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INFINITELY MANY SOLUTIONS TO CRITICAL PROBLEMS INVOLVING
THE p-GRUSHIN OPERATOR

PAOLO MALANCHINI, GIOVANNI MOLICA BISCI, SIMONE SECCHI

ABSTRACT. We consider a critical problem in a bounded domain involving the p-Grushin op-
erator. After a truncation argument, we obtain infinitely many solutions to our problem via
Krasnoselskii’s genus, extending a previous result of Garcifa Azorero and Peral Alonso in [13]
to the p-Grushin operator. A central part of our analysis is the verification of the Palais-Smale
condition of the associated functional under a certain level.

1. INTRODUCTION

In this note we consider the boundary-value problem
— APy = Au|T2u + |ulPa"2u in €,

1.1
u=20 on 0, (1.1)

where (2 is a bounded domain in RN, A > 0, ¢ € (1,p), AP is the p-Grushin operator and p}, is
the Sobolev critical exponent in this framework defined in (2.1)).

For the reader’s convenience, we briefly recall the definition of the p-Grushin operator A?. If
we split the Euclidean space RN as R™ x R¢, where m > 1, £ > 1 satisfy m + ¢ = N, a generic
point z € RN can be written as

z = (:Cay) = (Ila"'axﬂhyla"'aye)v
where 2 € R™ and y € RY. We fix a nonnegative real parameter o, and we define the Grushin

gradient V, = (X1,...,Xy) as the system of vector fields
0 0

X, = yi=1,....m, Xpii=lx|"—, j=1,... 4
¢ le m+J | | 8yj J

The positive integer
No=m+ 1+ a)l
is the homogeneous dimension associated to the decomposition N = m + £.
For each p € (1,N,) and for each differentiable function u: RN — R, we define the Grushin
p-Laplace Operator (p-Grushin for short) by

N
APy = ZXi(\VauP”*inu).

i=1
If o = 0 the operator AP reduces to the p-Laplace operator A,, while for p = 2 it coincides with
the Baouendi—Grushin operator

A, = A, + |2**A,,

where A, and A, are the Laplace operators in the variables « and y, respectively. This degenerate
operator was introduced by Baouendi [5] and by Grushin [I5]. A crucial property of the Baouendi-
Grushin operator is that it is not uniformly elliptic in RY, since it is degenerate on the subspace
¥ = {0} x R’. Going back to our problem (I.1]), when  is disjoint from ¥, the Grushin operator
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reduces to a uniformly elliptic operator, and its theory is classical. For this reason, when dealing
with the (p-)Grushin operator, it is usually assumed that

QN #0. (1.2)

It seems that Bieske and Gong [7] were the first to treat a p-Laplace equation in Grushin-type
spaces, while fundamental solutions for the p-Laplace equation on a class of Grushin vector spaces
were studied by Bieske in [0].

More recent works, such as those by Huang and Yang [I7] and Huang, Ma, and Wang [I§], in-
vestigate the existence, uniqueness, and regularity of solutions to the p-Laplace equation involving
Grushin-type operators. Moreover, in [26], the authors prove a Liouville-type theorem for stable
solutions of weighted p-Grushin equations. In [4] a sharp remainder formula for the Poincaré
inequality associated with p-Grushin vector fields was established. Finally, in the very recent [9]
existence and positivity of solutions for critical problems involving the p-Grushin operator with a
subcritial perturbation are studied.

The study of critical problems started with the celebrated paper [8], where Brézis and Nirenberg
proved the existence of positive solutions for the problem

—Au=u+u* 2u inQ,
u=0 on 01,

on a bounded domain Q C RY, depending on the values of the positive parameter A\. Here N > 3
and 2* = 2N /(N — 2) is the critical Sobolev exponent.

Analogous results for the p-Laplace operator have been obtained by Garcia Azorero and Peral
Alonso [I3]. They considered the problem

—Apu = Mul|?2u + [u|P "2u in Q,

1.3
u=0 on 09, (13)

in a smooth bounded domain  C RY with p* = Np/(N — p). We can gather their main results
as follows: see [13, Theorems 3.2, 3.3, 4.5].

Theorem 1.1. (i) If q € (p,p*), there exists Ao > 0 such that has a nontrivial solution
for all A > Xg.
(ii) If ¢ € (max{p,p* —p/(p—1)},p*), there exists a nontrivial solution of for all X > 0.
(iii) If ¢ € (1,p), there exists X > 0 such that, for 0 < A < X, problem admits infinitely
many solutions.

Problem with p = 2 was investigated in [I], where the authors extend the Brézis-Nirenberg
result in the Grushin setting. Critical problems associated with the Grushin operator have been
extensively studied. See [12] for a multiplicity result in the case p = 2. We refer, among others,
to the recent papers [19, 2], which address existence and multiplicity results for critical Grushin
problems with a Hardy term and for the Grushin-Choquard equation, respectively.

A multiplicity result for problem with ¢ = p was proved in [22], extending to all & > 0 the
result of [23] for the p-Laplace operator. Gandal, Loiudice and Tyagi recently studied problem
with p € (g,p?) in [L1], extending the result of Garcfa Azorero and Peral Alonso to the p-
Grushin framework. Among other results, the authors established the counterparts of statements
(i) and (ii) in Theorem for problem (L.1).

In this article we prove the existence of infinitely many solutions to ([1.1]), extending Theorem
(iii) to the p-Grushin framework and concluding the study of critical problems for the p-Grushin
operator started in [IT].

We will look for solutions of in the Sobolev space Wép(Q) defined as the completion of

CL(Q) with respect to the norm
1/p
Ulapr = VulP dz ,
o = ( [ 1ol a2)

whose details are given in Section [2.1}
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We say that a function u € W1?(€) is a weak solution of (.1 if
fy .
/ IVaulP2V uVapdz = )\/ lu|?2up dz —|—/ |u|Po"2up dz,
Q Q Q

for all ¢ € W2P(Q), and so weak solutions of (L.1)) coincide with critical points of the functional
In: WP(Q) — R defined by

1 A 1 .
Iy(u) = 7/ |VaulPdz — 7/ lu|?dz — —*/ |ulPe dz. (1.4)
P Ja q Ja Pa Ja

We can state our main result.

Theorem 1.2. Let q € (1,p) and let Q C I@N be a smooth bounded domain satisfying (1.2)). Then
there exists A > 0 such that for all A € (0, \), problem (L.1)) has infinitely many weak solutions in
War(Q).

The article is organized as follows. In Section [2] we introduce the functional framework and
recall some preliminary results, including a concentration—compactness theorem, the main prop-
erties of Krasnoselskii’s genus, and a classical deformation lemma. In Section [3] we establish the
Palais-Smale condition for the functional I under a suitable energy level. Finally, in Section
we prove the existence of infinitely many solutions to problem 7 thus completing the proof of
Theorem [[.2

2. PRELIMINARIES

2.1. Functional setting. Fix a bounded domain  C R" and a number p € (1,00). The Sobolev
space W1P(Q) is defined as the completion of C}(Q) with respect to the norm

o = ([ 1Fuulraz)”"

Specially, the space W12(Q) = J,(Q) is a Hilbert space endowed with the inner product
(U, v) o = / VaouVavdz.
Q
The following embedding result was proved in [20, Proposition 3.2 and Theorem 3.3], see also [17]
Corollary 2.11].
Proposition 2.1. Let Q C RY be a bounded open set. Then the embedding
WaP(Q) = L7(Q)

is continuous for every v € [1,pk] and compact for every r € [1,pk), where p} is the critical
Sobolev exponent for the p-Grushin operator defined as

= . 2.1
Pa= N (2.1)
We may thus define the best constant of the Sobolev embedding WP (Q) — LPa(1):
Jo IVaul? dz

S:= _ inf - o
weWEP(Q), uz0 (fQ |u|Pe dz)” Pa

For z = (z,y) € RN =R™ x R’ let

(2.2)

1
d(z) = (o + (@ +1)22) 77,
be the homogeneous distance associated with the Grushin geometry. We indicate with
Br(z)={¢cRY : d(z - £) < R}

the d-ball of center z € RY and radius R > 0. A direct computation shows that |Bgr(z)| =
|B1(2)|RN=, where |A| denotes the Lebesgue measure of A C RV,

IThe symbol VquV e is a shorthand for Vou - Vap.
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2.2. Some tools. We will need a concentration-compactness result for the p-Grushin operator
proved in [22, Theorem 3.3]. The space of all finite signed Radon measures on  C RY is denoted
by M(Q,R). A sequence of measures (u,) C M(Q,R) converges tightly to a measure p, written

as fly =, if
/ fdpn — / fdu forall fe Cy(9), (2.3)
Q Q

where C(2) is the space of the bounded, continuous functions on Q. On the other hand, (p,) C
M(Q,R) is said to converge weakly to u, written as p,, — p, if (2.3) holds for all f € Cy(Q),
where C(2) is the space of the continuous functions that vanish at infinity.

Theorem 2.2 ([22, Theorem 3.3]). Suppose that (u,) C WAP(Q) satisfies u, — u in W2P(),
and |V otin| = 1, [un P> = v for some u € WEP(Q) and p, v are bounded non-negative measures
on Q. Then there exist an at most countable set A, a family [zj]jea of distinct points in Q and
two families of positive numbers [1;]jca, [Vj]jea such that

v=|ulP> + Z vid.,, > |Vaul? + Z,LLJ'(SZ]., i > Suf/p:’ for all j € A,
JjeA JjEA

where &, indicates the Dirac delta concentrated at z € RV

We now recall the notion of Krasnoselskii’s genus. Let X be a Banach space and & be the class
of the closed and symmetric with respect to the origin subsets of X \ {0}.

The genus of A € £ is the smallest positive integer k such that there exists an odd and continuous
map ¢: A — R¥\ {0} and it is denoted by v(A). If there is no such map, we set y(A) = +oc.
Finally, we define v(0) = 0.

The main properties of the genus are collected in the following proposition, see e.g. [3, Lemma
1.2]. For A € £ and ¢ > 0, let Ns(A) denote a uniform J-neighborhood of A, i.e.

Ns(A) ={z € X : dist(z, A) < §}.

Proposition 2.3. Let A, Be €.

(i) If A C B, then v(A) < ~(B).
(ii) If there exists an odd homeomorphism between A and B, then v(A) = ~(B).
(iii) v(AUB) <~(A) +~(B).
(iv) If y(B) < 00, 7(A\ B) = v(4) = v(B).
(v) y(SF=1) =k, where S¥~1 is the k dimensional sphere in R*.
(vi) If A is compact then y(A) < oo and there exists 6 > 0 such that Ns(A) € € and v(A) =
Y(Ns(A)).

We will need the following deformation lemma, see [3, Lemma 1.3]. Given I € C'(X,R), for
any c¢,d € R, we denote

K.={ueX:I'(u)=0and I(u) =c}, I'={ueX:I(u)<d}.

Lemma 2.4. Suppose I € C*(X,R) satisfies the Palais-Smale condition at | evel c € R and let
U be any neighborhood of K.. Then there exist n,(z) = n(t,x) € C([0,1] x X,X) and constants
g > € > 0 such that

(vil) If I is even, then n; is odd for any t € [0,1].

Remark 2.5. By [3l Remark 1.4], if ¢ < 0 we may choose g9 < —c.
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3. PALAIS-SMALE CONDITION

To prove Theorem we need the functional I, defined in (|1.4) to satisfy the Palais-Smale

condition under a certain level.

Lemma 3.1. I satisfies the Palais-Smale condition (PS). for all ¢ < SN~/? /N, —h\ Pgi‘I, where

h= NI “|Q\(f - 7) g [(i) AT (i) 5 } > 0. (3.1)
qa p 2 2
Proof. Pick any ¢ < SNe/P /N, — hA7a-7. Consider a sequence (un) C WLP() such that
A 1

1
In(un) = 5||un||ﬁ,p - 5Hun||g - E;Hun

Po _
pi =cC+ o(1), (3.2)

I (un) = o(1) in Wy (@) = (W2P(Q))". (3.3)

Here and in the following, o(1) stands for a term that vanishes as n — oco. First of all, we claim
that
the sequence (uy,) is bounded in W ?(Q). (3.4)

From (3.3) it follows that
nllfp = Munllg = llualpg = o) unllap

and inserting this identity into (3.2]) gives

1 A 1 A
5llun||§i,p = —lunlld = —lluallf , + p—*nunnz =c+o(1) + o(1)[[unllap,
that is 1 1 L
el = o) umllap +A( = o ) lunll + e+ (1) (35)

Observe that % - p% > 0 since ¢ < p. Moreover, by the continuous embedding W1?(Q) < L7(Q)
of Proposition and ((3.5) we obtain

||u"||g,p <+ eaflunllap + csllunll

a,p?

where ¢1, ¢ and c3 are positive constants not depending on n. Therefore, since ¢ < p, (3.4) is
proved.
So, there exist a sequence, still denoted by (u,) and u € WLP(Q) such that

U, —u in WHP(9Q),
up, = u in L"(Q), for any r € [1,p}), (3.6)
Up, — U a.e. in Q.

Now, by Theorem there exist two non-negative bounded measures p,v in {2, an at most
countable family of points [z;];c 4 and positive numbers [1t;]je 4, [V5]jea such that

Vaunl? = g, Jun[Pe = v, (3.7)
v = |ulP> + Z vi0z,,  p>|Vaulf +8 Z 6z, (3.8)
jeA jeA

Pick z; € Q for some fixed j € A. Let us consider a cut-off function, that is ¢ € C§°(RY) such
that

d
p=1on B.(z;), ¢=0on RV \ Boc(25), |Vayp| < = (3.9)
for a positive constant d. The existence of a cut-off function for general Lipschitz vector fields, as

observed in [I6} p. 1850], was proved in [10, [I4]. Since the sequence (uy ) is bounded in W12 (Q),
by (3.3) we obtain that (I} (u,), pu,) = 0. So, passing to the limit as n — oo by (3.6) and (3.7)

/godu+ lim /un|Vaun|p’2VaunVagodz—)\/ |u|qg0dz—/gpdy:0. (3.10)
Q N0 Q Q



6 P. MALANCHINI, G. MOLICA BISCI, S. SECCHI EJDE-2026/59

Now, by €T (3.

0 < lim }/un|vaun|pi2vaunva¢dz| < ILIH / |un|‘vaun|p71|va¢|dz
Q n—oo Jq

n—oo

d
< — lim |t ||V attn [P~ d2

€ m—roo Bae (Zj)

d = 1/p
< lim 7(/ |Vaun|P dZ) (/ |un|pdz)
n=00 €N By (25) Bac(z5)

P

d -1 1/p
= L p(Bae(2) / JulP d2
& 7 ( st(zj) )

d p—1 « 1/p,
< Sl T ([ puphas) B
€ Bac(z5)

D

_ . 1/pk
< eu(Bae(z)) 5 (/ i dz) " 50 ase o,
B2E(Zj)

where ¢ is a constant not depending on e, since |Ba(2;)| ~ M.

Then by (3.10),

0 = lim (/ gpdu—/\/ |u\qg0dz—/<pd,u) = u; — vj. (3.11)
e—0 Q Q Q

By Theoremﬁ7 i > Syf/p:‘, and by (3.11) v; > Suf/pz. That is either v; = 0, or

1
v; > S e = gNe/p, (3.12)

Note that, in particular, we can conclude that the family A is bounded, since v is a finite measure.
The aim now is to prove that (3.12) is not admissible.
Let us assume that there exists jo € A such that v, # 0, i.e. vj, > SN=/P. Now

c= nhﬁrr;o I (uy)

= Jim () = (T3 (0). )

n—oo

1 1)/ . 1/ . 1
=A-—-- u|fdz + — upader—g v,
(p ) S N Jo N, !

 jeA
1 1 1 . 1

>\=-Z 9y + — P& dy 4+ — §Na/p
- (p q)/9|u| Z+Na/9|u| Z+Na

and by Holder’s inequality

1 1 . 1 1 . .

c> 7SN0¢/17+7/ upadz_/\(,_,> Q(pa—tI)/pa(/ u

Na Na Q‘ | q p & Q‘

Now, Let us consider the function f: R — R, defined as f(z) == AazP~ — ABx9, with A = 1/N,,
and B = (% - %)\QHPZ_QVPZ. This function attains its absolute minimum (for z > 0) at the point

N
v dz)q - (3.13)

1
xo = (ABgq/p,A)P&—4. That is, by a straightforward calculation,
f(x) = fzo) = —hAPa—1,
where h is given in (3.1). By (3.13), ¢ > SN=/? /N, — hA »2-7 which is in contradiction with the
hypothesis on c.

This implies that v; = 0 for all j € A, and so limy,_,e0 [, [un[Po dz = [, |u[P~ d2, and thus

U, — u  strongly in LPa(Q). (3.14)
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Now, to conclude with the strong convergence of u,, to u in Walp(ﬂ) we proceed as in [22] Lemma
6.1]. Let A,: W2P(Q) — W17 (Q) be the continuous operator defined by

(Ap(u),v) = / Vo2V sV v d.
Q

Straightforward computations show that the sequence (A, (u,)) is a Cauchy sequence in W 12’ ().
In fact A,(un) = I5(un) + AMun|? 2wy, + |un[Pa"2u, and the claim follows from (3.14) and the
Palais-Smale condition. Now, a direct application of [25] Eq (2.2)] implies

c1l|un — umll%, if p>2,
o MP2|luy, — up||Z,, if1<p<2,

(Ap(un) = Ap(tm), tin = Um) > {

where ¢1 = c1(N, a,p), c2 = c2(N, a, p, Q) and M = max{||un|la.p, [|Um]la,p]. SO
1 1
H’U, —u H Cllip”Ap(un)_Ap(um)H 711[1 (Q) 1fp> 23
n mlla,p > _ -~ .
Co 1M2 p”AP(un) - AP( m)HWQ_Lp/(Q) ifl1< p S 23
so we deduce that u,, — u strongly in W1?(). O

4. EXISTENCE OF INFINITELY MANY SOLUTIONS

Observe that, because of the presence of the critical term, the functional I is neither coercive
nor bounded from below. Therefore, we use a truncation argument to tackle the issue posed by
the critical term. By the Sobolev embeddlng in Proposition [2.1] we obtain

OC/
/|v ul? dz—m /|v ul?) ' p—fc /|v u\P (4.1)

for all u € W12 (Q), where S is defined in and Cj is the constant arising from the continuous
embedding W1P(Q) — L4(£2), namely Cq > 0 is such that

Jullqy < CY[ulla, for all u € WEP(Q). (4.2)
Defining the function gy: [0,400) — R as
1 1 A
R DL S A
g (z) = px p;SpZ/px qux

from (4.1)) we obtain
Ix(u) = ga(llullap)-
Let us fix a sufficiently small & > 0 such that

and choose \g such that

q (1. 1 o
bt (bar L) 3
<Ao< C 21 p p;;gp;/px (4.3)
So, it holds that gy,(Z) > 0. Let us now define
z1 = max{x € (0,Z) : gx,(z) <0}. (4.4)

Since ¢ < p, we have that gy ,(x) < 0 as x approaches 0. Therefore we can conclude that

ro (1) =0, as in Figure
Let us now consider a smooth function ®: [0, +00) — [0, 1] such that

1 ifzx<
o - {1 T2
0 ifzx>2z

and, for any u € Wé’p (€2), we consider the truncated functional

1 1 « A
L P, Pl _A q
YNOE p/Q|Vau\ dz pgSpc*x/p(/Qm dz)@(”u”a,p) q/ﬁ|u| dz.
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9o

FIGURE 1.

It is readily seen that Jy is bounded from below and coercive. Other relevant properties of Jy are
listed below.

Lemma 4.1. There exists A such that for all A € (0,\) the following hold.

(1) If Jx(u) <0 then ||ulla,p < z1 and Ix(u) = Jx(u) in a neighborhood of w.
(ii) The functional Jy satisfies the Palais-Smale condition for all ¢ < 0.

Proof. (i) Let Jx(u) < 0. We distinguish two cases. If |[ulla,p > &,

1 AC,
Ia(u) > Z;HUII’(LP - TqIIUH?x,p = ha(llulla.p);

where Cy is defined in (4.2) and hy: [0, +00) — R is defined as

1 AC
hy(x) = —aP — —2a1.

p q
Observe that the nontrivial zero of hy is given by & = (’\pch")ﬁ and, since ¢ < p, h) is positive
and increasing for > Z. If we choose A < \, where

~ q ..,
A= —7P 719

pCy

then £ > z and so
0> Jx(u) = ha([luflap) > ha(Z) = 0,
which is a contradiction.
If |ulla,p < &, since @ <1, Jx(u) > gr(||ulla,p) and so, choosing A < Ao, where )¢ is defined in
#.3),
0> Ja(w) = gal[uflap) > gx, (1ullap),
since the function A — g, (+) is decreasing. Now, by the definition of x1, it follows that ||ul|a,p, < z1
(see also again Figure[l]), that is ®(||ul|a,,) = 1 and I and J) coincide. Finally, by the continuity
of the functional Jy, there exists a neighborhood U of u such that Jy(u) < 0 for all u € U.
Therefore, for any u € U, it follows that I(u) = Jx(u).
(ii) Let ¢ < 0 and (u,) C WLP(£) a sequence such that Jy(u,) — ¢ and J;(u) — 0 as n — oo.

By the previous statement we obtain that I (u,) = Jx(u,) for sufficiently large n € N. Since J)
is coercive, the sequence (u,) is bounded in W2?(€2). Choose A, small such that

SNa/p f:i
— AR >0,

«

where h is defined in (3.1). For A < A, then ¢ < SIIVVZ/p — hAP*T" and Lemma gives that Jy
satisfies the Palais-Smale condition at level c.. ~

Combining the above results, the choice of A = min{\, Ao, A} gives that (i) and (ii) are satisfied
for all A € (0,)). O
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Before proving Theorem we need some properties of the sublevels of the functional J.
Then we can construct the minimax levels associated to the functional. We refer to Section 2.2]
for the details and the notation regarding Krasnoselskii’s genus.

For simplicity, for each € > 0 we set

Jyf={ue WhP(Q) : Ja(u) < —}.
Lemma 4.2. For each n € N there exists € = ¢(n) such that
1(JN7) = n.
Proof. Fix n € N, and let E, be a n-dimensional subspace of W12(Q). So, || - |
equivalent norms on F,,, that is there exists a constant C,, > 0 such that
Orlz/qHU”am < ullg, Vue€ En. (4.5)

Recall that x; was defined in (4.4). For any u € E,, with ||u||,, < 1 we obtain and from (4.5)
that

ap and || - [|q are

1 AC,
D(u) = Ia(u) = Zllulle, = = =llas (4.6)
Let S, = {u € E, : ||u|la,p = n}, where 7 is such that
ACp\ 73
0<n<min{x1,< np)p q}. (4.7)

So, by —, for each u € 5,

1 AC,
JA(U) S nq(g’ﬂp_q - T) <0

and by the compactness of S, we can choose ¢ = ¢(n) > 0 such that Jy(u) < —e¢ for all u € 5.
So we have S, C J, © and by (i), (ii) and (v) of Propositionwe obtain

Y(JNT) = (Sy) =mn,
concluding the proof. O
For any k € N we now define the min-max values ¢, as

¢ = inf sup Jy(u
Anf sup (u),

where &, = {A € £ : v(A) > k}. Note that trivially follows that ¢ < cp4q for all k € N.
Lemma 4.3. ¢ € (—00,0) for every A > 0 and k € N.

Proof. Fix A > 0 and k € N. Since Jy is bounded from below we have that ¢, > —o0.
Note that J; © is closed and symmetric, moreover 0 ¢ J, © since Jy(0) = 0. From Lemma
there exists € > 0 such that v(J; ©) > k, so J; © € & and SUp,,¢ e Jx(u) < —e. Then

cr = in£ sup Jy(u) < sup Jy(u) < —e <0,

A€EK ye A ueJ e
concluding the proof. O
Lemma 4.4. Letk € N and X € (0, 5\), where X is as in Lemma. Ifc=cpr=cry1 ="+ = Char
for some r € N, then v(K.) > r+ 1.
Proof. Let A € (0,)) and k € N. By Lemma [£.3]it follows that ¢ = ¢ = 1 = ... cpyr < 0. We

can conclude, thanks to Lemma [4.1] that J) satisfies the Palais-Smale condition at level ¢, and so
the set K. is compact.

Now, suppose that y(K.) < r. Therefore, from Proposition (vi), there exists ¢ > 0 and a
neighborhood Ns(K.) of K, such that v(Ns(K,.)) = y(K.) < r.

From (v) and (vii) of Lemma and from Remark there exist € € (0,—c) and an odd
homeomorphism 7: W2?(Q) — W12(Q) such that

(I3 \ Ns(K.)) € I35 (4.8)
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Now, by definition

¢=cper = inf sup Jy(u)
A€€kir ucA

and so there exists A € &4, such that

sup Jy(u) < c+e,
u€A

implying that A C J;7°. Therefore, we obtain by ({.8) that
N(A\ Ns(Keo)) < n(J57\ Ns(Ke)) € I8 (4.9)
On the other hand, using (i) and (iii) of Proposition we obtain

YA\ Ns(Ke))) = 7(A\ Ns(Ke)) > 7(A) = 7(Ns(Ke)) > k,

since A € &4, and y(N5(K,,)) <.
Therefore, we have n(A\ Ns(K,.)) € . From the definition of ¢, we obtain

sup  a(u) = =c,
u€n(A\N; (Ke))

which is a contradiction with (4.9). Therefore, y(K.) > r + 1. O
We can now conclude the proof of our main result.

Proof of Theorem[I.3. Let A € (0,)), where A is as in Lemma From Lemma it follows
that ¢, < 0 and Lemma (ii) guarantees that Jy satisfies the Palais-Smale condition at level ¢.
Therefore, we can conclude that ¢y is a critical value of J) for every k, see e.g. |2, Proposition 10.8].
Finally, by Lemma (i), the negative values ¢, are critical points of I. Now we distinguish two
cases.

(i) If —oo <1 < e < -+ < ¢ < g1 < ... for every k € N, then I possesses infinitely
many critical points.

(ii) If there exist k,r € N such that ¢ = ¢g41 = -+ = Cg4r = ¢, by Lemma we obtain
v(K.) > r+1> 1. Then K. has infinitely many distinct points (see e.g. [24] Remark 7.3])
and by Lemma (ii), we obtain infinitely many negative critical values for I.

Hence, in both cases, problem (I.1)) has infinitely many solutions for all A € (0, \). O
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