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GENERALIZATION OF THE CHORD SOBOLEV INEQUALITY FOR
ORLICZ SPACES

YUKE LI, WENTAO GUO

ABSTRACT. The relationship between the classical chord power integrals and radial mean bodies,
as well as the classical chord Sobolev inequalities, have already been established. This article
extends the concepts of chord power integrals and chord Sobolev inequalities to the Orlicz space
framework. We provide the definitions of the Orlicz chord power integrals and the Orlicz radial
mean bodies, and we establish their equivalence. We prove the Orlicz chord Sobolev inequality
for two distinct cases: 0 < o < n and o > n.

1. INTRODUCTION

In convex geometric analysis, the classical chord power integral is a fundamental geometric
quantity characterizing the chord length distribution of convex bodies, systematically established
by Lutwak et al. within the framework of chord Sobolev inequalities. This inequality sits at the
intersection of analysis and geometry, bridging isoperimetric phenomena and functional inequalities
in [8, 17, 18, 19} 22, 26, 27].

In recent years, the theory of chord power integrals has undergone substantial advancements,
driven by its deep connections to emerging topics such as chord measures, Minkowski-type prob-
lems [21] 25], and affine functional inequalities [4]. The anisotropic fractional Sobolev inequalities
has also attracted extensive in-depth investigations; see [12}[24]. Lutwak, Xi, Yang, and Zhang [25]
pioneered the study of chord measures, a new family of translation-invariant geometric measures
derived from the differentials of chord power integrals, solving the associated chord Minkowski
problems [14] and logarithmic variants [I3], which correspond to novel fully nonlinear partial
differential equations involving dual quermassintegrals. Concurrently, Baéta and Cai [5] [6] estab-
lished the complete chord Sobolev inequality theory, unifying the analytic inequalities for both
a > 0 (affine-type) and « € (—1,0) (fractional-type), and characterized the equality cases, signif-
icantly strengthening the classical Euclidean isoperimetric inequalities in [2] [B]. Beyond convex
bodies, the functional extensions of chord power integrals have been systematically developed,
with applications to log-concave and s-concave functions, as well as radial mean bodies in [2] [7].
Complementary studies include the L, and Orlicz extensions of chord Minkowski problems, vari-
ational formulas for chord power integrals, and integral representations for specific convex bodies
like simplices in [16]. For other relevant references, see [10] [15] 20].

Relying on the theoretical framework of the chord Sobolev inequality, we introduce rigorous
definitions of the geometric chord power integral for convex bodies and the functional chord power
integral for nonnegative measurable function, and gives equivalent analytic forms and applicable
conditions according to different ranges of the parameter o > —1 in section clarifying the
structural differences and geometric meanings under different intervals.

The standard definitions of the chord power integral in [6] for convex bodies and for functions
are as follows.
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Let K C R™ be a convex body a compact convex set with nonempty interior, w,, be the volume
of the unit ball in R™, and H"~! be the (n— 1)-dimensional Hausdorff measure. For a convex body
K C R™ and a parameter a > —1, the chord power integral I,11(K) is defined as the integral of
the (a + 1)-th power of the length of intersection of a random line with the convex body

Ini1(K) = / |K nij*tal.
Aff(n,1)

For any unit vector u € S"~!, denote by K|u' the orthogonal projection of K onto the orthogonal
complement of u, and let

X (z,u) = |[K 0 (2 + Ru)
be the chord length (X-ray function) of K in direction u through the point 2 € K|u’. Then the
classical chord power integral of order o + 1 for K is defined as

1
In1(K) = won S S lXK(x,u)a“dH”*l(x)du.

Three common properties of the chord power integral are as follows:
o [1(K)=|K]|, Io(K) is related to the surface area,
e Affine invariance and monotonicity: K C L = I11(K) < In+1(L);
e Homogeneity: I,11(tK) =t"T1, 1 (K).
For a nonnegative measurable function f : R™ — R, whose level sets are {f >t} = {x € R™:
f(x) > t}, the functional chord power integral is defined via the layer cake representation of the
chord power integral of its level sets

where a > 0.
The relationship between the classical chord power integral and the classical radial mean body
is as follows

a+ 1)K o
Lo () = DR [ .
Nwy, §n—1
where R, K is the classical radial mean body in section and
PR, K / PK— z dx.
K]

The corresponding relationship between the Orlicz chord power integral and the Orlicz radial mean
body as follows.

Theorem 1.1. For a > —1 and a convezr body K C R™, we have
(a+1)|K]
NwWn §n—1

Ig.ap1(K) = G (pre..x(u)" du,

where Rg oK is the Orlicz radial mean body satisfying

G (proo ()" = 71 | G lox—s(w) da

It perfectly replicates the structure of the classical framework and we present a series of lemmas
along with detailed proofs in section

In what follows, Section 4] establishes the Orlicz chord Sobolev inequality, which serves as the
main theorem of this paper. We further present a comparison with the classical chord Sobolev
inequality in [6].
Classical chord Sobolev inequality: For a € (0,n), nonnegative f € Lnyﬁ(R”), there exists
an sharp constant Cy, o, such that

min{f(z), f(y)}
Craplfll 2 = //Ran" |z —y[n—e dx dy.
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Orlicz chord Sobolev inequality: For a € (0,n), nonnegative f € L%(R") and 0 < ||f*||¢ < 1,
there exists an optimal constant C¢ ,, o such that

Conalfloz [ mMOUCDGUGN 4,

|$ |n [

where the symmetric decreasing rearrangement function f* of the Orlicz function f can be ex-
pressed as a constant multiple of the characteristic function of the unit ball.

Theorem 1.2. Let G be an Orlicz function, for a € (0,n), and f € LE(R™) be nonnegative. If
the symmetric decreasing rearrangement function f* of the Orlicz function f can be expressed as
a constant multiple of the characteristic function of the unit ball. Then there exists an optimal
constant oG n.o > 0 and 0 < ||f*|l¢ < 1 such that

conalfl> [ mBOUECUGIL

o=y

When ||f*|lc > 1,

sanalsltyz [ mHEUELCUWIL g,

xr — |na

where p > 1 is given by (2.1) and oG ne > 0 is a constant depending only on the Orlicz function
G, n and a.

When G(t) = t, the Orlicz space reduces to the L' space, the Luxemburg norm reduces to the
L' norm, and the theorem reduces to the classical L' chord Sobolev inequality

o ] L

which verifies the consistency of the theorem.
Meanwhile, at the end of Section [4] we derive and characterize the explicit form of the Orlicz
chord Sobolev inequality for the case a > n.

Theorem 1.3. Let G be an Orlicz function, for « > n, and f € LE(R")NL>®(R"™) be nonnegative.
If the symmetric decreasing rearrangement function f* of the Orlicz function f can be expressed
as a constant multiple of the characteristic function of the unit ball. Then there exists an optimal
constant Cg > 0 such that

log//R”XR” m1n{G| f(x)),G(f(y)} dzdy > Cp.o + Cclog (”ngo%”fH?)) 7

T — |na

2log C
log 2

where Cq = > 1, C’n « depends only on n and c.

2. PRELIMINARIES

We collect results on Orlicz-Sobolev spaces, Orlicz functions, classical chord power integral and
radial mean body, Schwarz symmetrization, that will be used in the following.

2.1. Orlicz-Sobolev spaces. Let G be an Orlicz function. We consider the corresponding spaces
LY (R") defined as

LE(R™) := {u: R™ — R measurable, such that ®g(u) < oo},

where the modulars ® are defined as

Pa(u) = [ G(lu(2)]) dz,

]Rn
These spaces are equipped with the so-called Luxemburg norms that are defined as

lulle = Jull Lo (g := inf {/\ >0: g (A) < 1}
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2.2. Orlicz functions.

Definition 2.1. G: R,y — Ry is called an Orlicz function if it has the following properties:
(H1) G is continuous, convex, increasing and G(0) = 0.
(H2) G satisfies the Ay condition, that is, there exists C > 2 such that
G(2z) < CG(x) forall z € R,.

(H3) @ is super-linear at zero, that is lim,_,o+ G(z)

Without loss of generality, we may normalize G such that G(1) = 1. It is straightforward to
verify that Orlicz functions satisfy the following fundamental properties.
Lemma 2.2 ([9, Lemma 2.4]). Let G : Ry — Ry be an Orlicz function. It follows that

(1) (Regularity) G is Lipschitz continuous.
(2) (Integrability near 0 and infinity) Given s € (0,1),

[eS) —s 1 1-s
/ GE™) 4 < 8. /G@” ) gz < 9
1 0

T s T —1-5’

where g 1= Sup,¢(o1) r71G(x).
(3) G can be represented in the form

Ga) = | " g(s) ds,

where g(s) is a non-decreasing right continuous function.
(4) (Subadditivity) Given a,b € Ry,

o Q

G(a+1b) < < (G(a) + G(b)),

where C > 0 is the constant in the Ay condition (H2).
(5) For any 0 <b<1 anda >0, it holds G(ab) < bG(a).
The A, condition in Definition (H2) is equivalent to

G'(a) _p
<=, V 0 2.1
Gla) Sa 0T @1)
for some p > 1. It is shown in ([23], Theorem 4.1).

Lemma 2.3 ([9, Lemma 2.5]). Let G be an Orlicz function. Then, for every a >0 and b > 1 it
holds
G(ab) < bPG(a),

where p > 1 is given by (2.1)).

Lemma 2.4 ([9, Lemma 2.6]). Let G be an Orlicz function. Then for every § > 0, there exists
Cs > 0 such that
G(a+b) < Cs5G(a) + (1 +90)PG(b), a,b>0.

Lemma 2.5 ([9, Lemma 2.7]). Let G be an Orlicz function. Then, there exists ¢ > 1 such that
t*9G(a) < G(at),
for everya >0 and 0 <t < 1.

To conclude this subsection, we review several established tools from convex analysis. In fact,
given G is an Orlicz function, we can define the following complementary function G* as

G*(a) = sup{at — G(t) : t > 0}. (2.2)
It follows immediately from (2.2]) that the following Young-type inequality holds
at < G(t) + G*(a) for every a,t > 0.

We will utilize the following property in subsequent proofs.
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Lemma 2.6 ([9 Lemma 2.9]). Let G be an Orlicz function and G* its complementary function.

Then
G*(g(1) < (p = 1G(?),

where p > 1 is given by and g = G'.
2.3. Classical chord power integral. For a convex body K C R", a convex compact set with
nonempty interior, let |K| denote the n-dimensional Lebesgue measure of K, and |K NI| the
length of the line segment obtained by intersecting the line [ with the convex body K. Denote
by Aff(n,1) the affine Grassmannian of all one-dimensional lines in R™, and by dl its normalized
Haar measure.

For a nonnegative measurable function f : R™ — R, we denote its level set by

{fztt ={zeR"| fx) =1}, t>0,

its LP norm by || f||,, and its essential supremum norm by || f||cc-

We first provide the chord power integral for convex bodies, its unified definition as follows: for
a convex body K C R™ and a parameter « > —1, the chord power integral I,1(K) is defined as
the integral of the (o + 1)-th power of the length of intersection of a random line with the convex
body

Ini1(K) = / |K Ni|*ttdl.
Aff(n,1)

(1) @ € (—1,0): the chord power integral can be expressed as a nonlocal difference form of the
characteristic function

1 —1
Iot1(K) = lofla+1) // L x(y )|d dy,
ann R xR |x— |n—e

where 1k is the characteristic function of the convex body K.
(2) a > 0: the integral reduces to a nonlocal integral of the product of characteristic functions

1)
Ia+1(K: ala+ // ()dd
nxRn® |x*y|n o

(3) Endpoint limiting cases: when o — —1+, the chord power integral converges to the surface
area of the convex body, corresponding to the classical isoperimetric inequality. When a = 0,
I(K) = |K], i.e., the Crofton volume formula. When «a = n, I1(K) = ZEK[?, ie., the
Poincaré-Hadwiger’s integral formula.

Then, we provide the chord power integral for nonnegative measurable function, its unified def-
inition as follows: for a nonnegative, log-concave, integrable function f € L>(R"™), the functional
chord power integral is defined via the layer cake representation of the chord power integral of its
level sets

[1f1loo
fon(f) = [ Taar = et

(1) a € (—1,0): the fractional Sobolev space f € W~*!(R"), and the integral is based on the
absolute difference of the function

fon( = D [ D=,
att 21w, R™ XR™ |33— y|n—e

(2) @ € (0,n): nonnegative functions f € L#+a (R™). To preserve homogeneity, the minimum
structure is used 0 {f 2. )}
a + min
In1(f) = // = dxdy.
R™ xR" |33 —y
(3) a > n: nonnegative functions f € LY(R™) N L>°(R™) to ensure finiteness of the integral

Loi(f) = ala+1) //Rnxwmm{f x), ()}dxdy

o =yl
(4) Limiting case o — 07: the chord power integral satisfies the asymptotic equality

lim o - Ia+1(f) = anHf”l’
a—0t
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which is key to deriving logarithmic Sobolev-type inequalities.

2.4. Classical radial mean body. Let K C R” be a convex body containing the origin, px (u) =
sup{A > 0 : Au € K} the radial function of K with respect to the origin, and | K| the n-dimensional
Lebesgue measure of K. For a nonnegative measurable function f € L'(R"), denote its level set
by

{f =t} ={xeR": f(z) > t},

and define the probability measure

dus (t) = {ffZ”f}'dt.

The a-th radial mean body R, K is defined as follows

[0 1 «
prar0)” = o /K pr—alu)®de,

where o > —1 and « # 0, K — x denotes the convex body obtained by translating K by the vector
—z. When « = 0 (0-th radial mean body),

1
log pr, K (u) = 4] /Klog PK—o(u)dz.

Let f € LY(R")NL>*(R") be a nonzero, nonnegative, log-concave function. The a-th functional
radial mean body R, f is defined by the weighted average of the radial mean bodies of its level
sets. When « # 0,

1£lloo
PR, ()" = /0 PR {2ty (W) dpg(t).

When a = 0 (0-th functional radial mean body)

£l oo
log pr, f(u) :/0 log pry{f>ey (u)dpug(t).

We provide an equivalent characterization of radial mean bodies, valid for a convex body K
and a direction u € S"~ 1.

e If & € (—1,0), then
_ e

a—1
=—_— rOTHKA(K + ru)|dr.
2|K] Jo

PRo K (u)
o If o > 0, then
o (oo}
PRk (W) = —/ r* K N (K 4 ru)|dr.
K] Jo

2.5. Symmetrization. For a subset E C R™, the indicator function 1g is characterized by
1g(x) = 1 when ¢ € F and 1g(z) = 0 for all x ¢ E. Let E C R™ be a Borel set with finite
measure. The Schwarz symmetral of E, denoted by E*, is defined as a closed Euclidean ball
centered at the origin, having the same volume as F.

Let f:R™ — R be a non-negative measurable function such that for any ¢ > 0, the super-level
set {f >t} has finite measure. The layer cake formula asserts that

flx) = /000 Lip>ey(z)dt. (2.3)

holds for almost every € R™. The Schwarz symmetrization f* of f is defined as

) = / L so () dt.

for x € R™. Consequently, f* is characterized almost everywhere by being radially symmetric and
possessing super-level sets whose measures coincide with those of f. Note that f* is also called to
the symmetric decreasing rearrangement of f, see [I]. If for all z, y with |z| < |y|, the inequality
f*(x) > f*(y) holds, we say that f* is strictly symmetric decreasing.
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Theorem 2.7 ((Riesz’s rearrangement inequality). For f, g,k : R™ — R non-negative, measurable
functions with superlevel sets of finite measure,

/ F@)k(z — y)g(y) dr dy < / F @) (@ - y)g* () de dy.
n JRn n JRrn

We will use the characterization of equality cases in the Riesz rearrangement inequality which
is from A. Burchard [I1].

Theorem 2.8 (Burchard). Let A, B and C be sets of finite positive measure in R™ and denote
by a, B and v the radii of their Schwarz symmetrals A*, B* and C*. For |a — 3| <y < a+ (3,
there is equality in

/ / la(y)le(z —y)lo(x)dzdy S/ / las(y)lps(z — y)lox(z) dz dy.
if and only if, up to sets of measure zero,
A=a+aD, B=b+ 6D, C=c+~D,

where D is a centered ellipsoid, and a, b and ¢ = a + b are vectors in R™.

3. ORLICZ CHORD POWER INTEGRAL AND ORLICZ RADIAL MEAN BODY

In this section, we establish the uniform convergence of the radial function associated with the
Orlicz radial mean body and the continuity of the Orlicz chord power integrals, thereby deriving
the relationship between the Orlicz chord power integrals and the Orlicz radial mean body.

Let K C R™ be a convex body, a > —1 be a real number, and GG be an Orlicz function. Then
the Orlicz chord power integral of order a4+ 1 for K is defined as

1
Igat1(K) = W/an /K A G(Xg(2,u)* T dH " (x)du.

For a nonnegative measurable function f € L&(R™) N LogConc (the space of log-concave func-
tion, ensuring that its level sets are convex bodies), its functional Orlicz chord power integral is
defined as

Il
Iga1(f) = /0 Igoa1({f > t})dt.

When taking the power-type Orlicz function G(t) = t? (p > 1), the Orlicz chord power integral
reduces to the LP-type classical chord power integral

1
Ig.a1(K) = —/S Ny Xg (2, w)* T dH" (2)du = Lot (K).

nWy,
When p = 1, G(t) = t, it directly reduces to the standard classical chord power integral
IG,oz+1(K) = oz+1(K)~

When p = 2, it corresponds to the L? chord power integral, a common special case in the classical
chord Sobolev inequality.

Let K C R™ be a convex body, G be an Orlicz function satisfying the regularity conditions,
and o > —1 be a parameter. Then the radial function of the Orlicz radial mean body Rg oK is
defined as

(0% 1 «
Glprg ()" = e [ Gloe—alu))“da,
(K] Jx
where pr,  kx(u) > 0 for all w € S"! and px_,(u) = max{t > 0 | z + tu € K} is the radial
function of the convex body K with respect to the point x, pr. , k(u) is the radial function of the

Orlicz radial mean body Rg oK, uniquely determined by the above equation. When G(t) = t?, it
reduces to the classical L? radial mean body R, oK

1
ppraK('LL)po‘ = m /KpKfm(u)padx'



8 Y. LI, W. GUO EJDE-2026/65

Let {K; }J‘?‘;l, K C R" be convex bodies containing the origin in their interiors, K; — K > o,
and K;, K in Hausdorff metric.

Theorem 3.1 (Uniform convergence). Let G is an Orlicz function, « > —1, and let convex bodies
K; A K with uniformly bounded volumes. Then

st
PRg.oK; — 7 pRG,aK

converges uniformly on S*~1. That is, the Orlicz radial mean body converges in the Hausdorff
metric

RaokK; 2 R oK.
Lemma 3.2 (Uniform boundedness). The family {pr. .k,} is uniformly bounded on S"*.

Proof. Since K; — K, {pk,—«(u)} is uniformly bounded, that is, there exists a constant M > 0
such that for all j € N, all directions v € S*!, and all z € K;,

0< ij_w(u) < M.

By monotonicity and As-condition of Orlicz function G,

G(pRe ok, (w)" = |K1J| /K G(pr;—a(u))dx
! G

< — (M)%dx
| /Kj
1
<L cane x|
L] ’
= G(M)“.
Strict monotonicity of G gives pr. ,x,; (u) < M for all j, u. O

Lemma 3.3 (Equicontinuity). The family {pr. .k, } is equicontinuous on S"~*.
Proof. Convex bodies K; are uniformly Lipschitz, we obtain

|ij,m(u) _PKjfz(U” < Cilu—v|. (3.1)
By Lemma all pi;—«(u) are uniformly bounded on a bounded interval [0, M], Vj, z,u. Since
G € C'0,+00), G’ is continuous, then G is bounded.

Combining with the As-condition, the power-composite function ¢ — G(t*) is still Lipschitz
continuous. By the mean value theorem for functions of one variable, we have

[G(a”) = GO™)| = |G'(§)] - la™ — b7 (3.2)
Then, using the Lipschitz estimate for the power function ¢
|a® —b| < Cala — b. (3.3)

Combining (3.2)), (3.3) and , we estimate
Glor, ()" = Glpr, )| € 2 [G']-Co- I, —+(0) — o, (1)

)

3.4
< 010y sup |G| - Ju —v| = Cslu — v, 3.4)
[0,M]

where the constant Cjs is independent of j and z.
For u,v € S"~ 1, by the absolute value inequality for integrals and (3.4]), we have

G (oo i, () — Glpra.xc, (v)°] < |K1| /K G016, 20" = Gpr ()l

7.
< Cslu — v|dx
K| Jk,

= Cslu —v|.
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Thus the Lipschitz constant C'5 is independent of the index j, we obtain
\PRe.o i, (W) = PR ok, (V)| < Cslu—v|, VjeN,
for any € > 0, we take § = C%, such that the spherical distance |u — v| < 4, then for all j, we have
PRG o k; (4) = PRG ok, (V)] <E.

Therefore the family of functions {pr, k,} is equicontinuous on S”~1 this proof is complete. O

Lemma 3.4 (Pointwise convergence). For each u € S*71,

G (pronr, ()" = Glpre .k (1)

Proof. From K; — K and the uniform boundedness in Lemma there exists a constant M > 0
such that
pKJ._r(’UJ) SM, Vj,VZL'GKj.

Combining this with the As-condition of the Orlicz function G, there exists a constant C' > 0 such
that

G(t*) < CG(t), Vt>0.
Therefore the integrand is dominated by a globally integrable function
0 < Glpr;-a(u)® < G(M)™ = g(2),

where the constant function g(x) is Lebesgue integrable on convex bodies, satisfying all conditions
of the Dominated Convergence Theorem, then we have

/ G(ij_m(u))ad:c%/ Gpr—o(u))*dz. (3.5)
K, K

Using (3.5, we obtain

Gl or, )" = [ [ Glor, ol

FEL N / Clox—a(u))*dz
K| Jk

= G(pre ok (u)”
That is,
G(pro.ok; (W) = G(prg ok (W)”
for every fixed u € S"~!, which completes the proof. O

Proof of Theorem[3.1 By Arzela-Ascoli theorem, uniform boundedness and equicontinuity imply
that {pr. .x;} is relatively compact.

G is strictly monotone and continuous on [0, +00), so its inverse G~! exists and is continuous.
Applying G~! and the é—th power to both sides of the convergence equality yields

pRG,aKj (u> J_)OC> pRc,aK(u)'
That is, the family of functions {pr,q,qK;} converges pointwise on S"~!. Pointwise convergence
forces the whole sequence to converge uniformly to PRg.ok- Thus Rg oKj; — Ra oK. O
Theorem 3.5. For a > —1 and a convex body K C R", we have
(a+1)|K]|

IG,aJrl(K) = w -

G (pRG’uK(u))a du,

where Rg oK is the Orlicz radial mean body satisfying

G (pro.c(®)" = 11 [ G (or—s(w)da
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Proof. First, for any ¢t > 0, by the convexity and differentiability of the Orlicz function GG, we have
the integral identity

G = (a+1) /0 ()G (s)ds.

Let t = Xk (z,u), substituting gives
i Xk (z,u)
G (Xk(z,u)* = (a+ 1)/ G(s)*G'(s)ds.
0

For a fixed direction u € S"~!, integrate over the projection K|u’ of K onto u*. By Fubini’s
theorem

Xk (x,u)
/ G (Xg(z,u)* ™ de = (a+ 1)/ / G(s)*G'(s) ds dx
Klut Klut+ JO (36)

= (a+ 1)/ G (pr—o(u)” dz.
K
According to the definition of the Orlicz radial mean body

G (Prour(w)” = % /KG(pK—m(U))a da, (3.7)

substituting (3.7) into the above expression (3.6)) yields

[e3%

[ 60k do = @+ DIK]- G (prg ,c(u) (38)
Kl|u
Finally, substitute (3.8]) into the definition of the Orlicz chord power integral
1
Toan(K) = —— [ [ 6 (Xuau)™ dodu
NnWwy, Jsn—1 Klut
and we obtain complete the proof
@] + 1 K «
I () = CEIEL [ G o )™ au,
nw, gn—1
which completes the proof. U
Corollary 3.6 (Continuity). The Orlicz chord power integral
[0 —|— 1 K «
Iga+1(K) = lat DIK] G(pre, .1 ()" du
nwy, §n—1

is continuous under Hausdorff metric convergence

Ig.a+1(Kj) = Ig.a+1(K).

4. ORLICZ CHORD SOBOLEV INEQUALITY

In this section, we extend the chord Sobolev inequality to the Orlicz space through our newly
defined Orlicz chord power integral and draw some relevant conclusions.

Lemma 4.1. Let G be an Orlicz function, and f € LE(R™) be nonnegative. Let f* denote its
symmetric decreasing rearrangement, which satisfies

G(f()de = | G(f*(x))dz, |flle = If]le-

R™ R

Proof. By the layer cake formula for nonnegative functions,

/ g(z)dx = /0 Hz: g(x) > s}|ds.
Applying this to g = G o f, and using the strict monotonicity of the Orlicz function G, we have
G(f(z)) >s < f(z) > G !(s).
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Thus,
GUeNdr = [ 1 1w) > G 6 Hds = [ pr(G ()
R" 0 0
Substituting t = G~1(s), ds = dG(t), we obtain

GUr@hds = [ ui(tact)

Rﬂ,
For f*, the same calculation gives

G @)is = [ (1600

By the definition of the distribution function, we have p17(t) = ps«(t) for all ¢ > 0, the two integrals
are equal, which completes the first equation.
From the definition of the Luxemburg norm,

||f||G:inf{)\>0:/
Using the first result, for any A > 0,

[ o0y o1

This implies that the sets of admissible A for f and f* are identical, so their infima are equal.
Hence, [|flla = [I/*llc- O

R™

G(@)dm < 1}.

n

Lemma 4.2. Let G be an Orlicz function, and nonnegative function f € LY(R™). For a € (0,n),

[ mnlOUGDGUW g, ([ GG W,
R7 xR® ~ JJrrxrn '

@ —y[r=e o — gl

Equality holds if and only if there exists a vector zo € R™ such that f(z) = f*(x — z0) for almost
every x € R™.
For a > n and nonnegative f € LE(R™) N L (R"),

I CC KEELC) WA G PR R W
R xR — JJRrxRe ’

@ —y[r=e & — gl

Equality holds if and only if there exists a vector zg € R™ such that f(x) = f*(x — 2q9) for almost
every x € R™.

Proof. For a € (0,n), let z € R™\ {o}. Then we have

1 o
o = / 1,-1/4p(2)dr.
0

Here ¢ = n — a > 0. Since Orlicz function G is a monotonically increasing function, then

win{G(f(2)) G0} = | T Laten @)tz W)t

:/0 L2y (@)1 526y (y)dG(s)-
Using Fubini theorem, we obtain

[ mlOUE@.GUYL
R™ xR™

S

1p o (2) 1) o
/ // 2 (@20 W) dy> 4G (s)
R7 xR |z — y[n—«

=[] v @ = 0y () dedy ) aG(s) dr
0 0 nxRn®




12 Y. LI, W. GUO EJDE-2026/65
By the Riesz rearrangement inequality, we have

// 1> (@)1, -1/ p(x — Y) 1556 (y) da dy
R™ xR™

< // Loy (@)L m1/mme g (2 — y) L >0y (y) d dy,
R™ xR™

which implies that

// min{G(f(z)), G(f(y))}dxdy

o=y

// min{G(f*(x)), G(f*(y))} dz dy.

o=y

If the equality holds, then is an equality for almost all (s,7) € (0,00)2. For sufficiently large
r > 0, the assumptions of Burchard theorem are satisfied. Consequently, up to sets of measure
zero, we have
{f>t}=x0+aB, r/B=0B.
Here a,b > 0 are constants and xy € R”, which means that f is a translation of f*. The first
inequality holds.
For a > n, let z € R™ \ {o}, we have

1 (o)
W = /; ]_Rn\,r,—l/qB(Z)d’f'.

Here ¢ = n — a < 0. Using Fubini theorem, we obtain

J[ mnCUGD-CUWL
R7 xR™

|z — y|n—e

Li>sy (@) 1gp>s
/ // (2020 ) d dy ) dG(s)
R X R7 |z —y[m—e

= / / // 1563 () 1pm\p-1/m-a) g (T — Y) 154y (y) do dy) dG(s)dr
0 0 R™ xR™

//R . L6} (@) 1gn\p-1/-0 (T = Y) 1550 (y) do dy
-

— [ 1@ @ Lvan(o = ) Lz ) dedy
R™ xR™

:// Liy>s (@) 1ip>5(y) do dy
R‘an’n
[ @t en( = ) () dedy,
’H,XRTL

By the Riesz rearrangement inequality, we have

// 1> (@)1, -1/ -0 p(2 — Y) 1556 (y) da dy
R™ xR™

< // Loy (@) Lm1/m-o p( — y) L o0y (y) d dy.
R’VL XRT?

Note the following integral is unchanged during rearrangement

/ 1>y (@)1 s>61(y) dz dy,
R™ xXR"™

Then

(4.2)

which implies that

J[ mOUGDCUGL 4y > [[ WO DCU G gy,

|z —y["—e |z — y|n—a
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If equality holds, then (4.2]) is an equality for almost all (s,7) € (0,00)2. For sufficiently large
r > 0, the assumptions of Burchard theorem are satisfied. Consequently, up to sets of measure
zero, we have

{f >t} =x9+aB, /1B = bB.

Here a,b > 0 are constants and xy € R™, which means that f is a translation of f*. Then we
complete the proof. O

Lemma 4.3. Let G be an Orlicz function, and nonnegative function f € L% (R™), f* is the radially
symmetric decreasing rearrangement of f. Every nonnegative f* € LE(R™) can be arbitrarily

approximated by nonnegative finite linear combinations of characteristic functions of concentric
balls

k

*
E Ci'lB” —)f s
=1

where ¢; > 0, r; >0, By, = B(0,r;) is the ball of radius r; centered at the origin.
Proof. For any decreasing right-continuous function f*(r), we take partition points
O=rog<r <ro<--<rg, a>ay>--->a;2>0

and construct the step decreasing radial function

k
fe@) =2 ai-1p,\5, _, (@). (43)

Using the Spherical aberration decomposition 1p \p,
we obtain

= 1p, — 1lp, _, substituting to (4.3),

1

k
fk(JC) = allBrl + (ag — a'l)lB'rz 4+ 4 (ak — a'k_l)lBrk = ZCZ’IB” (x),
=1

by monotonicity a; > as > -+ > ayg, all coefficients ¢; = a; — a;—1 > 0. For any x € R",

I (@) o0 o oo
f(x) :A dt :A 1{f*>t}(x)dt=/o I{R(t)>\$\}dt:/0 1BR(t) (x)dt,

for any t > 0, by equimeasurability, there exists a unique radius

R(t) = (M)W >0

- )
Wn

such that the ball Bgy) satisfies |Br(y)| = [{f* > t}|. We can know f*(r) is a nonnegative integral
superposition of the family of characteristic functions of concentric balls.

By the property of monotone functions, the decreasing function f*(r) has a decreasing sequence
of step functions fj, such that fr — f* converging pointwise almost everywhere.

Since Orlicz functions satisfy As-condition, we can use the Dominated convergence theorem,
then

lim [ fx = f*llze =0.

k—o0

Each fi(z) = Zle cilp,, (x) with ¢; > 0 is a nonnegative finite linear combination of characteristic
functions of concentric balls, we have

k
felw) = ci-lp, (z) = f*(2).
i=1
where ¢; = a; —a;—1 > 0, r; > 0, B,, = B(0,r;) is the ball of radius r; centered at the origin.
Every nonnegative f* € L%(R"™) can be arbitrarily approximated by nonnegative finite linear
combinations of characteristic functions of concentric balls, which completes the proof. O
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Because of the particularity of Orlicz spaces and Orlicz functions, we present the following
theorem with its proof under the condition that the symmetric decreasing rearrangement function
f* of the Orlicz function f can be expressed as a constant multiple of the characteristic function
of the unit ball.

Theorem 4.4. Let G be an Orlicz function, for a € (0,n), and f € LE(R™) be nonnegative. If
the symmetric decreasing rearrangement function f* of the Orlicz function f can be expressed as
a constant multiple of the characteristic function of the unit ball. Then there exists an optimal
constant og n.a >0 and 0 < || f*||¢ < 1 such that

// min{G(f(z)),G(f(y))} dedy < ognalfla
s -~ s, N

|z —y[n—e

When || f*|l¢ = 1,

[ =

where p > 1 is given by (2.1) and oG n,a > 0 is a constant depending only on the Orlicz function
G, n and .

Proof. Since G is a strictly increasing function, we have

min{G(a), G(b)} = G(min{a, b}),

and G is nondecreasing.

When « € (0,n), by the rearrangement inequality, it suffices to prove the inequality for radially
symmetric decreasing function f*, as the chord integral is maximized by rearrangements and the
norm is invariant.

Let f* =c- 1g,., where B = B,.(0) is a ball centered at the origin with radius r, and ¢ > 0. The
volume |B| = wnrh, where w,, is the volume of the unit ball in R™. Without loss of generality, we
take f*(z) = min{f*(x), f*(y)}, then G(f*( )) = G(c) - 1g(x), and the chord integral becomes

//Rann min{G |J;*(_ ;)|n (Ef* Y dy //R"an mlTiJ:*;|r)L a( DY 4oy

e
BxB |z —y["
By the change of variables x = r¢, y = rn, £, € B1(0), we obtain

JI Jemverasay= [ wle-npe a0

=R xR [ ey ndedy
BlXBl
— n+a C(O)

n,o’

(4.4)

where 01(1(,)()1 = ffleBl |€ — n|*~™d&dn is a constant depending only on n and «. Substituting
r = (|B|/wn)™, we obtain

_ ntao _nta nta
// o =yl dudy = |B)™E w5 OO, = Cpe - |BI
BxB

_ CT(LOgéw;(n+a)/n

(4.5)

where C), > ( is a constant depending only on n and «.
Using spherical coordinates and the convolution formula, the integral over the unit ball can be
expressed as

2 ,/1-(t/2)2 o
o= [[ le-uerdsn—an [ [ 1L (1 - 12/4)"5
’ By1x By o Jo
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A more compact form can be obtained via the spherical integral formula for Riesz potentials

wi2°T (252) T (3)

F(n+5)0(3)

where w, = 7/2/T'(n/2 + 1) the volume of the unit ball in R™, and I'(-) the Gamma function.
This formula is derived from the radial decomposition of spherically symmetric integrals and holds
for > 0, a # n.

We now compute the Luxemburg norm of the ball characteristic function f* = ¢-1g. Recall
the definition of the Luxemburg norm

||f||G:inf{/\>0:/

Cn,a =

G(@)dz <1}. (4.6)

n

For f* =c¢-1p, we have

/G(@) dx:/BG(i)dx—i—/Rn\BOda::|B|-G<§),

where G(f*(z)/\) = G(c¢/)) for x € B and G(0) = 0 otherwise. Since G is strictly increasing, the
infimum is attained when the integral equals 1,

c
B|G (X) =1
Applying the inverse function G~ to both sides, we obtain
1
X ¢ (|B|)
which yields
c 1 \!
* =\ = — G*l N . 4.7
TyE i(3) (o7 (i) (4.7)
|B]

We take t = G~! (i) > (0 and obtain the Luxemburg norm of f* =c-1p as

|B]
1l = (¢ (7)) = 5

substituting into the chord integral, we have the following two cases.
When 0 < [|f*||¢ < 1, by Lemma [2.2)(5), we obtain

// min{G(f*(z)), G(f*(y))} dx dy = G(c)C na‘BV?a
nxRn

|z —y[n—e

n+a

=G([f*lle - t)Cn,aG(t)~
< CraGt) | lle
= O'G,n,a”f*HGa

where oG o = C’nyaG(t)’% > ( is the best constant achieved by f* =c-1p.
When || f*||¢ > 1, by Lemma 2.3 we obtain

// min{G(f*(z)), G(f*(y)} dxdy = G(c)Ch, ‘B|nta
nxRn h

|z —y[n—e

=G([[f"llc - t)Cn,aG(t)”
< Cn oG [IF1%
= O'G,n,a”f*HIC;w

where p > 1 is given by (2.1) and o n,o > 0 is the best constant achieved by f* =c-15.
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For any non-negative f € L&(R™), by the rearrangement inequality (4.2]) and lemma when
0<[[f*le <1,

[[ | mlCUENOUON 4y, [ mnOU NGO o,

[z —y|* |z — y|n—«

< UG,n,aHf le =oamnallflle-
and when ||f*]l¢ > 1,
[[ U gy o [ GG W,
R™ xR™ |z =yl R™ xR" |z =yl
< 0amallf*llG = oan.allflE-
By the reflexivity of L&(R"), the unit ball {f € LE : ||f||¢ = 1} is weakly compact. The chord

integral is a weakly continuous functional, so it attains its maximum on the unit ball, which is the
best constant oG ., achieved by the ball characteristic function. O

Theorem 4.5. Let G be an Orlicz function, for a > n, and f € LE(R")NL>®(R™) be nonnegative.
If the symmetric decreasing rearrangement function f* of the Orlicz function f can be expressed
as a constant multiple of the characteristic function of the unit ball. Then there exists an optimal
constant oG n,o > 0 such that

log//n N min{G(f(z)), G(f(y))} dzdy > Cp.o + Calog (”ch:o%llfH?) |

|z —y[n—

2log C
log 2

where Cq = > 1, C’n « depends only on n and .

Proof. When a > n, f € LS(R") N L>(R") with compact support, then the growth of the kernel
|z — y|*~™ has been controlled. For f* = c¢-1p, where B is a ball in R™ and ¢ > 0, we have
[|/*]lc = ¢, using the same method of (4.4) and (4.5), the chord integral is still

[ B i [ i,

= G(¢)Cp.al Bl

where C), 5, > 0 depends only on n and a.
Recalling the Luxemburg norm of f, by (4.7]), we obtain

1/ lle =

_°c
G

and the L*™ norm || f*]lcc = ¢. We now express the right-hand side in terms of || f*||¢ and || f*]] co-
From the Luxemburg norm formula (4.6, we have

_ 1
() = T71e:

1 ¢ [/ * oo
i1~ (7e) = Ui )
RN TR
Substituting | B| into (4.8), using G(1) = 1 and lemma 2.5 we obtain

min{G(F @), G W)} - e 1
//RR s dz dy = G(||f ||m)cn,a(G(|f*”m))

1f*lle
> CrallF 122G 1%
*(—5)2 s (BE2)2
= Coall £S5 2 o) G2
|| * nta 2p
:Cn,a(Hf ”00 f ||G )

SO

P15 6) (4)
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Taking the logarithm of both sides of (4.9) simultaneously, we have
min{G(f*(x)),G(f*(y _a nta
o [ WATHED AT 41y > 1og (G115 157167))
HXRTL

|z —y[n—e

_a nta
—1og Cra + 2plog (11" 17 6™ )

~ _a nta
= G+ Calog (177157177167 )

where Cg = 2p = 211(?55 > 1, Cy.o depends only on n and .

For a general f € LY N L*, when a > n, the rearrangement inequality (4.2)) still holds, and
1 *Nle = lfllas 1 lloo = 11 flloo, so the inequality follows.

min{G(f(x)), G(f(y))} min{G(f*(z)), G(f*(y))}
log//nxw dx dy > log //ann dx dy

|z —y[n—e |z — y[n—e

- . _% « nj;oc
> Coa+ Calog (117 171
nta
fle ).

Equality holds if and only if f = f* (radially symmetric) and f* is a ball characteristic function,
ie., f*=c-1p. So we completed the proof. O

— Cha + Calog (IF1%"
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