ={(ir,...,ip) € N; (aa —ar)ig+ -+ (0 — ov1)ip < 1
and (By — B1)iz + -+ (Bp — Br)ip > 1},
N> < ={(i1,...,ip) € N; (aa — )iz + -+ (op — v1)ip > 1
and (B2 — B1)ia+ -+ (Bp — B1)ip < 1},
N> > ={(i1,...,ip) € N; (g — )iz + -+ (op — 1)ip > 1
and (B2 — B1)iz + -+ (Bp — B1)ip = 1},

n!
(Bl 4+ 4 Bp)nu( < GnIn'n ( — 'I:g$7/1+5212+ +5p zpu) (gc,y)
il -
(i1,...,ip)EN
— G"I"““ ( Z n! [0 i1 +d2izt A+ dpip,,
1 |... |7y
(31,--,9p)EN< < S
+ Z n! JO i1 +b2izt+pip
i1 “p | 7Ty
(iroig)eNe s T
|
+ Z - 'n '127;1+6212+ Hbpipy,
(i17 )Z;D)ENZ < v
+ — ,n! ,12'21+52i2+'”+6"i’”U) (,9)
(i1,.ip) EN> > e
for (z,y) € P a.e. So,
(Bi+ -+ Bp)"u(,y)
<SG (")
Y ! [P aYint By )iy flanmanint ey )

, il o)
(i1,-rip)EN<, > P

| . . . .

(il 11111 iP)EN2,< P

n! PRV o e s
+ > o !I;?‘yz )in-te (= )ip (B =B )in -+ (Bp=B)ingy (. V) (2, ).
(i1,0048p)EN> > P

Thus,
(Bl + 4+ Bp)nu(ma Y)
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n rn n
<G lell (p \IIU(') ) + E
(1,--,ip)EN< >

| . .
4 Z - n: 'I£a27a1)11+...+(ap7a1)zp(I)u('7')

o il
(i1,-50p) EN> < P

(B2—B1)ir++(Bp—P1)ip -
st Vg, ()
p

|
+ Z Z|n |I£’(,Xy2 ar)irte+(ap—a1)ip,(B2—B1)i1++(Bp— Bl)l,,u( ))(x’y)

(ila"'vip)eNZ-,Z ! P
In consequence,
(By+ -+ Bp)"u(w,y) < G"p" I} (Wu(-,) + ELL®y () + EL,Eu () + E* Ly u(-, ) (z,y).
Therefore,

(Bi+ -+ Bp)"u (acy)_r(na1 Twd) // stdsdt+E// u(s,t)dsdt

+E/ / Eu(s,t)dsdt+E2/ / u(s,t)dsdt
0 0 0 0

for sufficiently large n € N (such that nay > 1 and nf; > 1) and (z,y) € P a.e.
Clearly, the nonnegative series given by the right-hand side of the above inequality is convergent
for any (x,y) € P. It implies the pointwise (a.e. on P) convergence of the series

> (Bi+--+ Bp)"u(z,y).
n=0
So,
(z,y)
< tim (S(Bi+ -+ Byale.) + (By+ - + B, u(a.y))
1=0
*Z(Bl+ ) ( 7y) ( ay)
n=0
+ Y (Bit+By)alw,y) + > (Bit-+ By a(z,y)
neN, neN,
na;<l or np1<1 nay>1 and np1>1
<a@y+ Y. @I (Val) + L) + BLE() + BLal, ) ) (2,y)
neN,
na; <l gr ﬁ51<1
G"p" 1,1 1,1
([, (x, EI: ®,(z,
+ neZN I‘(nal)F(nﬁl)( x,y (LI? y) + T,y (JI y)

na1>1 and nB1>1

11— 271,1
+ ELEa(z,y) + B ya(z, y))

(3.2)
for (z,y) € P a.e. O
Since the first sum of the right-hand side in (3.2) is finite and series 3100 | =92 ig

n=1 I'(na1)l'(nB1)
convergent, the right-hand side in (3.2) is a function belonging to L*(P) which does not depend

on u € LY(P). In other words, under assumptions of Proposition (3.1), there exists a function
o € L'(P) not depending on u and such that

u(z,y) < o(z,y)

for (z,y) € P a.e. Thus, we have the following fractional Gronwall lemma for functions of two
variables.
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Lemma 3.2. Let the constants ai,...,a, > 0 (p € N) and multiindezes v1 = (a1,51),...,7p =
(o, Bp) with a; > 0, B; > 0 (i = 1,p) be given. If the functions a,u € L*(P,R{) satisfy inequality
(3.1), then there exists a function o € L*(P) not depending on u € L*(P) and such that

u(z,y) < o(z,y)
for (z,y) € P a.e.

Proof. Just increase the right side of (3.1) by adding the term aq [; [ =y ’fl((f(;) 5 dsdt

with ag = 1,

ag = min{ay; i =1,p}, Bo=min{B; i=1,p}
and use Proposition 3.1. O

4. CAUCHY PROBLEM

Let us consider the Cauchy problem (1.1)-(1.2). As we said in the Introduction, because of the
noncompactness of single integral operators of arbitrary (positive integer and fractional) order and
compactness assumption in the Schaefer fixed point theorem it is important that right-hand side
of (1.1) contains neither derivatives of orders involving order @ with respect to x nor derivatives
of orders involving order 8 with respect to y.

By a solution to this Cauchy problem we mean a function z € AC’g‘f. It is easy to see that
a solution of problem (1.1) -(1.2) exists if and only if there exists a solution ¢ € L!(P) to the
integral equation

o(r,y) = f(mnyJ“y o(z,y) + M(z,y),

oo, y) + Ao (@,y), ., 15 (e, y) + Mg (2, ),

I ez, y) + Asa(z,y),. --,Ii‘; Yo(z,y) + A1 (z,y),

Love(@,y) + Aapa(@y), - I, o, y) + Aap—1,-1(2, ),

111375 ﬁl()o(x? y) + )‘571»1('1:7 y)7 s alg]:,yl = (l‘, y) + A5,k:—1,’n(x7 y)a (41)

QD(Z‘, y) + A6,1,1(‘ra y)? .. 7I;£,yam = 1@(37 Z/) + )\G,l—l,m(xy y)7
Ig;(ll,ﬁ*ﬁl(p(x’ y) + )\77171(33, y) DRI I;, opsB=hn @(xa y) + >‘7,m,n(x7 y)a
]g@m,ﬂgp(x’ y) + )‘8,1(1‘7 y)a s 7Igyam ()0(1'7 y) + A8,7”(5["7 y)a

I;:)?yﬁ_ﬁlso(x> y) + )\9’1(.'1}, y)a e Ig,f_[g"@(x’ y) + Ag,n(xa y))

)
)

a—a1,l
I%y

where \s are the appropriate functions belonging to L!(P) and depending on the initial data v7,
u?, et (see Appendix - Theorems 5.2, 5.3, 5.4).
Let us assume that

(A1) the function f = f(z,y,A\1,...,Ar) : P x R" = R is of Caratheodory type in (x,y) € P,
(M, M) ER” and

‘f(‘rayyAlw'wAT” < d|(A177AT)| +b(l‘,y)

for (v,y) € P a.e., (\1,...,\.) € R", where d > 0 and b € L' (P,R{).

Consider an operator T' : L*(P) — L'(P) defined by the right-hand side of the above integral
equation. It can be written as the following superposition

T=FoA

where F : L'(P,R™) — L'(P) is the superposition operator defined by f, A : L(P) — L'(P,R")
is of the form

Ap(a,y) = (I2fe (@) + M (,y),
Ilyso(x y)+A2,1(m7y)7"'7I§y17B ( ﬂy)+)\2,k71(x7y)a
Iay SD(',E y) + >\3,1(xay)7‘ e 71‘3,15 1@(1.7:(/) + )\3,l71(1‘7y)7
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Loyl y) + Aaaa(@,y), - I (@, y) + Aar-1i-1 (2, 9),

L0 o(@,y) + Asaa(@,y), . Iy o, y) 4+ As k-1 (2, 1),
12, o, y) + X1 (2,), -, 1955 o, y) + Ae1.m (2, 9),
1,0 P, y) + Araa(@,y), -, 1857 o(2,y) + Az mn (2, 9),
12,0, y) + As 1 (@, y), -, 10, P o(, ) + As.m (2, 9),

13 0l )+ Dot (@) 130 (0,9) + do (1)

for ¢ € L*(P). From [12, Lemma 1.1] the compactness of A follows. It means, in view of the
continuity of F (see the assumption (A2) and Krasnoselskii theorem [9, Part 1.2, Theorem 2.1])
that T : L'(P) — L'(P) is compact. Moreover, the set

{p € L'(P); ¢ = ATy for some 0 < \ < 1} (4.2)

is bounded in L!(P). Indeed, for any ¢ belonging to the above set, we have

lp(z, y)| < [AT'p(z, y)

(I B,y |+Z|fiy<pm y |+Z|f§’ys@wy

k—11-1 k—1 n
+ Y N ey + YD I ap(a, y))|
i=1 j=1 i=1 g=1
m -1
1S ) BILLTE IS ) St ]
p=1j=1 p=1qg=1

+ 31 Py |+ZW Fopla,y)l) + Blz,y)

for (x,y) € P a.e., where

B(z,y) = d(|\i(w,y 4D Pt |+Z|A3] (z.9)
=1

k—11-1 k-1 n m 1I-1
A i@+ D) Psagl@ )l + D0 ep(a,y)]
i=1 j=1 i=1 q=1 p=1j=1
+ZZ|A7,p,qu|+Z|As,pxy |+Z|A9qu ) + bz, )
p=1qg=1

for (z,y) € P a.e. From the lemma 3.2 it follows that there exists a function o € L!(P) such that

lo(z,y)| < o(z,y)

for (z,y) € P a.e. It means that the set (4.2) is bounded. Thus, from Schaefer fixed point theorem
follows that T" has a fixed point. Consequently, we have the following result.

Theorem 4.1. If the function f satisfies condition (Al), then problem (1.1)-(1.2) has at least
one solution in ACZ.
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Remark 4.2. Let us consider a more general equation

Dgyz(z.y)

= f (2.9, 2(2.9). D3 (@,9), D =(x.y).
D 2 (x,y), ..., DO (2, y), Dgilz(x, Y)yoons Dy’B*(l*I)z(m, Y),
Dg‘,;l’ﬁz(x, Yooy D;"’;(k_l)’ﬁz(x, Y), Dgf_lz(x, ) . ,Dg‘,’f_(l_l)z(x, Y),
Dg‘:’;l’ﬁ*lz(x, 7). ,Dgﬁ;(kfl)’ﬁf(lfl)z(x, Y),
D;;O’ﬂlz(m, Y)yeoos D‘;’;(k_l)’ﬁ”z(x, Y), Dg’ly”@_oz(x, Y)seons Dgz’ﬁ_(l_l)z(x, Y),
Dg‘fy’ﬁlz(x, Y)yens Dg‘g’ﬁ”z(ac, y), D z(x,y), ..., DSmz(x, y),

B Bn
Dy z(z,y),. .., Dy z(z, y))

(4.3)

for (z,y) € P =10,1] x[0, 1] a.e., with the initial conditions (1.2). Here k—1 < a < k,I-1 < <1
(k,leN,O0<ap<a—(k—1)forp=1m,0< B, < B —(1—1)for ¢ =1,n (mn € N),
f=flx,y,A) : PxR" = Rwithr =kl+k+1+mn+m+mn, u* fori =0,k—1 and 17 for
j =0,l—1 belong to L'(I), e/ € R for i = 0,k —1,7 = 0,/ — 1 (if ¥ = 1, then the derivatives
of orders involving the orders o« — i with ¢ = 1,k — 1 do not appear on the right-hand side of
the system and, similarly, if [ = 1, then the derivatives of orders involving the orders 8 — j with
j =1,1—1 do not appear on the right-hand side of the system). Assuming that

(A2) the function f = f(x,y,A1,...,A+) : P x R” = R is Lebesgue measurable in (z,y) € P,
lipschitzian in (A1,...,A,) € R" and the function

f(z,9,0,...,0): PxR" = R,

belongs to L'(P)
one can prove (in a standard way, using Banach contraction principle) existence of a unique

solution in the space AC;‘_”yB to problem (4.3)-(1.2).

Example 4.3. From Theorem 4.1, the existence of a solution in the space AC’;:;

DYt z(z,y) = f(z,y, 2(z,y), DY+ 32(x,y), D3/ *2(z,y), DY 2(z, y))

to the equation

for (x,y) € P a.e., with initial conditions
0 (z,0) = %) €l ae
—2(z,0) =" (z), = .e.
ax ) ?

0 0,y) O(y) €l ae

—z = e.

Ay Y Y)Yy

2(0,0) = o,

where f : P x R* — R satisfies the assumptions (A1) and %, u® € L(1), e*° € R, follows.

Example 4.4. From Theorem 4.1, the existence of a solution in the space AC’;Z’(; 13 4o the
equation

DY (. y) = f (2., 2(w.y). DY 2 (y), DY 2w, 9), DS o2(a.). DY P2, y). D} o (a.)

for (z,y) € P a.e., with initial conditions

2
%(127/;’2/32)(%0) =10z), zelae.
0

@(1355’2/32)(071/) =1(y), ye I ae.

0? )
M(Ii/;wdz)(ovy) =u'(y), yeI ae.
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13/12/32(0,0) = €20

0
5 L 202)(0,0) = e,
where f: P x RS — R satisfies assumption (A1) and °, u°, put € L1(1), €%, !0 € R, follows.

Example 4.5. From Remark 4.2, the existence of a unique solution in the space AC’;:; to the
equation

Dyyz(z,y) = f(,y, 2(z,y), Dy(w,y), Dyz(w,y), DYy 2(x,y), DY *2(x,y), Dy > (2, y))

for (z,y) € P a.e., with initial conditions

%z(xﬂ) =1%2), €T ae.

0
@Z(Ovy) = /J’O(y)a Yy e I ae.
2(0,0) = %0,
where f: P x R® — R satisfies assumptions (A2) and 0, u° € LY(I), >0 € R, follows.

Example 4.6. From Remark 4.2, the existence of a unique solution in the space ACi{; /3 46 the
following Cauchy problem follows

DYy x(a,y)
= f(.9.2(@,9), DY (w,y), Dy *2(a.y), DY 42 (. ). DY *x(w,y),
DY S5 (a,y), DY Oz (x,y), DY 32 (x,y), DY/ 202 (x,y), DY 2(2,y), D,/ 2(x, y))7

for (z,y) € P a.e., with initial conditions

2
8—(13/4’2/32)(33,0) =1%2), zelae.

92 o
0

@(Iif;’2/32)(07y) =u’(y), yelae
82 4,2/3 1

a?ay(fg,/y’ B)0,y) =p'(y), yelae.

I3/42132(0,0) = €°
d

—(I2/32)(0,0) = e

where f : P x R® — R satisfies the assumption (A2) and 10, u°, ut € LY(I), €%, e10 € R, follows.

5. APPENDIX

5.1. Imbeddings for ACgf . Details of the results presented in this section (including the proofs)
are contained in the paper [5]. We have the following general result on imbeddings of the spaces
of fractionally absolutely continuous functions of two variables.

Theorem 5.1. If 0 < as < aj and 0 < By < [y, then
ACguP C ACSyP
if and only if
(g € (0,1] and oy € [, 1JU[1 4+ ao,2]U...) or
(a2 € (1,00) and oy = ag, 1+ ag, 24+ g, ...)
and
(B2 € (0,1] and p1 € [B2, 1] U1+ B2,2]U...) or
(B2 € (1,00) and By = B2,14+ B2, 24 Ba,...).
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Theorem 5.2. If (o, 8) € (k—1,k]x({—1,1] (k1€ N) and z € ACﬁf is of the form (2.4), then,
fori=1k—-1,j=11—-1withk >2,1>2, we have
0 k—1—(k—i)
pa—isB=i, = i T (s ()= 4+ g x

i 0 yl—1-0=3)
+ 1, (Z/l—j(x)m + Vl—l(ﬂf)r(l —1-(1—j)+ 1))

k—1—(k—i) I—1—(I—j) s .

T Yy
+ SZ ; €k—its,l—j+t F(S + 1) ].—‘(t ¥ 1)7
iy g | 20 k1= (k=)
a—i i Iﬁuk—l(y) Iﬁluk—l(y) i—
D3, 2(z,y) = Ix’f,sa(fv,y) + ZJFTIO T yFTx !
; vo() —(1-8) v-1(x) —1-a-p)
(e ot
AFa— - )Y Ti-(-p)" )
Rt 25— (k=) yt=(=8)
+ €s.t . )
e (s - (k —)+)TEt-(1-p)+1)

)

D2, y) = Ip(a,y) + viej(@) S + - + v (2)

F(1) Tl—-1-(—j)+1)
DY x(e,y) = I5felny) + Eph Ty g By
+ IZ(F(liLO((kiy)_a))x(ka) N mmkl(ka))
S s~ (k=) yt—(=9)
+s;zt;](58t —(k—-a)+DH)TEt-(1—-5)+1)

for (z,y) € P a.e.

Theorem 5.3. If a; € (kl — l,kl}; B1 € (l1 - 1,[1}, Qg € (0,041 — k1 + 1), Ba € (0,[31 -l + 1)
(k1, L1, ko, lo €N) and z € ACgfyﬁ1 is of the form

— 71,81 B1 /Lo(y) —(k1—a1)
2(z,y) = L7 oz, y) + 1) (F(1 =)

tor; —1(y) xkl—l—(kl—al))
[(ky — (k1 — a1))

« VO(‘T) —(11—pB1) Vll—l(x) h—1—(l1—B1) (51)
4+ /MY 1 Vo4 —2 7 gt 1 1

’ (F(l (-6’ T — (- 51))” )

k1—11;—1 i—(kl—al)yj—(ll—ﬁl)
" ; JZOBMP +1=(kr—a))P(G+1- (= 5))

then z € Ig‘jjﬁ? (LY(P)) c AC§‘7§J’52, i.e.
2(z,y) = I5%70(x,y), (z,y) €P ae,
where B € L*(P) is of the form

x—a2—(k1 —ay)

= — Jor—az, =B+ [P1—B2
p(z.y) z,Y play)+ FNl—ag—(k1—aq))
x—a2+k1—1—(k1_a1)

[,
i +F(1—a2+k1—1—(k1_a1)) Yy Py —1(y)

po(y)
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y—ﬁ2—(ll—51) 1o ( )
+ T2y (x
T () I

y—ﬂ2+l1 1—(l1—p1)

+ - + qu 0121/ €T
O R Y G
ki—11;-1 :L,fa2+zf(k1fa1)y*ﬂ2+j*(l1*51)
+ €i, i ]
;;0 T —az+i— (ki — o)LA= Ba+j— (Ih — 1))

for (z,y) € P a.e.
Theorem 5.4. If oy € (k1 — 1,k1], f1 € (1 — L, 14] (k1,11 € N) and z € ACg‘,lfl is of the form
(5.1), then
ez € ACYY P2 fori=0,k; — 1, fo € (0,51 — Iy + 1) and
yl—ﬂfz—(ll—ﬁl)—l
I(1— B2~ (l1—p1))
yll—ﬂz—(h—ﬁl)—l
L(ly — B2 — (lh — B1))

k1—1 11—1 s(kz)

yj7ﬁ27(l1*ﬁ1)
+S;Z;€”F k=TG- -G -B+1)

DO P2 () = TP p(x,y) + Tivg(x)

+ o Ly (@)

for (z,y) € P a.e.
ez € AC;“’%’ﬂl_j forj=0,l1 =1, as € (0,1 — k1 + 1) and

l—oo—(k1—a1)—1

De2:1—7j — =02, I x
z,y Z(‘T7y) z,y (x,y)—i— yMO(y)F(].fOQ*(kl*Oél))

xklfagf(klfoq)fl

e Dy
+ + ylj’kl 1(y)Fk1 — g — (kl — al))

ki—1 ;-1 SUZ as—(k1—azq) t (li—3)
+ €;
;t;j & (Z_OQ—(kl—a1)+1)r(t+1—(l1—J)))

for (z,y) € P a.e.
ez € A02;52 = A052 for B € (0,61 — 1 +1) and
gt (k1—a1)
Iy (x) 4+ o Yoo pit
Dﬁzz x, _ D2’52Z z, _ .z i= Pl4+1-(k1i—a1))  —Bo—(l1—p1)
y 22, y) 2 (@,y) N y

@ gi—(k1—a1)

T Izll/llfl( ) Zz 0 e’L J1— 1F(1+1 (k1—a1)) y_52+ll 1—(l1—B1)
F'1=PBe—(lLh—P1)+hL —1)

I () + eyt

P(l — (kl — al))

Py —1(Y) ki—1—(k1—a1)
++ €T 1 1 1
A C——"y 3

z,y)

for (z,y) € P a.e.
o z€ ACY3" = ACY? for az € (0,01 — ky + 1) and
J—(l1—B1)
15 po(y) + E] 0 €0,j 4F(Jy+1 (=P) , —as— (k1 —an)
F(]. — Qg — (kl — 0[1))

(11-81)
L7 e, -1 (y )+E o ek 1;]m

F(l—ag—(kl—a1)+k1—1)

—I—II_O‘2+O‘1 18 z,y) + vo(z) —(li—B1)
U el o)+ v = a0

Dg2z(w,y) = Dg3 a(x,y) =

—ag+ki—1—(k1—a1)
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v, —1(y) li—1—(1—B1)
+ e + P S L A— 12 | 1 1 x,
Tl — (- B1))” /@)
for (z,y) € P a.e.

From Theorem 5.2 the following corollary follows.

Corollary 5.5. If (a,8) € (k—1,k] x (1 —=1,1] (k,l € N) and z € ACY is of the form (2.4),
then, fori=0,k—1, j=0,1—1,

ak+j k—a,l—3
vj(z) = W(Izy P2 (x,0), z €I ae.,
(y) = 73i+l (Ik_a’l_ﬂz)(o ), ye I ae
MZ y - 8:E’3yl x,y 7y7 y )
oiti

€ij = W( 2 72)(0,0).

5.2. Schaefer fixed point theorem. Let X and Y be normed spaces. We say that an operator
T:X — Y is compact (see [I]) if it is continuous and for every nonempty bounded set C' C X,
the set T(C) is relatively compact (for such set its closure is compact or, equivalently, which
is contained in a compact set). From a general Schaefer theorem (see [14, Theorem 4.3.2]) the
following particular one follows

Theorem 5.6. Let B be a normed space, and T : B — B a compact operator. If the set
{p € B; ¢ =XTp for some 0 < A < 1}
is bounded, then T has a fized point.
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