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ERROR ESTIMATES FOR SEMI-GALERKIN APPROXIMATIONS OF THE
3D INHOMOGENEOUS NEMATIC LIQUID CRYSTAL FLOWS

LUCAS MASCARENHAS-SILVA, MARKO ROJAS-MEDAR

ABSTRACT. This work investigates rigorously the convergence properties of a spectral semi-
Galerkin approximation for three-dimensional inhomogeneous nematic liquid crystal flows. To
overcome the analytical barriers posed by the hyperbolic density transport and the pointwise
geometric constraint |[d| = 1, we analyze a decoupled scheme that projects only the velocity onto
a finite-dimensional space. Assuming uniform local-in-time bounds, we first derive basic error

estimates of order (’)(/\71 ). Through higher-order H? estimates, we then prove an convergence

k41
rate of O()‘;j{2) in the L2 norm. Our results provide a structure-preserving framework for the

rigorous analysis of complex non-homogeneous liquid crystal flows.

1. INTRODUCTION

The hydrodynamic flow of nematic liquid crystals has been a subject of intense analytical
and numerical research because of its wide range of applications in physics, materials science,
and modern display technologies. The continuum theory of such materials is generally described
by the celebrated Ericksen-Leslie system, originally developed in the 1960s [0 [13]. This macro-
scopic model couples the Navier-Stokes equations for the fluid velocity with a parabolic harmonic
map heat flow for the director field, which represents the preferred molecular orientation. The
mathematical foundations of this system, particularly for the simplified homogeneous model, were
established in the seminal works of Lin and Liu [I5], [16].

In this paper, we investigate the convergence rate of spectral semi-Galerkin approximations for
the three-dimensional inhomogeneous (density-dependent) incompressible nematic liquid crystal
flows. Let @ C R? be a bounded domain with a smooth boundary I', and let [0,7] be a given
time interval. Let u(x,t) € R3, d(x,t) € R?, p(x,t) € R, and p(x,t) € R denote, respectively, the
unknown fluid velocity, director field, density, and pressure at a point x € Q and time ¢ € [0, T].
The governing equations describing the strong nonlinear coupling between these variables are

pt+ (a-V)p =0,
p(uy + (u-V)u) —vAu+ Vp = —-AV - (Vd © Vd),
d; + (u-V)d =y (Ad + |Vd|*d) , (1.1)
V-u=0,
|d| = 1.
Here, the constant v > 0 is the fluid viscosity, A > 0 is the elasticity constant, and v > 0 is the

macroscopic relaxation time constant. In this work, we consider the following boundary and initial

conditions:
od

on
(p,u,d)|i=0 = (po,up,do) in Q.

u=0, =0 onDx(0,7),

(1.2)
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The mathematical challenges in studying this exact model are formidable and threefold. First,
the equation for the density is a hyperbolic transport equation, p; +u-Vp = 0. This introduces a
purely advective mechanism that does not benefit from the dissipative smoothing effects present in
the momentum and director equations. Second, the strict pointwise geometric constraint |d| = 1
gives rise to a highly supercritical nonlinearity of the form |Vd|?d in the director equation, which
severely complicates any regularity theory. Third, these effects are strongly coupled: the variable
density affects the fluid momentum, the fluid transports the director, and the elastic stresses from
the director field back-react on the flow. The existence of local and global strong solutions for this
highly nonlinear non-homogeneous system has been the focus of recent outstanding contributions,
notably by Wen and Ding [23], Li and Wang [14], and Gao, Tao, and Yao [7]. Observe that
this system includes as a particular case the classical Navier-Stokes equations, which have been
largely studied (see for instance the classical books by Ladyzhenskaya [11] and Temam [22] and
the references therein). It also includes as a reduced model the nonhomogeneous Navier-Stokes
system, that are less known ( cf. [5], 12} 17, 20 21]).

While the existence of local and global strong solutions for this highly nonlinear nonhomoge-
neous system has been established in recent outstanding contributions, the constructive analytical
approximation of these solutions poses a significant structural challenge. Standard full Faedo-
Galerkin methods are mathematically unsuited for this system. Projecting the entire coupled
system onto a finite-dimensional basis fails to preserve the hyperbolic nature of the density along
particle paths. More critically, such a global projection irreversibly destroys the pointwise geo-
metric constraint |d| = 1, causing the fundamental nonlinear structural cancellations, which are
strictly necessary to ensure energy dissipation and bounds in the continuous system, to collapse.
To overcome these extreme analytical difficulties, we analyze a spectral semi-Galerkin approxi-
mation. In our approach, only the velocity field u is projected onto a finite-dimensional space
spanned by the eigenfunctions of the Stokes operator. Indeed, the density p” and the director
field d™ remain infinite-dimensional, governed by their respective continuous PDEs. This method
preserves the structural integrity of the director field’s sphere constraint and ensures the existence
of well-behaved density profiles via the method of characteristics. The uniform a priori estimates
guaranteeing the stability and the local-in-time existence of strong solutions for such approximate
systems are inherently supported by the higher-order energy bounds recently established in Gao
et al. [7].

Assuming these uniform bounds, the primary objective of this paper is to rigorously investigate
the convergence rates of the solutions generated by this spectral semi-Galerkin approximation
towards the strong solutions of the 3D inhomogeneous nematic liquid crystal equations. Under-
standing the quantitative error bounds of this approximation is of fundamental importance for
both theoretical completeness and numerical implementations. We establish error estimates de-
pending on the eigenvalues A;41 of the Stokes operator. We first derive basic uniform bounds
and error estimates of order (’)()\,;il) for the density, velocity, and director field. Subsequently,
through a refined bootstrap argument, see [3], and higher-order H?3-error estimates for the optical
director, we significantly improve the L?-error bounds, achieving an accelerated convergence rate
of order (9()\,;_%2). These results mathematically demonstrate the high efficiency and stability of
the semi-Galerkin method when dealing with the complex interactions of inhomogeneous nematic
liquid crystal flows.

The paper is organized as follows. In Section 2, we introduce the necessary functional setting,
the Stokes operator, and the spectral semi-Galerkin approximation scheme. In Section 3 we
establish the basic O(A;il) error estimates. In Section 4, we derive higher-order H? estimates for
the director field. Finally, in Section 5, we employ a bootstrap argument to prove our main result:

the improved L? error estimate of order (’)()\,j{z).

2. PRELIMINARIES

Throughout this work, we consider the usual Sobolev spaces

WD) ={f € LYD) : |0° fllLe(p) < +00,|a| < m},
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for a multi-index «, a nonnegative integer m and 1 < ¢ < 400, where the domain is D = Q
or D = Qx(0,7),0 < T < 400, depending on the context. When ¢ = 2, we denote by
H™(D) = W2%4(D) and H*(D) the closure of C§°(D) in H™(D). If B is a Banach space, we
denote by L%([0,T]; B) the Banach space of B-valued functions defined on the interval [0, 7] that
are L?-integrable in Bochner’s sense. We also define the weak LP-space which is defined by all the
functions f € Ll _ such that || f||pr = sup,sot/{x € Q: f(x) > t}|'/P < co. We establish that
spaces of R™-valued functions, as well as their elements, are represented by boldface letters. We
write
Co, ={veCy:V-u=0in Q}

and denote by H and V the closure of C§°, in L*(€2) and H'(Q2) respectively.

Let P be the orthogonal projection from L2?(2) onto H(Q2). Thus, the Stokes operator is —PA,
defined on VN H?(Q). Its eigenfunctions and eigenvalues are denoted by ¢* and ¥, respectively.
The usual L?(Q2) inner product and norm are respectively indicated by (-,-), and || - ||.

It is well known that {cp’“(x)},;";l form a complete orthogonal projection system in the spaces
H,V and V N H?(Q) equipped with the usual inner products (u,v), (Vu, Vv) and (PAu, PAv)
respectively.

For each k € N, we denote by P, the orthogonal projection from L?(Q) onto V}, := span[p!, ..., ©*].
For all f, g € L2(2), and k,m € N, it holds

(i) (Pif,g) = (f, Prg),
(ii) (Pf,g) = (f, Pg),

(iii) ((Pm — Pr)f,8) = (£, (Pm — Pr)g),

(iv) (P —Pp)f,g) = (f, (P — Py)g).

The following lemma is useful for our purposes.

Lemma 2.1 (Rautmann [I8]). If v € V, then
1
lv = Pev]l* < S— IV,
k+1

Moreover, if v.e VN H?2(Q), then
1

2
)‘k:Jrl

lv = Pev|* < 1PAVI?,

1
Vv — VPv|| < ——||PVv|?.
Akl

Remark 2.2. From Lemma (2.1), it follows that if f € H'(£2), then
1
I~ POPE|? < |V P
k+1

Moreover, since P : HY(Q) — H!() is a continuous operator, we have
IVPE|* < Oz
Thus,
2 c 2
(I = Pe) PE|" < ———|I£][gxr-
Akt1
Since PP, = PP = P, one equivalently obtains
C
IPf — Puf||* < I3
Akt1

Moreover, the above relations also hold if one replaces P by any P,,,m > k. Analogously, if
f € H2(Q) we obtain
C

Aia
We also have the following: Let m > k,m,k € N, f € L2(Q) and v"® € V,,,, vF € V. Then

(P — PR, v™ —vF) = (£, (I — P,)v™).

I(I — Py) PE||* < €1y -
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The following variant of Gronwall’s inequality will also be necessary (see Rautmann [I8] p.
437)).

Lemma 2.3. Let a function a(t) > 0 be absolutely continuous with a'(t) > 0 and b(t) > 0
summable in [0,T]. Assume the integral inequality

<w+Acwaws“”+Ab@q@m

A
holds for the positive continuous functions ¢ and ¢* on [0,T] with a constant A > 0. Then

C@+AC@®§AU

Al)
A b
with

A ={1+ /O “bs) dshe(t).  x(t) = aft)exp /O “b(s) ds.

We consider a Galerkin approximation

k
ut(x 1) = 3 Cinlt)p (),
=1

for the velocity and an infinite dimensional approximations p*(x,t), d*(x,t) for the density and
optical director satisfying the following equations:

P+ (- V)p* =0,
Py [pF(uf + (0" - V)u¥) + AV - (Vd* © vd¥)] + vAu* =0,
d} + (u* - V)d* =y (Ad" +|Vd*?d"), (2.1)
V-uf =0,
(p*,u*,d")[i=0 = (po, Paug, dp).

As we said in the Introduction, in this paper we are interested in deriving error bounds, that
is, estimates for |[u — u¥||, ||d — d*||, ||p — p¥|| in suitable norms in terms of powers of 1/\y1.

These error estimates will be derived in the following sections and will be based on the following
local strong solution results established by Gao et al. [7], where here we will consider a constant
fluid viscosity v > 0 and strictly positive density to ensure the validity of the error estimates.

Theorem 2.4. Assume that the initial data ug,do, po for system (L.1) satisfy ug € VN H2(Q),
do € H3(2), and py € WH(Q), with 0 < a < po(x) for a.e. x € 2. Then, there exists a positive

time Ty > 0 such that problem (1.1) admits a unique local strong solution (u,d, p) on [0,T1] such
that:

p € L0, T;Wh>(Q)), pr € L°(0,T1; L>(Q)),
uec C([0,Ty]; VNH?(Q)), wu, e L>0,T1;H)NL*0,Ty; V),
p e L0, Ty; HY()),
d € C([0,T,]; H*(Q)) N L*(0,T1; HY(Q)), |d| =1 in Q x [0,T1],
d; € C([0,T1); HY(Q)) N L*(0, Ty; HA(Q)), dy € L*(0,Ty; LA(Q)).

After proving the Theorem Gao et al, [T, Section 4], obtained the following blow-up criterion
for local strong solutions in three dimensional bounded domain.

Theorem 2.5. Suppose the dimension n = 3and all the assumptions in Theorem (2.4)) are satis-
fied. Let (u,d, p,p) be a strong solution of the initial boundary value problem (L.1)-(1.2) and Ty
be the maximal time of existence. If 0 < Ty < oo, then

dim (190l 0w + [ullpes o rag + 1Vl e rngz ) = o0
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where r; and s; satisfy

2
—+—3 <1, 3<r<oo, 1=1,2.
S; T

To prove Theorem Gao et al, consider

A .
Mo = lim (IVolli=oran + Il o razy + IVl orep)) <o (22)

and thus, they obtain the following estimates, for 0 < T* < T7:

T 2
(Mol + IVl + IVal:) + [ [ (190 + |[vapa+ad] ) aras < @)

sup
0<t<T

sup_(IIVullE + IVdliLs + [V*d|:)
0<t<T

(2.4)
4 . 2 2 2 312 3312 2 .
+ [Vpolug + (u-V)ul|* + |[VA|*|VAd|* + [V°d|° + |Vd¢|* ) dz,ds < C;
0
T
sup e+ [ Julfeds < C; (25)
0<t<T 0
T
swp (Ivpults +I9°d1E) + [ [ (IVwlfe+ 1920l ) dds <05 20)
0<t<T 0
sup_(lpellze + fullme + ol + Ve c2 )
0<t<T
(2.7)

T
[ (alfwe -+ Iole + IdulEs + 942 )ds < €
0

where C' is a generic constants depending only on €2, My, T; and the initial data. Now, using the
properties of Py and the standard arguments used by Heywood [8, @] and Boldrini et al. [4], the
following result is proved for the approximations (u*, d*, p*).

Proposition 2.6. Let (u*,d*, p*) be the solution of [(2.1). Then, they satisfy

Va6 + [Ad* (1) +/0 (lAu® (s)[* + A" ()l )ds < Fa(t),

t
/0 ([ ()II* + Vd£ (s)]*)ds < Fa(t),
[t @17 + IVAE @)1 + [Au* (@) + |d"(O)]7e < Fa(1),
a<pt < B, IVR W)= + lor(t)]lpe < Fa(t),

/0 (IVuf (s)[* + 1A (s)]*)ds < F5(2).

Here, the F; are nondecreasing continuous functions on [0,T1), independent of k.

Remark 2.7. We emphasize that these uniform estimates are strictly local-in-time. The continu-
ous bounds established by Gao et al. rely of a quantity My (which bounds the local supremum of
the gradients) within a maximal existence time T™*. Because our analysis is rigorously restricted
to the interval [0,77] where the local strong solution is guaranteed to exist and My < oo, the
approximate solutions (u*,d*, p*) uniformly inherit these local bounds. This ensures that the
nondecreasing continuous bounding functions F;(t) are completely independent of the approxima-
tion parameter k.

3. ERROR BOUNDS FOR THE APPROXIMATIONS

In this section we prove a priori estimates. Throughout the proofs, C, C., and Cs denote generic
positive constants that may depend on the domain 2, the initial data, and the functions F;(¢)
from Proposition [2.6] but are strictly independent of the approximation parameters m, k, and the
eigenvalues A\py1. Moreover, for simplicity, we assume that v, A,y = 1.
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Let [0,71] be a time interval as in Theorem pk,u¥, d¥ the k-th approximations of p,u,d
respectively. We begin by considering the following theorem.

Theorem 3.1. Suppose that the assumptions of Theorem hold. Then, the approximations
Pk uk d* satisfy

lot) — )P < S8 (3.1)
Akt1
lu(t) — w* @I + [ Vd(t) - V¥ @)
t — uk S 2 S) — k S 2 S
+ [ (19u6) = Tt ) + 18d(s) - Ad(9))d 52
< Gl(t)7
T Akl

for allt € [0,T1]. The continuous functions Go(t), G1(t) depend on t and on the functions F;(t).
The above estimates also hold with p™,u™, d™ instead of p,u,d for m > k.

Proof. First, we suppose (3.2)) holds. The difference p™ — p¥ with m > k satisfies
(pm _ pk)t +um. v(pm _ pk) _ _(um _ uk) . vpk7

and pJ* — pf = 0. By the method of characteristics we obtain

P — pk = —/O (u™(z™, s) —uk(z™,s)) - Vp* (2™, s)ds, (3.3)

where z™(t, s,x) is the solution of the Cauchy problem z]* = u™ (2™, s) with 2™ = x for t = s.
Then, we obtain

t t
o7 =M1 < [ = s < [ = s, (3.4)
and, taking m — oo we obtain
t
o= 1< [ faulas (3.5)
By we obtain (3.1)).
Now, we prove To this goal, we consider m > k. By we have
Pr[p™u"] — Pe[pFuf] + P [p™ (0™ - V)u™] — Pe[pF (0" - V)uF] + A(u™ —u¥)
+ P,V - (Vd™ o vd™) - B,V - (Vd* & Vd*) = 0; (3.6)
d —df + (u™ - V)d™ — (u* - V)dF — (Ad™ - AdF) - (|Vd™2d™ — |Vd*|2dF) = 0.

Applying the inner product in L? of (3.6); and considering & = u™ — u* and ¢ = d™ — d* we
obtain
1d ,
5 Sl (™) ER 4 [VEIR < (P~ PO + pF(al - V)b + Ad - Vdbg)
1 m m m m
+ 5 (P"€,€) = (Pm(p™ = pM)(ug + (™ - V)u™), €)
+ (P [p"(€- V)u™ — pF(u* - V)E+ Vo - Ad™ — Vd* - Ad ], €).
For the first term on the right-hand side, by the properties of Remark [2:2] we have

(P = P)(p"uy + pF(u* - V)u* + Ad*Va"), €)|

< flohul + (- Oyt + A - var| D
k+1
vu™
< [Blat -+ BVt P+ s ] ] 2
k+1
c
<

Akt1
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Now we obtain, by the estimates from Proposition and the equation ([3.4) that
(P (p™ = p")(ug + (0™ - V)u™), €)|
< Cellp™ = p* 112 (IV g |? + [ Vu™|*|| PAu™ ) + 2¢| V€|

<[ [ 16@IP ds] (CIvut? + Cvur PP aum|?) + 2¢|ve?

<[ [ 16@IP ds] (CITutI? + 1) + 2| vl

Thanks to Sobolev’s embedding and Young’s inequality, we obtain

S < Sl lel” < Cle)”

(Pulp6- 907 ¢
(P [ (" 9],
|(Pn[AdY - Vo], €
|(Pn[Ac - Vd*], €)

)| < BIVu™||psl&llee €]l < CeB(IPAW™|*[1€]]* + €] VE[I*;

&)| < Bllu®|lue=[IVEI €]l < CeB?| PAU|?|E]J* + ]| VE]?;
)| < IAdE| Ve ee [[€lles < Co.e

&I < |Aal|Vd* s [€lles < Co.e

522 11€]1* + e VEI* + 6| Aar||*;
522 1€11% + €l VEN* + ]| A

Thus,

&‘Q‘

||( VREN? + | vE?

et [ [ e as] (cvat + ca)
+ [+ CB(IPAW™ |2 4 | PAWH) + Cs [l iz |I€]1° + 26]| Ao

On the other hand, multiplying (3.6))2 by —Ao and integrating over  we obtain

DN | =

IN

5 dtHchIIQ +1Ac]? = (¢ V)d™, Ag) + ((u* - Vo, Ao)

— ((IVva™? = |vd"])a™, Ao) + ([Vd* e, Ao),
and, as before
[((€-V)d™, Ao)| < [[€] [VA™ L= [|Ac|| < Cslld™[|F1I€]1* + 8] Aa]|;
(0" - V)o, Ac)| < [[u”||L=|[Vol [|Ac| < Csl|PAR®|?|Va|? + 5] Ac|;
(Va™? = [vd*[))d™, Ao)| < [([Vald™, Ao)| < Cs|ld™||Fe(IVe|? + 5] Aalf;
(|Vd* o, Ao)| < VA" L= || VA"|[s[lo|lLs [ Aa];
S0, we obtain
1d m
JzIVe ol + A < Cs(||[PAR®(* + [|d™ |3 + [|d" || ld"(|f=) Ve |®

(3.8)
+ Csl|d™ || Fis | €II° + 40| Ac ||

Therefore, adding (3.7) and (3.8)), integrating from 0 to ¢, from the estimates in Proposition
we obtain

IEIE + Vo + [ (IV6)IE +[A0()]?) ds

ot (3.9)
/02 () + Ve (s)1?) ds -+ 5=+ g &l
Note that

1€ol1* = (P — Pi)uo|l* < Y (3.10)
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Thus, replacing (3.10)) in (3.9) we obtain
t
€D + Ve (®)]? +/0 (IVEG)I? +11Aa(s)]?) ds

< [ o (IR +190()1?) ds+ 0+ ).
0

Akt1
and applying the Gronwall‘s inequality (2.3)) we obtain

€)% + IIV«T(t)H"’+/0 (IVEs)|? + [|Aa(s)]?) ds < Cexp(Cht)

and taking m — oo we obtain the desired result.

)

Akt1

Lemma 3.2. Under the hypotheses of Theorem the approzimations p* satisfy

lot) — (02 < S

T = b
Akt1

EJDE-2026/64

(3.11)

(3.12)

(3.13)

with 2 <r <6 for any t € [0,T1]. The continuous function G1(t) is the same function of Theorem

. Also, (3.13) holds with any p™ instead of p for m > k.

Proof. Since L™ () C L™ () with continuous inclusions if o > 1 > 1, it is enough to take r € R

such that 3 <r < 6. Let m > k,m,k € N. Then
pi* + (u™ - V)p™ = 0;
P+ (- V)pt =0;
p"(0) = p*(0) = po.
Subtracting from , the difference m = p™ — p* satisfies
m= (£ V)p" — (u*- V),
m(0) =0,

(3.14)
(3.15)
(3.16)

where € = u™ — u*. Now, multiplying the above equation by |7|"~! and integrating over §, we

obtain L d
vl == [ & vomiar an

Considering the H 6lder’s inequality, we obtain

1d

2l < IV e € Il

L
since 3 < r <6,

d m

gl = ClIVe™ 1= VE] < ClVE]|,
80, by estimates of Theorem [3.1] we conclude that

t G(t
Il < € [ Ives)|Pas < S
0 k+1

Then,

m Gl(t)
™) = @3 < T2,
k+1
and taking m — oo the Lemma is proved.

Theorem 3.3. Under the hypothesis of Theorem [2.7), we have

o [ Tl — (2 ds < G20
V0= )OI + [ ) - ub o) ds < 0,
lde(t) — d* ()2 + / [Vd(s) — Vab(s)|2ds < S0

0 k41

(3.17)

(3.18)
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for any t € [0,T1]. The continuous functions Gs(t), G4(t) depend on t and on the functions F;(t).
The above estimates also hold with p™,u™, d™ instead of p,u,d for m > k.

Proof. Taking the inner product in L?(Q) of (3.6); with &, we obtain

1d
0™ 26 + 5 5

5 SIVER = = (Palp™ — o)k + (u™ - V)u") &)

— ((Pr = Py) [pFuf + pF (0" - V)u* + Ad* - Vd*], ¢))

- (Pm [PF(&-V)uk + pF(ub - V) + Ad™ - Vo — Ao - V], gt) .
Now, by Remark and Proposition [2.6] we have
((Pm — Py [k + pF(uF - V)uk + AdFVd], gt)
< Cel|(Prn = Po)[p*uf + p"(u" - V)u' + Ad* - V"] || + ell€, ]|

Ce
< 3 Ll o + A W+ A0 V] + e
Ce
< S oy vut 4 0] + el
k1
and by Lemma [3.2] and keeping in mind the argument in the Theorem [3.I] we obtain
(Pt = ut + w9y )| < 05 0 ) + e

| (Pale" (€ D)ut + o (u* - V)€" + Ad™ - Vo - Ac- Vd*], &, ) | < C(IVEIR + | Ac ) + el %
Now, as ||(p™)'/2&,]|? > al|&,||? and taking € = /6 we obtain
d C G1(t)
2, % 2 < 1 k|2 1
€+ IVl < = (1 +Ivubl?) + (05
and, after integrating from 0 to ¢t we obtain

¢ C t sup G (t t
VeI + [ e ds < s (e [ 1vub) + 220 (1 [ yoay?)
0 Ak+1 0 Ak+1 0

+ 0/0 (IVES)II? + 1Aa(s)]?) ds + I VEO)]I*.

(1+ IIVUfHQ)) +(CIVEI + Claa|?)

and, because
IVE* <
Then by Theorem [3.1] we conclude that

t
Ga(t)
VeI + [ les)Pds < 20, (3.19)
0 k+1
Now, to conclude our result, we differentiate (3.6)2 with respect to ¢, multiplying by o, and
integrate over () to obtain

Ld

S o IV = (& V)d™ 00 = (€ V)ar, 00) — (uf - V), 00) = (u* - V)orr, )

+ (0 (Vd" P — [Va*H)d™, o) + (VA" ? — [Va*?)dy, o)
+ 0|V e, 00) + (VA Poy, o).
Observe that
(& - V)™, )| < €N VA™ |Lsllolle < Cellél*ld™ (= + el Vore|?;
(& V)di*,00)| < [|€lles VA [lodllLe < ClVEIPIVAT(* + €] Vo],
similarly, we obtain
(uf - V)a.00)| < Cc|Vug|?[Va|? + €| Vo |



10 L. MASCARENHAS-SILVA, M. ROJAS-MEDAR EJDE-2026/64

(0" - V)ay,04)] < Ccl|PARE|P[|o|* + €] Vo ||
For the last terms, we have
(@ (IVa™? — [Va*)d™, a)| < (Vo |d™, o)) < Celld™ [z love||* + €| Vo ||
([va™* = |Vd**)d", o0)| < (IVoldi®, o0)) < Cc|[VA™|*|[ Vo |? + €| Va1
(B:(IVa*P)e, o) < IV VA* s o i ool < Celld™ |3 A 3 Vo |l? + €l VoI
((Vd* o, o0)| < VAL VA" ||Ls o [isl|oe]
< C|Va e [V 127V [ [ Voo o
< Celld* s A" gzl | + €| Vo |,

Then, the above estimates imply

t alt t
o+ [ IVaslPas < 70 [ (PGP + 14 Flld e low(s) P,

and we conclude, by Gronwall‘s inequality and taking m — oo, the desired result. O

Theorem 3.4. Under the hypothesis of Theorem [2.7), we have

/O |[PAu(s) — PAu*(s)||?ds < i’;fﬁ (3.20)
/0 |Ad(s) — AdF(s)|?ds < ii(j (3.21)

for any t € [0,T1]. The continuous functions L;(t) depend on t and on the functions F;(t). The
above estimates also hold with p™,u™,d™ instead of p,u,d for m > k.

Proof. Consider 1. Taking the inner product in L?(Q2) with —PAg, we obtain
IPAE? < — (Pu(p™ — o)l + (w™ - V)], PAE)
— (P = Py) [pFuf + pF (0" - V)uF + Ad" - Vd"], PAE)
— (P [p"(&- V)u" + pF (0" - V)EF + Ad™ - Vo — Ao - Vd¥], PAE) .
So, estimating as usual we obtain
|PAE|?
< C (o™ €2 + o™ (™ - D)2 + [l (€ - V)ub|2 + [Ad™ - Vol|? + | A - Va¥||?)
+el|[PAEN® + Cellp™ — p* (125 (Vi ]* + [|(Va® - V)u®|* + [[(u* - V)Vu®|?) + el PAE|®

Ce
e (|l + [l (* - V)b + [|Ad" - VA" [§) + €| PAE]P,

and by Lemma [3.2]
IPAE|? < Cll&,)1? + CIIVE|? + CllAal® + C Ve |?

& (C+C|vur])

o (C+ [ Vug]]) .

+ -
Akt1

By integrating from 0 to ¢t we have

t t t t t
[ ipseeiPas<c [elpas+c [ Ve ve [ laoiPds+c [ volas
0 0 0 0 0

¢ Lok 2 ¢ Lok 2
— | Ct d — | Ct d
e (c +C/0 |Vuf|2ds) + " (c +/0 |V |2ds)
< Ll(t),
T Akl
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and we obtain (3.20)). Now, by (3.6)2 we obtain
|Ae|* < C(Htftll2 + [ VEIPA™ [ + [ PARE(PVa | + [[Ve|*||d™ e

+ Vo2l el e )

and by estimates established previously we obtain (3.21)) taking m — oc. O
Corollary 3.5. Under the hypothesis of Theorem we have
Ly (1)
lp(t) = p* ()2 < S (3:22)
k+1

where Ly is the same function of Theorem [3.4)
Proof. As in Theorem [3.1] we have

lo(t) = PO~ < ( / Jua(s) — ()| [ V0 (5) s

Consequently, by H 6lder’s inequality,
t
lp(t) = (@)1~ < t/o [u — ¥ V"7~ ds

t
< CT, sup |Vo* 2 / | PAu— PAUF|? ds
0

<ol
Akt1
where the last estimate follows directly from Theorem yielding (3.22)). O

4. H3-ERROR ESTIMATES FOR OPTICAL DIRECTOR

Theorem 4.1. Under the hypotheses of Theorem [2.]] we have

v o) - var P + | dur(s) — by (s) s < 0, (4.1
0 Akt1
ld(t) — d(t) 3 < fkf) (4.2)

Proof. Differentiating (3.6)2 with respect to t, after multiplication by o; and integrating with
respect to 2, we obtain

1d
2dt
= —((& - V)d" ou) = ((§- V)], 0u) — ((uf - V)o,ou) — (0" - V)oy, 04)
+ @, (Vam P — |Va*P)d™, o) + (VA" ? = VA" [*)d}", o41)
+0,(IVd*" o, o) + ([Vd* 2oy, ou).
As in Theorem [3.3] we obtain

IVosl|* + ol

(4.3)

' Hi(t
||Vcrt(t)H2+/ loue ()12 ds < AliU
0 k+1

To obtain the estimate (4.2), we take V from (3.6)2 and obtain
IVAe(t)]? < C(||vo't||2 +[|VE- VAP + (1€ - Ad™(]* + [[Vu* - Vo ||?
+ [[ut - Ac|? + V(v Fan — [vdtPat2))),

and, since ||o||lfs < C|[VAg||?, we obtain the result estimating the right-hand side using the
estimates already proved. O
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5. IMPROVED L2-ERROR BOUNDS

The L2-estimates obtained in Theorem are not optimal. In fact, one expects to obtain a
. In this section, we will improve the L2-estimates

in Theorem (3.1) by using a bootstrap argument To do that, we set
e =u—-vF o =d-d*¥ and ¢ =uf —v*,
where v* is the k-th partial sum of the series for u. Then, we have u — u* = e* — ¢k.

Lemma 5.1.

¢ 1 1
[ @12 + V" (8)]2 + Cy / (IV4* (I + 210" P)lds < C0) (57— + A;i/fl)'

Proof. We observe that v¥ satisfy
Pelp(us + (u-V)u) + AV - (Vd © Vd)| + vAvF =0, (5.1)
then
Py[pFul —pug |+ P [(uF- V)uF — (u-V)u] + AP (V-(VdFoVd*) -V (VdeVd)) +rAy" = 0. (5.2)

By taking the inner product in L? of (5.2)) with 1,le and proceeding as in the previous section, we
obtain

VITBHI + 5 ) 242 — (e )

= 5(,0,’?1# F) + (0= P)vEF) + ((p— pF) (b - V)uk, op*)
— (p(" - V)u¥, 4%) + (p(e” - V)u*, ¢*) — (p(u- V)§p¥, )
+ (pu-V)er pF) + (Ae* - Vd* pF) + (Ad - Vor, o).
Also, we have

t t t
p_pk:—/ (u—u)Vvp* ds:—/ (e - V)p" ds+/ (p* - V)" ds.
0 0 0

Now we observe that, if 7 is any function in H*(£2), for any § > 0, € > 0, it holds

t t
(=" %) < G| [ 1M IV ]I Ba O [ 1 IPIVO ] I e +26] 00"

By using this with 7 = v} and 7 = u* - Vu* and the facts

C C
et ? < ke < 55—

(p(u- V)ekﬂ/)k) = (p(u-V)g*,e"),

together with the previous estimates, we obtain that for any ¢ > 0,

1d
VIV 2+ 5 S0 = (pef )
k2 k2 k k112 9
< CIHIP + 55— (192 + IV [(u* - 9)ut] ) + 55—
k+1 k+1

t
+C [P (I9VER + 19 [0 V)] [2) + 88147 + 2 Aot
0

In the same way,

e

< —— + ClYF|2 + C[Var|? + 5e| Ac”|.
>‘k+1

1d
Ac*|]? + = —||Vo
AT +2dtll
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Thus,
1d
Vi 2 Ack|2 & FYL/2qk 12 4 Vok|2 k k
o P e T A R e A
C
< SE + O + IV + IV + CIwvi? [ ¥1as.
E+1 k41

Integrating with respect to t, we have

t t
e / (I 2 + A Ac* |2)ds + 4] + Vo ? - / (pel, ") ds

t
<c / (" 12 + V" [2)ds +

2
)‘k+1
Now, using that a*(0) = 0 and integrating by parts with respect to ¢, we have

| [ (ekwyas]
<| / (pec, *) ds|| + | / (pe® %) ds|| + [(p(t)e* (1), " (1))
0 0

t t
S/ pellz=< "] \\¢k||d8+/ ol lle® I (llef | + | (a —u*)ell) ds + Blle®|| %"

C 1
<0/ et ds+c/ | ds+c/<||ek|| b+ ¥l 1w = w)el)y ds + 5=
ket 1)\k+1
C C
<v - taE

3/2
k+1 )‘k/+1

Thus, we obtain
t
1" @O + [Va* (@®)]* + C /O (V" ()1 + 71 Aa™(s)*())ds

1 t
<C(53—+ =) +C [ IS G + Vo o)]*)ds
(Ai-i-l )\ifl) 0

From this and Gronwall‘s inequality we conclude the Lemma.
Now, we are ready to prove our main results.

Theorem 5.2. The following two estimates hold:
1 1
Ju(t) = u*(0)] + |vd - Va*| < C(0) (57— + =75 ):

Akt /\ifl
1 1
Ip(t) — p" ()]l < C(t) + =5
<>‘i+1 Aifl)

for allt €10,T7.
Proof. Since
lu—u®|| = [le" — || < "] +[[¢"[l, [IVd - vad*| < [V,

from the Lemma we obtain the first estimate.

13

For the second estimate, proceeding as in the first part of the Theorem that is, ||p(t) —

O < ot fo [u(s) — u*(s)||?ds, and we obtain the result.

O

Remark 5.3 (Final Remarks). As mentioned after the Proposition we emphasize that the
error estimates obtained in this work are local-in-time. As noted by Heywood [I0] to obtain
estimates global-in-time to the classic Navier-Stokes equation, additional stability assumptions
are necessary. For the classical Navier-Stokes equations, assuming exponential stability in the
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H! or L2 norms allows for uniform-in-time optimal estimates [I0, [19]. However, extending this
to the variable density case often requires regularity assumptions, such as u € L>(0,7;H?) [?].
Uniform-in-time error estimates can also be derived without explicitly assuming H' stability by
considering a class of solutions corresponding to exponentially decaying external forces with a
sufficiently small norm [2].

We emphasize that the optimal convergence rate cannot be obtained in our case due to the
presence of the term pef. This term does not appear in the classical Navier-Stokes equations,
where optimal L? error estimates are possible. Indeed, in contrast with the classical Navier-Stokes
equations, where optimal L? error estimates can be obtained (see Rojas-Medar and Boldrini [1]),
in the variable-density case considered here we were only able to prove an improved L? error
estimate compared with the trivial estimate derived from the H! bound.

Extending the present analysis to global-in-time error estimates under a small initial data
assumption remains an interesting open problem. Such an extension would require not only the
global existence of strong solutions but also suitable uniform-in-time stability properties. In our
inhomogeneous nematic liquid crystal model, the transport equation for the density does not
possess any dissipative mechanism. As a consequence, the density error is controlled indirectly
through the velocity error, and these estimates accumulate over time. This additional coupling
makes the derivation of uniform-in-time estimates substantially more delicate, likely requiring
further assumptions ensuring sufficient decay or stability of the solution.

Finally, although the present work is purely analytical and focuses on the rigorous derivation of
error estimates for spectral semi-Galerkin approximations, numerical experiments illustrating the
convergence rates predicted by the theory would provide a valuable complement. Such numerical
investigations will be the subject of future work.
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