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REARRANGEMENTS OF FUNCTIONS AND OPTIMIZATION PROBLEMS
IN ORLICZ SPACES

YICHEN LIU, MOHSEN ZIVARI-REZAPOUR, BEHROUZ EMAMIZADEH

ABSTRACT. We develop the rearrangement optimization theory in the setting of Orlicz spaces.
By using this theory, we can investigate the rearrangement minimization and maximization prob-
lems related to the boundary value problems containing the ®-Laplacian and the ®-Kirchhoff
operator separately. We show the existence of solutions and derive the corresponding optimal-
ity conditions for both the minimization and maximization problems. For the maximization
problems, we also prove the uniqueness of solutions.

1. INTRODUCTION

In this article we consider the boundary value problem
=V (a(|Vu])Vu) = f(z) in €,

u=0 on 0, (1.1)

where (2 is a bounded domain in RY (N > 2) with Lipschitz boundary, a : (0,00) — (0,00) is a
continuous function such that the map

N e

is an odd strictly increasing homeomorphism from R to R, and f is in the Orlicz space L@*(Q)
with ®(t) := fot w(s)ds (t € [0,00)), which will be defined later in Section n In Section we
will show the problem has a unique solution, denoted u; (to emphasize its dependence on f),
in the Orlicz-Sobolev space W1 ®(Q). Associated with , our objective functional is defined as

Ji(f) = / O(|Vuy|)dz — / fuyda.
Q Q
Now, we are interested in the following rearrangement optimization problems (ROPs):

inf J and sup J 1.2
) awd s () (1.2

where fo is a fixed nontrivial function in L?"(Q), and the admissible set R(fy) contains all the
(measurable) functions on € having the same distribution function with fy, see Section for the
precise definition. In order to investigate the problems in , we need to build the framework of
rearrangement optimization theory in the setting of Orlicz spaces. To the best of our knowledge,
such a theory does not exist in the current literature. So, our main target in this paper is to
investigate the rearrangement optimization theory in the setting of Orlicz spaces.

Before presenting the main results, let us briefly introduce the history of the problems in .
If a =1 (and then ®(t) = %), the left hand side operator in becomes (negative) Laplacian.
In this case, the maximization problem in has been investigated by Burton and Mcleod
in [8], while Burton has considered the minimization problem of in [6 [7]. Moreover, in
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[6] [7], Burton has developed a series of tools for analyzing rearrangement optimization problems
in the setting of LP spaces. If a(t) = t*~2 with p € (1,00), the operator in becomes the
famous p—Laplacian. When p # 2, the corresponding problems in have been researched by
the authors in [I4], 17, 26]. On the other hand, many other types of rearrangement optimization
problems in the setting of LP spaces have been investigated in the literature, see [3] and the related
extensive literature in [30].

Now, we present two main results which are of fundamental importance in the analysis of
rearrangement optimization problems, see , in the setting of Orlicz spaces. Before that, we
need some preparations. If ¢ satisfies the settings described in Section 2.2 and ¥ (t) = f(f P(s)ds,
then the space LY (Q) is reflexive and its dual space is LY (), see Remark [2.4] below for details.
Our first main result of the rearrangement optimization theory in the setting of Orlicz spaces is

Theorem 1.1. Let fo € LY(Q), g € LY (), and R := R(fo). Suppose there is a increasing
function n such that f = n(g) € R. Then, f is the unique maximizer of the linear functional
L(f) = |, fgdx relative to f € R. Here, R denotes the weak closure of R.

Observing that in the conclusion of Theorem f is not only the unique maximizer with
respect to R, but also with respect to a larger set R. Theorem will play an important role in
the analysis of the maximization problem in (|1.2]).

To resolve the minimization problem in , we introduce our second main result of the
rearrangement optimization theory in the setting of Orlicz spaces as follows

Theorem 1.2. Let fo € LY(Q) and R := R(fy). Suppose J : R — R is convex, weakly sequen-

tially continuous, and satisfies
J t(g — —-J
i LU+t = 1)

t—0+ t

(f) :/QG(f)(g_f)d% Vf,g €R, (1.3)

where G : R — LY (Q) is an operator. Then, we have
(i) J attains a mazimum value relative to R.
(ii) Let f be a mazximizer of J relative to R, and suppose J is locally strictly convex at f, i.e.

Je>0: Jis strictly convez on RN B(f, )
where B(f, e) denotes the open ball centered at f with radius € in LY (Q). Then, f=

no G(f) a.e. in Q, for some increasing function 7).

By applying Theorems [I.1] and we can show the existence of solutions for the problems in
. Moreover, we can derive an optimality condition with a simple formula. For the maximiza-
tion problem in , the uniqueness of the solution is also guaranteed. The precise statements of
the results are presented in Theorems [3.5] and [3.6] below.

Next, we will use Theorems and to investigate the rearrangement optimization problems
related to the nonlocal boundary value problem

—M(/ (I>(|Vv|)dm>v-(a(|Vv|)Vv) = fz) nQ,
Q

v=0 on 9%,
where M : [0,00) — [0,00) is a continuous increasing function satisfying M (¢) > 0 for all ¢ > 0,
and the conditions for a, ®, () are the same as those for the problem (1.1)). In Section we will

show that problem ([1.4]) has a unique solution, denoted vy, in the Orlicz-Sobolev space Whe(Q).
Regarding (|1.4)), our objective functional is defined as

Jg(f)zM(/QCI)ﬂvade) —/vafdx,

where M (t) = [ M(s)ds (t > 0).
Similarly as in (1.2]), we are interested in the following problems:

inf J. and sup J: , 1.5
dmE () awd s () (1.5

(1.4)
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with a prescribed function fy defined as above. In parallel with the results obtained for , we
can use Theorems and to obtain similar results for the problems involving a nonlocal
operator here. Note that if a = 1 and M(s) = as+ 8 with «, 8 > 0, then the ®-Kirchhoff problem
becomes the famous Kirchhoff problem, see [2, 23]. For a(t) = t?=2 with p € (1,00), the
corresponding problems in have been investigated in [16].

Finally, we would like to mention other problems related to and . For the boundary
value problem , the authors in [12] 28] have investigated related problems. In recent years,
rearrangement optimization theory has be used to analyze some optimization or control problems
appearing from biology and control theory, see for example [, 15, [I8]. Two other interesting
optimization problems in the setting of Orlicz spaces are discussed in [21], 27]. In addition, it is
interesting to notice that if a(t) = =2 + t9=2 for some different p,q € (1,00), the operator in
which we will call it ®-Laplacian becomes the (p, ¢)-Laplacian, see Remark for details.

This article is structured as follows: In Section [2.1] we introduce some backgrounds for Or-
licz and Sobolev-Orlicz spaces. The rearrangement optimization theory in the setting of Orlicz
spaces will be developed in Section More precisely, we will investigate the properties of the
rearrangement class R(fp) and its weak closure, and then provide the proofs of the two main
results Theorems and Section [3|is devoted to the analysis of the ROPs and . In
the final appendix, we will discuss the relations between two structural conditions for the function
a(+) in the definition of the operator.

2. REARRANGEMENT OPTIMIZATION THEORY IN ORLICZ SPACES

We will introduce some backgrounds of Orlicz and Orlicz-Sobolev spaces in the first subsection.
Based on this, we will continue to develop the theory for solving rearrangement optimization
problems in the setting of Orlicz space in the second subsection.

2.1. Orlicz spaces. Suppose ¢ : [0,00) — [0,00) is a function satisfying
 is continuous, strictly increasing, ¢(0) = 0, and tlim o(t) = oo. (2.1)
— 00

Thus, the function ®(t) = fot p(s)ds, t € [0,00), is an N-function, see Chapter 8 in [I] for the

definition. The conjugate of ®, denoted ®*, is defined by ®*(t) = f(f o~ Y(s)ds, for all t € [0, 00).
It is known that ®* is also an N-function, and can be reformulated as:

O*(t) = sup(st — ®(s)).
s>0
Let Q be a bounded domain in RY. The set
K3 (Q) = {u:Q — R:u is measurable and / ®(|u(z)|) dz < oo},
Q
is called the Orlicz class while the Orlicz space is defined by

L®(Q) = {u:Q — R:u is measurable and lim ®(7|u(z)])dz = 0}.

=0t Jo

L®(Q) is a Banach space endowed with the Luzemburg norm
|ulle =inf {7 >0: / @(M) dz < 1}.
The following Holder type inequality holds, see [i Section 8.11],
| [ woda] < 2lulalol

Now, we assume that there exist t5 > 0 and two positive constants r and p such that

©(1)
P =

o, YueL®Q), ve L (Q). (2.2)

1<r<

t
o
Lemma 2.1. The following embeddings are continuous

LP(Q) — L*(Q) — L™ (Q). (2.4)

p<oo, Vt>tp. (2.3)
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Proof. Since ®(t) = fot ©(s) ds, we have

!
e v
=Dt Tt
For t > 7 > tg, we integrate the above inequality from 7 to ¢ and obtain
t 0) t
log — <1 <plog —.
rleT = Og‘I’(T) =Plog 7
Consequently, we have
i) )
B(t) > (:) 1 and B(t) < (:) 3 (2.5)
T T
Let 7 = tg, and for t > tg, the following inequalities hold
D(to)r \" D(ty)r \P
B(t) > (ﬂt) and  ®(t) < ( (fo) t) .
to to
Finally, we can apply [I, Theorem 8.12 (b)] to conclude. O

Remark 2.2. By setting ¢ = 27 in the second inequality of (2.5)), we infer that & satisfies the
As-condition near infinity, see [I Section 8.6] for the definition, with

O(27) <2P9(1), VT >t

In addition, for nontrivial u € L®(£), we can derive

lﬁoﬁﬁ>“:L (2.6)

Lemma 2.3. For all s > ¢(tg), it holds

see [21, equation (2.2)].

s~ (s)
P (s)

where v, p’ denote the conjugate exponent of r,p respectively.

1<p < <7 < oo,

Proof. By setting s = ¢(t), we know from a similar graph in Page 264 of [I] that
b (t) = s~ (5) = B (5) + D)

Then, the result easily follows from this relation. O

Remark 2.4. From Lemma[2.I]and Lemma [2.3] we deduce the following embeddings are contin-
uous

L7(Q) < L (Q) < L” (Q).
On the other hand, the Aj-condition implies that L®(Q) and Kg(Q) are identical, and the dual
of L®(2) coincides with L®"(Q), see Section 8.14 and Theorem 8.19 in [I]. From Remark we
can deduce both ® and ®* satisfy the As-condition near infinity. Consequently, we can apply [

Theorem 8.20] to infer L(Q) is reflexive. Moreover, the following equivalence of convergence is
true in L®(Q),

ltn —ulle = 0 <= /Q@(\un(a:)fu(xﬂ)dxﬁo, (2.7)

see [I, Section 8.13] and [2I, Lemma 2.1]. Observe that (2.7) is valid if we replace ® by any
N —function satisfying the As-condition near infinity when € is bounded.

The Orlicz-Sobolev space is defined as

ou
Le = ¢ e ¢ ) —
wie(@) = {ue L*(9): 5o € LM 1N}
It is well known that W1 ®(Q) endowed with the norm [jul1.e0 = || |Vul|le + ||ule is a reflexive

Banach space, see Remark above or [I, Theorem 8.31(b)]. The space Wol’q)(Q) denotes the
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closure of C5°(£2) with respect to |lu||;,¢-norm. Using the Poincaré inequality in Orlicz-Sobolev
spaces (see [2I, Lemma 2.4]), it follows that |[ul| := || [Vu| ||¢ is equivalent to |lull1,¢-

The following useful result is in the spirit of [24] Lemma 2.2, p. 72]. For a Lebesgue measurable
set £ C RY, we will use |E| to denote its Lebesgue measure.

Lemma 2.5. Suppose ¢,a >0, ||ugllo.o < c and

1 flle- o < w(),

holds for all k € N and ' C Q with || < a, where the function w : [0,a] — [0,00) satisfies
w(0) = 0 and w is continuous at 0. Ifux — u a.e. on Q and fi, — f in L* (), then [, upfr dz —
Joufdz as k — oc.

Proof. As up — u a.e. on 2, we infer from Egorov’s Theorem to obtain that w, converge to u
almost uniformly on Q. So, for § € (0,), we infer the existence of Q° C Q with |Q°| < § such
that uy, converge to u uniformly on 2\ Q°. Observe that

‘/Qukfkdxf/ﬂufdx‘

:’/Q(Uk_u)fkdx"‘/ﬂu(fk_f)dx‘

§’/m(uk—u)fkdx‘+‘ (uk—u)fkdm’—i—‘/ﬂu(fk—f)dx.

Q\Q?

On the other hand, by using Fatou’s lemma, we know u € L?(Q) and ||ule.q < ¢. So, the above
inequality leads to

‘/Qu;gfkdm—/gufdx‘

< 2(luklle.0 + [lulle.o)l fxl

00+ = uloonaslfilna + | [ uho~ pao

< (2] + elfus — ulwnaslfillona+ | [ uli = 1) dal,
Q

for some ¢; > 0, where we have used the generalized Holder’s inequality in the first inequality,
and Lemmas and in the second inequality. Fix € > 0. As lim; ,ow(t) = 0, we may find a
sufficiently small 6 € (0, «) such that

4ew(|Q)) < e (2.8)

and uy converge to u uniformly on © \ Q°. Remembering that f; — f in L‘I’*(Q), we deduce

I fxllo* o is bounded. So, for sufficiently large k, we have
crl|luk — ’U/”OO’Q\QrS”fk;l a0 <€ and ‘/ u(fr — f)dz| <e. (2.9)
Q
Combining (2.8) and (2.9), we have fQ u fr de — fQ ufdr as k — oo, which is the desired
result. O

Lemma 2.6. If f € L®(Q), then o(|f]) € L (Q).
Proof. Tt suffices to show that

L@wwwmm<w

are increasing, we infer that

e(|f(x)])
1ﬁOMﬂMDM=AA o1 (s)ds da
<

_/ ﬂmhﬂm+/ S @D ()] da
{If(z)|<to} {If(x)|[=>to}

swmmm+géwumDM<m,

Since ¢, !
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where we have used (2.3)) in the second inequality, and the fact f € L®(£) in the last inequality.
Therefore, (| f(x)|) € L* () as desired. O

2.2. Rearrangements of functions and optimization principles. In this section, we suppose
(1, W) is a pair of functions from [0, 00) to [0, 00) satisfying (2.1, ¥(t) = fot ¥ (s)ds, and for
some valid constants tg,r,p with ¢ = ¢, ¥ = ®. Let (X, X, u), (X', X, 1) be two measure spaces
satisfying pu(X) = p/(X’) < co. For two measurable functions f : X — R and g : X' — R, we say
f is a rearrangement of g, provided that for all § € R,

Aru(B) = p{z € X« f(x) > B}) = p/({z € X" g(x) > B}) = Ag ().
Given a measurable function fp : X’ — R, the rearrangement class R, x(fo) generated by fo on
X is defined as

Rux(fo) :={f: X — R measurable: f is a rearrangement of fy}.

When the measure p and the space X are clear from the context, we write R(fo) instead of
R, x (fo), for simplicity. Let us start by defining one important rearrangement.

Definition 2.7. Let f : X — R be measurable. The decreasing rearrangement of f on (0, u(X))
is defined by f2(s) := max{a : A;(a) > s}. Clearly, f2 is a rearrangement of f (see Lemma 1 in
[6]).

Henceforth, in this section, we focus on the case X = Q and X' = /, where Q, ) are two
Lebesgue measure spaces satisfying |©2| = [Q'|. For a set £ C LY(Q), we denote by E the closure
of E in the weak topology o(LY, L¥") (this is well-defined, see Remark . First, we present a
well-known result whose proof can be found in [7, Lemma 2.1].

Lemma 2.8. Let f : Q@ = R and g : ' — R be two measurable functions. Suppose f is a
rearrangement of g and n : R — R is Borel measurable. Then, n(f) is a rearrangement of n(g).
Moreover, if n(f) € LY(Q), then n(g) € LY(Q) and

/Qn(f) dz = /Q n(g) dz.

Now, we investigate the properties of a rearrangement class in the setting of Orlicz spaces.

Lemma 2.9. Let fo € LY(Q), and let R :== R(fo). Then

(i) RC LY, [y fodz = [, fdz and || follw = [|fllw for all f € R.

ii) R is convex and weakly sequentially compact.

(iii) R is metrizable with respect to the weak topology.

(iv) R={g€ LY(Q): [, fodz = [,gdz, [Jg2dt <[] f&dt Vs e (0,/Q)}.
(v) R is the set of extreme points of R.

Proof. (i) follows from Lemma For (iii), as LY (Q) is separable (see [I, Section 8.14 and
Theorem 8.21]), from a classical result in functional analysis, see Theorem 3.29 in [5], it suffices
to show R is bounded in LY (Q). This is clearly true as R C {f € LY(Q) : || fllw < || follw} which
is weakly closed.

For (iv), we set

A= {geLl(Q);/Qfodx/dix, /OsgAdtg/OsfoAdt vse(o,m)}.

—o (LY, L)
From [7, Lemma 2.3], we know that A = R

1 oo
Clearly, we have R C RO 4,

Now, we show that A C R. We argue by contradiction and suppose there exists a sequence
fn— fin LY(Q) with {f,} CR and f ¢ R. As {f.} is bounded in LY(Q) and LY (1) is reflexive
(see Remark , from a classical result in functional analysis, see for example [5] Theorem 3.18],
we infer the existence of a subsequence {f,,} such that f,, — fin LY (Q), and f € R. Clearly,
f = f a.e. in , and we must have f = f € R which is a contradiction. Therefore, A C R and
(iv) is proved.

, which is the weak closure of R in L().
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J— J— —0 1 oo
For (ii), the convexity of R follows from the fact R = R 5 and [7, Lemma 2.2]. Moreover,

the weakly sequentially compactness of R easily follows from (iii), the reflexivity of L¥(Q) (see

Remaurk7 and a classical result in functional analysis, see [0, Theorem 3.16]. The last assertion
. —0 1 oo
also follows from the fact R = R° ") and [7, Lemma 2.3]. O

Corollary 2.10. R is the closed convex hull of R.

Proof. We set R to be the closed convex hull of R. From [5] Theorem 3.7] and [I1 Theorem 2.2],
we know R is weakly closed in LY(Q). So, R C R;. By using Lemma and [5, Theorem 3.7
again, we infer that R is convex and closed. So, we must have Ry C R. Therefore, Ry = R. [

The rearrangement operation in Definition is non-expansive in Orlicz spaces.
Lemma 2.11. For all f,g € LY(Q), we have ||f> — g®|lv < |If — gllv-

Proof. Using the Theorem in [9], or [I3] Corollary 1] (see also the Remark after Lemma 2.7 in
[7]), we can show that

21 1A @) = A1) |f(x) — g(2)]
[ [y

T T

for all 7 > 0. The assertion follows from this. O

As we are going to apply some approximation arguments, let us set the truncation functions

k, ift >k,
T(t) = | t, if [t] <k,
—k, ift< —k,

for k > 0.

Lemma 2.12. Let fo € LY(Q), g € LY (Q), and R := R(fo). Then, the linear functional
L(f) = [, fgdx has a mazimizer f relative to f € R. Moreover, we have

. 1
/fgdxg/fgdx: feghdt, YfeR. (2.10)
Q Q 0

Proof. 1If fo € L>(Q), then the result follows from [6, Theorems 1 and 4]. For fo € LY (Q2), we
intend to apply an approximation argument. Indeed, set fr = Tx(fo). For each k € N, we know
there exists fi € R(fx) such that

. 12|
[ tode< [ fugdo= [ g2 at vreR(h). (2.11)
Q Q 0

Let us construct our maximizer f through an inductive argument. To be specific, let k = 1, and
we obtain a maximizer fl € R(f1) such that the inequality holds. Let ¢ € N, and suppose
we can get a maximizer fl such that the inequality holds. In (i + 1)th step, setting E; =
{reQ: filx)>i}={xeQ: filx)=iland F; = {z € Q: fi(z) < —i} = {z € Q: fi(z) = —i},
we know that fy has a rearrangement on 2, denoted w;, such that w; = fl a.e. in Q\ (E; U F).
Let us consider the following linear maximization problem over the set E; U Fj,

sup / fgdzx,
FeRE,uF; (Tit1(wi)|E;urF;) J EiUF;

where T; 11 (w;)|g,ur, denotes the restriction of T; 1 (w;) on F;UF;, and we know it has a maximizer
fi (which is only defined over E; U F;) satisfying

5 |E{UF;| SA A
/ figdz = / fi 9lB,ur, dz. (212)
E;UF; 0




8 Y. LIU, M. ZIVARI-REZAPOUR, B. EMAMIZADEH EJDE-2026/62

We define ~
filz) —4, ifxekE,
ni(x) =< filx)+i, ifxeF,
Clearly ﬁ_H = fl +1; € R(fi+1). We claim that fi+1 = fl + 7; is a maximizer described in (2.11)
with k =i+ 1. Indeed, it suffices to show that
essinfp, g > esssupo\ (g,ur,) 9 = essinfo\(g,ur,) g = esssupp, g. (2.13)
If (2.13) is true, then it is readily seen that

/fz‘+19df€:/figd$+/mgd$
0 Q 0

1]
_ [ s P F 4 ivad
/0 g dt+/E(fz z)gdx+/Fi<fz+z>g v

A A 5 FA A . FA A
= frg dt+/ (fo—1)g dt+/| (f& +i)g=dt
0 0

Q| —|Fy|
19]] A A
:/ fit19° dt,
0

where we have used (2.11)) with k& = 7 in the second equality, and (2.12)), (2.13]) in conjunction with
the definitions of E;, F; in the last two equalities. So, f;1+1 is a maximizer described in (2.11). To
complete the proof at this step, we only need to show ([2.13). We only prove that the left-hand
side inequality in (2.13) as the middle one is trivial and the right-hand side one is similar. To
derive a contradiction, we suppose there exist A C F;, B C Q\ (F; U F;) and « > f such that
g > ain B and g < 8 in A. Without loss of generality, we may assume |A| = |B|. Let p: A — B
be a measure preserving bijection, and such a map exists (see [29]). Now, we define i :  — R by

filz), if z€Q\ (AUB),

h(z) = 4 filp(x)),  ifz €A,

filp™'(x)), ifze B.

Observing that h € R(f;), we compute

/hgdxf/figd:r:/ hgdx — figda
Q Q AUB AUB

:/A(fz-OP)gdx+/B(ﬁOp’l)gdx*/Aﬁgdmf/Bfigdx
= [Giongar+ [ ftgopan [ fado [ (Giopigepis

=—/fz-Op[QOP—g]deri/[gOp—g]dx
A A

=/[i—fiop]-[gop—g]dxz<a—ﬂ>/[z’—ﬁop]dwo,
A

A
which contradicts the maximality of fi in (2.11), where we have also used the facts that fl =i in
ACE; and f; <ZlntQ\(E1UFZ)
Finally, setting f(z) = limg_ oo fx(z) ae. in Q, it is obvious that f € R. By letting k£ go

to infinity, the equality in (2.10) follows from the one in (2.11)) by using dominated convergence
theorem, (2.7) and Lemma For the inequality in (2.10]), we argue by contradiction and

suppose there exists f € R such that fQ fgdz > fQ fgdz. Then, we can find a sufficiently large

k such that
/Tk(f)gdx>/fkgdx
Q Q

which contradicts (2.11)). O
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Remark 2.13. From Lemma [2.12] we can deduce that

12| .
[godes [ 2 vre @), ge1¥ (@)
Q 0
which is the Hardy-Littlewood inequality in Orlicz spaces.

Lemma 2.14. Let fo € LY(Q), g € LY (Q), and R := R(fo). Suppose there is a increasing
function n such that f = n(g) € R. Then, [ is a mazimizer of the linear functional L(f) =
Jo fgdx relative to f € R.

Proof. Setting ((t) = tn(t), we know from Lemmathat ¢(g) is a rearrangement of ¢(¢g*). Using
Lemma [2:8 again, we derive

/Slgfdﬂs:/glgn(g)dx:/ﬂdg)daf

9] A 12 A A
= ¢y )dt=/ g°n(g™)dt
0 0
12 .
[ et
0
where we have used that f& = [77(9)]A = n(g®) in the last equality. We can conclude by applying
Lemma [2.12] O

Now, we are ready to prove Theorem [1.1| which is an improvement of Lemma

Proof of Theorem[I.1 From Lemma we know that f is a maximizer of L(f) relative to
f € R. It is not hard to see that f is a maximizer of L(f) relative to f € R. Indeed, we fix any
f € R. Then, there exists {f,} C R such that f,, — f in LY(Q), and it follows that

L(f) =z L(fn) = L(f)
as desired.

Next, we claim that if {f,,} is a sequence in R such that L(f,) — L(f), then f,, — f in LY ().
We leave the proof of this claim to the end, and suppose it is true at this moment. Let f € R be
a maximizer of L(f) relative to f € R. Then, there exists {f,} € R such that f, — f in L¥(Q),
consequently L(fn) — L( f) L( f) By usmg the claim, we derive f, — f in LY (). Recalling
that f, — f in LY (), we must have f f and this will complete the proof of the theorem. So,
we only need to prove the claim. Indeed, fix k£ > 0, and let us define

~71(s) = min{0, s + k},
72(s) = max{0, s — k},
73(s) = s —71(s) — 72(s)-

Observe that v3(s) = Tx(s), and ~; are increasing for ¢ = 1,2,3. So, for i = 1,2, 3, the functions
i o 1) are increasing, and we have 7; o f,,vi o f € R(v; 0 fo). As

/(f fn gdx—Z/ () =i (fn))g da

and ’yl(f) = (y; on)(g), we may use Lemma m to obtain
| eith =uthgds =0
for i = 1,2,3. Recalling that L(f,) — L(f), we must have

/Q(%-(f) —7i(fn))gdz — 0 (2.14)
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for ¢+ = 1,2,3. Observe that

1f = fallw = || im(f) ~w(), (2.15)

< Dl + ImE)lle +1e(Hlle + Ir2(fa)lle + 1) = ()l

Now, let us fix € > 0. After an application of dominated convergence theorem and Lemma (1),
we can find a sufficiently large k& > 0 such that

I (Dlle = (fa)lle <6 and [re(Hlle = [r2(fa)lle < e
On the other hand, as L(v3(f,)) — L(73(f)) (see ([2:14)), we may use [, Theorem 2] and to
imply that
Iy3(fn) = 3(F)llw = 0.
So, for all sufficiently large n, it follows from that

If = fullw < 5e,

which proves the claim. This completes the proof of the theorem. O

The following two lemmas will help us utilize Theorem in applications. We need some
preparations before stating the results. Let f : £ — R be measurable, and S be a measurable
subset of 2. We say the graph of f has no significant flat sections on §' if

HzxeS:f(z)=a}|=0 VaeR
In addition, for g € L1 (Q), we denote the support of g on Q by S(g), i.e. S(g) = {z € Q: g(z) > 0}.

Lemma 2.15. Let f,g: Q — R be measurable functions. Suppose the graph of g has no significant
flat sections on Q. Then, there exists a increasing (or decreasing) function n such that n(g) is a
rearrangement of f.

For a proof of the above lemma, see [7, Lemma 2.9], or [I7, Lemma 2.2].

Lemma 2.16. Let fo € LY(Q), g € LY (), and R := R(fo). Let f be a minimizer of the
linear functional L(f) = fQ fgda relative to f € R. Suppose the graph of g has no significant flat

sections on S(f). Then, there exists a decreasing function n such that n(g) is a rearrangement of

Jo-

Proof. The proof is a minor variant of the proof of |25, Lemma 2.12]. For the convenience of
readers, we sketch the proof here. Firstly, we observe that [S(fo)| < [S(f)| (see [25, Lemma 2.11]).
Consequently, there exists f1 € R such that S(f1) € S(f). Since the graph of ¢ has no significant
flat sections on S( f), by using Lemma we infer the existence of a decreasing function ng
such that ns(g|gs)) is a rearrangement of fi|g 7. On the other hand, by using a similar proof of

(2.13) (or see the proof of [25], Lemma 2.12] for details), we can show
ess infs(f)c g > esssupg 4 g =7

Now, we construct n as follows,

0, ift >~.

n(t):{"S(t)’ ift <n,

Clearly, n is decreasing and 7(g) € R(f1) = R as desired. O

Lemma 2.17. Let fo € LY(Q), g € LY (), and R := R(fo). If the linear functional L(f) =
fQ fgdz has a unique maximizer f relative to f € R, then there is an increasing function n such
that f =n(g) a.e. in Q.
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Proof. The proof is a minor variant of the proof of [6, Theorem 5]. More precisely, we define a
function
n(e) = essinf f({z € Q: g(z) > a})
and try to show that f =1(g) a.e. in Q. This is the desired result as 7 is increasing.
For convenience of the readers, we provide another proof by an approximation argument in
conjunction with [0, Theorem 5] here. Firstly, if g € L°°(2), then the result follows from [l
Theorem 5]. Suppose g € LY (). We claim that for all measurable F' C Q with |F| > 0:

f|F is the unique maximizer of Lp(f) = / fgdz relative to f € Rp(f). (2.16)
P

Indeed, to derive a contradiction, we suppose h € Rp( f), h # f | on some measurable subset of
F with positive measure, and [, hgdz > [, fgdz. Now, we define

2 Jf@), itzeQ\F
f(x)_{h(x), ifzeF.

It follows that

/fgdx: fgdx+/hgdm2 fgdx—i—/fgdx:/fgdx,
Q O\F F F Q

O\F
and this implies f is a maximizer over R. Since f is different from f , we reach a contradiction.
Next, we observe that there are at most countably many « € R such that |[{z € Q : |g(z)| = a}| > 0
since |Q] < 0o. So, we can find a increasing positive sequence {k,} such that k, — oo and

HrxeQ:g(x) =k, U{zeQ:g(x)=—k,}|]=0 VYVneN (2.17)
We set E, = {z € Q : |g(x)] < kn}. Observing that ¢ is bounded in E,, we can construct
a desired increasing function by using and an inductive argument. To be specific, let
i = 1, and we obtain a increasing function 7y : (—ki, k) — R such that f = n(g) ae. in
E: by using with ' = F; and [6, Theorem 5]. Let ¢ € N, and suppose we can find a
increasing function 7; : (—k;, k;) — R such that f = n;(g9) a.e. in E;. We intend to extend 7;
to a desired increasing function on (—k;y1,ki1). Denoting Fy = {z € Q : k; < g(x) < kip1}
and F2 ={z € Q: —kit1 < g(x) < —k;}, we have F;11 = E; UF; UF,. Now, we apply
with F' = Fy, Fy and [6, Theorem 5] to obtain two increasing functions ¢y : [k, ki+1) — R,
Cg ( kiv1, —ki] — R such that f = ¢i(g) a.e. in Fy and f = (3(g) a.e. in Fy. On the other hand,
by using a similar proof of (in the proof of Lemma , we can show that

essinfp, f > esssupp, f > essinfp, f > esssupp, f (2.18)
Defining ;11 : (—kit1,kiv1) — R by
y if s e [k l_;,_l)

(s)
Nig1(s) = < mi(s), if s € (—ki, ky),
(), ifs € (—kit1,—kil,
)

|F1| = 0, then we can set n;+1(s) = sup{ni(s) : s € (—k;, k;)} for all s € [k;, k;+1). The case
|F5| = 0 can be treated similarly.) Finally, we do this process inductively, and get a increasing
function 7 : R — R satisfying n(s) = n;(s) if |s| < k; and f = n(g) a.e. in  as desired. O
Proof of Theorem[1.3 We follow the ideas of the proofs of [6, Theorem 7], and [I5, Lemma 3].
(i] We begin by considering the maximization problem

?u%J(f). (2.19)

Slnce J is weakly sequentlally continuous, and R is weakly sequentially compact (see Lemma. (i)

is solvable and let f € R be a solutlon By applying the formula , we infer that f
maximizes the linear functional L(h fQ hda: relative to h € R. From Lemma we
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know that the functional L has a maximizer f relative to R. It follows that f maximizes L relative
to R as well, as L is weakly sequentially continuous. Whence, in particular, L(f) = L(f). By
using the convexity of J and the formula , we have

J(f+tf - F) /G —L(f-f)=o0.

J(f)=J(f) >

Thus, J(f) = J(f), and f € R is a solution of (2.19 ([2:19), as desired.

(ii) Let us fix a maximizer f satisfying the local strict convexity. For any g € R, there exists a
sufficiently small ¢ > 0 such that

lim
t—0+ t

02 5(g) ~ () > WHE=INZID [ iy fras
Q

where the second inequality follows from the local strict convexity of W at f, and the third
inequality is derived from the convexity of J in combined with the formula . Thus, f is the

unique maximizer of the linear functional L(h) = [, G(f)hdz relative to h € R By applying
Lemma [2.17] we infer f = o G(f) a.c. in Q for some increasing function 1 as desired. O

Remark 2.18. In Theorem if J is a Gateaux differentiable function defined on LY () with
derivative J', then G = J’ in (1.3).

Before proving the last lemma, we state a basic result, which can be found in [6, Lemma 2].

Lemma 2.19. Let f € L'(Q). Then for any measurable ' C Q, [, fdx < fm !

fAdt.
Finally, we present a lemma which will help us apply the convergence result in Lemma [2.5]

Lemma 2.20. Let fo € LY(Q) and R := R(fo). Then, there exists a increasing function w :
[0,]9]] = [0,00) such that w(0) = 0, lim;—,qw(t) =0 and the following inequality

1fllw.or < w(I€])
holds for all f € R and ' C Q. In fact, we can choose w(t) = ||| fo|*|lw,(0,0)-

Proof. Firstly, we prove the case fo > 0. Let us fix f € R and ' C Q with |Q/| = a. It follows
from Lemma (iv) that
B B
/ fAds < / fOA ds
0 0

holds for all 8 € [0,|Q|]. By using an approximation argument with simple functions (see [19]
proof of Lemma 2.4]), we can derive

/a fAgRds < /a &gt ds, Yge LY (Q). (2.20)
On the other hand, as Uy (¢) := ¥(t/A) for XA > 0 is convex with U} (¢) = (t/’\) , we obtain
[ wtgnas— [ueasz 5 [ ot eme - 12 )ds
0 0 0

From Lemma we know that ¢ (f/\) € Lf (€). Observing that ¥ (f/A\)2 = 1(f2/\), by using
([2.20), we deduce that

[ wenasz [Turse)as (2.21)
On the other hand, by Lemma and the fact Wy (f)® = ¥, (f?), we obtain
// Uy (f(x) de < /Oa Uy (FA(s)) ds. (2.22)

Combining (2:21) and (2:22), we infer || f[|w,0' < ||f&* || w,(0,0)- We claim that the function w(a) :=
||f0A||q,7(0,a) satisfies the required property. Clearly, w is increasing and w(0) = 0. We only need to
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show lim;_,ow(t) = 0. To derive a contradiction, suppose there exists a sequence {t,,} decreasing
to zero and it satisfies w(¢,) > € > 0 for all n. This implies

o f8 (@)
/O \I/(OT) dr > 1

holds for all n which is an obvious contradiction, as the left hand side integral will decrease to
zero as n — oo. Therefore, we have proved the case fo > 0.

Secondly, we consider the general case fy € LY (). We can repeat the above arguments if we
prove that

B B
/ IR ds < / Fol® ds (2.23)
0 0

holds for all 8 € [0,]Q2|] and f € R. Obviously, the above inequality holds for all f € R. So, let
us fix any f € R\ R and 3 € (0, |2|]. We set the sign function

1, ift>0,
sign(t) =¢0, ift=0,
-1, ift<0,

and we know from a fundamental result that there exists a Borel set F' C Q with |F| = 8 and

/ 112@ds = [ If@lde = [ 1) Gien(f@)xr(e) do (2.24)

see for example [3, relation (12)]. As f € R\ R, there exists a sequence {f,} € R such that
fn— fin L¥(Q2). This implies

/fn (sign(f(z))xr(z dx%/f - (sign(f(x))xr(x)) de. (2.25)
On the other hand, we infer from Lemma [2.19] that
B B
| ) smtr@r@) < [ @l [Cin2as= [Cipt e
F 0 0
Therefore, the inequality (2.23) follows from (2.24)), (2.25) and (2.26]). Following the arguments

in the first step, we can show that the function w(a) := ||| fo|*||w,(0,) is the desired one. This
completes the proof of the lemma. O

3. OPTIMIZATION PROBLEMS
Let a : (0,00) — (0,00) be a continuous function such that the map

if
oft) {g(tw fe£0,

is an odd strictly increasing homeomorphism from R to R. Then, the function ®(¢ fo (s
t € [0,00), becomes an N-function. Instead of ( ., we suppose there are two posmve constants
r and p such that

te(t)

l<r<—+<p<oo, Vt>D0. (3.1)

a(1) =

in this section. With this stronger condition, we can derive a useful result.

Lemma 3.1. If |lullg > 1, then

[ulls < /Q@(IU(x)I)dx < ulle- (3.2)
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Proof. The proof is of minor variant of the proof of [28, Prop. 2.1]. For convenience of the readers,
let us prove the left-hand side inequality in (3.2). For 0 > 1 and t > 0, integrating the second
inequality in (3.1) from ¢ to ot yields

o [T Ts) . P(at)
log(a)—/t ;dsg/t @ds—log (0

and this implies
o™ ®(t) < O(ot).
Clearly, the above inequality is also true for ¢ = 0. Since |Ju||l¢ > 1, we deduce that

|u(z)] |u(z)]
®(fu(x)]) dz = / P llulle - dz > flully | @ dz = [Jullg,
I, (e ) ), () "
where we have used (2.6) in the last equality. O

Let us present some applications of the results in Section 2] Henceforth, we use the symbol C'
to indicate a generic positive constant that may vary from one place to another.

3.1. ®-Laplacian case. Consider the boundary value problem
-V - (a(|Vu))Vu) = f(z) in Q,
u=0 on 09,

where Q is a bounded domain in RN (N > 2) with Lipschitz boundary, and f € L®"(Q). For a
solution u € Wy *(Q) of (3.3)), we mean

(3.3)

/ a(|Vu|)Vu - Vwdx = / fwdz, Ywe W)*(Q). (3.4)
Q Q
Under this definition, we have the following result.

Theorem 3.2. Problem (3.3) has a unique solution uy € Wol’q)(Q). Moreover, the solution uy is
the unique minimizer of the energy functional Ey : Wol’q)(Q) — R defined by

@M:AMWWM_AMM’

relative to u € Wy ®(Q). In addition, if f € L* (Q) N L2,
ta’(t)

a(t)

(), a € C(0,00) and it satisfies

r—2<

<p—2 Vt>0. (3.5)

then a(|Vuys|)Vur € W2 (Q).

loc

Proof. Tt is clear that E; € C*(Wy®(Q)), see [28, Prop. 4.1]. For ||u| = || |Vu| ||¢ > 1, it follows
from Lemma 3] that

Ep(u) 2 [Jul]" = 2| flle- [[ulle = [Jul|” — CI|f]
where we have also used Holder’s inequality in the first inequality, and the Poincaré inequality
(see Lemma 2.4 in [21]) in the second inequality. So, Ey is coercive as r > 1. Since ® is
strictly convex and strictly increasing, we infer Ey is strictly convex. To show Ej is weakly lower
semicontinuous, it suffices to show the functional I : WO1 “?(€2) — R defined by

N@=AMWW® (3.6)

is weakly lower semicontinuous. By using with © = 0, we can show I is continuous at v = 0.
As T is convex, from a classical result in convex analysis, see for example [I1, Theorem 2.34], T" is
continuous (even locally Lipschitz) over VVO1 "P(Q). Thus, by using |20, Prop. 4.26], we can derive
I' is weakly lower semicontinuous, which implies Ey is also weakly lower semicontinuous. Now, we
can apply the direct method to the minimization problem

inf  Ef(u), (3.7)
ueWy ®(Q)

P* [l 'U;”,
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to deduce that it has a unique solution. It is straightforward to show that (3.7) and (3.3) have

the same solutions. The last result is a direct consequen

ce of [I0, Theorem 2.1]. O

Remark 3.3. If a € C1(0, 00), then the condition (3.5)) is ‘strictly’ stronger than that of (3.1)). A
concrete discussion of the relations between (3.1) and (3.5) is included in Appendix, and see also

Remark B.7 below.

For any f € L® (), we use uy € Wy ®(Q) to denote the unique solution of (3.3) (see Theo-

rem |3.2)). Now, we are ready to recall the rearrangement

in. Let fo be a nonnegative and nontrivial function in L®

following optimization problems:

optimization problems we are interested
(Q) (or fo € L2 (). We consider the

nt () = Bylag) = [ @(Vaghde— [ fusda, (3.5)
and
sup J1(f). (3.9)
fER(fo)

To solve the above optimization problems, we first investigate the properties of the energy func-

tional Ji. For simplicity, we set R = R(fo).

Lemma 3.4. The following statements are valid:

(i) Ji: R — R is weakly sequentially continuous in
(ii) Ji is strictly concave.
(i) Given f1, fo € R, it holds

lim Ji(fr +t(fe — f1)) — Ji(f1)

t—0+ t

_ / (f2 — fu)uy, dr.
Q

L2 (Q).

(3.10)

Proof. (i) Let {f,} C R satisfying f, — f in L*"(Q) and set u,, = uy, for simplicity. By using
(3.4) and the fact ®(¢t) = fot p(8)ds < tp(t) (as ¢ is increasing), we deduce

[ o9unde < [ o(Vun[Vun| do
Q Q

= [ faupdzx
Q

_ / a(| Vet )|V |2 dz
Q

< 2| fulle~lunlle < Cllun,

where we used Hoélder’s inequali
one. Applying this and Lemma [3.1} we can find {u,} is
existence of a subsequence, still denoted {u,}, and u €

‘ﬁn the second inequality, and the Poincaré inequality in the last

bounded in W, “?(Q). Thus, we infer the
Wy *(€) such that u, — u in W' * (),

Up — win LY(Q), and u, — v a.e. in Q, where the second convergence follows from the embedding
Wy () — W, (€2) and the compact Sobolev embedding. Since the functional T' defined in (B.6)
is weakly lower semicontinuous (see the proof Theorem , we infer that

By = [ ®(Vuhdo— [ fua

{/Q@(\Vuﬂ)dx—/ﬂfnundx}

/ O(|Vuy,|)de — fnunda:}
Q Q

< liminf
n—oo

< limsup {

n—roo

< limsup {

n—roo

/ &(|Vug))d
Q

X

(3.11)

T — /Q fnuf dx}

:/CI)(|Vuf|)dz—/fod$=Ef(uf)7
Q Q

where we used Lemma [2.5] in conjunction with Lemma |

imality of u, in the third inequality (see Theorem @ .

2:20] in the first inequality, and the min-
Using Theorem again, we obtain
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u = uy. Furthermore, all the inequalities in (3.11) become equalities, and we have
Jim Ji(fn) = lim Ey, (un) = Ef(uy) = J1(f)

as desired.

(ii) We first show that J; is concave. Observe that

L) = Ef(us) = inf {/Q<I>(|Vu|)dx— qudx}.

weWw, *(Q)

So, Ji, as the infimum over a collection of affine functions of f, is concave (see for example
Proposition 2.20 in [11]).

Now, we show that .J; is in fact strictly concave. Let us fix two functions f; # f> in R and let
fe=tfi+ (1 —1t)f2, t € (0,1). It is clear that f; € R as R is convex (see Lemma (ii)). For
simplicity, let us set u; = uy,, uo = uy, and u; = uy,. We need to show that

Jl(ft) > tJl(fl) + (1 — t)Jl(fg) vVt € (0, 1). (3.12)

Let us suppose (3.12)) is false and seek a contradiction. So we assume there exists ¢ € (0,1) such
that

Ji(fe) =t (f1) + (1 =) Ji(f2). (3.13)
Note that in (3.13)) we have used the concavity of J;. Writing out the left-hand side of (3.13)), we
have

/ (Vi) dar / four dz = t1(f2) + (1 — )11 (fa).
Q Q

Hence,
A

t(/Qq)(IVutl)dxf/Qflutdf*Jl(fl))

B

Jr(l—t)(/Q<I>(|Vut|)dx—/ﬂf2utdx—Jl(f2)> = 0.

Clearly, (3.14)) implies A = B = 0. So, recalling the minimality of u; and us, we infer u; = u; = us.
Furthermore, it follows from (3.4)) that [,(f1 — f2)wdz = 0 for all w € W *(Q). Thus, f; = fa
a.e. in €2, which is a contradiction.

(iii) To prove (3.10)), it suffices to show that for a numerical sequence {t,} such that ¢, } 0,
ta(fo— f1)) —
i AUt = f1) = SlA) _ —/(f2 — f1)uy, da. (3.15)
n— oo tn Q
Let us set u1 = uy,, v = uy,, and w, = up,,, where hy, = fi1 +t,(f2 — f1). We have

Jl(hn):/tb(an\)da:—/ Bt da
Q Q

g/g@ﬂVuﬂ)da:—/ﬂhnuldx
:/Q<I>(|Vu1\)dx—/ﬂf1u1dx—|—/g(f1—hn)uldx

= (R =t [ (2= s da.
where we used the minimality of w,, to derive the inequality. Similarly, we can find that
Ji(f1) < Ji(hy) +tn/ﬂ(f2 — fi)wy dz. (3.17)
From and , we obtain
—/Q(fg — fHw, dz < M < _/Q(f2 — fi)uq da. (3.18)

n

(3.14)

(3.16)
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Using the results in part (i), we know w, — uy in W, ®(Q). Therefore, (3.15) follows from
(13.18)). (]

Now, we have enough tools to solve the optimization problems (3.8) and (3.9).

Theorem 3.5. The minimization problem (3.8)) is solvable. Moreover, if f € R is a minimizer,
then f = ((uf) a.e. in Q for some increasing function ¢.

Proof. The assertions follow directly from Lemma and Theorem with J(f) = —J1(f) and
G(f) = uy. O

Theorem 3.6. Suppose fo € LY (Q) N L2

2 (Q), a € CY(0,00) and it also satisfies ([3.5)). The
mazimization problem (3.9)) has a unique solution f € R. Moreover, we have f = n(uf) a.e. i

for some decreasing function 1.

Proof. First, we consider the relaxed problem

sup J1(f). (3.19)
feER
Since R is weakly sequentially compact (Lemma (ii)) and J; is weakly sequentially continuous
(Lemma (i), the problem (3.19) is solvable. Because of the convexity of R (Lemma (ii))
and strict concavity of J; (Lemma E (ii)), the solution to is unique and we denote it by
f. For any g € R, we have f + t(g— f) € R for all t € (0,1). So, by applying Lemma (iii), it
follows that

05 tm AU =) = A

t—0+ t

[ o= Py,
o J
This means

/gufdxz/fufdx Vg € R.
Q Q

Hence, f minimizes the linear functional L(h) = fQ hu;dz relative to ¢ € R. On the other
hand, from the differential equation in (3.3) and Theorem [3.2| (in particular, the last assertion), in
conjunction with [22] Lemma 7.7], we deduce that the graph of u 7 has no significant flat sections on

S(f) By using Lemma we infer the existence of a decreasing function 7 such that n(uf) eR.
Applying Theorem we must have f = n(u f) € R as desired. O

Remark 3.7. The ®-Laplacian operator includes the famous p—Laplacian operator if we set
a(t) = t*~2. Clearly, the structural conditions and are satisfied with » = p. Moreover,
if we set a(t) = tP=2 4+ 972 for some p, ¢ € (1, 00) satisfying p < ¢, then the ®-Laplacian operator
becomes the (p, ¢)—Laplacian one. The structural conditions and are also satisfied in

this case. Indeed, it is elementary to show the function g defined by g(t) = % is increasing on

p q

(0,00). Consequently, for all ¢ > 0, we have

) to(t) P +te .
< < 7 = = < =
p< lim g(t) < o) T+C 9(t) < Jim g(t) = ¢,

and this proves (3.1)). Condition (3.5)) can be shown in a similar way. On the other hand, consid-
ering the delicate example constructed in Appendix, see (4.1]), it satisfies the structural condition

(3.1]), but not for (3.5)).

Remark 3.8. Our main results in this subsection, i.e. Theorems and extend the corre-
sponding results in [6, [7} [§] for the classical Laplacian operator, and that in [I4] [I7, 26] for the
p-Laplacian operator.
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3.2. ®-Kirchhoff case. Consider the boundary value problem

—M(/Q<I>(|Vv|)dx>v-(a(|Vv|)Vv) — fl2) inQ,
v=0 on 09,

(3.20)

where  is a bounded domain in RY (N > 2) with Lipschitz boundary, f € L® (Q), and M :
[0,00) — [0, 00) is a continuous increasing function satisfying M (¢) > 0 for all ¢ > 0. For a solution
v e Wy*(Q) of (B.:20), we mean

M(/ <I>(\Vv|)dx) / a(|Vo|)Vo - Vw da = / fwdz, Ywe Wh(Q). (3.21)
Q Q Q
Using this definition we obtain the following result.

Theorem 3.9. Problem (3.20) has a unique solution vy € W(}’q)(Q). Moreover, the solution vy is
the unique minimizer of the energy functional I¢ : Wol"i’(Q) — R defined by

If(v):M(/¢(|vu\>dx) —/vadx,

relative to v € Wol’q)(Q), where M (t fo (t > 0). In addition, if f € L* (Q)N L2 (Q),
a € C1(0,00) and it satisfies -, then a(|Vv|)Vv e WL2(Q).

loc

Proof. Using that M is continuous, we can show I; € C1 (W, *(2)) by a variant of the proof of
[28, Prop. 4.1]. Observing that M is increasing, for ||v|| > 1, it follows from Lemmathat

Ip(w) = M ([[o]") = 20 flle- [olle = (loll” = )M (1) = Cllflla- o]

where we used Hoélder’s inequality in the first inequality, and the Poincaré inequality in
the last one. Since M(1) > 0 and r > 1, Iy is coercive. Observing that the functional I'(v) =
Jo® |Vv| ) d is strictly convex (as @ is strlctly convex and strictly increasing), it follows from the
fact M is strictly increasing (as M (t) > 0 for all ¢ > 0) and convex that I; is strictly convex. On
the other hand, remembering that T is weakly lower semicontinuous (see the proof of Theorem,
we can show the functional T': W, “?(Q) — R defined by

I'(v) :M(/QCIJ(Wv\)dx) (3.22)

is weakly lower semicontinuous as M is continuous and increasing. This implies Iy is weakly lower
semicontinuous. Now, we can apply the direct method to the minimization problem
inf  Iy(v), (3.23)
veEWE*(Q)
to obtain a unique solution. It is straightforward to show that (3.23]) and (3.20) have the same
solutions. For the last assertion, if vy = 0, then it is trivial. Otherwise, M ([, ®(|Vvy|)dz) > 0
and it follows from [I0, Theorem 2.1]. O

For each f € L® (Q), we use v; € Wol’q)(Q) to denote the unique solution of (3.20]) (see
Theorem . Now, we can recall the rearrangement optimization problems in the ®-Kirchhoff
setting. Let fy € Lf (©) and we consider the following optimization problems

nt D)= 1p(00) = 31 [ @(Veslyde) = [ fosa. (3.24)
and
sup  Jo(f). (3.25)
fER(fo)

Again, we firstly investigate the properties of the energy functional Js. For simplicity, we set
R =R(fo)-

Lemma 3.10. The following statements are valid:
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(i) J2: R — R is weakly sequentially continuous in L® ().
(i) Ja is strictly concave.
(iii) Given f1, fo € R, it holds

lim Jo(f1 +t(fo — f1)) — J2(f1)

t—0+ t

= - / (f2 = f1)vy, da. (3:26)
Q

Proof. (i) Let {f,} C R satisfying f, — f in L% (Q) and set v, = vy, for simplicity. Similarly as
the proof of Lemma (i), we can derive

M(/Q<I>(|an|)dm)/Q<I>(|an|)dx
gM(/Q<I>(|an|)dx)/Q<p(|an|)|an|dx
:M(/Qq)(|an|)dx)/Qa(|an|)|an\2dx

:/fnvndm
Q

< 2|[fnlle-
< Cllon]|-

As M is increasing, for ||v,|| > 1, it follows from Lemma [3.1] that
M([[on][)[onll" < Cllonl|-

UnH<D

Thus, {v,} is bounded in I/VO1 ’(I)(Q). Consequently, we infer the existence of a subsequence, still
denoted {v,}, and v € Wol’é(ﬂ) such that v,, — v in Wol’q)(Q), v, — v in LY(Q), and v, — v
a.e. in €. Since the functional I defined in is weakly lower semicontinuous (see the proof
Theorem , we infer that

If(v):M(/ch(Nm)dx) —/vadx
glinrr_lgf{]\?[(/gfb(anDdx) —/anundx}
gliﬂs;ip{M(/Qq>(|wn|)dx) —/anvndx} (.27)
gliﬂs;p{z\z(/gq>(|wf|)dx) —/anvfdx}

:M(/ <I>(|va|)dm) —/fvfdx
Q Q
= Iy (vy)
where we used Lemma [2.5] in conjunction with Lemma in the first inequality, and the mini-

mality of v, in the third inequality (see Theorem [3.9). Using Theorem again, we obtain v = vy.
Furthermore, all the inequalities in ([3.27) become equalities, and we have

nlinéo Jo(fn) = nhHH;O Ifn(vn) = If(vf) = J2(f)

as desired.
The proofs of (ii) and (iii) are essentially along the same lines of that of Lemma [3.4] (ii) and
(iii), so omitted. O

Theorem 3.11. The minimization problem (3.24]) is solvable. Moreover, if f € R is a minimizer,
then f = ((vf) a.e. in Q for some increasing function (.

Proof. The assertions directly follow from Lemma [3.10]and Theorem [I.2] with J(f) = —J2(f) and
G(f) = v 0
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Theorem 3.12. Suppose fo € L2 (Q) N L2 (Q), a € C*(0,00) and it also satisfies [B.5). The
mazimization problem (3.25) has a unique solution f € R. Moreover, we have f = n(vf) a.e. in
Q for some decreasing function 1.

Proof. By using Lemma [3.10|and Theorem [3.9] the proof is essentially along the same lines of that
of Theorem so omitted. O

Remark 3.13. When a(t) = 1 and M (s) = as+ 8 with «, 8 > 0, the ®-Kirchhoff problem
becomes the famous Kirchhoff problem. The problem is nonlocal and it has a connection
with the ®-Laplacian problem . Specifically, you can find a description of this in |2, Section
2] for a(t) = 1, and [16, Lemma 2.2] for a(t) = t?~2. The homogeneity of the function a(t) plays a
role in these connections. Moreover, if a(t) = =2 + 772 with 1 < p < ¢ < oo, then the problem
(3.20) is a nonlocal problem of (p, ¢)—Kirchhoff type, see also Remark In addition, our main
results in the subsection, i.e. Theorem and extend the corresponding results in [16] for
the p—Kirchhoff operator.

4. APPENDIX: RELATIONS BETWEEN THE CONDITIONS (3.1)) AND (3.5)

Suppose a € C'(0,00) satisfies the conditions described in the first paragraph of Section
without . Firstly, we intend to show the condition b)) implies that of ( . Let us fix any
t € (0,00). Recalling that ¢(t) = ta(t) and (¢ fo saf ds by Cauchy’s mean value theorem,
there exists ¢ € (0,t) such that

tolt) _ () —0 _ (tg)(0) _ Pal() +2cale) _ea'()
1) ) -0 V() el a0 °
This, in combined with , implies as desired.

Secondly, we want to construct an intriguing example of a(t) such that it conforms for
certain p,r € (1,00) while not satisfying for any p,r € (1,00). This example shows the
converse implication from to is not true in general. We start with the construction of
the function ¢ : [0,00) — [0,00). Let n € C'([0,1]) be any strictly increasing function satisfying
n(0) =0, n(1) =1, 7’ (0) =1, and /(1) = 0 (such a function clearly exists). Let N € ZT be large,
to be determined later. The function ¢ is defined as follows

t, if t € [0,2N — 1],
n(t—2N +1)+2N —1, ifte (2N —1,2N],

) = (t — 2K)2 + 2k, if ¢ € (2%, 2k + 1], Yk € {N,N +1,...}, (41)
(t—2k—2)2+2k+2, ifte(2k+1,2k+2], Vke{NN+1 .

see Figure [I| for part of the graph.
Consequently, we find

1, if t € (0,2N — 1],

) — w if t € (2N —1,2N],
(2h) 42k if t € (2k,2k +1], Vk € {N,N +1,...},
w, ifte(2k+1,2k+2], Vk € {N,N+1,...}.

It is easy to show that a € C1(0,00). At the points t = 2k (k € {N,N +1,...}), we have

ta'(t)

a(t)

Clearly, this contradicts (3.5) (and [10, condition (2.2)]). On the other hand, let us estimate

the condition We fix any ¢ € [i,7 + 1] with ¢« € {2N — 1,2N,...}. Remembering that
fo ds we infer from Figure |1/ that

t—ok 1

i? <tp(t) < (i+1)%
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2N -1 2N 2k 2k+1 2k+2

FIGURE 1. Graph of o(t)

2 i—2N+1 t (i+1)?2 i—-2N+2
T e = ds < ,
- <o = [ el B I
It yields
) 2 B 2
(i+1)2+i—2N+2 (i+21)2 + =242
< )
() (4.2)
(i+1)2
= 42 _ i—2N+1
2 2
_ i+
T2 —i42N -1
2
We define f,g : 2N — 1,00) — R by f(t) = ﬂ_ﬁ% and ¢(t) = Mﬁ Direct

calculations show that f'(¢) < 0 and ¢'(¢) > 0 for all ¢ € [2N — 1,00). Therefore, it follows from

that

(2N — 1)? o) (2N
22— =292N -1) < —=<2f2N -1)=2——
(2N)2 + 1 9 )< B(t) = ut ) 2N —1)2’
for all t € 2N — 1,00). It is obvious that % =2 for all ¢t € [0,2N — 1]. Whence, for any € > 0,
we can find a sufficiently large N € Z* such that
to(t)
2—e< —5<2 vVt >0
€< o(1) = + €, > 0,

which shows the function ¢(t) will satisfy the condition (3.1 for a large N when r € (1,2) and
p € (2,00).
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Remark 4.1. We can replace the exponent 2 in the definition of ¢, see (4.1, by any r € (1, 00) to
get other interesting examples. More precisely, we only need to replace (t — 2k)? and (t — 2k — 2)?
in (4.1) by (¢t — 2k)" and (2k + 2 — t)" respectively. The details are left to the readers.
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