Electronic Journal of Differential Equations, Vol. 2026 (2026), No. 60, pp. 1-29.
ISSN: 1072-6691. URL: https://ejde.math.txstate.edu, DOIL: 10.58997/ejde.2026.60

SYSTEMS OF KIRCHHOFF QUASILINEAR SCHRODINGER EQUATIONS
WITH HARDY POTENTIAL AND CRITICAL CHOQUARD-TYPE
NONLINEARITY

VISHAL KUMAR, SARIKA GOYAL

ABSTRACT. In this article, we study the existence of solutions for a system of Kirchhoff quasi-
linear Schrédinger equations involving Hardy potential and critical Choquard-type nonlinearity
with parameters. We first establish the concentration compactness principle for our problem.
Then, we prove the existence of at least n pairs of solutions for different exponent of subcritical
perturbation by employing the symmetric mountain pass theorem, Krasnoselskii’s genus theory
and Zz-symmetric version of mountain pass theorem.

1. INTRODUCTION AND MAIN RESULTS

In this article, we study a system of Kirchhoff quasilinear Schrédinger equation involving Hardy
potential and critical Choquard nonlinearity with a parameter,
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witha>0,bzo,o<u<N,a>g,1§0<2a2;,0§m,n2<Mand2a<r+s<2a2*.
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ere = w5 IS € Dobolev critical exponent an = — 1S € critical exponent wi
Here 2* = 22 is the Sobolev critical t and 27, 5~ is the critical t with

respect to the Hardy-Littlewood-Sobolev inequality, v > 0 is a real parameter and g(> 0) €
L7226 (RY),

If A(luf*®)|ul**=2u = A(Jv**)|[v]**2v = 0 and 7, = 192 = 0, then system (1.1) reduces to
a standard nonlocal problem, which is closely associated with the stationary form of a model
introduced by Kirchhoff [I8]. In particular, this model is represented by the equation

ul? 0%u
e — (20 = el dx)iz(x 1.2
oz % tar ), |ox 022 (1.2)
where k, ko, k, E/, L are constants. This model describes the classical D’Alembert wave equation
by considering the effect of the changes in the length of the string during the vibrations.
Solutions of (1.1) for & = 1, are related to standing-wave solutions for the quasilinear Schrédinger
equation

&%u (HO E [

—i0z = —Az + V(x)Az — 5(|2)%)z — 6Ag(|2)*)d' (|2]*)z = € RY, (1.3)
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where 0 is a real constant, V(z) represents a given potential, s and g are real-valued functions.
The study of (1.3) is motivated by its appearance in various physical phenomena. For example,
when ¢(s) = s, equation (1.3) describes the time progression of the condensate wave function in
a superfluid film, often referred to as the superfluid film equation in fluid mechanics, as described
by Kurihara [19]. In the case where g(s) = /(1 + s), equation (1.3) was used as a model of the
self-channeling of a high-intensity ultra short laser in matter as discussed in [4, B2] and references
therein. One of the key difficulties in studying quasilinear Schrodinger problem, with the non-
homogeneous term A(|u|?®)|u|?*~2u, is that there is no suitable space where the energy functional
is well defined. Various approaches have been employed to overcome this challenge, including
change of variables [26], minimizations [30] and the Nehari or Pohozaev manifold [33]. As far as
we know, there are only a few papers concerning this operator for the parameter «; see [15] 21} B38].
On the other hand, problem (1.1) contains a nonlocal nonlinearity known as Choquard type
nonlinearity. The stationary nonlinear Choquard or nonlinear Schrodinger-Newton equation

—Au+V(z)u = (Z, * |u*)u + \f(z,u) in RY, (1.4)

was first introduced by Pekar [28] in 1954, to describe the quantum mechanics of a polaron at
rest. Choquard derived equation (1.4) to study the electron trapped in its hole. Later, the same
equation was used by Lieb and Penrose as an approximation of the Hartree-Fock theory and as
a model of the self gravitational collapse of a quantum mechanical wave function, see [3, 29].
Moroz and Van Schaftingen [27] showed the existence, qualitative properties and decay estimates
of ground state solutions. For a deeper understanding of the Choquard equation, we refer the
interested readers to |22, [35] and references therein.

Now, we state the Hardy inequality, also called the localized inverse square potential. The
inequality was initially introduced by the British Mathematician Hardy in 1920; see [12].

Proposition 1.1. For u € DV2(RN) and N > 3 the subsequent inequality is established,

u@P 4 e
/RN op §(N—2)2/RN|V|d' (1.5)

The constant ﬁ is optimal, but the inequality is not attained in the Sobolev space D¥2(RN).

This non-attainability reflects the criticality of the potential |x|~2, which lies on the threshold of
the Hardy—Sobolev embedding.

From a physical point of view, equation (1.1), which involve Hardy-type potential, arise natu-
rally in a various context, including the linearization of combustion models [I], quantum cosmology
[2], and molecular physics [20]. In recent years, many researchers studied the elliptic problems
involving the Hardy potential, critical Sobolev exponent and obtained several important results
(see [6] 7, [14]). In particular, the elliptic problem

—Au— H# = alu® ~2u+ M,
(1.6)
u € Hy(Q),

studied by Jannelli [I4] to demonstrate the existence of positive solution. Later, Cao and Peng
proved sign-changing solutions to (1.6) in [7]. Later, T. Shang and R. Liang in [34], proved the
existence of infinitely many nontrivial solutions for the following quasilinear Schrédinger equation
involving Hardy potential,

—Au - u# +V(z)u - A(u)u = f(z,u), z€RY, (1.7)
where V (z) is a positive potential and nonlinearity f(x,u) is subcritical. For instance, we provide
few papers involving Hardy potential see [13, [37, B9] and references therein.

Another driving force for elliptic system involving the Hardy potential has been seldom studied,
only few papers are available (see [17,36]). Kang [I7], applied the global compactness framework of
the variational method, along with the analysis of Palais-Smale sequences, to prove the existence of
infinitely many solutions to the system. Wang [36] used the concentration compactness principle
and Kajikiya’s new version of the symmetric mountain pass lemma to obtain infinitely many
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solutions for the system. Later, Massar, Hamydy, and Tsouli [25], studied the following nonlocal
Schrodinger system

~(a+ b/Q |Au2dz) Au — al\(ju*)u = Fy(a, u,v) + nm”i o =2ufun in
—(a + b/ \Av|2dx) Av — aA(Jv*)v = Fy(x,u,v) + 1 i lul*|v|>"20  in Q, (1.8)
Q m+n

u=v=0 on J8,

where Q@ C RY(N > 3) is a bounded smooth domain, a, b > 0, m, n > 1 with m +n =
2* VF = (F,,F,) is the gradient of a C! function F : Q x R? — R with respect to (u,v).
They demonstrate the existence and multiplicity of nontrivial solutions to the problem (1.8) by
employing the concentration compactness principle together with genus theory.

Inspired by the aforementioned papers, there is almost no existing research on the existence
and multiplicity of solutions for quasilinear Schrédinger Kirchhoff system involving the Hardy
potential with critical Choquard nonlinearity. However, we face two main difficulties, in which
one arises from the lack of a suitable working space in which the associated energy functional is
not well defined due to this standard critical point theory cannot be applied directly. To overcome
this issue, we use an appropriate change of variables, in the spirit of [§]. The other one is lack of
compactness due to the presence of the critical Choquard nonlinearity and the Hardy potential.
For this, we first establish the concentration compactness principle for the system to resolve this
issue. Then, together with the new version of the symmetric mountain pass theorem due to
Kajikiya [I6] we obtain the existence and multiplicity of the solutions for the problem (1.1).

Throughout this paper we assume that the following:

0
a>0, b>0, oz>§, 0 < p < min{4, N},
(N —2)?
4 b
Now the main results can be described as follows.

(1.9)

0 <n = max{n, e} < N=>3, 1<0<2a2),.

Theorem 1.2. Suppose 2o < 7+ s < 4aand (1.9) hold. Let Q := {x € RN : g(z) > 0} be an

open subset of RV such that 0 < |Q| < co. Then there exists v* > 0 such that for any v € (0,7*),

problem (1.1) has a sequence of nontrivial weak solutions in D.

Theorem 1.3. Suppose r + s = 4a and (1.9) hold. Then there exists a positive constant a such

that for each a > a and for each v € (O, (aS — (;\1,5_‘12’7)2)||g||_217*), problem (1.1) has at least n
2% -2

pairs of nontrivial weak solutions in D.

Theorem 1.4. Suppose 4o < r+ s < 2a2* and (1.9) hold. Then for all v > 0, problem (1.1) has
at least n pairs of nontrivial weak solutions in D.

This article is organized as follows: In Section 2, we introduce some of the basic definitions
relevant to our important result. Section 3, is devoted to the proof of the second compactness
principle at origin and infinity for Hardy term and Choquard type nonlinearity, it is helpful in
demonstrating the Palais-Smale condition at some special levels. Finally, in Section 4, we prove
the main results.

2. PRELIMINARIES

In this section, we present several definitions. After that, we give some preliminary results and
a variational framework. Firstly, we recall the definition of the Sobolev space

DY (RN) = {u e L¥ (RV) : / |Vul® de < oo},
RN

with the norm

1/2
— _ 2
Jull = ey = ([ 19l da)
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Set D = DV2(RY) x DV2(RYN). Then D is a Hilbert space with respect to the inner product
((ug,v1), (ug,v2)) = /N(VmVuQ + Vo Vo) de V(ug,v1), (ug,v2) € D
R

and equipped with the norm

I, v)llo = (/RN@WI2 + |Vv|2)dx)1/2

We denote the dual of D by D* and the dual paring between D and its dual D* is denoted by
(-,+). Now, we recall the well known Hardy-Littlewood- Sobolev inequality see [22, Theorem 4.3].

Proposition 2.1 (Hardy-Littlewood-Sobolev inequality). Assumet, v > 1, u > 0, and % + &+
% =2, f € LYRY) and g € L"(RYN), where t' and ' denote the Hélder conjugate of t and r,
respectively. Then there exists a constant C(N, u,t,r) independent of f, g such that

/ F@IW) 404y < OO, s t, 1)1 oo 9l (2.1)
RN JRN ‘37_ y|#

Ift=r= 2N —t then
“r(ﬂfﬂ) F(ﬂ —1+4
Cltyr o N) = (N, ) = b { o}
2 2

The equality holds in (2.1), if and only if f = (constant)g and

glx) = AW + o —m[) 7T
for some A€ C,0#~ €R and m € RY.

Let f = g = |u|? then the following Hardy-Littlewood-Sobolev inequality (2.1), integral is

Jan S~ W dx dy is well-defined if |u[? € L"(RY) for some r > 1 satisfying 2 + £ = 2.

For u € D%2(RY), the Sobolev embedding theorem, yield 2 < ¢gr < % Thus
2N —p 2N —p

2,, =
Now, 2,, = N ~ is the lower critical exponent and 2 = 21]\,\[__2” is the upper critical exponent in
the sense of Hardy-Littlewood-Sobolev inequality. Moreover, we define

) 2

u(xr QTL’LLy 2;4— vl 2, y)| %
1w, 0)]l,0 = (/ / |u(z) [ [u( \H( )7 |v(y) dxdy)“",
RN JRN lz =yl

which turns out to be a norm on L2 (RV) x L?" (R™). By the Hardy-Littlewood-Sobolev inequality,
for all (u,v) € D, one can see that

I(w, 0) 1}, < QON, @))'/257 | (u, )12

then g
Sy>——F>0,

(2C(N, )
where S is the best Sobolev constant for the embedding D"?(RY) into L?" (R") which is defined
as

S=  inf {/ IVul?dz : uls- :1}, (2.2)
ueD 2@\ (0} U Jgw

Jan (IVul? 4+ |Vo]?) da

SH = 1nf —, (23)
(u,v)€D\{0} w(@) |2 |u 25 lo(z) P v 2], 1/2z,
(fRN fRN [u(@)|"+] (y)l‘w_yllu( eI goe g )
Jan ([Vul* = n|7;‘2 dz + [pn (Vo> = n ) dx
S = | l (2.4)

(u0)€D\(0) (@) [*F [u@) * +o(@) [ o @) ) G
(fan Jon dd)

[z—y[#
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According to Guo and Tang [11], we know the existence of .S, ,. Above equations (2.3) and (2.4),
we have S, ,, < S,. The energy functional for the equation (1.1) is given by

Ty(u) = g/RN(\VuF + |Vu|?) dx + %[(/ \Vu\2dx)0 + (/RN |Vv|2dx>9]

gt a0 fu(@)* e [ Ju(z)*
- sl ds ™, I,
r—+s do Jpn |z doe Jpn o |z

+ﬂ/ IV (ul**)? + [V ([o**)?) da

(2.5)

) 2% fu(y) P + [ () 2% o) 2%

RN |z —y|»

4a2 dx dy.

RN
We observe that functional is not well-defined in D. To overcome this difficulty, we apply the

following change of variables which was developed by Colin and Jeanjean in [§], where f : R — R
defined by

ey 1 :
)= (1 + 20| f(s)|220-1)? in {0, 00),

f(s) = —=f(=s) in (—o0,0].

(2.6)
The above function f(s) and its derivative satisfy the following properties and the proof of these
properties can be found in [8] [38].

Lemma 2.2. The function f satisfies the following properties:
1) f is uniquely defined, C*° and invertible.

(

(2) £(0) =0;

(3) 0< f'(s) <1 forall s € R.

(4) 1f(s) < asf'(s) < af(s) for all s > 0.

(5) |f(s)] < |s| for all s € R;

(6) |£(s)] < (2a) /U |s|}/2% for all s € R.

(7) limg_ oo L Q = (2a)7s.

(8) [f(s)] = F(1)ls] for [s| <1 and |f(s)| > f(1)[s|"/? for |s| = 1.

(9) f"(s) <0 when s >0 and f"(s) >0 when s < 0.
(10) limyyo £ = 1.
(11) |f(s)]?> 1\f’( )| < \/% for all s € R.

Thus, after the change of variables, f(w) and v = f(z), we can define a new energy functional
Z,:D—Ras

,(w,2) = %/RN(|V1U|2+|VZ| )dm+%[(/w |Vf(w)|2dx)6+ (/RN |Vf(z)\2dx)e}
o [ O g [ TOR g 2 [ el e @)

4o |:17|2 do Jygn  |z|? r+s
/ / WP (@)% + PP
4a2* 'Y JrN |z — y|» )

Then Z, is well defined on D. Indeed, Lemma 2.2-(6) and (1.5) yield

£ (w)? / |w]? 2 2/ 2
—dx <2 <2 e . 2.
/]RN FE dr < 2« o T2 —=dr < 2« N3 - |Vw|*dx (2.8)
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By Hélder inequality, Lemma 2.2-(6) and (2.2), we obtain

[ s@lrriser a
RN

<ol ez ([ 1) ao) / (P ) ™
s<2a>w||g||223@z~;+) ([ P dx) K / o ) (29

< (205715 lgll _jzaze (/ [Vl dw) (/ IV dx) :

< (205715 |lg| I, 2)] 7

T )

Also applying the Lemma 2.2(6), (2.1) and (2.2), we obtain

/ / NP () P% 4 F ()P f )P
RN JRN |z — y|#
)% + |2 (y) P 2(2) 2

(2a)” /RN /RN Irc -y~ drdy
< (20)%C(N, ) ([[w]l2 + [12]15-+) (2.10)
< (20)% C(N, )2 (JJw]|?% + ||2]|>%)
< (20)%:C(N, p)25~ 2| (w, 2)|[*2
< (20)%.85 | (w, 2)[22

Note that if (w, z) € D is a nontrivial critical point of the functional Z., then for every (¢, ) € D
we have (Z/ (w, z), (¢,%)) = 0 i.e.

6—1
a/ (va¢+ww)dx+b(/ V£ () e / (W) EYwVé + f(w) f ()| Vel do
RN RN RN
o [ 19s@Pa) T [ 17 @RV @ GVEPuds
RN RN

2(2a—1) 2(2a—1)
can [ O ppwods - an [ LT g7 Geas

RN

r
-

[ IS ) ) da

= [ @RI @ s
_ /]RN (/RN Wdy)f(w)FaZ;2f(w)f/(w)¢dili

_/ / TOE Ly ) 1P (ywde = 0.
RN RN |93 yl“
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This implies (w, z) is a weak solution of the system

— alAw — b(/RN IV £ (w)|? dx)eil (' (w) £ (w)|[Vw|? + | £/ (w) | Aw)

2(2a—1)
- am%f(w)f’(w)

N )P
g )+ ([ T

—ads b [ @R @) (O EIVEE +TPA)

2(20—1)
- anZ%ﬂz)f%z)

= dy) | (w) 2%2 f(w) f'(w).

(2.11)

[F()P%

|z — yl~

= y——g@) I f @) ()2 (@) + ( / dy) | F (P22 () (2).
Observe that the transformed problem (2.11) is equivalent to the given problem (1.1), which takes
(u,v) = (f(w), f(2)) as its solution. Thus, our goal is to find the solutions of (2.11) is related to

(1.1).

r—i—s

3. COMPACTNESS RESULT

In this section, we first recall the concentration compactness principle related to critical elliptic
system studied by Kang [17] and for Choquard term in [I0]. This is based on Lions [23], 24].
After that, we prove the concentration compactness Lemma for the Hardy term, which plays an
important role in proving the (PS) condition.

Lemma 3.1. Let {(wn, 2n)}n be a bounded sequence in D converging weakly and almost everywhere
to some (w, z) and |[Vwy|? + |Vz,|? = w weakly in the sense of measure. Moreover, assume that

in the sense of measure where w and ¢ are bounded nonnegatwe Radon measures on RN and define

9%
TRNEEN
=,

Weo = lim 1imsup/ (|an|2+|v,zn|2)dx
[z|>R

R—o0o posoco

‘wn( )‘ 2% / |Zn(y) 2 2%
o = lim 1 7d n n —d n v dx.
¢ Eréom‘ip/m[(/m oy )o@+ () (o) o

Then there exists a countable set J of distinct points {x;}jes C RY and nonnegative numbers
{wj}jeJ; {Cj}jeJ such that

(= (/RN mdy)m(x)% T (/R |2(y ):1|J|“ ) @ + 3¢,

jeJ

w > |Vw? +|Vz|* + ijémj,
jeJ
where 6, is the Dirac mass of mass 1 concentrated at x € RN and for all j € J
1727
SHCj " S U.Jj.

For the energy at infinity, we have

limsup/ (|IVw,|? + |V2,|?) dz := w(RY) + wee,
RN

n—oo

s [ (] oo ([, BT m) i =
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Lemma 3.2. Consider {(wy, z,)} be a bounded sequence which is converge weakly to (w, z) in D, f
2a 2 2a 2
is continuous with f(0) = 0. Assume that |V f2%(wy)|2+|V f2% (2,)]> = w, I ‘S"l’ﬁ")l +i (‘Z")‘ -

Ek
(), e ) i o ([ ) e

|z — y|» |z —y|»

v and

in the sense of measure and w, ¢, v are bounded nonnegative Radon measures on RY and define
Weo = lim limsup/ (V2% (wy,)|? + |V £2%(20) ) da,
R |z|> R

—00 n—oo
2« 2 2« 2
Voo := lim limsup/ ('f (u;n)| + f (Zn)l )daﬁ7
R=00 nooo Jiz|>R |z| |z

(oo = Rlim 1imsup/|x>R [(/RN Wdy)lfza(wn)l%

500 n—soo |z — y|#

([ 2 ) e

|z —y|»

2;] dz.

Then there exists a countable set of distinct points {z;};e; C RN \ {0} and nonnegative numbers
{w]'}jeJ, {Cj}jeJ,wo, CO, and 140} such that

| 29 (w) 2 9 o / |f2a(z)|2; , y

= 7d @ o 7(1 67 “ (S:E 5 7

= (L g e+ ([ )i + 3G+ o

w2 VW) + V() + ) wjie, +wodo,
j€d
2c 2 2c 2
ys I |gg(ré))l i a:(|§)| + vobo,
and
o

SW,MCS/ " < wo — Mo, (3.1)

where &, is the Dirac mass of mass 1 concentrated at x € RN . For the concentration at infinity,
we have

limsup/ (\szo‘(wn)|2 + |Vf2a(wn)|2) dx = w(RN) + Woo,
RN

n—oo

1imsup/ (|f2°‘(wn)|2 + |f2°‘(zn)|2> dx = V(RN) + Voo,

n—oo JRN || ||

2a 27 20 27
imswp [ ([ T e ([ B ) 1) o
= C(RN) + Coos
and
S, ;{2: < Woo — NMVoo- (3.2)

Proof. Suppose {(f2(su), (b))} = {(F(wn) — J2%(w), [**(20) — [**(:))}. Then the se-
quence {(f2%(sn), f>*(tn))}n converges weakly to (0,0) in D and {(f>¥(s,), f2*(tn)}n — (0,0)
pointwise a.e. in RY x RV as every bounded sequence {(f2%(w,), f>*(2x))}» converges weakly to
{(f?*(w), f>*(2))} in D. By Lemma 3.1, we have

(V24 (sn) [P + VL2 (t)]* = @ o= w = (V24 (w) ] + [V F2(2)]?),

24 12 ()] Ol |f2“(2)l2>

> |2 > |2

417::1/—(
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([ 2 ) ooy ([ O ) e ¢
= ([ P et - ([ 2R ) ey

Fix ® € C®(RY) such that 0 < & < 1, ®(0) = 1 and supp® = B;(0). For € > 0, take
P (z) = P(%),# € RY. Then (2.4) implies

|(I)6f2a(5n)|2z 2 2%
— 7 P, foe "
SW,H(AN (/]RN ‘llify"u dy)| Ef (Sn)| dQ?
| P f2 () [ 2 2 \ V2%
——— dy )| P [ (t,) | d
+/RN(/RN |z — y|» y>| F7 ) x)

< [ V@ )P+ [V ) do— [ (LGl BT g,

RN ]2 |z[?

(RN) x L2 (RN), yield

Using Lemma 3.3 and (f2%(s,,), f2a(t )) — (0,0) in L}

loc
Sual [0 [( [ ) e

gv | £2 ()] N . 1/2
([ T e )

a a 24 (sn) P 1f2 (tn) 2
< [ 1R (VPP 9P de [ (P e e

|=[?

On passing to the limit as n — oo, we obtain
. o1/
SW(/ o 22dl) " < / 1B, | 2di — 77/ B, |2di. (3.3)
RN RN RN
Taking € — 0, inequality (3.3) yields

1/2%
S%HCO # S wo — No.

This concludes the proof of (3.1).
Next, we prove (3.2). For R > 1, fix &g € C(RY) such that 0 < ®g(z) < 1, Pg(z) =1 for
|z] > R+ 1 and ®g(x) =0 for |z| < R. Using (2.4) and Lemma 3.1, we have
. 1/2;,
)

STW(/RN |® r[*% [(/RN Wdy)fm(sn) "+ (/RN Wdy)|f2a(tn)

On passing to the limit as n — co, we obtain

. A1/2 i i
Sl [ J0n#a0)" < [ Pz —n [ |onPar,
RN RN RN

again passing to the limit R — oo, which implies

Sy kGl < o — e (3.4)

This completes the proof (3.2). O

Lemma 3.3. Let {(sn,t)} be a bounded sequence m D that converges weakly to (0,0) in D and
f is continuous with f(0) = 0. Then for every a > % and ¢ € C(RY),

’/IR{N /]RN W(Z]LP )|¢f204( )|2ud:17 /RN (/RN Wdy)|¢($)|2;|¢f2a(sn)|23dx‘
: 2 a 27
‘/RN /RN = y'z‘ )0 s~ /RN </RN Wdy>|¢(x) 2612 (tn)

as n — oo.

udcc‘
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Proof. As {(sn,tn)} converges weakly to (0,0) in D and f is continuous function with f(0) = 0.
Therefore, {(f?%(sn), f>*(tn))} weakly converges to (0,0) in D. Hence, the rest of the proof
proceeds similarly to [10, Lemma 2.5]. O

Lemma 3.4. Suppose (1.9) holds and 2a < r+s < 4a. Consider {(wn, zn)}n any (PS). sequence
for I,. Then {(wp,2,)} is bounded in D.

Proof. Let {(wy, 2,)} be a (PS), sequence in D. Then
Z,(Wn, 2n) = ¢ and I;(wmzn) —0 in D*, asn— +4oo.

Choose w, = (1 + 2alf(w,)2FD)2 f(w,) = £k and z, = LEL, we have (i, 2,) € D.
Then

. 20(2a — 1)| f(w,) P>~ Y
n| — 1 nls
[V, | ( + 1+ 2alf(wy)22a—D )|Vw |
. 20(2a — 1)|f(zn)]2*~ V)
n| = 1 nls
V24| ( T 20l f () PE D )|Vw |
and
([ (@, 20| < 2a|[(wn; 2n)]]- (3.5)

This implies (wy, 2,) in D. We also have

<I/ (Wn, 2n ), (Wn, 2n))

o f [+ Qo= DIy 0
- L+ 2alf(w,)Peo- /T

20(20 — D[f(z0) 222
(0 T el )9l

+b{(/RN IVf(wn)Pd;,;)@ n (/RN |Vf(2n)|2dx)9} an, /RN de (3.6)

4o
— an /RN mzllg'dx
B / / £ Com) P o) P2 4 ) P ) P2
RN JRN |x_y‘ﬂ

Using equations (2.7)-(2.9), (3.6) and combined with n = max(n1, n2), we have

¢+ on(1)[[(wn, zn) ||

:I’Y(wruzn) - <I/ (wn,zn) (’lj}n’2”>>

1
4o 2*
1 1 2a(2a — )| f(w,)[?E~Y 2
a/]RN {2 40&2;’; ( + 1+ 2Oé|f(wn)|2(2a71) ):| |VU) | z

(anl ! )/ |f2a(wn)|2dx

4o 4a27_1 |¢|2
11 20(2a = 1)|f(z0) 222 .
+a/ {7 - (1+ >}|Vzn dx
gy L2 4oy 14 20 f(2,)[22a=1) |

(- i) e
+ (% = 40%) [(/RN |Vf(wn)|2dx)9+ (/RN \Vf(zn)\de>9]

(5 - ) [ sl s

r—+s 404271
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11 11 4n
>a(77 ) Vw,|* + |Vzn|? dxfa(ff—>7/ Vw,|? +|Vz,|?) dx
205~ 555) [ (Vwal? + 9y oo~ 55 ) o [ (9wl (920
(L)) #
(s 72) 5 ol _peae (w21

> (5 - ) (W’)nwmznn?

(e ) * “
(75~ 7z) () 7 ol w2l 5 (3.7)

which implies that boundedness of {(wy,2,)} in D, since 2 < 227, n < % and 2o <1+ 5 <
da < 4a2j. O

Lemma 3.5. Suppose r + 5 =4a, 0 <y < aS(1— e 2)Q)HgH 2 and (1.9) hold . Then any
(PS). sequence for I, is bounded in D.

Proof. Let {(wp,zn)} be a (PS). sequence for Z, at level ¢ € R. Using a similar calculation as in
Lemma 3.4 and substitute r + s = 4« into (3.7), we obtain

1
4a2*

¢+ o(1)[[(wn, 2n)|| = Iy (wn, 20) — <I,,Y(1Un, zn), (Wn, 2n))

= GQ;;)(G<1(]V4—772)2> -

Thus, for all 0 < v < aS(1 - ]\,4’72)2)||g||_217*7 the sequence {(wy, z,,)} is a bounded in D. O
2% 3

2 ) lwn, za) %

Lemma 3.6. Suppose that (1.9) hold and 4a < r + s < 2a2*. Then every (PS). sequence for I,
is bounded in D.

Proof. Let {(wn,2n)} be a (PS). sequence for Z, at level ¢ € R. Then using n = max(ni,n2),
(3.6) and (2.8), we deduce that

c+o(1)[[(wn, zn)||
=T, () — i(l’;(wm Zn), (Wn, 2n))

-/ [3‘ris(”2a1(2f2;|1}g$|73)(|;ﬁ:U)NV Pt (g - ) ([ IV stwpas)
L5+ ris(” e Wl + (5= ) ([ 9 Pa)”
+ (T+$ /RN /RN |f (wn |2|ZQ*_J;|(;Un)|2O‘2fL dy do— (% B Tafs) /RN |f(1|1;r|12)|4adx
(o ) [ [, I (2t [ U,

1 2 1 2 4
>a(; - a)/RN(|an\2+|VZn|)da:—a(* - k /<|an|2+wzn\2>dar

2 r+s 2_r+s)(N—2)2 RN
1 2a 4n 9
2 a(§ B r+5)(1_ (N72)2)||(wn,zn)|| ’

Since n < (N72 and 4a < r+s < 202" < 4a2;, we conclude that {(wn, z,,)} is bounded sequence
D. O
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Lemma 3.7. Let 0 < u < N and f be continuous with f(0) = 0. Assume that {f?*(w,)} is a
bounded sequence in L* (RN) such that f>*(w,) — f2*(w) a.e. in RN. Then we have

/]RN </sz m )|f2a( o) |2 da
- /]RN (/]RN |f2°‘(wn92 - Sl dy) |£2% (wn) — £2*(w)[*da

ylm
2« 27 .
— (/ Mdy)ﬁ%(w)\%dx as n — oo.
RN \JRN

|z — yl~

The proof of the above lemma follows in a similar manner to that of [9, Lemma 2.2].

Lemma 3.8. Suppose (1.9) hold and 2o < v + s < 4. Let {(Wn,2zn)} C D be a Palais-Smale
sequence for I, and c < 0, then there exists v* > 0 such that I, satisfies the (PS). condition for

all vy € (0,7%)

Proof. Let {(wp, z,)} C D be a (PS).-sequence for Z,. Then Lemma 3.4 gives that the sequence
{(wy, z,)} is bounded in D. So, we have {(f2*(w,), f2%(2,))} is also bounded in D. Therefore,
we can assume that up to a subsequence (wp,z,) — (w,2) in D, (wn,2,) — (w,z) in RY x
RM. From f € C*(RY), it follow that (f2*(wy), f>*(zn)) — (f?**(w), f>*(2)) in D and then
(F2%(wn), £2%(2n)) — (f2%(w), f2*(z)) converges pointwise a.e. in R x R¥. Thus, we can assume
that

[f (wn)[* [ f (zn) [

V2% (wn)[* + [V 2 (20)|* = w, P T
|f () % oz [f (zn) 2% o
(/RN Wdy>‘f(w")‘2 K +</RN o =yl e WGP =

weakly in the sense of measure. Using the concentration compactness principle in Lemma 3.1 and
3.2, there exists at most countable set J, of distinct points {x,};e; C RY \ {0} and families of
nonnegative numbers {¢; : j € J} and {w, : j € J} and nonnegative numbers wy, (o, 1 such that

w > V2w + [V (2)] + ) w;de, +wodo,

jeJ
SIC LT
c= ([ IO i ([ MR ”ji)|f<z>|2a22+;<jamj+goao,
and
S <y and 5,05 < (o — o), 63

where 0, is the Dirac-mass of mass 1 concentrated at x € RY. Moreover, we can construct a
smooth cut-off function & € C§°(RY) centered at x; such that

. €@=0 mEY\Blz,0, |VEl<:,

0<€(@) <1, @) =1 B
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for each € > 0 be small enough. By equation (3.5), {(w,&7,2,£7)} is bounded in D. Obviously,
(T (wn, 2n), { (W0n&l, 2,E0)}) — 0 as n — co. Therefore,

- lim T [a / (;,((ZZ))V (( v ) VEL d
oo [ vrr?)
+b(/ IV f(zn) |2>9 1/RN F(z0)f(20) V2,V fgdx}

— lim 1 20(20 — 1)|f (wn)[*?~Y) 26
=ty [“/RN (1 1+ 20 f(w,)[22*—D )IVnl*el ds

.
o [ vswar) ([ 1vspe o) (39

2020 = DIf )P0 o
v [, (e S Vs

6—1 .
o[ 190eR) ([ 1Vieore d)
[ s@I e de—an [ g o, [ .

|z[?

[ () ) e )
RN JRN

f(w n)Vw, VE dx
]RN

|z —y|»

Now Lemma 2.2-(4) and Holder inequality yield

S (wn) g
0<!1l>r%)n1;rr;o| o Fw )V nVE! dx|

< Klim lim [ |w,Vw,Ve¢|da
N

e—0n—oo0 R

< Klim lim [(/RN |an|2d:v)1/2(/RN \wnvgg‘\zdaz)m} (3.10)

e—0n—oo
N-—2

<K lg% |:(/B(1Ej7€) |v€£|N dm)%]l/2 |:(/B(Ij7€) |w|% dx) N }1/2

" 7: * /2"
< K" lim ( dx) =0.
e—0 B(a:j,e)

Similarly, we have

lim lim |a . ]{f( ))v nVE dz| = 0. (3.11)

By the definition of &/ and the boundedness of {w,}, {z,}, we obtain

2
i 1 o [ g ([, g )] <o
At P Tl P ) U | +2a|f(w ) (3.12)
2 .
lim lim [b(/ [Vn| / ACONENY i d;v)] =0.
A% P\ fon T4 20 f o) P By (14 20] f(2,)[2(20-D)3
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One can see easily prove that

e—0n—o0 RN

2a2* T

. 2a2® —(r+s a2* —(r+s * a2*

< lim lim (/ lg(a)ed| ) <+></ )
e—0n—o0 B(z;,€) B(z;,€)

([ )
( B(‘zje) )
N1/2 N1/277 5
gKlimK/ ) }2 hm[(/ |z|2) r —0.
e—0 B(Ij,e) e—0 B(iE]’,C)

Also we have

tiw [ (9P )+ V)P = [l

e SRy RN (3.14)

> [ (VPP + V@) P +
RN

and

[ L e R (= sy B

n—>00 y|* |z —y|*

= / ¢ d¢ (3.15)
RN

> [CL P e o ([ TR w)isep]gar

Concentration at z;,

4o 4o
lim lim ij dr < lim lim Mfﬁ dr =0
e>0n—o0 Jpn |x‘2 e=0n—00 Jg (5 |(L‘j — e|2
Similarly
4o 4o
lim lim M{” dr < lim lim Mgg dx = 0. (3.16)

e>0n—o0 Jpn ‘x|2 e=0n—00 Jg_(5 |a:j—e|2

Substitute (3.10)-(3.16) into (3.9), using relation |V £2%(w)|? < 2a|Vw|?, we have

0 =lim lim [a/ (1 + 2a(2a - 1)|f(wn)‘2(2a_l))|an‘25gdx + b(/ ‘Vf(wn)|2)071
RN RN

e—0n—oo 1+ 2a|f(wn)|2(20¢_1)

- 2(2a = 1)|f (z) P22~V 4
([ wrwapea)a [ (1 2SR e )9z, P

o [ 9seapdn) ([ 195GaPE da)

7/ / |f (i) 220 £ (wn) 2% + | £ (20) 2% | £ (20)| 2%
RN JRN ‘,’L‘—y|H

)gg‘ dy d:c]

> lim lim {a2a/ (IVwn > + |V2,|?)&

e—0n—o0

[ [ D% PP )
RN RN

|z — yl|~

> tim tim {a / <|Vf2a<wn>|2+ IV 29 (2)[2)€] dx

e—0n—o0

( )|2a2

/ / | f (w Fw,) 2% gl Edmdy / / edxdy}
RN JRN |33— | RN JRN |13— yl"

(3.13)
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>tim{a [ Qo= [ ac),

Using standard theory of Radon measures, we conclude that (; > aw;, combining with (3.8), we
2,
obtain either {; > (aS,)%* ' or ¢; = 0. Next, we show that the initial situation cannot happen.
Jon
If not, there is a j € J such that {; > (aS,)** . Then Holder inequality, (2.2) and the Young’s
inequality give that

7 [ sl de
< gl e S (57 (@) + 172 () ) %

([ m) - ) (s ) T e o %)

47] 1 1 -1 To r+s
1= )G ) 5T
2a( (N=2)2/\r+s da2, PYHQHM%ZM :

)
<G-m)a(-5m) G- m) I @RI ER
[

r+§

r+s 40(2:1

(s ae)as (o) Goa) 1707
r+s  4a2%/aS (N — 2)2 2 22

qll “‘JE*” :
—(r¥s)

4o
X fy4a—(r+s

(3.17)
Now using n = max(ny,72), relation |V f2%(w)[? < 2a|Vw|?, (1.5), and (3.17), we have

1 , .
Tazg Blwn ), (im, 20))

L 1 1 2a(2a — 1) | f (wy) 22~V )
= {G/RN [5 1a2;, (1 T T 2alf(we) P )} [Vin [ do

(5~ gy o [, 10wl )’

1 1 2020 = 1)| £ ()2 2
S - 1 V|2 d
+“/RN [2 4a2;< T 20l f ()P ﬂ' ol da

+ (2% - zlalz;;)b(/RN IV £ (2|2 d:c)e

(55 - )7 L sl do

0>c= lim (Iv(wmzn) -

n—oo

r+s  daz;
(L 4;2*)@ /. (If“(w >|2|x+|2|f2a<zn>|2 )

anlnolo{ ( )AN(IVfQ“(wn)l2+|Vf2a<zn)Q)dx
(5w / o)\ (wa) "1 £ ()" do }

>(46; 40?2*)(1 (N — 2))(|‘f2a( )||2+Hf2"(2)\|2+zwj)

jeJ
_<r—|—s 4a2* /RNQ w)If ()" da
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1 1 4n da—(r+s)/ 1 1 \=67
o e )
da da2y, (N —2)2 4o r+s  4a2s

g” - 2(;;—:)

2a2* —(r+s)

20 ) Goap) T
aS (N —2)? 2 22,

7a<i— 1 )(1_ 4n )S<1/2* 4a—(r+s)(1 B 1)%

4o
X /')/4(1—(T+s‘

o da2y (N —2)2 4o r+s  4a2y
40 e - 2« 4n -1/1 1 \1 m

B il (BN ey O By 318
7 g”#@ aS (N —2)2 2 227 (3.18)

Choose 1 > 0 small such that for any v € (0,71), the right-hand side of (3.18) is greater than
zero, which gives a contradiction. So (; = 0 for all j € J which implies w; =0 fo all j € J.

Now, we define a cut-off function £2(z) € C§°(R¥) to evaluate the potential mass concentration
at the origin. 0 < ¢2(z) <1, &(x) = 1 in B(wo, §), (x) = 0 in RV \ B(zg,€), [VE| < 2. For
each € > 0 small enough such that z; ¢ B.(0) for all j € J.

Concentration at the origin,

5 Jon U TaP? af? 1)
f 4o f 4o '
= /. dv > /RN [‘ (|Zj)2| + | |( dl }ggderuo.

Set ||(Wn, 2n)|| < 2a||(wn, 2,) ]|, then we obtain that { (i, 2,)} is bounded in D. Replacing & with
€% in (3.9) and substitute the (3.10)-(3.15), (3.19) in (3.9) and relation |V f2%(w)|* < 2a|Vwl|?,
n = max(n,n2). Testing Z! (wy, zn) with (0,2, 2,£2), we obtain (Z! (w, zn), (WnE2, 2,E0)) — 0
as n — 00, that is

o 2a(2a — 1) f(w,)[?E*~Y 240
0= lim lim, {“/RN (1 T T 200 f () PEaD )|an| &

oo [ IVsapa) ([ VP dr)

2020 — 1)|f (2,)]22~D »
X a/RN (1 + 1+ 20| f(z) P20=D )\Vzn\ &dx

+b(/RN |Vf(zn)|2d:c)9_l(/w |Vf(zn)|2§gd;c) ﬂ"’/RN (If (wn)[** + 1 £ (zn)[*)E2

|z[2
| (wi) 2% | f (i) |22 + | f (20) 2220 f (2|22
L1 vy ) du e

> lim lim {a2a/ (Ian\2+|v,zn|2)§de*an/ (1f Con) ' + 1 f(za)*)EE
RN

e—~0n—o0 |$|2

[ ) e e )
RN JRN |z — yl~

4o P 4o
> lim lim { / (‘vaa(wn)|2_’_|vf2a(zn)‘ )ggdx_an/RN (|f( )| + |f( n)| ) € dr

e—0n—o0 |$|2

‘f wy,) ‘2a2 ‘f(wn)|2a2“ +|f(zn)|2a2 If( )|2a2i) g
/]RN /RN |z — y|# dxdy}

zlim a/ §de—an/ §Sd1/—/ §SdC}.
e—0 RN RN RN

Using standard theory of Radon measures, we observe that {y > a(wy—nvp). Combining this with
27,

£
(3.8), we obtain either (o > (aS,,,)* " or {; = 0. Now, we claim that the initial situation is not
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2L
possible. If not, then we have (y > (aS, )% . Using n = maz(n1,n2), relation |V f2%(w)|? <
2a|Vw|?, (1.5), and (3.17), we deduce

1
0>c= lim (Ify(wnazn) - 4oy 2*

n— oo

(T (, 2), (1, 22)))

1 1
> lim {a(7; - 2ozr) L9 )P + V£ ) P do

n—oo

(s~ )7 L @Gl e
(o [P )R )

da 4a2, ||

> (= - 4a2*)(||f2“( W) + 1522 +wo) — (2 *4072*)ANg(x)|f(w)|T|f(z)|sdx

r+s
(o [ (P, (o ey,
da da2y, N |z|? da da2y, 0
1 1 /27, 4a—(r+s)( 1 1 )ﬁh) B
> |— - — — da— (r+s) A
- (4a 42y, ) mno dav r+s  da2; v 9”%

20 ) G o) 17
aS (N —2)2 2 22

*

2
1 1 =5 da— (r+ 1 1 \mootF —da o ote
> (= ) (09) ™ - ()T I T
V%Y 40‘2u 4o r—+s 4042# Taz* = (rF3)

- —1q ks
[2% (1 - (N4+2)2> 1(% - 2;;;) 1} B
(3.20)

Choose 2 > 0 be so small such that for any v € (0,2), the right-hand side of (3.20) is greater
than zero, which gives a contradiction. Thus, (y = 0 which implies wy — gy =0

We now introduce a cut-off function ¢z (x) € C5°(RY) to determine the potential mass concen-
tration at infinity. Moreover, 0 < &r(x) < 1, €r(z) = 1 in B(z, R), ég(z) = 0 in RN \ B(z, R),
|[VER| < % Let

R—o0 noco

2a 2 2a 2
Voo := lim limsup/ |7 (wn) " + 1172 ()| dx,
|z|>R

R—oo posoco |1'|2

20y, N
(oo i= 1gnw11713lsolip [/|x>R</RN |f(y|)i )|f2 (wn)[*

i /w|>R (/]RN mdy> 2% () [ d:c],

= i lmsup [ (9L )P+ (942 (0) ) d,
|z|>R

ndx

such that

,tcifz < (Woo = MVoo)- (3.21)
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Using that (Z% (wp, 2 ), (Wn€Rr, 2nr) — 0 as n — oo, we have
e [G/RN (f’( BAACRETES Vi) Vérda
b V f(wy)
+( /]R IVfw / wa)f(
9-1
+b( o IV £(zn)|? /RN I (zn f(zn)VznV&gdx}

o 20(2a — 1)|f (wy)[*2*~Y) >
= I S {“/RN <1+ 1+2a\f( )[2@a=D) )'V“’"' SR

)V, VER da

+b/ IV £ (wn)[2 / \Vfwn|§Rdm) (3.22)

2a(2a— D[S (z) 27D
+a/RN (1+ 1—|—2a|f( @D )|V2n| Erdx

+b/ IV F(z0)2 /|szn|nga:)

o [ s Pends - an [ 0 e oy [ U
/ / ‘f ) 2920 () 2920+ | (2) 2% f(2) 2% )€
RN JRN

|z — yl|~

) dy da:} .
One can see easily verify that

lim lim ‘a/ (1 +2O‘|f(wn)|2(2"‘1))1/2f(wn)anV§R dx‘ =0,
R—o00 n—o0 RN

(3.23)
lim lim )a/ (1 + 20 f (20) 22N/ 2 (2, )V 2, VER dx‘ —0,
RN

R— o0 n—o0

. . |an|2 -1 f(wn)Vw, VEr B
prg, i, [b(/RN 1+ 20| f(w,)22o=D dm) ( ex (14 20| f(wy)PGo—D)1/2 d“ﬂ =0

. . |vzn|2 0-1 [(z2n)V2, VER .
A, o, [b< /RN 1+ 20| f(2,) 222D dx) (/RN (1 + 20| f(2,) 220 D)1/2 dx)} =0
(3.24)

and

lim lim - h(z)|f (wa)|"|f(zn)|°€R dz = 0. (3.25)

R—ocon—o0

Using the above relation together with |V f2%(w)|? < 2a|Vw|?, we deduce that

o 2020 — 1)| f(w,) P>~V 2
0= lim lim [G/RN (1 i 1—|—2a|f(wn)|2(2a 0 )|an\ SR

+b/ \Vfwn)2dx /|Vfwn)\ n )

2020 = 1)| f (2P Y
1 - d
x GAN ( + 1+2a|f(zn)‘2(2a—1) )|VZ | é-R T

+b(/R IV f(20) |2d:17 0_1 / IV f (20 |2§Rdx>
_ ar]/ (|f(wn)|4a + \f(zn)l‘m)ﬁR

|z[?

/ / | (wn) P20 f (wn) 2% 4 |f (20) 2225 | f (20) 222
RN RN

|z —y|~

dx

)5R dy dx}
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> lim lim {a2a/ (|[Vw,|* + |Vzn|2)§Rda:—an/ CiC |+:-C|2f(zn)l4a)ng
RN RN

e—>0n—oo
- / / (1f(wy) " f(wn)|2a2’*‘ + [f(2n) " f(Zn)‘Qaz’*‘)gR dx dy}
RN JRN |z — y|~

Wy, 4o Zn 4o
>t tim {o [ (975 @)+ 1972 P)rdo - an [ 110220 . |'2f< WEr g,

e—0n—o0

_/ / (1 (i) 2220 | f (w) 220+ | £ (2) 2220 | £ (20) 220 )R
RN JRN

|z — y|~

2li_%{a/RNfRdw—an/RNSRdV—/RN&RdC}

> QWoo — ANVoo — Coo-

dx dy}

«
21,

I:
Therefore (s > a(wso — NVso). Combining this with (3.21), we obtain either (o > (aS,, )% ' or
2L

(oo = 0. We assert that the initial scenario is impossible. If not, there is a (oo > (aSy,) % . In
fact, using relation |V f2%(w)|? < 2a|Vw|?, n = maz(n1,n2), (1.5), and (3.17), we obtain

. L, .
0> c= lim (T, (wn,2) - Taz; By wn ), (i, 20)))

: 1 1 2020 — 1)| f (wy) [P~ D) 2
=1 = 1
e {“/RN [2 4a2;( T 20l f(we) @D )]'V“’"' de

+ (% - M%)b(/ﬂw |Vf(wn)|2dx)9
b

1 1 2020 — 1) | f (2,)]?2~ 1) )
+Q/RN [2 a2y, (1 T 20l f () PE D )}'V’Zﬂ du

" (7 4a2*) (/ [V f(zn |2d~””)

+ (4a2* N T+s) / )| f(wn)|"| f(2n)|° d
2a 2 20 9

(o~ g o [, )

> 1im {a (1 ! )AN(|Vf2“(wn)|2+|Vf2a(zn)\2)dx

n—00 E B 4042;

- (T j— s 404122)7/]1@1 9(@)|f (wn)["[f (z0)[* dzz

11 [P () + 1 (z0)
B (E B 4a2;>an /RN || dm}
> {25 - 5 (- W‘f—”sznﬂa(w)w HIP @I + (5 - 4;22)@%0 — sc)
1

B (r j- s 4a2* )FY/]RN g(x)|f(wn)|r|f(2’n)|sdx}

o

1 ey s P WS U S
2(4a 4a2;§)(a577’“) - 4o (T+S_4Ck271) 74 (+)||g||mgaf2(*r+s)
20 4n ~1,1 1 1=t

[ﬁ(l_(N—m?) (5_22;) ] '

(3.26)
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Choose 73 > 0 to be so small such that for any v € (0,73), the right-hand side of (3.26) is greater
than zero, which gives a contradiction. Therefore, (o, = 0 which implies wo, — NV, in the above
argument. So, put v* = min{vy1,72,7vs} . Then for any ¢ < 0 and v* > 0 we have w; = 0 for all
je€J,wo—nrp =0 and we — Nl = 0, for all v € (0,7*). Hence, taking as n — oo

/ / |f2a (wn) |2 |f2a(wn) 2 »+ |f2a(zn)|2 ‘f2a( )|2;

RN JRN lz —yl|~

:/ / |2 (w) P | 22 () [P0 + |2 (2) 0 £2 (2)
RN JRN |z — yl|~ 7

and

/}R 9@)(|f (wn)|" = [f(@)[")(f (za)” = |f(2)]*) dx
< gll pzeze [ f(wn)]" = [f(w)["]| 202
[fGzn)l” = £ (2) ] 2az -

Since {(wn,zn)} is bounded in D, (Z! (w, ), (1, £)) = 0, using the mean value theorem and
Lemma 2.2(11), yields |f2*(w,) — f?*(w)|?* < 2ajw, — w|?, weak lower semi-continuity of the
norm, n = max(ni,n2), (1.5), Lemma 3.7 and the Brezis-Lieb Lemma (see [B]) gives that as
n — oo,

o(1)][(wn, zn) |

= <I'Iy(wn7 Zn)a (wn’ 2n)>

2a(2a — 1) f (w)[?>—D)
2 2 2
> a/RN(\VwM +|Vzy| )dera/RN ( 1+ 2a]f (1) P21 |Vwl|® dz

' 2(20 — D|f(2) %D
+b(/R ) |Vf(w)|2da:> ta /RN( R

o [ 1w ) [ LG,

]2

2a2“ 202}, 202}, 202],
[ oo - // PSS QPR , ,

2a 2a 2 20 20 5
> al|(wn, z)|1? —an/R > (wn) = f )I|;|r2|f (z0) = ),

2020 — 1)| f (w) [P~ Y 2020 — 1)| f(2) 22D
vo [N s Vel + (R a9 e

b[(/nw \Vf(w)Pda:)ng </sz |Vf(z)|2dx)9] _a"/RN |f2“<w)2;|r2f2“(z)l2 i

S~ (1) P £ @)%+ F P2 () %)
v [ r@isrisera = [ [ — e dy
b

+

w —w2—|— Zn — 2|2
> alw, = w20 = AP +alw,2)|? - azay [Pl
R

2020 — 1)| f (w) [P D 20(2a — 1)|f (222D
Lo [ oy Ve + (e 944 e

K/RN IV f (wy)]? dx>‘9 n (/RN |Vf(zn)|2dx)9}* o /RN ifza(w)|2|;|_2|f2a(z)|2 d*z
- [ i [ [ SHOEIEEEEEORD 4y

LS N e e e @R IR
(1~ ) = w2 = 2P allw.2) P —ay [ O

dzr

+a
+
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20(2a — 1)| f (w)[>**—Y) 2a(2a — 1)| f(2)[22e1)
vo [ N s Vel + (S e V=] e

+b[(/RN \Vf(w)\zda:>9+ (/ |Vf(z>|2dx)9} —W/RN h()| f ()| f(2)]*dz
_ / / (f @) P2 f @)% 4 |F P P
e S eyl

= a1~ G )l = w2, = ) + ol 2],

(N 2)

Thus {(wn, #n)} converges strongly to (w, z) in D for all n < . This completes the proof. [

Lemma 3.9. Suppose that r+ s = 4a and (1.9) hold. Let {(wy,z,)} be a (PS). sequence for I,
in D with ¢ < ¢* := min{c}, c5}, where

L1 4n a1 ok

Cp = @(1 - m) (GS )2 ! Cy 1= @(asn’u)zu L.
Then, {(wn,zn)} satisfies the (PS). condition for all v € (0,a(1 — (N 2 2)S|lgll 2 2 )

Proof. Let {(wy,2,)} be a (PS), for Z, for ¢ < ¢*. Then sequence {(wn, 2,)} is bounded from
Lemma 3.5. Substitute r + s = 4« in equation (2.9), we obtain

/RN g@)If ()" f () dz < ST gll_zo_ (/2 ()I” + 1£2*(2)]1). (3.27)

Now using the relation |V f2%(w)|?* < 2a|Vwl|?, (1.5), n = max{ny, 2}, (3.27) and for all

e (0.a(1 - (N4 z)Slsl ).

arguing similarly as in Lemma 3.8, we obtain

1
¢ >c= lim (I,Y(wn,zn) = o (T (wns ), (wmzn»)

n— oo

o 11 20(2a — )| f (wy,)[>**~ Y 2
= {“/RN {5 " 8a (1 T 20l f (wa) 2D )} [Veon|
11

+ (% - 8704)1)(/]1@1\7 |Vf(wn)|2 dx)e

1 1 20(2a — 1) f (2,222~ )
+G/RN {5 8734(1+ 1+ 2alf(z,)|220—D )}NZ"'

(= Dy [ 95 an) — (o Ly [ U PO

+ (8% —i) [ ol ds
|f |2(x2 |f(wn)|2a2“+|f( )|2a2;|f(zn)|2a2;)
8a 4a2 /RN /RN

|z — gy~

2a 2 2 2
> i {4 [ (Vw vt - @ [ G,
RN

8a Jyw ||

dx dy}

Y . .
~ 8a fo SN @)1 (zn)] dz}

> lim {%(1_%) /RN(IVfQQ(wn)\Q—F\szo‘(zn)F)dx

n— 00 -2

v . .
~ 8a fo IENS )1 ()] dz}
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> {4 (1= ) (U2 @) + I ) )
= L gl e, (12 @)+ 1)) }
a 4n 1 4n

> 5 (1 m)sﬂ% +aalo(1- 7(1\/—2)2)
=38 gl =, | (122 @) + 172 ) )

Zs%(“gv%y)s 1 gl (“ﬁ)

-5 }(Ilf%( WP+ 1727 ()11%)

1 477 b
> —(1- —~1— Tl =
_8a( (N72)2>(a5> “

For level at the origin, using the same calculation as above,
x : 1 A
¢">c= lim (Iw(wmzn) 3 — (T (wn, 2n), (wn,zn)>)

2a 2 2a 2
>t {2 [ (9 )P 4 VPR e - 2 [ L,

n—oo 8a Jrw |z|2

- o [ @I ) e
> {8—a(<||f2a<w>||2 I +an—y [ O, )
(1 @)+ 121 }
> (g (1= ) 1P @ + 1)

e (@) + 1721 |

Y oo
SaS

a
+ @(wo — ) — goo

a 120 1 4n 20 2 20002
> 2 By 1—— 1 ) _
> 2506 + g fo (1= Gy ) — 95 el J U2 @R + 172
1 2*2:31 *
> 30 (aS,W) =)

Similarly, level at infinity

1
c* >c= lim (I,Y(w”,zn) - %
a

n—oo

(T, (s 20 (s 20)) )

a 1/2;, 7{ ( _ 4n ) a1 § ] 20 2 20 2
> o8, 4 o [a(1- gm) — 18 el J QLR @ 4 1)
1 2*” 1 *
> ™ —(aSy, )%t =5,
Since ¢ < ¢* := min{c}, ¢5} which is absurd. Now, the rest of the proof follows in the same manner
as the proof of Lemma 3.8. O

Lemma 3.10. Suppose that (1.9) holds and 4o < r 4+ s < 2a2*. Let {z,} be a (PS). sequence
for I, in D with ¢ < ¢** := min{c}*, ¢5*}, where

2* 2%

= (i B ris) (1 a (N4_772)2)(a5 )2* PR (i B T‘—:ll—3> (aSn#)ﬁ,
Then {(wn, zn)} satisfies (PS). condition.
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Proof. Let {(wn, z,)} be a (PS), for Z, for ¢ < ¢**. Then by Lemma 3.6, we have {(wy,2,)} is
bounded. following the same arguments as in Lemma 3.8, we obtain

(T, (wn, 20) (i, 20)) )

1 1 4 S
1 T ) (aS)% 7 =cp".

¢ >c= lim (Iv(wn,zn) -

n—o00 r+s
1 20 | 1 4n
= (5_7'4—5)%(1_ (N—Q)Q)wjo = (E_r—ks)( - (N —2)2

Level at the origin

_®
> c= nl;rgo (I,y(wn, Zn) — $<I;(w"’ Zn), (W, én)>> > (i — rij—s) (aSmH) Tt = bt
Similarly, level at infinity
¢ >c= lim (I,Y(w zn) = ——— (L (wn, 2n), (W, 2 ))) > (i —L)(aS )272%1 = ch*.
n—o0 mens g e M) = \dae r+s ok 2
Since ¢ < ¢** := min{c}*, ¢3*} which is a contradiction. The rest of the proof proceeds similarly
to that of Lemma 3.8. O

4. PROOF OF MAIN RESULTS

In this section, we give the proof of Theorems 1.2, 1.3 and 1.4, using the new version of
symmetric mountain pass theorem see [I6] [31]. Let X be a Banach space and ¥ be the class of
X\ 0 which are closed and symmetric with respect to origin. For A € ¥, we define the genus v(A)
by

v(A) :=inf{N € N: there exist £ € C(4,R"\ {0}, —&(z) = &(—x))}.
If there is no mapping £ as above for any N € N, then v(A) = 4+o00. X, denote the family of
closed, symmetric subsets A of X such that 0 ¢ A and v(A) > n.

The following Theorem is an extension of the symmetric mountain pass lemma due to Kajikiya

(see [16, Theorem 1]).

Theorem 4.1. Let J € CY(X,R) and X be an infinite-dimensional Banach space. Suppose that
the following properties hold.
(i) J is even and bounded from below, J(0) = 0 and The functional J satisfies the local
Palais-Smale condition.
(i) For each n € N, there exists B,, € ¥, such that sup,cp J(u) <0 for each n € N.
Then either one the following 2 items hold:
(1) There exist a sequence {u,} such that J'(u,) =0, J(un) <0 and u, — 0
(2) There exist two sequence {un} and {v,} such that J'(u,) = 0, J(un) = 0, u, # 0,
un, = 0, J'(vn) =0, T(v,) <0 and {v,} converge to non-zero limit.

Proof of Theorem 1.2. Clearly, it follows that Z, is even and Z,(0) = 0. Furthermore, Lemma
3.8 assures that Z, satisfies the (P.S).-condition for all ¢ < 0. However, observe that Z, is not

bounded from below in D. To apply Theorem 4.1, we use a truncation technique.
Let (w, z) € D. Using (2.8)-(2.10), n = max(n1, n2) and (2.3), we obtain

Z,(w, 2)

:%/RN(|Vw|2—|—|VZ| )dm+%[</ IV £ (w Idx) +(/ IVF(= ‘d“”ﬂ

_@/RN @' e [ SR /RNg w)l'1f(2)]* de

da || 4a Ry |x]?

F(w)P*% + | f(2) f()[2%
4a2* /]RN /RN |z — y|# du dy

g rts rts 1 200, 2* )”22*

1_7 2_7 T e 2a2% 200 — — )k
2( (N 2) )(w Z)” r—i—sS g||“7+s)||(w,z)\| 40‘22(5#) H(waz
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> K| (w, 2)|2 = 7K | (w, 2)[| 35 = Ks|(w, )2 (= x(l|(w, 2)])).

where, ¥ : RT — R is a function define as x(t) = K1t2f'yK2t% 7K3t22;, we choose v* sufficiently
small such that for any v € (0,~*) there exist 0 < ¢; < t2 such that x(t) < 0 for all ¢ € (0,t1),
x(t) > 0int € (t1,t2) and x(t) < 0in t € (t2,00). Clearly, x(t1) = 0 = x(¢2). Subsequently, we
choose a non-increasing function @ € C*°(]0, 00), [0,1]) such that

B 1 ift €[0,t]
Q(t)_{ 0 if t € [ty, 00).

and set p(w, 2) == Q(||(w, 2)||). Now, we can define the truncated functional I, : D — R as
jv(w7 z)

=8 [ el 9apyae ([ vrPas) s ([ 9ieiPa) ]

a 4o a 4o 4.1
—%/ O gy e [ O e g2 [ gtz e &
WP F)P + (P ()22

o(w, 2) 1a2; /RN/]RN T dx dy.

Then it is easy to verify that Iw(w, z) satisfies the following Lemma.

Lemma 4.2. Let ¢ <0 and 2a <17+ s < 4a. Then
(i) I,(w,z) € CY(X,R) and L,(w, z) bounded from below.
(i) If I, (w,2) <0, then ||(w,2)||x <t and I:,(w,z) =7, (w,z2). A
(ili) Let ¢ < 0, then there exists v* such that for all v € (0,~v*), I,(w, z) satisfies the Palais-
Smale condition.

Proof. Clearly, (i) and (ii) are immediate. To demonstrate (iii), consider that all the (PS).
sequence for I, (w, z) with ¢ < 0 must be bounded. Similar to the proof of Lemma 3.8, there exists
a strong convergent subsequence in D. O

For n € N, we consider n numbers of disjoint open sets denoted by G;, 7 = 1,2,...n with
G; C Q, where Q # () is given as in Theorem 1.2. Now we can choose (wj, z;) € DM2(RY) N

Cf) % G;)\ {0} x DV2(RYN) N Cge(G;) \ {0}, with [|(w;,2;)|| =1 for each j =1,2,...,n. Set
Y., = span{ (w1, 1), (w2, 22), . . ., (Wn, 2n) }-
We now assert that there exists a sufficiently small 0 < g,, < t; such that
My = max{L,(w,z) : (w,z) € Yn, ||(w,2)| = on} <0. (4.2)

Suppose that (4.2) does not hold. Then there exists a sequence {(wg, zx)} = {(w,2z;)} in Y,
such that £ — oo,

[ (wr, 22)|| = 00, and L, (wy, 2¢) > 0. (4.3)
Let us set (ug,vx) = m Then (ug,vx) € D and ||(ug,vx)|| = 1. Since Y, is finite dimen-
sional, there exists (u,v) € Yy, \ {0} such that (ux(x),vg(z)) — (u(x),v(ax)) strongly with respect
to || - ||, and (ug(x), ve(x)) — (u(z),v(:z:)) converges pointwise a.e. in RV,
As (u,v) # 0, we obtain wg(z) — 00, zix(r) — 00 as k — oo. Thus,
/ / ([wr ()P |wr () P + |25 ()P 26 () ) dud
1 (ws.. 2.) 120 T ay
|(wi, 26)[12¢ Jrw ]RN |z — y|#

2% —6

0
U}k (E u wy (y) |+
B /]RN /]RN | Ia: —yﬂ( ) Juk ()| Jur (y)|° dee dy
_9 2% _g
? z W
/RN /RN | k | k(y)| |'Uk(x)|9|vk(y)‘0dl‘dy

Ifc —yl~

as k — oo.
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Using this together with Lemma 2.2(3),(8), from (4.1), we obtain

b
Ly (wy, 1) < (||W||2+||Zk\| )+ 29 (||wk||20+||ZkH29)
"y [ @O e,
da2% R2N |z — y|»
a 2 b 20
< §||(wk72k)|| + *Il(wk,Zk)ll
_ 4a2*/ / |wie () 22w () |12 + |26 (@) |26 (y) [ dz dy
4a2* RN JRN ‘x—y|u
1 b (f(1))*2 1
< 260 - o
< w20 (3 a2 * 2~ oz T

M " 2 2
[ [
RN JRN |z —y|»

— —o0 as k — o

which contradicts (4.3). Consequently, the claim is proved. Now we can choose B, := {(w, z) €
Y, ¢ ||(w, 2)|| = on}. Surely, v(4,) = n and A, is closed and symmetric, therefore A, € %,,.
Furthermore, sup(,, .)ca,, I (w,2) < 0 can be found in (4.2). Therefore, all the assumptions in
Theorem 4.1 are satisfied by I, (w,,2,) < 0 for each n € N and ||[(wn, 2,)|| — 0 as n — oo,
I:, admits a sequence of critical points {(w, z,)} in D such that (wy, z,) # 0. Consequently,
for any n > mng, there exists ng € N such that [|z]| < ¢; for every n > ng. This means that
I, (wn, 2n) = T (wy, 2,). This completes the proof of the theorem. O

The following is a symmetric version of the mountain pass theorem from [31] needed for proving
Theorem 1.3.

Theorem 4.3. Let X be an infinite-dimensional Banach space such that X = M & N, where M is
finite-dimensional. Let T € C*(X,R) be an even functional such that Z(0) = 0 and the subsequent
conditions are satisfied:

(1) there exist positive constants €,p > 0 such that Z(u) > p for all u € 0B.(0) N N;

(2) there exists ¢* > 0 such that T satisfies the (PS). condition for c € (0,c*);

(3) for any finite dimensional subspace X C X, there is R = R(X) > 0 such that Z(u) < 0

for all u € X \ Bg(0).

Let M = span{vy,vs,...,v,}, where M is n-dimensional vector space. Define Ry = R(My) and
Dy, = Bg, (0) N M}, and inductively select vgy1 & My, := span{vy, va, ..., v} for k > n. Define

T, ={9€C(Dy, E): g\aBRk(O),g is odd and g(u) = u, for all Br,(0) N My},

and
T; ={9(Dx\ A) : h € Ty, k > j, A is closed and symmetric, and v(A) < k —j}, (4.4)
where v(A) is Krasnoselskii’s genus of A. For each j € N, set
R

Thus, 0 < ¢;j < cj41 for j >mn and if 7 > n and ¢; < c*, then we conclude that c; is the critical
value of I. Furthermore, if ¢; = cjy1 = -+ = Cjpm = ¢ < ¢ for j > n, then v(K.) > m + 1,
where

={ue X :Z(u) = c and T'(u) = 0}.

Proof of Theorem 1.3. We shall apply Theorem 4.3 to Z,. We know that D is Banach space and
T, € CY(D,R). By (2.7), functional Z, is even and Z,(0,0) = 0. We divide the proof into the
following five steps:
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Step 1. We will show that Z, satisfies hypothesis Theorem 4.3(1) for (w,z) € D. Using n =
max(n1,12), (2.8)-(2.10), and (2.3), we obtain

zws) = [ (Ve +vepyae ([ wswpa) v ([ 9rePa)]
f@@mﬁmwﬁm IO b 2 [ @itz da

da da Jg~ r+s
/ / |2a2* (w)|2a2: + ‘f(2)|2a2; f(Z)|2a2/j o d
4a2* RN JRN |z —y|* 4
I, 2)]1 an . %0 *
= (“_ woz2 ° 23*_2> 1a2; (s ) . 2%

Now for v < (a— e 2)2)SHgH _a+_ Wecan choose ||(w, z)|| = € << 1 such that Z,(w, z) > p > 0.

So Theorem 4.3(1) is proved.
Step 2. This follows from Lemma 3.9. So Theorem 4.3(2) is proved.

Step 3. We will show that Z,(w, z) satisfies hypothesis Theorem 4.3(3) any finite-dimensional
subspace M of D there exists Ry = Ro(M) such that Z,(w, z) < 0 for all (w,z) € D\ Bg, (M),
where Br, (M) = {(w,z) € D : |[(w,2)|| < Ro}. Fix (¢,¢) € D, |[(¢,¢)|| = 1. For t > 1, using
Lemma 2.2(3), (8), we obtain

I, (t, tg) < fMW¢W ﬁWw@W
40‘2 2 2; x 22 2;
()t (ANAQ (W @P @I + @ 16wI*) 4 o 5

4a2* |z — y|»

(f(8)) 2

22 22:
a0l

26 2 260,20
< W DI + S, D)

Since M is finite dimensional all norms are equivalent on M, which yields that there exists some
constant K(Y) > 0 such that K(Y)||(v),¢)]| < ||(¥, @), Therefore from (4.5), we obtain

da2;, . .
< gl O + gl P - L ety

= K1t2 + K2t29 — K3(K(Y))22“t22“ — —00

(¥, )| *2

Zo(ty), t¢)

as t — oco. Hence, there exists Ry > 0 large enough such that Z,(w, z) < 0 for all (w, z) € D with
l(w, z)|| = R and R > Ry. Therefore, 7, satisfies Theorem 4.3(3). So, step 3 is proved.

Step 4. We will prove that there exists a sequence {s,} C (0,00) with s, < sp+1, such that

7= inf T
¢’ := inf max <s
" UEYT, (w,2)eU +(w, 2) "

where T, is defined in (4.4). To complete this step, in view the definition of ¢} and using Lemma
2.2(3),(8), we obtain

¢y = inf max Z,(w,z)
veY, (w,z)eU

=t (wrgz;)E{U{%/ (V|2 + V22 )dx+2%[(/ IV £( )|2dx) + (/RN |Vf(z)|2dx)9}
W/’W>Wmm2 HO e 2 [ g@lsri de
RN || RN

4o | |2 dov Jpyn r+s

(1f (w(@)[**% | £ (w()) > + | £ (2(2))**% | £ (2(9)[***0)
 da2;, /RN /RN |z — yl|~

dx dy}

. @ o2 w GO
< - — — ml
< inf max {212+ gl )] Tz (w2l
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We set i
TP ),

S a 2 ﬂ 20
s = yinf | e {Glw.2) P + gl 2 = S w2

Then clearly from the definition of Y,,, it follows that s,, < co and s, < Sp41.
Step 5. We prove that problem (1.1) has at least n pairs of weak solutions. Now, we argue
similarly as in [31]. We can choose @ > 0 sufficiently large such that for any a > a,

%

o (1 Gy ) (a7 =

sup s, <
n

that is,

*
2p

1 477 F_T
C;/L < s, < @(17 m)(aSﬂ)QM 1
Hence, for all v € (0, a(1 — (]\,{7"2)2)5'”9”;31%2) and a > a, we have

0<c] <cg < - <¢) <s,<ch.

Now by Theorem 4.3, we infer that levels CY < cg < .- < ¢} are critical values of Z,. Therefore,

if ¢] <cj <--- <], then Z, has at least n number of critical points. Furthermore, if ¢j = ¢/,

for some j =1,2,...,k — 1, then again Theorem 4.3 yields that K.y is an infinite set and hence,
J

problem (2.11) has infinitely many solutions. Therefore, we can conclude that problem (2.11) has
at least n pairs of weak solutions. O

To prove Theorem 1.4 using Theorem 4.3. We show that Z., verifies all the hypotheses of
Theorem 4.3 when 4a < r + s < 2a2*.

Lemma 4.4. Let (1.9) hold and 4o < 7+ s < 202*. Then I, satisfies conditions (1)-(3) of
Theorem 4.3 for all v > 0.

Proof. Let (w,z) € D be with ||(w, z)|| < 1. Using (2.9), (2.10), n = max(n1,72) and (2.3), we
obtain

Lws) =3 [ (Ve +vePyaet o [( [ wswpa) + ([ 9rePa)]

%Y 4o
: %/ o= [ LB - 2 [ @l 1) da
()51 () P25 + f ()P ()%
4a2 /RN /]RN

|z — yl|~

v rts
— 1_ 7> 2 a 2 a
5 (1~ 7 gy 1 A = 5™ gl a2
1 2a\ 2

27, 227,
= gozg (o)l 1%

Since 4o < (r + s) and 2 < 227, we can choose 0 < € < 1 sufficiently small so that we obtain for
all (w,z) € D with ||(w, 2)|| = €, Z,(w, z) > p > 0 for some p > 0 depending on e. So condition
(1) of Theorem 4.3 is proved.

It follows from Lemma 3.10, since ¢** > 0. So, condition (2) of Theorem 4.3 is proved.

The argument replaces similarly as in the condition (3) of Theorem 4.3. O

dx dy

| \/

Proof of Theorem 1.4. Using Lemma 4.4 and arguing in a similar way to the Step 4, 5 and as
in Theorem 4.3, we can conclude that (2.11) has at least n pairs of solutions for all v > 0 and
(u,v) = (f(w), f(2)) must solve problem (1.1). O

Acknowledgments. The second author would like to thank the Science and Engineering Re-
search Board, Department of Science and Technology, Government of India for the financial sup-
port under the grant SPG/2022/002068.



28

(1]
2]
3]

(4]

(10]
(11]

[12]
(13]

[14]
(15]
[16]
(17]

(18]
19]

[20]
(21]

[22]
23]

(24]
(25]
(26]
27]
28]
[29]
(30]
(31]
(32]
(33]

(34]

V. KUMAR, S. GOYAL EJDE-2026/60

REFERENCES

P. Baras, J. A. Goldstein; The heat equation with a singular potential, Transactions of the American Mathe-
matical Society, 284 (1984), no. 1, 121-139.

H. Berestycki, M. J. Esteban; Ezistence and bifurcation of solutions for an elliptic degenerate problem, Journal
of Differential Equations, 134 (1997), no. 1, 1-25.

A. Bongers; Ezistenzaussagen fir die Choquard-Gleichung: Fin nichtlineares eigenwertproblem der plasma-
physik, Z. Angew. Math. Mech., 60 (1980), no. 7, 240-242.

A. V. Borovskii, A. L. Galkin; Dynamic modulation of an ultrashort high-intensity laser pulse in matter,
Journal of Experimental and Theoretical Physics, 77 (1993), no. 4, 562-573.

H. Brezis; Functional analysis, Sobolev spaces and partial differential equations, vol. 2, Springer, 2011.

D. Cao, P. Han; Solutions for semilinear elliptic equations with critical exponents and Hardy potential, Journal
of Differential Equations, 205 (2004), no. 2, 521-537.

D. Cao, S. Peng; A note on the sign-changing solutions to elliptic problems with critical Sobolev and Hardy
terms, Journal of Differential Equations 193 (2003), no. 2, 424-434.

M. Colin, L. Jeanjean; Solutions for a quasilinear Schrodinger equation: a dual approach, Nonlinear Analysis:
Theory, Methods & Applications, 56 (2004), no. 2, 213-226.

L. Du, F. Gao, M. Yang; On elliptic equations with Stein-Weiss type convolution parts, Mathematische
Zeitschrift, 301 (2022), no. 2, 2185-2225.

F. Gao, M. Yang, J. Zhou; Ezistence of multiple semiclassical solutions for a critical Choquard equation with
indefinite potential, Nonlinear Analysis, 195 (2020), 111817.

T. Guo, X. Tang; Existence and qualitative properties of solutions for a Choquard-type equation with Hardy
potential, arxiv preprint arxiv: 2312.11855 (2023).

G. H. Hardy, J. E. Littlewood, G. Pdlya; Inequalities, Cambridge, at university press, 1952.

D. Hu, Q. Zhang; Existence ground state solutions for a quasilinear Schrodinger equation with Hardy potential
and Berestycki-Lions type conditions, Applied Mathematics Letters, 123 (2022), 107615.

E. Jannelli; The role played by space dimension in elliptic critical problems, Journal of Differential Equations,
156 (1999), no. 2, 407-426.

L. Jing, Z. Guo, K. Teng; Ezxistence of positive solutions for a class of quasilinear Schrodinger equation with
critical exponent, Mathematical Methods in the Applied Sciences, 46 (2023), no. 12, 12402-12424.

R. Kajikiya; A critical point theorem related to the symmetric mountain pass lemma and its applications to
elliptic equations, Journal of Functional Analysis, 225 (2005), no. 2, 352-370.

D. S. Kang, S. Peng; Infinitely many solutions to elliptic systems with critical exponents and Hardy potentials,
Science China Mathematics, 55 (2012), 2027-2044.

G. Kirchhoff; Vorlesungen tiber mathematische Physik, vol. 1, Teubner, 1883.

S. Kurihara; Large-amplitude quasi-solitons in superfluid films, Journal of the Physical Society of Japan, 50
(1981), no. 10, 3262-3267.

J. Marc L. Leblond; Electron capture by polar molecules, Physical Review, 1563 (1967), no. 1, 1.

Z. Li; Positive solutions for a class of singular quasilinear Schrédinger equations with critical Sobolev exponent,
Journal of Differential Equations, 266 (2019), no. 11, 7264-7290.

E. H. Lieb, M. Loss; Analysis, vol. 14, American Mathematical Society, 2001.

P. L. Lions; The concentration-compactness principle in the calculus of variations. the locally compact case,
part 1., Annales de I'Institute Henri Poincaré C, Analyse non linéaire, 1984, pp. 109-145.

P. L. Lions; The concentration-compactness principle in the calculus of wvariations. the limit case, part 1,
Revista Matemética Iberoamericana, 1 (1985), no. 1, 145-201.

M. Massar, H. Ahmed, N. Tsouli; Multiple solutions for a quasilinear Schrodinger system of Kirchhoff type
with critical exponents, Boletim da Sociedade Paranaense de Matematica, 37 (2018), 187-203.

A. Moameni; On the existence of standing wave solutions to quasilinear Schrédinger equations, Nonlinearity,
19 (2006), no. 4, 937.

V. Moroz, J. Schaftingen; Groundstates of nonlinear Choquard equations: Existence, qualitative properties and
decay asymptotics, Journal of Functional Analysis, 265 (2013), no. 2, 153-184.

S. I. Pekar; Untersuchungen tber die elektronentheorie der kristalle, De Gruyter, 1954.

R. Penrose; Quantum computation, entanglement and state reduction, Philosophical Transactions of the Royal
Society of London. Series A: Mathematical, Physical and Engineering Sciences, 356 (1998), no. 1743, 1927—
1939.

K. Poppenberg, M. Schmitt, Z. Q. Wang; On the existence of soliton solutions to quasilinear Schrédinger
equations, Calculus of Variations and Partial Differential Equations, 14 (2002), no. 3, 329-344.

P. H. Rabinowitz; Minimax methods in critical point theory with applications to differential equations, Math-
ematical Monographs, no. 65, American Mathematical Society, 1986.

B. Ritchie; Relativistic self-focusing and channel formation in laser-plasma interactions, Physical Review E,
50 (1994), no. 2, R687-R689.

D. Ruiz, G. Siciliano; Ezistence of ground states for a modified nonlinear Schrédinger equation, Nonlinearity,
23 (2010), no. 5, 1221.

T. Shang, R. Liang; Infinitely many solutions for a quasilinear Schridinger equation with Hardy potentials,
Electronic Journal of Qualitative Theory of Differential Equations, 2020 (2020), no. 50, 1-18.



EJDE-2026/60 SYSTEMS OF KIRCHHOFF QUASILINEAR SCHRODINGER EQUATIONS 29

[35] Y. Song, F. Zhao, H. Pu, S. Shi; Ezistence results for Kirchhoff equations with Hardy-Littlewood-Sobolev
critical nonlinearity, Nonlinear Analysis, 198 (2020), 111900.

[36] L. Wang; Infinitely many solutions to elliptic systems involving critical exponents and Hardy potential, Math-
ematical Methods in the Applied Sciences, 36 (2013), no. 9, 1123-1132.

[37] Y. Xue, W. Gu, J. Han; Bound state solutions for quasilinear Schrodinger equations with Hardy potential,
Results in Applied Mathematics, 24 (2024), 100499.

[38] X. Yang, X. Tang, Y. Zhang’ Positive, negative, and sign-changing solutions to a quasilinear Schrodinger
equation with a parameter, Journal of Mathematical Physics, 60 (2019), no. 12, 121510.

[39] X. Zeng, Y. Zhang, H. S. Zhou; Positive solutions for a quasilinear Schrédinger equation involving Hardy
potential and critical exponent, Communications in Contemporary Mathematics, 16 (2014), no. 06, 1450034.

VisHAL KuMAR
DEPARTMENT OF MATHEMATICS, NETAJI SUBHASH UNIVERSITY OF TECHNOLOGY, DWARKA SECTOR-3, INDIA
Email address: vishal.kumar.phd25@nsut.ac.in

SARIKA GOYAL
DEPARTMENT OF MATHEMATICS, NETAJI SUBHASH UNIVERSITY OF TECHNOLOGY, DWARKA SECTOR-3, INDIA
Email address: sarika@nsut.ac.in, sarikal.iitd@gmail.com



