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EXISTENCE OF GROUND STATE SOLUTIONS FOR FRACTIONAL

CHOQUARD SYSTEMS

HUI XU, YULIN ZHAO

Abstract. This article studies the existence of ground state solutions for nonlinear fractional

Choquard systems. Under Berestycki-Lions type assumptions on the nonlinearity, we develop a

variational framework in fractional Sobolev spaces to tackle the system. The main difficulties
arising from the nonlocality of the fractional Laplacian and the associated loss of compactness

are overcome by combining the concentration-compactness principle, the Pohožaev identity, and
s-harmonic extension techniques. We establish the existence of ground state solutions of the

fractional Choquard systems, and a numerical example is provided to verify the main result

obtained in this paper.

1. Introduction and Main Results

This article investigates the existence of ground state solutions for the fractional nonlinear
Choquard system

(−∆)su1 + u1 = (Iµ ∗ F (u2))f(u1), x ∈ RN ,

(−∆)su2 + u2 = (Iµ ∗ F (u1))f(u2), x ∈ RN ,
(1.1)

where N ≥ 3, s ∈ (0, 1), F is the primitive of f , and the function Iµ : RN → R is the Riesz
potential of order µ ∈ (0, N), i.e.,

Iµ(x) =
Γ
(
N−µ

2

)
Γ
(
µ
2

)
πN/22µ|x|N−µ

, ∀x ∈ RN \ {0}.

Nonlinear Choquard-type equations are a class of nonlocal elliptic equations featuring convo-
lution terms. Such equations arise in various contexts in mathematical physics and nonlinear
analysis. The classical form of the Choquard equation was introduced by Pekar in 1954 in his
study of the quantum theory of the polaron [33], and takes the form

−∆u+ u =
(
I2 ∗ |u|2

)
u, x ∈ R3. (1.2)

where I2(x) = 1
4π|x| denotes the Newtonian potential in R3, equivalently, the Riesz potential of

order 2. In 1976, Choquard employed this equation within the Hartree-Fock theory to model
a one-component plasma. The existence and uniqueness of a positive ground state solution for
equation (1.2) were subsequently established by Lieb [27] via symmetric decreasing rearrangement.
Using variational methods, Lions [29] later proved the existence of infinitely many radial solutions.
Later, Penrose [34, 35] revisited the equation in the context of self-gravitating quantum systems,
interpreting it as a model for the wave function of a particle subject to its own gravitational field.

The generalized nonlinear Choquard equation

−∆u+ u = (Iµ ∗ F (u))f(u), x ∈ RN , (1.3)

has been extensively studied in the framework of nonlocal variational problems. The foundational
work of Berestycki and Lions [6] established sharp conditions on the nonlinearity f for the existence
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of ground states in the local semilinear elliptic equation −∆u + u = f(u). These celebrated
Berestycki-Lions conditions have since been adapted to the nonlocal setting of (1.3) by Moroz
and Van Schaftingen [32], who developed a comprehensive existence theory for Choquard-type
equations under optimal growth assumptions on F and f . Choquard equations with power-
type nonlinearities of the form |u|p−2u have been extensively investigated. Ma and Zhao [30]
established the radial symmetry and monotonicity of positive solutions via the method of moving
planes. Further contributions address the existence, uniqueness, and qualitative properties of
solutions under various ranges of the exponent p; see for instance [1, 5, 8, 9, 10, 24, 31, 41] and
the references therein for an overview of the related topic. Additional developments concerning
normalized solutions and concentration phenomena can be found in [3, 12, 19, 25, 26, 40] and the
references therein.

In recent years, the fractional Laplacian has received considerable attention due to its ability to
effectively model physical phenomena involving long-range interactions. It has found applications
in diverse areas such as quantum mechanics, anomalous diffusion, and mathematical finance; see
for instance [4, 16, 21, 23]. The fractional Laplacian, a nonlocal operator that arises naturally
in the study of anomalous diffusion and fractional quantum mechanics, was introduced in the
physical context by Laskin [22]. For s ∈ (0, 1), it is defined via the singular integral

(−∆)su(x) = C(N, s) P.V.

∫
RN

u(x)− u(z)

|x− z|N+2s
dz,

where P.V. denotes the Cauchy principal value and the normalization constant is

C(N, s) =
4sΓ(N+2s

2 )

πN/2|Γ(−s)|
,

(see, e.g., [14]). The corresponding fractional Choquard equation

(−∆)su+ u = (Iµ ∗ F (u))f(u), x ∈ RN , (1.4)

has been extensively investigated. In the power-type case f(u) = |u|p−2u, D’Avenia, Siciliano,
and Squassina [13] established comprehensive results on existence, nonexistence, regularity, and
symmetry of solutions. For general nonlinearities, Shen and Gao [36] proved the existence of
ground state solutions for equation (1.4) under Berestycki-Lions type conditions suitably adapted
to the fractional Sobolev framework.

The analysis of Choquard systems entails additional analytical difficulties compared to scalar
equations, primarily due to the presence of nonlocal coupling terms that intertwine the compo-
nents. In the local case s = 1, variational systems of gradient type, where the nonlinearities derive
from a common potential, have been investigated by several authors. Alves and Soares [2] es-
tablished existence results via variational methods based on the Mountain Pass Theorem. While
Chen and Liu [11] and Yang [39] addressed multiplicity and concentration phenomena under
various assumptions on the coupling. More recently, Sun and Chang [38] considered a class of
gradient systems with a Choquard term, and proved the existence of ground state solutions un-
der Berestycki-Lions type conditions adapted to the system setting. Obviously, the system under
consideration features a cross-coupled nonlinearity that does not arise from a single variational
potential; consequently, it lies outside the class of gradient-type systems and differs fundamen-
tally from pure power-coupled models. However, research on fractional Choquard systems has
predominantly addressed equations with specific structural assumptions, such as pure powers or
Hamiltonian coupling; see for instance [17, 18]. The existence theory for fractional Choquard
systems with general nonlinear couplings remains largely undeveloped and constitutes a natural
direction for future investigation.

Inspired by [32, 36, 38], this paper aims to investigate the existence of ground state solutions for
the fractional Choquard system (1.1). Assuming that the nonlinear term f satisfies the following
Berestycki-Lions type conditions in the fractional Sobolev space:

(A1) There exists a constant C > 0 such that |uf(u)| ≤ C(|u|
N+µ
N + |u|

N+µ
N−2s ) for all u ∈ R;
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(A2) Let F : u ∈ R 7→
∫ u

0
f(τ)dτ and satisfying

lim
|u|→0

F (u)

|u|N+µ
N

= 0, lim
|u|→∞

F (u)

|u|
N+µ
N−2s

= 0;

(A3) There exists a u0 ∈ R \ {0} such that F (u0) ̸= 0.

Let E = Hs(RN )×Hs(RN ). The norm of the space E can be expressed as

∥(u1, u2)∥2E = ∥u1∥2Hs(RN ) + ∥u2∥2Hs(RN ), ∀(u1, u2) ∈ E,

where Hs(RN ) denotes the fractional Sobolev space, defined as

Hs(RN ) =
{
u ∈ L2(RN ) :

∫
RN

∫
RN

|u(x)− u(y)|2

|x− y|N+2s
dxdy < +∞

}
equipped with the norm

∥u∥2Hs =

∫
RN

|(−∆)s/2u|2 dx+

∫
RN

|u|2 dx.

We define the functional J : E → R by

J(u1, u2) :=
1

2

∫
RN

(
|(−∆)s/2u1|2 + |u1|2 + |(−∆)s/2u2|2 + |u2|2

)
dx−

∫
RN

(Iµ ∗ F (u1))F (u2)dx.

According to the discussion, we have J ∈ C1(E,R). We define the set

K = {(u1, u2) ∈ E \ {(0, 0)} | J ′(u1, u2) = 0},

A pair (u1, u2) ∈ E is called a ground state solution of the system (1.1) if it belongs to the set of
nontrivial solutions K and minimizes the energy functional J over K, that is,

J(u1, u2) = inf
(v1,v2)∈K

J(v1, v2) =: c∗.

Our main result states as follows.

Theorem 1.1. Assume that N ≥ 3, s ∈ (0, 1) and µ ∈ (0, 2s). If f ∈ C1(R,R) satisfies conditions
(A1)–(A3), then system (1.1) admits at least one ground state solution.

Remark 1.2. Extending the classical Choquard systems to the fractional case faces many dif-
ficulties: first, the embedding properties of the fractional Sobolev space are essentially different
from those of the classical one; second, the combined nonlocality of the fractional operator and
the convolution term makes the estimation of energy and the study of compactness more complex;
finally, the proof method of the classical case cannot be directly extended to derive the Pohožaev
identity corresponding to the fractional system, and the special properties of the fractional oper-
ator need to be considered. To solve these difficulties, we first establish a variational framework
in the fractional product space E and prove that the corresponding energy functional satisfies the
mountain pass geometry; then we construct the Pohožaev-Palais-Smale sequence by referring to
the method of Jeanjean [20], and analyze the compactness of the sequence by using the properties
of fractional spaces and the concentration-compactness principle; finally, we convert the nonlocal
problem into a local one by the s-harmonic extension technique of the fractional Laplacian [7], de-
rive the corresponding Pohožaev identity, and thus obtain the existence of ground state solutions
for the system (1.1).

Remark 1.3. There exist many nonlinearities f(u) satisfying conditions (A1)–(A3). For example,
take N = 3, s = 3

5 , and µ = 1 ∈ (0, 2s). For all u ∈ R, define

f(u) =

{
|u|1/3ue−|u| = |u|4/3 u

|u| · e
−|u|, u ̸= 0,

0, u = 0.

It is clear that f ∈ C1(R,R). Since

|uf(u)| = |u|7/3e−|u| ≤ C
(
|u|4/3 + |u|20/9

)
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for some C > 0, condition (A1) holds. Since F (u) =
∫ u

0
f(τ)dτ =

∫ u

0
|τ |4/3 · τ

|τ |e
−|τ |dτ, we have

e−|τ | ≈ 1 as |u| → 0, hence

F (u) ≈
∫ u

0

|τ |4/3 dτ =
3

7
|u|7/3.

Consequently,

lim
|u|→0

F (u)

|u|N+µ
N

= lim
|u|→0

3
7 |u|

7/3

|u|4/3
= 0.

As |u| → ∞, F (u) converges to some constant C1, and therefore

lim
|u|→∞

F (u)

|u|
N+µ
N−2s

= lim
|u|→∞

C1

|u|20/9
= 0.

Thus condition (A2) holds. Taking u0 = 1, we obtain F (1) =
∫ 1

0
τ4/3e−τ dτ > 0, which clearly

gives F (u0) ̸= 0. Hence (f3) also holds. In conclusion, this nonlinearity f(u) satisfies all the
assumptions of Theorem 1.1.

This paper is organized as follows. In Section 2, we collect the necessary functional analytic
preliminaries and establish auxiliary lemmas. We then verify that the associated energy functional
satisfies the mountain pass geometry and prove the existence of nontrivial critical points. Section 3
is devoted to proving the regularity of weak solutions and establishing the corresponding Pohožaev
identity. In Section 4, we complete the proof of Theorem 1.1.

2. Preliminaries

To prove Theorem 1.1, we need some auxiliary lemmas, which will be crucial in dealing with
ground state solutions of problem (1.1). First, we present the following fractional Sobolev embed-
ding inequality and Hardy-Littlewood-Sobolev inequality.

Lemma 2.1 ([15]). The fractional Sobolev space Hs(RN ) is continuously embedded into Lp(RN )
for p ∈ [2, 2∗s], and compactly embedded into Lp

loc(RN ) for p ∈ [2, 2∗s), that is , for any bounded
domain Ω ⊂ RN , every bounded sequence in Hs(RN ) has a convergent subsequence in Lp(Ω). Here
2∗s = 2N

N−2s .

Lemma 2.2 ([15]). Let 2 ≤ q ≤ 2∗s, then for all u ∈ Hs(RN ), we have ∥u∥Lq ≤ Cq∥u∥Hs .
Furthermore, if 2 ≤ q < 2∗s and Ω ⊂ RN is a bounded domain, then every bounded sequence {uk}
in Hs(RN ) has a convergent subsequence in Lq(Ω).

Lemma 2.3 (Hardy-Littlewood-Sobolev inequality [28]). Let t, r > 1 and 0 < µ < N satisfy

1

t
+
µ

N
+

1

r
= 2.

If f ∈ Lt(RN ) and h ∈ Lr(RN ), then there exists a best constant C(t,N, µ, r), independent of f
and h, such that ∫

RN

∫
RN

f(x)h(y)

|x− y|µ
dx dy ≤ C(t,N, µ, r)∥f∥Lt∥h∥Lr ,

where ∥f∥Lt =
(∫

RN |f(x)|tdx
) 1

t denotes the Lt-norm of f .

Lemma 2.4. Assume that (A1)–(A3) hold, then the functional J satisfies the mountain pass
geometry, i.e.,

(i) There exist constants ρ, δ > 0 such that J(u1, u2) ≥ δ > 0 whenever ∥(u1, u2)∥E = ρ (with
ρ sufficiently small);

(ii) There exists a pair (e1, e2) ∈ E with ∥(e1, e2)∥E > ρ such that J(e1, e2) < 0.

Proof. (i) From (A1), we know that there exists a constant C > 0 such that |F (u)| ≤ C(|u|
N+µ
N +

|u|
N+µ
N−2s ). By Lemmas 2.1 and 2.3, it holds∫

RN

(Iµ ∗ F (u1))F (u2) dx ≤ C∥F (u1)∥
L

2N
N+µ

· ∥F (u2)∥
L

2N
N+µ
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= C
(∫

RN

|F (u1)|
2N

N+µ dx
)N+µ

2N
(∫

RN

|F (u2)|
2N

N+µ dx
)N+µ

2N

≤ C
[( ∫

RN

|F (u1)|
2N

N+µ dx
)N+µ

N

+
(∫

RN

|F (u2)|
2N

N+µ dx
)N+µ

N
]

≤ C
[( ∫

RN

|u1|2 + |u1|2
∗
sdx

)N+µ
N

+
(∫

RN

|u2|2 + |u2|2
∗
sdx

)N+µ
N

]
≤ C

(
∥u1∥2Hs + ∥u1∥

2∗s
Hs

)N+µ
N

+ C
(
∥u2∥2Hs + ∥u2∥

2∗s
Hs

)N+µ
N

≤ C∥(u1, u2)∥
2(N+µ)

N

E + C∥(u1, u2)∥
2(N+µ)
N−2s

E .

Thus

J(u1, u2) =
1

2
∥(u1, u2)∥2E −

∫
RN

(Iµ ∗ F (u1))F (u2) dx

≥ 1

2
∥(u1, u2)∥2E − C∥(u1, u2)∥

2(N+µ)
N

E − C∥(u1, u2)∥
2(N+µ)
N−2s

E .

Consequently, there exists ρ > 0 sufficiently small such that for all (u1, u2) ∈ E with ∥(u1, u2)∥E =
ρ, the energy functional J satisfies J(u1, u2) ≥ 1

4ρ
2 = δ > 0.

(ii) From condition (f3), there exists u0 ∈ R \ {0} such that F (u0) ̸= 0. Take the test function
w1 = w2 = u0χB1

, where χB1
is the characteristic function of the unit ball B1(0) in RN , i.e.,

χB1(x) =

{
1, if x ∈ B1,

0, otherwise.

Hence ∫
RN

(Iµ ∗ F (w1))F (w2) dx = F 2(u0)

∫
B1

∫
B1

Iµ(x− y) dx dy > 0.

Since Hs(RN ) is dense in L2(RN ) ∩ L
2N

N−2s (RN ) and
∫
RN (Iµ ∗ F (w1))F (w2)dx is continuous in

L2(RN ) ∩ L
2N

N−2s (RN ), there exist v1, v2 ∈ Hs(RN ) such that∫
RN

(Iµ ∗ F (v1))F (v2) dx > 0.

For τ > 0, define the scaling transformations u1,τ (x) = v1(
x
τ , u2,τ (x) = v2(

x
τ , then

J(u1,τ , u2,τ ) =
τN−2s

2

∫
RN

(
|(−∆)s/2v1|2 + |(−∆)s/2v2|2

)
+
τN

2

∫
RN

(
|v1|2 + |v2|2

)
− τN+µ

∫
RN

(Iµ ∗ F (v1))F (v2).

For τ0 > 0 sufficiently large, the pair (u1,τ0 , u2,τ0) satisfies

J(u1,τ0 , u2,τ0) < 0, and ∥(u1,τ0 , u2,τ0)∥E > ρ.

Setting (e1, e2) = (u1,τ0 , u2,τ0), we obtain the required test function for the mountain pass geom-
etry. Hence, Lemma 2.4 is proved. □

We define the mountain pass level as follows.

c = inf
γ∈Γ

sup
t∈[0,1]

J(γ(t)),

where
Γ = {γ ∈ C([0, 1], E) : γ(0) = (0, 0), J(γ(1)) < 0}.

We introduce the associated Pohožaev functional P : E → R by

P (u1, u2) :=
N − 2s

2

∫
RN

(
|(−∆)s/2u1|2 + |(−∆)s/2u2|2

)
dx+

N

2

∫
RN

(
|u1|2 + |u2|2

)
dx

− (N + µ)

∫
RN

(Iµ ∗ F (u1))F (u2)dx, ∀(u1, u2) ∈ E.
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WE set

R = {(u1, u2) ∈ E \ {(0, 0)} : P (u1, u2) = 0}.
For σ ∈ R, (v1, v2) ∈ E and x ∈ RN , we define the map Φ : R× E → E by

Φ(σ, v1, v2)(x) = (v1(e
−σx), v2(e

−σx)).

Then the composite functional J ◦ Φ is

(J ◦ Φ)(σ, v1, v2) =
e(N−2s)σ

2

∫
RN

(
|(−∆)s/2v1|2 + |(−∆)s/2v2|2

)
dx+

eNσ

2

∫
RN

(
|v1|2 + |v2|2

)
dx

− e(N+µ)σ

∫
RN

(Iµ ∗ F (v1))F (v2)dx.

WE set

Γ̃ = {γ̃ ∈ C([0, 1],R× E) : γ̃(0) = (0, 0, 0), (J ◦ Φ)(γ̃(1)) < 0}.
In fact, the admissible class Γ can be written as Γ = {Φ ◦ γ̃ : γ̃ ∈ Γ̃}, and therefore the mountain
pass levels of the functionals J and J ◦ Φ coincide. Consequently, the minimax value is

c = inf
γ̃∈Γ̃

sup
t∈[0,1]

(J ◦ Φ)(γ̃(t)) > 0.

Obviously, it follows from the condition (A1) that the functional J ◦ Φ is continuously Fréchet
differentiable on R×E. By the minimax principle, there exists a sequence (σn, v1,n, v2,n) ⊂ R×E
such that

(J ◦ Φ)(σn, v1,n, v2,n) → c and (J ◦ Φ)′(σn, v1,n, v2,n) → 0,

as n→ ∞. For any (h, ω, z) ∈ R× E, it holds

(J ◦ Φ)′(σn, v1,n, v2,n)(h, ω, z) = J ′(Φ(σn, v1,n, v2,n))Φ(σn, ω, z) + P (Φ(σn, v1,n, v2,n))h.

Take (u1,n, u2,n) = Φ(σn, v1,n, v2,n), we have

J(u1,n, u2,n) → c, J ′(u1,n, u2,n) → 0 and P (u1,n, u2,n) → 0, as n→ ∞.

Lemma 2.5 ([13]). Let {un}n∈N be a bounded sequence in Hs(RN ), if there exist σ > 0 and
2 ≤ q < 2∗s, such that

sup
x∈RN

∫
Bσ(x)

|un|q dx→ 0 (n→ ∞),

then un → 0 in Lr(RN ) for all 2 < r < 2∗s.

Lemma 2.6. Assume that conditions (A1)–(A3) hold, then the system (1.1) admits at least one
nontrivial weak solution.

Proof. Let {(u1,n, u2,n)} ⊂ E satisfy

J(u1,n, u2,n) → c > 0, J ′(u1,n, u2,n) → 0 and P (u1,n, u2,n) → 0, as n→ ∞.

For each positive integer n, we consider a suitable linear combination of the energy functional
J(u1,n, u2,n) and Pohožaev functional P (u1,n, u2,n) in order to cancel the nonlocal nonlinear terms.
This yields an identity involving only the linear part of the functional,

J(u1,n, u2,n)−
1

N + µ
P (u1,n, u2,n)

=
µ+ 2s

2(N + µ)

∫
RN

(
|(−∆)s/2u1,n|2 + |(−∆)s/2u2,n|2

)
dx+

µ

2(N + µ)

∫
RN

(
|u1,n|2 + |u2,n|2

)
dx.

As n→ ∞, we have J(u1,n, u2,n) → c > 0 and P (u1,n, u2,n) → 0. Consequently, the left-hand side
of the identity remains bounded. Since the coefficients on the right-hand side of the identity are
all nonnegative, and the integral terms∫

RN

(
|(−∆)s/2u1,n|2 + |(−∆)s/2u2,n|2

)
dx, and

∫
RN

(
|u1,n|2 + |u2,n|2

)
dx

are also nonnegative, we can show that the sequence {(u1,n, u2,n)} ⊂ E is bounded.
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Taking a subsequence (still denoted (u1,n, u2,n)), then we have (u1,n, u2,n) converges weakly to
(u1,0, u2,0) in E. We claim that both {u1,n} and {u2,n} are nonvanishing sequences. Let

δ1 = lim inf
n→∞

sup
y∈RN

∫
B1(y)

|u1,n|2 dx.

If δ1 = 0, by Lemma 2.5, we must have ∥u1,n∥Lp → 0 for p ∈ (2, 2∗s). Fix q ∈
(
N+µ
N , N+µ

N−2s

)
, from

assumption (f1) and (f2), for any ε > 0, there exists Cε > 0 such that

|F (u)|
2N

N+µ ≤ ε
(
|u|2 + |u|

2N
N−2s

)
+ Cε|u|

2Nq
N+µ , ∀u ≥ 0.

This implies lim
n→∞

∫
RN |F (u1,n)|

2N
N+µ dx = 0. Since the sequence {u2,n} is bounded in Hs(RN ),

according to Lemma 2.3, we have

lim
n→∞

∫
RN

(Iµ ∗ F (u1,n))F (u2,n) dx ≤ lim
n→∞

C∥F (u1,n)∥
L

2N
N+µ

∥F (u2,n)∥
L

2N
N+µ

= 0.

Therefore ∫
RN

(Iµ ∗ F (u1,n))F (u2,n) dx→ 0, n→ ∞.

Substituting into Pohožaev functional P (u1,n, u2,n) yields ∥(u1,n, u2,n)∥E → 0, as n → ∞. This
contradicts the fact that J(u1,n, u2,n) → c > 0, and therefore δ1 ̸= 0. Similarly, {u2,n} is also
nonvanishing. Thus the claim holds.

From the nonvanishing of {u1,n} and {u2,n}, then there exist sequences {y1,n}, {y2,n} ⊂ RN

such that ∫
B1(yi,n)

|ui,n|2 dx ≥ δ

2
> 0, i = 1, 2.

We define the translated sequences by ω1,n(x) = u1,n(x+y1,n) and ω2,n(x) = u2,n(x+y2,n), since
translation is an isometry in Hs(RN ), the sequence (ω1,n, ω2,n) remains bounded in E and satisfies∫
B1(0)

|ωi,n|2 dx ≥ δ
2 . Then there exists a subsequence (still denoted (ω1,n, ω2,n)), and (ω1,0, ω2,0) ∈

E such that (ω1,n, ω2,n) converges weakly to (ω1,0, ω2,0) in E. By the local compactness of the
fractional Sobolev embedding, we have ωi,n → ωi,0 in Lq

loc(RN ) for any 2 ≤ q < 2∗s and almost
everywhere in RN . Together with Fatou’s lemma, it holds∫

B1(0)

lim inf
n→∞

|ω1,n|2 dx ≤ lim inf
n→∞

∫
B1(0)

|ω1,n|2 dx.

Thus we obtain ω1,0 ̸= 0. Similarly, we have ω2,0 ̸= 0, i.e., (ω1,0, ω2,0) ̸= (0, 0).
Since {ωi,n} is bounded in Hs(RN ), and by the Sobolev embedding theorem, it is also bounded

in L2(RN ) ∩ L2∗s (RN ). Combined with condition (f1), the sequence {F (ωi,n)} is bounded in

L
2N

N+µ (RN ). Moreover, since ωi,n converges almost everywhere to ωi,0 in RN , by the continuity
of F , we have F (ωi,n) converges almost everywhere to F (ωi,0) in RN . Hence, F (ωi,n) converges

weakly to F (ωi,0) in L
2N

N+µ (RN ). Since the Riesz potential Iµ is a linear continuous map from

L
2N

N+µ (RN ) to L
2N

N−µ (RN ), then the sequence Iµ ∗ F (ωi,n) converges weakly to Iµ ∗ F (ωi,0) in

L
2N

N−µ (RN ).
On the other hand, it follows from (f1) and the fractional Rellich’s theorem that the sequence

{f(ωi,n)} converges strongly to f(ωi,0) in Lp
loc(RN ) for all p ∈

[
1, 2N

µ+2s

)
, i = 1, 2. Therefore,

(Iµ∗F (ωj,n))f(ωi,n) converges weakly to (Iµ∗F (ωj,0))f(ωi,0) in L
p(RN ) for all p ∈

[
1, 2N

N+2s

)
, i, j =

1, 2, i ̸= j.
For any test function (ϕ, ψ) ∈ C∞

c (RN )× C∞
c (RN ), we have

J ′(ω1,0, ω2,0)(ϕ, ψ) =

∫
RN

(−∆)s/2ω1,0(−∆)s/2ϕdx+

∫
RN

ω1,0ϕdx

+

∫
RN

(−∆)s/2ω2,0(−∆)s/2ψ dx+

∫
RN

ω2,0ψ dx

−
∫
RN

(Iµ ∗ F (ω2,0))f(ω1,0)ϕdx−
∫
RN

(Iµ ∗ F (ω1,0))f(ω2,0)ψ dx
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= lim
n→∞

[∫
RN

(−∆)s/2ω1,n(−∆)s/2ϕdx+

∫
RN

ω1,nϕdx

+

∫
RN

(−∆)s/2ω2,n(−∆)s/2ψ dx+

∫
RN

ω2,nψ dx

−
∫
RN

(Iµ ∗ F (ω2,n))f(ω1,n)ϕdx−
∫
RN

(Iµ ∗ F (ω1,n))f(ω2,n)ψ dx
]

= 0,

which implies that (ω1,0, ω2,0) is a nontrivial weak solution of the system (1.1). The proof is
complete. □

3. Regularity

We define H1, H2 : RN → R and K1,K2 : RN → R by

H1(x) =
F (u1(x))

u1(x)
, H2(x) =

F (u2(x))

u2(x)
,

K1(x) = f(u1(x)), K2(x) = f(u2(x)).

Then system (1.1) can be rewritten as

(−∆)s u1 + u1 = (Iµ ∗ (H2u2))K1, x ∈ RN ,

(−∆)s u2 + u2 = (Iµ ∗ (H1u1))K2, x ∈ RN .

By (A1), it holds

|Hi(x)| ≤ C
( N

N + µ
|ui(x)|µ/N +

N − 2s

N + µ
|ui(x)|

µ+2s
N−2s

)
, i = 1, 2,

|Ki(x)| ≤ C
(
|ui(x)|µ/N + |ui(x)|

µ+2s
N−2s

)
, i = 1, 2.

Therefore, Hi,Ki ∈ L
2N
µ (RN ) + L

2N
µ+2s (RN ), i = 1, 2. By an argument analogous to that in [36,

Lemmas 3.1-3.3], we obtain u1, u2 ∈ Lp
(
RN

)
for every p ∈ [2, Nµ

2N
N−2 s ).

Lemma 3.1. Let N ≥ 3, s ∈ (0, 1) and µ ∈ (0, 2s) . Suppose that f ∈ C(R,R) satisfies conditions
(A1)–(A3) and (u1, u2) ∈ E is a weak solution of system (1.1), then u1, u2 ∈ Lp

(
RN

)
for every

p ∈ [2,+∞), i.e., u1, u2 ∈ L∞ (
RN

)
.

Proof. We already know u1, u2 ∈ Lp(RN ) for any p ∈ [2, 2N2

µ(N−2s) ). Moreover, by (A1), we have

F (ui) ∈ Lq(RN ), for any q ∈ [ 2N
N+µ ,

N
µ

2N
N+µ ). Since

2N

N + µ
<
N

µ
<
N

µ
· 2N

N + µ
,

by Lemma 2.3, it holds

Mi(x) = Iµ ∗ F (ui) ∈ L∞(RN ).

We denote Es : Hs(RN ) → Xs(RN+1
+ ) be the s-harmonic extension operator, where the

weighted Sobolev space Xs(RN+1
+ ) is defined as

Xs(RN+1
+ ) =

{
ω :

∫
RN+1

+

y1−2s|∇ω|2 dx dy < +∞
}
.

Let ωi = Es(ui) be the s-harmonic extension of ui, which satisfies

div(y1−2s∇ωi) = 0 in RN+1
+ ,

ωi(x, 0) = ui(x) on RN ,

and

(−∆)sui(x) = − 1

κs
lim

y→0+
y1−2s ∂ωi

∂y
(x, y),
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where κs is a normalization constant. Then system (1.1) is equivalent to

− div(y1−2s∇ωi) = 0 in RN+1
+ ,

∂sνωi = −ui +Mj(x)f(ui) on RN ,

for i, j = 1, 2, i ̸= j, where

∂sνωi(x, 0) = − 1

κs
lim

y→0+
y1−2s ∂ωi

∂y
(x, y), ∀x ∈ RN .

Since ωi ∈ Xs(RN+1
+ ) is a critical point of the associated energy functional, it satisfies

κs

∫
RN+1

+

y1−2s∇ωi∇φi =

∫
RN

(−ui +Mj(x)f(ui))φi, i ̸= j,

for every φi ∈ Xs(RN+1
+ ). For T > 0, define the truncated functions

ωi,T = min {(ωi)+, T} , ui,T = ωi,T (·, 0),
where (ωi)+ = max{0, ωi}.

Taking the test function φi = |ωi,T |2βωi ∈ Xs(RN+1
+ ) with β > 0, it holds

κs

∫
RN+1

+

y1−2s∇ωi∇(|ωi,T |2βωi)

= κs

∫
RN+1

+

y1−2s
〈
∇ωi,∇(|ωi,T |2βωi)

〉
= κs

∫
RN+1

+

y1−2s|ωi,T |2β |∇ωi|2 + (2β)κs

∫
{ωi≤T}

y1−2sω2β
i |∇ωi|2

=

∫
RN

(−ui +Mj(x)f(ui))|ui,T |2βui, i ̸= j.

Note that ∫
RN+1

+

κsy
1−2s|∇(|ωi,T |βωi)|2

=

∫
RN+1

+

κsy
1−2s|ωi,T |2β |∇ωi|2 + (2β + β2)

∫
{ωi≤T}

κsy
1−2sω2β

i |∇ωi|2.

Thus,∫
RN

|(−∆)s/2(|ui,T |βui)|2 + ||ui,T |βui|2

=

∫
RN+1

+

κsy
1−2s|∇(|ωi,T |βωi)|2 +

∫
RN

||ui,T |βui|2

=

∫
RN+1

+

κsy
1−2s|ωi,T |2β |∇ωi|2 +

∫
RN

||ui,T |βui|2 + (2β + β2)

∫
{ωi≤T}

κsy
1−2sω2β

i |∇ωi|2

≤ Cβ

∫
RN

Mj(x)f(ui)|ui,T |2βui,

where Cβ = 1 + β
2 . Since Mj(x) ∈ L∞(RN ), and by (A1), we obtain

f(ui) ≤ C(|ui|µ/N + |ui|
µ+2s
N−2s ).

Since ui ∈ Lp(RN ) for all p ∈ [2, 2N2

µ(N−2s) ), there exist a constant C1 and a function g ∈ L
N
2s (RN )

with g ≥ 0, independent of T and β, such that

Mj(x)f(ui)|ui,T |2βui ≤ (C1 + g)|ui,T |2βu2i . (3.1)

Consequently,∫
RN

|(−∆)s/2(|ui,T |βui)|2 + ||ui,T |βui|2 ≤ C1Cβ

∫
RN

|ui,T |2βu2i + Cβ

∫
RN

g|ui,T |2βu2i .
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By Fatou’s lemma and the monotone convergence theorem, we obtain as T → ∞,∫
RN

|(−∆)
s
2 (ui+)

β+1|2 + |(ui+)β+1|2 ≤ C1Cβ

∫
RN

|(ui)+|2(β+1) + Cβ

∫
RN

g|(ui)+|2(β+1).

For any M > 0, let A1 = {g ≤M} and A2 = {g > M}. Since∫
RN

g|(ui)+|2(β+1) =

∫
A1

g|(ui)+|2(β+1) +

∫
A2

g|(ui)+|2(β+1)

≤M

∫
A1

|(ui)+|2(β+1) +
(∫

A2

g
N
2s

) 2s
N
(∫

A2

|(ui)+|(β+1) 2N
N−2s

)N−2s
N

≤M∥(ui)β+1
+ ∥2L2 + ε(M)∥(ui)β+1

+ ∥2
L2∗s .

Therefore,

∥(ui)β+1
+ ∥2Hs ≤ Cβ(C1 +M)∥(ui)β+1

+ ∥2L2 + Cβε(M)∥(ui)β+1
+ ∥2

L2∗s . (3.2)

By Lemma 2.2, we have ∥ui∥L2∗s ≤ C2∗s
∥ui∥Hs for ui ∈ Hs(RN ). Thus, there exists C2∗s

> 0 such
that

∥(ui)β+1
+ ∥L2∗s ≤ C2∗s

∥(ui)β+1
+ ∥Hs .

Squaring both sides yields

∥(ui)β+1
+ ∥2

L2∗s ≤ C2
2∗s
∥(ui)β+1

+ ∥2Hs .

Substituting this estimate into inequality (3.2), we obtain

∥(ui)β+1
+ ∥2

L2∗s ≤ C2
2∗s

[
Cβ(C1 +M)∥(ui)β+1

+ ∥2L2 + Cβε(M)∥(ui)β+1
+ ∥2

L2∗s

]
= CβC

2
2∗s
(C1 +M)∥(ui)β+1

+ ∥2L2 + CβC
2
2∗s
ε(M)∥(ui)β+1

+ ∥2
L2∗s ,

which implies

∥(ui)β+1
+ ∥2

L2∗s − CβC
2
2∗s
ε(M)∥(ui)β+1

+ ∥2
L2∗s ≤ CβC

2
2∗s
(C1 +M)∥(ui)β+1

+ ∥2L2 ,

and equivalently, [
1− CβC

2
2∗s
ε(M)

]
∥(ui)β+1

+ ∥2
L2∗s ≤ CβC

2
2∗s
(C1 +M)∥(ui)β+1

+ ∥2L2 .

Choosing M sufficiently large such that

CβC
2
2∗s
ε(M) ≤ 1

2
,

then

1− CβC
2
2∗s
ε(M) ≥ 1

2
.

Therefore

∥(ui)β+1
+ ∥2

L2∗s ≤ 2CβC
2
2∗s
(C1 +M)∥(ui)β+1

+ ∥2L2 .

Now a bootstrap argument start with β+1 = N
N−2s shows that (ui)+ ∈ Lp(RN ) for all p ∈ [2,+∞).

Similarly, we know (ui)− ∈ Lp(RN ) for all p ∈ [2,+∞), and hence ui ∈ Lp(RN ) for all p ∈ [2,+∞).
Next we prove that ui is bounded in RN . Since (ui)+ ∈ Lp(RN ) for all p ∈ [2,+∞), we repeat

the arguments in (3.1) to conclude that there exist the constant C1 and function g ∈ L
N
s (RN )

with g ≥ 0, independent of T and β such that∫
RN

∣∣(−∆)s/2(|ui,T |βui)
∣∣2 + ∣∣|ui,T |βui∣∣2 ≤ C1Cβ

∫
RN

|ui,T |2βu2i + Cβ

∫
RN

g|ui,T |2βu2i .

Applying Fatou’s lemma and the monotone convergence theorem, we can take the limit as T → ∞
to obtain∫

RN

∣∣(−∆)s/2(ui)
β+1
+

∣∣2 + |(ui)β+1
+ |2 ≤ C1Cβ

∫
RN

|(ui)+|2(β+1) + Cβ

∫
RN

g|(ui)+|2(β+1).

Applying Young’s inequality, it holds∫
RN

g|(ui)+|2(β+1) ≤ ∥g∥
L

N
s
∥(ui)β+1

+ ∥L2∥(ui)β+1
+ ∥L2∗s ≤ ∥g∥

L
N
s

(
λ∥(ui)β+1

+ ∥2L2 +
1

λ
∥(ui)β+1

+ ∥2
L2∗s

)
,
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where λ > 0 is a constant to be chosen later. Therefore,∫
RN

∣∣(−∆)s/2(ui)
β+1
+

∣∣2 + |(ui)β+1
+ |2 ≤ Cβ(C1 + ∥g∥

L
N
s
λ)∥(ui)β+1

+ ∥2L2 +
Cβ∥g∥

L
N
s

λ
∥(ui)β+1

+ ∥2
L2∗s .

Applying the Lemma 2.2 and choosing λ sufficiently large such that Cβ∥g∥
L

N
s
C2

2∗s
= λ

2 , we obtain

∥(ui)β+1
+ ∥2

L2∗s ≤ 2C2
2∗s
Cβ(C1 + ∥g∥

L
N
s
λ)∥(ui)β+1

+ ∥2L2 =Mβ∥(ui)β+1
+ ∥2L2 ,

where Mβ = 2C2
2∗s
Cβ(C1 + ∥g∥

L
N
s
λ). Taking the square root, we have

∥(ui)β+1
+ ∥L2∗s ≤

√
Mβ∥(ui)β+1

+ ∥L2 .

Since

∥(ui)β+1
+ ∥L2∗s =

(∫
RN

|(ui)+|(β+1)2∗s

)1/2∗s
= ∥(ui)+∥β+1

L2∗s (β+1) ,

and

∥(ui)β+1
+ ∥L2 =

(∫
RN

|(ui)+|2(β+1)
)1/2

= ∥(ui)+∥β+1
L2(β+1) ,

substituting these, we obtain ∥(ui)+∥β+1

L2∗s (β+1) ≤
√
Mβ∥(ui)+∥β+1

L2(β+1) , which implies

∥(ui)+∥L2∗s (β+1) ≤M
1

2(β+1)

β ∥(ui)+∥L2(β+1) .

Since Cβ ≤ C(1 + β) and C1, ∥g∥
L

N
s
, λ are independent of β, it follows that Mβ ≤ C(1 + β)2.

Moreover, since (1 + β)2 ≤ e2
√
1+β for sufficiently large β, we have Mβ ≤M0e

2
√
1+β , where M0 is

a constant independent of β. Therefore, we have

M
1

2(β+1)

β ≤M
1

2(β+1)

0 e
1√
1+β .

Then

∥(ui)+∥L2∗s (β+1) ≤M
1

2(β+1)

0 e
1√
1+β ∥(ui)+∥L2(β+1) .

We define the iteration 2(βn+1 + 1) = 2∗s(βn + 1), β0 = 0, solving this recurrence relation, we
obtain

βn + 1 =
(2∗s
2

)n
=

( N

N − 2s

)n
.

For each βn, it holds

∥(ui)+∥L2∗s (βn+1) ≤M
1

2(βn+1)

0 e
1√

1+βn ∥(ui)+∥L2(βn+1) .

Since 2(βn+1 + 1) = 2∗s(βn + 1), it follows that ∥(ui)+∥L2(βn+1+1) = ∥(ui)+∥L2∗s (βn+1) , hence,

∥(ui)+∥L2(βn+1+1) ≤M
1

2(βn+1)

0 e
1√

1+βn ∥(ui)+∥L2(βn+1) .

Iterating from n = 0 to n, we obtain

∥(ui)+∥L2(βn+1+1) ≤M
1

2(βn+1)

0 e
1√

1+βn ∥(ui)+∥L2(βn+1)

≤M
1

2(βn+1)
+ 1

2(βn−1+1)

0 e
1√

1+βn
+ 1√

1+βn−1 ∥(ui)+∥L2(βn−1+1)

≤ . . .

≤M0

1
2

∑n
k=0

1
βk+1 e

∑n
k=0

1√
1+βk ∥(ui)+∥L2(β0+1) .

Since β0 = 0 and 2(β0 + 1) = 2, we have

∥(ui)+∥L2(βn+1+1) ≤M0

1
2

∑n
k=0

1
βk+1 e

∑n
k=0

1√
1+βk ∥(ui)+∥L2 .

Because βn + 1 =
(

N
N−2s

)n
, letting r = N

N−2s > 1, it holds

∞∑
k=0

1

βk + 1
=

∞∑
k=0

1

rk
=

1

1− 1/r
<∞,

∞∑
k=0

1√
1 + βk

=

∞∑
k=0

1

rk/2
=

1

1− 1/
√
r
<∞.
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Thus,

lim sup
n→∞

∥(ui)+∥L2(βn+1) ≤M0

1
2

∑∞
k=0

1
βk+1 e

∑∞
k=0

1√
1+βk ∥(ui)+∥L2 <∞.

By the monotonicity of the Lp-norm, we have

∥(ui)+∥L∞ = lim
p→∞

∥(ui)+∥Lp ≤ lim sup
n→∞

∥(ui)+∥L2(βn+1) <∞.

Therefore (ui)+ ∈ L∞(RN ). Similarly, we have (ui)− ∈ L∞(RN ). Thus we have ui ∈ L∞(RN ) for
i = 1, 2. The proof is complete. □

Proposition 3.2 ([37]). Let ω = (−∆)su. If ω ∈ C0,α(RN ) and u ∈ L∞(RN ), for α ∈ (0, 1], then

(i) If α + 2s ≤ 1, then u ∈ C0,α+2s(RN ), and there exists a constant C > 0, depending only
on N,α, s, such that

∥u∥C0,α+2s(RN ) ≤ C
(
∥u∥L∞(RN ) + ∥ω∥C0,α(RN )

)
;

(ii) If α+2s > 1, then u ∈ C1,α+2s−1(RN ), and there exists a constant C > 0, depending only
on N,α, s, such that

∥u∥C1,α+2s−1(RN ) ≤ C
(
∥u∥L∞(RN ) + ∥ω∥C0,α(RN )

)
.

Proposition 3.3 ([37]). Let ω = (−∆)su. If ω ∈ L∞(RN ) and u ∈ L∞(RN ) for s > 0, then

(i) If 2s ≤ 1, then u ∈ C0,α(RN ) for any α < 2s, moreover

∥u∥C0,α(RN ) ≤ C
(
∥u∥L∞(RN ) + ∥ω∥L∞(RN )

)
,

where the constant C depends only on N,α, s;
(ii) If 2s > 1, then u ∈ C1,α(RN ) for any α < 2s− 1, moreover,

∥u∥C1,α(RN ) ≤ C
(
∥u∥L∞(RN ) + ∥ω∥L∞(RN )

)
,

where the constant C depends only on N,α, s.

From Lemma 3.1 and Propositions 3.2 and 3.3, the weak solution (u1, u2) is in fact a classical
solution of system (1.1); that is, it satisfies the equations pointwise in E and enjoys higher regu-
larity. From Lemma 3.1, we know u1, u2 ∈ L∞(RN ). Combined with Proposition 3.3, there exists
α ∈ (0, 1) depending only on s, such that u1, u2 ∈ C0,α(RN ). Furthermore, we obtain

(Iµ ∗ F (u2))f(u1)− u1 ∈ C0,α(RN ) and (Iµ ∗ F (u1))f(u2)− u2 ∈ C0,α(RN ).

By Proposition 3.2, if α + 2s ≤ 1, then u1, u2 ∈ C0,α+2s(RN ); if α + 2s > 1, then we can further
conclude u1, u2 ∈ C1,α+2s−1(RN ).

Lemma 3.4. Assume f ∈ C1(R,R), then there exists a constant α depending on s, such that
u1, u2 ∈ C2,α(RN ).

Proof. LetWi(u1, u2) = (Iµ∗F (uj))f(ui), i ̸= j, i, j = 1, 2. Since f ∈ C1(R,R) and ui ∈ L∞(RN ),
we have F (ui) ∈ C1(RN ). Combining with the regularity of the convolution of Iµ, we obtain
W1,W2 ∈ C1(RN ). We now prove the result by considering the following three cases.

Case I: s ∈ ( 12 , 1). By Lemma 3.1, we obtain u1, u2 ∈ L∞(RN ). Since ωi = (−∆)sui =Wi − ui ∈
L∞(RN ) and 2s > 1. By Proposition 3.3 (ii), we deduce that u1, u2 ∈ C1,α1(RN ) for some
α1 < 2s− 1. Taking the partial derivative of ui, then ∂xk

u1 satisfies

(−∆)s ∂xk
u1 = ∂xk

W1 − ∂xk
u1 = (Iµ ∗ F ′(u2)∂xk

u2)f(u1) + (Iµ ∗ F (u2))f ′(u1)∂xk
u1 − ∂xk

u1.

Similarly, we obtain the equation for ∂xk
u2. Since W1 ∈ C1(RN ), it follows that ∂xk

W1 ∈
C0,α1(RN ) for some α1 ∈ (0, 2s−1), and hence ∂xk

W1 ∈ L∞(RN ). Moreover, as ∂xk
u1 ∈ L∞(RN ),

the fractional Laplacian satisfies (−∆)s∂xk
u1 ∈ L∞(RN ). By Proposition 3.3 (ii), we deduce that

∂xk
u1 ∈ C1,α2(RN ) for some α2 < 2s−1. Consequently, u1 ∈ C2,α(RN ) with α = α2. An identical

argument yields u2 ∈ C2,α(RN ).

Case II: s = 1
2 . Since Wi ∈ C1, ui ∈ L∞ and 2s = 2 · 12 = 1. By Proposition 3.3 (i), we know that

ui ∈ C0,α1(RN ) for some α1 < 1. Thus, ωi =Wi −ui ∈ C0,α1(RN ). It follows from ui ∈ L∞(RN ),
Proposition 3.2 (ii) and α1 + 2s > 1 that ui ∈ C1,α2(RN ) with α2 = α1 + 1 − 1 = α1 ∈ (0, 1).
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Following the argument employed in Case I and applying the corresponding regularity results to
∂xk

ui, we conclude that ui ∈ C2,α(RN ) for i = 1, 2.

Case III: s ∈ (0, 12 ). Since ωi = (−∆)sui = Wi − ui ∈ L∞(RN ), ui ∈ L∞(RN ) and 2s < 1. By

Proposition 3.3 (i), we deduce that ui ∈ C0,α1(RN ) for any α1 < 2s, we choose α1 ∈ (0, 2s). Since
ωi =Wi − ui ∈ C0,α1(RN ), ui ∈ L∞(RN ) and α1 + 2s < 2s+ 2s = 4s.

If s ∈ ( 14 ,
1
2 ), then 4s > 1. Hence, by Proposition refprop3.2 (ii) we obtain that ui ∈ C1,α2(RN )

with α2 = α1 + 2s − 1 ∈ (0, 2s + 2s − 1) = (0, 4s − 1) ⊂ (0, 1). Since ui ∈ C1,α2(RN ), it follows
that ∂xk

ui ∈ C0,α2(RN ). Moreover, as ∂xk
Wi ∈ C0,α2(RN ), the fractional Laplacian satisfies

(−∆)s(∂xk
ui) = ∂xk

Wi − ∂xk
ui ∈ C0,α2(RN ). Combining with ∂xk

ui ∈ L∞(RN ), and Proposition
3.2 (ii), we obtain that ∂xk

ui ∈ C1,α3(RN ) with α3 = α2 + 2s− 1, i.e., ui ∈ C2,α(RN ) for i = 1, 2.
If s ∈ (0, 14 ], obviously, 4s ≤ 1. Then we need to iterate Proposition 3.2 (i) again to obtain

ui ∈ C0,α2(RN ) with α2 = α1 + 2s ≤ 1. Since α2 + 2s = α1 + 4s, when s ∈ ( 16 ,
1
4 ], we have

α1 + 4s > 1, applying Proposition 3.2 (ii), we obtain that ui ∈ C1,α3(RN ) with α3 = α2 + 2s− 1.
Iterating Proposition 3.2 (ii) for ∂xk

ui, we can conclude that ui ∈ C2,α(RN ) by choosing α = α3.
In general, for s ∈ ( 1

2k+2 ,
1
2k ] with (k ∈ N), a finite number of bootstrap iterations based on the

regularity improvement scheme yields that ui ∈ C2,α(RN ), where α = α1 + 2ks− 1 and α1 < 2s.
The proof is complete. □

Lemma 3.5. If f ∈ C1(R,R) satisfies (A1)–(A3) and (u1, u2) ∈ E is a solution of system (1.1).
Then the following Pohožaev identity holds:

N − 2s

2

∫
RN

(
|(−∆)s/2u1|2 + |(−∆)s/2u2|2

)
dx+

N

2

∫
RN

(
|u1|2 + |u2|2

)
dx

= (N + µ)

∫
RN

(Iµ ∗ F (u1))F (u2)dx.
(3.3)

Proof. Since u1, u2 ∈ C2,α(RN ), their s-harmonic extensions ωi = Es(ui) satisfy−div(y1−2s∇ωi) =
0, and ∫

RN

|(−∆)s/2ui|2dx = κs

∫
RN+1

+

y1−2s|∇ωi|2dx dy, κs > 0,

which implies ωi ∈ C2,α(RN+1
+ ).

Let D := {z = (x, y) ∈ RN × [0,∞) : |z| ≤ 1}. Choose a cutoff function φ ∈ C1
c (R

N+1
+ ) such

that φ = 1 on D. For λ ∈ (0,∞), define the rescaled cutoff φλ := φ(λx, λy), and introduce the

test functions for z ∈ RN+1
+

ωi,λ(z) = φλ(z) · z · ∇ωi(z) = φ(λx, λy)
(
x · ∇xωi(x, y) + y · ∇yωi(x, y)

)
, i = 1, 2.

Then the weak form of the extension equation is

κs

∫
RN+1

+

y1−2s∇ωi · ∇ωi,λdx dy =

∫
RN

(
−ui + (Iµ ∗ F (uj))f(ui)

)
· ωi,λ(x, 0)dx.

For i = 1, j = 2, we have

κs

∫
RN+1

+

y1−2s∇ω1 · ∇ω1,λdx dy =

∫
RN

(
−u1 + (Iµ ∗ F (u2))f(u1)

)
· ω1,λ(x, 0)dx.

Let L1(λ) and R1(λ) denote the left- and right-hand sides of the above equation, respectively.
We now estimate the limits of L1(λ) and R1(λ) separately. On the one hand, since

∇ω1,λ = λ(∇φ)(λx, λy)[x · ∇xω1 + y · ∇yω1] + φ(λx, λy)∇[x · ∇xω1 + y · ∇yω1],

we have

L1(λ) = κs

∫
RN+1

+

y1−2s∇ω1 ·
[
λ(∇φ)(λx, λy)(x · ∇xω1 + y · ∇yω1)

]
dx dy

+ κs

∫
RN+1

+

y1−2s∇ω1 ·
[
φ(λx, λy)∇(x · ∇xω1 + y · ∇yω1)

]
dx dy

=: L
(1)
1 (λ) + L

(2)
1 (λ).
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Since ∇φ is bounded, we have λ(∇φ)(λx, λy) → 0 as λ → 0+. Furthermore, since the inte-
grand is dominated by C|∇ω1|2 for some constant C, the dominated convergence theorem implies

lim
λ→0+

L
(1)
1 (λ) = 0.

For

L
(2)
1 (λ) = κs

∫
RN+1

+

y1−2sφ(λx, λy)∇ω1 · ∇(x · ∇xω1 + y · ∇yω1)dx dy.

Because,

∇(x · ∇xω1 + y · ∇yω1) = (∇xω1 + x · ∇2
xω1) + (∇yω1 + y · ∇2

yω1)

= ∇ω1 + (x · ∇x + y · ∇y)∇ω1.

Then it holds

∇ω1 · ∇(x · ∇xω1 + y · ∇yω1) = |∇ω1|2 +∇ω1 ·
[
(x · ∇x + y · ∇y)∇ω1

]
.

Moreover, it holds

(x · ∇x + y · ∇y)|∇ω1|2 =

N+1∑
k=1

xk

(N+1∑
j=1

2(∂xj
ω1)∂xjxk

ω1

)
= 2∇ω1 ·

[
(x · ∇x + y · ∇y)∇ω1

]
,

which implies that

∇ω1 ·
[
(x · ∇x + y · ∇y)∇ω1

]
=

1

2
(x · ∇x + y · ∇y)|∇ω1|2.

Therefore,

∇ω1 · ∇(x · ∇xω1 + y · ∇yω1) = |∇ω1|2 +
1

2
(x · ∇x + y · ∇y)|∇ω1|2.

Let λ→ 0+, φ(λx, λy) → 1, the dominated convergence theorem yields

lim
λ→0+

L
(2)
1 (λ) = κs

∫
RN+1

+

y1−2s
[
|∇ω1|2 +

1

2
(x · ∇x + y · ∇y)|∇ω1|2

]
dx dy.

By the divergence theorem, we have∫
RN+1

+

y1−2s(x · ∇x + y · ∇y)|∇ω1|2dx dy = −(N + 2− 2s)

∫
RN+1

+

y1−2s|∇ω1|2dx dy.

Then∫
RN+1

+

y1−2s
[
|∇ω1|2 +

1

2
(x · ∇x + y · ∇y)|∇ω1|2

]
dx dy = −N − 2s

2

∫
RN+1

+

y1−2s|∇ω1|2dx dy.

Thus,

lim
λ→0+

L
(2)
1 (λ) = κs

(
−N − 2s

2

)∫
RN+1

+

y1−2s|∇ω1|2dx dy = −N − 2s

2
κs

∫
RN+1

+

y1−2s|∇ω1|2dx dy.

By the norm equivalence in the Caffarelli-Silvestre extension theorem (see, e.g., [7]), it holds∫
RN

|(−∆)s/2u1|2dx = κs

∫
RN+1

+

y1−2s|∇ω1|2dx dy.

Substituting this identity into the previous expression yields

lim
λ→0+

L1(λ) = −N − 2s

2

∫
RN

|(−∆)s/2u1|2dx.

Similarly, for i = 2, j = 1, we have

lim
λ→0+

L2(λ) = −N − 2s

2

∫
RN

|(−∆)s/2u2|2dx.

On the other hand, we have

R1(λ) =

∫
RN

(
−u1 + (Iµ ∗ F (u2))f(u1)

)
ω1,λ(x, 0)dx
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=

∫
RN

(
−u1 + (Iµ ∗ F (u2))f(u1)

)
· φ(λx)x · ∇u1dx

= −
∫
RN

u1 · φ(λx)x · ∇u1dx+

∫
RN

(Iµ ∗ F (u2))f(u1) · φ(λx)x · ∇u1dx

=: R11(λ) +R12(λ),

where

R11(λ) = −
∫
RN

u1 · φ(λx)x · ∇u1dx, R12(λ) =

∫
RN

(Iµ ∗ F (u2))f(u1) · φ(λx)x · ∇u1dx.

Then, we obtain

R11(λ) = −1

2

∫
RN

φ(λx) · x · ∇(u1
2)dx

=
1

2

∫
RN

u1
2
[
φ(λx)∇ · x+ λx · ∇φ(λx)

]
dx

=
1

2

∫
RN

u1
2
[
φ(λx) ·N + λx · ∇φ(λx)

]
dx

=

∫
RN

N

2
u1

2φ(λx)dx+

∫
RN

u1
2

2
· λx · ∇φ(λx)dx,

which implies lim
λ→0+

R11(λ) =
N
2

∫
RN |u1|2dx. Similarly, we have limλ→0+ R21(λ) =

N
2

∫
RN |u2|2dx.

Furthermore, we have

R12(λ) =

∫
RN

(∫
RN

F (u2(y))

|x− y|N−µ
dy

)
f(u1(x))φ(λx)x · ∇u1(x)dx

=

∫
RN

∫
RN

F (u2(y))
( 1

|x− y|N−µ
φ(λx)x · ∇F (u1(x))

)
dx dy

= −
∫
RN

∫
RN

F (u1(x))F (u2(y))
[ φ(λx)

|x− y|N−µ
·N

+
xλ∇φ(λx)
|x− y|N−µ

+ xφ(λx) · ∇
( 1

|x− y|N−µ

)]
dx dy

= −
∫
RN

∫
RN

F (u1(x))F (u2(y))

|x− y|N−µ

(
Nφ(λx) + λx∇φ(λx)

)
dx dy

+ (N − µ)

∫
RN

∫
RN

F (u1(x))F (u2(y))

|x− y|N−µ

(x− y)x · φ(λx)
|x− y|2

dx dy,

and for i = 2, j = 1,

R22(λ) =

∫
RN

(Iµ ∗ F (u1))f(u2) · φ(λx)x · ∇u2dx

= −
∫
RN

∫
RN

F (u2(x))F (u1(y))

|x− y|N−µ

(
Nφ(λx) + λx∇φ(λx)

)
dx dy

+ (N − µ)

∫
RN

∫
RN

F (u2(x))F (u1(y))

|x− y|N−µ

(y − x)y · φ(λx)
|x− y|2

dx dy.

Therefore,

lim
λ→0+

[
R12(λ) +R22(λ)

]
= lim

λ→0+

[∫
RN

(Iµ ∗ F (u2))f(u1) · φ(λx)x · ∇u1dx

+

∫
RN

(Iµ ∗ F (u1))f(u2) · φ(λx)x · ∇u2dx
]

= −(N + µ)

∫
RN

(Iµ ∗ F (u2))F (u1)dx.

Consequently, the Pohožaev identity (3.3) holds. The proof is now complete. □
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4. Proof of the main results

Proof of Theorem 1.1. Since (ω1,0, ω2,0) is a nontrivial solution of system (1.1), by the definition
of ground state energy, we have J(ω1,0, ω2,0) ≥ c∗.

We define the path γ̃ : [0,∞) → E by

γ̃(τ)(x) =

{(
u1(x/τ), u2(x/τ)

)
, τ > 0,

(0, 0), τ = 0.

Since γ̃ is continuous on (0,∞), it holds for any τ > 0 that

∥γ̃(τ)∥2E =

2∑
i=1

[∫
RN

∣∣(−∆)s/2ui
(
x
τ

)∣∣2dx+

∫
RN

∣∣ui(x
τ

)∣∣2dx]
= τN−2s

2∑
i=1

∫
RN

∣∣(−∆)s/2ui
∣∣2dx+ τN

2∑
i=1

∫
RN

∣∣ui∣∣2dx.
This implies

lim
τ→0+

∥γ̃(τ)∥2E = 0 = ∥γ̃(0)∥2E .

By the norm convergence, we have γ̃(τ) → γ̃(0) = (0, 0) in E as τ → 0+. Thus γ̃ is continuous at
τ = 0. This leads to γ̃ ∈ C([0,∞);E). For τ > 0, it holds

J(γ̃(τ)) =
1

2
∥γ̃(τ)∥2E −

∫
RN

(
Iµ ∗ F (γ̃1(τ))

)
F (γ̃2(τ))dx

=
τN−2s

2

2∑
i=1

∫
RN

∣∣(−∆)s/2ui
∣∣2dx+

τN

2

2∑
i=1

∫
RN

∣∣ui∣∣2dx− τN+µ

∫
RN

(
Iµ ∗ F (u1)

)
F (u2)dx.

This together with the Pohožaev identity (3.3), we have

J(γ̃(τ)) =
(τN−2s

2
− (N − 2s)τN+µ

2(N + µ)

) 2∑
i=1

∫
RN

∣∣(−∆)s/2ui
∣∣2dx+(τN

2
− NτN+µ

2(N + µ)

) 2∑
i=1

∫
RN

|ui|2dx.

Let ϕ(τ) = J(γ̃(τ)) for τ ∈ [0,∞). Then we have ϕ(0) = 0, ϕ(1) = J(u1, u2) > 0, and

ϕ′(τ) =
( (N − 2s)τN−2s−1

2
− (N − 2s)(N + µ)τN+µ−1

2(N + µ)

) 2∑
i=1

∫
RN

∣∣(−∆)s/2ui
∣∣2dx

+
(NτN−1

2
− N(N + µ)τN+µ−1

2(N + µ)

) 2∑
i=1

∫
RN

|ui|2dx

=
( (N − 2s)τN−2s−1

2
− (N − 2s)τN+µ−1

2

) 2∑
i=1

∫
RN

∣∣(−∆)s/2ui
∣∣2dx

+
(NτN−1

2
− NτN+µ−1

2

) 2∑
i=1

∫
RN

|ui|2dx

=
(N − 2s)τN−2s−1

2

(
1− τµ+2s

) 2∑
i=1

∫
RN

∣∣(−∆)s/2ui
∣∣2dx+

NτN−1

2

(
1− τµ

) 2∑
i=1

∫
RN

|ui|2dx.

Then, it follows that ϕ′(τ) > 0 for 0 < τ < 1; ϕ′(1) = 0 for τ = 1; and ϕ′(τ) < 0 for τ > 1.
Thus, ϕ(τ) attains its strict global maximum at τ = 1, with ϕ(1) = J(u1, u2). That is, for any
τ ∈ [0, 1) ∪ (1,∞), we have J(γ̃(τ)) < J(u1, u2) and lim

τ→+∞
ϕ(τ) = −∞.

By a suitable change of variable, define γ(t) = γ̃(τ(t)). Because γ̃ ∈ C([0,∞);E) and τ ∈
C([0, 1); [0,∞)) with lim

t→1−
τ(t) = ∞, we have γ ∈ C([0, 1];E) satisfying

γ(0) = γ̃(0) = (0, 0), and γ( 12 ) = γ̃(1) = (u1, u2).
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For any t ∈ [0, 1] \ { 1
2}, we have τ(t) ̸= 1, so

J(γ(t)) = ϕ(τ(t)) < ϕ(1) = J(u1, u2).

Then as t→ 1−, τ(t) → ∞, it holds

J(γ(1)) = lim
t→1−

ϕ(τ(t)) = −∞ < 0.

Thus, we may define the following set of mountain pass path Γ:

Γ = {γ ∈ C([0, 1];E) : γ(0) = (0, 0), J(γ(1)) < 0},

Obviously, γ ∈ Γ, then Γ is nonempty, and we can define the mountain pass level c as follows

c = inf
γ∈Γ

sup
t∈[0,1]

J(γ(t)).

By the Pohožaev identity (3.3), we have P (ω1,0, ω2,0) = 0 for the solution (ω1,0, ω2,0). Thus,

J(ω1,0, ω2,0) = J(ω1,0, ω2,0)−
1

N + µ
P (ω1,0, ω2,0).

For the sequence (ω1,n, ω2,n), because P (ω1,n, ω2,n) → 0, it holds

J(ω1,n, ω2,n)−
1

N + µ
P (ω1,n, ω2,n) → c.

By lower semicontinuity, we obtain

J(ω1,0, ω2,0) =
2s+ µ

2(N + µ)

2∑
i=1

∫
RN

∣∣(−∆)s/2ωi,0

∣∣2dx+
µ

2(N + µ)

2∑
i=1

∫
RN

|ωi,0|2dx

≤ lim inf
n→∞

[ 2s+ µ

2(N + µ)

2∑
i=1

∫
RN

∣∣(−∆)s/2ωi,n

∣∣2dx+
µ

2(N + µ)

2∑
i=1

∫
RN

|ωi,n|2dx
]

= lim inf
n→∞

[
J(ω1,n, ω2,n)−

1

N + µ
P (ω1,n, ω2,n)

]
= lim inf

n→∞
J(ω1,n, ω2,n) = c.

Let (v1, v2) be any nontrivial solution of system (1.1), then there exists a path γ ∈ Γ such that

γ(0) = (0, 0), γ( 12 ) = (v1, v2), sup
t∈[0,1]

J(γ(t)) = J(v1, v2), J(γ(1)) < 0.

Thus, for the path γ corresponding to the solution (v1, v2), we have

c ≤ sup
t∈[0,1]

J(γ(t)) = J(v1, v2),

for any (v1, v2). This implies

c ≤ inf{J(v1, v2) : (v1, v2) is a solution} = c∗.

Combining c∗ ≤ J(ω1,0, ω2,0), J(ω1,0, ω2,0) ≤ c and c ≤ c∗, we have

c∗ ≤ J(ω1,0, ω2,0) ≤ c ≤ c∗,

which implies

J(ω1,0, ω2,0) = c = c∗.

Therefore, (ω1,0, ω2,0) is a ground state solution of system (1.1). The proof is completed. □
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