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FUCIK SPECTRUM FOR OPERATORS WITH RAPIDLY INCREASING
WEIGHT AND APPLICATIONS

JINZI BAI, FEI FANG

ABSTRACT. In this article, we study the Fucik spectrum for operators with rapidly increasing
weight, which is defined as a set ¥ comprising those (c, ) € R? such that

1
Ly := —Au — i(zVu) =out —Bu~, inRY,
u € X,

has a non-trivial solution w, where, N > 1, T = max(+u,0), v = ut — u~. The existence
of a first nontrivial curve C of this spectrum, along with some of its properties (e.g., Lipschitz
continuity, strict decrease and asymptotic behavior) is investigated in this paper. Our difficulty
is that the problem is defined on the whole space RN, and therefore certain estimates do not
carry over from the Fuc¢ik problem on bounded domains. As an application, we establish the
multiplicity of solutions to the problem

1
—Au — 5(:EVu) = f(z,u), inRY,
u € X,

where, N > 1 and the nonlinearity f is asymptotically linear at zero and at infinity.

1. INTRODUCTION

In this study, we investigate the Fucik spectrum problem of operator L, which is defined as the
set ¥ of (a, 3) € R? such that

1
Lu:=—-Au— i(x -Vu) =out — fu~, inRY

u e X,

(1.1)

has a nontrivial solution u. Here N > 1, u* = max(+u,0), v = uT —u~ and the definition of
space X is provided in the Section 2. The operator L is closely related to the self-similar solutions
of the heat equation, which was studied by Escobedo and Kavian [I4]. The operator L appears in
the process of looking for the self-similar solutions

vt z) =t~ P2y (172
of the heat equation
vy — Av = |v[P~ 2.

Escobedo and Kavian expressed the operator L as the form of a divergence, that is,
1 1
Lu=—Au— 5(:5 -Vu) = f?V - (KVu),

where K(z) := el=l*/ 4. so the operator L has a variational structure. They also equipped the
operator L with a weighted Sobolev space and proved related embedding theorems in [14].
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This generalized spectrum concept was proposed by Fucik [22] and Dancer [11] in the 1970s,
where they considered the problem

—Au=oau’ + pu” inQ, =0.

ul g
Since then, several papers have specifically studied the Fucik spectrum of the Laplacian operator on
bounded domains €2 (e.g., [10, 16}, 41]). Schechter [4I] proved the existence of the Fucik spectrum
near the point (Mg, A\x), where k € N and )y, is an eigenvalue of —A. In [I1], it was proved that
the lines A\; x R and R x \; are isolated in Xo; while in [T6], the first nontrivial curve in X passing
through (Mg, A2) was constructed and characterized via variational methods. The Fuéik spectrum
of the p-Laplace operator, Kirchhoff-type operator, fractional Laplace operator, and Schrodinger
operator have been studied in [10} 25, 26, [7]. In [7, 10} 26} 25], the first non-trivial curve in the Fué¢ik
point spectrum was constructed using the minimax method, and some qualitative characteristics
of this curve and its corresponding eigenfunctions were exhibited. As applications, the authors
also obtained some results on existence of multiple solutions for nonlinear equations. The readers
are referred to [3 [ [6 @, [12], 13} 24 28, 291 B0, BT} B2] B3] B4} 35, B6], [40] for further properties
and applications of the Fucik spectrum.

The main purpose of this study is to construct some curves in the Fucik spectrum ¥ for .
Using a minimax approach, we obtain three curves: {A1} xR, Rx {A;}, and C = {(p+c(p), c(p)) :
p € R}, where ¢(p) with p € R is a critical value of the functional I, as shown in Section 2.
We also study some properties of this curve C, e.g. Lipschitz continuous, strictly decreasing and
asymptotic behavior. As an application of the Fucik spectrum X, we study the solvability of the
problem

1
—Au — i(x -Vu) = f(z,u), inRY,
u€ X,

(1.2)

This equation has been studied deeply by using the variational method and obtained certain results
(such as in [I7, I8, 19} 27, 37, 38] and its references). When f(x,u) = u® ~' + Az|* u, a > 0,
Catrina et al. proved the existence of positive solution for the equation in [§]. When f(z,u) =
Au+|u|P~2u,2+2/N < p < 2%, X > 0, Haraux and Weissler obtained the existence of radial solution
n [23] (also see [4, [42]). When f(z,u) = Mu + [u[P~2u, A > 0, Naito obtained multiplicity results
for radial positive solutions of the equation in [39]. When f(z,u) = a(x)|u|?2u+b(z)[u[P~2u,1 <
g < 2 < p < 2* Furtado et al. in [20] showed that the equation has at least two nonnegative
nontrivial solutions. When f(z,u) = A|z|%u +|u|? ~2u,2 < 2*, X\ > 0, Furtado et al. [2I] obtained
a sign changing solution.

2. CONSTRUCTING CURVES USING MINIMAX METHODS

In this section, following the approach of Cuesta, de Figueiredo and Gossez [10], we use minimax
theory to construct three curves belonging to . We shall denote by X the Hilbert space obtained
as the completion of C2°(R”Y) with respect to the norm

full = ( [, [9uPE G ar) "

which is induced by the inner product
(u,v) := / (Vu - Vo)K (z) dz.
RN
For each ¢ € [2,2*] we denote by L% the space
1/q
L} = {u measurable in RY : |u|g , 1= (/N K(x)|u|q) < oo}
R

Because of the rapid decay at infinity of the functions belonging to X we have the following
embedding result proved in [I4].

Lemma 2.1. The embedding X < L% is continuous for all g € [2,2*] and it is compact for all
q € [2,27).
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Hence, by Lemma for every p € [2,2*), there exists Sk, > 0 such that
lulgp < Skplull, weX.

Lemma 2.2 ([I4]). The eigenvalues of L are the numbers (Ag)g>1, where
N+k-1
)\k; = #

The eigenspaces are
N(L = \) = Span{D’p1; |8l =k —1}
with ¢1(x) := exp(—|z[2/4),8 € NN, |8l =1 + ...+ B, DP = 8][3, Moreover,
N+Ek—-2
im N(L — = .
dim N ( Ak) ( N1 )

We define the nontrivial Fu¢ik spectrum for problem ([1.1)) as a set ¥ comprising those (a, §) €
R? such that (1.1)) has a sign changing solution. A function u € X is a weak solution of (I.1]), if
for every v € X satisfies

/ VuVuK (z) = a/ utvK (z)dz — B u vK(x)dx.
RN RN RN
Weak solutions of (|1.1)) are exactly the critical points of the functional J : X — R defined as

1
J(u) = 7/ \Vul2K (z) dz — 9/ (u*)?K (z) do — 7/ V2K (z
2 RN 2 RN RN
Then J is Fréchet differentiable in X and

(J'(u), ¢) = VuV K (z)dx — a/

RN RN

ut oK (x)dr — 5/ u” oK (z) dx
RN
Let us consider the functional
I(u) = / VulK (z) dz —p/ (2K (z) da.
RN RN
Obviously, I, € C*(X,R) for all p € R. We seek the critical points of the restriction of I, to
P={ueX: w?K (z)dx = 1}.

RN

Let I, = I,|p. Then I, € C'(X,R). We easily know that u € P is a critical point of I, if and
only if there exists t € R such that

VuVuK (z) de — p/RN uTvK (x)dx = t/ w K (z) dz (2.1)

RN RN

for all v € X. Hence u € P is a nontrivial weak solution of the problem
—Lu= (p+t)u™ —tu”, inRY,

u e X. (2:2)

This means that (p +t,t) € X. Setting u = v in (2.1)), we have t = I,(u). Hence, we have the
following result, which describes the relationship between the critical points of I, and the spectrum
3.

In this section, we assume that p > 0. At the end of the section, we discuss the case p € R.

Lemma 2.3. For (p +t,t) € R? belongs to the spectrum X if and only if there exists a critical
point u € P ofI such that t = I, »(u), a critical value.

Lemma 2.4. Assume that ¢ is the first eigenfunction of L. Then ¢1 is a global minimum for fp

with I},(gin) = A1 — p. The corresponding point in ¥ is (A1, A\1 — p) which lies on the vertical line
through (A1, A1).
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Proof. We can easily show that t fp(gbl) = A —pand

ip(u)z/RquP 2)dz — /RN do (2.3)

2/\1/ u?K (x dw—p/ dz (2.4)
RN RN
> A1 —p. (2.5)

So ¢ is a global minimum of I, with I,(¢1) = A\, — p. O

Lemma 2.5. The negative eigenfunction —¢y is a strict local minimum for fp with fp(—gbl) =\
The corresponding point in ¥ is (A1 + p, A1), which lies on the horizontal line through (A1, A1).

Proof. We assume by contradiction that there exists a sequence ug € P, up # —¢1 with fp(uk) <
A1, up — —¢1 in X. Firstly, we claim that u; changes sign for sufficiently large k. Indeed, since
up — —¢1, then we have uj < 0 somewhere for the sufficiently large k. Moreover, if u; < 0 for
a.c x € RV, then

I (ug) = /RN |V > K (x) dz > \;.

Since uy # +¢1 and we obtain contradiction as fp(uk) < A1. So uy changes sign for sufficiently

T
U

large k. Define wy, := and

[ |ic,2

Tk ::/ |Vw|* K (z) dx
RN

Now we show that rp, — oo. We assume by contradiction that r; is bounded. Then there
exists a subsequence of wy, still denoted by wy and w € X such that wy — w weakly in X and
wp — w strongly in L% (R™). Hence [pn w?K(z)dz = 1,w > 0 a.e. on RY and so for some
e>0,6={z e RN : w(x) > ¢e}| > 0. As up - —¢; in X and hence in L% (RY). Therefore
H{ox € RN up(z) > e}| — 0as k — oo and so [{z € RN : wy(x) > e}| — 0 as k — oo which is a
contradiction as § > 0. Hence, 7, — 0o. Now we have

I(uy) = /RN |Vug 2K (2) do fp/RN(u:fK(x) dx
— [V PR @) e p [ (] PR @) do
RN RN
:/RN IV [ K (2) dx—i—/RN IV 2K () dx—p/ ()2 K () da

RN

> (rg —p) /RN(ug)zK(m) dx + )\1/ (u;)QK(x) dx.

RN
Since uy, € P, we obtain

L(ug) <A\ =X\ /]RN (u )2 K (x) dx + M /RN (uy, )*K(z) da. (2.7)
Using ([2.6)) and -7 we have
(e — p) /RN (P K () do + M /RN (ur)? dz < )\1/ ()P K () do + Al/R (up K () da.

RN N
Hence,
(re —p— )\1)/ (uz)zK(x) dr <0.
]RN
Then r; — p < Ay, which contradicts the fact that r, — 4o00. O

Lemma 2.6 ([2]). Let E be a Banach space, g,f € CY(E,R),M = {u € E | g(u) = 1} and
ug,uy € M. Let e > 0 such that ||u1 — ugl| > € and

inf{f(u) : u € M and |ju — uol|g = €} > max{f(uo), f(u1)}.
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Assume that f satisfies the PS condition on M and that
I = {y € C(=1,1], M) : v(~1) = ug and 7(1) = u1}

s non empty. Then

= 1 f
e R

is a critical value of f|ar.
Lemma 2.7. fp satisfies the PS condition on P.
Proof. Let {u} be a PS sequence, that is, there exists C' > 0 and ¢, such that
[T (ur)| < C, (2.8)

and

Vur VoK (z) de — p/ uf vK (z)dz — ty, / upvK (x) dx = ok (1)||v]|. (2.9)
RN RN RN

From , we have that wug is bounded in X. So we can suppose that up to a subsequence
ug, — up weakly in X, and uy, — g strongly in L2-(RY). Letting v = uy in , we obtain t is
bounded and up to a subsequence t; converges to t. We next show that uiy — ug strongly in X.
Since up — ug weakly in X, we have

Vup VoK (x) dr — Vuo VoK (x) dz. (2.10)
RN RN

for all v € X, and

I;’)(uk)(u;C —ug) = og(1).

Hence, we deduce
‘/ |Vug 2K (x) dx—/ VurVugK () dz‘
RN RN

gq/ @@kﬂmK@m4+M/’%mkﬂmKumx+%m (2.11)
RN RN
< ok(1) + pluf |13, fuk — ol s, + Itel[uklza k. — wolz 0 as & = oo.
By setting v = ug in (2.10)), we obtain
VupVugK (z) de — |Vuo |2 K () da.
RN

RN
Combining both inequalities we have

/ |Vug 2K (2) do —>/ |Vuo|* K () da.
RN RN
Thus
llur — uol|? = |lurl|* + |Juol|® — 2/N VuprVuoK(z)de — 0, ask — oo,
R
that is, up — ug strongly in X. O

Lemma 2.8. Let ¢g > 0 be such that

L(u) > I,(~¢1) (2.12)
for allu € B(—¢1,e0) NP with u # —¢1, where the ball is chosen in X. Then for any 0 < € < &,
inf {fp(u) cu€P and ||u—(—¢1)| =€} > L(—¢1). (2.13)

Proof. Assume by contradiction that the infimum in (2.13)) is equal to fp(—qﬁl) = A\ for some ¢
with 0 < & < g9. Then there exists a sequence uy € P with ||ur — (—¢1)|| = € such that

1
Ip(Uk;) S )\1 + @
We define the set

A={ueP:e—0<|u—(—¢)| <e+0),
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where § is chosen such that ¢ —§ > 0 and ¢ + § < gp. Using the contradiction hypothesis and
(2.12)), we have
inf {I,(u) :u € A} = \;.
Now for each k, we use Ekeland’s variational principle(see [I5]) to the functional fp on A to obtain
the existence of v, € A such that
~ ~ 1

(o) < Dy(un).  ow = ] < .

) ) 1 (2.14)
Iy(v) < Ip(u) + %Hu — k|| for all u € A.

Our aim is to prove that vy, is a PS sequence for I, on P i.e. I,(vy,) is bounded and ”jz/) (v)|l« — 0.
Once this is proved we obtain by Lemmal[2.7] up to a subsequence v, — v strongly in X. Obviously
v € P and satisfies [[v—(—¢1)[| < e+ < &g and I,(v) = A\ which contradicts the given hypotheses.
Clearly, I,(vg) is bounded. So we only need to prove that ||I’ (vi)|l« — 0. Now, fix k > § and
take w € X tangent to P at vy, i.e.

/ vpwK(z)de =0 (2.15)
RN

and for t € R, define
v + tw

"Uk + tw|K72 ’
We first observe that for |¢| sufficiently small, u; € A. Indeed

g = (2.16)

lim flug — (=p0)| = [Jox = (=1,
where
l[or = (=)l < lJox — wnll + [lur — (=@1) | < % te<d+e
and

1
loe = (=)l 2 (=) = unll = [lur —vrf| = e = 2 > e =0

Hence, we can take u = u; in (2.14)) and put r(¢) = |vg + tw\%(g. For the sufficiently small ¢ > 0,
it holds that

%[ (Vi) — Ip(vg + tw)]
< L1y I ¢ 1 1 )]'/? (217
\Wg[ — () p(vk + w)+WII (1= [r@®)]"?]vk + w.

The first term in the right-hand side of (2.17)) involves (r(tii_l), which is the differential quotient
of r(t) near t = 0. Since, by (2.15),
d

Gy = [ vwk(@ =0,

we have that (r(t) — 1)/t — 0 as ¢ — 0, and we deduce that the first term in the right-hand
side of (2.17) goes to zero as ¢ — 0. The second term in the right-hand side of (2.17) involves

(1 —7r(t)}/2)t~1, which also goes to zero as t — 0 (again by (2.15)). By going to the limit in (2.17)
as t — 0, we find that (I, (vx),w) < ||w[|/k. Consequently,

~ 1
(2 (vr), w)| < [lwll, (2.18)
for all w € X tangent to P at vi. Now if w is arbitrary in X, we choose «y, such that
/ vk (w — apog) K (x) de = 0. (2.19)
RN
Replacing w by w — agvy in (2.18)), we have

T (0), ) — T (o), wid] < o — g
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Since |lagvg| < Cllwl], by (2.19), we obtain

() (0), ) — t /

C
vpwK (x) dz| < —||w]|,
n k

where ¢, = (I, (vy), vx). Hence

11 (vp)ll« = 0 as k — oo,
and vy, is a PS sequence for fp on P. O
Lemma 2.9. Let e > 0 such that ||¢p1 — (—¢1)|| > € and
inf {fp(u) tu€P and |u—(—¢1)| =€} > max{fp(—¢1),fp(¢1)}.
Then T = {v € C([-1,1],P) : v(—1) = —¢1 and v(1) = ¢1} is nonempty and

= inf I, 2.20
olp) = inf max D) (2.20)

is a critical value of I,. Moreover c(p) > M.
Proof. Let ¢ € X be such that ¢ ¢ R¢; and consider the path

et (e
"0 = g @ = olna’

then v(t) € I'. Moreover by Lemma and Lemma I, satisfiesthe (PS) condition and the
geometric assumptions. So, ¢(p) is a critical value of I,. Using the definition of ¢(p) we have

c(p) > max{fp(—gﬁl), fp(¢1)} = A1 O

We have thus proved the following result.

Theorem 2.10. For each p > 0, the point (p + ¢(p), c(p)), where c(p) > A1 is defined by the
minimaz formula (2.20]), belongs to 2.

Now, we can easily obtain the following important result:
I ,(—u)=1I,(u)+p, uweP, pck
Indeed, if we set u € P,p € R, then we obtain
Ty (=) = Jull2+pl (=) * [ 5 = ]2 —pl(—u)~ [ o+p = [l plect e s +p = Tp(u) +p. (221)
Lemma 2.11. ¢(—p) = c¢(p) + p for allp € R.

Proof. Without loss of generality, we suppose that p € R, ; if not, we replace p by —p in the
following process. For each v € I', we have —y € I'". Based on the definition of ¢(—p) and (2.21]),
we have

o(=p) < max Ip(=y(0) = Lp(=7(t0)) = L((to) +p < max L,((1)) + .

It follows that ¢(—p) < ¢(p) + p. Similarly, for each v € '™, we obtain —y € I". Then

o(p) < max, (=) = L(—y(t1)) = T_p(y(t1)) = p < Jax I, (y(t) = p.

Thus, ¢(p) < ¢(—p) — p. Hence, c¢(—p) = c(p) + p. O

One readily verifies that > possesses diagonal symmetry. We denote the complete curve ob-
tained from Theorem after applying the symmetrization procedure by

C:={(p+cp),cp)), (c(p),p+clp):p >0}
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3. FIRST NONTRIVIAL CURVE

This section is devoted to the construction of the first nontrivial curve in the Fuc¢ik point
spectrum of L. For the sake of simplicity, we denote a cross curve by

L={(a,b) eR?*:(a—X)b—-X)=0}=({\} xR)U(R x {\}),
and two broken lines by
Ly = {(a,b) € R? : max{a,b} = \;} = ({\1} x (=00, \i]) U ((—00, Mi] x {\1}),
Ly = {(a,b) € R? :min{a,b} = A\1} = ({\1} x [A1,00)) U ([A1,00) x {A1}).
Theorem 3.1. Let P € R. Then, ¢(p) = min{s: (p+ 5,8) € Xo}.
Before giving the proof of Theorem [3.1] we need the following results.

Lemma 3.2. The eigenfunctions of the operator L corresponding to the non-first eigenvalue A
change sign.

Proof. Let ¢1,u be the eigenfunctions corresponding to A\; and X respectively. Then ¢1, u satisfies
1

L¢1 = —A(bl - 5(.23 . V¢1) = )\1¢1, (31)
1

Lu:=—Au — 5(1‘ -Vu) = Au, (3.2)

respectively. Suppose u does not change sign. We may assume u > 0 in RY. Let {¢,} be a
sequence in C2° such that ¢, — ¢1 as n — oco. Now consider the test functions

_ _ Yn
w1_¢17w2_u+%-
Then wq,wy € X. Testing (3.1) with w; and (3.2]) with w, we obtain
/ Vi 2K () dr — M / 62K (z) dz = 0, (3.3)
RN RN

Vu-V(—"5)K(x)dr — A i ( ) K(z)dx = 0. (3.4)

RN u+ - RN u+ -

By adopting the method described in [I, Theorem 1.1], we have
/ IV, 2K (2) dz — )\/ wi(%)l{(b@) dz > 0. (3.5)

RN RN U+ "

Subtracting (3.3)) from (3.5)) and taking the limit as n — oo we obtain
A=X) PK (x)dr < 0.
RN
This is a contradiction to A > Aq.

Lemma 3.3. Let {u,} C X\{0} be a nonnegative sequence and |Q,| = [{z € RY : u,(z) >
0} — 0 as n — oo. Then, ||un||/|un|k,q = o0 for all ¢ € [1,2%).

Proof. Let wy,, = up/|tn|K,q for all n and assume by contradiction that there exists w € X, for a
subsequence still denoted by {w,}, such that w, — w in L% (RY). By 43, Lemma A.1, p.133],
there exists a subsequence still denoted by {w,} and wy € L% (RY) such that |w,(z)| < wo(z),
a.e. z € RV, For any given £ > 0, since

{z e RN s w,(x) =€} C Qy,

we find that {w,} converges to 0 in measure. According to Lebesgue’s dominated convergence
theorem, it follows that 1 = |wn\§(’ ¢ — 0, which is impossible. O

The next corollary follows easily from Lemma |3.2

Corollary 3.4. (i) For any nontrivial signed solution u of (1.1)), it holds that (o, 8) € L;
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(ii) For any (o, B) € L, if u is a solution of (L.1)) corresponding to («, 8), then it must be
signed. Furthermore, if (o, 5) = (A1, A1), then uw = ¢1, and if (o, B) € L\{(A1,\1)},
then
u=(sgn|f — A1| —sgnfa — Aif)¢1.
The next corollary follows easily from Corollary

Corollary 3.5. For any sign changing solution of (1.1)), the point (o, ) is on the upper right of
the broken line Lo, i.e., a > Ay and 8 > \1.

Lemma 3.6. (i) ¥ is closed in R*.
(ii) Xo is also closed in R?. Moreover, £o N L = ().

Proof. (i) Let a sequence {(aw,, fn)} C X satisfies (ay, 8n) — (o, 8) as n — oo. We prove that
(o, B) € X. First, we know that there exists a sequence {u,} C P such that

Lu,, == —Au, — %(x Vu,) = apu — Bau,, (3.6)

U, € X.

Obviously, {u,} is bounded in X. Hence, we may assume that by passing to a subsequence, if
necessary, still denoted by {u,} that w, — v € X. Thus, |u|x2 = 1 by {u,} C P and Lemma
We define a functional I, 5, € C*(X,R) by

Lo, 5, (v) = llol* = an|vFlE o + Bulv ™[k n, v eEX.

From (I}, 5 (un),un —u) =0,u, — uin L% (RY) and the boundedness of {u,}, {a,} and {8,},
we conclude that u,, — w in X. Consequently, u is a nontrivial solution of , which means
that («a, 5) € X.

(ii) Let a sequence {(aun, Bn)} C Eg satisfy (am, 8n) — (a, 5) as n — oo. We obtain (a, §) € &
by (i). We claim that («, 8) ¢ £, and thus the result holds by ¥ = LU X,. Arguing by contradic-
tion, we assume that («,3) € L. Let u, and u be nontrivial solutions of corresponding to
(aun, Brn) and (a, B), respectively.

Then, u is signed and u = —¢y if u < 0,u = ¢y if u > 0 by Corollary [3:4] This implies that
[up, > 0| := [{z € RN : u,(z) > 0} = 0 or |u, < 0| := [{z € RN : u,(x) < 0}| — 0. Since u, is
sign changing for all n, by using Lemma for wf and —u,,, we derive

P
or ,
[[uq ||
" Tl
which is a contradiction. O

Similar to [I0, Lemma 3.5], the following lemma is apparent.

Lemma 3.7. There are some topological properties on P; in particular,

(i) P is locally arcwise connected;
(ii) any connected open subset O of P is arcwise connected;
(iii) if Oy is a component of an open set O C P, then 001 N O = .

Lemma 3.8. Let O = {u € P : I,(u) < r}. Then any component of O contains a critical point
of I, on P.

Proof. Let Oy be a component of O and let d = inf{I,(u) : v € O1} < r. We prove that the
infimum d is achieved at some u € Op. In fact, let {u,} C O; be a minimizing sequence that
satisfies

Iy(uy,) <d+1/n?
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for all n. From Ekeland’s variational principle, it follows that there exists a sequence {v,} C Oy
such that

Ip(vn) < fp(un)v (3.7)
1
— < = .
o~ < (3.5)
. . 1 _
Ip(0n) S L) + Lo vl v e O (39)

By (3.7), we derive that {v,} is bounded in X. Moreover, we take w € T, P for the fixed n with
d+1/n? <7, ie.,

/ vpwK(z)de =0,
RN

and consider u; as defined by (2.16). We observe that v,, € O1. If v, € 901, then fp(vn) = r from
Lemma [3.7) which contradicts
L(vy) < Ly(up) <d+1/n% <

Hence, u; € O; for the sufficiently small |¢|. By taking v = wu; in (3.9) and using the same method
in Lemma we see that {v,,} is a PS sequence for I, on P. According to Lemma the claim
holds. If u € 9Oy, then this is a contradiction to Lemma [3.7} Hence, u € O;. O

Proof of Theorem[3.1} First, we consider the case where p € Ry. By contradiction, assume that
there exists some 8 € (A1, ¢(p)) such that (p+ 3, 8) € Xg. By Lemma we can choose b € (A1, ]
such that b is a critical value of I, on P, and there is no critical value in ( A1,b ). In the following,

we construct a path v € T that satisfies I,(v(¢)) < b for all t € [~1, 1], which yields a contradiction
of the definition of ¢(p).

Let u € P be a critical point of fp at level b. Then, u satisfies
1
Lu:—Au—§(x~Vu):(p+b)u+—bu_, (3.10)
uec X.
and we know that u changes sign in R by Corollary From this equation, it follows that
lu*1* = (p+ b)u™ % 2
and
lu™ 1 = blu~ % »-

- ut ~ u” T
1(7):5), 1(7):% , 1(7):17.
P\ Jut |k 2 P\ u~ |k 2 NP

Now, we consider the following path ~; in P, which tends from u to u™/|u™ | k2,

(I =tu+tu”
7 (t) = 0= uttura’ t €10,1]. (3.11)

Consequently,

We can show that I,(v1(t)) < b for all ¢t € [0,1]. In fact, a simple calculation shows that
1—thu+tu” =1—tu"+@2t—u", tel0,1]
and
_ (1—tut +(2t—1u", tel0,1/2],
1—tu+t t=
(3= Hu+ )] {(1—t)u+, te1/2,1).
Hence, for ¢ € [1/2,t], we have
Lm(®) = O = plm @] %2
@ =ut 4 @2t = Du | = pl(1 - Hut e,
N I(1=t)ut + (2t = Du~ %,
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@@=t t P 4 (2= 1Pl [P = p(L = )Pt R
(1= 8)2ut g o + (2t — 1)2u~ %,
b(1 — 1) |[ut[% o + (2t — 1)*[u™[% 5

— » L
(1= )2 |ut [ o + (2t = 1)?|u~ 5

Similarly, for ¢ € [0,1/2], we have

L(m®) = Im®I? = pln ]
(1 =t)u™ 4 (2t = Du™ || = p[(1 = t)ut + (2t = Du"[%,
- (1=t + (2t — Du 2,
(T =) [lu™]]? 4+ (2t = 1)*lu > = p(1 — t)?[ut % 5 — p(2t — 1)*|u" %,
(L= t)2ut 5, + (2t — 1)2u~ %,
b(1 —t)?|ut %o + (b —p)(2t = 1)*|u™ %,

= S b'
(1= £)?|ut i o + (2t = 1w [

Therefore, we can start from u to v~ /|u" |k 2 along v, and the energy is not higher than b on
this path. To continue, we must study the levels below b —p. Let O = {v € P : fp(v) < b-—p}.
Obviously, ¢1 € O, when —¢; € O if b — p > A;. Furthermore, it is easy to see that ¢; and
—¢1 are the only possible critical points of fp in O. Indeed, if we assume that v € O is a critical
point of fp on P, then we have c := fp(v) < A1 based on the choice of b. Firstly, we consider
¢ < A1. Using (p + ¢,¢) € 3, Corollary and Corollary it follows that p + ¢ = A;. Thus,
according to Corollary [3.4 again, v = ¢1. Second, if we assume that ¢ = A1, then (p+ A1, A1) € L.
By combining with Corollary we deduce v = £¢; when p = 0, and v = —¢; when p > 0.
Therefore, this statement holds true.

Since u~ /|u”|k,2 € 00, which does not change sign and vanishes on a set of positive measure,
we see that u™/|u” |2 # F¢1 and it is not a critical point of I, on P. From Lemma and
Lemma we know that there is a path 5 in O from v~ /|u™ |k 2 to ¢1 or —¢1, and the energy
along this path is lower than b — p. Let us assume that it is ¢ and the other case is similar.

Finally, we construct a path from —¢; to ¢; where the energy is not higher than b. Clearly,
—72 goes from —u~ /|u" |2 to —¢;. For all w € P,

| I, (w) — I(—w)| < p,
so we obtain
I(—@®) < L(n®)+p<b, telo,1].

Hence, the inverse path (—y2) ™! goes from —¢; to —u~/|u™|k 2 and the energy is not higher than
b on this path. Now, let

—(1—tu™ +tu
(1 —tu +tu|go’

i) = 7= teo,1]. (3.12)

Clearly, the path 3 brings us back from —u~/|u™|k,2 to u and the energy is not higher than b
on this path according to a similar method to that mentioned earlier. By combining everything
together in proper order (—vy2)~%, 3,71, V2, we have constructed a path 74 in P from —¢; to ¢
where the energy is not higher than b. Finally, if we let v(¢) = v4((t + 1)/2) for all t € [-1,1],
then v € T" is the desired path. Hence, the result holds for p € R,..

Now, we show that the result is still correct for p € (—o0,0). We suppose by contradiction that
thereis a 8 € (A1 —p, ¢(p)) such that (p+ 8, 8) € Eo. According to the symmetry of Xy, it follows
that (8,p+ ) € Xo. Since \y < p+ S < p+c(p) = ¢(—p) by Lemma for —p > 0, we deduce
that there exists p 4+ 8 € (A1, ¢(—p)) such that (—p + (p+ B8),p + B) € Lo, which contradicts the
conclusion obtained above. O
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4. SOME PROPERTIES OF THE CURVE C

Let C := {(p + ¢(p),c(p)) : p € R}. In this section, we prove that the curve C is Lipschitz
continuous, exhibits a certain asymptotic behavior, and is strictly decreasing. We prove the
following three main results.

Theorem 4.1. The map (p+ ¢(p), c(p)),p € R is Lipschitz continuous on R.
Theorem 4.2. Let p1,ps € R with p1 < pa. Then, p1 + c(p1) < p2 + ¢(p2) and c(p1) > c(p2).
Theorem 4.3. ¢(p) = A1 as p — .

Proof of Theorem[{.1 Let pi,po € R and p; < po. It is easy to see that ¢(p;) = c¢(ps2) from
I, (u) > I, (u) for all u € P and the definition of ¢(-). Firstly, we consider the case where p; and
p2 have the same signs. Without loss of generality, suppose that p;,ps € Ry. Using the definition
of ¢(p2) again, for each € > 0, there exists v € I" such that

. - '
ten[ﬂ—al)fl] Iy, (7(t)) < clp2) +¢/2

Assume that there is a ¢ty € [—1, 1] satisfying

I ((to)) = max, L, (+(1)).

By combining the facts given above and noting that v(¢o) € P, we have
0 < c(pr) — c(p2)

< I, (v(t)) — I, (y(t 2
Ay I O0) = sy 00) o/

< I, (7(to)) = Ipy (v(t0)) + £/2
= (p2 — )| [y (to)]* %2 +e/2
< (p2 —p1) +€/2.

Similarly, for py,ps € R_, it still holds that 0 < ¢(p1) — ¢(p2) < (p2 — p1) + €/2. Second, assume
that p; < 0 < pg. Then, from the results given above, we deduce that

0 < c(p1) —c(p2) = c(p1) — c(0) +¢(0) —c(p2) < —p1 +€/2+p2+¢/2 = (p2 —p1) +¢.
Hence, for p1,p2 € R with p; < ps, we have
0<c(pr) —clp2) < (p2 —p1) +e,
which shows that ¢ is Lipschitz continuous on R by the arbitrariness of €. O

To prove Theorem we need the following lemma. For the sake of simplicity, let P = Ri.
Then, P is a cone in R? and its interior P° = (0,00)?. For z,y € R?, we define 2 < y if and only
ify—z € P,and x < y if x < y with  # y. We also define x < y if and only if y — z € P°.

Lemma 4.4. Let (o, ) € C. If (a,b) € R? satisfies (1, u1) < (a,b) < (a, B), then the equation
1
Lu=—-Au— i(w -Vu) =au® —bu~,
u € X,

(4.1)

has only a trivial solution.

Proof. Since C is symmetric, we only need to consider the case a > 5. Without loss of generality,
assume that a < a. By contradiction, if we assume that ug is a nontrivial solution of , then
ugo changes sign in RY by Corollary Let p=a —f > 0. Then, 5 = ¢(p), where ¢(p) is given
by . We show that there exists a path v € T" such that

L(y(t
e, p(7(1) < B,

which contradicts the definition of ¢(p).
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To construct v, we first prove that

lug [1° g |12

< B (4.2)

)

‘uo |K2 ‘uﬂ%{,z

In fact, by (4.1), we know that
lug |1 = alug %2 < alug k2,
lug [ = blug |K2 Blug |K2

Hence, (4.2) holds. Then, similar to the proof of Theorem |3 . but by using ug instead of u, there

are two paths v1,73 in P, as given by (3.11), (3:12), which go from ug/|uo|x,2 to ug /|ug | k2,
and from —ug /|ug \K12 to uo/|uo| k2, respectively. The energy is lower than § on the paths given
above according to (4.2). Denote O = {u € P : I,(u) < B —p}. Then, we know that the only
possible critical pomts of I in O are —¢1 when \; < 8 —p, and ¢;. Indeed, let v € O be a critical
point of I, on P and write ¢ = I,(v). Then, from Theorem., it follows that ¢ < A1. If ¢ < Ay,
then ¢ + p = A1 by Corollary - 34 and Corollary [3.5] Hence, we obtain v = ¢; from Corollary
Next, we assume that ¢ = A\;. According to (A1 + p, A1) € £ and Corollary we find that
v = +¢; when p =0, and v = —¢; when p > 0. By Lemma[3.7]and Lemma[3.8] there is a path 2
in O that goes from —ua/|ua|%(72 to ¢1 or —¢1. We assume that this point is ¢;. Thus, similar
to Theorem we obtain the desired path v € I" and the energy is lower than § along ~. O

Proof of Theorem[4.4 Let pi < p2. By contradiction, suppose that either p1 + ¢(p1) = p2 + ¢(p2)
or ¢(p1) = ¢(p2). In the first case, we have

p1+c(p1) = p2 + c(p2) > p1 + c(p2),
which implies ¢(p1) > c(p2). Let (o, 8) = (p1 + c(p1), ¢(p1)) in Lemma [£.4] Then, we see that

1
u = —Au — 5(:10 -Vu) = (p2 + 0(1@2))UJr —c(p2)u”,
u€ X,

has only a trivial solution, which contradicts (p2 + ¢(p2),¢(p2)) € X. In the other case, we know
that p1 + ¢(p1) < p2 + c(p2). By taking (a, 8) = (p2 + c(p2), c(p2)) in Lemma 4.4 we sce that

1
=—Au—o(z-Vu) = (p1 + c(p)u™ —clpr)u”,
u € X,
only has a trivial solution, which contradicts (p; + ¢(p1), ¢(p1)) € E. The proof is complete. O

Lemma 4.5. There exists ¢ € X such that there does not exist r € R satisfying ¢(x) < r¢1(x)
a.e. in RV,

Proof. When N > 2, it suffices to take for ¢ a function in X which is unbounded from above in
the neighborhood of some z; € RY.
For N = 1, using the Sobolev embedding theorem in [14] we have exp(|z|?/8)¢ € C*/2(R).
Let )
6 = g expl(—lo/8).
According to Lemma (2.2), ¢1 = exp(—|z|>/4). Then ¢ and ¢ satisfy the requirement. O

Proof of Theorem[].3 Assume by contradiction that there exists ¢ > 0 such that

I =M+
e T,((8) > +

for all v € I" and all p € Ry. Moreover, there exists ¢ € X that satisfies the result of Lemma
Consider a path defined by

th1+ (1 —[t))
o1 + (1= [t))o|k,2’

A(t) = te[-1,1].
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For each p € Ry, suppose that I,(y(t,)) = maxe[_1,1 I,((t)) for some t, € [~1,1], and let
up = tpd1 + (1 — |tp|)¢. Then, we obtain
luap |2 —P|U+|Kz (A1 + 0)|up| i 2 (4.3)

for all p € Ry. If we let p — o0 in , then we can assume that there exists a sequence {p,}
with p, = o0 and t,, = tx € [—1, 1]. Since {up, } is bounded in X, from (4.3)), it follows that
|u;‘n|%(_’2 — 0. Hence,

[l + (1= eyl K @) do = 0

which means that tood1(z) + (1 — |teo|)d(z) < 0, a.e. x € R;. Based on the choice of ¢, we find
that |to| = 1, and thus to = —1 by the fact that ¢; > 0, i.e., t,, — —1 and up, — —¢1. Thus,
from (4.3) again, it follows that

Ml¢1lE o = 9111 = (M + 6)l¢nl% o

which is a contradiction. O

5. APPLICATIONS

In this section we study the solvability of problem (1.2)). Let F'(x,t) fo x, s)ds. We impose
the following conditions on the nonlinearity f(z,u) :

(A1) f € C(RYN x R,R) and there exists p € (2,2*) such that
[z )] < CQA+[tPT)
for (z,t) € RY x R, where 2* = 2N/(N —2) if N > 2, and 2* = o0 if N < 2.
(A2) f(z,t) >0 forall z € RN ¢ >0, and f(x,t) =0 for all z € RV ¢ < 0.
(A3) There exist fo, foo € (A1, 00) such that
lim fat) _ fo, and lim f@t)

t—0t ¢ t—oo ¢

= foo
uniformly for 2 € RV,
Theorem 5.1. Under assumptions (A1)—(A3), problem has at least two positive solutions
in X.
By using the above result, we can prove that the functional I(u) : X — R given by

/K |Vu|2dx—/ K(x u) dz

is well defined. Standard calculations imply that I € C*(X,R) and the derivative of I at the point
u is given by
(I'(u),v) = K(x)Vu~Vvdx—/ K(x)f(z,u)vdx
RN RN
for any v € X. Hence, the critical points of I are precisely the weak solutions of problem .
The following preliminary results are used in the proof of Theorem Firstly, we prove that
the functional I satisfies the mountain pass geometry.

Lemma 5.2. Suppose that (A1)—(A3) hold. Then there exist p > 0 and o > 0 such that
() I(u) > o for all Jul] = p;
(ii) there exists e € X such that |le|| > p and I(e) < 0.

Proof. (i) For all u € X, according to (Al) and (A3), there exist € and Cy > 0 such that

(fo+e)

P <

Hence, using Lemma [2.1] we have

I(u) 2 %Ilull2 - %(fo +e€) /RN W’ K () da — cl/ WK (z) d

RN

t2 + Cy|t|P, VteR.
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1 1
= Slull® = 5 (fo+ &) S5 ull* = CrSE  llull”

1 -
= 5 lulllull = a = bllu]P~"),

where a = (fo +¢)S83 and b = 2C, 5%,

Set h: Ry — R by h()—t—a—btp L for all t € R;. Then

1 ]1/<p—2>p -2_,
b(p—1) p—1 7
where to = [b(p — 1)]7Y/®=2) > 0, which implies that h(tg) > 0 if and only if a?=2b < (p —
2)P=2/(p — 1)P~L. By taking p = to, we have that

I(u) =27 oh(ty) == a >0

max h(t) = h(to) = |

for all w € X and ||ul| = p.
(ii) Using (A3), there exist 01, M7 > 0 such that

2F (2,t) > (A +61)t3, Vo € RN vt > M. (5.1)
Take R; > 0 large enough such that
AL+ 151
2
K(x)d 5.2
[ oK@ = 3T (52)
1
Since ¢1(x) > 0 in RY, there exists ¢; > 0 such that
tig1(z) > My, for all x| < Ry.
Then, by (5.1, (5.2), and Lemma we can see that, for ¢ > tq,
2
I(tg1) = /N Vo |’ K (z) do — /N F(z,t¢1)K(z) dx

R

:2/\1|¢1|§(72—/BR1 Fle, t1) K (z) dx—/% Fla, tg1) K (2) da

2 2
< Shloilea— SO0 +0) [ BE(@) do
<Lloilka
> 4 2

Take e = t¢; with £ > t;. It is easily seen that I(e) < 0. 0

We recall that a sequence {u,} C X is said to be a (C). sequence if I(u,) — ¢ and (1 +
[n DI’ (wy) — 0. The functional I is said to satisfy the (C). condition if any (C). sequence of T
has a convergent subsequence. If we replace the PS condition in the mountain pass theorem with
the (C). condition, the mountain pass theorem remains valid. Hence, to obtain critical points of
the functional I, we need to show that I satisfies the (C'). condition.

Lemma 5.3. Suppose that (A2) and (A3) hold. Then the functional I satisfies the (C). condition
for any c € R.

Proof. Let {u,} C X such that
I(un) = ¢, (14 [lunlDIT (un)|| = 0. (5:3)

We suppose by contradiction that [|u,|| — co. Set wn = 2. Then [wy|| =1, and there exists

wp € X such that, passing to a subsequence if necessary,

ull

wy, — wp in X,
wy, — wo in L% (RY),

wy(z) = wo(z) for a.e. x € RV,
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We prove that wo(x) # 0. In fact, if not, we assume that wo(x) = 0, that is, w,, — 0 in L% (RY).
From (5.3) and (A2) we deduce that

(' (un), un)
o(1) = L Un) Un)
T
= Vw2 K (z)dx — f(x’u")wnK(x) dx
RN Ry [l
=1- f(x’un)wiK(x) dx — 1,
Ry [[unll

which is a contradiction. Choosing w,, () = max{—w,(x),0} as test function, using (5.3 again
we have

(' (un), wy)
[[n |

o(1) =

_ [ K@V 2de+ [ (@) )
RN RN [l ||

= |lw, |I* + /RN K(z)f(x’u") (w;,)? dz.

[[n |

w,, dx

From (A2) it follows that w,, (r) = o(1). Then we have w, (z) = 0 for a.e. # € RY and thus
wo(z) > 0 and wo(z) # 0. Let

Ay ={z e RN two(z) =0}, Ay = {2z RN :wy(x) > 0}.
If x € Ay, using (A2), (A3), there exists C; > 0 such that

OS@QJM vz e RV, Vt € R, (5.4)

which implies that
|f (@, un ()] ’f(:v,un(ﬂf))

[[un un(2)

wy ()| < Cilwy(x)] =0 for ae. z € A;.

Then we have
[[unll

where §; is taken as in (5.1)).
If x € Ay, then uy(z) = wy(x)||un|| = +o00. Using (A3) we obtain

— 0= ()\1 + (51)11]0(33) for a.e. x € Al, (55)

lim inf fla, un(z)) = liminf [z, un(2))

wp(x) > (M + 01)wo(x) for ae. x € As. (5.6)

Since w, — wo in X, it follows that [,y wn¢1 K () dx = [px wod1 K () dz. By (5.3) and Lemma,

[2:2] we have

_ (I"(un), ¢1)
W=
= | Vuw, VéiK(x)dr — f(x’“r)qle(x) da
RN RN Un
=\ /R oK@ dr— | ! ("’;’:”)wn@K(x) da.

Then, from (5.5)), (5.6) and Fatou’s lemma, it follows that

)\1 ‘/RN ’wod)lK(Z') dxr 2 ()\1 -+ (51)‘/]1% w0¢1K(w) dr.

N
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Since, ¢1(x) > 0 and wy > 0,we Z 0, we have flRN wop1 K (z)der > 0. Hence A\; > A1 + d1, a
contradiction. This implies that {u,} is bounded in X. Thus there exists uy € X such that,
passing to a subsequence if necessary,

U, — ug in X,
U, — ug  in L% (RY),
un(z) = up(x) for a.e. x € RV,
Using (A2) and (A3), it is easy to obtain that
e, un) (un — ug) K (x) dz = o(1).
RN
Noting that (I'(un), u, — ug) — 0, it follows that

Jin = w0l = [ F(aua)n = w0) K () do + (1) = o(0),
R
which implies that u,, — ug in X. This completes the proof. O

Proof of Theorem[5.1 According to (A2) and (A3), for any given ¢ € (0, fo — A1), there exist
01 > 0 such that
fx,t) = (fo—e)t, Ve e RV V0 <t <4,

Thus, we have
F(z,t) > %(fo — o),V e RV V0 < t < 4;.
Since ¢1(x) > 0 in RV, there exists t; > 0 such that
t1p1(x) <6y, forallxe RV,

Hence

2
I(tp1) = % . V12K (x) de — - F(z,t¢1)K () dx

< Sl - 50 =) [
— ——(fo—¢
) 1P1K,2 2 0 R
for all t € (0,¢1). By Lemma there exist p,a > 0 such that I(u) > « for all v € X with
|lu]| = p. Hence d = inf{I(u) : w € B,} < 0. Then, there is a minimizing sequence {u,} C B,
such that

H*K(z)dr <0

I(uy) = d, I'(u,)—0
by Ekeland’s variational principle. From Lemma there is a u; € Bp such that I(u1) =d <0
and I’(u1) = 0, which shows that u; is a nontrivial critical point of T.
Moreover, by the mountain pass theorem [43] for

= inf I(~y(t
¢ = Inf max (v(®))

and
I'={y e C([0,1], X) : 7(0) = 0,7(1) = e},
there exists ug € X such that I(ug) = ¢ > 0 and I’(uz) = 0, which implies that us is another
critical point of I.
Finally, we show that w1, us are positive solutions of . In fact, if u is a critical point of I,
then after multiplying by u~, we see that ||u~||?> = 0, which means that v~ = 0, and thus

u > 0, as a result, u; > 0 and uy > 0 by a standard process. The proof is complete.
O
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